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Abstract: We give a local integral formula, valid on general curved space-times, for
the characteristic Cauchy problem for the Dirac equation with arbitrary spin using the
method developed by Friedlander in [6]. The results obtained by Penrose in the flat
case in [20] are recovered directly. It is expected that this method can be used to obtain
sharp estimates for the characteristic Cauchy problem for the Dirac equation.

Résumé: Nous donnons une formule intégrale pour le probleme de Cauchy caractéris-
tique local pour I’équation de Dirac pour le spin arbitraire en utilisant la méthode
développée par Friedlander dans [6]. Nous retrouvons alors directement le résultat de
Penrose dans le cas plat ([20]).

Penrose obtained in 1963 ([20]) an integral formula for the characteristic Cauchy problem for the
Dirac equations for arbitrary spin in the flat case. His derivation of the integral formula is based on
the construction of a Newman-Penrose tetrad (null tetrad) adapted to the null structure of the null
initial data hypersurface, and especially to the description of the behavior of the null generators
(bicharacteristics) of the cone. The use of the 2-spinor formalism allows him to write the solution
of the problem in function of a "null datum”, contraction of the data on the cone with its spinor
generators. The formula is verified a posteriori through a splitting of the Dirac operator over the
spin basis in the compacted spin coefficient formalism. Penrose expected that this formula could
be extended to the analytic case. As far as the author knows, the general case remains open.

Friedlander gave in the mid 70’s ([6]) a method to obtain a parametrix for the wave equation
derived from the Leray constructions (see for instance [§]) and wrote an integral representation of the
solution of the characteristic Cauchy problem. His construction is based on a natural decomposition
of the fundamental solution on the cone. Another approach exists to the characteristic Cauchy
problem based on Fourier Integral operators. It must furthermore be noticed that there is no
general result about the characteristic Cauchy problem for hyperbolic operators. Hérmander gave
in [13] a general result of existence and uniqueness, together with energy estimates, for the wave
equation on a spatially compact Lorentzian manifold.

The purpose of this paper is to combine the method developed by Friedlander with the descrip-
tion of the null cone by Penrose to obtain an integral formula for the characteristic Cauchy problem
with initial data on the cone for arbitrary spin in general curved spacetimes. The choice of this
method implies that we face the same restrictions as in the book by Friedlander. There exists an
essential obstacle to the extension of the domain of validity of the representation formula: the exis-
tence of caustics which limit the domain where the formula can be written. We then have to restrict
ourselves to a geodesically convex domain €2 of a smooth Lorentzian manifold (M, g), that is to say
a domain where there exists a unique geodesic between any pair of distinct points. This restriction
is inherent to the method and the fact we work with arbitrary curved geometry. The advantage
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is however that we obtain an explicit integral formula without resorting to any microlocalization.
This in principle should allow an extension to metrics of low regularity in the spirit of [14].
More explicitly, let us consider (M, g) a smooth Lorentzian manifold and py a point in ; the

problem:
Du=0

where u is a section of a given fiber bundle on 2 and D is the Dirac operator on this bundle, with
the initial conditions on the future null cone C*(p):

u=~60on C"(py) NQ

is known as a first order Goursat problem with initial data on the characteristic hypersurface
et (po) N Q2.

It is known that several conditions must be satisfied to ensure that this problem admits a
solution. The first one comes from a geometric obstruction to the existence of a solution when
symmetry conditions on the field v are imposed; this implies that the manifold M must satisfy
some geometric assumptions, known as the consistency conditions, depending on the spin we are
working with. The second one comes from the fact that the initial data are given on a characteristic
hypersurface: 6 must then satisfy the restriction of the Dirac equation to the cone from py:

D|G+(p0)9 =0.

These equations are called the compatibility equations for the initial data.

As already mentioned, there exists, as far as the author knows, no general result about the
characteristic Cauchy problem. Nonetheless, it is worth mentioning some results of existence and
uniqueness with some generality. In the analytical case, this problem is similar to the Cauchy-
Kowaleski problem (see for instance [§]). The problem is well posed in that case. This can be
extended, with energy estimates, to minimal regularity ([I2]). The well-posedness of the character-
istic Cauchy problem is nonetheless not the point of this paper: assuming existence and uniqueness
of the solution in the neighborhood of the point pg, the goal consists in deriving a representation
formula for this solution.

The paper is organised as follows. The first part presents an adaptation of the Friedlander
method to the bundle of Dirac spinors. After a geometric and intrinsic presentation of the theory
of spinors, the analytic tools to write a fundamental solution of the Dirac equation are developed.
The second part is devoted to the derivation of the formula for Dirac spinors. Following Penrose’s
construction, a null tetrad adapted to the structure of the null cone is constructed and used to
describe the geometric tools. The integral formula can then be derived from the parametrix and the
result obtained by Penrose is recovered for Weyl (or two-) spinors. Finally, the third part deals with
the arbitrary spin 5. The presentation made in the first part is adapted to the bundle of spinors
with spin % so that the construction can be applied directly. A representation formula is then given
for arbitrary spin and simplified in the case of the Maxwell equations. Penrose’s formula for the
characteristic Cauchy problem for arbitrary spin in the flat case is recovered in a flat spacetime.

The author would like to thank his supervisor, Jean-Philippe Nicolas, for his kind and patient
support, his advices and his culture.
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Notations and conventions.
We describe here for future reference the notations and conventions which will be used all along
the paper. Note that smooth means C'° in this paper.

a. Geometric notations:

(i) General framework:

(M,g): smooth Lorentzian oriented and time oriented manifold with a metric g
having signature signature (+, —, —, —);

Q: geodesically convex domain of M;

w: volume form associated with the metric g on M;

Ppo: a given point in €;

V: Levi-civita connection for g on the tangent bundle of M, T M.

(ii) Null structure on Q: let p be a given point in Q:

C(p): null cone from p, that is to say the set of points of Q2 which lie on a null
geodesic passing through p;

C*(p) (resp. €~ (p)): future (resp. past) null cone from p, that is to say the set of
points of € that lie on a future (resp. past) oriented null geodesic from p;

J(p): chronological set from p, that is to say the points of {2 which lie on a timelike
or null geodesic passing through p;

It (p) (resp. I~ (p)): future (resp. past) chronological set from p, that is to say the
set of points of 2 that lie on a future (resp. past) oriented timelike or null geodesic
from p;

I(p) = I(p)\C(p): causal set from p and J*(p) = I*(p)\C*(p) are the future and
past causal sets from p.

(iii) Spin structure: €2 is endowed with a spin structure; the spinors will be denoted using the
Penrose conventions as well as the usual algebraic notations according to convenience:

Spirac: fibre bundle of Dirac (or 4-) spinors;

S and S4’: bundles of Weyl (or 2-) spinors (resp. dual and anti-spinors);
7.7, Clifford multiplication;

(+,+): symplectic product on Spj.q. obtained by lifting the metric g;

¢AB and e 4/ p: restrictions of (-,-) to Sy and $4';

CF¥ (Spirac) = D(Spirac): smooth sections with compact support in © endowed with
the usual Fréchet topology;

D' (Spirac): its topological dual;

C*®(Spirac) = E(Spirac): smooth sections of Spirqc on €;

&' (Spirac): its topological dual;

the connection V on T is lifted on Spj,q. and is still denoted V;



e the Dirac operator is defined, for a given section (e;);c o
orthonormal frames, on C*°(Spirqc) by:

3} of the fibre bundle of

.....

VP € C*(Spirac), PO = > €V, ®
i€{0,...,3}

1 Geometric and analytic preliminaries

The geometric and analytic tools are presented in this section. As already mentioned in the intro-
duction, due to geometric obstructions such as conjugates points or convergence of geodesics, the
whole paper restricts itself to a geodesically convex domain {2:

Definition 1.1 A domain € is said to be geodesically convex if and only if it is an open set where,
for every pair of points (p,q) in Q, there exists a unique geodesic between p and q.

1.1 Dirac spinors and Dirac equation

This section presents a construction of the spinor bundle so that it will be possible to apply the
method of Friedlander in the most direct way. This presentation also intends to be a small dictionary
between an abstract presentation of the theory of spinors and the Penrose conventions to represent
spinors in terms of indices. Finally it must be noticed that, though the presentation is made on 2,
it can be generalized to a globally hyperbolic manifold (see remark below).

1.1.1 Abstract construction
We begin by defining a spin bundle:

Definition 1.2 A manifold M is said to be spin if its tangent bundle admits a spin structure, that is
to say there exists a Spin(1,3) principal bundle Ps, together with a twofold covering § : Ps — Pso M,
where PsoM is the SO(1, 3)-principle bundle of orthonormal frames on M, such that

Vp € Ps,Vg € Spin(1,3),£(pg) = £(p)éo(9)-
where &y is the universal covering from Spin(1,3) =~ SL2(C) on SO(1,3).

Remark 1.3 a. The existence of a spin structure on a manifold is usually ensured by the as-
sumption that its second Stiefel Whitney class vanishes.

b. In the case of a four dimensional Lorentzian manifold (M,g), Geroch showed in [9] that
a necessary and sufficient condition for M to carry a spin structure is that its bundle of
orthonormal frames admits a global section (this is referred to as parallelizability).

c. A common assumption in general relativity which ensures that a 4-dimensional Lorentzian
manifold is spin is the global hyperbolicity assumption: there exists in M a global Cauchy hy-
persurface, i.e. a spacelike hypersurface such that any inextendible timelike geodesic intersects
this surfaces exactly once([9, [10]).

The spinor bundle on € is defined through the action of an algebra over a vector space. This
construction requires the following tool, which consists in group action over a fibre bundle, replacing
its previous fibre by a given vector space:

Definition 1.4 Let (E,Q,m) be a G-principal bundle. Let F' be a vector space and
p: G — Homeo(F) a continuous map.
Consider the action
¢o: G — Aut(E) x Homeo(F)
9 = (@Y eExF(zg ' nl9)y)



The quotient space
E x F/p or BEx,F

with projection 7 obtained by factorization of the diagram

Ex,F
where p: E x ' — F is the projection on the first variable, is a G-principal bundle with fibre F.

The algebra, known as the Clifford algebra associated with a given quadratic form, which is
used to construct the spinor bundle is then defined:

Definition 1.5 Let E be a vector space (real or complex) with a quadratic form q. The Clifford
algebra (Cl(E),+,-) is the quotient space:

+oo n

Cl(E,q) = (@@E) JI(E)

n=0
where I(E) is the ideal generated by the set {v @ v — q(v)|v € E}.
This algebra is known to have the following structure ([I5]):
Proposition 1.6 There exist two sub-algebrae denoted CI1°(E, q) and CI*(E, q) such that:
CI(E,q) = CI°(E,q) @ CI*(E, q)
wich satisfy:

CI°(E,q) - CI°(E,q) = CI°(E,q), CI*(E,q)-CI*(E,q)=CI°(E,q
CI°(E,q) - CI*(E,q) = CI*(E,q), CI*(E,q)-CI°(E,q) =CI'(E,q

~— —
—~
—_
—_
~—

Definition 1.7 The group Spin(E, q) is the subset of CI°(E,q) defined by
{s € CI°(B, q)la(s) = 1}
where q is the extension of the quadratic form q to CI(E,q).

