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Abstract. Theories of the origin of microseisms have in the past generally been ex-
pressed in terms of the Green functions of the elastic systems considered. An alternative
approach based on spectral transfer functions and the local energy-balance equation of
the seismic field is proposed. The method enables a rigorous analysis of the statistical
aspects of the problem, which could be treated only approximately and under restrictive
conditions in terms of the far-field representations used previously. Three suggested
origing of microseisms are considered: (1) the action of ocean waves on coasts, originally
proposed by Wiechert; (2) atmospheric pressure fluctuations, as suggested by Gherzi,
Scholte, and others; and (3) nonlinear interactiona between ocean waves as proposed by
Longuet-Higgins. In all cases appreciable microseisms are generated only by Fourier
components of the random exciting fields that have the same phase velocities as free
modes of the elastic system. The effect of pressure fluctuations associated with turbulence
in the atmosphere is found to be negligible. The theory for Wiechert’s and Longuet-
Higging' mechanisms is in good agreement with recent measurements by Haubrich et al.

INTRODUCTION

A number of mechanisms have been proposed to explain the origin of the
continuous background noise on seismic records in the range from about 2 to 20
seconds commonly known as microseisms. Wiechert [1904] attributed microseisms
to the action of surf on coasts. Gherzi [1924], Scholte [1943], and others assumed
that they were generated by pressure fluctuations in the atmosphere. Longuet-
Higgins [1950] showed that an unattenuated second-order pressure term found by
Miche [1944] in standing wave patterns was capable of generating microseisms in
deep oceans in which the effect of the attenuated first-order pressure field is
normally negligible. The evidence from the large amount of literature on the sub-
ject is not always conclusive, although most of the recent work indicates that the
majority of observed microseisms can be explained either by Wiechert’s or
Longuet-Higgins’ theory (for summaries, see Gutenberg [1958] and Darbyshire
[1962]).

One of the difficulties in determining which mechanism is responsible for
observed microseisms by a conclusive quantitative comparison with theory has
perhaps been that most of the theoretical analysis has been formulated in terms
of the classical response of a given elastic system to a discrete form of excitation,
i.e. in terms of the Green function. This method does not lend itself readily to the
study of a microseismic field that is generated by a continuous random forcing
field. Here the goal of the analysis is not the evaluation of the seismic response
to a given discrete excitation but rather the derivation of relations connecting the
functions that describe the statistical properties of the seismic field and the
generating field. In most applications, these are the power spectra. In principle,
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it is possible to derive from the Green function representation of the seismic field
and integral expression relating the covariance functions of the seismic field and
the generating field, and then to transform to the power spectra. However, this
method is tedious and has not been carried through rigorously, the statistical
aspect of the problem having been treated hitherto, if at all, by approximate
methods and only for large distances from a finite generating area.

The aim of the present analysis is therefore to introduce an alternative ap-
proach to the problem based at the outset on statistical representations and
methods. We shall consider first the simplest case of the response of a layered
elastic half-space to a random pressure field that is homogeneous and stationary.
The field can be assumed to be associated either directly with pressure fluctua-
tions in the atmosphere or with nonlinear gravity-wave interactions. The response
in this case is found to be nonstationary owing to the resonant excitation of free
modes of the elastic system. The spectra of the modes grow linearly at a rate
proportional to the three-dimensional speectral density (with respect to fre-
quency and wave number) of the exciting pressure field at the corresponding
resonant points. This is a generalization of Phillips’ [1957] result (in the form
given by Hasselmann [1962b]) for the rate of growth of a gravity-wave spectrum
under the action of a homogeneous, stationary pressure field. Although the
idealized case of an infinite, homogeneous, and stationary pressure field is not
directly applicable to the real situation, the analysis immediately yields the local
rate of energy transfer from the pressure field to the seismic field in the more
general case of a random pressure field that is quasi-stationary and quasi-homo-
geneous. The spatial and temporal variation of the seismic spectra in this case
can then be obtained by integrating the differential equation representing the
local energy balance of the spectrum under the influence of radiative energy con-
vection and the energy input from the pressure field. The concept of a local energy
transfer and energy balance as against the far-field representations obtained by
Green function methods enables the determination of the microseismic field at
arbitrary positions within or outside the generating area. Refractive effects can
also be accounted for in a straightforward manner. Perhaps the main advantage
of the method, however, is that it leads to a clearer understanding of the physical
nature of the proposed generating mechanisms.

It is found that appreciable microseisms are generated only by the com-
ponents of the pressure spectrum that have the same phase velocities as free
seismic waves. Hence only the high phase-velocity range of the pressure spectrum
is important for the problem. It follows from this that Scholte’s [1943] evaluation
of the amplitude ratios of ocean waves and seismic waves generated by a periodic
point source acting on the surface of a fluid layer over an elastic half-space is not
relevant for the relative intensities of ocean waves and microseisms generated by
random pressure fluctuations. For a random pressure field the ocean waves are
generated by relatively slow pressure components in resonance with free gravity
waves, whereas the seismic waves are generated by very high phase-velocity com-
ponents. Scholte’s ratio is valid only if the spectral densities in both regions of the
pressure spectrum are the same, which is not to be expected. It follows further that
the nonlinear pressure term found by Miche [1944] is significant not only because
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it extends to the bottom of a deep layer of fluid but also because it is associated
with very high phase velocities capable of exciting seismic waves (in fact, it can
be seen that the former property is a direct consequence of the latter). In a simi-
lar manner, nonlinear interactions in the atmosphere also result in pressure com-
ponents with very high horizontal phase velocities. An estimate of the microseisms
generated by a turbulent atmospheric boundary layer, however, indicates that
atmospheric pressure fluctuations are generally negligible.

For the case of microseisms approaching a beach the analysis has to be
modified slightly, since the generating field can no longer be assumed to be ap-
proximately homogeneous. However, the microseisms are again found to be
generated primarily by pressure components that have the same phase velocity
as free seismic waves. Pressure components with these phase velocities are
produced by modulation of the low phase-velocity bottom-pressure field as gravity
waves pass through shallow water of variable depth. Whereas the effectiveness of
the nonlinear interactions increases with frequency, the generation of microseisms
by waves approaching a beach is found to decrease rapidly with frequency. Both
theories are found to be in satisfactory agreement with recent measurements by
Haubrich et al. [1963].

1. THE GENERATION OF SEISMIC WAVES BY RANDOM
PRESSURE FLUCTUATIONS

Homogeneous, stationary pressure field. Consider the response of a system
consisting of a finite number of homogeneous elastic layers over an elastic half-
space under the influence of a random pressure field p acting on the free surface of
the system. The case in which the uppermost layer is a fluid is included. We as-
sume that the pressure field is homogeneous and stationary, so that it can be
represented as a Fourier-Stieltjes integral

p(x, &) = fff dP(k, &) exp [ik-x + wi)] dk du (L.1)

where X = (x,, ,) is the horizontal coordinate and k the corresponding wave
number. The power spectrum of p is then

Fk, w) = (|dP(k, )[*)/(dk dw)

where cornered brackets denote ensemble means. The compressional and shear
waves generated by the pressure component dP(k, ») exp [¢(k-x + wt)] in each
layer » can be represented by displacement potentials d®, exp [{(k-x + wt)] and
d¥, exp [{(k-x 4+ wt)], where
2
d@, — dBveik,’z; + dee—lk,’z;’ k,, — wz _ kZ

a,

(1.2)

2
d¥, = dD,e™"* + dEe ', k= % - K

and «,, 8, are the compressional- and shear-wave velocities, respectively, in the
vth layer. The displacements are

ds, = V ({d®, exp [i(k-x + b)) + V X % X n@d¥, exp [ik-x + wf)]) (1.3)
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where n is the unit vector in the direction of the vertical coordinate z;, which is
measured upward from the free surface of the system. Let us denumerate all
amplitudes dB, — dE, and denote them simply by the vector (dA4 ;). The amplitudes
are determined by the boundary conditions at the interfaces and at infinity, which
yield a linear system of equations (see, e.g., Haskell [1953] and Ewing, Jardetzky,
and Press [1957])

b dA; = di(dP/le2) ¢ -4)

Since the'external pressure enters only in a single boundary condition at the free

surface, only one component of the vector (d;), say the first, is nonzero. We set

d, = 1. The inclusion of the factor p, 'w™? (where p, is the density of the upper-

most layer) in the right-hand side of (1.4) then yields a matrix b,; that is nondi-

mensional and depends only on the phase velocity «/k of the pressure component.
The solution of (1.4) is

dA; = (B1:/D)dP/ ") 1.5

where D = |(b;;)|, and B;; is the subdeterminant matrix of (b;;).

