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Abstract

The construction of the cylinder at spatial infinity for stationary spacetimes is considered.
Using a specific conformal gauge and frame, it is shown that the tensorial fields associated to
the conformal Einstein field equations admit expansions in a neighbourhood of the cylinder
at spatial infinity which are analytic with respect to some suitable time, radial and angular
coordinates. It is then shown that the essentials of the construction are independent of the
choice of conformal gauge. As a consequence, one finds that the construction of the cylinder
at spatial infinity and the regular finite initial value problem for stationary initial data sets
are, in a precise sense, as regular as they could be.

1 Introduction

The present article discusses a certain conformal extension for vacuum stationary solutions for
the Einstein field equations —the so-called cylinder at spatial infinity. This construction provides
detailed information about the structure of this class of spacetimes in the region where spatial
infinity touches null infinity. The analysis presented here is key for the construction of asymptot-
ically simple spacetimes from initial value problems on Cauchy hypersurfaces. In order to better
understand the context of our analysis, we present a brief overview of the ideas and problems
involved.

1.1 Asymptotically simple spacetimes

Penrose’s notion of asymptotic simplicity —see e.g. [35, [36] was introduced with the objective
of providing a framework for the discussion of isolated systems in General Relativity. The pro-
gramme behind this idea is usually know as Penrose’s Proposal —see e.g. [25] 26, [27]. A vacuum
spacetime (M, Juv) is said to be asymptotically simple if there exists a smooth, oriented, time-
oriented, causal spacetime (M, g,,) and a smooth function Z (the conformal factor) on M such
that:

(i) M is a manifold with boundary % = OM;
(i) ©>0on M\ £, and © =0,dO # 0 on .#;
(iii) there exists an embedding ® : M \ .# — M such that g,, = ©*(®~1)*G,.;

*E-mail address: acena@aei.mpg.de
TE-mail address: j.a.valiente-kroon@qmul.ac.uk


http://arxiv.org/abs/1103.0387v1

(iv) each null geodesic of (M, §,,) acquires two distinct endpoints on .#.

In this definition, as well as in the rest of the article the word smooth will be used as synonym of
C*. In order to simplify the notation we will write g,,, = ©2g,, instead of g,, = ©*(®~1)*g,..
The point (iv) in the definition excludes black hole spacetimes —however, the discussion in this
article will be local to the conformal boundary .#, and hence (iv) will not be of relevance in our
considerations.

The first natural examples of asymptotically simple spacetimes are solutions to the Einstein
field equations which are static or, more generally, stationary near the conformal boundary. That
this is the case is a consequence of the structural properties of the static and stationary field
equations —see e.g. [18]. We shall elaborate further on this in the coming paragraphs. Now,
in order to be of real physical value, the notion of asymptotic simplicity should also include
spacetimes which are not static or stationary near the conformal boundary so as to allow for the
discussion of gravitational radiation —the existence of this type of spacetimes has been shown
n [I4]. The examples constructed in [I4] are somehow special, as they arise as the development
of Cauchy initial data sets which are exactly Schwarzschildean in the asymptotic end. More
generally, recent developments in the construction of solutions to the Einstein constraint equations
by means of gluing methods —see e.g. [I5] [16] [I7]— allow to construct asymptotically simple
spacetimes from initial data sets which are exactly stationary in the asymptotic region.

Given this state of affairs, it is natural to ask whether there are more general types of asymp-
totically simple spacetimes than the ones described in the previous paragraph —see e.g. [27]. This
question leads to the so-called problem of spatial infinity. If asymptotically simple spacetimes are
to be constructed using some version of the Cauchy problem in general Relativity, then one has
to prescribe some initial data set (S  hab, Xab) On an asymptotically Fuclidean hypersurface —for
simplicity, here it will be assumed that S has the topology of R®. The question now is: how does
one encode in (5 , ﬁab, Xab) that the development will be asymptotically simple? The examples of
[14] suggest that this issue has to be related in some way to the behaviour of the initial data set
in its asymptotic region.

1.2 Asymptotically Euclidean and regular initial data sets

As we are discussing properties of spacetimes by means of the conformally rescaled setting given
by the notion of asymptotic simplicity, it is also natural to work with a conformally rescaled
one-point compactification of the initial hypersurface S. To this end, we recall the notion of
asymptotically Euclidean and regular Riemannian manifolds. The pair (3 , }Nlab) will be said to be
asymptotically Euclidean and regular if there exists a 3-dimensional, orientable, smooth compact
manifold (S, hgp), a point i € S, a diffeomorphism ¢ : S\ {i} — S and a function Q € C?(S) N
C>* (8 \ {i}) with the properties

Q@) =0, DuQi) =0, DaDyQi) = —2huy(i),
Q>0 onS\{i),
hab = Qz(b*ilab-

Again, in order to simplify the notation, the last condition will be written as hqy = Q2f~1ab SO
that S\ {i} and S are identified. The key property of asymptotically Euclidean and regular
manifolds is that suitable neighbourhoods of the point i (the point at infinity) are mapped into
the asymptotic end of S. Thus, one can use local differential geometry to discuss the asymptotic
properties of the initial data set (S, ﬁab).

1.3 Static and stationary spacetimes

The notion of asymptotically Euclidean and regular manifolds has been crucial to understand the
asymptotic properties of static and stationary spacetimes —see e.g. [I1l B, 22]— and to prove
results concerning their multipolar structure —see e.g. [IL 5[4 [6] B, 12| 13, 28]. Stationary (and
static) spacetimes are best discussed in terms of a quotient manifold X obtained by identifying



points on M lying on the same orbit of the stationary (static) Killing vector £&#. From this
symmetry reduction procedure one also obtains a metric 745 for the quotient manifold X. As the
stationary spacetime arises as the development of an asymptotically Euclidean initial data set
(S, R, Xab), the pair (X, 745) will also be asymptotically Euclidean. Conversely, one can prescribe
the leading asymptotic behaviour of the initial data set (5 , izab, Xab) from assumptions on the
asymptotic behaviour of (2\? ,Jab). For example, one can assume that (/'? ,Yab) 18 asymptotically
Euclidean and regular and work on a point-compactified manifold X and a conformally rescaled

quotient metric 7,4, —this is the assumption made, for example, in [IT].

One of the key results of the theory of stationary spacetimes is that there exists coordinates
in a suitably small neighbourhood of i for which ~45, 2 and the (rescaled) stationary potentials
are analytic. This analyticity in a neighbourhood of the point at infinity of the compactified
quotient manifold is the key to establish that static and stationary spacetimes are asymptotically
simple. For static spacetimes, the analyticity on X" is inherited by the point compactification &
of time symmetric slices, and the conformal factor 2 of the conformally rescaled quotient metric
~Yab 18 used as conformal factor for the whole spacetime, so that the spacetimes are asymptotically
simple. The situation for stationary spacetimes is more delicate: in this case the (analytic)
conformal quotient metric 7,4 is no longer conformally related to the conformal metric hgp of the
t-constant slices. Furthermore, hqs is no longer analytic, but only of class C%*. Notwithstanding,
it is still possible to construct a smooth conformal extension of the stationary spacetime. This
result shows that although asymptotic simplicity is a property which can be naturally expected
from stationary spacetimes, the fact that it holds is a consequence of the structural properties of
the stationary equations at spatial infinity.

1.4 The cylinder at spatial infinity

In order to answer the question of whether there exist asymptotically simple spacetimes arising
from initial data sets which are neither static nor stationary in a neighbourhood of infinity, one
needs a framework that allows to resolve and disentangle the delicate structure of spacetime in
this region. Furthermore, as the strategy to construct asymptotically simple spacetimes is to make
use of the Cauchy problem in General Relativity, one would like to be able to formulate an initial
value problem with data prescribed on the compact manifold S for various conformal fields which
would directly render the conformally rescaled manifold (M, g,.). Appropriate tools for this
construction are the conformal Einstein field equations —see e.g. [19, 20, 2I]— and extensions
thereof —see [23| 24] 26, 27]. However, the representation of spatial infinity as suggested by the
point-compactification of the initial hypersurface S presents us with technical difficulties. The
underlying reason is that for initial data sets with non-vanishing ADM mass, spatial infinity is
a singular point of the conformal geometry —see e.g. [22]. At the level of the conformal field
equations and the various fields they govern, this singular behaviour of the conformal structure
translates into the divergence of the so-called rescaled Weyl tensor at i.

In order to overcome the difficulties at spatial infinity that have been described in the previous
paragraph, a new conformal representation of the region of spacetime near null and spatial infinity
was introduced in [24]. This representation, based on general properties of conformal structures,
together with the extended conformal field equations allows to introduce a regular finite initial
value problem at spatial infinity for which both the equations and their initial data are regular at
the conformal boundary.

Whereas the standard (Penrose) compactification of spacetimes considers spatial infinity as
a point, the approach used in [24] 27] represents spatial infinity as an extended set with the
topology of [—1,1] x S%. This eylinder at spatial infinity is obtained as follows: one starts
with the standard point-compactification S of an asymptotically Euclidean initial data set S.
As in previous paragraphs, S contains a special point i representing the infinity of S. Ina
second stage, the point ¢ is blown up to a 2-sphere. This blowing up is achieved by lifting a
neighbourhood B of i to the bundle of orthonormal frames with group O(3) —or equivalently
to the bundle of space-spinors with group SU(2,C). In a final step, one uses a congruence
of timelike conformal geodesics to obtain a conformal analogue of Gaussian coordinates in a



spacetime neighbourhood of B. Timelike conformal geodesics are conformal invariants which
preserve their quality of being timelike under conformal transformations. Conformal Gaussian
systems based on these curves provide a canonical conformal class of conformal factors for the
development of the initial data. Remarkably, these conformal factors can be written entirely
in terms of initial data quantities. Hence, the location of the conformal boundary is known a
priori. The conformal boundary rendered by this class of canonical conformal factors contains
a null infinity with the same structure as in the case of the standard Penrose compactification.
Spatial infinity, however, extends in the time dimension —so that one can speak of the cylinder
at spatial infinity proper. Of crucial relevance are the critical sets {+1} x S? —the collection of
points where null and spatial infinity intersect. Null infinity and spatial infinity do not intersect
tangentially at the critical points. As a consequence, some of the propagation equations implied
by the conformal field equations degenerate at the critical points. The analysis in [24] —see
also [41], 40, [42, [43]— has shown that, as a result, the solutions to the conformal field equations
develop certain types of logarithmic singularities at the critical sets. These singularities form
an intrinsic part of the conformal structure and cannot be regarded as a consequence of a bad
gauge choice. The hyperbolic nature of the conformal propagation equations suggests that these
singularities will propagate along null infinity, and thus, they will have an effect on the regularity
of the conformal boundary.

