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1. Introduction

The matching of chiral anomalies of the ultraviolet and infrared theories related by
a massive flow plays an important role in understanding the dynamics of these theories.
In particular using the anomaly matching the spontaneous breaking of chiral symmetry in
QCD like theories was proven [[I].

For supersymmetric gauge theories chiral anomaly matching provides constraints when
different theories are related by “non abelian” duality in the infrared NS. The matching
involves the equality of a finite number of parameters, “the anomaly coefficients” defined
as the values of certain Green’s function at a very special singular point in phase space.
The Green’s function themselves have very different structure at the two ends of the flow.

The massive flows relate by definition conformal theories in the ultraviolet and infrared
but the trace anomalies of the two theories are not matched: rather the flow has the
property that the a-trace anomaly coefficient decreases along it [B].

In this note we study a different set up. We consider a conformal field theory which
admits vacua where the conformal symmetry is spontaneously broken. A typical example
for such a theory in d = 4, which we will use as an illustration in the following, is the
Coulomb branch of N' = 4 Super-Yang-Mills theory [J]. Then we can consider the trace
anomalies in the broken and unbroken phases respectively. We will argue that the trace
anomalies are matched in the two phases. We stress that the analytic structure of the
amplitudes is different in the two phases: just the numerical values of the anomalies which
depend on the value of the amplitudes at a very special point are matched.

An essential feature which allows the matching is the validity of the Ward identities re-
lated to the conservation and tracelessness of the energy-momentum tensor in both phases.
This is analogous to the Ward identities following from global chiral invariance which are
valid along the massive flow and allow the matching of the chiral anomalies. On the
other hand the properties following from the SO(d,2) conformal symmetry are not valid
in the broken phase since the vacuum is not invariant under some of the transformations
belonging to the conformal group.

In the unbroken phase all the degrees of freedom are massless. In the broken phase
some of the degrees of freedom become massive. The trace anomaly in the broken phase will
be contributed by the massless degrees of freedom which include the ones which were not
lifted by the spontaneous breaking and the “dilaton” the Goldstone boson related to the

spontaneously broken conformal symmetry. The massive states play a role in determining
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through loop effects the couplings of the dilaton to energy momentum tensors such that
the matching occurs.

We will give general arguments for the matching of trace anomalies. For type A
anomalies (we use the terminology of [[]) the argument is rather similar to the one proving
the matching of chiral anomalies [f]. For type B anomalies a more detailed argument based
on an explicit calculation is needed.

When superconformal symmetry is spontaneously broken without breaking the global
supersymmetry a short cut for the proof is available: since the trace anomalies (both type
A and B) are related to chiral anomalies [d] the matching of chiral anomalies implies the
matching of trace anomalies.

The couplings of the dilatons are summarized by the dilaton effective action in the
presence of an external metric which acts as a source for the energy momentum tensor. In-
tegrating out the dilaton field we get the generating functional for the correlators of energy
momentum tensors incorporating the trace anomalies. It turns out that various generating
functionals proposed [[] have analytic properties which identify them as describing the
broken phase. They definitely cannot be used in the unbroken phase where the analytic
structure of the correlators is different.

In order to get a “minimal” effective action for the dilaton we study spontaneously
broken N = 1 superconformal symmetry. In this case there is a supermultiplet of Gold-
stone bosons, the bosonic components being the dilaton and a Goldstone boson of the
spontaneously broken U(1)z symmetry. The “minimal” action for the U(1) boson is well
understood. Therefore, constructing a supersymmetric action for the Goldstone super-
multiplet which reduces to the minimal one for the U(1) boson, fixes the dilaton action.
This action, after integrating out the dilaton, gives the generating functional for energy
momentum tensors in the broken phase obeying all the constraints.

The analogue of anomaly matching for a chiral flow where in the infrared the chiral
symmetry is preserved requires that the space of broken directions (moduli) has more than
one point where conformal symmetry is unbroken.

We do not have a general proof that trace anomalies are matched when one adds
to the space of moduli the space of truly marginal deformations of the conformal theory
though on specific examples like N' = 4 Super Yang-Mills this seems to be true.

The paper is organized as follows:

In Section 2 we give general arguments for trace anomaly matching and we perform

a calculation for the simplest type B trace anomaly showing the mechanism.
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In Section 3 we calculate the “minimal” effective action for the Goldstone supermul-
tiplet for spontaneously broken superconformal supersymmetry.

In Section 4 we discuss the dilaton effective action following from the supersymmetric
action calculated in section 3. We integrate out the dilaton and we discuss the generating
functional obtained, comparing it to various other actions. In Section 5 we summarize our
results. We defer the explicit check of trace anomaly matching on the Coulomb branch of
N = 4 supersymmetric Yang-Mills both in the perturbative weak coupling regime and at

strong coupling using the AdS/CFT correspondence to another publication [§].

2. Arguments for Trace Anomaly Matching

A conformal field theory is characterized by an energy momentum tensor 7,,, which

is conserved

oM. = 0 (2.1)

and traceless
™, =0 (2.2)

at the quantum level. Since (B.0]) and (B.2) are operatorial equations of motion, correlators
of energy momentum tensors should obey Ward identities following from them indepen-
dently of the vacuum on which the correlators are evaluated. An unavoidable violation of
(B.2) in certain correlators gives the trace anomalies.

