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On the stability of the atmosphere-vegetation system
in the Sahara/Sahel region

Victor Brovkin,! Martin Claussen,? Vladimir Petoukhov,! and Andrey
Ganopolski

Potsdam-Institut fiir Klimafolgenforschung, Potsdam, Germany

Abstract. A conceptual model has been developed for the analysis of atmosphere-
vegetation interaction in subtropical deserts. The model can exhibit multiple stable
states in the system: a “desert” equilibrium with low precipitation and absent
vegetation and a “green” equilibrium with moderate precipitation and permanent
vegetation cover. The conceptual model is applied to interpret the results of two
climate-vegetation models: a comprehensive coupled atmosphere-biome model and
a simple box model. In both applications, two stable states exist for the western
Sahara/Sahel region for the present-day climate, and the only green equilibrium is
found for the mid-Holocene climate. The latter agrees well with paleoreconstructions
of Sahara/Sahel climate and vegetation. It is shown that for present-day climate
the green equilibrium is less probable than the desert equilibrium, and this explains
the existence of the Sahara desert as it is today. The difference in albedo between
the desert and vegetation cover appears to be the main parameter that controls an
existence of multiple stable states. The Charney’s mechanism of self-stabilization

of subtropical deserts is generalized by accounting for atmospheric hydrology,
the heat and moisture exchange at the side boundaries, and taking into account
the dynamic properties of the surface. The generalized mechanism explains the
self-stabilization of both desert and vegetation in the western Sahara/Sahel region.
The role of surface roughness in climate-vegetation interaction is shown to be
of secondarv importance in comparison with albedo. Furthermore, for the high
albedo, precipitation increases with increasing roughness while, for the low albedo,

the opposite is found.

1. Introduction

The study of the climate-vegetation interaction is a
promising topic in climate system modeling, as this
interaction could be crucial for the understanding of
some climate phenomena. For example, the climate of
the mid-Holocene, some 6 kyr B.P. (6000 years before
present) during which large parts of the Sahara were
covered by vegetation [Hoelzmann et al., 1998] and bo-
real forests were found northward of their present-day
limit, cannot be realistically modeled if the vegetation-
atmosphere feedback is omitted [Foley et al, 1994;
Claussen and Gayler, 1997; Texter et al., 1997; Kutzbach
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et al, 1997]. Likewise, the cooling of the northern hemi-
sphere during last glacial inception (some 115 kyr B.P.)
owing to changes in orbital forcing seems to have been
strongly amplified by a southward shift of the northern
boundary of the boreal forest [Gallimore and Kutzbach,
1996; deNoblet et al., 1996).

The energy balance model, introduced by Budyko
[1969] and Sellers [1969] and developed in greater depth
later on by Held and Suarez [1974], Ghil [1976], North
et al. [1981], and Saltzman [1985], showed that a pos-
itive albedo-temperature feedback in the high latitudes
could result in two different stable states: either an “ice-
free” or an “ice-covered” Earth. The one-dimensional
radiative-equilibrium model by Lz et al. [1997] also
yields two stable equilibria of vertical temperature pro-
files. The interesting question is whether the feedbacks
between climate and vegetation could be strong enough
to support the different steady states of the system on
a regional or global level. A zero-dimensional model
of climate-vegetation interaction by Swvirezhev and von
Bloh [1996] pointed to the possibility of the multiple
equilibria in the system on a global level. In this model,
vegetation cover has a low albedo, in contrast with bare
soil or snow with a high albedo.
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Figure 1. The stable solutions obtained in ECHAM-
BIOME model for (a,b) present-day and (c) mid-
Holocene in terms of background albedo. The solid line
represents the areas where multiple equilibria solutions
appear.

It is important that the multiple stable states phe-
nomenon was detected not only in simple models but
also in a comprehensive climate-biome model. When
coupling the atmospheric general circulation model
ECHAM, developed at the Max Planck Institute for
Meteorology in Hamburg [Roeckner et al., 1992], with
an equilibrium vegetation or the BIOME model by
Prentice et al.  [1992], Claussen [1994, 1997, 1998]
found that starting from different initial conditions the
system comes to different climate-vegetation states in
Sahara/Sahel region. Under present-day conditions of
the Earth’s orbital parameters and sea-surface tem-
perature, two stable equilibria of vegetation patterns
are possible. One solution corresponds to present-day
sparse vegetation in the Sahel and deserted Sahara
(desert equilibrium), the second solution yields savanna
which extends far into the western part of the Sahara
(green equilibrium). A similar picture is obtained for
conditions during the last glacial maximum (LGM), 21
kyr B.P. [Kubatzkr and Claussen, 1998; Claussen el
al., 1998]. For the mid-Holocene, however, the cou-
pled model finds only one solution: the green Sahara
[Claussen and Gayler, 1997]. The equilibria in terms of
background albedo are shown in Figure 1.