The construction of the cylinder at spatial infinity bears some relation to other approaches in
the analysis of the structure of spatial infinity. For example, the blow up of the point at infinity
is closely related to Geroch’s idea of directional dependent tensors —see [31] [32]. This idea was
latter retaken in the discussions given in [2] [38]. The cylinder at infinity is closely related to the
hyperboloid of spatial infinity also introduced in [2], and latter retaken by [7, 9] in a first attempt
to combine geometric and partial differential equations points of view to study the structure of
spatial infinity.

1.5 Static spacetimes and the cylinder at spatial infinity

In view that static and stationary spacetimes provide prime examples of asymptotically simple
spacetimes, one also expects the associated construction of the cylinder at spatial infinity to be
as smooth as it can be. This smoothness can be regarded as a consistency of the setting. If static
or stationary spacetimes were to exhibit some type of non-smooth behaviour at the cylinder at
spatial infinity, these by necessity have to be associated to a bad gauge choice. In [27] a proof of
the smoothness of the cylinder at spatial infinity for static spacetimes was given. Surprisingly, this
proof is much more complicated than what one would expect given that: firstly, the conformal
fields are analytic in a neighbourhood of spatial infinity; and secondly, that the spacetimes are
time independent. The difficulties in the analysis can be explained, in part, by the fact that the
conformal geodesics used in the construction of the cylinder at spatial infinity are not aligned
with the orbits of the timelike Killing vector. Nevertheless, the fact that one is considering time
symmetric spacetimes simplifies the analysis as the quotient manifold can be identified with the
slices of constant ¢ so that the analyticity of the point 7 is inherited by spatial infinity i® and by
all spacetime quantities.

It should be pointed out that the relevance of the analysis of static spacetimes carried out
in [27] goes beyond its role as a consistency check of the framework. The analysis in [41] [42]
suggests that static spacetimes have a special position among the class of spacetimes with a
smooth compactification at spatial infinity. More precisely, it is conjectured that:

Conjecture 1. If an analytic time symmetric initial data set for the Finstein vacuum equation
yields a development with a smooth null infinity, then the initial data set is exactly static in the
neighbourhood of spatial infinity.

The rigidity results of [46] [45] constitute further evidence in support of the conjecture.



1.6 Our main result

In the present article we extend the analysis of the cylinder at spatial infinity carried out in [27]
to the case of of stationary spacetimes. More precisely, we show that:

Theorem. Given an initial data set for the vacuum Einstein field equations which is stationary
in a neighbourhood of infinity, the solutions to the regular finite initial value problem for the
conformal field equations at spatial infinity is smooth in a neighbourhood of the cylinder at spatial
infinity, and in particular through the critical sets.

The strategy to prove this result is as follows. Starting with a generic asymptotically flat
stationary spacetime (M, Guv), one makes use of the analysis of [I8] to construct a conformal
completion, (Q, Guv), of the stationary spacetime in a neighbourhood of spatial infinity. This
completion is adapted to the stationarity of the spacetime, and has a smooth null infinity. This
representation is, however, not suitable for our purposes as spatial infinity is represented as a
point. The conformal metric g,,,, is given in terms of some asymptotically Cartesian coordinates.
In a second stage one performs a change of coordinates to a polar system in which asymptotic
expansions can be analysed in a more convenient way. A subsequent change of the time coordinate
and an associated conformal rescaling render a conformal representation, (€, Juv), in which spatial
infinity already appears as an extended set with the topology of a cylinder. This representation
is, in a strict sense, not a conformal completion as spatial infinity is not at a finite distance with
respect to the conformal metric g,, —the metric becomes singular there. In order to deal with
this behaviour one introduces a suitable frame vo. It is then show that the components of the
metric, gog, With respect to this frame are regular at infinity. Furthermore, the components of
key derived objects (the Schouten and Weyl tensors) are also shown to be regular. This is the
most calculational involved part of our argument. Once the cylinder at spatial infinity has been
obtained, one shows that the cylinder itself, and a neighbourhood of it can be ruled by means
of a congruence of conformal geodesics. This cannot be shown explicitly, and thus, one has to
resort to a perturbative argument. This construction leads to the canonical conformal factor O,
related to Q through a further conformal factor II. The congruence of conformal congruences
also gives rise to a Weyl connection V. An abstract integration of the conformal evolution
equations along the congruence of conformal geodesics shows that solutions to the conformal
evolution equations extend smoothly through the cylinder at spatial infinity and also through a
suitable neighbourhood of null infinity. In a final step, it is then shown that the construction is
independent of the conformal gauge used to write the stationary initial data.

Contrasted with the result for static spacetimes given in [27], the main difficulties in proving
our main result are: the presence of a non-vanishing second fundamental form in the slices of
constant ¢ has as a consequence a Weyl tensor with non-vanishing magnetic part; and crucially,
the quotient manifold cannot be directly identified with the structures of the constant ¢ slices. In
particular, as already discussed, the analytic structure of the quotient manifold in a neighbour-
hood of infinity is not inherited by the slices of constant coordinate ¢. Instead, one obtains fields
which are of the form f+ pg with f, g analytic and p a suitable radial coordinate —recall that the
radial coordinate is not smooth in a neighbourhood of i with respect to Cartesian coordinates.
It is of interest to notice that our analysis requires the explicit computation up to quadrupolar
order of the expansions of the relevant conformal fields.

Our argument assumes, a priori, the existence of the stationary spacetime, and makes state-
ments about the smoothness of the spacetime in a certain gauge from the known smoothness
in another gauge. A proof that makes only use of the conformal evolution and properties of
stationary initial data sets would be much more complicated and would require a much deeper
understanding of the properties of the conformal field equations and associated conformal struc-
tures than the one that is currently available. We expect our analysis to shed some light in this
direction.

As in the case of static spacetimes, our main result, on the one hand, ensures that the con-
struction of the cylinder at spatial infinity for spacetimes without time reflexion symmetry does
not have spurious gauge singularities, and on the other hand, it is expected to play a key role in
a proof of a suitable generalisation of Conjecture [



Overview of the article

In Section [2] we present a concise discussion of the Conformal field equations and conformal
geodesics. The presentation in this section is aimed at providing a context for the analysis of
the subsequent sections of this article. Section [3 briefly summarises the so-called regular initial
value problem at spatial infinity. This discussion includes, in particular, the construction of the
so-called cylinder at spatial infinity. Section M discusses results about stationary spacetimes which
are relevant for our analysis. Particular attention is paid to their asymptotic expansions in both
the quotient manifold and in a Cauchy slice. A “standard” conformal completion of stationary
spacetimes is discussed. Section [] discusses an alternative conformal completion for stationary
spacetimes. This particular completion ultimately leads to the cylinder at spatial infinity. A
discussion of the asymptotic expansions for the relevant field quantities in this conformal com-
pletion are provided. In particular, it is shown that the components of the Schouten and Weyl
tensors with respect to a particular frame are regular at infinity. Section [0l provides a discussion
of the construction of conformal Gaussian systems in the neighbourhood of the cylinder at spatial
infinity of stationary spacetimes. As a result of this analysis, it is shown that in a certain gauge
the setting of the initial value problem at spatial infinity is as regular as it is to be expected. In
a second stage it is shown that the construction is independent of the particulars of the choice of
conformal gauge. This discussion completes the proof of our main result. Section [7provides some
concluding remarks concerning our analysis. Some lengthy expansions are presented separately
from the main text in Appendix [Al

2 Conformal field equations and conformal geodesics

The regular finite initial value problem at spatial infinity, presented in Section Bl was introduced
by Friedrich in [24] and is based on a conformal representation of the Einstein field equations,
known as the extended conformal field equations. In this section we elaborate further on the ideas
discussed in Subsection [[L4] of the introduction, and we present a concise discussion of this system
and of its associated structures. The presentation is geared towards the purposes of the present
article.

2.1 Weyl connections

Let M denote a 4-dimensional manifold endowed with a Lorentzian metric Guv- A conformal
rescaling of the metric is given by

Juv = Juv = ®2guu
where © is a positive function on M. The conformal class [§] is the collection of all metrics
conformally related to g..

[g] = {guu |g;w = 92!};“/, e > 0}.

Let V denote the covariant derivative operator of a torsion-free connection on M. This connection
is called a conformal connection or Weyl connection for [g] if for g,, € [g] one has that

vugu)\ =2 fu gux (1)

for some smooth 1-form f,. The connection v preserves the conformal structure of [g]. Further-
more, it does not depend on the class representative. For example, if g, = @29#,,, then

@ugw\ = -2 .]E;L gUAv
with

fu=1f.—6719,06.
If V is the Levi-Civita connection of g,,,,, then from equation (IJ) we have that the connections V
and V define the difference tensor V — V = S(f), given by

S(f),upv:5,upfu+5vpf,u*guvgp/\f)\v (2)

where 0,,” is the Kronecker delta. This shows that V can be specified using V and fu-



2.2 The extended conformal field equations

We now specialise to the case where §,, is a solution of Einstein vacuum field equations on M,

Ric[gun] = 0. The Weyl connection V and the Levi-Civita connections V and V are related by
V-V =S(f), V-V =S(07140), V-V = S(f).

The Riemann tensor of the Weyl connection V can be decomposed as

R,u vAp — 2(9# [)\ip]l/ - g,u UL[)\p] - gl/[/\Lp] ,u) +C* vAps

where fﬂw and C* ,,, denote, respectively, the Schouten and Weyl tensors. The Schouten tensor

is given by
. 1. 1 1 4
Ly = §R(W) - ZR[#V] - ER!]W

where

In the sequel it will be convenient to consider the 1-form
d,=0f,=0f,+V,0,
and the rescaled conformal Weyl tensor

-1
WH o =07 "CH 5.

In order to deal with the possible direction dependence of the various fields near space-like
infinity, it is convenient to use a frame formalism and a suitably chosen orthonormal frame field.
For this, let us take a frame field {eq }a=0,1,2,3 satisfying

9aB = 9(ea,ep) = Nap = diag(+1,—-1, -1, —1).