The formalism previously defined can of course be applied to the case of the Minkowski spacetime
(R*, 7).

Definition 1.8 The bundle defined by:
SDirac - (PS X M?((C)) /(Spln(]-v 3))
is called the bundle of four dimensional spinors or bundle of Dirac spinors.

Remark 1.9  a. The representation of Spin(1,3) = SLy(C) acting on M2(C) has two irreducible
components, which correspond to C? with its two inequivalent complex structures; by conven-
tion, we write:

M,(C) = (C?)* @ C2.



b. The previous remark gives a decompositon of the fibre bundle Spirac into two bundles (known
as bundles of Weyl spinors), corresponding to the splitting of M2(C) into T and ((Cg)*; this
decomposition is written in terms of indices:

SDirac - SA &) SA/ .
A section u of the Spirac bundle will then be split into two smooth sections of the Weyl bundles:

u:¢A@¢A,.

c. To get back to the tangent bundle, a convention must be chosen to represent the Clifford algebra
CI(R*, 7). Its usual representation is Mo(H), which is split in My(C) & My(C). The vectors
are identified with the hermitian 2-forms or with C-antilinear homomorphisms from S4 to
SA". As such, a vector u® will be written by convention uld’,

d. For the chosen representation of the Clifford algebra which was made previously, the tangent
bundle is identified to the set of hermitian two forms over Sa. As such, it endows the tangent
bundle with a structure of conformal Lorentzian manifold, i.e. a fibre bundle of cones over M
and a time orientation: the fibre bundle of cones over () is made of degenerate hermitian two-
forms, the spacelike vectors fields are the hermitian matrices of signature (2,0) or (0,2) and
the timelike vectors fields are the hermitian matrices of signature (1,1). The time orientation
1s obtained by a choice of orientation on the fibre bundle of cones over §2.

Proposition 1.10 The bundle A2S4 of skew-symmetric two forms is trivial.

Proof This is a direct consequence of the fact that S4" is a Spin(1,3) = SLy(C) bundle. Let
(U x C2,¢) and (V x C2,4) be two local trivializations of the bundle S4" with empty intersection
where ¢ and v satisfy

pop=mand pop =7
where 7 : S — M is the projection associated to the bundle S and p is the projection on the

first variable. These two trivializations give rise to two trivializations of A2S4 that are still denoted
by ¢ and 9. Let us consider the transition map ¢oy~' : A2C2 x V — A2C2? x U. It can be written:

pop(z,y) = (z,v(z)y)

where v : UNV — SLy(C) is a smooth map.
Let x be fixed in U N V. Since v(z) belongs to SLy(C) and y is a skew-symmetric 2-form, y is
invariant under the action of an element of SLy(C), i.e:

Y(u,v) € C?,y(v(z)u, v(z)v) = y(u,v).
The fibre bundle A2S4” is thus trivial.&)

Remark 1.11 a. The canonical isomorphism, which will be denoted by k, between S and Sa
induces an other isomorphism between A’S? and A*S4:

A2SA s A%S,

€ —  ky€: (U,0) €Sa X Sa — e(k(u),k(v)).

It allows the construction of a symplectic form on Spirqec: let € in AzSAl, we obtain a symplectic
form on Spirec by taking:
€DK e.

A two-form € on Sy is denoted 2B and acts on Weyl spinors by:
Y(ua,vB) € Sa,e(u,v) = e*Bujvp.

The corresponding two-form on SA" is denoted e a3 .



b. Let € be a fixed skew-symmetric two-form on S,. It is possible to construct a metric g on TS}
by, for 44 and yA4" two vectors:

! !
Japu® = capear gt yBB

c. We denote by e ap a two form which gives rise to the metric g on M. The non-degeneracy of
¢ induces an indentification between Sy and its dual SA given by:

kA €Sqr— k2 =e2Brp e st
whose inverse mapping 1is
kB eSP — kg = kean.

The equivalent transformation can be made for the compler conjugate spinors in sA if we
consider the image two-form e z/pr.

d. The symplectic product on Dirac spinors can thus be written, by lowering and raising indices:

(u,0) = e*Pagp +eapcd' P

= —¢Ma +EaC?
where u = Y4 + {A/ and v = ¢4+ CA/ are two Dirac spinors.

e. The dual ST of Spirac 18 split in:

Dirac
* _ A
Dirac — SA’ 2] S .

The symplectic form (-,-) realizes an identification between Spirec and S%; ..,

restrictions to, respectively, Sp and SA/, denoted €48 and € p/, realize an identification
between S* and Sa and between S and S4 respectively.

whereas its

Proposition 1.12 Let € be a section of A’S. Let § be the metric associated with €. Then, the
metric g is conformal to the metric g.

Proof : Let pin M. Let X in T, M and u,v in S4. We assume that the vector X is a light-like
vector for the metric g, i.e.:
9(X, X) = gap X X" = 0.

A necessary and sufficient condition for g, to be conformal to g is that § and g have the same null
cone structure, i.e. it is sufficient to show:

(X, X) = gap XX =0.
Since X is light-like vector, it can be written:
X = uu?.
if it is future directed and
X — —UAEA,

if it is past directed. The calculation is performed for a future directed null vectors, but it is the
same for a past directed one. Because of the skew-symmetry of € 45, we have:

5ABuAuB =0

and then
- _ /_ ’
Gap X Xb = eapuuBeputul = 0.

X is thus still a null vector for § and § and g are conformal metrics. &



Remark 1.13 The map:
APSY — {gglo € C=(Q,R})}
€AB Jab = EABEA'B’

is a two sheeted covering of the conformal class of g. In particular, it is surjective. We denote by
€A a preimage of gab-

Proposition 1.14 The bundle Spirec is a Dirac bundle, i.e. a fibre bundle of left modules over
CIl(Q, g) endowed with a symplectic form € and a connection V° such that:

a. VS is the pull-back of the Levi-Civita connection on M: if T : Spirae — K2, then V can be
written:
™V = V°

b. the connection is compatible with the action of the Clifford algebra: let X be a smooth section
of CI(TRQ, g) and u a smooth section of Spirac, then:

V(X -u)=VX - -u+X-Vu.

Though different since they are acting on different objects, the connexion V on  and VS on
Spirac are both denoted by V.

c. the action of the Clifford multiplication is an isometry for the symplectic product: let X be a
smooth section of CI(TSY, g) and u,v two smooth sections of Spirac, then:

(X - u, X -v) = q(X)e(u,v).

In order to define the space on square integrable spinors on 2, it is necessary to define the norm
of a spinor. This unfortunately cannot be done without choosing a time function ¢ (see [I8]) or, at
least, a timelike vector field.

Definition 1.15 A smooth function t on Q is called a time function if, and only if its gradient is
a non-vanishing future-oriented timelike vector field on U.

Definition 1.16 Let t be a time function on 2. Then the map defined by:

Cé)o (Qa SDirac) X CV((J>O (QagDirac) — R
(T, D) —  e(Vt- U, )

is a positive definitive hermitian product over the set of smooth sections of Spirec with compact
support in U. The norm associated to this scalar product is denoted by || % ||u.

Remark 1.17 o This norm will be used in the following on compact subsets of an open set of
Q to define the Fréchet topology over smooth sections of the fiber bundle of Dirac spinors.

o A time function t is fized on 2. This time function will be used to compute all the norms.

This scalar product is used to define various norms over the spinor fields on Q: let ® in D(Spirac)-
We define using the positive definite hermitian product:

e the L°°-norm over a compact K of €2:

10 oo, i = \/s;l{p (e(VE- D, D));



e if 9 : Q — R* is a given chart over Q, the norm over K, for any integer N:

[19llco.vac = | D sup (e(VE- VoD, VR),
K
laf<N
where V¥ =V, Vg, ... Vo, ,a=(ai,...,q) being a multi-index of length
la| = >",_; ,, i a chart of reference ¥ is fixed in the following in the computation of the

norms;

e the L2-norm over

[|®]]2 = / e(Vt-®,P)pu.
Q

1.1.2 Newman-Penrose tetrad.

One way to describe the Lorenztian structure is to use a global section of the fiber bundle of
orthonormal frames over 2 and translate the result in terms of spinors. We construct a global
basis, named tetrad of Newman-Penrose which gives rise to a spinor basis of S4.

Definition 1.18 A basis of TQ ® C (I,n,m,m) is called a normalized Newman Penrose basis if |
and n are real vectors fields and it satisfies the following relations:

g, )=0 ,  g(n,n)=0 , g(m,m)=0,
glin)=1 , gmm)=-1 , g(lm)=0 , g(n,m)=0.
Remark 1.19 e The existence of a Newman-Penrose tetrad is insured by the existence of a

global section of the fibre bundle of orthonormal frames: if (e%) (a = 0,1,2,3) is such a
section, the following family of vectors:

" ?(eg el Ta ~ %(eg * z:eg) (1.2)
o= Lleg-ef) W = (e — i)

is a normalized Newman-Penrose tetrad. It is obvious that a given mormalized Newman-
Penrose tetrad gives rise to an orthonormal basis of T with the following reverse fomulae:

e = Hl+nY) e = Sm*+m)
f = LKl -n) g = Tome-m)

e Because the structure of null cones will be considered later, we assume that a Newman-Penrose
tetrad (I, n,m,m) is given first and, in a second time, gives rise to an orthonormal basis (eZ)
(a=0,1,2,3).

e Up to an overall sign, there exist two unique spinor fields in E(S?), denoted by o and 14
such that:

!’ ! !’
1% = 04, n® = 147 and m® = o7 .