For the eigenfrequencies w, (k), w,(k), ws(k), - -+ , for which D = 0, the ampli-
tudes become infinite. The number of eigenfrequencies at a given wave number
depends on the layer model. The first mode approaches the Rayleigh wave of the
elastic half-space as k — 0. If the propagation velocities increase with the layer
depth, as they normally do, the eigensolutions represent waves trapped in the
upper layers that are totally reflected at the free surface and at an interface lower
down and that interfere constructively. The response of the system near the
eigenfrequencies can be obtained by expanding the determinant D in a Taylor
series in «” about the eigenfrequency w, (the matrix (b;;) is even in w):

D=D/( —w))+ -
where
Dn, = (a‘D/aw2)(k! wﬂ)
Thus for o® & w,’
Bl ,dP

- (“’2 - wnz) D nlplwn

Equation 1.6 corresponds to the response of an undamped linear oscillator of
eigenfrequency w, to a force of frequency w. It can be shown generally [Hasselmann,
1962b] that the response of undamped linear systems to stationary random forces
is nonstationary, the energy of the eigensolutions increasing linearly at a rate
proportional to the spectral density of the excitation at the resonance frequency.
In particular, if y is the solution of the equation

(@/df)y + wo’y = ()

for an undamped linear oscillator, in which 7(¢) is a stationary (not necessarily real)
random function, then for large ¢ the power spectrum of y is given by

wiF ()
20)02

dA,

F,(w) = {8(0 + wo) + 8w — wy)} + const 1.7
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where F, (w) is the power spectrum of 7. (Since y(f) is nonstationary, it is meaning-

ful to speak of the spectrum of y only if the relative rate of increase of |y|* is small,

ie. (dlyl*/dt) (woly|*)™* « 1. This condition follows from equation 1.7 for large t.)
Because of (1.7) we obtain from (1.6)

<|dA.(k, w) |2>
=E—’rﬁ-‘ﬂ——{a(w—w)+8(w+w)}lf’(kw)dk+const. 1.8
= 2p12(Dnl)2wnB n, n, P\ -
Thus for large ¢ the spectrum F,,(k, w) = |d4.(k, »)|’/(dk dw) is concentrated
entirely on the dispersion surfaces v’ = w,’(k) in kw space. Since F,, is the spec-
trum of a real variable, it satisfies the relation F,,(k, w) = F, (—k, — w) and can
hence be uniquely represented by the set of two-dimensional spectrum F,, (k)

obtained by projecting the negative branches w /2 0 of the dispersion surfaces on to
the k plane:

—watdaw

FAi(”)(k) =2 FA.‘(k: w) dw (1'9)

—wpa—A4Aw

The definition (1.9) ensures that only waves of the nth mode traveling in the
positive k direction contribute to the spectrum F,, (k) at k.
In terms of F ., (k), equation 1.8 can be written

aFAi(")(k)/at = TAi(n)Fv(k’ - wn) (110)

where the transfer function

(n) _ _T (Bn)z
Tﬂ( (k) - plZ(Dnl)2wn6 (1‘11)
We note that the left-hand side of (1.10) refers to a singular, two-dimensional
spectral distribution on the dispersion surface w = —w,(k), whereas the right-

hand side involves the three-dimensional spectral density of p on the surface.

Equation 1.10 is analagous to Phillips’ [1957] expression for the rate of growth
of ocean waves excited by random pressure fluctuations. In his original paper,
Phillips’ result is formulated in terms of an autocorrelation integral of the pressure
fluctuations. It is shown in Hasselmann [1962c] that this can be reduced to an ex-
pression of the form (1.10) by introducing the three-dimensional pressure spectrum
and separating components of opposite propagation directions. In a sense, (1.10)
includes Phillips’ result, since in the case in which the uppermost medium is a
fluid the surface gravity waves are some of the normal modes of the system, if
gravitational effects are included [Eckart, 1960]. Equation 1.7 (of which equation
1.10 is simply a straightforward generalization) also plays a basic role in the theory
of the nonlinear energy transfer in a gravity-wave spectrum [Hasselmann, 1962q,
1963a, b] and probably enters in a similar manner in a number of problems in-
volving the random energy transfer to undamped free modes.

The energy equation. In place of the spectra and transfer functions of the
displacement potentials we can substitute in (1.10) the corresponding functions
F." and T."™ of any linear field variable u, such as the vertical and horizontal
displacements s, and s, of the free surface or (if the uppermost medium is a fluid)
of the solid at the fluid-solid interface.
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Of particular interest are the spectrum F,” (k) and transfer function T,
of the total energy of the nth mode per unit horizontal area. Equation 1.10 then
becomes the equation for the energy balance of the nth mode and can be generalized
to the case normally encountered in practice in which the parameters of the wave
guide and the mean properties of the pressure field are only approximately constant.
Since the spectrum F, in this case is a gradually varying function of position and
time, the local energy balance is determined not only by the energy input from
the external pressure field but also by the divergence of the inhomogeneous con-
vective energy flux associated with the spectrum. We can interpret the spectrum
F,™(k, x) as the energy distribution in four-dimensional phase space & =
(®1, Z2 ki1, k) of a large number of statistically independent wave groups whose
dimensions are large in comparison to their wavelength. Since each wave group
preserves its energy as it propagates independently along a path & = (i), the
convective energy flux in phase space is ¢F,. Thus the general equation for the
energy balance of the nth mode is

9 Fe (n) F.]

ot + o¢,

(& F,7) = T.7F (&, — w,) (1.12)
Now the propagation paths of wave groups satisfy the well-known Hamiltonian
equations

% = 0Q™/ak,

k, = —a0™ oz,

where w, = 2™ (k, x) is the (spatially dependent) dispersion relationship of the
nth mode. Since the divergence of { vanishes, (1.12) can be written

()F’ (n) 8F (n) aF (n)

ot am. T % an

+ %, = T,"F,k, — w,) (1.13)

The time derivative oF /3t will generally be negligible, since the time required
for seismic waves to traverse the pressure field is normally small in comparison
with the time scale of variations in the mean pressure field. In the absence of
external forces, equation 1.13 yields Longuet-Higgins’ [1957] result that the spec-
trum remains constant along the propagation path of a wave group. The equiva-
lence of this result with Liouville’s theorem was pointed out by Dorrestein [1960].

The case of no refraction. Equation 1.13 becomes particularly simple if the
refractive term %,(dF,™/dk,) vanishes. The analogous energy-balance equation
for a gravity-wave spectrum for this case has been considered by Lebel and Gelci
[1959], Hasselmann [1960], and Groves and Melcer [1961]. Since the group velocity
v, = X remains constant, (1.13) can be readily integrated:

¢
Pk x, ) = 770 [ Pl 5+ (¢ — v, 1) & + F, 0, 50, 1) (119)

where
Xo =X — V,,(t - to)

In (1.14) the functions ¥, and T, can again be replaced by the correspond-
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ing functions for any variable u. It is important to note, however, that this is not
permissible in the general equation 1.13, since the proportionality factor relating
the spectra and transfer functions of different variables depends on k and there-
fore cannot be taken before the derivatives if k varies along the propagation rays.

As an example of the solution 1.14, we consider the simplest case in which
F,(k, —w,) is constant within a certain generating area and zero outside (Figure 1).
If P,P.P, is the ray corresponding to the wave number k, the spectrum F,™ (k)
grows linearly from its initial value, which we assume to be zero, at P, to a maximal
value (s/v,)T.™F,(k, —w,) at the point P, where the ray leaves the generating
area (where s is the distance from P, to P,), and then remains constant along the
rest of the ray P,P,. In terms of the spectrum F,"™ (w, 6) = F,* (k)(k/v,) with
respect to frequency w and the propagation direction 8, which is more convenient
for experimental purposes,

Fc(onx)nu (w: 0) = s(o)Tu(ﬂ)(w)'Fzz(kM - w) (115)
where
T.%w = (k/v.)HT. "™ (k,) (1.16)

and k, is the wave number corresponding to «w and 6 for the nth mode.

For large distances from the storm area the spectrum is practically unidirec-
tional and can be adequately described by the one-dimensional frequency spectrum
fu(n) (w) = .r—'r+' F’v(n) (w, 0) do.
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Fig. 2. Top: Dispersion curves for the first three modes of a fluid layer over an elastic half-

space. Bottom: Ratios of the transfer functions 7®) for the two-layer system to the transfer

functions T® for the Rayleigh wave of the elastic medium alone. The layer parameters corre-
spond approximately to the media water and granite.

According to (1.15), this is given by
7@ = (A/R)T. ()F (&, — ) (1.17)

where A is the area of, and R the distance from, the generating region.

Equation 1.17 can also be obtained from the asymptotic expansion of the
Green function by deriving an integral relation between the covariance functions
of the pressure and seismic fields and then transforming to the spectral representa-
tions. The relation between 7', and the asymptotic response

Gulr, ) = T @@/ Vet

of the variable u to a pressure field p = 3(x)e™*“* acting at the origin (see, e.g.,
Ewing, Jardetzky, and Press [1957]) is found to be 7,™ = (2« | a,™ |).

In Figure 2 the transfer functions 7,,”, T,,", and T.™ for the first three
modes are shown together with the dispersion curves for the case of a fluid over an
elastic half-space. The elastic constants correspond approximately to water and
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granite. The vertical and horizontal displacements refer to the solid at the fluid-
solid interface. The transfer functions are divided by the transfer functions

T-.R = "’'7(-.(‘7"2/I32)l-"2_2'ﬁz"‘i x..(\/g) = 0.460
TJAR = ‘-"'X..(az/ﬂz)ﬂz—"ﬁz_a x.“( \/g) 0.214
TP = o x.(/B)p2 82" x(V'3) = 1.36

for the Rayleigh mode of the solid half-space in order to bring out the strong
amplification due to the water layer. Thus the frequency dependence of the transfer
functions 7'.* has to be taken into account when considering absolute values.