One very important part of the biogeophysical feed-
back operating in the Sahara/Sahel region can be ex-
plained in terms of Charney’s [1975] theory of seif-
stabilization of subtropical deserts due to their high
albedo [see, also, Dickinson, 1982]. This theory treats
desert as an isolated object and deals mainly with the
radiative properties of the surface; for example, it does
not explicitly take into account the hydrological cycle.
Meanwhile, heat and moisture exchange at the bound-
aries (e.g., due to the summer monsoon from the At-
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lantic Ocean) play a rather important role in the cli-
mate of the West Sahara. Emanuel [1994] showed that
the moist static energy and its fluxes are crucial quan-
tities in moist atmospheres. According to Eltahir and
Gong [1996], the meridional gradient of moist entropy
(or moist static energy) between the land region and
the Atlantic Ocean is the main factor determining the
precipitation dynamics over West Africa. The budget
of moist static energy in West Africa is analyzed and
modeled by Zheng and Eltahir [1997].

If we study the multiple equilibria phenomenon from
a mathematical point of view the most simple, or a
conceptual model of the phenomenon must be a dy-
namical system of several key variables which play the
main role in the interaction. In our paper, we first
present a conceptual model, which deals with only two
dynamic variables: one for vegetation and one for cli-
mate. This model is very simple, but it enables the
multistable solutions to be represented. The advan-
tage of the simple model lies in the possibility of un-
derstanding how basic physical mechanisms could work
in more complex models; for detailed discussion of the
usefulness of simple models in climate modeling see,
for example, Ghil [1989]. Second, we demonstrate
that this model is useful in the interpretation of results
of comprehensive climate-vegetation model (ECHAM-
BIOME). Third, we apply the conceptual model for a
simple box model of climate-vegetation interaction in
subtropical deserts. That allows us to test the depen-
dence of the multiple solutions in climate-vegetation
system on internal (albedo and roughness) and external
(CO3 concentration in the atmosphere and insolation)
parameters and extend Charney’s [1975] analysis of the
biogeophysical feedback in the Sahara/Sahel region.

2. Conceptual Model of Atmosphere-
Vegetation Interaction in Subtropical
Desert in North Africa

The dependence of vegetation on climate in subtrop-
ical deserts and semideserts can in a first approxima-
tion be expressed in terms of precipitation because the
vegetation productivity is strictly limited by low water
availability. Vegetation does not cover all the land sur-
face, and between plants there is bare soil, sometimes
covered with plant residues. The drier the climate is,
the scarcer is the vegetation and the greater is the frac-
tion of bare soil. Physical characteristics of bare soil
(albedo, roughness, and water conductivity) differ from
those of vegetation cover. That, in turn, creates a basis
for the influence of vegetation on climate.

The subtropical region is under the strong influence
of a downward branch of Hadley’s circulation which
causes low air humidity and low precipitation at all
seasons except during the summer. In the summer
season, Hadley’s circulation over the region becomes
weaker while the monsoon from the ocean brings moist
air to the continents. Since precipitation in the sub-
tropics depends upon these two counteracting factors,
they are very sensitive both to external climate condi-
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tions (like insolation and zonally averaged circulation)
and local factors (like land surface cover and sea surface
temperature). We assumed that under fixed external
climate conditions the precipitation P over sufficiently
large and homogeneous area in the subtropics depends
only on the averaged vegetation fraction but not on spe-
cific types of vegetation cover. This assumption is justi-
fied by the fact that the physical characteristics of bare
soil (albedo, roughness, and water conductivity) differ
substantially from those for any type of vegetation.

By the vegetation fraction V in a large area (compa-
rable with the spatial resolution of general circulation
models (GCMs)), we understand a fraction of land cov-
ered with any vegetation, at least during some season
favorable to vegetation. The other fraction of land is
the bare soil, or desert fraction. Generally, V depends
on both the temperature and precipitation factors, but
within the narrow temperature interval we can neglect
the temperature impact.

We write the interdependence of the two system vari-
ables, the vegetation fraction V' and precipitation P, in
the general form of dynamic equations:

{IL = VV(V,P)‘ (1)
dt
‘il—f = Q(V.P,E), (2)

where E are the external parameters (e.g., insolation
and CO- concentration in the atmosphere). The char-
acteristic time of system variables, i.e., a time of system
attraction to equilibrium, is different for variables P and
V. For precipitation, it is roughly several weeks, and,
for vegetation, it is rather decades than years. There-
fore, applying Tikhonov’s theorem about the solution’s
dependence on a small parameter [see, e.g., Hubbard and
West, 1995], we can separate the slow variable from the
fast one and study the only dynamic equation for the
slow variable, vegetation, in the vicinity of the equilib-
rium manifold for the fast variable, precipitation:

Q(V,P,E)=0. (3)

Let us suggest that for fixed VV and F, (3) has unique
solution P = P*(V, E). Than we can substitute it into
(1)

dv
i W(V., P*(V, E)). 4)

We use the common hypothesis that the vegetation
distribution is mainly climate dependent [Holdr:dge,
1947; Woodward, 1987; Prentice et al., 1992]; that is,
the other environmental factors are of secondary im-
portance. In our case that means that in equilibrium
V = V*(P). Because we determine V*(P) as an equi-
librium response to climate, the right part of (4) must
depend on the difference of V*(P)—V. The most simple
dynamic equation which satisfies these rules is

dv 1.
2 = V(P)=v)

P = P"(V,E),

(5)
(6)
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where 7 is a characteristic time of vegetation dynamics.
Equation (5) is consistent with the equation for dy-

namics of vegetation carbon, C [see, e.g., Foley et al.,

1994; Post et al., 1997], which can be written as

E:Np—’mc,

i (M)
assuming that ' and V are monotonically interdepen-
dent, the mortality rate, m, is constant and the net pri-
mary productivity, N,, depends on climate only [Lieth,
1975]; that is, in our case N, = N,(P). It is interesting
that (5), although in different terms, was already used
by Gutman [1985].