These two spinors are chosen such that the following normalization is satisfied:

EABOAI,B = OAI,A =1

o There exists an alternative notation for this spin basis, which is consistent with the duality
property used to describe spinors. We note, in S?:

et = o and e = 1A



We also introduce their dual spinors in Sa (€%, el) which satisfy:

6?4564 =1, 51146'14 =1,
8?46‘14 =0 , 6114864 =0
they are:
€% = —ta and e}y = 0a.
o The vector €2 can be written in function of the metric as g3 fora=20,...,3. The components

of its spinor form g;“A/, called the Infeld-van der Waerden, defined as:

AA' _ a_ A_A’
ga 't = egqeely.

are the coefficients of the decomposition of €% in the basis (g, e4'):

a __ AA'_A_A'
€a = Ga EAEA-

It is then known ([I8], section 3.1) that the Clifford multiplication of a Dirac spinor by the basis
vectors can be written:

Lemma 1.20 The Clifford multiplication of a Dirac spinor ¢4 + wA/ by the vector el is given by:
el (pa @) = ivV2 400 & —iV2g* 4 g4
Remark 1.21 : The Clifford multiplication can be interpreted as a contraction with the correspond-
ing vector of the basis (up to a factor +i\/2) by writing:
ca-(da+v") = V2 gpan v —iv20™ g0V 64
= i\/ig(ea, ea)gaAA/L/)Al - i\/ig(ea, ea)g;‘A,(bA

As a consequence, the Clifford multiplication by the vector 144" s the contraction with n*4" and
conversely the Clifford multiplication by n*4" is the contraction by 144" (up to a factor :l:zﬁ)

L (da+v4) = ivV2(naa® —nA4¢4)

n-: (¢A + wA') = i\/i(lAA/’g[JA/ - lAA/¢A) (13)

We conclude this section by giving the abstract index expression of the Dirac operator on 4-
spinors ([I8], section 3.1):

Lemma 1.22 The Dirac operator is decomposed as follows:

P(ba+ ) = ivV2(Vaap? — VA gy)

1.2 Analytic requirements
1.2.1 Distributions on spinors

The purpose is to write weak solutions for the Dirac equation. The theory of distributions must thus
be adapted to ensure properties of symmetry for the Dirac operator and the Clifford multiplication
so that the construction of Friedlander can be used with few adaptations.

10



Fundamental properties The basic elements needed in the next section are sketched here.
Spinor-valued distributions are defined in [3] to construct fundamental solutions for the Dirac equa-
tion. They were also developed in [22] to construct a Fourier integral operator for the propagator
of the Dirac equation.

Definition 1.23 A distribution u on the set D(Spirac) of smooth Dirac spinor fields with compact
support on ), endowed with its usual Fréchet topology, is a C-linear continuous mapping from
D(Spirac) to C, i.e. a mapping which satisfies for all compact K in ), there exists a positive
constant C' and an integer m depending only on K such that:

V¢ € D(S), [u(d)] < Cllél|oo,m,k
The set of distributions on M will be denoted by D’(Spirac) and the duality bracket by <, >.

Definition 1.24 The support of a distribution u is the complement of the largest open subset O of
Q such that any smooth function ¢ with support in O satisfies:

<u,¢>=0.

The set of compactly supported distributions is denoted €'(Spirqac) and is the topological dual of
E(Spirac), set of smooth sections of Spjpac on .

If u is a locally integrable section of S%,. == S% @ Sa/, which can be written u = 4 + na/, it
defines a distribution by:

V® € D(Spirac), < t, ® >= / —t2pu + nap? .
Q

where the smooth section @ is split as: ® = ¢4 + wA/.
We define now the action of the covariant derivative in a direction V' and of the Dirac operator
on distributions by:

Proposition 1.25 Let u be an element of D' (Spirac) and V be a smooth section nowhere vanishing
of TQY. The distributions Vyu and Du are defined by:

Vo € D(Spirac);, < Vvu, @ >prss ) D(Spre) = — < U VVO >Dr(sH ) D(Spiue)
V(b S D(SDirac); < Duv (b >'D’(S*

Dirac

)7D(SD'LTGC) - - < u’ Dd) >{D/(S* ),®(SD17'ac)

Dirac

These definitions agree with the Leibniz rule and the fact that the connexion is compatible with
the symplectic product on spinors.
We also need to define the Clifford multiplication with a vector:

Proposition 1.26 Let u be an element of D' (Spirac) and V' a smooth section of T). We define
the distribution V - u in D'(Spirac) by:

Vo € D(Spirac), <V U, @ >0r(st 3 DSpuae) =< U V " & >Dr(s ) D(Spiac) -

Dirac Dirac

Proof
The representation of the Clifford multiplication is the same for the dual S%,,,,.. Consequently,
ifu= ¢A/ +Xxa is in SDiru,c and v = par + 9A isin SBiruca then:

<0 €aU>g Spia.= —iV20%00x " 00 —iV2¢* M papar.

D

We notice that this expression is symmetric in A and A’ so that we can conclude:

< eq -V, U >gx

Dirac’

SDirac:< U, €a U >S*D,iraC;SD'irac '@
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Remark 1.27 When a distribution on Spirqc 1S represented by a function from Q into Spirac, the
symplectic product (-,-) on Spirac is used to apply the distribution on a section of Spirac. The

duality bracket will be in that case written (-,-)Dr(Spirac),D(Spirac) -

The previous results need to be checked since the definitions given in (I28) do not work when the
symplectic product (or the € spinor) is used. We first need the following lemmata on the action of
Clifford multiplication and the Dirac operator:

Lemma 1.28 For any ® and ¥ Dirac spinor fields on Q and V' a vector field on 2, we have:
V-®,0)=—(o,V-0T)

Proof : It is sufficient to verify the result for an element e, of the frame. We calculate (e - @, ¥)
in components.

(ea . (b, \Ij) = —iﬁEA/B/gaAA,ngB, + i\/iEABgaAA/XA,pB
with ® = &4 + x* and U = pA+ 64", Noticing that:

A aBB’

€ BgaAA’ = —gaB A= _5B’A’gaBB =¢ca'B'g
we obtain:
(a @, 1) = —ivV2e4P g1, €407 +iV2eapg® PP XY pp = — (.00 0).®

In order to verify the symmetry of the Dirac operator for the symplectic product, we will establish
the following lemma:

Lemma 1.29 Let ® and ¥ two spinor fields on Q2. Then we have:

D2, V) = (¢, D¥) — div(V).
where V' is a complex vector field.

Proof : The formula is proved at each point of ; let then p be a point in €. Let (f;) be a
orthonormal basis on ) such that, for all 4 in {0, 1,2, 3}:

Vi fi=0atp.

For this choice of basis, we have, at the point p:

D, ¥) = > (fi- V5P,V

i€{0,1,2,3}
= — > (Vp0,fi- V)
i€{0,1,2,3}
= — Z {Vs(®@, fi-¥) = (2, Vy(fi-¥)} (,) being compatible with the connection.
i€{0,1,2,3}
= — > AVA@ fi-T) = (D, fi- Vy¥)} since at p Vi, fi =0
i€{0,1,2,3}
= (2.PY) - Y Vi@ fi- V)

i€{0,1,2,3}

Introducing the complex vector field v defined, at p, by:

3

V=> 1@ fi- 0)f;

=0

12



with f; =< f;, fi >, we notice that
i€{0,1,2,3}

is the divergence of V.
We present an alternative way to perform this calculation with abstract indices; the Dirac spinors
® and V¥ are split on Spirqe:

¢ = gamp”
\IJ = ’Q[JA (&) XA/.
We now lead the calculation in the usual way:
1 . / . / /
HP) = Van N n +eam (<)(VA 0N

= EABZ'VAA/(,OAIL/)B) + 8A/B’(_ZIVAAI (¢AXB,))
—eABpA iV gahp — e pa(—iVAYXE)

= iVan oM vp) + () VA (camdax”)
+pX iVE s — 6a(—)Vi (")

= iVaa (pA/L/)A) + ivAY (Ppaxar)
+pViVEE epapp +igpas PV pp T

= Vaar (pA,L/)A) + Z'VAAI (paxar)
—earpp?iVEP g +ie?PPpaVpp "

= iVau (PP M) + iV (daxar) + %((I’, D).

It must be noticed that, in this new calculation, the remaining term can obviously be identified as
a divergence.®

Remark 1.30 The vector field
3
V=> fil®, fi- Ve (1.4)
i=0

is encountered several times in the following. Though it is used to perform the calculation, it does
not seem to be intrinsic. It is nonetheless easy to give a more intrinsic sense to this computation.
Let us consider the complex 1-form w on €):

TOC — C
h — (U,h- D)

The dual vector of this 1-form is the vector (L4). The calculation can then be easily reinterpreted
when noticing:

duw= V(@ fi-0) | p,
i€{0,1,2,3}

* being the Hodge dual and p the volume form associated with the metric g.
Definition 1.31 Let u be in D'(Spirac), and X in C°TQ. The applications defined by
(NS D(SDirac) [ — —(U,X : (I))'D’(SDM,C),D(

Spirac)
and

® € D(Spirac) — (u, D(I))D’(SDzmc),@(SDmc)
are distributions, denoted respectively by X - u and Pu.

13



Proof : This is a straightforward consequence of the previous lemma and the Stokes theorem.&)
Remark 1.32 : These definitions agree with the previous lemmata when u is in D(Spirac)-

From this point, all the distributions will be assumed to be represented via the symplectic
product.
If fis in D'(R) and U is a smooth spinor field on 2, we define the distribution fU by:

Vo € D(Spirac); (fU, ®) D' Spivac) DS pivae) =< fr (U, @) >p/(®),D(R) -

Composition of a function with a distribution In the following, the construction of distri-
butions with support on a light cone will be required. One way to achieve this is to adapt the
contruction of Friedlander in [6] in the case of spinor valued distribution.

Definition 1.33 Let S be a smooth function on 2, with non vanishing gradient on €.
Let f be a distribution with compact support on R.
Then, the application

peD(Q) — <f<t>, /ﬂ ( )_t¢<p>vs<pm<p>>

where VS(p)op(p) is the contraction of the measure on M with the gradient VS (or the Leray
measure on the hypersurface S(p) = t), defines a real distribution denoted f(S). This distribution
coincides with the composition of functions when f is represented by a function.

We need to apply this definition to calculate the action of the Dirac operator to a distribution on
Spirac of the form f(S)U

Proposition 1.34 Let f be an element of &' (R), S a smooth function chosen as in definition [[233
and U a smooth spinor field on M.
Then, in the sense of distributions,

D(F(SHU) = f'(S)V(S) - U + f(S)PU,

where VS is the raised gradient, i.e.

v(S) == Z (Ve,u) €.

