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ABSTRACT

The presented turbulence scheme was developed for the Active Tracer High-Resolution Atmospheric Model
(ATHAM) to parameterize the effect of subgrid-scale turbulence. In contrast to the commonly used assumption
of local isotropy in high-resolution atmospheric modeling, this scheme differentiates between horizontal and
vertical turbulent exchange to represent the strong influence of buoyancy forces and vertical transports. Its
computational efficiency is similar to classical turbulent kinetic energy approaches while preserving one of the
main feature of higher-order schemes. The present extensions to include anisotropic effects in a turbulent kinetic
energy approach do not need any ad hoc assumptions and are equivalent to the classical formulation in the
isotropic limit.

The presence of high tracer concentrations in a particle-laden plume is taken into account, as well as supersonic
effects at low Mach numbers. The turbulent exchange coefficients used in the equations of motion are derived
from a set of three coupled differential equations for the horizontal and vertical turbulent energy and the turbulent
length scale. No turbulent equilibrium is assumed. All turbulent quantities are treated prognostically.

Numerical simulations of convective plumes of a typical Plinian volcanic eruption with the nonhydrostatic
plume model ATHAM reveal that a complex treatment of turbulent quantities is necessary in order to capture
the bulk characteristics of the plume, such as the plume height, the horizontal extent, and plume development
in time. Anisotropic effects of turbulence have a significant impact on the stability and internal structure of the
plume. For the first time, results from a fully three-dimensional simulation of a volcanic plume are presented.

Because of its general formulation the presented turbulence scheme is suitable for a wide range of atmospheric
applications.

1. Introduction

In today’s high-resolution atmospheric models, sub-
grid-scale turbulence is commonly parameterized based
on a prediction of the total turbulent kinetic energy. For
recent reviews and intercomparisons of large-eddy sim-
ulations (LES) and cloud resolving models, see Agee
and Gluhovsky (1999), Moeng et al. (1996), and Breth-
erton et al. (1999) and references therein. Although
more sophisticated and more general turbulence param-
eterizations exist for a long time (e.g., Lewellen 1977),
they are not widely used in practical problems for sev-
eral reasons. In fully second-order closure models, the
computational effort is more then doubled since trans-
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port equations need to be solved for each individual
component of the Reynold stress tensor. In convective
turbulence additional equations for the turbulent flux
and variance of the potential temperature need to be
parameterized. In order to obtain these equations closure
models for the higher-order turbulence correlations must
be provided, which have uncertain physical foundation
(Speziale 1987). However, second-order closure
schemes have the advantage of incorporating history-
dependent nonlocal effects.

By identifying the vertical axis with one of the prin-
cipal axis in convective atmospheric problems and fo-
cusing on the autocorrelations in the Reynold stress ten-
sor we avoid the assumption of local isotropy in schemes
based on the total turbulent kinetic energy. At the same
time we keep the computational efficiency of a total
turbulent kinetic energy scheme. In our new scheme the
vertical turbulent exchange coefficients differ from
those for horizontal turbulent exchange.
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High-reaching volcanic plumes are driven by strong
buoyancy forces. However, positive buoyancy can only
be produced by a dilution of the erupting hot gas particle
mixture whose initial density exceeds that of the sur-
rounding atmosphere at the vent. The amount of en-
trainment is a key factor that determines if the plume
partially or totally collapses. Therefore, the description
of turbulent processes is crucial in order to simulate the
dynamic of a volcanic plume. Due to limits in the grid
resolution only the large-scale turbulent eddies are ex-
plicitly resolved. Subgrid scale turbulent motions must
be treated using a suitable turbulent scheme.

After a brief description of the Active Tracer High-
Resolution Atmospheric Model (ATHAM), we will
present our turbulence scheme and discuss results from
simulations and sensitivity tests applying this new tur-
bulence scheme.

2. The model concept

ATHAM is designed to simulate explosive volcanic
eruptions for a given forcing as a lower boundary con-
dition. Since the aim of our investigations is to link the
volcanic eruption to the large-scale atmospheric flow
and chemistry, phenomena inside the volcano’s vent on
the scale of a meter can be ignored. Based on the as-
sumption of small particles, the behavior of the gas
particle mixture can be described by five prognostic
equations for the three momentum components, the
pressure, and the temperature. For each tracer, one ad-
ditional transport equation has to be solved.