The stability of the solutions of the system (equations
(5) and (6)) is conveniently explored by using the Lya-
punov functional [see, e.g., Drazin and Re:d, 1981] in
the form:

bl
F(V.E) = _/ (VT (P (v, E)) = v)dv.  (8)
Va
Because dF /dV = —dV'/dt, it follows from (5) that the
minima of F(V') represent the stable stationary solu-
tions of the conceptual model (equations (5) and (6)),
relative maxima the unstable stationary solutions.

Equations (5) and (6) are a dynamical system, which
could be parameterized and solved explicitly. We are
interested in the existence of multiple stable solutions.
Therefore, instead of solving the system (equations (5)
and (6)) explicitly, we will analyze the solutions of the
equilibrium manifolds:

v V™ (P),
P = P(V,E).

(9)
(10)

For this purpose, we use the convenient method of
phase plane analysis. The equilibrium manifolds (9)
and {10) are represented by curves on a phase plane
(see Figure 2). In the following, we will seek parame-
terization for these dependencies.

The dependence of V = V*(P) in subtropical deserts
obeys the following quite general rule: V is near zero
up to some threshold P,,, then it grows fast, and finally
approaches a saturation level V' = 1. The dependency
V = V*(P) can be parameterized in different forms:
for instance, in a logistic or hyperbolic form. This de-
pendency is a potential one because 7, a characteris-
tic time of vegetation dynamics toward V*(P), ranges
from years to decades. Precipitation, in turn, increases
monotonically while V' increases. Generally, P*(V, E)
is nonlinear, but, for simplicity, we show it as linear in
Figure 2.

The points of intersection of the curves V*(P) and
P*(V, E) in Figure 2 are the equilibria of the climate-
vegetation system. In the general case, the two curves
intersect at either one or three points. The case of one
intersection corresponds to one stable equilibrium in the
climate-vegetation system. It could be either a desert
equilibrium (case I) or a green equilibrium (case III).
The case 1I shows three solutions, one of which (II*)
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Figure 2. Schematic draft of the conceptual model.
The solid curve represents the dependence of equilib-
rium vegetation on annual mean precipitation (equation
(11)). The dashed line represents the linear model of
precipitation as a function of vegetation cover. Cases I
and III correspond to one equilibrium solution, desert
I¢ and green II19, respectively; case II corresponds to
the stable desert I1? and green II¢ equilibria as well as
the unstable IT* solution.

appears to be unstable and separates the domains of
attraction of the stable equilibria. The multiple equilib-
ria case is relatively rare and could appear only under
the specific conditions discussed below in section 4.3.
The nongeneral, or degenerate, case of two intersection
points of curves V*(P) and P*(V, E) corresponds to a
saddle-node bifurcation.

3. Interpretation of ECHAM-BIOME
Results

We use two data sets in our study, which are out-
puts of ECHAM-BIOME experiments [Claussen, 1997;
Claussen and Gayler, 1997]. The first is the result of
an experiment with the ECHAMS3-T21 model (spatial
resolution approximately 5.6°) for present-day climate,
and the second is the result of an experiment with the
ECHAMS3-T42 model (spatial resolution approximately
2.8°) for the mid-Holocene climate, some 6 kyr B.P.
The climate model results are valid only on a large
scale; therefore we used a study area equal to 10 cells
of T21 resolution (see Figure 1) with the boundaries
16.8°-27°N and 11.2°W-16.8°E, equivalent to a size of
about 1000x2000 km.

The BIOME model [Prentice et al., 1992] uses a
climate-vegetation classification which operates with a
high level of vegetation formations, namely biomes, for
example tropical seasonal forest or savanna. From a
mathematical point of view, this classification is dis-
crete, as the number of biomes is finite. For one cell of
the climate model, the discreteness of the vegetation de-
scription causes discrete dynamics of land-surface char-
acteristics (albedo, roughness, vegetation fraction, etc.).
Nonetheless, averaged over a large number of cells in a
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climate model, the response of land-surface character-
istics to climate dynamics is much smoother than for
one cell. That forced us to use the continuous function
V*(P) for interpretation of the experiment’s results.

The ECHAM-BIOME experiments were performed
with the following methodology: (1) Initially, the North
Africa biomes land cover was prescribed as either desert
or tropical rain forest; (2) the climate model output was
averaged for 5 years and the average climate was used
as an input to BIOME to classify the new biome cover;
(3) this new biome cover was fixed for the next 5-year
experiment with the climate model; and (4) these iter-
ation steps between ECHAM and BIOME were contin-
ued until equilibrium was achieved.

In the case of desert, the albedo of bare soil was
prescribed in accordance with the soil texture: either
“dark” desert with albedo 0.2 or sand desert with albedo
0.35. An albedo of vegetation was prescribed at inter-
vals from 0.12 for rain forest up to 0.2 for warm grass.

For present-day conditions, the initial conditions for
desert were stable: The desert remained in the study
area. The initial conditions for rain forest were not
stable, and, after two iteration steps, the biomes dis-
tribution in the area was stabilized with a mixture of
savanna, succulent woods, warm grass, and desert (see
Figure 1). We call this stable branch of solution the
green equilibrium because more than a half of the study
area is covered by vegetation. In the green equilibrium,
the precipitation is roughly 10 times greater than in the
desert equilibrium.