The narrowness of the peaks for the vertical displacement (or of the coefficients
a™ of the Green function) has occasionally been explained as a ‘resonance’ effect
corresponding to the organ-pipe resonance of a column of water over a rigid bottom
at wavelength to depth ratios equal to (n/2) + (1/4),n = 1, 2, --- . It should
be noted, however, that although the sharpness of the peaks is probably related
to the relatively high rigidity of the solid medium, the response is due entirely to
the resonant excitation of free modes at all frequencies, the maximal response
occurring for trapped waves in the fluid layer that have a fairly large angle of
incidence.

The amplification is higher for the energy than for the displacements, owing
to unequal energy partition in the wave guide. Because of the mismatch in acoustical
impedances of the two media, the energy density is considerably higher in the
fluid layer than in the solid. Furthermore, the energy density in the fluid is con-
stant, whereas in the solid it decreases exponentially with the distance below the
interface. Hence for wavelengths comparable to or greater than the fluid depth
the greater part of the wave-guide energy is in the fluid layer. The total energy per
unit surface area is consequently higher than for a Rayleigh wave having the same
frequency and mean square displacement, the ratio increasing with frequency.

Refraction. In considering the relative effectiveness of microseism generation
in the ocean and on land, two bases of comparison are possible. If the microseisms
are compared under otherwise identical generating conditions for an elastic half-
space with and without a fluid layer, then the ratios of the displacement spectra
are given simply by the ratios of the displacement transfer functions in Figure 2.
On the other hand, if the resultant displacement spectra are compared at the
same position (say on land), the effects of refraction have to be taken into account
and the ratios of the spectra will be determined primarily by the (higher) ratios
of the energy transfer functions, since only the energy spectra and not the dis-
placement spectra remain constant during refraction. In other words, as the
modes of the fluid-solid system propagate into shallow water, the energy that was
initially stored in the fluid layer is gradually transferred to the solid, which leads
to a resultant increase in the displacement of the solid surface. The displacement
on land is determined finally only by the total energy of the modes. This assumes,
of course, that the conversion of energy is gradual and continuous, so that scattering
effects are negligible. This is in fact possible only for the first mode, since the energy
of higher modes is necessarily scattered as soon as the nondimensional frequency
wH /2o, falls below the low-frequency cutoff (Figure 2). (However, for frequencies
below cutoff the higher-order modes can to a first approximation be treated as
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‘leaking’ modes that decay exponentially [Rosenbaum, 1960; Oliver and Magjor,
1960; Phinney, 1961; Gilbert and Laster, 1962]. Equation 1.13 can then be generalized
to these modes simply by the inclusion of a damping term.) Although the arrival
of scattered energy from higher modes may not always be negligible, we shall
consider here only the refractive effects for the first mode.

The invariance of the energy spectrum with respect to refraction applies to the
spectral density in the wave-number plane. Since the transfer function ratios in
Figure 2 refer to the spectral density with respect to frequency and direction, the
ratio of the displacement spectra in terms of the latter variables will be pro-
portional not only to the ratio of the energy transfer functions but also to the ratio
of the Jakobians d(k,, k,)/d(w, 8) = k/v, = w/cp., at the point of observation and
in the generating area. Thus, if for the case shown in Figure 1, for example, we
assume that the generating area lies in the ocean, then the spectrum of the dis-
placements, or, more generally, of any variable u, on land is

F. ", 65) = s(B){T Rw) 24 M}F &, — w) (1.18)

« @ Or C e PR T '
where 65 is the angle of the ray P,P,P, after refraction, ¢z is the phase velocity
of Rayleigh waves, and the index 1 refers to the first mode in the generating area.
The ratio (T.*T.,V/T. T.%)(civ,/cz”) of the expression in braces in (1.18) to the
transfer function T, determining the response before refraction (equation 1.15) is
the refraction coefficient (the refraction coeficient is also occasionally defined as
the ratio of the amplitudes before and after refraction). If the spectrum is almost
unidirectional it is more useful to define the refraction coefficient for the one-di-
mensional frequency spectrum, which yields an additional factor dz/d9. For a
straight shoreline with depth contours parallel to shore, d6;/d8=cy cos 6/c, cos 0z,
where the angles are measured relative to the shore normal. Thus the refraction
coefficient is

_cos b TV 17
cos Opc, TE 7.0

(1.19)

Since the phase velocity is higher on land than in the ocean, expression 1.19 holds
only for 6 smaller than the critical angle 4,,,, for which cos 8, = 0. For 6 > 4,,,,
total reflection occurs, and M, = 0. For 6 = 4,,;, M, becomes infinite. The approxi-
mation of & unidirectional spectrum is no longer valid for this angle.

The refraction coefficients M,, and M,, are shown in Figure 3 for normal
incidence and the same model as in Figure 2. Also shown is the ratio of the effective
transfer function M,,T,,"” to the transfer function T,,'™ for the Rayleigh wave
of the elastic half-space. (The ratio for the horizontal component is, of course,
the same, since the transfer function M.7." and 7, both refer to Rayleigh
waves on land.) The amplification due to the transfer of energy from the fluid
to the solid is seen to be practically balanced by the higher group velocity on land
for frequencies below the frequency of the peaks in Figure 2. Beyond this point,
however, the refraction coefficients increase rapidly, so that the peak of the re-
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Fig. 3. Refraction coefficients M,, and M,, for the first mode of a fluid-

solid system, and ratio of the net transfer functions M,, T,, ® (including the

effect of refraction) for the two-layer system to the transfer function 7, m

for the Rayleigh wave of the elastic medium alone. The parameters are as in
Figure 2.

sultant transfer function M,,T,,'" is considerably broader than that of T, .

The generating pressure field. We have been concerned so far solely with the
response of the elastic system as such and have not inquired into the origin of the
exciting pressure field. We found that appreciable microseisms were generated
only by pressure components that have the same phase velocities as trapped modes
of the wave guide. These velocities are greater than the velocity of sound in both
air and water (excluding the gravity-wave modes, if the uppermost medium
is & fluid). On the other hand, the velocities of motions in the atmosphere and the
ocean are generally well below the sound velocities of the media. Hence we must
consider mechanisms by which the energy of these motions can be converted into
compressional waves of high phase velocity. The generation of compressional
waves by low Mach number turbulence has been investigated by a number of
authors [Lighthill, 1952, 1954; Moyal, 1952; Proudman, 1952]. An analogous
mechanism by which ocean wave energy is converted into compressional waves has
been considered by Longuet-Higgins [1950). In our analysis we shall use a rather
different approach which is one based on the spectral transfer functions rather
than on the Green functions of the system.

The mechanism by which energy is converted into high phase-velocity com-
ponents is basically the same for both turbulent and gravity-wave fields. Quadratic
terms in the equations of motion lead to interactions between pairs of Fourier
components exp [i(k - X, + w;t)] and exp[i(k; - X, + w,f)], producing a resultant
‘sum’ component exp {i[(k; + k,)-x + (&, + w.)f]} (the ‘difference’ term can be
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regarded as a separate interaction involving the conjugate complex of one of the
original components). The phase velocity of the resultant component is then large
in comparison to either of the interacting components if the wave numbers k,
and k;,, but not the frequencies, are almost equal and opposite. Thus components
of high velocity are produced if interactions occur between Fourier components
that have almost the same wavelengths and propagation directions but different
phase velocities. For ocean waves, where the frequencies and wave numbers are
connected by a dispersion relation, this condition can be satisfied only by waves
of almost the same frequency traveling in opposite directions. In atmospheric
turbulence we shall find a continuum of frequencies associated with the interac-
tions at a given wave number.

In a third example we shall consider a different mechanism in which pressure
components of high phase velocity are produced by the linear modulation of the
bottom pressure field of gravity waves traveling through shallow water of variable
depth.

2. THE GENERATION OF MICROSEISMS BY NONLINEAR
GRAVITY-WAVE INTERACTIONS

It has been shown by Longuet-Higgins [1950] that second-order interactions
between two gravity waves of equal frequency and opposite propagation directions
produce a compressional pressure wave that propagates vertically downward
through the fluid and is thus capable of exciting elastic waves in the medium
beneath. For a rigid bottom Longuet-Higgins found further that the gravity-
wave interactions were equivalent to a periodic uniform pressure field acting on
the surface of the fluid. From our analysis in the preceding section it follows that
microseisms are produced, in fact, not by interactions between gravity-wave com-
ponents having exactly equal and opposite wave numbers, for which the horizontal
phase velocity of the generated compressional wave is infinite, but rather by
interactions between waves with slightly different wave numbers that produce
compressional waves of a finite horizontal phase velocity in resonance with a
trapped mode of the wave guide. Since this resonance mechanism tends to be
obscured and is difficult to evaluate exactly by the Green function method used by
Longuet-Higgins', we shall reinvestigate the problem in terms of the concepts
introduced in the preceeding section with the aim of determining rigorously the
equivalent pressure spectrum in the general case of a random gravity-wave field
in a fluid above a layered elastic half-space. The method has the additional ad-
vantage that the response can then be evaluated at any position in the generating
area (as in the example considered in the last section) and not only at
large distances.

First-order gravity-wave field. To the first order we assume that the motion
of the fluid is simply a superposition of incompressible gravity waves satisfying

1In the case of a continuous wave spectrum, Longuet-Higgins considered the interactions
between equal and opposite wave numbers of a modified ‘blurred’ spectrum associated with a
limited interaction region. He thus indirectly included interactions between slightly different
wave components and obtained a finite trapped-mode component at large distances.