%

Proof : Let ® € D(Spirac) and (f;) an orthonormal frame. & is chosen with support in domain €2
where V., f; are all zero. We calculate (D (f(S)U) , @)D/ (Spirac),D(Spirac) USing the previous definitions
and lemma,

(D (f(S)U) ) @)9’(8Dirac)7®(gDirac) = ( ( U DCI))D/ (Spirac),D(Spirac)
< f / U DCI) 1S, >e/(R),E(R)

< f7/ (DU, @)us, >erwr).em®) (1.5)
—t

+ </ / ViU, fi- ®)ps, >ermr),e®) (1.6)

where pg, is the Leray measure V.S on the hypersurface Sy = {S(p) = t}. We calculate the two
terms independently; by definition, (L5 is:

< f?/s( ) (DUa ¢)Mst >8/(]R),8(]R): (f(S)lZ)U, @):D/(SDI,TQC)’.D(SD”EC)'
p)=t

14



and (6] is calculated using the same idea as in lemma ([C29):

< f7/ ViU, fi- ®)ps, >erw),e@)=< f7/ div(v)us, >e/(r),em)
S(p)=t S(p)=t

where v is the vector field on ) defined by:

with f; =< fi, fi >. Noticing that:

i/ div(v)u:/ div(v)us,
dt Js(p)<t s,

and using the Stokes theorem

/ div(v)p = /<VS(p),U>/Lst
S(p)<t St

/S Z vfiS(Ua fi : q))NSt

%

/ (U7 @S : (I))MSt
St

- / (V5 - U, B)us,,
St

we obtain, accordingly with definition [[L3Tt
<f | (ViU fi- ®)ps, >e@.e@m= (F'(S)VS U, )0 (Spun) D(Epienc)
St
so that: A
D(fSU) = f(S)V(S)-U + f(S)PU @

Spinors and bidistributions Keeping in sight that the purpose is to write an integral formula
(or representation formula) for a Cauchy problem, we must be able to apply twice a distribution to
spinor fields. This is what bidistributions are made for.

We define the product X of two smooth sections of Spjyqc. with compact support by:

D(SDi'rac) X D(SDi'rac) — D(SDirac) X D(SDi'rac)
(@, ) — ((p,q) € 2 x Q= T(p) @ D(q))

where ® must be understood as tensor product of spinors in different variables. The vector space
generated by these products is denoted by D(Spirac) ® D(Spirac)-

Definition 1.35 Let u and v be two distributions in D' (Spirac). The bidistribution wX v is an
application from D(Spirac) X D(Spirac) defined by, for every (¢,v) € D(Spirac) X D(Spirac):

(UM v, ¢ BY) = (U, D) D(Spivac) D (Spirac) Vs V) D/ (Spirac), D(Spirac)-

The vector space D' (Spirac) ® D' (Spirac) generated by these products is called the space of spinor-
valued bidistributions on Spirgc-
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If ¢ is in D(Spirac) and w is a spinor bidistribution, then u(¢) is still in D’'(Spjrac). It can conse-
quently be still applied to a function in D(Spirac)-

A special type of spinor valued distribution that will be encountered in the following is the Dirac
distribution.

Definition 1.36 We define the Dirac distribution (or Dirac mass) in p', denoted by 6, by:

Vo € D(S), (8, ) D" (Spiac). D(Spirar) = PP)-

It must be noted that this distribution can be written in the form 7(p’, p)d,s ([6], chapter 6) where 7
is a linear transformation from D(Spirac) in the variable p to D(Spirqc) in the variable ¢ satisfying
7(p',p") = Isp,,.. and can consequently be written as:

Vo € D(S), ((p', )0p, )p, (D' Spirac), DEpivac)t = PP);
the duality bracket being computed in the variable p. Since

’ ’
eABelel =landeqpel ef = -1

and 7(p,p) satisfies:

it can be explicitly calculated at p = p':

! !’ !’ !’
T(p,p) = —eit el +ei Weft +eiRel —eiXel

= —ZB/®6A/+BB/®ZA/—OBXLA—FLB&oA. (1.7)
Such a function 7 is chosen explicitly later (see equation (Z9).

1.2.2 Fundamental solutions of the wave equation

We now apply to the spinorial wave equation the analytical tools used by Friedlander in [6] for
the tensor wave equation. An alternative method has been used by Klainerman and Rodnianski
to construct an approximate fundamental solution in [I4]. Though their method is more flexible
and well-suited to obtain estimates, it is not appropriate here since, as we will see, the regular part
(the tail of the fundamental solution) is needed to write down a fundamental solution. V. Moncrief
used Friedlander’s method in a paper with D. Eardley ([4]) for the Yang-Mills equations in the
Minkowski space and for the Maxwell wave equation in [I6] on a curved space-time.

We first consider the spinorial wave operator 1Z)2. The Schrodinger - Lichnerowicz - Bochner
formula gives that for any ¢ in D(Spirac):

PPo =06+ 1Sealo (18)

where J = —VjVj . Since the index notations are used from the beginning, a index version of the
formula with its proof is given:

Proposition 1.37 (Schrodinger-Lichnerowicz formula in index version for spin %)
Let ¢4 be a smooth section of S4. Then we have the following relation:

/ 1 / 1
VBA/VAA QSA = 5 (Vcc/vcc ¢B + ZScalg(bB) .
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Proof : The reader should refer for intermediate results to [2I](4.9.2 and 4.9.17).

Vea V%04 = EACVBA’Vé/QbA
= A (VipaViEoa + Vipa Vit a)

1 / 1
= 5sf“CvHH,vHH epoda + gSealyep (formula 4.9.17 in [21])

1 ’ 1
= §VCC’VCC ¢B + gSCfﬂg¢B®

Remark 1.38 o This version agrees with the previous one when noticing that the operator
Va VA s in fact, due to the renormalization induced by the Clifford multiplication, the
projection on Sp of 1/2°.

e A generalization of this formula to arbitrary spin is given later in subsection [Tl

Since () is a geodesically convex domain, it is possible to define globally on €2 the squared-distance

function: . (5) (5)
B dv(s) dv(s
PP(Q) - A g ( dS ) dS > dS

where 7 : [0,¢] —  is the unique geodesic from p to q.
To write the fundamental solutions of the wave equation, it is necessary to construct distributions
with support on a cone: using definition [[.33] let us consider the distributions

0% (Tp(q)) and H*(T(q))

where ¢ is the Dirac mass and H the Heaviside function. These distributions have support respec-
tively, for p fixed in Q, in C*(p) and J*(p).

Remark 1.39 [t is important to notice that these distributions do not satisfy definition .33 since
the gradient of I'p(q) vanishes at the vertex of the cone. Nonetheless, considering the distributions

5i(I‘p(q) —¢) and Hi(I‘p(q) —¢€)

with € positive avoids the problem. The results can then be obtained using a limiting process when
e tends to zero. This method will be used later to expand equation (ZF]).

It is known that the operator P> admits fundamental solutions ([6],[3]):

Theorem 1.40 There exists two bidistributions on €2, C:'qi(p) that satisfy:

V(p.q) € PG5 (p) = 34(p)

in the distribution sense. These two bidistributions can be written:
GE(p) = Ug(p)6* (Tq(p)) + Va(p) H*(Tq(p))-

where U and V* are smooth functions of the variable (p,q). q being fized in 2, the support of C:'qi (p)
is then in C*(q).

The structure of the fundamental solution obtained by Friedlander is the following (the reader
should refer to [6] for more details.)

a. The function U in the singular part can be decomposed into two parts, ﬁq(p) = kq(p)74(p)
where:
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(i) the bispinor 7,4(p) satisfies:

VT, (p)Vi7,(p) = 0 and 7,(p) = 7,(p). (1.9)
This equation can easily be reinterpreted as parallel transport in the variable ¢ of the
bispinor identity along the geodesic from p to g.
(ii) the function kq(p) satisfies the transport equation:
1
2 < VT4 (p), Vkq(p) > +(OT4(p) — 8)kqe(p) = 0 and ky(p) = 7 (1.10)
kq(p) measures the difference between the measure induced on €*(p) N €~ (¢) and the
measure on the standard sphere S? in the sense that, if p is in the future of g:
pe+(gne-(p) = kg(D)r’ g2

where g+ (g)ne-(qp) 18 the Riemannian volume form induced by the metric g on C*(q) N
C~ (p) and pg2 the standard volume form on the two dimensional sphere.

b. The regular part V* of the fundamental solution can be obtained by solving the characteristic
Cauchy problem:

{ OVy(p) = 0forpedt(q)
Valp) = V2(p)forpeCt(q)

where f/qo (p) satisfies the transport equation:

2 < VI,4(p), VV(p) > +(OT,(p) — 4V, (p) = —D*U.

q

For later convenience, the fundamental solution must be split over the decomposition of the
Dirac spinors:

q
The notation A means that the part of the bidistribution in the variable ¢ acts on spinor fields in
- 4+ 4 B
Sa. Their fundamental part is denoted by, respectively, U 4 (p) and U (p).
B q

A
Two backward and forward fundamental solutions for the wave equation can then be constructed.
For Dirac spinors, these fundamental solutions are the distributions:

Dt
DPG (p)
In terms of indices, these fundamental solutions are written:

11 ~ / ~ B’ ’
VEBLGT (p) on S4 KSE and V%B,Qci; (p) on S’ ®Sp.
A B

Finally, we state the following theorem concerning the existence and the structure of the funda-
mental solution for the Dirac equation for Dirac spinors.

Theorem 1.41 There exist two fundamental solutions for the Dirac operator 1, qu (p), with sup-
port in CF(q), for q fized in Q, such that:

V(p,q) € O, DGy (p) = 34(p)

in the distribution sense. These two fundamental solutions are obtained by applying the Dirac
operator to the two fundamental solutions of the wave equation:

GE(p) =DP'GE(p).
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2 Derivation of the integral formula for Dirac spinors

This section is devoted to the derivation of an integral formula for Dirac spinors for the characteristic
Cauchy problem with data on a future null cone. In this context, we will work with the forward
fundamental solution G (p) which will be denoted with no ambiguity G4(p). The singular and

smooth parts of the forward fundamental solution for the wave equation will be denoted Uq (p) and

Va(p)-
The point py being fixed, let p be a point in the future of py in . We define, for these two

points:
* o(p) =€ (po) NC(p)
e D(p) =€ (po) N3~ (p)
* 8(p) =3"(po) NC(p).
* V(p) =3%(po) N3~ (p)
Since 2 is geodesically convex, these instersections are well-defined (in fact, the hypothesis of global

hyperbolicity suffices).

2.1 Representation formula

The first step to obtain a representation formula is to solve the problem with source:

Du=f.
The following lemma is a direct transcription of lemma 5.5.1 in [6]:

Lemma 2.1 Let f in E(Spirac)-
Then the distributions defined by:

V(b S D(SDirac)7 (U/a d))p = (fv (Gpia QS)Q)P

are solutions of the problem:

Du = f.

Proof : The calculation is made first formally. The justication of each step will be carried out later;
it will be sufficient to check that each duality bracket is well-defined and that all the operations
involved (symmetry on Dirac operator, ...) are legitimate.