A very convenient way to study the correlators is to couple the energy momentum

tensor to the perturbation h,,, around flat space of an external metric g,,,:

Imn = NMmn + Pomn, (23)

Then if we define the generating functional W (g) in this background, (B.]) is translated

into the invariance of W (g) under diffeomorphisms
O¢gmn = Vm&n + Vinm (2.4)
while (R.3) into the invariance under Weyl transformations:
Gmn — €27 g (2.5)

If we are interested in correlators involving also other operators, we couple them to sources,

the generating functional depending on the metric and the sources. We are using the
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“passive” convention i.e. the space-time coordinates do not transform under symmetry
while the metric and the additional sources have variations at the same space-time point.

The transformations corresponding to the conformal group SO(d,2) are realized as
diffeomorphisms on the flat metric compensated by Weyl transformations such that the
flat metric is unchanged. This allows for a clear distinction between the Ward identities
following from (B.0]),(2.2) which should be valid (modulo anomalies) independent of the
vacuum i.e. both in the unbroken and broken phases and the relations following from
dilations and special conformal transformations, which are obeyed only in the unbroken
phase.

The generating functional should be invariant (modulo anomalies) under Weyl trans-
formations with parameter o(x) which goes to zero at infinity in both phases since this
implies the validity of the Ward identities. On the other hand dilations and special con-
formal transformations correspond to diffeomorphisms which do not vanish at infinity and
therefore also the Weyl transformations which compensate them have a parameter which
does not vanish at infinity. Therefore the generating functional should be invariant under
Weyl transformations which do not vanish at infinity only in the unbroken phase. We will
call in the following Weyl transformations which vanish at infinity “local”.

In d = 4 the generating functional W (g) has the possible trace anomalies:
oW =c [ d*z g0 CrnpgC™ P — a/d433 go By (2.6)

where Ejy is the d = 4 Euler density and Cy,y,p, is the Weyl tensor. The anomaly related
to the Euler density is the only type A one while the second one is of type B. In more than
four dimensions the number of type B anomalies increases and one can have even in d = 4
type B anomalies involving other sources. The dimensionless anomaly coefficients a and ¢
are part of the characterization of the CF'T.

If the conformal symmetry is spontaneously broken without breaking the Poincaré

symmetry a Lorentz scalar primary O with dimension A has a vacuum expectation value:
(00]0) = v2 (2.7)

where v has mass dimension 1. This scale is the only one in the broken phase characterizing

all the dimensionful quantities appearing. As a consequence of the Goldstone theorem
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there is necessarily a massless Goldstone boson 7, the dilaton, which couples linearly to

the energy momentum tensor:

1
<0|Tmn|7-; Q> = ngan (28)

where the dilaton 7 is on mass shell with four momentum ¢. A normalization can be chosen
for which f and v are equal and in the following we will use them interchangeably.

In the broken phase some of the states become massive with masses given by the scale
v. This is happening though such that the energy momentum tensor still obeys (E-2).
The trace anomaly in the broken phase is produced only by the massless states. These
include states which remained massless who contribute through loops like in the unbroken
phase. In addition there is now the dilaton: its contribution to the anomaly is given by
tree diagrams where the coupling (B.§) plays an essential role and also a loop contribution
where the dilaton acts like any other massless scalar.

The statement of anomaly matching is the equality of the a and c coefficients calculated
in the broken phase as described above with their original values in the unbroken phase.

We now give arguments for the anomaly matching in decreasing order of generality
and (hopefully) increasing rigour.

We start with a general argument: let us calculate the anomaly coefficients in the
broken phase. For a given theory they can depend only on the scale parameter v charac-
terizing the breaking. However, a and ¢ being dimensionless, cannot depend on v. As a
consequence when v goes to zero and the unbroken phase is recovered, the values of a and
c are unchanged. The possible loophole in this argument is a discontinuity in the limit.

Another general argument valid only for A' = 1 superconformal theories uses the fact
[] that the anomalies appear in supermultiplets and the coefficients a and ¢ are related to
chiral symmetry anomaly coefficients. Since chiral anomalies are matched so will be also
the trace anomaly coefficients.

We give now more specific arguments. We start with the type A anomaly (the a
coefficient). Type A anomalies are very similar in structure to the chiral anomalies: all the
information in d = 4 is in the triangle diagram of three energy momentum tensors, there
is no ultraviolet divergence involved and the anomaly has a topological form which obeys
descent equations [d]. Also the argument for anomaly matching is very similar to the one
for chiral anomalies [[],[[[0].

Consider the correlator of three energy momentum tensors and decompose it in in-

variant amplitudes. Since the kinematic decomposition is rather formidable [[[1]] we just
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give the relevant general structure. The special kinematical point which is responsible for

the anomaly is when all the Lorentz invariants one can make of the momenta are zero:
P =ki=ki=0 (2.9)

where ¢, k1, ko are the momenta carried by the energy momentum tensors. The special
point can be approached in different commuting orders e.g. taking all the invariants to
be equal to ¢ and then sending ¢?> — 0. In this kinematical situation the Ward identities
which follow from (P.g) and (2.1]) reduce to [L1]]

A(@®)=0,  Al¢®) —¢*B(¢*) =0 (2.10)

Here A is an invariant amplitude of dimension zero which multiplies a kinematical struc-
ture corresponding to F4 and B has dimension —2. The amplitude B, having negative
dimension, is given unambiguously by
B(¢®) = % (2.11)
q
Clearly both Ward identities (E-I0) cannot be satisfied simultaneously and if the second is
used to define A = a there will be a “type A” anomaly with coefficient a.

So far the discussion has reflected the behaviour around ¢? = 0 and it is equally valid
in the broken and unbroken phases, but the coefficients are in principle different. From
(E-T1)) we see, however, that also the high ¢? behaviour of the amplitude B is determined.
Since for ¢? > v? all effects of the spontaneous breaking should disappear, the high ¢°
should match which implies the equality of the coefficients a in the broken and unbroken
phases.