The experiment with the climate conditions of mid-
Holocene showed a very different system dynamics. The
initial conditions for desert were characterized by a high
level of precipitation (235 mm/yr), and the desert was
not stable. Started from initial conditions for desert,
the systemn showed a step-by-step progression of vege-
tation into the study area. The important results which
we can obtain from the latter experiment are the equi-
librium responses curves V*(P) and P*(V,E). On a
phase plane showing precipitation versus the vegeta-
tion fraction, we draw the points with the iteration re-
sults joined by arrows (see Figure 3). For every iter-
ation step, except the initial one, there are two points

v
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Figure 3. Results for mid-Holocene climate: interpre-
tation of ECHAM-BIOME experiment. The iterations
are shown by arrows.
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Table 1. Conceptual Model Parameters

Model P a Py b
Pres. M-Hol. Pres. M-Hol.
ECHAM-BIOME 120 2x107° 40 235 590 500
Box model 60 5x107° 50 80 360 420

Pres. is the present-day climate and M-Hol. is the mid-Holocene climate

(6.2 kyr B.P. for box model).

with the same precipitation. The vegetation fraction
for these two points is different: One corresponds to
precipitation from the present iteration and the second
corresponds to precipitation from the previous itera-
tion. If we fit the points, for instance, with a hyper-
bolic dependence for V*(P) and a linear dependence for
P*(V,E), we get upper and lower boundaries of system
dynamic trajectory, respectively. This method is simi-
lar to the so-called “stair step” or “Lamerey diagram”
method which is used in dynamical system theory [see,
e.g., Robinson, 1995; Svirezhev and Passekov, 1990].
Two curves intersect at the single point where precipi-
tation is 660 mm/yr, which corresponds to the unique
green equilibrium for mid-Holocene climate.

We use the hyperbolic curve for the V*(P) depen-
dency:

0 if P < Per
1-— mPl—Tcr)Q otherwise,

where P,, is a threshold value of annual mean precipi-
tation below which no vegetation can exist in the long
term. It is assumed that the evolution of plant species is
a negligibly slow process and therefore these values are
taken as invariable for the case of present-day climate.
For P*(V, E} dependence we used the linear fit

V*(P) = { (11)

P*(V,E) = P4(E)+ b(E)V, (12)

where P; is precipitation over desert. Some background
for using the linear fit comes from the results of the

mid-Holocene

Present day

Figure 4. Lyapunov functional for present-day, mid-
Holocene climates: interpretation of ECHAM-BIOME
experiments.

dynamic climate model, which is discussed in section
4.3. The values of parameters of (11) and (12), obtained
by fitting of the ECHAM-BIOME results, are given in
Table 1.

The curves V*(P) and P*(V, E) intersect three times
for present-day climate and one time for mid-Holocene
climate. Therefore, in terms of the conceptual model,
present-day climate corresponds to three equilibria
(case II in Figure 2), and the mid-Holocene corresponds
to the unique green equilibrium (case III). The Lya-
punov functional {equation (8)) reveals one minimum
for the mid-Holocene but two for present-day climate
(see Figure 4). Moreover, in Figure 4 the relative
minimum corresponding to the green equilibrium for
present-day is rather flat. Therefore any sufficiently
large perturbation, for instance a prolonged drought
such as is observed to occur at the decadal timescale
[e.g. Lamb and Peppler, 1992], could take the system
to the desert equilibrium.

4. A Box Model of the
Climate-Vegetation Interaction
in the Western Sahara

The results of the ECHAM-BIOME model provide
us with a certain picture of the system behavior, but
the high computational costs of the ECHAM model do
not allow us to make an extensive analysis of results
sensitivity to external and internal parameters. To get
a tool for such an analysis, a box model of climate-
vegetation interaction in the Western Sahara has been
designed. The box model is a realization of the concep-
tual model (equations (5) and (6)), where the depen-
dency V = V*(P) is derived from the observed data
of vegetation and climate in the Sahara/Sahel region
and the dependency P = P*(V, E) is obtained from a
simple dynamic model of climate in the region. With
the box model, we analyze the system behavior for the
present-day climate and the double CO; climate and
perform a transient experiment from the mid-Holocene
to the present.

4.1. A Vegetation Dependence on Climate
in the Sahara/Sahel Region

To obtain a dependence V*(P), we use the Olson
et al.  [1985] ecosystem map and the Leemans and
Cramer [1991] climate data set following the approach
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of continuous vegetation description by Brovkin et al.
[1997]. The main natural and seminatural ecosystems
in North Africa are described by a fixed value of the
vegetation fraction. We use “ad-hoc” values of the veg-
etation fraction: 0 for desert and semidesert, 0.3 for
warm grass, 0.6 for succulent and thorn woods, 0.8 for
dry and highland scrub, 1 for savanna, and 1 for forests.
These values are similar to the values of the vegetation
ratio presented by Claussen [1994]. To exclude the tem-
perature factor, the vegetation fraction and the annual
amount of precipitation are taken for land cells with
an annual mean temperature in the interval between
25° and 29°C (total area about 6x10° km?). The data
for the vegetation fraction in response to precipitation
are fitted to hyperbolic dependence (11). In terms of
conceptual model, the values of parameters in (11) are
different from those obtained by the ECHAM-BIOME
interpretation (see Table 1), as they are valid for differ-
ent vegetation descriptions and spatial scales.