Let ¢ be in D(Spirac)-

Pru, )y = (u,P"0)y (2.1)
= (f.(G5,D)q)p by definition of u 29
= (f, ) by definition of G;,t. (2.3)

It must be checked to insure that ([Z2)) exists that the function:
— (G;:)tv Dq(b)q

is smooth; we have:

(DG, D9)q = (G, (D)?¢)q =/ (0;[((1),(Dq)2¢)urp(q)(9)+/ (V5 (@), D) d)ula),
C+(p) 3+ (p) (2.4)
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where pr () is the Leray form associated with the function I'y(g), i.e:

pr,(q) = Vip(q)op.

Let m :  — R* be a chart recovering Q (which exists since €2 is geodesically convex). The image
by 7 of p and ¢ are respectively denoted by y and x. There exists a diffeomophism £ — = = h(y, £)
from 7(Q) into R%, where & = (£°,£1,£2,€3) is a coordinate system centered at y, Minkowskian in
g and such that the vector (1,0,0,0) is timelike and future oriented. In this coordinate system, the
measures p and pr, () are expressed as:

det Ade2 A ded
(€12 + (€22 +(&3)

w(q) = k(y,€)d§ and pr () = k(y,f)z\/

with dé = d€® A de! A de? A de? and
CH(g) = {£I€° = V(£)2 + (€2)2+ (£3)2} and 37 (q) = {€1€° > V(E1)2 + (€2)2 + (£3)2}.

The integral (Z4) can then be rewritten:

1GE Ple), = ot (D926 (h(y, ©)k(y, dét A dé* A dg?
PGED = [ g (P Ok O
(2.5)
+ (T o (), ((D*)20) ({3 )k, ). 26)
£024/(81)2+(£7)2+(£%)?

which is clearly a smooth function of y = 7(p).
Since f is a distribution with compact support, there exists K’, an integer N and a positive constant
C such that, for any smooth function v, the following estimate holds:

(f,)<C > sup [[ogyon (y)ll-

la|<N yem(K’)

Let K be a compact of 2. Assume that ¢ has its support in K. Then the previous inequality gives

for ¢ = (Gp, Do)y
()l <O Y sup |105(Grory (7 (2)), D).

la|<N YET(E)

Using the expression of (Gr-1(y) (7" (2)), ¢)s, its derivatives 83 (Gr-1(,) (7' (x)), ¢). are bounded
by the derivatives of ¢ on K:

Sl}ip||83(G7r—1(y)(7ril(x))7(b)wHSCK7K’,¢1 Yo sup |l9fpon(y)l

18<]al+1 ¥ETE)

where the constant Ck k- o is determined only by the derivatives of U, V, h of order up to k + 1
on the compact K x K’ and its image by m. Finally, we obtain:

()l < Y sup [[95(gom Y,

la|<N+1YET(K")

which means that equation ([Z2)) is well-defined.&®
Let u be in E(Spirac). The following proposition gives a representation of u in term of its data
on a null cone:
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Theorem 2.2 Let u be a function with future bounded support. Let py in Q. Then, we have in the
distributional sense:

uH+<r0>:JDq(< / (DPu, Ty (0)) pr, (0) + / (7w, V()i ()
8(q)

+/ (V*To - u, ﬁp(q))uro,rq(p)+/ (VPLo - u, Vp(q))uro(p)> H+(F0)>,
o(a) (

q)

where the two-form ur, r,(p) is obtained via the factorization:

Vo € C(Q % Q), /d)uro p) A ur(q /wpo)/ dury T, (P) A p(g),

where A is the set {(p,q)|p € €T (po) and q € CT(p)}.

Proof Let u be a function with future bounded support, that is to say that the intersection of
supp(u) with any future null cone is compact . We use here the property of the fundamental
solution with lemma 21 with f = PP (uH*(Ty)):

(P (i (10)) . (G- 0),) (2.7)
(v (i o)) (176,.9) )

(uH ™ (To), 6)p

p

(v (it o). (G 179) ) 2.8

p

The duality bracket (Z8) is properly defined since the function p +— (G, D?¢), is a smooth function
with support in the future of Supp(¢), that is to say Ugesupp(s)I T (), and since u has future bounded
support.

The duality bracket (28] is then developed. The first step consists in differentiating the dis-
tributions uH*(Ig). As already noticed in remark [L39 the distribution uH*(I'g) is not of the
type given in proposition [[.34] since VI'g vanishes at py. To avoid this difficulty, we consider the
distributions uwH ™ (T'g — ¢), where ¢ is a positive number. This derivation gives, since proposition
[C34 can be applied:

D (uH*(Ty —€)) = (Pu)H(Tg — €) + Vg - ud* (T — ¢)
which becomes, when ¢ tends to zero:
D (uH*(T0)) = (Pu)H(To) + VLo - ud ™ (I'o).

The bracket ([Z.8) is written as the sum of four integrals:

(2w @), (Gpr0) ) = [ @@ P, @) A )

p

_|_
—

/ D7, (Vo (), D76))a(a) A plp)
+(po) JI*(p)
+ /G*(p)

()

(
(po)

/ (V7T -, (Vy(a), D"0))1a(g) A aro (),
(po) JI+

3
(VPTo - u, (Up(q), P?®))ir, (@) A pory (D)

o~ o

+
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where pr, and pr, are the Leray measures associated with I'g and I';, respectively.
Switching the order of integration of the variables, we get:

(o). (@npre) ) = [ [ (@G P, 0) A
! /a+<po>/a—<q>ma+<po> (P Vo)) PO)ue) A (a)
* /3+<po>/ff<q>me+<po> (VPTo - u,Up(q)), D) piry.r, (p) A 1(q)
i /3+<po> /a<q>me+<po> (V7T - u, Vi (@), P0) pary () A pi(0)-

Finally, the duality bracket [27) is:

(uH™ (o), ¢) = <</ (DPu, Up(q)) pr, () +/ (P*u, Vi (q)) pr, (p)
$(q) V(q)

+/ (VPTo - u, Up(q)) pro.r, (p) +/ (VP - u, Vy(q)) pir, (P)) H+(Fo),12)q¢>
a(q) D(

q) q

which means that, in the sense of distributions, u satisfies, using the symmetry of the operator ?:

o) = <</ (P"u, Up(q)) i, (p) + / (Pu, V,(q)) ur, (p)
8(q) V(q)

+/ (VPTo - u, ﬁp(Q))uro,rq(pH/ (VPIy ~u,‘7p(fJ))uro(p)> H+(F0)> ®
a(q) D

(q)

A direct application of the previous theorem is the first integral formula for the characterictic
Cauchy problem:

Proposition 2.3 Let u be a smooth solution of:

Pu=0

Then u can be expressed in J* (po) in function of its restriction to the cone €T (pgy) by:

D(q)

g+ (po) = P* <</U(q) (VPTo - u, Up(q)) pro.r, (1) +/ (VPLo - u, Vi (q)) pir (p)) H+(Po)> :

Remark 2.4  a. This formula is not the final stage of our calculation; the fact that it only
depends on initial conditions will be stated later. This is the purpose of the next subsection.

b. The vector VT'y being null along the cone CT(py), Clifford multiplying with VLo means in fact
contracting with the spinor form of VI¢; a direct consequence of this is the fact the Clifford
product of the 4-components Dirac spinors with VI does only involve the two components,
uo and u''. The two remaining components are recovered using the constraints equations (cf.

lemma[57 below).

2.2 Integral formula

The integral formula is derived in three steps:
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e construction of the appropriate geometric tools (derivation of measures, spin basis);
e interversion of the integral and the Dirac operator;

e and finally obtention of an expression of the singular part in terms of geometric quantities
and initial data.

2.2.1 Geometric data on the cone

This section is devoted to the calculation of the relevent geometric quantities for the intersection
of €T (po) NC~(q) = o(q) for a given point ¢ in the future of py. This is widely inspired by section
4.14 of [2I]. There are also some calculations of interest in the work of Frittelli, Newman and al
([7, for instance) and Nurowski — Robinson([19]). This kind of calculation is also very common in
the study of Ricci flows.

We first choose a parallely transported vector field [ along the null cone €% (pg):

Vil =0.

We then consider, for a given point q in 7 (pg), a point p in o(q). We construct at p a Newman-
Penrose tetrad:

a. the first null vector is the vector {(p) at p;
b. n(p) is chosen on the future oriented null geodesic from p to ¢ such that g(I,n) = 1;

c. we complete the basis by taking a pair of complex null vectors m(p) and m(p) in the orthogonal
of the vector space generated by (I,n) such that g(m,m) = —1.

A Newman-Penrose tetrad is then obtained at each point ¢’ on the cone €~ (gq): let p’ be the point
in o(q) lying on the unique null geodesic from ¢’ to ¢; the Newman-Penrose tetrad is obtained in ¢’
by parallely transporting the one at p’ along the unique null geodesic from p’ to ¢'.

Remark 2.5 This construction cannot be realized globally on the intersection CT(pg)NC~(q) = o(q)
which has the topology of S%. It will be necessary to make this construction on two different open
sets and then glue these constructions together to obtain the result which only depends on | and n.
We assume then that the construction is done on one open set.

This choice of Newman Penrose tetrad gives us:

e a basis of TQ ® C and, consequently, up to a sign, a spin basis of S4 that will be denoted by
(04, 14);

o if ¢ is fixed first and p is chosen on o(g), the vectors m and m span the tangent plane to o(q)
at p: B
T,o(q) = { \m + Am|X € C};

due to obvious topological obstructions (see remark[Z3]), this construction cannot be extended
globally to all o(q).

e the choice of I, which is parallely transported along the generators of €T (pg), and n, which
is parallely transported along the generators of €~ (g), gives rise to two affine parameters rg
and r along the null geodesics on these two cones.

e these two affine parameters give rise to two parametrizations by the sphere S? of o(q) using
the exponential map at py and p respectively:

exp,, : S — Q
W  — exppo(ro(w)w)
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and
exp,, : S? — Q
w o exp,(r(w)w)

Let ¢ be a point fixed in J*(pg). We consider a point p on o(g). In a neighborhood of p, on
o(q), is defined a Newman-Penrose tetrad (I,n,m,m). The dual basis in TQ* @ C is denoted by
(L, N, M, M) for which the following lemmata are true:

Lemma 2.6 The induced metric on o(p) is —2M M, the volume form %M AM and the mean
curvature vector:
H =2(p'l + pn)

where p and p' are the real spin coefficients:
p=—(,Vmm) and p' = —(n, V,, /)

Proof : These results are straightforward consequences of the presentation concerning two-surfaces
in [2I] (section 4.14, proposition 4.14.2 sqq.)

The reality of the spin coefficients is stated in proposition (4.14.2) of [2I], whenever | and n are
orthogonal to a spacelike 2-surface (here o(q)).