In the present version, ATHAM consists of five mod-
ules. The dynamic part solves the Navier–Stokes equa-
tion for a gas particle mixture including the transport
of active tracers (Oberhuber et al. 1998). Active tracers
can occur in any concentration and can have a strong
impact on the dynamics of the system. The turbulence
closure scheme, which will be described in the following
sections, computes turbulent exchange coefficients for
each dynamic quantity. The microphysics is based on a
Kessler-type parameterization and describes condensa-
tion and formation of precipitation. The connected
changes in internal energy can have a strong impact on
the plume dynamics. All phases of water are included:
vapor, liquid, and solid (Herzog et al. 1998). Two ad-
ditional modules that are not used for this study treat
the interaction of gases, hydrometeors, and ash particles
in the plume (Textor 1999; Textor et al. 2003): the ash
module describes particle growth and coagulation based
on microphysical interactions between hydrometeors
and ash particles; the scavenging module calculates the
dissolution of volcanic gases into droplets and the in-
corporation of these gases into ice particles.

The model is written in a modular structure. It is easy
to add additional modules of different levels of sophis-
tication for special processes.

ATHAM is three-dimensionally formulated with an
implicit time stepping scheme. Since the flow close to

vent can be supersonic, sound waves cannot be excluded
from the dynamic equations. The solution of the com-
plete Navier–Stokes equation is computed on a Carte-
sian grid. A grid stretching allows us to use a higher
spatial resolution in the model center than at the model
boundaries. The flux form of the transport equations is
employed for all tracers.

For sensitivity studies, ATHAM can be used in a two-
dimensional mode. The Cartesian 2D version performs
simulations on a vertical slice of the 3D model. In ad-
dition, cylindrical coordinates can be used: no cross-wind
effects can be studied, but the dillution of the plume
corresponds to the 3D case in an atmosphere at rest.

3. The turbulence scheme

The general idea underlying our model is similar to
that of a large-eddy model in which the large-scale mo-
tions are explicitly represented while the subscale tur-
bulence is parameterized. If f denotes a quantity to be
calculated, we set

f(x, y, z, t) 5 f(x, y, z, t) 1 f9(x, y, z, t), (1)

where x and y are horizontal Cartesian coordinates, z
the vertical coordinate, t time, the overbar denotes a
spatial average over a volume given by a model grid
box, and the prime denotes the fluctuations from the
average. ATHAM explicitly calculates the spatial av-
erages, which represent the dominant large-scale mo-
tions while parameterizing the effects of the fluctuations
(which we call the ‘‘turbulence’’) on the averaged flow
quantities. Here is assumed to be a traditional Reyn-f
olds average (i.e., 5 and 5 0) so that Leonardf f f9
stresses and subgrid-scale cross stresses can be neglect-
ed [for the definition of Leonard stresses and subgrid-
scale cross stresses see Speziale (1998)].

Applying expression (1) introduces turbulent corre-
lations in the dynamic equations, where ui denotesf9u9i
a velocity component (u1, u2, u3) 5 (u, y, w). We iden-
tify the turbulent correlations with the subscale fluxes,
which describe the effect of turbulence on the averaged
flow quantities. Under the assumption that turbulence
acts like diffusion, subgrid fluxes can be parameterized
by a gradient approach (Monin and Yaglom 1971):

]
f9u9 5 2K f. (2)i ik ]xk

In kinetic energy methods, the tensor Kik is assumed
to be diagonal and isotropic (Harsha 1977):

K 5 Kd .ik ik (3)

The turbulent exchange coefficient K is set proportional
to a turbulent length scale l and the square root of the
turbulent energy E 5 1 1 (Kolmogorovu9u9 y9y9 w9w9
1942; Prandtl and Wieghardt 1945):

K 5 c lÏE.0 (4)

An empirical constant is c0. However, in general, the
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two-dimensional tensor Kik is only diagonal if the chosen
coordinate axes are identical to the principal axes. The
choice of the principal axes must be independent from
the specific location in space, since the dynamic equa-
tions should be valid for each location in space. In at-
mospheric problems, the vertical can be identified with
one principal axis. The mean horizontal wind direction
defines another principal axis. However, since the mean
wind direction varies in space and time, no distinction
between the horizontal axes is possible. There is ex-
perimental evidence (Monin and Yaglom 1971) that it
is sufficient to treat Kik as diagonal matrix

K 5 K d 5 K .ik ik ik k (5)

Therefore, we assume Kik to be diagonal, but we dis-
tinguish between the horizontal and vertical exchange
coefficient:

K 5 K 5 K 5 c lÏ3/2E , (6)1 2 hor 0 hor

K 5 K 5 c lÏ3E , with (7)3 ver 0 ver

E 5 u9u9 1 u9u9, (8)hor 1 1 2 2

E 5 u9u9. (9)ver 3 3

The horizontal and vertical component of the turbulent
kinetic energy are denoted by Ehor and Ever, respectively.
In the limit case of a local isotropy 5 5u9u9 u9u91 1 2 2