GENERATION OF MICROSEISMS 189

the linearized equations of motion and boundary conditions for an ideal fluid of
depth % over a rigid bottom

V¢ =0 for —h<z,<0 (equation of continuity) 2.1)
8 _ 0 at z. — —h (kinematical boundary condi-
dx; 3 tion at the bottom) (2.2)
gti - :7'# =0 at z3=0 (kinematical boundary condi-
36 8 tion at the free surface) (2.3)
Y +gr=0 at z;=0 (dynamical boundary condition

at the free surface) (2.4)

where in accordance with the usual notation ¢ denotes the velocity potential
(rather than the displacement potential used in the preceding section), and { is
the surface elevation. We assume that the wave field is random and homogeneous
and that the wavelengths are small in comparison to the depth. The solution can
then be expressed as Fourier-Stieltjes integrals

o, 23, ) = [[ 102,06 + do.(0e ] exp litkx) + kzm]  (2.5)

s, 0 = [[ Wz, + 4z @e e 26)

where

o = (gh)},
dZ.(k) = =(ic/g)dd.(k)
de.(k) = (do-(—k))*
dz.(k) = (dZ-(—k)*

The spectrum of the surface elevation, defined in the same way as the spectrum
F.™ in the preceding section to include only waves traveling in the positive k
direction, is then

Fy(k) = 2(|dZ.[")/dk 2.7

Second-order compressional-wave field. In the general case of finite- but
small-amplitude gravity waves, we assume that the potential can be expanded in
a perturbation series ¢ = ¢, + ¢, + --- , where the first-order term is given by
(2.5). To determine ¢, we shall then need to allow not only for the nonlinear terms
in the equations of motion and the boundary conditions, but also for the effects
of compressibility, since we have seen that the phase velocities of second-order
Fourier components can become of the same order as the sound velocity. The
continuity equation 2.1 then becomes (for details of the following expansions we
refer to Longuet-Higgins [1950])

z_L(ﬂ ai)__lﬁ 24 ...
Ve~ Z\or T 955) = 5529 (VO + 2.8)

where «; is the sound velocity of the fluid.
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The boundary condition 2.2 for a rigid bottom has to be replaced by the
three boundary conditions requiring the continuity of the normal components of
the stress tensors and displacements at the fluid-solid interface, together with the
equations of motion and the boundary conditions at infinity and at the remaining
interfaces of the layered elastic half-space. Since we have assumed that the first-
order gravity-wave motion is negligible at the bottom of the fluid, these equations
are linear and homogeneous to the second order. We refer to them as (2.9).

The boundary conditions 2.3 and 2.4 at the free surface become

o _ 9 _ _ 96 8t 0 3r 3 . =
3t 0xzz = Ox, 9T, 9T, 0%, { oz, FY T at 7, =0
3¢ 2, 0% _
+ g9t = —¥(V¢) ¢ 3tor + - at z, =0
or, after eliminating ¢,
P 0 _ 0 e _
T 95, ~ (VO + - at =0 (2.10)

We note that the solutions of the homogeneous set of equations obtained by
setting the right-hand sides of (2.8) and (2.10) equal to zero are the eigensolutions
of the layered system, and that the response of the system to a pressure field p
acting on the surface of the fluid is obtained by setting the right-hand side of (2.8)
equal to zero and the right-hand side of (2.10) equal to —(1/¢,)(8p/8%).

The second-order term ¢, of the velocity potential is determined from the
second-order term of (2.8)-(2.10), i.e. by substituting ¢* and ¢‘", respectively,
in the left- and right-hand sides of the equations. The solution ¢, can be represented
as the sum of two functions, one of which, ¢, ., is the response of the system to the
inhomogeneous term in (2.8) and the other, ¢, ,,, the response to the inhomogeneous
term in (2.10). By substituting the Fourier representation (2.5) of ¢; in the right-
hand side of (2.8), we readily verifiy that ¢, is of the order of (¢,/a;)” smaller
than the ¢,,,, where ¢, is the phase velocity of the interacting gravity waves.
Hence the solution ¢, is practically determined by the term — (8/0%)(Vé1)..-o"
on the right-hand side of (2.10). From the above remark, this is the same as the
response of the system to a pressure field

p=rpr 1(v¢1)z,-o2 (2.11)

acting on the free surface of the fluid.

The equivalent pressure spectrum. Since the response of the system to a random
pressure field has been treated in the preceding section, our problem is thus re-
duced to the determination of the spectrum F,(k, ) of the equivalent pressure
field (2.11). Substituting (2.5) in (2.11) we have

P=nm Z[ fd@.,(k')dq:,,,(k")[k'.k" — k' k"]
-exp {i(k’ +k)-x — i(s'oc’ + s"'¢")t} 2.12)

where s’ and s’ denote sign indices. Since p is quadratic in ¢,, the spectrum F,
will depend generally on fourth-order moments of ¢,, and cannot be reduced to
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simple statistical functions like the spectrum without further statistical assump-
tions. However, as ¢, is the solution of the linearized system, we can without
inconsistency assume that ¢, is Gaussian. Observations and considerations of
wave-generating mechanisms indicate that this hypothesis is reasonable. In (2.12)
the Fourier amplitudes are then statistically independent, and the pressure spec-
trum can be expressed in terms of the wave-height spectrum F,:

F.k o =0"¢ f - f F&)F(K")(o"0"")

. [(k'k" + k'-k")25(k' — Kk’ — k)&(o" — o + w)
+ (k% — kK K')’5k 4k — k)é(e’ + o' — w)] dk’ dk’’ (2.13)

The general expression 2.13 can be simplified considerably in the range of
very high phase velocities responsible for microseism generation. It can be shown
that the resultant phase velocity of the first expression (the difference interaction)
in the square brackets is always smaller than the phase velocity of a gravity wave
of the same wavelength. Since this is in turn smaller than the phase velocity of
a seismic wave, the first term does not contribute to the pressure spectrum in the
range of interest. If the resultant phase velocity (¢’ + ¢'')|k’ 4+ k’’| of the second
term (the sum interaction) in the brackets is large, k' must be approximately
equal to —k”, so that ¢/ & ¢’’. With this approximation, (2.13) reduces to

Pk, 0) = 2% [ Rk ao 214

where k' = «"/4g, and @' is the angle of k'.
In terms of the spectral density f;(w, ) = F;(k)k dk/dw = 2F.(k)(k*/w) in
polar coordinates, (2.14) becomes

Pk, o) = 522 [ fu/2, to/2, = + 0) do 2.15)

Thus the spectrum F,(k, w) is determined by the integral over all directions
of the product of the spectral densities for waves of opposite propagation directions
and the same frequency «w/2. The pressure spectrum is white and isotropic with
respect to (in other words, independent of) k. This is to be expected, since the
wavelengths of the interacting components are small in comparison with the
wavelengths of the generated microseisms. The microseisms generated by a given
ocean wave field will, however, generally be anisotropic, since the geometry of the
generating area enters in the integration of (1.16). The response at large distances
from a finite generating area as determined by (1.20) and (2.15) is in general
agreement with the approximate expression derived by Longuet-Higgins [1950].

3. THE GENERATION OF MICROSEISMS BY
ATMOSPHERIC TURBULENCE

By applying the results of the first section, the determination of the energy
transfer from atmospheric turbulence to seismic waves can be reduced, as in the
case of an interacting gravity-wave field, to the problem of evaluating the pressure
spectrum at the free surface of the layered elastic half-space. We assume that
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pressure fluctuations with phase velocities that are sufficiently high to generate
seismic waves are produced by nonlinear interactions in the turbulent boundary
layer over the surface. In the frequency range of interest (about 0.03 to 0.5 ¢/s)
observations by, for example, Panofsky and Deland [1959] indicate that the bound-
ary layer turbulence is determined primarily by mechanical shear stresses rather
than thermal buoyancy forces. For pressure fluctuations of high phase velocity the
viscous forces are also small. Neglecting these terms then, the pressure field is
determined by the equations of motion

9 9 _ _9p
Y, (pua) + axﬁ (p’u’ﬂua) - axa (31)

and the continuity equation

(95/88) + (8/9z ) (pua) = 0 3.2)

where p is the density, and p the variation of the pressure about the value for
static equilibrium. Greek indices will be used to denote summation over all three
components, whereas Latin indices and the vectors x, k, etc., refer to vectors in
the horizontal plane as hitherto. We shall also denote the three-dimensional
wave number later by k. We assume that the pressure and density fluctuations
are related by the equation dp/dp = a,’, where the sound velocity «, of the atmo-
sphere can be considered constant within the boundary layer. Equations 3.1 and
3.2 then yield

1 &°p 9’

—_ = 2, =
al o = VP = 5501,

(pu auﬁ) (3 . 3)

[Lighthill, 1952]. We assume further that the flow velocities are small in comparison
to a,. The variation of the density in the right-hand side of (3.3) is then negligible.
For brevity, we write ¢ = p(3°/82.,9x5) (uaus).