We stress that the correlators in the two phases are very different; in the unbroken
phase all contributions come from loop diagrams (Fig. 1a) while in the broken phase there
is the tree level contribution of the dilaton (Fig. 1b). In Section 4 we will study in more

detail the dilaton couplings but the contribution of Fig. 1b has the form:
1 1
— fgman— [TE 2.12
5 fama Z fTE4 (2.12)

where a coupling of strength f7 of the dilaton to two energy momentum tensors with the
kinematical structure of Ey is needed. Then the contribution of (B-IZ) to the coefficient a

is % ff7 and knowing a and the other contributions fixes f7 in terms of the scale f.
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Fig. 1a Fig. 1b

Fig. 1: Wavy line represents insertions of energy-momentum tensor and
full line the propagator of a massless degree of freedom and the dotted
the propagator of a dilaton.

The structure of (2.13), Fig. 1b, reflects the presence of a true pole at ¢* = 0, the
dilaton, in the broken phase, while in the unbroken phase the B amplitude (B.11) does
not have a pole: the analytic structure of Fig. 1la is a branch cut which degenerates at
the special singular point into an apparent pole, but this pole is not present at generic
q?, k3, k3 and does not correspond to a state in the Hilbert space.

We now turn to the discussion of the matching for the coefficient ¢. The previous
discussion cannot be generalized in a straightforward fashion due to the special features
of type B anomalies. In the unbroken phase the anomaly appears in the UV finite part
of the three point function but it is related to the logarithmic divergence of the two point
function [[2],[[J. In order to calculate ¢ one has to put in evidence this connection and
therefore one approaches the singular point through values of the invariants imposed by
the two point function i.e. ¢ =0 and k% = k3 = k2.

On the other hand, in the broken phase the dilaton contribution does not have a direct
connection to the two point function, the relevant diagram being again Fig. 1b. Therefore
we should put k% = 0 at the beginning and keep ¢> # 0 in order to put in evidence the
dilaton pole.

We will study in detail this mechanism trying again to avoid the very cumbersome
kinematics of the energy momentum three point functions. We consider the kinematically
simplest type B anomaly which singles out the relevant invariant three and two point

amplitudes which are common to this class of anomalies.
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Consider a d = 4 CFT with a dimension two primary, @) . This is the case for
example in N/ = 4 Super Yang Mills where the primary is the bilinear of the scalars in
the protected traceless tensor irrep of SO(6). The anomaly appears in the <Tmn(’)(2)(’)(2))
correlator. If we couple O to a source J which transforms under Weyl transformations

J(z) = e 2@ J(z) (2.13)

the anomaly has the form:
Wig,J) = c/d4x go(z)J*(x) (2.14)

Since there is an interplay between the three point function and the correlator of two O(2)

operators, we expand the generating functional to include these terms:

Wig.J) = [ dtad'y T (e,y) J@) @)+ [ da dlyd=TE) oy ) K ) Tw) I+ ..
(2.15)
and the Ward identities which follow from diffeomorphisms and Weyl transformations are

in momentum space:
1 1
q"TE) (q, k1, ko) = §(k1>nr(2)(k%) + §(k2>nr(2)(k§) (2.16)

T ) (q, k1, ko) = D@ (k) + T3 (£2) (2.17)

We have absorbed various factors of 27 into a convenient normalization.

The kinematical expansion of I'®) is
T3 = Ny A + Baman + C(@mrn + @nTm) + Drmry (2.18)

with

Tm = (k1)m — (k2)m
(2.19)

The invariant amplitudes A, B, C, D depend on the invariants ¢2, k%, k2. The two-point
function I'® depends on just one invariant.

Both T'® and I'® are UV divergent, however in the combination

-1
A:A—Zr®w@+ﬂ%@> (2.20)



the UV divergence is removed. The amplitudes B, C, D, having dimension —2, are conver-
gent from the beginning. We therefore rewrite the Ward identities (.16) and (R.17) for

this set of amplitudes:

A+¢@B+q-1C=0 (2.21)
1
@C+q-rD=- [r@)(k%) —T@ (42 (2.22)
and
4A+¢*B+2q-rC+r*D =0 (2.23)

These Ward identities have the generic structure of the relevant identities involving three
and two energy momenta, respectively.

In the unbroken phase there are no singularities at ¢g? = 0 for arbitrary positive k%, k3.
Therefore we approach the singular point choosing also k? = k3 = k? such that all the
invariant amplitudes depend only on k2. The Ward identities (2:21)), (B:22) and (2:23)

become:

A(k*) =0 (2.24)
(2)
D(k?) = iaarlﬂ (2.25)
and
4A(K?) + 4k*D(k?*) = 0 (2.26)

The structure is characteristic for all type B anomalies: there is a “clash” between equations
(B:29), (B.26) showing that the anomaly appears in the three point function, however the
normalization of the anomaly is related to the two point function by equation (P:23).

Explicitly, the two point function in the unbroken phase is

_ k2
T® (k) = 2¢ log (P> (2.27)
where A is the UV cut off. This leads to:

D(k?) = 4—]‘22 (2.28)

the anomaly being ¢, if we choose to put it in the trace, as usual.
We remark for later use that the singular point can also be reached if we give a mass m

to all the fields ¢ in the loop (the scalar constituents of the operator O in our example)
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and putting all invariants to 0 from the beginning; there are no infrared singularities for

this regulator. The identity (R.2) is now modified to:
", =m?¢> (2.29)
and, with all kinematical invariants vanishing, (B.23) takes the form:
4A(0) = m*E(0) (2.30)

where E, the correlator of two O operators and ¢?, is evaluated at the special point.
Dimensionally £ must have the form:
c

E(0) = (2.31)

m2

and the anomaly can be recovered in this way as the limit of the modified Ward identity
when the regulator mass m is sent to zero. There is a nontrivial relation between the two
point function I'® and the three point function E which led to the same ¢, since the limits
are interchangeable.