5 1/3E, (6) and (7) are equivalent to the classicalu9u93 3

formulation in (4).
In order to derive prognostic equations for Ehor and

Ever we use the Navier–Stokes equation for an incom-
pressible medium and ignore the Coriolis force:

] ] ] ] ]
ru 5 2 ru u 2 P 2 rgd 1 m u ,i i k i3 i]t ]x ]x ]x ]xk i k k

]
ru 5 0. (10)k]xk

Splitting pressure, density and velocity components
into mean and turbulent part in Eq. (10), and assuming
r9 K , we yield after subtracting the turbulence av-r
eraged equation

] ]
ru9 5 2 r(u9u9 1 u9u 1 u u9 2 u9u9)i i k i k i k i k]t ]xk

] ] ]
2 P9 2 r9gd 1 m u9. (11)i3 i]x ]x ]xi k k

Multiplying Eq. (11) by uj and adding the j component
of (11) multiplied by ui, we yield after turbulence aver-
aging an equation for the turbulent velocity correlations:

]
ru9u9i j]t

5
]

2 r u u9u9k i j]xk

advection

]
2 ru9u9u9k i j]xk

turbulent diffusion

] ]
1 m u9u9i j]x ]xk k

molecular diffusion

] ]
2 r u9u9 u 1 u9u9 uj k i i k j1 2]x ]xk k

production by
wind shear

2 g(u9r9d 1 u9r9d )i j3 j i3
production by

buoyancy

] ]
2 u9 P9 2 u9 P9j i]x ]xi j

redistribution

] ]
2 2m u9 u9i j1 21 2]x ]xk k

dissipation. (12)

a. Higher-order terms

In Eq. (12), three new unknown higher-order turbu-
lent correlations occur:

]
D 5 2 ru9u9u9,i j k i j]xk

] ]
p 5 u9 P9 2 u9 P9,i j j i]x ]xi j

] ]
« 5 2m u9 u9 ,i j i j1 21 2]x ]xk k

where Dij describes the transport of the turbulent ve-
locity correlations caused by the turbulent velocityu9u9i j

fluctuations . In analogy to Eq. (2), a general expres-u9k
sion for can be written asu9u9u9k i j

]
u9u9u9 5 2K u9 u9.k i j i jklmn lm]xn

The simplest possible expression for Dij, which takes
into account the assumed anisotropy between the ver-
tical and the horizontal space direction is

] ]
D 5 rc K u9u9, with (13)i j 1 k i j]x ]xk k

3
K 5 K 5 c l E ,1 2 0 hor!2

K 5 c lÏ3E . (14)3 0 ver

Expression (13) is an extension of the expression used
by Lewellen (1977). It preserves the tensor symmetry
of Dij but violates the symmetry in . An additionalu9u9u9k i j

empirical constant is denoted by c1.
The effect of the pressure fluctuations on the turbulent

velocity correlations is described by pij. Its physical
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meaning can be better seen after a simple transforma-
tion:

1 ]ru9P9 ]ru9P9 ]ru9 ]ru9j i j ip 5 1 2 P9 1 . (15)i j 1 2[ ]r ]x ]x ]x ]xi j i j

The integral of the first two terms over a volume sur-
rounded by a laminar flow gives zero. Therefore, these
terms result in a redistribution between turbulent ve-
locity correlations and can be treated like diffusion
terms (Mellor and Herring 1973). Following Hanjalic
and Launder (1972), turbulent pressure correlations can
be ignored except close to the wall.

The last two term in (15) do not contribute to the
total turbulent energy because of the incompressibility
assumption in (10). They only result in a redistribution
between the components of the turbulent energy. The
most common formulation is based on Rotta (1951) and
acts in the direction of an isotropic turbulent energy
distribution:

ÏE 1
p 5 c r u9u9 2 d E . (16)i j 2 i j i j1 2l 3

The effect of viscous dissipation on the turbulent ve-
locity correlations, that is, the transition from turbulent
motion to molecular motion, is described by «ij. Based
on the idea of an inertial subrange turbulent energy is
only dissipated by viscous forces and only transferred
from larger to smaller scales in space. Therefore, the
dissipation term «ij depends only on the energy transfer
and not on the viscosity of the fluid. In the isotropic
limit the dissipation of turbulent energy is determined
by the total turbulent energy and a turbulent time scale
t0, which only depends on the turbulent energy and the
turbulent length scale (Mellor and Herring 1973). We
extend this formulation by assuming that «ij is propor-
tional to the components of the turbulent energy u9u9i i