Let Vo and Vg denote, respectively, the covariant derivatives in the direction of e, with respect
to the connection V and V. The respective connection coefficients are defined by @aeg =14 8 €~
and Vqeg = I'a"gey. The frame coefficients with respect to an as yet unspecified coordinate
system z* are given by et = (da*, eq). Using equation (2] we have

To"8=Ta"8+0a" f3+ 05" foa — 9apg™ f5,

where fo = eofy. Then, if all tensor fields are expressed in terms of the frame field and the
corresponding connection coefficients, the extended conformal field equations are equations for
the unknowns

u = (euav Fa’yﬁa iOLB; Waﬁ'y&),

and are given by

leases) = (Tas —Tg7a)ey, (3a)
ea(fﬁav) - eﬁ(faav) - (faeﬂ - fﬁea)feév + faaefﬁev - fﬁéefae"/

= 2{¢°taLly — 9~ Lias) — Gyialp °} + OWsap, (3b)
ﬁojfﬂﬂ/ - ﬁﬂﬁa'r = déW&'raﬁa (3¢)
VsW0 ap = 0. (3d)

In the last equation, called the Bianchi equation, one has to consider the relation between f‘oﬂg
and I',” g, whence fo = %f‘aﬁ 3. Notice that no differential equations are given for the fields ©
and dg,. This is due to the conformal gauge freedom introduced into Einstein’s field equations by
considering general Weyl connections and conformal metrics.



2.3 The conformal Gauss gauge

The fields © and dq can be specified by means of a choice of gauge. To this end we consider
conformal geodesics. A conformal geodesic for (M, §,..) is a curve z(7) in M and a 1-form f(1)
along the curve, which solve the following system of ordinary differential equations:

(Vad)" + S(f)r, it i =0, (4a)
(@ f)u - Efu (f)/\uu it = i//\u it (4b)

Conformal geodesics are invariants of the conformal structure in the following sense: if ac(T), f(r)

solve equations (@a)-(@h) and b is a smooth 1-form field on M, then the pair z(7), (f — b)|a(r)

solves the same equations with V replaced by V =V + S(b) and L by L. This means that z(r),
and in particular the parameter 7, do not depend on the Weyl connection in the conformal class
which is used to write the conformal geodesic equations.

Conformal geodesics, and in particular congruences of conformal geodesics, can be used to
construct a special gauge for the conformal equations. For this, let S be a space-like hypersurface
in the given vacuum solution (M, Guv). We choose on S a positive ‘conformal factor’ ©,, a frame
field eqx, and a 1-form f*, such that §(ea*,eg*) = @_277a,3 and egy is orthogonal to S. Then
there exists through each point z. € S a unique conformal geodesic z(7), f(7) with 7 = 0 on
S which satisfies there the initial conditions & = eqx, f = f.. These curves define a smooth
caustic free congruence in a neighbourhood U of S if all data are smooth. Furthermore, f defines
a smooth 1-form on U which supplies a Weyl connection V on U given by V = V + S(f). A
smooth frame field e, and a conformal factor © are then obtained on U by solving

@iea = 07
V0 =0 (i, f),

for given initial conditions e, = eqs, © = O, on S. The frame field is orthonormal for thg
metric g,, = ©2g,,. Dragging along the congruence the local coordinates 2%, a = 1,2,3 on S
and setting #° = 7 we obtain a coordinate system. In this gauge one has in U that

i=eo=0;, 10°a=0, Loa=0. (5)

This choice of coordinates, frame field, and conformal gauge will be referred to as conformal
Gauss system. Remarkably, in this gauge it is possible to obtain explicit expressions for © and d
in terms of the initial data, given by

0(r) = 0, (1+ (fu con)r + 30 (o Fo)), (62)
do = O, do = @*<f*,ea*>, a=1,23, (6b)

where the quantities with the subscript ‘*’ are constant along the conformal geodesics and g¢*
denotes the contravariant version of g,,. These expressions, together with equations (Zal)-(3d)
provide a complete system of equations for u, called the general conformal field equations. Setting
a = 0 in Ba)-Bd) and observing the gauge conditions (Gl one obtains the following evolution
equations:

Oretg = —f‘aﬁge“g, (7a)
affavﬁ = *fﬁ’yﬁf‘aao + g’yﬂiaﬁ + g’yﬁiﬂa - gﬁﬂitx’y +0 W’\/BOOH (7b)
O Lap = dyW7 qop. (7c)

If one extracts from the Bianchi equation (3d) a symmetric hyperbolic system, one gets symmetric
hyperbolic reduced equations for those components of u which are not determined explicitly by
the gauge conditions. The resulting system is called the reduced conformal field equations. It can
be shown that for such a choice of reduced equations, any solution which satisfies ([Bal)-(3d) on
a suitable spacelike hypersurface does indeed satisfy the complete set of field equations in the



part of the domain of dependence of the initial data set where © is positive. This equations are
equivalent to Einstein field equations in the sense that if one has a solution of the conformal
system, then one has a solution of Einstein field equations in the region where the conformal
factor is positive, and wvice versa. The substantial advantage of using the conformal system is
that one can deal with regions where the conformal factor vanish. Furthermore, in the Gauss
gauge the location of this region can be prescribed a priori, giving us full control on the conformal
boundary if the evolution extends far enough.

3 The regular finite initial value problem at space-like in-
finity

As mentioned in the introduction, the construction of the regular finite initial value problem at
space-like infinity consists of two main steps. For this, one considers a hypersurface S, which is
a one-point conformal compactification of the Cauchy hypersurface S and therefore contains a
geometrically distinguished point ¢ —cfr. the discussion in Subsection In the first step of
the construction, the point % is blown up into a sphere Z°. In the second step, a congruence of
conformal geodesics is used to describe the evolution of the conformal fields in a neighbourhood
of ZU. The construction is described in detail in [27], and it is implemented through the bundle
of spin frames over S near ¢. In what follows, we present a summary of the aspects of a similar
construction based on the bundle of orthonormal frames —see also [26].

3.1 The blow up of spatial infinity

Start by considering a space-like Cauchy hypersurface S with intrinsic metric h,;, containing the
distinguished point i. Next, choose a fixed oriented h-orthonormal frame eq, a = 1,2,3, at i.
Any other such frame at i is obtained by a rotation of e,. That is, all other h-orthonormal
frames at i are of the form eq(s) = 5%, ep with s = (s%,) € SO(3). In particular, ez(s) covers
all possible directions at ¢ as one lets s exhaust SO(3). For a given value of s, one distinguishes
es(s) as the radial vector at i. Keeping s fixed, we construct the h-geodesic starting at ¢ that
has tangent vector es(s) and denote by p the affine parameter on the geodesic that vanishes at i.
The frame eq(s) is then parallelly transported along the geodesic. For a particular value of the
affine parameter p, the frame thus obtained will be denoted by eq(p, s). We will consider only
the region |p| < a, where a is chosen such that the metric ball B centered at ¢ with radius a is
a convex normal neighbourhood for the 3-metric A. The map from the set (—a,a) x SO(3) into
the bundle SO(S) of oriented orthonormal frames over S, given by (p,s) — eq(p,s), defines a
smooth embedding of a 4-dimensional manifold into SO(S).

In what follows, only non-negative values of p will be considered. Denote by B the image of the
set [0,a)x SO(3). The boundary of B will be denoted by Z°. One has that Z° = {p = 0} ~ SO(3).
Finally, let 7 denote the restriction to B of the projection of S O(S) onto S. In the sequel it will be
convenient to consider the subgroup SO(2) of SO(3), given by SO(2) = {s’ € SO(3) | s'’sep = €3}
—this is the subgroup of SO(3) whose action leaves ez invariant. Accordingly, if s € SO(3) and
s’ € SO(2) then eq(s) and eq(ss’) are parallelly transported along the same geodesic. Hence,
when we consider the projection m we have that m(eq(p,s)) = m(ea(p,ss’)), and therefore the
map 7 has a factorisation

BB =B/SO2) =5 B.

On the one hand, the projection 7" maps the set 7'(Z°) ~ S? onto i and on the other it implies
a diffeomorphism of B'\7’(Z°) onto the punctured ball B\{i}. This diffeomorphism can be used
to identify these sets. However, instead of this, it is convenient to pull back the initial data on
B to B via w. Then B becomes the initial manifold, p and s are used as coordinates on it, and
its boundary Z° is a blow up of 4. This manifold has an extra dimension when compared to the
initial hypersurface B. This extra dimension is given by the action of SO(2). Since all fields have
a well defined transformation behaviour (spin weight) under such action, on the part of B where
p > 0 vector fields X, cq(p,s), a = 1,2,3, can be prescribed such that X is generated by the



action of SO(2) and the vector fields cq(p, s) satisfy T(7)cq(p,s) = eq(p,s) —see [27]. These
vector fields allow the introduction of a frame formalism.

3.2 Implementing the conformal Gauss gauge

In the second step of the construction, the development of the data is considered. For this, one
uses a conformal Gauss system —see Section2l In what follows, it is assumed that the conformal
compactification of the hypersurface S has been achieved by means of a conformal factor . The
initial data for the conformal factor for the Gauss system is set by requiring that

0. =r 0. (8)
where the function s satisfies
k=pr, KeC®B), k>0, X&'=0, K|gp=1

The change of the conformal factor induced by the function x implies a map = : eq — ke which
maps the set B\IO bijectively onto a smooth submanifold B* of the bundle of frame fields over
B. The diffeomorphism Z is used to carry the coordinates p, s and the vector fields X, ¢4 to B*.
The projection of B* onto B will be denoted again by .

The construction of the conformal Gaussian system requires initial data for the 1-form f. For
this one takes
(f,0.) =0, =*f=r‘ds. (9)

The reduced field equations (7a)-(7d) and the symmetric hyperbolic system implied by (3d)
can be interpreted as equations in the development of B*. This development will be denoted by
N, and is a 5-dimensional manifold smoothly embedded in the bundle of fame fields over M.
The manifold NV is a SO(2) bundle over the spacetime. Its projection sending N onto M will
again be denoted by m. The coordinates p, s and the vector fields X, ¢, are pushed forward with
the flow of the conformal geodesics ruling N, in such a way that X generates the Kernel of 7.
The parameter 2° = 7 defines a further independent coordinate with 2° = 7 = 0 on B*. The
tangent vector field of this congruence is denoted by 9,. To interpret the reduced field equations
as equations on N it is assumed that frame fields eq are vector fields on A" which are defined at
a frame field (0;,cq) by the requirements that: (i) they project onto the frame field defined by
(9r,¢q) on M; (ii) they do not pick up components in the X direction. The unknowns in the
reduced field equations are then interpreted as vector-valued functions on N.