In the above argument and in the following we do not keep track of the various
numerical factors since Fig. 2 shows, as we will explain, how the results match at the

Feynman diagram level.

Fig. 2: The tree diagram for type B. The full line represents the massive
constituent fields of @® and the double line the insertion of O,

We now evaluate the anomaly in the broken phase. The Ward identities (B.21]),(2:29)
and (2.23) continue to be valid. If we want to calculate the contribution of the dilaton we
need to evaluate the tree diagram of Fig. 2. Since there is a pole at ¢ = 0 for any value
of the invariants we have to go to the special point while keeping ¢? generic. We do not

have a general argument for normalizing the dilaton coupling to two J sources. We choose
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therefore a concrete realization in which the dilaton has a Lagrangian realization, i.e. the
Coulomb branch of a N/ = 4 Super Yang-Mills theory with gauge group SU(2).

For concreteness we pick:

0@ = tr(ps¢6) (2.32)

and ¢ as the field which gets expectation value, the fields ¢;, ¢ = 1, ..., 6 being the scalars.

We work in the unitary gauge:

¢ = (g _g) (2.33)

Due to our choice of O only the part of the Lagrangian involving the scalars will play a
role:
o 2
L= — Ztr(Dm@ Dm@.) + g Ztr([@, é;] ) (2.34)
i=1 i<j
Since the coupling ¢ is a true parameter in the theory, we can systematically expand in
it. We will calculate the correlator to leading order in g, which is O(g"). The energy

momentum tensor of the scalars to order ¢° is:
° 2 1 1
- _ § tr| = P By _z . - Z b0 b .

=1

In the broken phase ¢ gets an expectation value v. The dilaton field is
T=¢—v (2.36)

As a consequence of the breaking, the £+ (in SU(2)) components of the scalars get massive

with a mass

m = gv (2.37)
The potential in (B.34) becomes
6
D> tr([% ¢j]2> +2g%(r+ )2y ool (2.38)
2<i<5<6 i=2

The contribution of the massive fields to O®) is

(657057 + ol ol") (2.39)
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and the energy momentum tensor has the linear term:
1

which corresponds (on-shell) to (B.§). It is now clear how the matching works since in
(B-38) we have the explicit coupling of the dilaton to massive fields in O(®). The massive
fields produce an amplitude like E' and therefore the coupling of the dilaton to the two

currents is

(2.41)

Q

4

I

)

|
SENeY

m2 Ve
Even though we used the coupling of the dilaton to the massive scalars to O(g?), due
to the m? dependence the coupling to O is O(¢°). Together with the coupling (2:4Q)
the tree diagram Fig. 2 reproduces the coefficient ¢ of the anomaly. We can see in this
example the general mechanism by which the anomaly is matched in the broken phase:
massless field which in the unbroken phase were circulating in the loop became massive
after the breaking. They generate the dilaton coupling to the operators @) and since
their contribution can be viewed alternatively as the calculation of the anomaly in the
unbroken phase with an infrared regulator, the normalizations match. The numerical
factors will obviously match since from Fig. 2 it is evident that the same triangle gives the
normalization of the anomaly in the unbroken phase and fixes the coupling of the dilaton

in the broken phase.

3. The action for the Goldstone supermultiplet in spontaneously broken N =1

superconformal symmetry

Since there are ambiguities in the dilaton Lagrangians corresponding to a set of given
trace anomalies we will try to find a “minimal” solution which satisfies all the constraints
i.e. reproduces the anomalies and has the right analyticity.

We will do that by starting with a spontaneously broken chiral U(1) theory. In this
case the minimal action for the U(1) Goldstone boson f is well understood: coupling the
boson to a U(1) gauge field A,, there is a kinetic term which is gauge invariant and a term

reproducing the chiral anomaly of strength a

W(A,B) = — / d'a ((6m6 —A)(O™E — AT + aBFm”an) (3.1)
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Under gauge transformations, where A,, — A,, + O, the Goldstone field S trans-
forms as § — B + a and the variation of (B.I]) obviously reproduces the anomaly with
coefficient a.

Integrating out 3 produces a generating functional depending on A,, only: the corre-
lators of the U(1) currents having the correct chiral anomaly follow and the analyticity of
this nonlocal action reflects the broken phase, i.e. a zero mass pole corresponding to the
Goldstone boson.

Now let us consider a spontaneously broken N/ = 1 superconformal theory in which
also the U(1)g symmetry is spontaneously broken. In such a situation there is a chiral
supermultiplet of Goldstone bosons, the axion 3 and the dilaton 7 appearing together in
its lowest component. If the action for this supermultiplet reduces for S to the minimal
one, i.e. to (B-J]), we will consider the action of 7 also to be “minimal”. To achieve this
we follow a superspace version of the Wess-Zumino procedure in order to produce the
anomalous term and then we will add to it a supersymmetry invariant kinetic term.

We start by reviewing the Wess-Zumino procedure i.e. the construction of the local
action via integration of the anomaly [[4]. Since it suffices for our purposes, we consider
only abelian symmetries. The Wess-Zumino procedure is trivial in the case of the chiral
U(1), but non-trivial for the Weyl and super-Weyl anomalies.