As boundary conditions we assume that the pressure waves generated by the
forcing field ¢ are totally reflected at the bottom of the atmosphere and are dis-
sipated without reflection in the upper atmosphere. For glancing incidence it is
known that total reflection of compressional waves can oceur at high altitudes, but
this is improbable for the small angles of incidence associated with compressional
waves whose horizontal phase velocities are as high as those of seismic waves. The
first condition implies that the lower boundary of the atmosphere is rigid, or,
from (3.1),

p/ox; = 0 at ;=0 (3.4)

(This is not, of course, in contradiction with our evaluation of the microseismic
field as the necessarily nonrigid response of the layered elastic half-space to the
pressure field at z; = 0. The condition 3.4 implies weak coupling between the
atmosphere and the elastic system.) The second condition is equivalent to the
Sommerfeld radiation condition.

We assume that the random funection ¢(x, x;, t) is homogeneous with respect
to x, but not x;, and stationary. The covariance function

R, = (q(x,xé, t)Q(x + £z ,¢ + T))
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then depends on the four variables £, &, 25, 2," and the time lag . In analogy to
the case of a random function that is homogeneous with respect to all variables, we
define the generalized spectrum S, as the Fourier transform of R,:

+o

Sa(k; k3) k3’7w) = (217)6] fRa(§; $3,$3', T)

exp {—i(k- & + kszs + ks’zs’ + wr)} dE dxy dzy’ dr (3.5)
In terms of the Fourier-Stieltjes representation

ox, 75, ) = f fdQ(k, ks, @) exp {3k £+ kszs 4 o)} (3.6)

_ {00k, ks, 0) dQ(=K, k', —w))
5 d dky dky’ des

Besides the representation 3.6, it will be convenient to use the Fourier-Stieltjes
representation

3.7

+ o

Q(x; L3, t) = f e f dQ(k; T3, w) €xp {’L(kX + wt)}) (38)

where

a0k, by ) = 5 [ aQ, 23, ) exp (—ikiza) i, (3.9)

(note that d@ is a fourth-order and d@ a third-order differential) and, similarly
PX, 75, 1) = f f dP(&, 7, ) exp {ilk-x + wb)} (3.10)
The pressure spectrum at z; = 0 is given by

Fk,w) = (4P, 0, w)[") (3.11)

dk dw

Substituting (3.8) and (3.10) in (3.3), the solution to (3.3) that satisfies the ap-
propriate boundary conditions at z; = 0 and z; = « is found to be

Ta _* r _ ’ _
APk, z,, ) = — f sin [k, (,fi 2 40k, v, ) dos’
0 3

 2m5 dQ(K, ki, )
dka . k3'

where the vertical wave-number component %, satisfies the ‘resonance conditions’

cos (k;'z,)

2
w

k" = +4/—3 — k¥’ accordinglyas « = 0 (8.12)

21}
Thusat z; = 0

dP(k, 0, w) = dQ(k ks, w)

dhes - Jes” k'
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According to (3.7) and (3.11) the pressure spectrum at z; = 0 is then
2
Fuk,0) = 7o Suk, k', —ky', @) (3.13)
3

Equation 3.13 can be compared with the response for an exciting field that is
stationary and homogeneous with respect to all variables. As in the derivation of
(1.10), it can be shown that in this case the response is nonstationary, the spec-
trum increasing asymptotically as

tra r r
Fyk,w) = 2703’(’0;. _‘;_ k2)1,2 {Fo(k, ks, w) + Fo(k, —k, ;@) } (3.14)
where F (k, ks, ) is the normal spectral density of a homogeneous, stationary
field q. The growth of F, is due to the resonant excitation of free pressure waves,
the growth rate being proportional to the spectral density of the excitation at the
corresponding resonant values of the wave number and frequency. The two terms
on the right-hand side of (3.14) correspond to the two possible propagation di-
rections of a free compressional wave with given values of w and k.
The relation between (3.13) and (3.14) is clarified when we consider the case
of a field ¢ that is almost homogeneous and stationary, so that the spectrum F,
can still be approximately defined, but is of finite, although large, extent L in the
z3 direction. It can be shown from (3.5) that for this field

S, B, ~Fs, ) R o Full, ko, ) (3.15)

The equivalence of (3.13) and (3.14) then follows when we observe that the time ¢
for waves to traverse the generating area is L(k* -+ k;"")'/?/acks” and that re-
flection at the lower boundary doubles the amplitudes and thus quadruples the
spectrum of the pressure waves. Hence (3.13) is the generalization of (3.14) repre-
senting the resonant excitation of free pressure waves to the case in which the
random field is inhomogeneous in one direction. For k;" = 0 the pressure spectrum
is infinite. In this case the waves propagate horizontally and remain continually
in the propagation region, so that no stationary solution exists. This is of no conse-
quence for the present problem, however, since the horizontal phase velocity of
these components (=a,) is too small to excite seismic waves.

There remains the more difficult problem of expressing the generalized spec-
trum S, in terms of known statistical properties of the flow field. If we divide the
turbulent velocity field into a mean field (u.) = 4.(x;) and a fluctuating com-
ponent u..’, the exciting field ¢ can be written

1=+q
={+»r {ua"ug’ — @a'ug’) + Baug’ + u."ds} (3.16)
0% ,0%;
Since the term {g) does not contribute to the spectrum we have
Se = Fakgh, s’ Sapyalk, ks, ks’, ) (3.17)
where k)’ = —k,, ki’ = —k, for the indices 1 and 2, and S.4,, is the (generalized)

cross spectrum of the components T,z and T, ; of the fluctuating part
Tgﬂ = p[u.,'up' — (u,,’u,,') + 'IZaUﬁ’ + ua’ﬁ.ﬁ] (3-18)
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of the Reynolds stress tensor. The cross spectrum is defined as the Fourier trans-
form of the correlation tensor of T',4,

Saa-,a = -(;T)sf f(T.,me.,;m

-exp {_i(kf + ksxa + k3’$3’ + w‘r) df dxs dxs, dT (3.19)
where
Tﬁﬂ(l) = Tuﬂ(x + E’ Zs , 4 + T) T‘ﬂ(z) = T‘ﬁ(x: 1,‘3’, t)

Since the frequencies and wave numbers in (3.13) correspond to free com-
pressional waves, the wave-number components are at the most equal to w/c.
For frequencies in the range from 0.2 to 3 rad/sec this corresponds to wavelengths
from about 1 to 15 km, These values will generally be large in comparison with the
correlation scales of the turbulent motion at the same frequencies, since the turbu-
lent scales are determined by the much smaller characteristic velocities of the
fluid motion rather than the sound velocity. Hence the dependence of the ex-
ponent in (3.19) on the spatial coordinates can be neglected, and we can substitute
in (3.17) the value of S,s,s at zero wave number.

Since T.s depends on both linear and quadratic expressions of the fluctuating
velocity components, S.s,; depends generally both on fourth-order moments
and on the second-order spectra of the velocity fluctuations. It follows from the
condition of continuity, however, that the cross spectra of the velocity fluctua-
tions vanish at zero wave number. (See Baichelor [1953] for the proof for homo-
geneous turbulence. The generalization to our case is straightforward.) Hence

Pk, @) = Capro) %ﬁ)& (3.20)

where k; = k5", as given by (3.12), and
2

Capyilw) = (Epﬁ

f f (e us’ — @a'ug”) ™ (uyus’ — (u,us’)) ®)e'™ dE dr, dzy’ dr (3.21)

the superscripts (1) and (2) referring to the same coordinates as in (3.19).

We note that the small correlation scale of the generating field relative to a
selsmic wavelength leads only to the coefficient C.4,; being independent of k,
but not, as for an interacting gravity-wave field, the spectrum itself. This is be-
cause the generating pressure field equivalent to the gravity-wave interactions
was isotropic, whereas the pressure field is the response to an inhomogeneous
quadruple field.

The further evaluation of (3.21) meets with the difficulty encountered generally
in problems of aerodynamically generated sound: that very little is known about
the fourth-order moments of the turbulent velocity field. To overcome this diffi-
culty it is frequently assumed that the fourth-order moments are related to the
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second-order moments in the same way as if the field were Gaussian. Although the
quasi-Gaussian (or, more precisely, zero fourth cumulant) hypothesis is known to
be inconsistent with the strongly nonlinear equations of motion and therefore
rather questionable when applied to problems involving the detailed dynamical
balance of the turbulent field, it may be expected to yield results here that are
correct at least to an order of magnitude. Assuming then that

(") Q) ™) = (/) N @A) ™) + (@, ™) i )
+ ((u,,'“)u;"”))(ug’(”u,’ (2)>

equation 3.21 becomes

2
Caprs(w) = '(5’;?
.f e f {(ua(l)u-y(z))<UB“)u,5(2)> + (ua(l)u5(2)><uﬂ(”u7(2)>}eiwr dfdx3 dx; dT (3.22)

or, in terms of the generalized cross spectra

1
‘Saﬁ(k; k3: k3': ‘-") = W

+®

f f e D) exp {—i(k-E + kams + ko'zy + w7)} dE dzy’ du, dr

+@

Caﬂw("-’) = (27")2172[ Tt f {Sa‘v(k7 k3: k3’} w’)SﬁB(k) k3: k3,: w —w )

—o

+ Saslle, ks, ko', 0)Sp, (K, ks, k', 0" — @)} dk dks dks" do”  (3.23)

The reduction to second-order moments has not in itself immediately re-
solved our difficulties, since measurements of the generalized spectra S.; with
respect to both wave number and frequency have not been made. However, a
rough indication of the spectral distribution is given by Taylor’s hypothesis, which
states that to a first approximation the turbulent field can be assumed to be simply
convected along with the mean stream velocity without changing its spatial
structure. If U is the mean velocity, say in the z, direction, the spectrum 8,4 is
then concentrated closely around the hyperplane w + Uk, = 0 in w-k-ks-k,’
space. The interdependence of temporal variations and spatial variations in the
mean flow direction implied by this relation has been frequently verified experi-
mentally. If the relation were to hold rigorously, the coefficient C.s,; would be
identically zero for w # 0, since it is clearly not possible to satisfy Taylor’s rela-
tion by both terms of the products in (3.23) simultaneously. However, Taylor’s
hypothesis can be expected to apply only approximately in our case, since apart
from the change in spatial structure of the turbulent field the mean stream velocity
is also not constant within the boundary layer. If we assume that the spectrum
has a finite spread 8w = x|w| about the hyperplane o + Uk, = 0, the integrand
in (3.23) will be different from zero for |w’| > |w|/x. Since we shall be interested
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only in a minimal value of the effective lower limit w, of the integration with
respect to «’, we set x = 1, which is equivalent to the relatively safe assumption
that the spectrum contains no Fourier components whose phase-velocity com-
ponents in the wind direction are negative.