3.3 The conformal boundary

From equations (6al) and (@) it follows that

K2 ~
@:G* <1T2u)—;>, OHN, (10)
where the function w is given by
2Q
W= —— on B*.

V]DQDQ|’

As before, subscripts ‘+’ imply that the relevant functions are constant along the conformal
geodesics. Explicit expressions for do can be obtained from (6h) using that f and f are related
by f = f—©71de.

An important property of the construction described in the previous lines is that if the initial
data set for the reduced conformal field equations has a smooth limit as p — 0, then it can be
smoothly extended into the coordinate range p < 0. Similarly, ® and d, take smooth limits
as p — 0 and can then be extended smoothly into a range where p < 0. It follows that the
initial value problem for the reduced field equations can be extended smoothly into a range where

10



p < 0 in such a way that the reduced equations are still a symmetric hyperbolic system. If the
development of the initial value problem just formulated extends far enough, then the following
regions of the development can be distinguished:

~ w
N:{|T| <E,O<p<a,seSO(3)},
- w
= < — <
N {|T|_H,O_p<a,s€SO(3)},
where w/k is a function of p and s. One also has the 4-dimensional submanifolds
+={,=4%
54 _{7‘ +T,O<p<a,seSO(3)},
f‘z{7=—£,0<p<a,s€50(3)},
T
I={r<1,p=0,s€S0(3)},
and the 3-dimensional submanifolds

It ={r=4+1,p=0,s€S0(3)},
I-={r=-1,p=0,5€ 5S0(3)},
I°={r=0,p=0,s€ SO(3)},

where it has been observed that w/x — 1 as p — 0. It can be verified that

0>0 on N,
©=0,dO #0 on ST UIT UL,
©0=0,do=0 onZ - UZIT.

The initial hypersurface B* is given by
B*={r=0,0<p<a,secSO@3)}.
Its closure in A is given by
B={r=0,0<p<a,scSO3)}=B"UTI"
Factoring out the group SO(2) projects N onto the set M, representing the “physical spacetime”.

Observation. The data on B* have a unique smooth extension to B. Furthermore, the solution
on A depends only on this data as the set Z is a total characteristic of the system of equations,
and therefore the solution there depends only on the data on Z°. The set Z, referred to as the
cylinder at spacelike infinity, represents a boundary of the spacetime N, and may be understood
as a blow up of spacelike infinity i°. Of particular importance are the sets Z+ and Z—, the critical
sets, as the system of evolution equations degenerates there. This degeneracy makes very difficult
to make any statement about smoothness of the solution to the initial value problem stated above,
even it has been shown that for general initial data this sets are not regular —see e.g. [24] 27].

In view of the discussion of the previous paragraphs, the objective of the present article is as
follows: to show that for stationary asymptotically flat initial data the solutions to the regular

finite initial value problem are smooth in a neighbourhood of Z, and in particular are smooth
through Z= and 7.

4 Stationary asymptotically flat spacetimes

In what follows, let (M, G, §") denote a a stationary spacetime. That is, M is a four-dimensional
manifold, §,, is a Lorentzian metric on M with signature (4, —, —, —) satisfying the Einstein
vacuum field equations, and &* is a time-like Killing vector field with complete orbits. As discussed
in Section [3] instead of working with the 4-dimensional manifold M it is more convenient to
consider the quotient manifold, X, of M with respect to the trajectories of the Killing vector &
—see [10, 29} [30].
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4.1 The stationary metric in terms of quantities on the quotient man-
ifold

Locally, the metric §,, can be written in terms of quantities defined on the quotient manifold X:
a scalar V, a 1-form f,, and a Riemannian metric 7,,. More precisely, one has that

G dZHAE” =V (dt 4 B,dE%)(dt + Bpdi®) — V™ 5,dEdi, (11)

where V', Ba and 74, depend only on the spatial coordinates z°.

In order to obtain the field equations implied on X by Einstein vacuum field equations on M
it is convenient to consider the quantity w,, defined on X by

Wq = _V2€abcbbﬁ~cv (12)

wher~e D is the covariant derivative associated with ab- Then the Einstein vacuum field equations
on M imply 3
D[aa)b] == 0

If one further assumes X to be simply connected (our analysis will concentrate in a neighbourhood
of infinity), then there exists a scalar field w such that

D,w = @,.
In the sequel we will consider ‘gauge’ transformations of the form

Ba = Ba + Baf,

where f is a scalar field on X. Clearly, @, does not change under these transformations —cfr.
equation ([I2)). Moreover, the metric remains unchanged if one sets t — ¢t — f.

4.2 The Hansen potentials

In order to write down the stationary field equations it is convenient to introduce the so-called
Hansen potentials:

~ V24w?—1 - w - V24 w24l
dm = — o O = —w

They are not independent as B B B
P + 0% — Ok = —1-
The vacuum field equations on M then imply on X
Ado = 2R[F]da, a=MSK, (13a)
Rap[3] = 2(Dadrs Dvdas + Dads Dyds — Dudc Dydric ). (13b)
The latter will be regarded as field equations for Jus, q3M~and qgs on X. They are equivalent to

Einstein vacuum field equations on M in the sense that M can be reconstructed as a stationary
spacetime if Y45, ¢pr and ¢g are given.

4.3 The 341 form of the stationary metric

As mentioned in Section [L.3] of the introduction, although the field equations take the simple form
(I3a)-([@30) in X, our main interest is to consider the Cauchy problem with data arising from
stationary spacetimes. For this one needs to consider the 3 + 1 decomposition of the spacetime
metric §,, with respect to a particular spacelike hypersurface of M. If we choose S as defined
by t = constant, then §,, has a 3 + 1 decomposition with respect to S given by

G di"di” = N2dt? — hay(NOdt + dz?)(N°dt + dib), (14)
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where N , N @ Bab denote, respectively, the lapse function, the shift vector and the intrinsic metric
of the hypersurface S. Comparing the line elements (1) and (Id]) one finds that
- v - V23a - L .
eV Feo Y G v Y VAR (15)
1 V2,5° 1= V26,5
We will adopt the convention of moving indices of objects in X with the quotient metric Yqp.

The relations (@) allow us to go back and forth between quantities defined on X and quantities
defined on S.

4.4 Asymptotic flatness and its consequences

Following the usual assumptions about asymptotic flatness for stationary spacetimes, it will be
assumed that (?E s Yab, d;M, J)S) is asymptotically Euclidean and regular in the sense discussed in
Section [[2] of the introduction —see e.g. [12, [[3]. More precisely, it is assumed that there exists
a manifold X, such that X = X U {i}, where ¢ is a point. Furthermore, it is assumed that for
some real constant B2 > 0 the conformal factor

- 1
Q=3$B7?[(1 443, +49%)2 — 1] (16)
is C%2 on X and satisfies
Q(i) =0, D,Q(i)=0
In addition it will be assumed that
Yab = Q2:)’(117 (17)

extends to a C*“ metric on X and satisfies
D,DyQ(i) = 27ap(i),
where D is the Levi-Civita covariant derivative of the 3-metric 7gp.

The conformal rescaling of the metric given by (7)) suggests the following definition of rescaled
potentials:

1.
¢a:Q_§¢aa OzZM,S,K.

The motivation behind the introduction of conformally rescaled fields is the following theorem by
Beig & Simon [12] —see also [34].

Theorem 1 (Theorem 1 of [12]). For any asymptotically flat solution (Yap, drr, ds) of the sta-
tionary equations (I3a)-{I3L) there exists a chart defined in some neighbourhood of i in X such
that (Yab, &, 0s,2) are analytic.

Remark. Given the chart indicated by the previous theorem, one can make a coordinate trans-
formation to y-normal coordinates x® centered at i. The fields (Yap, dar, @5, 2) are also analytic
with respect to the normal coordinates x® —this follows from the Cauchy-Kovalewska theorem
applied to the equations of the radial geodesics written in the analytic coordinates given by
Theorem [ It is important to notice that Theorem [I] does not make any assertion about the
smoothness of other quantities on X, like V| ¢, B, or quantities defined on a hypersurface of
the spacetime. An analysis of the regularity of these and other related quantities has been carried
out in [18].

In the sequel, we will require several results from [I§]. These will be presented here for
completeness and quick reference. In the following let the radial coordinate p be defined by

3 1/2
p= (Z(x“)2> . (18)

=1

In [I§] it was found that the non-analyticity of the relevant functions is of a very special type
and it depends only on the coordinate p. Accordingly, one defines the following function space:

13



Definition (Definition 2.2 of [18]). We define the space E¥ as the set

EY={f=fi+pfa: fr,f2€C”},

where C¥ denotes the set of analytic functions in a neighbourhood of .
Associated to the latter definition one has the following:
Lemma 1 (Lemma 2.3 of [I8§]). Let f,g € E“, then
(i) f+g€E”.
(ii) fg € E“.
(iii) If f #0 then 1/f € E“.

Obviously, if f € C¥ then f € E“. The main result of the analysis in [I8] is that most of the
relevant quantities belong to E“. In particular, one has that:

Lemma 2 (Lemmas 2.4 and 2.5 of [I8]). In the normal coordinates implied by Theorem [l one
has that
Ve r”.

Furthermore, there exist a choice of gauge for which the 1-form B, has the following form:

Ba = Ba + %, (19)

where B}, B2 are analytic functions of x® given by
6; = €abe f{) :Cca 63 = €abc fg xc, (20)
where fi, f3 are analytic and eqpe is the flat volume element. In particular, it follows that

Bax® = 0.

4.5 A first conformal compactification of stationary spacetimes

As discussed in [I8], the fields Q and V' can be used to construct a first conformal compactification
of the physical manifolds M and S. For this one introduces a conformal factor () via

O =Vv2q.

Note that, as defined, € is not analytic as V' is not analytic. The associated rescaled metrics are
then given by

>

9 S0 o <o
uv = Q v, hay = Q ab-

Hence, one has that
Gupdrtda? = V2Q2(dt + B,dz®)(dt + Bpda®) — yapda®da®. (21)
Moreover, one also has a 3+1 decomposition with respect to the hypersurfaces S = {t = constant},
Juvdatdz’ = N2dt? — hap(NOdt + dz®)(Ndt + daz). (22)
By comparison with equation (I4]) one gets that

N =QN, N® = N¢, (23a)
;Lab = Yab — VQQQBaﬁba (23b)

where hgp is the intrinsic metric on S. Fundamental for our subsequent analysis is the following
result.
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Theorem 2 (Theorem 2.6 of [I8]). Assume S, is given by Lemmald Then, in some neighbourhood

of i, the metric hqp has the form 5 5 5
hab = hay + p*hy, (24)

71 p1
where hyy, h,, € C*.