Since (m,m) span T'o(q), the second fundamental form is:

Y(X,Y) € Tolq), II(X,Y) = (VxY,m)l + (VxY,I)n
so that the mean curvature vector is:

H = —(II(m,m)+II(m,m))
= —((('m,n) + (dm,n))l + ((6'm,1) + (6m,1))n)

Since (see [2I] (4.5.28) together with (4.5.29)):

dm = (B—a)ym—pl—pn

m = (a—B8)m-—pl—pn
and since p and p’ are real, we obtain:
H=2(l+pn).®

In order to compute the Leray forms associated with the distance function, we use the expressions
of the gradients of the distance functions I'y and I'y:

VPTo(p) = 2rol(p) and VPT4(p) = 2rn(p) (2.9)
The Leray forms can then be expressed using the dual basis of the chosen Newman-Penrose basis.

Proposition 2.7 The Leray forms ur,, ur, and pur,r are:

1 _
UTy = —NAMAM
2ir0
U = —LAMAM
N 2@71“ 1
= MAM=—pu,
HTo,T 4irgr 47‘07“'u (P)

where VPTo(p) = 2rol(p) and VPTy(p) = 2rn(p)
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Proof : The volume form on 2 can be expressed in terms of the Newman-Penrose tetrad as:
1 —
p==-LANANMAM
i
so that, since dI'y = 2oL and dI'; = 2rN, we obtain immediately:

1 1 —
,up(,:—N/\M/\Mand,up =—LANMAM.
2irg 2ir

The calculation of ur, r is obtained through the factorization given by Fubini’s theorem:

Vo € C(Q % Q), /d)uro p) A pr(q /ﬁm)/ dury T, (P) A p(q),

where A is the set {(p,q)|p € €*(po) and ¢q € €T (p)}. We get the desired expression of yir, 1,

1 — 1
UTo, Ty = 42'7‘OT'M ANM = mug(q).@)

The next step consists in determining the variation of the metric ji,(4) when ¢ is in J*(py). We
first establish the technical lemma:

Lemma 2.8 Let (N, h) be a smooth semi-riemanian manifold with metric h and Levi-Cevita con-
nezion D; let X be a smooth vector field on N. Let (M, g) be a submanifold of N such that the g
metric induced by h is non degenerate and depending smoothly on a parameter p in N in the sense
that there exists a smooth manifold ¥ and a smooth map f: N x X — N which satisfies: f(p,*) is
an immersion and f(p,X) = M,.
We denote by i, the induced volume form on M,,.
Then:

D pip = —h(H, X)pp

where H s the mean curvature vector field on M,.

Proof : The Levi-Cevita connection induced by g on M, is denoted V.
Let p be a point in N and ¢ a point in M,. We choose around ¢ a map
(V, (2,22, 2™), (@™, .. 2"F)) normal at ¢ and M, NV = {a"t! = ... = z"** = 0} such
that, at ¢:
Vo 0z = 0. (2.10)

The volume form on M,, around ¢ can be expressed:
Uy = |det(gij)|édx1 Adz? A - Ada™,
We calculate the derivative:

ngzg

Dx i, = Sign(det (gij)) m

|det(g”)| de' Adz? A~ Ada”

and then evaluate at ¢, where the coordinate system is normal:

1
DX,UP = Z §EiDX.g(azivari):u;D

i=1
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with €; = ¢g(0y:, 0,i). Since the connection D on N is metric, we get:
n
Dlefp = Zsih(DXGmi,awi)up
i=1

= Z Eih(DamiX + [Xv 8ﬂc’i]7 89&):“;0

i=1
=YD, X 0,0~ B(X, Dy 8) 4 (X, 0] ) )ty
Since Dy _, 0pi = Vg, Opi + 11(0yi, 0yi), we finally obtain:
Vxpp = —h(X,H)u,+ isi(Damih(X, Opi) = (X, Vo, 0pi) + h([X, 0pi], Opi ) -
i=1
We then notice that, for ¢ in {t1,n}:

ox’ ox’
W and Daﬂh(X,@w ) =&i—— oz .

Since Vg _, 0, is vanishing at g, the only remaining term is:

Vixpp =—hX, H)pp.@

A straightforward application of this lemma is the proposition:

h([X, 3901], 8901) = —&;

Proposition 2.9 Let f : Q% — Spirac be a smooth mapping.
Then the following formula holds:

Dq/ J(@,p)bo(q) (P / P f(q,p) + VPro -V f(g,p) — 20V70 - f(4,P)o(q) (P)

where g, being a function of both p and q, satisfies VI'g = 2ryl.

Proof : Let V a vector field on 2. We work with the exponential map centered at py. o(g) can
then be parametrized by S?:
w > expy, (ro(q, w)w).

Let us consider the variation of o(g) defined by, for some positive e:

| —¢e,e[xS? — Q

(t,w) —  exp,, (ro(q + tV,w)w) -
Since
Vi (f@p) = Vi(f(g expy,(rolg,w)w))
— quf(q,p)+(jtf(q,exppo(m(qﬂvw )\t .
and

(35 @ exmparola+1V:000) ) | g = VoV ).

this gives, using lemma 2.6}

Vi / (@, D) o(q) (P / VU f(a,p) + ViroV] f(a,p) — 20V ro f (a4, 0) 1o q)
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so that, when choosing an orthonormal basis (e;) on §2, we obtain:

pe / F(@ ) toe) () = / D9 F(q.p) + Vo - V2 £(0.0) — 209970 - (0, p)io(n)(0)-@®
o(q) o(q)

We finally establish the following proposition:

Proposition 2.10 Let f : Q% — Spirac be a smooth mapping.
Then the following formula holds:

pe fla,p)pr, (p / P! f(q,p)pr, (p / Virg - £(q, p)%(q)( ),

D(q) 2r
where ro and r, being functions of both p and q, satisfy VPI'g = 2rgl and VPT'; = 2rn.

Proof : We use exactly the same method as in the proof of proposition 2.9l Using the parametriza-
tion of the exponential map centered at pgy, we have:

q q ro(q,w) dr
[ sepm@ = [T e gk s
/ P?f(q,p)ir, (p / Virg - f(q,mw)

k(w,r)dwg:
2r

/ qu(q,rw),upo (p) + @q’/‘o . f(q7p)'ug(q7)(p)®
D(9) o(q) 2r

2.2.2 Derivation of the integral formula

We now consider the characteristic Cauchy problem on :

Pu = 0ond*(po)
{u = 6on G*(p%) (2.11)

where 6 is a smooth spinor field on €% (pg), whose support does not encounter the vertex of the
cone and satisfies the constraint equations given by lemma 3.7

Remark 2.11 The term 7spinor field on the cone” must be understood as “trace on the cone” of a
Dirac spinor field on 0 and not as a spinor field constructed as spinors on the manifold €% (po).

The basis constructed in the previous section is used to split the spinors:
0 =eVef + ety =0 + VT + Go(—1a) + Croa. (2.12)
u will be split on S4 ® sA:

= ¢a+ov?
= Go(—ta) + proa+ 900 + A

The solution of ([ZI1)) can be written in function of its data on the cone and the basis (0%, 14):
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Theorem 2.12 Let u be a solution of (ZII)). Then, for any q in J*(po):
k / , ,
woy= [ (B (97 0) 06 ) (o) oa@hoi )
o(q

+ ( )fll(p)VAA/ (kp(2)04(q)) to(q) (p)

/

+/U( (ka(Q)) (V¢o(p) = p¢o(p) (Vi 470) 3 () o(q) (P)

q)
o Van (B0 @) b @) + [ T (97T 0, Ty () Lo
() o(a) "

4 / ("7, Lo - wpr, (p)
D(q)

Remark 2.13 [t is possible to obtain a representation formula for the Goursat problem for the
Weyl equation: ,
VAT ha =0

by projecting the solution obtained in theorem [Z.1Z9 on the subspace of Dirac spinors Sy.

Proof : Let g be a point in J*(pg). Using proposition 23] proposition 277 and proposition 210}
we have:

N - 1 N ~ Mo‘(q) (p)
— ¢ P . U + V4 (VP - V
U(q) B 12) </<7(q) ( Lo -u, p)p 4r07‘u0(q)> "o ( ot p(q)) 2r

a(q)

+/ (VPTo - u, PVy) i, (p)-
D(q)

The bracket in the first integral can be calculated as follows:

~ @’TO U _ 1
<Up, W) = kp(Q) (Tp(Q)7 ﬂn : U)p
P

= iV2k,(q) <Tp(q), _ (—IAA/“SA + lAAWA/))

P

= VB (105 (05" 01 +0sa00 ")

— iVaky(g) (Tp(qx o (~o00" + WA))

p
2r

p

(=00 @) (@) + " (P)oa(a)
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We then use proposition to calculate the first integral:

~ A 1
q P, - N
JZ) (/o'(q) (Up; v 0 u)p 47"07"“0((1))

= iv/2p* </( )kp(q) (—qﬁo(p)ﬁ“" (q) + wl’(pm(q)) %ug@))

:ﬂﬁ/mw%@<wmwﬁw+wwmmv

2r 2r

—%@wﬂm+mem@v
2r 2r

+Viro - VIkp(q) <

—%N% : (—¢o (p)o™ (q) + v (p)OA(Q)) I (q) (D)-

In order to simplify the calculation, the previous formula is projected on S4. The singular part on
this subspace is written, after expansion:

_ 5A’
i\/ﬁ/g(q) N </€p(q) <w>>
V2V, rVP <kp(q) <M>)

—m@#@ﬁ

A

—(iV2)kp(q)pV% 470 < Ho(q)(P)-

- e <kp<q> (w)) FVY ¥ <k,,<q) (w»

_ 54
—2kp(q)pv?4A,ro< do(p)o” ()

"
, .
= - $o(P)Vihar <kp(q) " )) +ViaroVy <kp(q) (M))

a(q)

_ 4
=2k, (q)pV 40 <M> Ho(q) (P)-

r

Expanding all the products:

4 - —L@@Mﬂ@ﬁwww(““§+(“f§vxﬁ”@)




Since the quantities which appear in the integral are the restriction of u and its tangential derivative
along the null cone € (pg), ¢ can be replaced in the integral by the data of the Goursat problem

Co:

r

+ Co(p)Vaar ((ka(Q)) ot ((1)) Ho(q)(P)-

a(q)

/ . (’“—(q)) (V200 (p) — 2060(8)) (T 470) 7 (@)ptoa) ()

We obtain the complete formula for Dirac spinors by adding the corresponding quantity on S4’,
meaning:
kp(q) pel’ -~ iy AA’
» (Vi€ 0(p) = 2p&" (p)) (V4" 70) 04(@)ho(g) (P)
a(q

r

" /o'(q) Golp) VA ((ka(q)) 0A(q)> Ho(g) (P)-

Noticing that the calculation has been done for (U,(q), VT'y - u) in order to use the definition of
7(p, q), we obtain the complete formula using the antisymmetry of the symplectic product.®
It is now possible to obtain the formula established by Penrose in [20] in the Minkowski case:

Theorem 2.14 (Penrose) Let u be a solution of (2.11)).
Then, for all q in 37 (po), u can be written:

u(q) = /( | L(V‘fé“l/O(p) —2pe¥ (p)) (V?A'To) 04(0) 1o (q) (P)

2mr

[ e (VEG) ~ 2060) (Va0) 5% (@)
a(q) <77

Remark 2.15 First of all, the meaning in the context of a flat space of the choice of the basis
constructed in the previous section should be made precise:

A

e the spinor 0” is chosen to be constant on the null generators of the cone; the affine parameter
A—A

ro is measured with respect to the vector [ = 0“0 ;

e a direction on the cone CT(pg) being given together with a point q in JT(pg), let p be the
intersection of @~ (q) with this direction on the null cone from po; the spinor 14 is chosen so
that n® = 74" is colinear to the vector pg and satisfies: oat™ = 1; the affine parameter r is

measured with respect to the vector n® = 1474 ;

o the basis is completed by the two vectors m® = oAt and m* = 494

This construction is the “flat” version of the one made using parallel transport.
Proof : As done in [20], it is sufficient to remark, for a direction w on the cone C*(po):
q = po + rol*(w) + rn®(q,w),

which implies:
Vir =14, Virg =n

and k,(q) = 5.