(k 5 1, 2, 3). In addition we assume that the turbulent
timescale t0 5 l/ is an isotropic quantity of theÏE
flow:

ÏE
« 5 c r u9u9d . (17)i j 3 i j i jl

Similar formulations can be found in Daly and Harlow
(1970) and Donaldson (1972). An empirical constant is
denoted by c3.

b. Production terms

Wind shear and buoyancy are responsible for the pro-
duction of turbulent energy:

]
P 5 22ru9u9 u , (18)i i k i]xk

P 5 22gu9r9. (19)r 3

The most common formulation for the turbulent ve-

locity correlations under the assumption of local isot-
ropy is (Mellor and Yamada 1974)

] ] 1
u9u9 5 2K u 1 u 1 Ed . (20)i k i k ik1 2]x ]x 3k i

We treat the second-order correlation in Pi in analogy
to the third-order correlation in Dij. The simplest for-
mulation for Pi that takes into account an anisotropy
between horizontal and vertical space directions is

] ]
P 5 2rK u u . (21)i k i i1 21 2]x ]xk k

Stratification only contributes to the vertical com-
ponent of turbulent energy. Thereby positive buoyancy
produces and negative buoyancy deletes turbulent en-
ergy. In pure atmospheric applications the stratification
is described by the gradient of the potential temperature.
In our model we take into account the presence of active
tracers by using the potential density s. The potential
density is the density of the mixture at a reference pres-
sure. The potential density is not a conservative quantity
under phase transitions that include the gas phase. How-
ever, those phase transitions change the vertical strati-
fication of the fluid and therefore do not need to be
reflected in the production of turbulent kinetic energy
separately. For Pr, we yield

1 ]
P 5 2grK s, with (22)r s s ]z

K 5 a K 5 a c lÏ3E ,s s 3 s 0 ver

Nt

a 5 a q 1 a q , (23)Os u g i i
i51

where as, au, aj denote the inverse Prandtl number for
the mixture, for heat, and for each active tracer, re-
spectively; qg and qi denote the mass mixing ratios for
gas and each additional tracer, respectively.

c. Prognostic equations for turbulent kinetic energy

If we use Eq. (12) together with the higher-order
terms in (13), (16), (17) and the production terms in
(21), (22), and neglect molecular diffusion, we yield the
following for the horizontal and vertical components of
the turbulent kinetic energy (8) and (9):

]
E 5hor]t

]
2u Ek hor]xk

advection

1 ] ]
1 rc K E1 k horr ]x ]xk k

turbulent diffusion

2 2
] ]

1 2K u 1 uk 1 21 2 1 2[ ]]x ]xk k

shear production
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ÏE 2
2 c E 2 E2 hor1 2l 3

redistribution

ÏE
2 c E3 horl

dissipation, (24)

]
E 5ver]t

]
2u Ek ver]xk

advection

1 ] ]
1 rc K E1 k verr ]x ]xk k

turbulent diffusion

2
]

1 2K uk 31 2]xk

shear production

1 ]
2 2ga K ss 3 s ]z

production
through
buoyancy

ÏE 1
2 c E 2 E2 ver1 2l 3

redistribution

ÏE
2 c E3 verl

dissipation. (25)

The turbulent exchange coefficients Kk and Ks are given
by (6) and (23).

d. Turbulent length scale

The turbulent length scale is a characteristic length
scale of turbulent eddies in an air parcel. Therefore, the
turbulent length scale l is considered a conservative
quantity in the absence of sinks and sources (Daly and
Harlow 1970). Commonly, the turbulence length scale
is diagnosed locally [e.g., Agee and Gluhovsky (1999)
and references therein]. In a volcanic plume, however,
the time scales for advection are in the same order or
shorter than those for turbulence. Hence, we include
history-dependent effects of transport in the equation
for the turbulent length scale. Since production and sink
terms for the turbulent length scale are quite uncertain
(Lewellen 1977), we choose a formulation where the
production is driven by the deviation from an equilib-
rium length scale:

]
l 5

]t

]
2u lk ]xk

advection

1 ] ]
1 rc K l1 kr ]x ]xk k

turbulent diffusion

ÏE
2 c (l 2 l )2 0l

equilibrium term, (26)

with

l 5 min(0.67z, Ds, l*),0 0

E
l* 5 0.54 ,0 2!N

g ]s
2N 5 2 ,

s ]z

Ds 5 (Dx 1 Dy 1 Dz)/3.