Consider a quantum field theory which is invariant under an abelian symmetry. Gauge
the symmetry, i.e. couple the QFT to an external gauge field, which is the source for the
symmetry current. Integrating out the quantum fields leads to a non-local effective action
W (J), which is, in general, not invariant under the symmetry, thus signaling an anomaly
A. Here J is the external source. Under a symmetry transformation it transforms to
J@) where o(x) is the parameter of the transformation. If T denotes the generator of the

transformation,

wﬂW%DZJuAE/ﬁwﬂ@AU@» (3.2

where A is a local functional of the source. Let us now assume that W (J) can be obtained
via

oW () :/D(beiW(J,qﬁ) (3.3)

where W (J, ¢) is a local functional of the source and the Goldstone field ¢ which transforms
as

b= d+o (3.4)
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such that J(=%) is invariant. Applying

1
ech - 1= / dtO’@tUT (35)
0
to W gives
1
W“ﬂ%¢+®=ﬁﬂl@+/ﬁﬁavﬂﬂm) (3.6)
0

The choice 0 = —¢ and the normalization W (J,0) lead to

W(J, ) = /01 dt ¢ - A(J19)) (3.7)
The existence of W is guaranteed by the following observation:
B AT 9) = — LW (I 39
which immediately implies
W(J,6) = = (W) =W () (3.9)

The r.h.s. should be viewed as a power series in ¢. The first non-vanishing term is the
anomaly. All higher order terms are therefore local.

Note that W is determined up to invariant terms. For instance, the invariant kinetic
energy of the Goldstone field has to be provided by hand.

We will now turn to the construction of a local effective action, whose variation under
super-Weyl transformation reproduces the superconformal anomaly. We will do this for
N = 1 supersymmetric conformal field theories and as such it also applies to N' =4 SYM
if we impose restrictions, such as a = ¢, which are implied by the extended SUSY.

The action W we want to construct depends on the Goldstone chiral supermultiplet
® coupled to the supergravity gauge multiplet which acts as a source. The U(1) gauge
and Weyl anomalies belong now to supermultiplets of anomalies. These supermultiplets
contain also the anomalies of the fermionic supercurrents but since these are of no interest
to us we will put all the fermionic components of the fields to zero.

The calculation is most easily done in superspace, as we will now explain. Our dis-

cussion uses the notation, conventions and results of [@]ﬂ and for reasons of notational

1 except for the convention for the Riemann curvature where we use [V, V,|[VP = — Ry, P VY

which differs by a sign from [L].
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convenience we use in this section a dimensionless Goldstone superfield. We will restore
the physical dimensions in the next section.

The variation of the non-local effective action should give the anomaly

E—l
IxsW =2(a —c) /dsz sz WP W5, + c.c.

— 2c/d8zE_1(62 + 6%)(G*G, + 2RR) (3.10)

E-1 W
_ 8
_/d'z R 5252

a and c are the anomaly coefficients. Some explanation of the notation is in order: Wz,
R (both chiral) and G, (real) are the gravitational superfields in terms of which the
solutions of the Bianchi identities can be parametrized. FE is the determinant of the super-
vielbein and the integrations are over A = 1 superspace. Y is a chiral superfield which

parametrizes the super-Weyl transformations under which the various superfields transform
as (Gog = 02,G4)
R =28 (R ~Loese (ﬁdm(z‘aai)))
_ ]_ _ _
Gog — e 251D <Gm + 5(Pa2)(Ds¥) = iDaa(® — 2))

(3.11)
Wag,y — 6_321/1/'055,y

E— e COp

Do — €3> (D, — (D) Mp,)

M,z is the Lorentz transformation generator in the (1/2,0) representation. It acts as

1
Maﬁ(@bv) = i(e’ya@bﬁ + 676¢a) (3-12>
The infinitesimal version of these are
_ 1 e
IxR=(X—-2Y)R — ZD ¥
_ _ = 1
bR = (X —2%Y)R — 11322 (3.13)

1
052G oa = —5(2 + E)Gaa - iDad(E — E)
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and
55D, = (%2 _ S)Da, 55Dy = (%2 _ 2)%
35D = —%(E 4 ) Dy — %((Daz)ﬁd + (ﬁdi)pa) (3.14)

6xD? = (X = 28)D? +2(D*%)D,, 6xD? = (X —2%)D? + 2(DyX)D?
where (B.14) are valid if they act on a Lorentz scalar. D are supercovariant derivatives
and {Da,'z_)a} = —QiDad.

One can check that (B.I0) satisfies the Wess-Zumino consistency condition
(0,05, — 0n,0x, )W =0 (3.15)

To construct the local effective action, following [[4], we need the variation of the anomaly
under finite Weyl transformations. Using (B.11]) we find

_ o (%) _ o
(BT R W W, | = (B R) WP W,

[E‘l (G“Ga + 2RR)} =2 _ E‘l{GaG“ 4 2RR + iGag DS — 5) — %(RDQE + RD?%)

- %Gad(mz)(mz) _ %(R(DZ)Q + R(DE)?) + %Dw(z ) Do (n — %)
+ é(zﬂz)(@?i) + %(Daz)(@ai)pm(z - )+ é(DzE)(TDi)Q - (1522)(1)2)2}

(3.16)

0|

Then the local effective action is
Wiee = f2/d8zE_1e_¢’e_¢’

](—t‘P)

1
+2(c—a)/ alt/d82<1>[(E_l/1’?5)1/1/0‘671/Vag7 + c.c
0

1
—2a/ dt/dsz(<p+<i>> [GaGa+2RR
0
:f2/dSZE—1e—<I>e—<f>

-i—2(c—a)/alg’z(E_l/R)<I>WO‘5“YW055,y + c.c.