Remark. The later result implies that the conformal 3-metric hap is in C2. Therefore, the
conformal factor € can be used to define a conformal compactification S of the Cauchy slice S
plus the point at infinity i, in the same way as made for X. This implies that the pair (S, ﬁab)
admits a C%“ compactification —that is, the pair is asymptotically Euclidean and regular in the
sense discussed in Section of the Introduction. The decomposition of S, given by equation
(@) in Lemma [ and thus, the decomposition of h given by equation (24)) is preserved under the
transformation

Ba = Ba + Oaf, f e E”.

If one imposes the condition x5, = 0, then one fixes J, f. Accordingly, 8,, as given by equation
(@) is the unique possible choice of the 1-form f, that satisfies this condition.

Let Yab, Xap denote, respectively, the extrinsic curvatures of S with respect to the metrics Juv
and g,,. One has that Y. = 0 ¥ap. Furthermore, we define

v

’l/\;ab = Qilf{ab = Qi?)\eab-
The behaviour of ¢, near i is given by the following result.

Theorem 3 (Theorem 2.7 of [18]). Assume B, as given by Lemmald Then in some neighbourhood
of i, the tensor ¥qp has the form

bab = 0~ f 2(aBh) + P~ Uap,
where 1/217 € E¥, f € E¥ and (2 is given by @0). Furthermore, p81/v1ab1/u)“b € E¥.

4.6 Detailed expansions at infinity

Key for our present analysis is that if a quantity belongs to the space E“, then although it is not
analytic, it nevertheless has in a neighbourhood of infinity an analytic expansion in terms of the
radial coordinate p and the angular coordinates. In the sequel it will be necessary not only to
know that relevant fields belong to E“, but also to know the first orders of the expansion in a
neighbourhood of i. In [37] the first orders of the asymptotic expansions of the unrescaled fields
ng, (55, gZ;K and 7, has been explicitly given in terms of constant tensors M, S, M,, S,, Map,
Sab, etc. These expansions read

- M Mi®*  Myi®i®  M(M?+ S?) 4
_ M 10,
ou =5t 275 73 +O6™,
- S S,3%  Supatit  S(M?+ S?) .
=2 0
T = S G
-1 M?+4S8% 2MM,z* 2S8S,z° -
d)K = 5 + 72 B2 + A + O(T )a
) M2 ., 2MMdy  2MM i  AMM.EE .
Yab = 5ab - 7(5ab7ﬂ - SCaSCb) - 7 - A 76
S2 . . 25S5uFm  2S8S.i%. 4SS.iF.d a
+~—4(6abr2 + ZoTp) + ~(4 9 4 I b — b +O(F ™4,
T T T T

where indices in the coordinates and constant tensors are moved with the flat metric ;.

Remark. Asymptotic flatness implies that the angular momentum monopole S has to vanish.
Furthermore, by a suitable choice of the origin for the coordinates £* one can make M, = 0. In
order to simplify our computations we assume this choice of coordinates.
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Following the discussion in the previous subsections, we want to consider the fields in a
neighbourhood of 7 written in terms of normal coordinates centered at . This is done in several
steps. First, one changes coordinates from ¢ to y°, via

a

Y 2 _ b_1
__T_Q’ r —5abyay _7:_2

.%ll
Then, using the expression (6] for the conformal factor with B = M, one finds that
1 1
0= 7“2 + M27“4 + W(Saya)QTQ + MMabyabe2 + 0(7“5).

Furthermore, from the definition of the conformal potentials if follows that

1 1
o = M + §M3T2 — —(Saya)2 + O(rg),

oM
1
¢s = —Say* + §Saby“yb +0(r?),
1 3 1 1
e _sz—aa27_aab 2.
O = 5o+ M 4MQT(Sy) o Mavyy +0(r)

Next, we give the expansion for the conformally rescaled metric 7,,. However, instead of giving
these expansions with respect to the coordinates y®, we use normal coordinates, %, centred at @
—as it was done in the remark after Theorem [Il For this one requires that after the coordinate
transformation y® — z® the metric satisfies

b b
Yab T :6ab$ .

A lengthy computation renders

2
Yab = Oab + # (M4((Sab — eaeb) + QM(Mab + 5achd€C€d — 2€(aMb)C€c)

+2(SaS + Gan(See?)? — 2e(aSiy See?) ) + O(p"),

where p is defined by ([I8) and e* = z%/p. The leading terms of the expansion of the inverse
metric are given by

"
3012
+2(898P 4 6 (Spe%)? — 2¢(e.SY) Scec)) +0(p?),

,yab — 5ab _ (M4(5ab _ eaeb) + QM(Mab + 6achd€ced _ 2€(aMb)c€c)

The transformation between the coordinates y® and x® is given by

a __ _.a 3 4 _a ab a b _c
Y=z +Wp(—Me +M(M eb—QeMbcee)
+5%S,e — Qea(Sbeb)Q) + O(p"), (25a)
o 1 3 4 a,b a2 4
r=p = gt (M4 MMaee 4 (S0e)?) + O(p*). (25b)

Using (25a)-(250)), one can express the rescaled potentials in normal coordinates. One finds that

¢ =M+ W”Q(M4 - (Saea>2) =+ O(p3),
1
¢S = *Saeap + §p2Sabeaeb + O(p3>’
1
0K = o+ TP LM = MMae™e” = (S0e®)?) + O().
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For later use it is also convenient to calculate the expansion of other quantities. Namely,
1
V =142Mp+2M?p? + 3—]\4/)3(4M4 + M Mgpe®e® — 2(Sq.e®)?) + O(p*),
Ba = €ape €(28° + O(p)).

Using the formula (2I)) one finds that the 4-dimensional spacetime metric and its inverse are given
by

3 V202 V20283,
)= (i, e viias, )
1-V2028.8°
@)= e 7
s —7*

where 3¢ = 4 #3,. Moreover, one has the following expansions for the components of the metric
and its inverse:

Gre = p* +4Mp° +

PP (13M* + M Mape®e® + (Sqe®)?) + O(p"),

3M?2
gta = p4eabcec(2‘s’b + O(p))’
2
o 4 c,d c
Gab = _6ab - 3M2 (M4(6ab - eaeb) + 2M(Mab + 5achde e — 2€(aMb)ce )
+2(SaSb + 5ab(SceC)2 - 2e(aSb)Scec)) + O(pg)a

1 4M . 2
ot PE 3M2p?

ottt

(11M* — MMape®e® — (Sae™)?) + O(p™),

g = e™ec(25, + O(p)),
2
gab — _6ab + 3]p\42 (M4(6ab _ eaeb) + QM(Mab + 6achdeced _ 2€(aMb)c€c)

+2(898P 4 6 (Spet)? — 26(“Sb)Scec)) +O(p?).
One also finds that

ot <§M4 + M Mpee® + (Saea)2> +0(p°).

szl/QQ:p2+Mp3+

3M? 2

5 Conformal extension of stationary vacuum spacetimes

In this section we introduce a conformal extension of vacuum stationary spacetimes which is
well adapted for the analysis of the structure of spatial infinity. To this end, we start from
the conformal extension of the stationary metric given by the line element (2I). In order to
analyse the regularity of the relevant fields we will make use of the first orders expansions in a
neighbourhood of 7, which we collect as we consider the corresponding quantities. The present
analysis is based on a similar analysis for static spacetimes given in [27].

Recall that %, a = 1,2, 3, are normal coordinates of the quotient metric v4,. We have defined

3 1/2 .

— a\2 a_ %
p= T , e =— for p>0.

(%) :

a=1

For constant ¢, the surfaces of constant p are diffeomorphic to a 2-dimensional sphere. Accordingly,
arbitrary coordinates 1), A = 2,3 on the 2-sphere S? = {|z| = 1} can be used to parametrize e®.
We then write

e = e (), de® = e adyp.
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The coordinates 1) can be chosen such that e® depends analytically on them. Consistent with
the previous definitions one has that % = pe®(y)4). Therefore, the conformal 3-metric b given
by equation (23h]) takes the form

h =dp? + p°k,

where k denotes the 2-dimensional metric on the surfaces of constant p given by

k= kapdpdyp® = hap(p)de®de’.

Remark. Notice that as p — 0, the metric h approaches the standard Euclidean metric in
normal coordinates and the metric k approaches the standard line element do? = k(0,14) on the
2-dimensional unit sphere in the coordinates 1)*.

5.1 Coordinates for the analysis of the cylinder at spatial infinity

The coordinates (t, p,7*) are well adapted to the description of spatial infinity as a point. In
order to resolve the structure of the cylinder at spatial infinity, it is convenient to introduce
new coordinates (7,p,1*). The coordinate change is inspired by an analysis of the Minkowski
spacetime —see e.g. [24] [39].

We define 20 = ¢, 2% = 7, 2!’ = p, 24 = ¢ and consider the map @ : z* — x#(2*') given

by
. , P ds
o) =) = [
(1-7)p (VQ)[sea(ypA)]
(@) = (1= 7)pe’ [,
where the squared brackets indicate the arguments of a given function. One explicitly finds that

p _ 1 B 1—7 - X
e - npel ((vm[pea] VAT~ 7)7e°] ) b
dz® = —pe*d7 + (1 = F)e"dp+ (1 - 7)pde”, (26D)

dt =

where
[ = lxdyp? l /p L d de® = (%) adyp?
=14 , A= s, e = (e") ypa .
(1-7)p (VQ)[se“] A v

The differentials dt, dz® are independent for 0 < 7 < 1 and p between zero and a small enough
number. Therefore one can consider the x# as smooth coordinates on an open neighbourhood of
space-like infinity in {¢t > 0}. For later use we notice the relation

pP= (1 - %)ﬁa
which will be used to simplify the notation.

The main purpose of the coordinate transformation is to remove the coefficient V2Q? from
the time-time component of the metric §,,, and to introduce a convenient parametrisation set at
which p = 0, so that it seems to have an extension in the time direction.