The equilibrium turbulent length scale l0 is limited by
the distance to the ground z and the mean grid resolution
Ds. For stable condition, that is, a positive Brunt–Väis-
älä frequency N 2, the equilibrium turbulent length scale
is given according to Deardorff (1980).

e. Empirical constants and compressibility effects

The empirical constants can be determined from a
variety of measurements. An often used set of constants
is (Zilitinkevich et al. 1967; Mellor and Yamada 1974;
Yu 1976; Lewellen 1977)

c 5 0.32, c 5 0.80, c 5 0.43, (27)0 1 2

Dickey and Mellor (1980) found in their measurements
a reduction of the effective dissipation of turbulent en-
ergy with increasing stability. To take into account this
effect we use the ratio of the turbulent length scale to
the mean grid resolution, which is a dimensionless quan-
tity that characterizes the influence of stability onto tur-
bulence (Deardorff 1980):

l
c 5 0.067 1 0.18 . (28)3 Ds

So far we have neglected turbulent pressure corre-
lations and treated turbulent density correlationsu9P9i

only in the buoyancy term. However, this is nou9r9i

longer true if the transport velocities are on the order
of the speed of sound or greater. In the case of volcanic
eruptions close to the vent, Mach numbers greater than
2 can be reached because the speed of sound is strongly
reduced by the presence of high particle concentrations.

Intrinsic compressibility (nonzero divergence) of a
turbulent velocity field tends to inhibit mixing and re-
duce the amplification rate of turbulent kinetic energy
produced by a mean velocity gradient (Simone et al.
1997). According to Zeman (1990), observed Mach
number effects can be treated as a correction to the
empirical constant c3 in the dissipation term

.c 5 c [1 1 c F(M )],3 3 4 t (29)

with

 2M 2 0.1t1 2 exp 2 for M . 0.1,t1 2 [ ]0.6F(M ) 5t 
0 else,

ÏE
M 5 , c 5 0.75,t 4c3
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TABLE 1. Volcanic forcing.

Parameter Value

Model domain (x, y, z)
Diameter of plume base
Velocity at plume base
Temperature at plume base
Gas fraction

250 km 3 200 km 3 50 km
300 m
250 m s21

1073 K
6% (by weight)

Water vapor fraction of total gas 50% (by weight)

Particle radius
Small
Medium
Large

0.01 mm
0.20 mm
4.00 mm

Terminal fall velocity at 1000 mb
Small
Medium
Large

0.024 m s21

3.2 m s21

15.2 m s21

Particle fraction
Small
Medium
Large

32% (by weight)
31% (by weight)
31% (by weight)

Bulk density of erupting mixture after
pressure adjustment

Mass eruption rate
Duration of eruption

3.143 kg m23

5.55 107 kg s21

1 h

where Mt is the turbulent Mach number and cs the speed
of sound.

The inverse Prandtl number ax of a quantity x is the
ratio between the turbulent exchange coefficients for this
quantity and for momentum. For heat, au is stability
dependent. We follow Deardorff (1980):

l
a 5 1 1 2 . (30)u Ds

For each particulate tracer the inverse Prandtl number
depends on particle properties such as size, shape, and
surface roughness. Since particles possess a larger in-
ertia than the surrounding gas molecules it is reasonable
to assume that the turbulent exchange coefficients for
particles are smaller than those for momentum. In our
simulations we used for simplicity an inverse Prandtl
number of ai 5 0.67 for all particulate tracers.

4. Results

Previously we used ATHAM to simulate volcanic
eruption plumes in a two-dimensional model version
considering two ash particle classes of different sizes.
In recent papers we analyzed the influence of environ-
mental conditions on the volcanic plume rise (Graf et
al. 1999) and studied the scavenging of volcanic par-
ticles (Textor 1999).

Here we show results from a three-dimensional sim-
ulation and discuss the simulated turbulent properties
of the plume. In order to cover a larger range of particle
sizes than in previous studies we increased the number
of ash particle classes to three. Their sizes vary between
0.02 and 8 mm in diameter. The plume dynamic is in-
fluenced by the particle mass, which alters the mixture’s
buoyancy and the terminal velocities. At sea level at-
mospheric pressures the terminal fall velocities are
0.024, 3.2, and 15.2 m s21 for small, medium, and large
particles, respectively. The pressure decrease with al-
titude leads to an increase of the terminal velocities with
altitude. At the tropopause level, the terminal velocities
are increased to 0.62, 8.32, and 39.5 m s21 for small,
medium, and large particles, respectively (Herzog et al.
1998).