}(—té,—té)

_ _ 1 _ .
- 2a/d8zE—1{(<I> + ®)(G*G, + 2RR) — §G0‘d DY® D*®

- i(R(D@)Q + R(ﬁcﬁ)Q) . ipad(q) ) Dy Da® +

16



The first line is the super-Weyl invariant kinetic energy term for the Goldstone field. It is
added by hand. To obtain the last two lines we have repeatedly integrated by parts and
used the superspace Bianchi identities. One may check that the super-Weyl variation of

(B-I7) is independent of ® and reproduces the anomaly. Here one uses
P =943 (3.18)

We are interested in the effective action in terms of the component fields. They are defined

ot 2i 1
_q_ 4t 2y
2\—5’—0—1—304, 4YDE| f
1
P =¢=r1+1if, —ZD2®| =F (3.19)

12 4
EPl=er,  RI=3B. Gl =34,
Here ¥| means the § = § = 0 component of the superfield ¥(z) = ¥(x,0,0). As before,
7 is the dilaton and /3 the axion. Fermions will be set to zero throughout (which leads to
enormous simplifications).

Under (infinitesimal) super-Weyl transformations the component fields transform as

5l =oel, 6B =—(X+3ia)B—3f, 0An,=20(eA,) =0ma (3.20)
Furthermore

Sp=S, 6F=F (3.21)

We will use the auxiliary component f to transform away F. Furthermore, the auxiliary
scalar B is, like A,, and e , an external source which we can fix by hand. The equation
of motion for B gives relation for the auxiliary fields which never appear linearly in Wi,..
Since we are not interested in these relations, we will set B = F = 0 in the component
action.

For a chiral superspace Lagrangian L. (DgL. = 0), such as the first term in (§.10),

E-! 1
/dsz 5 Le= /d4x\/§( - Z1>2£c| + B£c|) (3.22)

2 f, the auxiliary component of X, should not be confused with the mass scale f which appears

in (29).
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plus terms which contain the gravitino field. The second term in (B.23) obviously vanishes
for B = 0. For a non-chiral Lagrangian £, such as the second line in (B.I(), one uses that
—1(D? — 4R)L is chiral and then (B:22).

The action in terms of the remaining bosonic component fields is

Wise = 2 [ da /5™ (= V"1Vt 4 R~ (VB = 5 A) (V75 = A7)

— /d4:13\/§|:CLTE4 +erC"PIC,pg — §CTanan
+ 5(% (3¢c—5a) F™F,., + (a —¢) Rm”qumnmﬂ
+ 1—96a / d'eyg (3] - R A, + éRAm + 3A2Am} Vi + 247 A"V V1)
4 8 2\ ,mn mn 8 m An
—a/d oy/g{ | = (R— A% g™ + 2(R™ = SA™A")| V7 Vo7
8 8

+| - LRy Saz)gmn 4 o(rmn - §A’”A”)]Vmﬁ VB + 1—36Anvm¢ YV} 4.

3 9
(3.23)

Here R is the (torsionless) Ricci scalar (not to be confused with the superfield R), R
the Ricci tensor, etc., Cyunpq the Weyl tensor and /gFEy is the Euler-density in d = 4, i.e.

. 2
By = R""" Ripnpg = R Risnpg — AR™ Ry + R* = O™ Crinpg = 2R™" Ry + S R

(3.24)
Finally, a tilde denotes dualisation, i.e.
? 1 st n 1 Pq
Rmnpq = 5 €Emn Rstpqy an = 5 Emn qu (325)

The first line are the Weyl and gauge invariant kinetic energies of the dilaton 7 and of the
axion . The external metric and the gauge fields play the role of Stueckelberg fields. The
dilaton term can be written in terms of the Weyl-invariant combination Gy, = €27 gmn
as % J V/GR(g). The second and third lines contain the anomalies:

The first two terms in the second line are the type A and type B Weyl anomalies
which reflect anomalous Ward identities in the three point function (I'T'T) of three energy
momentum tensors. The last term in the second line is a type B Weyl anomaly which is
visible in (T'JJ) where J is the U(1) vector current. The terms in the third line reflect
anomalous Ward identities in (J5JJ) and (JsTT) where J5 is the axial U(1)g current.
They are the chiral and Delbourgo-Salam anomalies, respectively. Due to supersymmetry

all five anomalies are characterized by just two coefficients, a and c.
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Note that the fourth line in (B:23) is the sum of Weyl and gauge variation with

parameters 7 and [ of a local term proportional to
4 mn 1 2 2 2\2
d x\/§<R A Ay = SRA? = 5 (42) ) (3.26)

The second and third lines of (B:23) have previously been derived in [f]. To derive the
remaining terms we have also used results in [[[], appropriately converted to the conven-
tions of [[§]. The terms of third and fourth order in the Goldstone field S, which we have
not written down in (B:23), contain three and four derivatives, respectively.

The U(1)r part of the action reproduces (in a different normalization of the gauge
field) (B-1)). Therefore the complete part depending only on the dilaton, which we now

display, is the “minimal” dilaton action we were looking f01rE
Wioe = — f2 /d4x\/§e_QT <6m78m7‘ — éR)
— /d4x\/§{aTE4 + ctC™ U0 pg + 2a (Rm” - %Rgm"> O TOnT (3.27)
+4a(0"T0mT) T —2a (0™ 8m7')2}

Besides the coupling to the anomalies the action has higher order terms in the dilaton
field. These terms are the analogues of similar terms in chiral Lagrangians for nonabelian
chiral symmetries, reflecting the nonabelian algebra obeyed by energy momentum tensors.
When the external metric is flat there is still a self-interaction of the dilaton: this is the
analogue of the Wess-Zumino-Witten term but the group being noncompact the term can

be written in a local fashion in d = 4.