4.2. A Dynamic Model of Climate
in Subtropical Deserts

The climate model is developed only for the sum-
mer season because the rainfall in subtropical deserts
takes place mainly at this time of the year. The sum-
mer climate in subtropical deserts is influenced mainly
by the following dynamic patterns: Hadley circulation,
zonal wind, local (e.g., monsoon) circulation, and con-
vection. The influence of synoptic-scale activity, plane-
tary scale quasi-stationary waves, centers of action, and
near-equatorial systems of motion (e.g., Southern Oscil-
lation and Kelvin waves) is ignored in a first approxi-
mation.

The atmosphere is presented by two layers: the plan-
etary boundary layer (PBL) with the surface layer (SL)
at its lower boundary and the free troposphere. The un-
derlying land is represented by one soil layer. The main
variables are the air temperature at the upper bound-
ary of the PBL, T, and the specific humidity at the
upper boundary of the SL, ¢, ;. The other variables are
the zonal and meridional components of wind, vertical
velocity, w, and pressure. Relative humidity at the up-
per boundary of the SL, f,, cloudiness, n, intensity of
rainfall, P., and mean annual precipitation, P = 7, Py,
where 7, is summer season duration describe the hydro-
logical cycle in the model.

All climate variables are divided into a zonal aver-
age (denoted by the overbars in the text) and deviation
from this average. Zonal averages of climate variables
as well as T and f, at the side boundaries of the study
area are specified in the model relevant to summer con-
ditions of the present-day or other climate under consid-
eration. Zonal averages of meridional and zonal winds
represent the Hadley cell and zonal flow (in particular,
the northern part of trade wind circulation). The devi-
ations from the zonal averages of winds are attributed,
in particular, to the monsoon-type circulations between
the study area and adjacent oceanic and sea regions.

Ignoring heat and water storage in the atmosphere
and soil, heat and water fluxes at the bottom of the soil
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layer, and run-off, the heat budget for the total unit
column of the atmosphere-soil system is

FlSH(].—Asy)—FTTH—I—AT:O. (13)

The first term in (13) is the solar radiation modified
by the planetary albedo. It is a function of the insola-
tion I, the mean solar zenith angle £, the cloudiness,
and the albedo of the clouds and surface.

The term FTH | net longwave radiation at the upper
boundary of the system, is treated in accordance with
Budyko [1982] as a function of the surface air tem-
perature, cloudiness, and the CO; concentration in the
atmosphere g.. Neglecting run-off from the area, the
balance of the bulk atmospheric moisture content over
the area is reduced to

A, =0. (14)

The advective term Ar in (13) and the advection of
the atmospheric moisture A, are treated explicitly in
accordance with Petoukhov [1980] and Petoukhov and
Ganopolskr [1994].

Vegetation exerts an impact on climate through the
surface albedo A5 and surface roughness zy5. Ag is sup-
posed to depend linearly on V, while aggregation of z; is
done by aggregation drag coefficients [Claussen, 1991],
see (Al14) and (A15).

The climate model is developed in two stages. First,
the governing equations (13) and (14) were written for
spatially distributed variables inside the area. As a re-
sult, all climate variables are expressed in terms of the
prescribed zonal averages and T and ¢,;. The latter
two main variables can be resolved from two govern-
ing equations at given boundary conditions. The solu-
tion to this boundary-value problem yields, finally, the
nonlinear dependence P = P*(V, Iy, &, ¢., A, ¢). Second,
to perform a rather simple analytical treatment of the
problem, the governing equations are averaged over the
study area and rewritten in terms of area-averaged vari-
ables. The final analytical expression for P*(V, Iy, €, ¢.)
is given in the appendix (equations (A1)-(A15)).

The dynamic climate model is applied to the region
of the Western Sahara (see Figure 1) using parameters
listed in Table 2. The reference CO5 concentration in
the atmosphere, ¢°, is taken as an observed value for
the year 1970.

4.3. Results for Present-Day Climate

For an experiment with the present-day climate, the
insolation I, and the solar zenith angle £ are taken as
the present-day summer conditions (Table 2). The CO,
concentration in the atmosphere is equal to the refer-
ence concentration: g.=¢°. The air humidity and tem-
perature at the side boundaries are taken as observed
for the adjacent oceanic and sea regions to the west
(eastern Atlantic), north (Mediterranean basin), and
south (equatorial Atlantic) and over the adjacent land
region to the east of the study area (Table 2).