5.2 A frame adapted to spatial infinity

We define a set of frame fields vo, and their associated coframe fields a® by
vo =0z, v1=p0s VA= O0ypa,

1
o® =d7, ol=Zdp, o?=dy?
p
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To change the frame field associated to our original coordinates to the frame v, one needs the
inner products v"4 = (dz",va). From the expressions (26al) and (26L) one sees that:

oo P
(V) [pe?]
ﬁ ﬁ _ 4 a_b a\2 —2
= = —-2M- 5M* — MM, — (S, O s
2 p+3M2P( pele’ — (Sqe%)%) +0(p°)
vty = p . p
(VQ)[pee]  (VQ)[pe?]
T 1
= —— _**5M4_MMa a,b SaaQ 072
-+ il pee® — (Sae®)2) + O(%),
v'a = la,
’Ua():*ﬁea,
,Ualipea7

The frame and coframe fields distort the length of the radial component of the tensorial fields
they are contracted with. This distortion will be of importance in the sequel when discussing
objects that are singular at spatial infinity.

5.3 A conformal metric containing the cylinder at spatial infinity

Let g, denote a metric conformal to g,, and g,, defined by

It follows that

() = < V2022 V2028, /p? )
nw V28,07 (—Yab + V2Q2Bu)/0? )
and
G = p> +4Mp® + e p4(13M4 + M Mpe®e® + (Saea)Q) +0(p°),
Jta = P2eab0(25b + O(p))ec,
N 1 1 c .
Gab = —E(Sab — —3M2 [M4(5ab — €a€b) + 2M(Mab + 5achd€ ed - 2€(aMb)Ce )

+2(8a S + Gap(See®)? — Qe(asb)sceC)} +0(p).
The inverse metric g'” is given by
oy < ( PU-VEESE P )
p-p —py
and

1 4M 2
gt = T, + 337 (11M* — M Mape®e® — (Sae™)?) + O(p"),

gta =p2€abc(25b+0(p))€c,

4
gab:7p25ab+ 35)\42 |:M4(5ab7€a€b)+2M(Mab+5achd€C€d72€(aMb)C€C)

+2(8*SP + 590 (S.e)? — Qe(aSb)SceC)} +0(p°).
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Notice that the metric g, is singular at p = 0. Thus, the points for which p = 0 are at an infinite
distance with respect to this metric —hence one does not obtain a finite representation of spatial
infinity. However, this singular behaviour is counteracted by the use of components with respect
to the frame and coframe basis introduced in the previous subsection.

It is also noticed that the conformal factor Q has the following expansion:

_ 1
Q= ;Vl/QQ =p+ Mp* + 5M* + 2M Mape®e” + 2(Sze")?) + O(p*).

3
6M2p (
In the sequel, we will also require the components of the metric g with respect to the frame vq:

Jap = (2°(9); va, vg)
= ((Guv 0 ®)dz*dz"; va, vg)
= (et 0 ®)(dt, va)(dt, v8) + 2(gta © P)(dt, va)(dz?, vg)
+(Gap © @){dx?, v4 ) (d2®, vg)
= (Ger 0 D)0 o¥' g + 2(Gta © P)V 00" 5 + (Gap © @)v“avbg.

These components are explicitly given by

goo = 0,
Jo1 = (VQ)[pe?]
(1 =7)2(VQ)[pe?]’
JoA = %(M +ppa),

vl (]
M TRV er] ((VQ)[pe“] 2 )>’

o _ Ve ((VQ)pe]
AT A=A ((VQ)[pea] (1 )> (tla+pBa),
gaB = %Lj)pz;](ws +2pfBale) +kas,

where B4 = B4 €% ya.

)

The expansions discussed in the previous paragraphs imply that

Jap = gap + O(0°),

with
0 1—2Mp7 0
(g:;ﬁ): 1*2M/_)7_' 7(177_—)(1+'7_*4Mﬁ7_'2) 0
. 0 kas(0)

In order to obtain these expressions we have used that kap(0) = dape® ya ebﬂps, Sape®ed =1
and d,p €® €b7,¢}A = 0. The inverse metric is given by

3*% =% + 0(7"),

with
(1—7)(1+7—4Mp7?) 1 0
(1 —2Mp7)? 1—2Mp7
(9°°%) = 1 0 0
1—2Mpr
0 0 EAB(0)

Remark 1. One sees that although the conformal metric g, is singular at p = 0, its components
measured with respect to the frame of Subsection are regular and indicate the existence of
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an extended set with the topology of a cylinder at spatial infinity —its sections of constant 7
correspond to 2-spheres.

Remark 2. The stationary metric § possesses the Killing vector £ = d;. As the conformal factor
Q and p do not depend on ¢, £ is also a Killing vector of g. In the new coordinates it takes the
form

¢ =—""—((1—7)0 + p9;)

= T((l*f)’voﬁ*vl).

Remark 3. The metric g is a conformal representation of the metric ¢ which allows us to
construct an extension of M in a neighbourhood of spatial infinity. For this, we replace the
hypersurface S by the manifold with boundary S, by adding to S the 2-dimensional surface dS.
The points of this 2-dimensional surface are thought of as ideal end points of radial curves on S
as p — 0. The coordinates p, ¥ extend by definition to smooth coordinates on S and on 9S
we have p = 0. The coordinates ¥*, although not specified, are supposed to cover the S2. The
construction described in this paragraph provides an alternative implementation of the blow up
of spatial infinity discussed in Subsection [[.4] of the Introduction.

Working by analogy with the discussion of Section [3], one defines the following regions in terms
of the range of the coordinates 7, p and 1*:

M={0<7<1,0<p},
M ={0<7<1,0<p},
It ={F=1,p>0},
I'={0<7<1,p=0},
It ={r=1,p=0},
V=85 ={7=0,p=0},
I'=7uTt.

The names for these sets have been chosen in accordance with the related sets defined in
Section B, although they differ in some aspects. One can readily verify that in terms of the new
coordinates, frame and coframe fields, the metric g extends smoothly through the sets .#*" and
T'. Accordingly, M’ provides a suitable extension of M. In order to use this extension to show
that the construction of the cylinder at infinity for stationary spacetimes is as smooth as expected
we need also information regarding the Schouten tensor and the conformal Weyl tensor, which
we derive in the following subsections. Finally, notice that in terms of the coordinates (7, p, ¥4),
null infinity appears to be parallel to the surfaces of constant 7, and in particular the initial
hypersurface S.

5.4 Expansions of the Schouten tensor

In this section we discuss expansions of the Schouten tensor of the metric g. This is related to
the Schouten tensor of the metric g by

_ ~ 1 - - = 1 - - =
Ly = Lyw = 5 VaVuQ+ 555 VAAVAQ G

2l

In what follows, we will consider the components of L in the frame vq:

Lag = (2"(L); va; vg)
= (Lt 0 ®)v' a5 + 2(Lig 0 )0 o0 s + (Lap © @)v“avbg.
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As g is a solution to the vacuum Einstein field equation, it follows that i/,“, = 0. Furthermore,
in view that €2 does not depend on ¢ one obtains

- 1 N _ 1 wbamaam-
Ly =~ 50,00 ~T," 0. + 555 9 * 0,00, G-
Alternatively, one can write
_ 12, ~ 1 bacam-
Ltt = ﬁrt t aaQ + ﬁ g aaQ abS) Gtt,
_ 1=, ~ 1 venaadana -
Lta 51—‘,5 a abQ + ﬁ g abQ acS) Gtas
_ 1 -~ o ~ 1 3.0
Lap = == (0.00Q = T4 24 9:Q) + == 5° 002049 Gus.
b Q( b b ) + 292 g d g b

Using the expansions for the conformal factor, the first and second derivatives of the conformal
factor and the Christoffel symbols of the conformal metric given in Appendix [A] ones get that

= 1
Ly = §P2 +4Mp* + O(p*),

Lo = 72/’2‘311116‘;)‘9C + O(pg),
1

M
—2(6ab — 2eq4ep) + 7(5,117 — 3eqep) + O(p°).

Loy =
b 2

One then has all the ingredients to calculate the components Log. One obtains

Loo = O(p%),

Loy = % + M(2—=37)p+ O(p),

Loa = 0(p%),

Ly = f%(l — 73 —2M (14 27%)(1 — 7)p + O(p?),
Lia = 0(p%),

Lap = %kAB + M1 —7)pkas + O(p*),
where it has been used used that
Oap €% ya ebﬂps = kap(0) +O(5?), Oupe” ebﬂ/,A =0.
Summarising, one has proven the following result:
Lemma 3. The components, Lag, of the Schouten tensor EW in the frame vy are regular (i.e.
non-divergent) at T'.
5.5 The Weyl tensor

In this section we verify that conformal Weyl tensor has a smooth limit at p — 0. For this, we

start by recalling the decomposition of the Weyl tensor in terms of its electric and magnetic parts
with respect to the normal to a hypersurface.

5.5.1 The electric-magnetic decomposition

Let M be the spacetime with metric G and S a space-like hypersurface with unit normal 7*.
The induced metric on S by g, is given by

hyw = Guv — RpT.
For convenience one defines

Duv = Py — Ty, €uun = NPEpu. (27)



The n-electric and n-magnetic parts of the conformal Weyl tensor are given, respectively, by
~ — C, ~ =\ ~ C )‘ 2
Cuop = Upprph™ N, Cup - V)\p ( 8)

where C’;V Ap denotes the dual of the conformal Weyl tensor: C* wAp = 1 CHVUXE Ap-The f-electric
and n-magnetic parts of the Weyl tensor are symmetric, trace free and spatial:

AhE = -
ntc,, =0, n*c,, = 0.