4. The Dilaton Effective Action

We study now the “minimal” dilaton effective action constructed in the previous Sec-
tion. After integrating out the dilaton (at tree level) a generating functional depending
only on the metric is produced. This functional reproduces by construction the anom-
alies. We will compare this functional with various other propositions in the literature.
The functional corresponds to the broken phase: it obeys the Ward identities (modulo
anomalies) but it violates the dilation and/or special conformal transformation part of the

conformal group.

3 This is, in fact, the same action which one obtains from [dtr- (c (0?1 —q [E4](_”)).
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The action for the dilaton has the form:
1
S =— / d4x\/§(e_2T/f 9" O O = er—QT/fR) + W (4.1)

where the first, “kinetic” term respects the Ward identities while the second term

W=Ww,+ W,
:—a/d4x\/§{17E +3<Rm”—lem”)8 TOnT
f 4 f2 2 m n
4 2 (4.2)
—l—F(@ TamT)DT—F(a T@mT)Q}
—c/d4x\/§%70m”pq Crnpq

reproduces the anomalies. The kinetic term contains the characteristic coupling % fTR
required by Goldstone theorem (2-8).

We start the integration out with the kinetic term. This will also serve to discuss the
various subtleties which appear in this process.

We first make a change of variable from 7 to a field ¢:

p=f1—e/) (4.3)

The kinetic part of the action becomes:

o 4 mn _1 2_1 2 1
/d wx@(g mPOnp — cRO™ — S fTR+ 3f90R) (4.4)

We then perform the Gaussian integration over . Alternatively we can think about this
step as calculating the tree diagrams contributed by the vertex linear in ¢. The Jacobian

of the transformation (f.3) does not influence the calculation and the result is:

50(g) = [ d'ayRE(0) (4.5)

where
1 1

og) ==/ 1- ——
W =51 o7 r
The functional ®(g) was introduced in [[7]. It should be understood, together with similar

R] (4.6)

expressions which we will encounter in the following, as a formal expansion in curvatures,

representing tree diagrams with dilaton poles. ®(g) obeys the equation:
(6L1+ R)® =0 (4.7)

20



understood again as holding on the functional expanded in powers of R.

We now check the transformation of ®(g) and S(®) under Weyl transformations. We
have to be careful with boundary conditions and integration by parts: as we discussed
before, the Ward identities are related to “local” Weyl transformations while the dila-
tion/special conformal transformations require Weyl transformations which do not vanish
at infinity.

We start with the Weyl transformation of ®(g). The action in the various expres-
sions will be from left to right, inverting it requires an integration by part valid only for

transformations which vanish at infinity. We use the transformations:

0oR=—20R +6l1o

(4.8)
o] = —2001 +2V"0 V,,

where in the second line it is understood that [ ] acts on a scalar. The transformation of

the propagator and of the propagator acting together with R follow:

1 1 1 2 1, 1
1 1, 1 6 12,
A general term in the expansion of ®(g) transforms as
1 ~v., 1 1 M
(5R) d(5R)(5R)
1 ~v1 . 1 M+ 1 ~v1 _ . 1 M
= 2{(5R) " 5 (V") Vu(5R) "+ 6(5R) " S (V) V(SR (@11)
1 v , 1 M 1 N1 1 (M-
+6{(5R) o (5R" — (5RO e(5R) "}

P 1 — 1NN /1 \N+1
2 =% 1-52 (-5) (5B) (4.12)
and using (f.11]), which induces term by term cancellations, we get finally
5o® = —o® (4.13)

or, for finite transformations,
d—-e 7P (4.14)
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The transformation ([.14) cannot be used for a constant o or for any Weyl transformation

which does not vanish at infinity. Using (f.14) we can calculate the variation of S():

5,8 = / d4x\/§[40R<I> + (—20R + 60J0)® — Racb]
(4.15)
= /d4x\/§U(6D +R)® =0

where in the last step we used ([.7).

Therefore, the first term of the generating functional is invariant under “local” Weyl
transformations: this implies that the Ward identities are obeyed. On the other hand, as
it depends on the dimensionful parameter f, it is obviously not invariant under dilations.

We now include in the integration out the terms which are responsible for the anom-
alies, i.e. W, and W,.. After the change of variables ({.3), 7 in the Ws is replaced by
—flog(l —¢/f), understood as a formal expansion in powers of . We work at tree level,
as it is usually done for the infrared effective actions, treating the contributions of W as

additional vertices:

> enlg)e” (4.16)
n=0

We classify the contributions by the number of vertices of type (f.16) which they contain,
such that the term (f£5) corresponds indeed to S(©).

Let us calculate then S™), i.e. the contribution of a single “anomaly vertex”. Each ¢

1
line in (fEI0) connects to a —3 foR vertex through a ST+ /6| propagator. As a result
each ¢ in (.106) gets replaced by:
1, 1 63(g
gfilR:f(l— f(z)) (4.17)
D+6R

After resumming (-1§) we get W with the dilaton 7 replaced by:
6P
~flog(1 = ¢/f) = ~flog (33) (4.18)
Therefore the S™) contribution is simply:

SW(g) = W(T = —flog <%),g) (4.19)
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Then SM reproduces the anomalies by construction since following from (fE1§) and (E-14)

one has the correct transformation rule:

6De?

—flog(%)—)—flog( 7 )z—flog(%)-l—af (4.20)

needed in the Wess-Zumino procedure.