For w in the range from 0.2 to 3 rad/sec spectral measurements by a number
of authors indicate that the lower integration limit w,’ lies within the inertial
subrange for most of the boundary layer. Priestley [1959] concludes from several
independent measurements that the lower cutoff frequency «. of the inertial
subrange for the one-dimensional frequency spectrum at the height z; is given
approximately by the relation w.:/U = 5. Thus for w = 1 rad/see, say, and
U = 10 meters/sec, the contribution to the integral 3.23 will lie within the Kol-
mogoroff inertial subrange for turbulence above about 50 meters. Since the bound-
ary layer thickness is of the order of 1 km, it can be expected that most of the
contribution to C,s,s will come from turbulence in the inertial subrange. According
to Kolmogoroff [Batchelor, 1953] the turbulence in this range is determined solely
by the local dissipation e(z:) and is quasi-homogeneous and isotropic relative to a
system moving with the local mean stream velocity U(z;). It is thus possible to
estimate C,pz,5; by using the simplifications associated with the isotropy of the
field and applying dimensional analysis. The zero fourth cumulant hypothesis
is then no longer strictly necessary, provided that all interactions still occur
within the inertial subrange, since the detailed statistical structure of the turbulent
field is not relevant for a dimensional argument. On carrying through the analysis,
however, the contribution to the coefficient C,4,; from the turbulence at a height
; is found to be proportional to (e(xs))"”*. Since the greater part of the dissipation
in a turbulent boundary layer takes place in the lower part of the constant stress
layer close to the boundary (see, e.g., Townsend [1956] for general boundary layer
flow and Priestley [1959] for the dissipation profile of an atmospheric boundary
layer), it appears that C.s,; is determined primarily by the turbulent field close
to the surface, where, because of the smaller scale of the turbulence, it can no
longer be assumed that «,.’ lies in the inertial subrange. This suggests an alternative
dimensional argument, however, for the turbulent field in the lower part of the
boundary layer is determined solely by the shear stress 7, at the boundary. (More
precisely, this is so in the logarithmic region of the velocity profile outside the
very thin sublayers in which the viscosity and/or the roughness parameter enter
as additional independent parameters.) If C.s,; depends only on the turbulent
field in this part of the boundary layer it can be a function only of w and 7,, and is
hence of the form

C',,,g.,.;(w) = 'yp2u*8w_5 (324)

where u, = V/7o/p is the frictional velocity and v is a constant that we can expect
to be of the order of 1 within, perhaps, 2 orders of magnitude. Equation 3.24
can be expected to be valid as long as the distance 5U/w is still within the region
of the boundary layer controlled by the wall stress.

No account of the tensor character of C.s,; has been taken in (3.24), but
probably the only term of importance in (3.20) is the one involving the vertical
components. Since the phase velocities of seismic waves are several times larger
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than the velocity of sound in air, the angles of incidence of atmospheric com-
pressional waves that have the same horizontal phase velocity as seismic waves
are small. Hence the wave-number component k," in (3.20) is considerably larger
than the horizontal components, so that the dominant term in the sum is
Casss(w)ks” = Cizas(w)(w’/ae’). With this approximation we thus have finally

Fok, 0) = yp'on U0 (3.25)

As a numerical example we consider the microseisms generated on land by a storm
of area 1000 X 1000 km’ at a distance of 2000 km at sea. We assume a wind
speed of 30 meters/sec, a drag coefficient U,”/U* of 0.0012, which can be taken
as a plausible extrapolation of Deacon’s [1962] values obtained at lower wind
velocities, and the same two-layered half-space as in section 1 with a water depth
of 5 km. Then for a frequency « = 0.57 rad/sec corresponding to the maximum
of the net transfer function ratios in Figure 3, we find from (1.17), (1.19), and (3.25)

fo.P(w) = v1.2:107°4% sec

Since the observed spectra of microseisms generated by storms are generally
of the order of 1 to 10 y’ sec, we conclude that, despite the indeterminancy of the
constant ¥ and the approximations involved in deriving (3.25) from (3.20), the
generation of microseisms by atmospheric turbulence is generally negligible.

4. THE GENERATION OF MICROSEISMS BY OCEAN WAVES
IN SHALLOW WATER

The problem of evaluating the microseisms generated by the bottom pressure
field of ocean waves traveling through shallow water can conveniently be divided
into two parts. First, we consider the response of a layered elastic half-space to a
random surface pressure field that is stationary and homogeneous in one direction,
say zi, but of limited extent in the direction z,. A pressure field of this type is
produced if waves of a random homogeneous sea pass through a limited shallow
water region in which the depth contours run parallel to the z, axis. We then
evaluate the pressure field for a given ocean wave spectrum and bottom topography.
The analysis will be carried through explicitly only for the case of waves approach-
ing a beach of constant slope, but other cases, corresponding to waves traveling over
submerged bars or shelves, will also be considered briefly.

The response to an tnhomogeneous, random, bottom pressure field. A pressure
field with the stated statistical properties can be represented as a Fourier-Stieltjes
integral

P, f) = f dP(k, w)e' ™" 4.1

where the generalized pressure spectrum is

(dP(ky, bz, @) AP(—ky, ky', —w))
dk, dk, dk; dw

Sy(ky, sy ko', @) = (4.2)

If u(x, ¢) is any linear variable representing the response of the elastic system
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(e.g., a component of the displacement at the free surface) to the pressure field p,
we then have

ux, ) = [ dUGk, o) exp (ille-x) + of]} “.3)
where the Fourier components of u and p are linearly related,
dUk, w) = L,(k, ) dP(k, w) (44
with
Lu(k) w) = (Lu(_k; _w))* (45)

The factor L, becomes infinite at the eigenfrequencies w,(k). The singularity
can be expressed in terms of the transfer function 7', introduced in section 1.
Comparing (1.6) and (1.11) (in which we can replace the potential function by
the variable «), we find

w T 1/2 .
Lk, w) =~ wT—Lw_E (7") " for o RXw,’ (4.6)

where §, is an undetermined phase factor.

According to (4.4) the covariance function

u(El; T2, z,’ ) T) (u(xl + £1,%,, 8 + T)u(xl) z,’ ’ t))

= [ [ @UG k) AU, B, —0) exp it + Roa + 2y’ + wr)]
is then
Rt a, 7!, 7) = f f Lu(ks, ko, @ Lu(—y, B, —)S,(he, Ko, Foa”, )

cexp [i(kes + Kots + ko'zy’ + wr)] dky dks dky’ dor (4.7

For large values of z, and z,’ the rapid oscillation of the exponential term prac-
tically eliminates all contributions to the integrals with respect to k. and k,’ except
in the immediate neighborhood of the singularities of the factors L,. The contribu-
tion from the singularities depends on how the integration paths in the complex
k. and k.’ planes are indented around the singularities. This question can be settled
in the usual manner by introducing an artificial damping coefficient that is then
allowed to approach zero. We find, a.llowing for (4.5) and (4.6),

L Z ff (k 2 4 T (”)(kl, k2 n )Sp(kl) k2 ny k2,n', w)

A exp [i(kig + k"(x: — z') + wr)] dky dw (4.8)

Ru(sl: xz, x2’; T) -

0
2
where A= {lw for (:—2 — k,2{>0
0= " <0

where ¢, is the phase velocity of the nth mode for given w, and k,, and

ks = —sign @) V@/e]) — k.°
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is the second wave-number component of the mode. It has been assumed in (4.8)
that z, and z,” are both positive; for negative x, and z,’ the term k,"(x, — z,") in
the exponent changes sign. Since for large z, and z,’ the covariance function R,
depends only on the difference coordinates, # is homogeneous and stationary (to
moments of second order) and can hence be represented by a normal power spec-
trum F,(k, w). On comparing (4.8) with the relation

W + b, 2 By £ Dl 2 0) = [[ Full, @) exp it + wn)] dis do

connecting the covariance and spectral functions for a homogeneous, stationary
variable u we find

2
P, @) = 30 1 Tulles, bey )Sy(bs, bay —kny )8(ks — o ?)  (4.9)
According to (4.9) the spectrum is concentrated entirely on the eigenfrequency

surfaces o’ = w, (k) and can thus be expressed, as in section 1, in terms of the
two-dimensional spectra F,™ (k) or f, (v, «). We find

20, - —
P9 () = J\k;c‘,,—s T.OWS, ey oy —Foy —w)  for k>0 0
0 for k, <0
2rw0,’ 4 (W) Sk, kzy —ka, —w) for (0] < #/2
fu(n)(w; 0) = kzcn 3 4u p\fv1, fuz, 2 (4'11)
o for /2 < [0 <

where the wave-number components on the right-hand side of (4.11) refer to the
nth mode at the frequency w and the propagation direction 8, measured from the
Z, axis.