Given two tensors of rank two, f,, and k,,, their Kulkarni-Nomizu product is defined as
(f @ k),uv)\p = Q(fu[)\k fl/ /\kp]u)
In terms of the Kulkarni-Nomizu product, the conformal Weyl tensor is given by
~ ~ ~ o~ =~k =8 S~ =k =5
Crvrp = 2(BunColu — PunColy — NACp6€ ur — N uCy)s€ v
(p %] ¢ ),ul//\p (ﬁ © é)#l/)\p-

5.5.2 Conformal rescalings

If .. is a solution of the Einstein vacuum field equations, then the first and second fundamental

forms of S induced by g, satisfy the Gauss and the Codazzi equations. These equations allow

to write the pull-back of ¢, and ¢}, to S in terms of the initial data quantities. More precisely,
Cab = —Tab [ﬁ] + )N(c Cf{ab - )?caf(b Cv &:b = 7Dc)2d(a€b) Cd' (29)

If g = QQQEW then it_ is vs_zell known that C* vhp = CH vxp- The rescaled conformal Weyl tensor
is given by W# 5, = Q-1or vAp» and therefore

Wonp = QCouxp-
The n-electric and A-magnetic parts of W are defined in accordance with [Z8)) as
— 7W = —x  __ YIr* ==\
Wyp = puApT= T, wyp - W,ul//\pn n-.
Now, recalling that the g-unit normal to S is given by i# = Q~'7* one obtains

Wy = Qe wt, = Qe (30)

From the definition (27)) one readily obtains

’U|
D\

N

*Puv
uvip — ( ’lI) )ul//\p (ﬁ %) ’LD)#V)\P
=2

— = =%k =0 = =% =0
( Wolp — PuAWply — ”[Aw;]éf pr — MWy 5€ Ap)'

5.5.3 Regularity at 7’

In what follows, it will be shown that the components of the Weyl tensor W#UAP with respect to
the frame v, given by

Waprs = (25 (W); va, 8, Uy, Vs)
= (V_Vw,)\p o @)v“av”gv’\vv%
do not diverge as p — 0. In order to do this, one needs to discuss the expansions of 7, €,
D, Wy and w;,,
We notice that the hypersurface to be considered is given in our coordinates by

S = {¢(a*) =t — constant = 0}.
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It follows that the normal vector and covector are given by

_ VQ _ 0
ne = Ng = U,
L (- VBB
At — p(1 — V2Q25.5°)1/2 —a _ pv Qs
B VQ ’ (1= V2Q23,.p0)1/2]
whence
1

e = p+ 2Mp* + oo p? (TM* 4 M Mape®e” + (Sae®)?) + O(p"),
g = 0,

_ - 1 a a
at=pt—2M + 3M2p(5M4 — M Mgpe®e® — (Sqe™)?) + O(p*),

7t = —2p%e®e, S, + O(p*).

To compute €, one notes the relations €,y = ghf€,, ) and that €,,\ = n7€x, Where

1
(1 +2Mp + O(p2>>77cwv)n

1
g(f,ul//\ = |det(guu>|2nauu/\ = F

with 75,u the totally antisymmetric tensor of rank 4. Next one evaluates P, = §uw — 20,7, to
obtain

V202 (1 4+ V2023,.8¢ 1
T2 s 2 zﬁ Bc) _2VQQ2BG
(Puv) = P f*VQﬂcﬂ) L7 ,
— V2025, — (=Yab + V>0 Baf)
p p
from which
P = —p? — AMp® — e p4(13M4 + M Mgpe®e® + (Sae™)?) + O(p°),

Pta = —2p €avce’ S + O(p?),
(M4(5ab —eqep) +2M (Mab + 5achd€C€d - 2€(aMb)C€c)

1
302
+2(8a Sy + Gap(See®)? — Qe(aSb)Scec)) +0(p).

Pab = _p_26ab -

In order to calculate expansions for the electric and magnetic parts w,, and wy,, one makes
use of the expressions [B0) and ([29). From the formulae for conformal transformations one has

Fab = Tap + Q1D Dy + QDD Qb — 2Q72D°QD Qhap
and - L
)_(ab = Q()?ab + Ehab)v (31)
where ¥ = a# QLQ. Hence one obtains
oy =~ (P + 7 Da Dy + Q7' D°Dehat — Xe “Xab + Xea s
FOTE K + QIR oy — 202D Dy — 207757y ). (32)

The seemingly more singular terms in the last expression can be eliminated using the Hamiltonian
constraint

0="7— (%) + XeaX“
= 0?7 4+ 40D°D.Q — 6D°QD . — Q% (% ) + P2XeaX + 408, © — 652,
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so that equation [B2]) transforms into
@ay = =07 (P = $7has + Q7 (Da Do %D D)
—(Xe© = U'E) (Xab — $Xe “Tab) + XeaXp © — $XeaX dhab) (33)
To calculate @, one needs to use the conformal transformation for the derivative of a (0, 2)-tensor:
DaXve = DaXve + Q71 (20a0%0e + 2%ac + 0:QXba — habh 0% e — hach™0aQ%ap).

The latter, together with €., = Q3,4 finally yield

S|

» = —Q7 D Xaan) . (34)

In order to compute w,, and w}, from the expressions (33)) and (34) one uses that 7#¢y, = 0
and n*¢cj,, = 0 so that n"w,, = 0 and n*wy,, = 0. With this and the symmetry of the tensors

one obtains

o = AR Wy, S APy,
tt — — ) ta — T T )
t)2 t
(n*) n
Ha5b, % bk
i :nnwab wF :_nwba
tt (T_Lt)2 ) ta a—

In order to evaluate the formula (33)) one makes use of
Tab = acf‘acb - au,l:‘ccb + f‘acb 1:‘cdd - 1:‘cdb f‘dca
(M4(5ab + eaeb) + M(Mab + 20 M, ¢ — 3(5achd€C€d

2
3M?
+4€(aMb)c€C + S4Sp + 20455.5¢ — 35ab(SceC)2 + 4€(aSb)SC€C) + O(p),

1
= F(éab - eaeb) -

and

DoDyQ = 0,0,Q — T, 0.0
ﬁp(éle(aSb)Scec + eqep(See)? + M* (5,11, + eaeb)
+M (4Mab + eqep M qgefe? + 46(,1Mb)ce°) + 4SaSb) +0(p?).

1
= —egqep +4Megep +
p

To complete the analysis, one also needs expansions for Yq5. To this end we make use of the
tensor Xqp and the results in [I8]. More precisely, one has that

v So Y v 3 _
Xab = QQ"/’ab; Vap = Ee(aeb)cdsced + O(p 2),
so that
Yab = 3pe(aenycaSe +0(p?).
To get from Xgp tO Xqp One uses the corresponding conformal transformation formulae to find

that
Xab = 3e(aeb)cdSced + O(p)

Finally, it is noticed that
5= ﬁ“@MQ = O(P4), €q be = PEa be + O(pQ)
It follows then from formula (B3] that

Wap = p~2 M (8ap — 3eaes) + O(p°),
Wtq = 2]\4P2€abceb‘s’C + O(pg) = _Mp26a + O(pg)a
Wy = 4Mp®(S, 8 — (S.e)?) + O(p").
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Similarly, one finds from (B4]) that

Wy = 507" ((6ab + €aes)Sce® — dewSy)) + O(p°),
w;fka = 3p3€abcebscsded + O(p4),
@}, = —6p7(SaS? — (S,e%)?)Spe’ + O(p®).

In view of the previous discussion, one has all the ingredients to compute the leading terms
of the expansions of the components Wyg~s. Due to the length of the calculation this has been
done in a tensor manipulation program. One obtains the following:

Lemma 4. The components, V_Vag.,g, of the Weyl tensor V_Vw,,\p in the frame vy are regular (i.e.
non-divergent) at T'.

6 Stationary vacuum solutions near the cylinder at space-
like infinity

Once the regularity of the various conformal field at Z' has been shown, the last step in our
analysis is very similar to the discussion in [27]. The proof consists of several parts: first, one
starts by giving explicitly a solution to the conformal geodesic equations on Z’; in a second step
a stability argument is used to show that the construction of the cylinder at spacelike infinity is
regular in a neighbourhood of Z; finally, one needs to show that the whole construction does not
depend on the choice of conformal factor on the initial hypersurface.

Remark. It is important to stress the differences in the regularity of static and stationary fields
at spatial infinity. In the static case all relevant fields are analytic. By contrast, as shown in [18],
in the strictly stationary case the relevant fields are never analytic as functions of asymptotically
Cartesian coordinates. However, as already seen, the stationary fields have an analytic expansion
in terms of radial and angular coordinates. This is the type of coordinates used in both the
general construction of the cylinder at spacelike infinity and in the extension discussed in Section
As a consequence, all the relevant fields are analytic in these coordinates.

In what follows, the word analyticity will be used to describe analytic behaviour with respect
to the radial and angular coordinates.

6.1 Setting the conformal Gauss system

We consider now the regular finite initial value problem at spacelike infinity for stationary data.
For this, we make use of the initial hypersurface

S={t=0},

and set the initial conditions on S that generate the desired conformal Gauss gauge system.

6.1.1 Initial data for the canonical conformal factor

The initial data for the conformal factor, O, is prescribed —cfr. equation (B)— by means of the
function

K = 20| D, QD12 (35)
so that 5
0. =k 1O.
It follows that
K= p+0(p?),

1w oo o
0, = 5|DaQDaQ|1/2 =p+0(p%).
Hence, the conformal metric evaluated on S and the induced metric are given, respectively, by

uv = eiguua hab - Gihab = K_Qilab-
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6.1.2 Initial data for the tangent vector to the congruence of conformal geodesics

Initial conditions for the tangent vector & = dz/dr, where 7 is the parameter of the conformal

geodesic, are set to be ~ 3
1S, g(z,z)=1, onS.

In order to implement the requirement of having & orthogonal to S we consider the stationary

Killing vector £. One has that

VQ <
= 7(U0+v1) on S,

where vp and vy are the first two vectors of the frame v, discussed in Subsection It can be
readily checked that (¢,dp) = (£,d?) = 0 on S so that € L S. In order to obtain the right

normalisation one considers

@2 V2QQ
g(§,¢) = (5 §) = >
Thus, _
Q
:'E:6(v0+v1):%(vg+v1)zX°‘va, (36)
where
X = 60% + 8% + 0(p). (37)

6.1.3 Initial data for the 1-form f
The initial data for the 1-form f is chosen in agreement with condition (@) so that
(f,8:) =0, pull back of f to S = k™ dk.

It follows then that (f,&) = 0. This property, together with the choice ([BH) for the function k
—see equation [I0)— give
0=0,(1-77). (38)

6.2 Relating the various conformal gauges

The analysis performed in Section [l was done in terms of the metric g,,. Now, we proceed to
discuss how this metric and its Levi-Civita connection, V, are related to the metric g, and its
Levi-Civita connection, V. From the relation g,, = Q%(},w it follows that

gﬁ“’ = H2gﬂl’ = ®2gpl/) 11 = Q_le

The relations between the physical Levi-Civita connection V, the unphysical Levi-Civita connec-
tions V, V, and the Weyl connection V are given by

A4 <D <D<
I

D@ <q Qa4 <
+

AA/C-Q\/-\/-\

where

f=f+IIdll=f+0"'de - Q 'dQ.

From the particular form of the conformal factor © given by equation (38) one has that (d©, &) = 0
on S. As Q is independent of t and 8, is orthogonal S, it follows that (dQ, ) = 0. Thus, (f, %) =0
on 8. Finally, from

n=%2 o, (39)

= I
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and observing that the pull-back of f to S is given by p—'dp, it follows that
f = faaaa with fa = —5a0 + (5a1 on S. (4())

A property of conformal Gaussian systems is that (f, ) = 0 in the whole of the spacetime. Hence,
one has that . -
T =TI(f, &) (41)

along the conformal geodesics. This last equation, together with equation B9), allows to deter-
mine IT if the contraction (f, ) is known.