2m
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Remark 2.16 [t is interesting to note that the term that carries the curvature information in the

singular part is:
v ((k”T(Q)) 0A>. (2.13)

It is somehow difficult to give a precise geometric interpretation to equation ([ZI3). Nevertheless,
clues can be found in theorem 4.2.2 in [6] that states that (k/r)* measures the growth rate of the
Measure fly(q)-

3 Generalization to higher spin

In this section, we obtain an integral formula for solutions of the Goursat problem for the Dirac
equation with arbitrary spin. The derivation of the formula is based on the representation formula
for the Weyl equation which can be extracted from theorem
Let us consider the characteristic Cauchy problem for spin & = s > 1 (n being the number of
indices of a spinor):
{ VA uap. p = 0onJt(po) (3.1)
U00...0 = foo..o on C*(pg) '

where u 5., p satisfies the symmetry conditions:

UAB...F = U(AB...F)-

First of all, it must be noted that, on an arbitrary curved space, the problem (BII) cannot be
set if a consistency condition on the conformal curvature is not satisfied ([I], [5] and [I7] for the
Rarita-Schwinger case for a treatment of the Cauchy problem). It is known that for the Dirac
massless equation for low spin (n < 1, i.e. scalar wave, Dirac-Weyl and Maxwell equations) this
condition is always satisfied. For higher spin, it is satisfied whenever the space-time is conformally
flat. Nonetheless, it is expected that the method could be adapted to the Rarita-Schwinger case
which requires the space-time to be Ricci flat.

3.1 Generalization of Dirac equation to higher spin.

The construction that was made before for Dirac spinors is adapted here to spinors of higher valence
so that the symmetry conditions of the Clifford multiplication and Dirac operator still hold.
Let us consider E the fibre bundle defined by:

E=Sap.re SA,G...I'

This fibre bundle is equipped with the symplectic product obtained from e:

EAAaBB...EFF @eA,Z/sGG...aH

and a Clifford multiplication by vectors: if u = ¢ap.. .+ ¢A/G...1 belongs to E, we define e, - u,
where (€a)a=0,....3 is the basis constructed in subsection [T

€a U= —Z'\/igaAAlﬁbAB...F + iﬁgaAA’¢A,G...I'

We finally define on smooth sections v = ¢ap.. . r + wA/B...F of E the following operator (that
will be denoted by I as the Dirac operator for Dirac spinors):

Pu=ivV2( =V ap p+Varvs ;). (32)

The distributions on smooth sections of E are defined using the (non degenerate) symplec-
tic product € in the same way as in section The duality bracket will still be denoted by
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( )D,(E)Q(E)), Let u = ¢pap..F+ ¢A/G...I and v = €A F + CA/G...I be two smooth sections of E.
We have:

(v, u)pr(),D(E) = / (EAAEBB e eap péapp e w0t ﬁ) 1
Q

— AgA...FQSAWF +<—A Gm[’lr/)A/G.“I,u

We finally extend the Schrodinger-Lichnerowicz formula to arbitrary spin:

Proposition 3.1 (Schrédinger-Lichnerowicz formula for arbitrary spin)
Let be Yp. 1 a smooth section of Sp._; (n indices).
Then the following formula holds:

’ ]. 1
Vpa Vi p 1 = §VHH’VHH YBG..1
— X' PYpe.1r— Xt Pvrp. g — - — Xt PYre b

where X apcp 1s the curvature spinor:

1 !’ !’
X y
XaBep = ZRAX/B cy'p

R = Rupeq being the Riemann curvature tensor of Q.

Remark 3.2 It must be noted that the potential of the operator ]Z)2, though linear, is no longer
scalar and not even symmetric.

Proof : the proof is almost the same as the proof of proposition [[.37t
VBA’VFA/"/)F...I = 5FCVBA’Vé/¢F...I
= ¢ (V[B\A’V\AC:]@/JF...I + V(B\A’vrg)wF...I)
= %5FCVHH’VHH/<SBC¢F...I +e" OV g Viewr. 1

]. ’ !
= §VHH/VHH Ypa.. 1+ Vi aVigwe. 1

The spinor ¢ is then split as the sum of tensor products of spinors of valence %, and, then as
explained in [2I] (vol. 1 p. 245, together with formula (4.9.4), (4.9.5) and (4.9.8)), using the fact:

ViglaVigup = —Xpe” pup

for any smooth section of Sp (formula (4.9.8) in [21]), we obtain:

VipaVigwre.1 = —Xpor ¥pe..1 — Xpoa ¥rp..1 — Xpor“vre..p
and finally:
’ ]_ ’
VeaVi4%9Yp 1 = —§VHH'VHH YF..1
- e"(XperP¥pe..1 — XpegP¥rp..1 — Xpervre..p)

1 ,
= —§VHH/VHH VE.T
— X' Pype.1— XgtPYrp.g— - — Xt PYrc. p®

As an obvious consequence of the definitions chosen for the Clifford multiplication and the Dirac
operator on E, the following proposition holds:
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Proposition 3.3 The Dirac operator D on E and the Clifford multiplication by a vector field v on
Q) are respectively symmetric and skew symmetric with respect to the duality bracket (,)p: (&), (E)
that is to say, for any ¢ and v smooth sections of E with compact support :

(6, D)o (E),DE) = (PP V)p/(E),DE) and (9,0 V)DI(E),DE) = — (V' D V)D(E),D(E)):

All the methods that were developed for Dirac spinors can be used here, provided that we assume
that we are working with E-valued distributions. The structure of the fundamental solutions for
the wave equation are the same:

G (0) = rg (0)7p(@)8(Ty(p) + Va(p) Hy (p)-

where G is a bidistribution in &(E) X D’(E) which satisfies the wave equation:
(P")*G7 (p) = 6,(a),

0,(g) being the Dirac mass in p. The application 7,(q) satisfies the equation:

(7(p), ) = ¢ and V{T,(q)V'7,(q) = 0. (3.3)

Remark 3.4 The functions 7 and V' are more complex to write and we do not even try to do so,
since the properties given by the equations (I3) are sufficient to conclude.

A direct consequence of the previous remark is the following proposition:

Proposition 3.5 The Dirac operator D acting on sections of the fibre bundle E admits two funda-
mental solutions Gg(q) =PIGE(q), in D'(E)XD'(E), with, respectively, support in CE(p), for any
given p, which satisfy, in the sense of distributions:

PG () = 3,(q)-

Finally, we present the compacted spin coefficient formalism introduced by Penrose and Rindler
n [21]. Let o*, 1 be a given normalized spinor basis and consider the rescaling, for A in C:

A
ot — Mot A — LT (3.4)

Definition 3.6 A spinor ¢ is said to be of weight (p,q) if and only if, under the transformation

BA), ¢ is rescaled as: B
o — A'X'¢

The integer %(p — q) 1is the spin-weight of ¢ and %(p + q) is its boost-weight.

We consider the Newman-Penrose tetrad (I, n,m,m) associated with 0,14, We define the differ-
ential operators with regard to these weights: let ¢ be a (p, q) spinor. We define:

po Vi¢ — ped — geg
9'¢ V¢ — pag + qaig

where € = 14V,04 and a = 14V04.

Though the formalism of the Newman-Penrose tetrad will still be used, the usual notations
0,14 for the basis spin basis are replaced by i, e, All the calculations will be performed using
these notations. We must recall what is the link between these two notations: the spinor basis

33



(0?4, 14) is rewritten (gf',£1'), so that the dual basis is (¢%,¢ly) with €} = —14 et e}y = 0. In this

formalism, the spinors €y satisfy:
J_A_ 5]
€uer = 0i.
Let now consider the field equation for spin 3:

VA g p =0

for a symmetric field ¢pap...r = ¢(ap...r) with n indices; for j in {0,1,...,n}, we define:

A C_D F
$; = €p..-€0EL ---€1 PAB..F
——— ——

n-j times j times

A C D F
o ...0o" L ... AB...F
H/_/H_/Q/)

n-j times j times

which are the only relevant components to calculate the field ¢ 4. p wich can be written, because
of its symmetry:

- n
ba..F > (j.)qﬁjs?A...s%s}j...s})

j=0 —_—
n-j times j times
- n
= E (—l)n_J(,)qf)jL(A...LcOD...OF)
=0 J —_——— ———
n-j times j times

The quantity ¢; is a (n — 2r,0) scalar field. It is known to satisfy the following lemma (see [21],
4.12.42):

Lemma 3.7 Let j be an integer in {2,...,n—1}.
Then ¢j11, ¢5, ¢j—1 and ¢;_2 satisfy the following relation:
po; — 01 = (] —1)o'dj_2 —jT' ¢ 1 + (n—j — 1)pd; — (n — j)Kdj1.
Remark 3.8 This is the more accurate way to write down the constraints equations on the cone,

since the restriction to the tangential derivatives is obvious.

We conclude this section by giving the following relation between weighted scalars and differential
forms (see [21], 4.14.70):

Proposition 3.9 Let X be a two dimensional spacelike closed surface with volume form ps and o
a (1,—1) weighted spinor.
Then the integral of &'a over ¥ vanishes:

/ daps =0
)

3.2 Integral formula for spin 7
Let us consider the future characteristic Cauchy problem for the Dirac operator on E:
Pu = 0on J*(po)
{ w = 6HonCh(py) ° (3.5)

where 6 is a smooth compactly supported function on the cone €+(p0). It must be noted that the
problem (33]), contrary to the problem stated in (B3], does not contain symmetry assumption.
This assumption will be made afterwards to obtain the integral formula for (31).