Equations 4.10 and 4.11 are analogous to expression 3.13 derived in the pre-
ceding section for the pressure response to an inhomogeneous forcing field in a
homogeneous medium.

(However, (4.10) and (4.11) hold only for k.z, >> 1, whereas it was possible
to derive (3.13) on the immediate boundary of the generating region. The restric-
tion k,z, > 1 in the general case of a layered medium is due to branch points
occurring in the function L,.)

The bottom pressure field for waves approaching a constani-slope beach. We
turn now to the evaluation of the generalized pressure spectrum S, for the case in
which the pressure field is generated by shallow water gravity waves. The con-
dition for the existence of an appreciable bottom pressure field in a fluid of depth
H(w’H/g = 0(1)) ensures that the influence of the fluid layer on the propagation
properties of seismic waves in the layered elastic half-space beneath is negligible
(wH /o < 1, where a is a characteristic propagation velocity of the layered medium),
provided that wa/g >> 1. Since this is true for frequencies in the range considered,
we can neglect the effect of the water layer in determining the seismic response
and consider the bottom pressure field to be acting directly on the free surface of
the layered elastic half-space.

We assume that in deep water the ocean wave field is homogeneous and can
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thus be represented by the two-dimensional spectrum F;(k) or f;(w, ) introduced
in section 2. For the present purposes it will be convenient to introduce further
the spectrum

Py(ky, ) = Fi&)(2K fwks) = fr(w, 0)/ks (4.12)

with respect to the wave-number coordinate &, and (positive) frequency. For the
transformation 4.12 to be unique, we assume that F (k) = 0 for k, < 0, so that
for a free wave k, is uniquely determined by «, and k,. The general case is obtained
by superimposing on F;(k) a complementary spectrum F,(k) which is zero for
k, > 0. For simplicity we set F; = 0. The Fourier-Stieltjes representation corre-
sponding to the spectrum F; is then

¢z, §) = f A%k, ) exp [ilezs + ko Za + wb)] (4.13)

where k," is the second wave-number component of the free gravity wave that
has the frequency « and wave-number component &, and

Py, ) = ﬂ%ﬁ (4.14)

We assume that the depth contours of the water layer are parallel to the z, axis.
Then the Fourier component dZ(k,, w) exp [¢(k,x, + k.x, + wf)] gives rise to a
bottom pressure field with the same periodicity in the z, direction and in time.
The pressure amplitude in (4.1) is thus

dP(k, ) = dZ(k,, v)K(k, w) dk, (4.15)
where
Kk, w) = 1 f“’ Py(x,)e "> dzx (4.16)
’ 27I' e o\+2 2 .
and P,(z,) exp [i(k.x, + ot)] is the bottom pressure field of a wave train that in
deep water has unit amplitude, frequency «, and wave number k = (k,, k,").
Equations 4.2, 4.15, and 4.14 then yield
Sp(kl, kz; _k2; _wn) = F'r(kl; (.d,,) [K(kly k2; _“"’n)l2 (417)

Since the wavelengths of microseisms are large in comparison with the wavelengths
of gravity waves, the seismic wave-number component k; in (4.17) is small in
comparison to the component k,” R w,’/g of the gravity wave that has a wave-
number component k, and frequency w,. Hence F;(k,, w,) is to a close approxima-
tion the spectral density at normal incidence, and, from (4.12),

Syless kay —ha, @) R i, 0 = 0) T |K (ks sy —00)|” (4.18)

where the angle of incidence 8 is measured as in section 1 from the normal to the
depth contours.

To evaluate K(k, —w) we need to determine the bottom pressure field P,
for a harmonic gravity wave at normal incidence. For an arbitrary depth profile
this represents a difficult hydrodynamical problem. If we assume, however, that
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the relative change in depth within a distance of the order of a wavelength is small,
it is known that to a good approximation the wave field can be treated locally as
though the depth H were constant, the variation of the amplitude with x, being
determined then from the condition that the energy flux = (amplitude)® X group
velocity remains constant. Thus for a wave of unit amplitude in deep water we
have, for normal incidence,

§(x, ) = Z(z)e' VT (4.19)

where
dS/dx, = k, (4.20)
Z(z) = Vo/v (4.21)

v = ¢/2w is the group velocity in deep water, and the local wave number %, and
group velocity v are determined from the dispersion relationship

w = (gk, tanh kH)'?
The amplitude of the bottom pressure is then pgZ/cosh (k.H) [Lamb, 1932], so that
Po(xs) = [pg*"/(2um) " cosh (k.H)le** (4.22)

The energy argument determines the amplitude Z (z.) only within an undetermined
phase factor that varies slowly in comparison with the phase function S(z.).
Since the wave-number component k, in (4.18) is associated with a free seismic
wave, the phase factor in the integrand of (4.16) also varies slowly in comparison
to S(z;) and can consequently be neglected within the approximation of the
analysis. Transforming to S as integration variable, we thus have

3/2 +® i8S
. . _ _ Pg e'”-dS

Ko, ko'y —en) = 2r - (2w)'? ./;w v'/%- cosh (k.H)k,

where the superscript s has been introduced on the left-hand side of the equation

to denote wave-number components associated with seismic waves.
For the case in which the depth varies linearly with z,,

= —H'zx, @, =<0,H' >0

we find that if we introduce the nondimensional variable y = k.H equation 4.23
can be written in the form

(4.23)

R, bty ~o) = 245 @) (@20
where
n@) = 5 [ *{tanh yloosh y)"[tanh y + y(1 — tank YT} dS (425

and the variables S and y are connected by

ds _ Yy _ )
H’dy_(l-l_tanhy y tanh y (4.26)
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Although the wave amplitude Z becomes infinite at the shoreline z, = 0, the
integrand in (4.25) remains bounded and indeed approaches zero as 8% ~ z,"*.
Hence wave breaking need not be invoked as an essential part of the generating
mechanism, although we shall find that it may be expected to influence the results
numerically.

The computed function |9(H’)]*> is shown in Figure 4. Perhaps the most
striking feature is the increase of |9(H’)|” with H’ for small H’, as it can have been
expected intuitively that the energy of the microseisms increases with the area
of shallow water in which the gravity waves generate bottom pressure fluctuations.
Tt is apparent from the above analysis, however, that the excitation of seismic
waves is due primarily to the modulation of quasi-harmonic pressure waves, which
spreads the pressure spectrum over all wave numbers, including, in particular,
the range of extremely small wave numbers that is alone effective in microseism
generation. Thus the increase of |7(H')|” with H’ is due to the stronger modulation
associated with more rapid changes in depth.

For small H’ (which is the only case for which the approximations of our
analysis are valid) the function |n(H")|" can be determined explicitly by expanding
(4.25) and (4.26). According to these equations 7 is of the form

[}

n(H') = f & Y(SH") dS

where for small z ¢(z) = ("?/47)(1 + a.x + a,2” + ---). Hence

’ ¥ o .
H f 618S1/2 dS

(@)

[2(H")]* = = % + .- (4.27)
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Fig. 5. Amplification due to waves breaking in the idealized case of a sharp cutoff So/27 wave-
lengths from shore.

From (4.11), (4.18), (4.24), and (4.27) we then have finally

2 2 517,
1P, 0 = s W, 0 «.28)
In the case of the Rayleigh mode of an elastic half-space, the displacement transfer
functions are proportional to « (section 1), so that f."* (v, ) ~ & *f;(w, 0). The
strong dependence on  favors the generation of low-frequency waves, which may
have been a contributing factor for the intense 27-second-period microseisms of
gravity-wave origin described by Oliver [1962], and explains generally why surf
microseism correlations with a one-to-one frequency ratio are apparently best ob-
served in the low-frequency regions of the spectrum [Oliver and Ewing, 1957].
We have ignored so far the effects of wave breaking. Although these can
clearly not be described adequately by a linear theory, an estimate of the influence
on the coefficient K can be obtained by considering the extreme case in which the
linear theory is assumed to be applicable up to a distance S,/2x local wavelengths
from the shore, at which point the waves are assumed to break and dissipate
instantaneously. In place of the function |7(H’)|* given by (4.27), we then have
(4

Ins (B = o

Se R 2
f 5812 dS‘ (4.29)

The function |#8,(H’)|*/H’ is shown in Figure 5 in dependence on the distance



GENERATION OF MICROSEISMS 205

(in local wavelengths) from shore of the breaking point. It is seen that for a sharp
cutoff two to three wavelengths from shore |ng, (H')|* is about 10 times as large
as the value |9(H’)|* at S, = 0. This value should be taken as a liberal upper limit,
however, as the real situation probably lies, if anything, closer to the case of no
breaking at all than the extreme situation considered here.