In Figure 5, the results of the calculation of P as a
function of V are shown against the V*(P). One can see
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Table 2. Parameters of the Dynamic Climate Model

Parameter Term Value Units
Air temperature at the top of the PBL at the side boundary Ty 297 K
Reference temperature To 273.2 K
Scale height for the atmosphere density Hy 8.0x10° m
PBL height h 1.5%x10° m
Surface layer height Ze 30 m
Eddy diffusion coefficient in the PBL Ko 60 m2/s
Eddy diffusion coefficient in free atmosphere Kr 14 m?/s
Parameter of the Clausius-Clapeyron equation lo 0.622
Latent heat of evaporation L 2.5%x10° J/kg
von Karman’s constant X 0.4
Summer season duration Te 7.8x10° s
The Earth’s radius Ge 6.4x10° m
Angular velocity of the Earth’s rotation w 7.4x107° rad/s
Reference specific humidity qo 3.8x107°
Air gas constant R 287 m?/(s® xK)
Adiabatic lapse rate T, 9.8x107° K/m
Reference troposphere lapse rate To 6.5x107* K/m
Specific heat of air at constant pressure Cp 1x10° J/(kgxK)
Reference air density po 1.29 kg/m®
Reference CO; concentration in the atmosphere q° 325 pPpm
CO; sensitivity parameter 7 0.04
Parameter of the Budyko equation Ao 231 W/m?
Parameter of the Budyko equation By 2.1 W/(m?xK)
Parameter of the Budyko equation Co 59 W/m?
Parameter of the Budyko equation Dy 0.65 W/(m? xK)
Cloudiness parameter Yo 180 s/m
Reference cloud amount no 1.3
Cloudiness albedo Ac 0.5
Vegetation albedo As 0.15
Desert albedo Ay 0.35
Vegetation roughness Zy 0.1 m
Desert roughness zg 0.004 m
Blending height Zp 100 m
Present-day summer insolation Iy 1326 W /m?
Present-day mean summer daily cosine of zenith angle cosé 0.346
Potential of zonal wind velocity U 2.55x10° m?/s
Potential of the Hadley velocity T 1.15x10° m?/s
Mean zonal wind at the height of PBL [@(h)| 1.7 m/s
Longitude of the eastern boundary A1 10 W
Longitude of the western boundary A2 15 °E
Latitude of the southern boundary 1 17 °N
Latitude of the northern boundary @2 28 °N
SL relative humidity at the western boundary Fan 0.8
SL relative humidity at the eastern boundary Fang 0.3
SL relative humidity at the southern boundary fsi01 0.6
SL relative humidity at the northern boundary s 03 0.8

in Figure 5 that two stable equilibria exist for present
climate conditions, namely the desert equilibrium (as
observed now) and the green equilibrium (vegetation
covers more than 70% of the study area), depicted by
points 1 and 2, respectively. The unstable equilibrium
(point 3) separates the domains of attractions of the
desert and green solutions.

We test the model sensitivity to internal parameters.
The slope of the curve P = P*(V, E) depends mainly on
the difference in albedo between vegetation and desert.
If the difference is small, the second equilibria does not

exist. In none of the experiments with realistic bound-
ary and initial conditions in the Western Sahara do
we succeed in obtaining the second equilibrium if the
albedo difference is less than 0.16. If the lowest albedo
value for the semidesert vegetation is fixed at 0.14, then
the multiple equilibria can be obtained only if the desert
albedo is higher than 0.3. That is possible only for near-
oceanic sand deserts like the Sahara.

Let us point out that the dynamic climate model jus-
tifies a posteriori our suggestion that precipitation is
significantly dependent on vegetation cover in the re-
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Figure 5. Results for present-day and double CO»
climates: box model.

gion, and this dependence has a nearly linear form (see
Figure 5). Moreover, the parameters of the linearized
dependence for the box model are numerically close to
results of the ECHAM-BIOME model (see Table 1).

To get a deeper insight in the vegetation-atmosphere
interaction, we analyze the sensitivity of precipitation
to surface parameters: albedo and roughness. At any
given corstant roughness, an increase of albedo Ag
leads to decrease of precipitation (Table 3). This ef-
fect can be explained by Charney’s theory (see Intro-
duction): the higher the albedo is, the higher is the ra-
diative sink in the system (-Rner = —FlSH(l — Asy) +
FTH), the lower are the temperature T, the vertical
velocity, the cloudiness and, finally, the precipitation
(see Table 3).

For the fixed albedo, the radiative sink R.: in the
system always decreases with increasing roughness,

Table 3. Sensitivity of Results of Dynamic Climate
Model to Surface Albedo and Roughness

Variable As

0.15 0.2 0.25 0.3 0.35

20=0.004 (Desert)
P 430 315 207 115 49
Rue: -404 -422 -446 -477 -514
T - T 6.1 5.6 5.0 4.2 3.2
w 3.35 3.13 2.86 2.52 2.08
n 0.77 0.66 0.54 0.40 0.27
fs 0.61 0.57 0.52 0.46 0.38

z0=0.1 (Vegetation)
P 410 311 212 123 54
Ruet -394 -410 -434 -466 -506
Tg —TL 3.0 2.8 2.5 2.1 1.6
w 3.46 3.25 2.98 2.64 2.18
n 0.83 0.72 0.59 0.45 0.29
fs 0.63 0.59 0.54 0.48 0.40

Units are P, mm/yr; Ryes, J/m™%; T — T, K; w, 1073

m/s; and zo, m
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while the precipitation response to roughness change
is more complex. For the high albedo, the precipita-
tion increases with increasing roughness, but, for the
low albedo, the tendency is the opposite (see Table 3).
Precipitation is computed as a function of the mean air
temperature at the top of the PBL, Ty, the cloudiness,
n, the vertical velocity at the top of the PBL, w(h),
and the relative humidity, f; (see (Al)). The param-
eters n, w(h), and f, increase with the increasing zo,
but Tp decreases. Simultaneous increase of w(h) and
decrease of Tp with increasing zg is the consequence of
the increase of the cross-isobar angle, which leads to the
intensification of the monsoon-type circulation over the
region.