We calculate now the contribution of diagrams with two vertices of type ([E.14),

m

cn(g)e™ and cm(g)e™.
the other lines join the —% foR vertex. There is a nm symmetry factor. Resumming all

One line from each vertex is joined by a propagator while all

the terms the symmetry factors can be reabsorbed into a functional derivative with respect

to ¢ while ¢ gets replaced as before by (I7). We get, therefore, the contribution

1 oW -1 1 (WV‘

VL | 2(D + éR) V3 o 20

S — /d4x\/§

where SW S 6O
o Eﬁ(gp:fo—ﬁ»g) (4.22)

The functional derivative (.22) can be evaluated by the chain rule:

W _SWér oW 11w o)
Sp 0Tt Sp Ot 1—@/f 6 ®(g) 6T )
We now prove that
oW (4.24)
oT ’
is Weyl invariant: the generator of Weyl transformations
) ) )
— = — 4+ 20mn— 4.2
do  OT +2g OGmn (4.25)
commutes with 5
il 4.2
ot (4.26)
It follows that 5 ST 5 S 5
= =_—A(g)=0 (4.27)

do 61 or b0 Or
where we used the fact that the Wess-Zumino construction reproduces the anomaly, which

depends only on the metric. Using (fl.14) and the transformation

1 1 30

IS S 49
6O+ ¢ 60+RC (4.28)

(&
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it is easy to prove that S(®) is Weyl invariant. A similar treatment shows that all the higher
S(") are Weyl invariant. We have therefore complete information about the generating
functional associated with the minimal dilaton action S. If we decompose it according to

the number n of contributing “anomaly vertices”

oo

S(g) =Y _S"(g) (4.29)
n=0
the S term reproduces the anomalies while all the other terms are invariant under local
Weyl transformations. The term S) was proposed as a generating functional in [I7].

All terms have dimensionful parameters and therefore break dilation invariance. An
exception is the three curvature term in S() which, however, does not respect the con-
straints following from special conformal transformations. The generating functional has
the correct analyticity for the broken phase, i.e. tree diagrams with dilaton poles.

The appearance of an infinite number of terms (tree diagrams) is not surprising: if
one integrated out the Goldstone boson field in a chiral Lagrangian, reproducing the non-
abelian chiral anomalies, one would get rather similar expressions.

We discuss now the relation of this generating functional to the one introduced in [,
which also reproduces the trace anomalies. We first rederive this Lagrangian starting from
an alternative dilaton effective action.

Consider again the Wess-Zumino procedure, but this time applied to a type A anomaly
which is modified by a cohomologically trivial piece, i.e. replace E4 by E4 — %DR. Then

one obtains an action (without any additional kinetic part):

§— a/d4x\/§{% FO% 5 — 2Vm%<Rmn _ %gmnR>V”% + %<E4 _ §DR>}
(4.30)

+e / d*2\/G7 CrnpgC™™

It is easy to check that this action reproduces the anomalies (including the cohomologically

trivial piece of course) with the field 7 having the transformation:
T—=T+0 (4.31)

Interestingly the action has a quadratic form: in this sense one does not need to add any
kinetic term. On the other hand the kinetic term starts with a [1° which raises doubts

about the analytic structure of the generating functional. This problem was studied in
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[[§]. We reanalyze the analytic structure of the RFT generating functional [, starting
from the dilaton effective action (f.30).

We calculate the terms cubic in curvatures which follow from ([30). We treat the
first term as the kinetic part, which gives a 1/ (aDz) propagator, and the other terms as
interactions. For the cubic terms one [ always cancels and the terms have a “normal”
analytic structure. For example, the contribution originating from the terms in (f.30)

linear in the curvature becomes:

4 1 o« 1 1
g ] ] ] (4.32)
= g0 B V" (R = 59mnR) V" SR

The same cubic terms can be reproduced from the “minimal” dilaton action ([.3). The
O(73) contribute and lead to the relative coefficient 1/3 between the two terms in ([33).
The cubic terms which carry the information about the anomalies coincide, however they
are “completed” in different ways by the two actions.

If we continue integrating out of the RF'T action, at the four curvature order we find
contributions in which the [J7° propagator remains uncancelled. We have to conclude
therefore that the analytic structure of the RFT action is not compatible with the general
requirements, even though the cubic terms responsible for the anomalies are correctly

reproduced.

5. Conclusions

We presented various arguments that the trace anomaly coefficients are matched in
the two phases of a spontaneously broken conformal field theory.

The matching happens through the contributions of the dilaton in the broken phase
replacing the contributions of the massless states of the unbroken phase which became
massive in the broken one. The matching determines the dilaton couplings to various
combinations of energy momentum tensors in terms of the trace anomaly coefficients char-
acterizing the conformal theory.

The couplings are summarized by the dilaton effective action. A minimal form for this
action was calculated relating it through supersymmetry to the minimal U(1) Goldstone

boson action. Integrating out the dilaton we obtained the generating functional for energy
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momentum correlators in the broken phase. This generating functional has the correct
and expected analyticity structure, i.e. tree diagrams with simple Goldstone boson poles.

A natural question to ask is what is the form of the generating functional for the
unbroken phase. This action should have an analytic structure completely different from
the ones we discussed, in particular it should not have any poles. The difference should
appear already at the three curvature level since the terms produced by (f-32) differ from
the three energy momentum tensor correlators calculated in [[9] assuming an invariant
vacuum i.e. in the unbroken phase. The generating functional produced by massless free
matter, expanded in powers of the curvature, was computed in [2J].

An explicit check in a nontrivial set up of the trace anomaly matching proposed in
this paper can be done for the Coulomb branch of A/ =4 SUSY Yang-Mills theories. The
matching can be checked both at weak coupling, perturbatively and at strong coupling
using AdS/CFT duality[R].
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