We chose a horizontal model domain of 250 and 200
km in x and y directions, respectively. The model top
is located at 50-km altitude. The number of grid points
is 127 in x and z directions and 107 in y direction. In
order to achieve a spatial resolution of 100 m close to
the volcano’s vent, we use a stretched grid. Starting with
100-m vertical resolution at the vent, the spatial reso-
lution increases to 300 and 550 m in 10- and 20-km
altitude, respectively. In the horizontal, the spatial res-
olution increases from 100 m at the volcano to about 8
km in 100-km distance from the volcano. Since the x
direction defines the mean wind direction, the volcano
is shifted in x direction upwind from the model’s center.

We initialize the model with vertical profiles for tem-
perature, relative humidity, and horizontal wind under

the assumption of a hydrostatic equilibrium. The initial
conditions are horizontally homogeneous and represent
a tropical atmosphere with the tropopause at 17-km al-
titude. A 45-min spinup ensures the adjustment of the
flow around the volcano.

The volcanic forcing is specified by a vertical velocity
and the composition of the erupting mixture at the
plume’s base after pressure adjustment. The plume base
is set to 300 m in diameter. The erupting mixture has
a bulk density of 3.14 kg m23. Together with an exit
velocity of 250 m s21, this results in a mass eruption
rate of 5.55 3 107 kg s21. The complete volcanic forcing
is listed in Table 1.

Our simulated eruption lasts for 1 h, which is con-
siderably shorter than most real volcanic eruptions.
However, at the end of the simulated eruption the plume
starts to reach the model boundaries so that the open
lateral boundaries begin to affect the simulation. For a
longer simulation, the horizontal model domain and the
number of horizontal grid points need to be enlarged,
which would significantly increase the computing time.
A more feasible approach would be to couple ATHAM
with a regional model: boundary condition for ATHAM
could be prescribed from the regional model; ash-re-
moval processes in the distal diluted plume could be
studied in the regional model.

In addition to the three-dimensional reference exper-
iment, we perform sensitivity experiments in cylindrical
coordinates.

a. The reference experiment in three dimensions

Before we discuss the turbulent quantities of the
three-dimensional reference experiment we will briefly
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FIG. 1. Ash plume of particles of all sizes after 50 min of eruption. (upper) A three-dimensional image of the plume.
(lower) Particle concentrations as a cross section through the same plume.

describe the ash plume after 50 min of eruption, which
is shown in Fig. 1. Figure 1 (upper panel) shows a three-
dimensional image of the plume. The observer’s view-
point is at 10-km altitude. The mean background wind
blows from the left to the right side following the grid
lines depicted on the ground. The umbrella region,
which is seen from below consists mainly of fine ash
particles. Larger particles (depicted in darker colors)
leave the umbrella region rather quickly due to sedi-
mentation or do not even reach the umbrella region.

After 50 min of eruption only a negligible amount of
the smallest ash particles (20 mm in diameter) has been
deposited on the ground and only 1% of the medium-
sized ash particles (400 mm in diameter). However, for
the largest ash particles (8 mm in diameter) more than
60% of the erupted particles are already deposited on
the ground.

Figure 1 (lower panel) shows the mass mixing ratio
of ash particles in the x–z plane located at the volcano’s
center. Again, the mean horizontal wind in the back-
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FIG. 2. Vertical turbulent energy after 50 min of eruption.

FIG. 3. Horizontal turbulent energy after 50 min of eruption.

ground blows from the left to the right with maximum
wind speeds of 25 m s21 in the jet region below the
tropopause. The ash plume reaches an altitude of over
32 km. The umbrella region, which marks the neutral
buoyancy height, spreads out between 18- and 19-km
altitude, reaching slightly lower altitudes on the upwind

side of the volcano. The plume has an asymmetric form.
The leading edge traveled 110 and 65 km from the
volcano to the downwind and upwind side, respectively.

Figures 2 to 4 show the prognostic turbulent quan-
tities after 50 min of eruption. The plots show the same
x–z plane as in Fig. 1, but with a smaller horizontal
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FIG. 4. Turbulent length scale after 50 min of eruption.

extent. The contour intervals for the vertical and hori-
zontal turbulent energy (Fig. 2 and 3) differ by a factor
of 2 so that, in the case of a local isotropy, both plots
would look exactly the same.

Large values of turbulent quantities are well confined
within the plume. In addition elevated values are no-
ticeable in the lowest kilometer of the model atmosphere
indicating the formation of a turbulent boundary layer.