Let us note that the increase of V' is accompanied
by the simultaneous decrease of As and increase of zg.
Owing to more pronounced influence of the Ag on P
(see Table 3), the increase of P with increasing V is
accompanied by the increase of Ry, i.e., by a decrease
of the radiative sink in the system.

4.4. Results for Double CO, Climate

To study the impact of CO; on the climate in the
area, an experiment for doubled preindustrial CO- con-
centration (560 ppm) is undertaken. The temperature
Ty is taken as 2 K higher than for the present-day, in or-
der to account for the mean zonal warming. The other
parameters are the same as for present-day climate (see
Table 2).

One can see from the results in Figure 5 that as for
present-day climate two stable equilibria exist in the
system, but, for the double CO, climate, the P =
P*(V, E) curve shifts to the right (more precipitation
P at a given V), and it is steeper (has a larger value of
JP/dV) than for present climate. The unstable equi-
librium for the double CO3 climate (point 4) is located
at value V, which is less than for present-day climate.
Therefore the probability of the realization of the green
equilibrium increases with the increasing CO- content
of the atmosphere.

Figure 6 depicts the Lyapunov functional F(V,E)
(see (8)). The functional F(V, E) reveals two minima
for present-day and double CO5 climate. Moreover, the

-0.02

Present-day
-0.04+

Figure 6. Lyapunov functional for present-day, 3.6 kyr
B.P. and 6.2 kyr B.P. climate: box model.
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minimum corresponding to the desert equilibrium for
the present-day is lower than the minimum of the green
equilibrium. The inverse picture is valid for the dou-
ble CO, climate: The minimum for green equilibrium
is lower than that for the desert equilibrium.

The increase of P for the double CO, climate in
comparison with the present-day conditions can be ex-
plained by the simultaneous increase of the main pre-
cipitation driving parameters Tg — Tr, w(h), n, f, and
Tp (see (Al)). The Tp — T difference and therefore
w(h) are higher due to a specific feature of the green-
house effect [see, e.g., Houghton et al., 1992]: Over
the land regions with relatively high surface albedo and
low humidity, this effect is higher than over the adjacent
ocean regions. Let us note that T is higher due to the
higher side boundary temperature 77, and n is higher
due to the higher air humidity at the side boundaries.

4.5. Results for Paleoclimate

In order to analyze the system dynamics in the West-
ern Sahara during the Holocene, the transient experi-
ment is undertaken with the box model. The dynam-
ics of main climate forcings, Iy(t),£(t), and q.(t) are
taken into account. Insolation and solar zenith angle
in the past are calculated, based on the dynamics of
the Earth’s orbital parameters (eccentricity, perihelion,
and obliquity) in accordance with Berger [1978, 1996].
The dynamics of CO» in the atmosphere are taken from
the ice core studies [Barnola et al., 1993; Neftel el al..
1993]. The boundary conditions, including air temper-
ature and humidity, are prescribed by present climate
values. Moreover, we assume that the vegetation dy-
namics are always faster than the dynamics of external
forcing and therefore the vegetation is always in quasi-
equilibrium with climate, or V' = V*(P).

The dynamics of system solutions in terms of pre-
cipitation P = P~*(V, Ip(t),£(1), q.(1)) from the early
Holocene to present day are presented in Figure 7. The
two stable branches of the solution, the green branch
with relatively high precipitation and the desert branch
with low precipitation (see Figure 7), are separated by
the unstable branch. In the early Holocene, some 10

P, mm/yr

500
400

300

100

L, <yr BP
2 4 5 3 10

Figure 7. Dynamics of system solution in terms of

precipitation P during the last 10 kyr. The top line is

the green branch of the solution; the bottom line is the

desert branch of the solution; the dashed line represents

the unstable branch of the solution.
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kyr ago, only the green equilibrium existed in the area
with annual precipitation about 600 mm/yr. Owing to
decreased summer insolation, the precipitation declined
to 400 mm/yr at the end of mid-Holocene, and the sta-
ble desert equilibrium appeared (about 6 kyr B.P. in
the model). The impact of solar insolation on precip-
itation in the model is similar to the impact of CO,
concentration in the atmosphere discussed above.

It is interesting to estimate when the green equilib-
rium was replaced by the desert equilibrium during the
late Holocene. The dynamic climate model, due to its
simplicity, can reproduce only abrupt changes in cli-
mate which correspond to a switch from one solution
branch to another. To assess when this switch could
occur in the model, the Lyapunov functional is calcu-
lated and is presented for several time slices in Figure
6. In Figure 6, the equilibria correspond to the min-
ima of the functional. For 6.2 kyr B.P., there is the
only minimum that corresponds to green equilibrium.
For present days, there are two minima: The desert
equilibrium is at an absolute minimum and the green
equilibrium is at a relative minimum. Some 3.6 kyr B.P.
both equilibria have the same values of the Lyapunov
functional (see Figure 6). In this sense, the green equi-
librium became less stable than desert equilibrium after
3.6 kyr B.P. More precisely, the switch from one solu-
tion branch to another depends on the possibility for the
system to “jump” over the maximum which separates
the two minima in Figure 6. The real system always
has some degree of stochastic behavior because of the
variability of external forcing. The switch from one so-
lution to another becomes possible if the variability of
the Lyapunov functional becomes compatible with the
height of maximum. Moreover, this switch could be
initiated by changes in vegetation cover, caused, for ex-
ample, by anthropogenic activity (cropland degradation
and pasture overgrazing). Therefore the correct study
of the system transition requires an application of a dy-
namic model, which has to take into account the high
variability of precipitation in the area, the character-
istic timescale of the response of vegetation to climate
change, and anthropogenic impact. The development
of such a model is beyond the scope of this paper.