The bottom pressure field for waves passing over a submerged bar. The higher
value of K in the case of a sharp cutoff as compared to the case in which the pressure
field extends continuously to the shore line illustrates again the importance of
modulation. It may be expected generally that a weakly modulated gravity-wave
field without singularities of any form will be considerably less effective in generat-
ing microseisms than either of the above cases. As an example that can be assumed
characteristic for waves passing over a submerged symmetrical bar we consider
the case in which (4.23) is of the form

+o

Ko, 'y — w) = wgfad [ 47 48
where p = (1/27) (va/v0)""’k» ,o/k= o, the subscripts « and 0 referring to values of
the group velocity and wave number in deep water and over the center of the bar,
respectively, and ¢ is a dimension representing the width of the bottom pressure
field in wavelengths. Equation 4.29 yields for this case

IK|* = (ug/w)2mc’e™" (4.30)

which can be compared with (4.24) and (4.27). For a constant-slope beach the
characteristic width in wavelengths of the bottom pressure field is of the order of
(H")™. Hence for bottom pressure fields several times wider than a gravity wave-
length, we conclude that, on account of the exponential term in (4.30), the con-
version of energy to seismic waves is considerably more effective for waves ap-
proaching a beach than for waves passing over a submerged bar. The same con-
clusion is found for waves passing over a smooth shelf rather than a bar. Since the
average slope of the edges of continental shelves is of the order of 4° to 5° [Shepard,
1948], it seems improbable that these could be the source of microseisms, as has
occasionally been suggested.

5. COMPARISON WITH MEASUREMENTS

It has long been observed that ocean waves and microseisms are closely
correlated, and numerous measurements have confirmed either a 2 to 1 or 1 to 1
frequency relationship between the spectra (see, e.g., Gutenberg [1958] or Darby-
shire [1962]). However, until recently few observations were sufficiently com-
plete to permit a quantitative comparison with the theory. The most detailed
measurements to date are probably those of Haubrich et al. [1963]. In a series of
measurements extending over six days the authors found sharp peaks at the same
frequency in both the gravity-wave and microseismic spectra, and also a strong,
glightly broader peak at the double frequency in the microseismic spectrum. All
peaks showed a progressive shift to higher frequencies consistent with the linear
dispersion of ocean waves generated in a far-distant, short-lived storm (Figure 6).
The close agreement between the peak frequencies indicates that the microseisms
were generated locally, the double-frequency peak presumably being due to
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Fig. 6. Dispersive variation in frequency of the spectral peaks of seismic

and ocean wave records. The straight lines for the primary frequency (PF)

and double frequency (DF) correspond to the theoretical gravity-wave

dispersion from a distant source of short duration (from Haubrich et al.

[1963]; a few peaks not relevant to the present discussion have not been
included).

interactions between the incoming swell and waves reflected from the coast. From
the time of origin of the waves (May 12) and the arrival times of the waves, the
distance of the storm was found to be 11,500 km. The recording stations for the
ocean waves and microselsms were situated close to each other on the south
California coast. From previous ocean wave measurements [Munk ef al., 1963] the
authors suspected a source in the Ross Sea region near 150°W, 60°S.

The peak spectral densities for successive measurements, and hence increasing
frequencies, are shown in Figure 7. The theoretical curves shown for primary-
and double-frequency microseisms were calculated from the smooth curve drawn
through the ocean wave points. Although measurements of the complete ocean
wave and microseismic spectra are presented by Haubrich et al., the theoretical
analysis was carried through only for the peaks, as it was doubtful whether the
background microseismic spectrum was due entirely to local wave effects. The
simple two-layer model of Figures 2 and 3 was taken as the layered elastic half-
space. According to field studies by Shor and Raitt [1958] this should be a reason-
able approximation in the area concerned, although a multilayer model would
perhaps be more satisfactory. The calculations were based further on the following
data and assumptions:

Double frequency. The primary peaks of both ocean wave and seismic spec-
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Fig. 7. Experimental and theoretical values of the maximal values of the
peaks observed along the dispersion curves of Figure 6 (from Haubrich
et al. [19631).

tra were found to be very narrow; Haubrich et al. give a ratio of @ = 14 for
the peak frequenecy to peak width at the half-power points for both spectra.

From the dispersion behavior of gravity waves it follows that the duration
of the storm which generated the ocean waves was of the order of @' X the travel
time of the waves. Similarly, the extent of the generating region in the propagation
direction was of the order of Q™ X the distance traveled by the waves. Assuming
the lateral and longitudinal dimensions of the storm to be of the same order, the
angular spread of the ocean waves at the recording station is then found to be
11500/QR sin (1150/R) ~ 8°, where B = 6370 km is the radius of the earth.
For a source in the Ross Sea region the angle of incidence of the beam relative to
the shore normal at the observing station is about 30°S. According to Munk et al.
[1963], the energy reflection factor for waves in the frequency range concerned is
approximately 0.2. For a narrow beam imperfectly reflected at an irregular coast,
geometrical reflection cannot be expected to hold exactly, and it was consequently
assumed that the angular spread of the reflected waves about the reflected mean
incident ray was of the order of the rms variation of the shore normal, which was
taken as 20°. The spectral distributions with respect to frequency and direction
were assumed to be Gaussian in the neighborhood of the peaks. These assumptions
determine the local state of the sea at the recording station, so that the spatial
distribution of the equivalent pressure spectrum representing the ocean wave
interactions can be evaluated from (2.15).

As was shown by Haubrich et al., the effective width of the interaction region
is limited in the direction of the incident beam by a relative shift in the peaks of
the incident and reflected wave spectra owing to the different travel times of the
waves. The width of the interaction region is of the order of (2Q)™' X storm
distance & 400 km. Since the incident beam is not normal to shore, the dispersive
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shift of the peak also limits the interaction region in the direction parallel to shore
to a distance of the same order of magnitude. These dimensions are large in com-
parison with a seismic wavelength, which in the frequency range concerned is of
the order of 25 km. Hence the equivalent pressure field can be regarded as quasi-
homogeneous, and the microseism spectrum can be determined by integrating the
general energy-balance equation 1.13.

The continental borderland off the Californian coast has an average depth of
approximately 1 km for a distance of 300 km offshore, and then it drops sharply
to a depth, including the sediment layer, of 5 km [Shor and Raitt, 1958]. For a
double frequency of 0.1 cps the nondimensional frequency wH/27r«, is then 0.067
on the continental borderland and 0.33 in deep water (o, = 1.5 km/sec). According
to Figure 3 the net amplifications due to the water layer are thus 1.3 and 17, re-
spectively. Since the offshore width of the interaction region is 400 X (cos 30°) =
350 km, most of the interaction region lies on the shelf. However, because of the
higher amplification in the deep water, the interactions there are still appreciable.
For a Gaussian shaped peak with @ = 14, we find that the ratio of the contributions
from the shelf and the ocean is approximately 1 : 2. This result, however, depends
rather strongly on the value of @ and the actual spectral distribution on the flanks
of the peak. For higher values of @ the contribution from the ocean rapidly becomes
negligible, whereas for lower values of @, as would be associated with waves gener-
ated by a nearby storm, the contribution from the ocean is dominant. This ex-
plains why the onset of microseismic activity on the east coast of the United
States is frequently found to coincide with the passage of a cold front from the
continental shelf to deeper water, the peak frequency of the microseisms depend-
ing on the depth of the ocean at the position of the front.

Primary frequency. The analysis in the preceding section of microseisms
generated by ocean waves approaching a constant-slope beach was based on the
model of a perfectly straight shoreline. The model can be assumed suitable for
the case of a fairly broad wave beam at small angles of incidence, but is rather
unsatisfactory for the present case of a narrow beam at a finite angle of incidence,
because the model yielded a rate of microseism generation proportional to the
spectral density at zero angle of incidence (equation 4.18), which in the present
case is practically zero. Some conversion into seismic energy can nonetheless be
expected, owing to the modulation of the bottom pressure field in the parallel-to-
shore direction on account of irregularities of the coastline. Although the generaliza-
tion of the analysis required to include this effect is straightforward, it is difficult
to determine the relevant properties of the coastline explicitly. It was therefore
assumed that to a first order the irregularities of the coastline can be accounted
for by an equivalent broadening of the incident wave beam. As in the case of the
reflected beam, it was assumed that the beam width was of the same order as the
rms variation of the shore normal (which we had taken as 20°) and that the angular
distribution was Gaussian.

The restriction of the theory to a large distance from shore is also not satisfied
in the present case. The seismic recorder was about 16 km inland, which corresponds
approximately to 1/3 of a seismic wavelength at a frequency of 0.05 cps. However,
for the simple model of an elastic half-space assumed here, the exact response could
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be computed without difficulty, yielding a mean correction factor in the frequency
range concerned of 1/3. With a measured mean beach slope of 0.01 at the recording
station, good agreement with experiment was then obtained by attributing a
correction factor of 3 to wave breaking, consistent with the rough estimate of the
previous section.

From the nature of the assumptions required to supplement the experimental
data it is clear that the agreement between the experimental and theoretical curves
in Figure 7 is significant only to an order of magnitude. The general trend of the
curves, however, together with the wide range of spectral densities involved,
indicates a satisfactory agreement between theory and experiment.
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