Within the plume the turbulent energies vary by more
than five orders of magnitude. Close to the vent, max-
imum values well above 2000 m2 s22 are reached within
the ascending zone. By the time the erupted mixture
reaches the stratosphere, the turbulent energies are re-
duced by almost two orders of magnitude. The turbulent
length scale, on the other hand, shows in the ascending
zone lower values close to the vent and increasing values
with increasing altitude. Within the umbrella region the
turbulent energies decrease with increasing distance
from the plume base; on average the turbulent energies
decrease one order of magnitude every 10–15 km.

Despite the general similarities between the horizon-
tal and turbulent energy there are substantial deviations
from a local isotropy. In case of a local isotropy, the
total turbulent energy can be calculated in three ways:
from the vertical turbulent energy, the horizontal tur-
bulent energy, or from the sum of horizontal and vertical
turbulent energies,

3
E 5 E 5 3E 5 E 1 E .turb hor ver hor ver2

The anisotropy in the turbulent energy can be expressed
by

3
E 2 3Ehor ver2

g 5 100 .
E 1 Ehor ver

This quantity is shown in Fig. 5. Within the ascending
zone above the vent the vertical turbulent energy is con-
siderably larger than in the isotropic limit with g greater
100% in large areas. Here, vertical turbulent exchange
processes are more important than horizontal turbulent
exchange processes. For the most part of the umbrella
region, the opposite is the case: horizontal turbulent
exchange is more important than vertical turbulent ex-
change.

Figures 6 and 7 show the time scales connected with
subscale turbulence. The turbulent time scales are re-
lated to the mean grid resolution Ds in the following
way: t 5 Ds2/2Kturb, where Kturb is either the vertical or
horizontal turbulent exchange coefficient.

Although the contour intervals in Figs. 6 and 7 are
on a quasi-logarithmic scale, the previously discussed
anisotropy is also apparent from the turbulent time
scales. In addition, Figs. 6 and 7 illustrate the relative
importance of turbulent mixing in different plume re-
gions; close to the vent adjacent grid points exchange
information due to turbulence on time scales of seconds,
within the ascending zone, on time scales shorter than
a minute. Within the umbrella region and farther away
from the ascending zone the time scales for turbulence
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FIG. 5. Anisotropy in turbulent energy (%): 100{[(3/2)Ehor 2 3Ever]/(Ehor 1 Ever)}.

FIG. 6. Time scale for vertical turbulent exchange after 50 min of eruption.

rapidly increase to several hours. On the downwind side,
the leading edge of the plume traveled 110 km away
from the location of the volcano within 50 min of erup-
tion. Already at 40 km away from the source, the time
scale for turbulence exceeds 1 day. Because we perform
simulations for 1 to 2 h, effects of turbulence influence

the simulation only within or close to the ascending zone
where ash particles stay for a couple of minutes due to
the large flow velocities in that region.

The differences between horizontal and vertical tur-
bulent energy have a significant impact on the entrain-
ment rates. This impact is the greatest within the as-
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FIG. 7. Time scale for horizontal turbulent exchange after 50 min of eruption.

cending zone above the vent where turbulent mixing is
most intense. Here, the anisotropy between vertical and
horizontal turbulence leads to a weaker horizontal mix-
ing than in the isotropic limit. A smaller horizontal en-
trainment not only delays the plume from becoming
buoyant but also reduces the amount of ambient water
vapor in the plume. The amount of water determines to
a large extent microphysical processes within the plume:
condensation of water vapor increases the buoyancy of
the plume through the release of latent heat (Graf et al.
1999); the interaction of hydrometeors with volcanic
gases and particles leads to efficient particle aggregation
and scavenging of volcanic particles and gases (Textor
et al. 2003). Except under very dry conditions most of
the water vapor within the plume originates from the
ambient atmosphere (Glaze et al. 1997; Herzog et al.
1998). Because most of the water vapor is located in
the lower part of the atmosphere an accurate description
of entrainment in the ascending zone is crucial for the
description of microphysical processes within the
plume.

b. The impact of nonlocal effects in turbulence in
cylindrical coordinates

We performed a series of simulations in order to in-
vestigate the importance of a detailed subgrid-scale tur-
bulence scheme, the sensitivity of empirical constants,
and the impact of nonlocal effects in the turbulence
scheme. Because of computer restrictions, these tests
were done in cylindrical coordinates. In cylindrical co-
ordinates a mean background wind cannot be consid-

ered. However, such a two-dimensional simulation cor-
responds to a three-dimensional simulation with an at-
mosphere initially at rest. Here we only discuss the im-
pact of nonlocal effects on the plume development.