5. Conclusions

A conceptual model has been developed for the analy-
sis of atmosphere-vegetation interaction in subtropical
deserts. On the basis of the vegetation-precipitation
feedback, the conceptual model can exhibit multiple
stable states in the system: a desert equilibrium with
low precipitation and absent vegetation and a green
equilibrium with moderate precipitation and permanent
vegetation cover. The conceptual model is applied for
interpretation of the results of two climate-vegetation
models: a comprehensive coupled atmosphere-biome
model and a simple box model. In both applications,
two stable states exist for the Western Sahara/Sahel
region for the present-day climate, and the only green
equilibrium is found for the mid-Holocene climate. In
the terms of the Lyapunov functional, the relative min-
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imum corresponding to the green equilibrium is rather
flat for present-day climate. Any sufficiently large per-
turbation of the atmosphere-vegetation system in the
Sahara/Sahel region could, in principle, push the po-
tentially green Western Sahara into a desert condition.
This would explain the existence of the Sahara desert
as it is today, in spite of the fact that the ECHAM-
BIOME model, as well as the box model, predicts that
a green Western Sahara is possible as well.

Charney’s mechanism of selfstabilization of subtropi-
cal deserts is generalized by accounting for atmospheric
hydrology, the heat and moisture exchange at the side
boundaries, and dynamic properties of the surface. The
generalized mechanism explains the self-stabilization of
both desert and vegetation in the Western Sahara/Sahel
region. We have studied the sensitivity of the multiple
equilibria phenomenon to surface albedo and roughness.
The slope of curve P*(V, E') depends mainly on the dif-
ference in albedo between vegetation and desert. If the
difference is small, the second equilibria does not ex-
ist. The role of surface roughness in climate-vegetation
interaction is found to be of secondary importance in
comparison with albedo, while roughness could modify
the precipitation in the opposite direction than albedo.

In experiments with the box model for double CO-2
concentration in the atmosphere, the precipitation for a
given vegetation fraction in Western Sahara increases.
Therefore the probability of the occurrence of more veg-
etated spots in the region increases with the increasing
CO- content in the atmosphere.

The box model is used for analysis of the stability of
the atmosphere-vegetation system in the Western Sa-
hara during the transition from the Holocene to the
present-day under external forcing by insolation and
CO, concentration in the atmosphere. In the early
Holocene, some 10 kyr ago, only the green equilibrium
existed in the region. Because of decreased summer
insolation, the precipitation declined, and the stable
desert equilibrium appeared about 6 kyr B.P. Some 3.6
kyr B.P., both equilibria had the same values of the
Lyapunov functional, and, in this sense, the green equi-
librium became less stable than desert equilibrium after
3.6 kyr B.P.

The presented models cannot, of course, prove the ex-
istence of multiple solutions of the atmosphere-vegeta-
tion system. However, they provide a consistent picture
by predicting the stability of the equilibrium solutions.

Appendix: Equations of the Dynamic
Climate Model

P = porsu(h)ngs(Ts) s, (A1)
n = (14 you(h), (a2)

fo= =5 (A3)

w(h) = §Ry(Tg —Tr)—7T Krp (Ad)
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b
Tp =T+ —— — 1, (A5)
n05b2 bQ
where
_ —bs + (bg + 4axcx)%
- 2a, ’ (A6)
ar = Ipcos&(Ac — As) — nc(Co + DoTe), (A7)
by = AsneBo + 5Rth/170H0(Fa - Fo)’ (A8)
A3n05b2
b
ce = Incos&(1 — As) — ne[Ao + Bo(T: — é)] (A9)
H b
$ PO TSR 4+ T),
A by
§ 2(] + 8 TL
L= f A f Al HOY (A]_O)
U+ a,\,¢T
b= i(f (A11)
’7 U+ 0')\’¢T = A
+0x6 cos - fs.0, cos ¢,),
hR
Rp = ————si 03 Al2
3 Ry sin o ( )
2zs
sin ags = [2 4 (2|fo| Ko)? ——=22—]"1, A13
[ ( | 0| 0) Xglu(h)l] ( )
As =VA, +(1-V)A,, (A14)

(In22)=1 = v (a2 2y=1 4 (1-V)(In22)"1, (Al5)
20 2y Zd

where U = fooo e_Tz|ﬁ|dz, T= foh cos ¢1|v|dz, ¢;(TB) =
goe oL/ BN TB=To)/(Ta To) T, = Ty — Ty, fo = 2wsing,
ne = (1 —nln %), Ay = a.04c080, § = 2/ox4 +

02,6C08 $ Y i, COS Gi, & = (61 + $2)/2, 0,6 = 01/ 0y,
ox = (A2 — A1)/ (27), and o4 = (¢2 — 61)/(27).
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