6.3 Solving the conformal geodesic equations

In this section we provide a discussion of the conformal geodesic equations with respect to the
metric § and of its solutions. A solution to these equations is given by a spacetime curve z(7) =
(7(7), p(7),*(7)) and a 1-form f(7) along the curve. If expressed in terms of the frame fields,
Ve, and coframe fields, a®, the functions involved in the conformal geodesic equations are the
components gog, §*°, L'o”p and Lag. These functions extend by analyticity through Z’ into
a domain where p < 0. If one assumes such an extension, one obtains the so-called extended
conformal geodesic equations. It is important to point out that the initial data on S are analytic.
Therefore, one can consider these equations in a neighbourhood of Z’. Moreover, it turns out
that the restriction of the equations to 7% can be solved explicitly. The solution one obtains is
universal in the sense that it is the same for all stationary solutions with non-vanishing mass.
More precisely, one has the following lemma, whose proof is the same as that of Lemma 7.2 in
[27):

Lemma 5. The solution to the restriction of the extended conformal geodesic quuations to " with
the components Lag as given in Subsection [5.4] and initial data x = (0,0, A, X = 5™ 4 6,*
and fo = —0a° + 0ot is given by

2(7) = (7(7), 0,0 (7)) = (,0,4"),
1 i,

fo= fi=1, fa=0.

T
This solution extends by analyticity to a domain 0 <7 <1+ 2€ for some € > 0. The extension to
T’ of the conformal factor I1 determined by equations (A1) and [BI) takes on I’ the value IT = 1.

The previous lemma not only gives precise information about the conformal geodesics ruling
T’, but it also shows that these geodesics extend analytically beyond 7 = 1. These facts are, in
turn, used to show that there exists a solution of the conformal geodesic equations near Z’, and
that this solution extends for sufficiently large values of the parameter 7.

Consider a smooth extension of S into a range where p < 0 such that (p, ™) extend as
smooth coordinates. We denote this extension by S..:. Now, if the extension Sem\g is small
enough, then the initial conditions for the conformal geodesic equations [B4)), (37) and ([0) extend
analytically to S.,+ —the precise range of p is not required as long as it is small enough. Therefore,
the conformal geodesic equations determine near S..t an analytic congruence of solutions to the
extended conformal geodesic equations. From Lemma [ and making use of well-known results of
the theory of ordinary differential equations —see e.g. [33]— it follows that, using the same € as
in the lemma, there exists p» > 0 such that for the initial data

_ _ / .
7=0, p=p, *0)=¢", with |p| < pg,

and what is implied at these points by equations B8], (87) and ([@0), the solution of the extended
conformal geodesic equations

F=7(r, 0,0, p=plrp 0Y), o =0 ) ), Fa= Faln g vt),  (42)

exist for the values 0 < 7 < 1+ € of their natural parameter and the function II is positive
. . . !/ /
in the given range of p’ and 7. Moreover, the Jacobian of the map (7, p,4") — x#(7, p', ")
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takes the value 1 + 7 on Z’ and for sufficiently small pyg > 0 it does not vanish in the range
0<7<1+e¢ |p| < pg. Therefore, the functions (7, p’,9*) define a smooth coordinate system
in a neighbourhood O’ of 7’ in M’. In particular, the relation (B8) implies that the curves with
o/ >0 cross £t for 7 = 1. The set @’ contains the following special regions

oOngt ={r=1,p >0},
I/:{0§T<1aﬁlzo}a
It ={r=1,p =0},

and it is ruled by conformal geodesics. As a consequence of this discussion, in terms of the
frame fields v and the coframe fields a®, the metric g, the connection coefficients, f‘aﬁ,., of the
Weyl connection V and the components of the tensor fields ﬁag, far Wap~s extend in the new
coordinates as analytic fields to O'.

Finally, the conformal geodesics on O and the fields discussed in the previous paragraph can
be used to implement the construction of the manifold A as described in SectionBl This is done
by solving linear ordinary differential equations along the conformal geodesics, with the given
analytical initial data on S. One obtains the following lemma:

Lemma 6. For stationary asymptotically flat initial data (as described in Section[f)) the construc-
tion of Section[3 leads to a conformal representation of the stationary vacuum spacetime which,
in a neighbourhood © C N of the set I, is real analytic in the radial and angular coordinates.

6.4 The conformal gauge for the initial data

The conformal representation discussed in the previous lemma has made use of the 3-metric h
and the conformal factor €2 on §. It remains to be verified that the whole construction is robust
with respect to rescalings on the conformal initial data of the form

h—h=10%h, Q-—Q=099Q, (43)

where ¥ is an analytic, positive conformal factor. These rescalings correspond to a change in
the conformal gauge, and imply a harmless change of the normal coordinates x¢ — x%' with
2%(0) = 0 and an associated change e, — ¢, of the frame vector fields tangent to S, which
will be propagated along the new conformal geodesics. It is necessary to understand how the
congruence of conformal geodesics corresponding to ) relates to the congruence corresponding to
Q.

The conformal rescaling given by [@3]) also implies the transitions

9 .
ko k=22 9,50, =0,
S
where
Dbey 3 . Daobio|”
¢ = 1-— 319_1a7u - —19_2@(17\/
A2 AQ

The function ¢ extends to S as an analytic function of (5,1*). From the initial conditions for
the Q-congruence of conformal geodesics one gets that

i=¢ 1'%, fs=fs+097'd9 - tds,
where the subscripts indicate the pull-back to S. Tt can be verified that
i LS, ©%(i,i)=1.
In what follows, we consider the equations for the Q-congruence in terms of ¢ and its Levi-Civita

connection V. As a result of the conformal invariance of conformal geodesics, it follows that the
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spacetime curves do not change (as set points) writing the equations in this form. Furthermore,
their parameter 7 remains unchanged. The 1-form is transformed according to

f—f=f-(00)"1d(06),

and therefore 5
(f*,a) =0, f§:f5+19_1d19, on S.

If one expresses the 1-form f* in terms of the g-orthonormal frame e satisfying eg L S, one
obtains
fg:()v f;:fa+1971<d1976a>7 a:15273'

The fields Z and f are the initial data for the Q-congruence written in terms of g, eq and V.
As ¢ — 1 and (d¥,eq) = O(p) as p — 0, then

0 — 0, i, i = fa as p— 0. (44)

This means that the limits of the initial data for both congruences coincide on IO/, and therefore
the corresponding curves are identical on Z'.

Now, one can go back to the arguments used to show the smoothness of the construction in
terms of the Q—congruence and apply them to the Q-congruence. One concludes that in a certain
neighbourhood @' € M’ of Z’ the gauge and construction of Section [l for the Q-congruence is as
smooth an regular the one based on the Q-congruence. This result is summarised in the following
lemma:

Lemma 7. For stationary asymptotically flat spacetimes the construction of the set I is inde-
pendent of the choice of conformal factor Q. The set I' coincides with the projection @' (I) of the
cylinder at space-like infinity as defined in Section [3

This concludes the proof of our Main Theorem —cfr. Subsection

7 Conclusions

The discussion in the previous section has shown that, for initial data sets which are stationary
in the asymptotic region, the construction of the cylinder at spatial infinity is as regular as one
would expect it to be. As a consequence, the solutions to the associated regular initial value
problem at spatial infinity are regular at the critical sets Z* notwithstanding the degeneracy of
a subset of the evolution equations at these sets. As the length of our analysis shows, this is by
no means an obvious result, and it makes evident the delicate interplay between geometry and
properties of differential equations that the conformal framework allows to resolve. Moreover, it
brings to the forefront the special role played by stationary solutions in the class of solutions to
the Einstein field equations admitting a smooth compactification at null infinity.

It is worth pointing out that the analysis carried out in this article is essentially a space-
time one. A proof of our main theorem that relies only on properties of stationary data and
the conformal evolution would be, by necessity, much more complicated and would require an
understanding of the structure of the conformal field equations that is not yet available.

It is expected that our analysis will play an essential role in the construction of suitable
non-time symmetric generalisations of the rigidity results for asymptotically simple spacetimes in
[46, [45]. In this respect, it will also be of interest to obtain a parametrisation of a large class of
initial data sets for which it is easy to recognise when the data is, in fact, stationary. This type
of characterisations may well require the consideration of other properties of stationary solutions
at spatial infinity which have not been touched upon here —most notably, whether stationary
data sets satisfy some generalisation of the regularity conditions of [24] [44].
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A Various expansions

In this appendix we collect the expansions of some auxiliary quantities used in this article.
Recalling that Q = p~1V 2 one obtains
Q=p+Mp*+ #/ﬁ (5M* + 2M Mpe®e® + 2(Sqe®)?) + O(p*),
0 = eq +2Meqp + %pQ(lf)M‘lea + 2Me, My
+AM Mape® + 2e4(Spe’)? + 45.(See”)) + O(p?),

(§M4(5ab + eaeb)

0 1 a, b
0u0h0 = — (Gup = €"¢") + 2MBay + 53p

+M (2Mab + 4€(a]\4b)cec + (6111) - eaeb)Mcdeced)
+25,S) + de(a Sy See® + (Oap — eaeb)(Scec)Q) +O(p?).
Also

o 1
G 0,00, = —p? —AMp® — Wp‘* (OM* + 2M Mape®e® + 2(S,e")?) + O(p°).

The Christoffel symbols of g are given by
f‘,upu = %gp/\ (a,ugku + aug,u)\ - a/\g,uu)'

It follows that

_ 1
= —Egababgtt

= pe® + 6Mp*e® + ng’ (26M4e“ + e M My.ebe®
+MM® e’ + e*(Spe’)? + SSpe) + O(p%),

[P0 = 1(3"0ugu + 5" 0aGic — 3" 0cFta)
= —p2(25%.0 4 €°S%cqqe® + €.SqePe,) + O(p*),

Lo = 50y + 39°(0adbd + Osad — Dafab)

= p H(Sape” — 20(,ep)) + ( — M*(Sape” + eqepe’ — 20(,¢ev))

1
EYVEke
+2M (2e(oMy) © — € Map, + 260, My)ge” — 264 M° ge*
+0pe  Myoee® — 26(aech)ded) + 2(2€(aSb)Sc —e°5,5

+25(CaSb)Sd€d — 25abSCSd€d + 5ab€C(Sded)2 — 2€(a€CSb)Sd€d)) + O(p2).
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