Figure 8 shows the mass mixing ratio of fine ash 50
min after the eruption started for the reference experi-
ment in cylindrical coordinates (top) and the simulation
with the isotropic turbulence scheme (bottom). The iso-
tropic turbulence scheme is a simplification of our more
complex scheme: only the total turbulent kinetic energy
is predicted. The turbulent length scale is determined
diagnostically applying the expression for l0 in Eq. (26).
Supersonic effects, as well as the effects of active tracers
on turbulence, are not taken into account.

Although the anisotropic and the isotropic turbulence
schemes produce almost an identical neutral buoyancy
height in the umbrella region, there are substantial dif-
ferences between the two simulations. With the isotropic
scheme, the plume height (measured by the maximum
height of the 5 g kg21 isoline) is 4.5 km or 20% lower
than in the reference experiment. The leading edge of
the plume travels faster in the isotropic simulation, and
the plume covers an area 14% larger than in the aniso-
tropic simulation.

However, more interesting than the differences in
plume shape and more important for microphysical pro-
cesses within the plume are the structural differences
within the ascending zones of both simulations. In the
reference experiment the ascending zone is unsteady and
more structured than in the isotropic experiment. At 15-
km altitude there is an instability that leads to a partial
plume collapse. The ash particles leaving the ascending
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FIG. 8. Fine ash concentration after 50 min of eruption. (a) The ash plume in the axisymmetric reference experiment; (b)
the ash plume for the experiment with the simplified, isotropic turbulence scheme.

zone are re-entrained into the ascending zone between
5- and 12-km altitude. This instability, however, is not
located at a constant altitude but moves upward with
time, disappears and is reformed again between 7- to
8-km altitude. The resulting pumping motion also al-
lows the ash particles to reach higher altitudes than in
the experiment with isotropic turbulence scheme.

When the isotropic turbulence scheme is applied the
horizontal entrainment is stronger in the lower part of
the ascending zone so that no instability is formed. In
addition, more water vapor is entrained into the plume
at lower altitudes. Although the plume’s total water bur-
den is only 7% larger than in the reference experiment,
substantially larger concentrations of hydrometeors are
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obtained within the upper part of the ascending zone
where they play a key role in the scavenging of volcanic
gases and particles (Textor et al. 2003).

5. Summary and conclusions

The new turbulence scheme presented here distin-
guishes between horizontal and vertical turbulent ex-
change processes. It is based on a set of three coupled
prognostic equations for the horizontal and vertical tur-
bulent kinetic energy and the turbulent length scale. In
the isotropic limit this scheme corresponds to the tra-
ditional turbulent kinetic energy (TKE) approaches with
one prognostic turbulent kinetic energy.

The numerical simulations of a typical Plinian vol-
canic eruption plume in three dimensions with ATHAM
reveal that turbulent processes are well confined within
the plume. The turbulent kinetic energy varies over sev-
eral orders of magnitude. The time scales for turbulence
are in the order of seconds close to the vent, and increase
to several hours and days within the umbrella region.
The substantial differences between horizontal and ver-
tical turbulent exchange suggest that the local anisotropy
of turbulence has an important impact on the plume
development.

A simplified version of the presented turbulence
scheme, which resembles the traditional isotropic TKE
approaches, does not reproduce the instabilities in the
ascending zone and the fine structure of the plume as
seen in the reference experiment with the full turbulence
scheme. These instabilities and the fine structure are
particularly important if processes within the plume are
considered such as scavenging of volcanic particles and
gases.

Unfortunately, no observational dataset for volcanic
plumes exists that would allow for an independent proof
that our new more complex turbulence scheme produces
a more realistic simulation than a traditional TKE
scheme. However, our new scheme is more general than
a traditional TKE scheme. The new scheme treats the
main history-dependent nonlocal effects of turbulence.
In atmospheric turbulence, vertical stratification is very
important and makes turbulent processes acting in the
vertical distinctively different from those acting in hor-
izontal space directions. The complete treatment of these
nonlocal effects is the main advantage of the compu-
tationally very expensive, fully second-order turbulence
schemes in atmospheric and technological problems
(Lewellen 1977; Speziale 1987). In addition, our new
scheme has been successfully used in a simulation of
an observed biomass burning plume (Trentmann et al.
2002).

Since the presented turbulence scheme is not specially
tailored for the description of volcanic eruption plumes
or plumes in general, this scheme is also suitable for a
wide range of atmospheric applications. In particular,
when the anisotropy in turbulence cannot be ignored,
our turbulence scheme allows us to differentiate be-

tween horizontal and vertical turbulent exchange pro-
cesses without requiring a fully second-order turbulence
scheme.
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