By doing the same calculation as for proposition ([Z2)), a direct consequence of proposition (3.5])
is the following integral formula:
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Proposition 3.10 Let u be a solution of (1) in E. Then u can be written:

. - 1 . -
u(g) = P* / (V7Po-w.0y) st | + [ V0 (V7T0- 0, V(@) 2rma() (p)
o(q) p 4ror ()
+/ (VPTo - u, DUV, ) i, (p).-
D(q)

The formula must now be simplified using the previous methods and a decomposition of the
spinor ¢ on the same basis as in subsection 22T} u can be written:

A _F A A B _F
U= QA FEL---Ep+ V5 pEAER .. Ep

The solution of ,
{ VAYuap. p = 0on J*+(po) (3.6)
UAB...F = Oap..ronCh(py) ’

obtained by projecting on S4.. r the integral formula given in proposition .10

Proposition 3.11 Let ua. g be a solution of:

{ VAY Uap. p 0 on J*(po)
UAB..F = Oap..r on C(po)

Then, ua. . p can be written:

A = / . (’“—(”) (V0s..5(0) — 20008,.2(1) (V40 70) el (@B (0) - B (@ptoe

* /a(q) Go8..#(p)Van <(ka(Q)> 564/ (Q)Eg(Q) .. eg(q)) Lo (q)
T @‘ITO ’ (vaO U, VP(Q)) %(2(17)(])) + / (@PI‘O - U, Dpf/q),ul“o (p)
o(q) r v,

Remark 3.12 Since our interest is in the singular part of the integral representation of the solution,
we do not give a more explicit expression of the smooth part of the integral formula.

Proof The first step is to calculate the contraction VP - u:

A ! !’ !’

VPTo-u = —2iV2roeligs (da. et .. ) + 2iV2roed % (VA5 peacn .. cp)
. _ ’ _ ’ ’

= 2iV2ro(—e4 8 Pa. 7Y + XL UG pea)ED .. R

. ! !
= 21\/§T0(¢0B_HF864 - ’g[Jl B___ng)sg .. .EE.

Since 7,(q) is obtained by doing a tensor product between an element of the spin basis at a point
p with the spinor obtained by parallely transporting this spinor along the geodesic from p to ¢,
which is an element of the spin basis at ¢, the symplectic product (7,(q), VPLy - u) realizes a switch
between the variables p and ¢:

(7(q), VPTo - u) = iv/2ro (doB..F(p)ed (0) — ¥ 5. ¢ (0)Es(0))eB(a) ... h(a).
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The interversion of the symbols [ and P gives (we only make the calculation on Sa.. p):

V2V ( /U " 2iv/2rodom.. & (P)eg (a)ep(a) - .sg(q)upmpq) (3.7)
=/ ¢oB..F(P)Via (kqip) e (9)eB(q) . . .gg(q)> Lo (q) (3.8)

_ /a ) kg £p> (Ve don..#(0) (Vi ar0)et ()eB(q) - - e5(@) oia) (3.9)
_ /a YV (@) (¢om. £ (D)) (Viur0)ed (@2B(0) .. 2B (@) toa) (3.10)
+ /a " 2pkq7(m(¢oa..p(p>)(ng/ro)sé’ (@)eB (@) - €5 (@) tto(g) (3.11)

which can be simplified in:

V2V ( /U " 2iv2ro¢os..F(D)ef (@)eR(q) .. -fg(qnm),rq) (3.12)

- _/( ) (qu(m> (Vi ¢oB...e(p) — 2pd0m..0(p)) (Viaro)es (0)e3(a) - ch(@og  (3.13)

-/, )¢OB...F(p)vAA’ ((qu(M) ed (@)e3() - - 8?((1)) Ko (q) (3.14)
a(q
The next part of the integral formula is exactly the same as in the case of the Weyl-Dirac spinors
and is obtained in a similar way.
Finally, to obtain a solution of the full problem with symmetry, it is sufficient to symmetrize
the unprimed indices in the formula; we then give a representation, when the problem (B.I) makes
sense (i.e with adequat restrictions on the curvature for spin greater than %)

Theorem 3.13 Let ua.. r be a solution of the symmetrized characterictic Cauchy problem

{VAA/UAB,,,F = 0 onJ*(po)

3.15
Uo = Oap..r on CT(pg) (3.15)

where uap.. . satisfies the symmetry conditions: uap.. p = U(AB...F)-

Then the singular part of the integral representation of ua.. p, that is to say the part supported on
the intersection of the cone is given by the formula:

/ . (kq (p)) (Y b05..5(5) — 2p008..5(0)) (V4 u10) e (2 (0) .. E(@rtote

r

oun #0)Var (42 i @eB@)--E @) ) oo

a(q)

3.3 Integral formula for spin 7 in the flat case

This subsection is devoted to the recovery of the Penrose formula; with the same notations as before,
the following proposition holds:

Proposition 3.14 (Integral formula for the flat case for spin §) Let ¢4..r be a solution of
BI9) on the Minkowski space time.
Then ¢ can be written:

2mr

ba.F = (_1)n/( )(vl¢0 —(n+1)ppo)ta .. .LFm
olq
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Remark 3.15 The formula which is given here agrees with the one obtained by Penrose in [20]
(formula 4.9). The (—1)"™ comes from the fact that Penrose chooses the convention:

LA'—>—LA

because of the different choice of normalization (formula (4.7), op. cit.):
L AoA =1

whereas our convention is:
OALA =1.

Proof : We summarize the geometric elements required to perform the calculation:

Remark 3.16 We recall the main properties of the spinor basis which was constructed in section

221

a. the spinors o and 1* are constant along a generator of the cone J*(po), so that the spin

coefficients corresponding to the derivatives of 04,1? along the vector 1* = 0464, k,e, 7’ are
zero;

b. furthermore, for q in 3% (po), the basis (04, 14) is parallely transported along the integral curves
of AT and so, in the flat case, is constant along the null generators of the cone J~(q);

c. the derivatives along m of o® and 1 are calculated explicitly (see [Z1], 4.12.28):
00 = —p? and 't = —o' 0
d. the derivatives of 1* and r can be explicitly calculated by differentiating the relation:
A-A

pop® = rol®* + 1T
for any p in 3% (po). Their derivatives are:
A L4 _
Vept” = —=1gop o™ and Vaar = 0404 (3.16)
r
and, consequently, the only non-vanishing derivative of 1* is
1
Vot = =04
r
and the spin coefficients

= —AVa, 0’ = —AVima, B = —a = —1AVaa and B = —a' = =14V ia

vanish.

A

e. Using equations BI0) and since 1** is a (—1,0)-spinor and r is a (1,1) scalar, the following

derivatives vanish:
A =0 and d'r = 0.

For the sake of clarity, the calculation is first performed for the Maxwell equations and then for
the arbitrary spin. The first step is to write the Maxwell equations

VA gap =0
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as

Vigr = Vmdo = (7 —2a)po + 2pd1 — K2
Vigs = Vi1 = —Apo+271h1 + (p — 2€) o (3.17)
Vimd1 — Vado = (1—27)po +27¢1 — o ’

Vo2 — Va1 = —véo +2up1 + (1 — 20)¢2

with the convention ¢gg = ¢o, ¢10 = ¢1 and ¢11 = ¢2. We then consider the singular part:

/( ) (kq(p ) (V1 on(p) — 20006 (1)) (V' 470) 5" €B ot
olq

- / (@) ( o ) (Vidon(p) — 20605 (p)) (LALA/)% B Ho(q)
— L,
/g(q) <kq(p ) Vl boo(p) — 20¢00(p))LALBug(q)

/ ( (P ) (V7 601(p) — 20601 (1)) 405 10(q)

=B

P ) (V7 0w (p) — 2000b(P)) L AE B e (q)

with & = z1-. Using the first Maxwell equation (BI7), and since, for the choice of basis which was
previously done, the spin coefficients k = 02V,04 and ™ = —LAVII, 4 vanish, we obtain:

B = /U(q) (kq—(m) (V7' 601(p) = 20001(p))a0B110() = /

” — (V00 — 2000 ) LAOB L5 (q)

(q) 27T

_ / N (¢00LAOB> _ggfo0taos vﬁrﬁbOOLA;B _ $00taVia(oB) — ¢ooVm(ta)on
o(q) 27r 27r 27y 27r 27y

Ho(q)

Since
!’ !
_ B p _ B=B'___ p _
=r=1"0", Vppr=1"0 opop and Vo = —ptp,

/ V%<¢0;LAOB> _2a¢0(;LA ZH—
a(q) r r

by Stoke’s theorem (cf. (4.14.70) in [2I]; it is possible to reinterpret this expression using the
compacted spin coefficient formalism), we obtain:

and

$o0
B p— lod .
/U(q) p27T’I" LALB Mo (q)

We finally have the expected integral formula for the Maxwell equation:

r

k !
/( ) <M> (Vf¢0b(p) — 2p¢ob(p)) (viA/TO)ES‘ (Q)E% (q)p’ﬂ(fl)
olgq
- /g<q> (Vidoo = 2p)uats % B

Heo(q)
= Voo — 3 Pola),
/U(q) (V] oo pP)LALB oy

The first step of the general proof is to notice that, as in the Maxwell case, the only remaining
term in the flat case is the equation [BI3) since the term ([BI4) vanishes. So the simplification of
the equation (BI3) can be done using the same methods.
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A direct consequence of remark is that the relation given in lemma [B7 is considerably
simplified:
Vi€ {Lin—1}.pd; — 2p6; = 8 dy1 + (n— j — Dpa. (3.18)

In the Minkowski case, the only non-vanishing term in the integral formula is the following:

r

/ . <kq_@) (V2 60b...£(p) — 2000b...£(9)) (V4 a0) <t ()3(0) - . €5 (@hioia)

which can be simplified in a flat space as:

_ /U(q) %(Vf(bOB...F(p) —2p¢or.. F(P))(a(@)EB(0) - - €5y (D ho(q)

Consider the generic term in this sum: let j be an integer in {1,...,n —1}:
1
[ 5 ¥ = 200 @B @)y @ty

Since ¢; is obtained by contracting j times ¢ 4. with 1A and n — j times with o?, it means that
there is exactly j times 04 and n — j — 1 times —t4 in the list €B(q)...c%(q); since the sum is
symmetric, it can be written:

1
/ 5 (V195 =2p05) tia(=tB) - - (=tc) 0D - - - 0F) Ho(g)-
o(q) 47T ~—

n—j terms j terms

Using equation (3.1]), it becomes:

1

/( : %(V@j —2p¢;)L(A - LCOD - - OF) o (q)
olq
1

/
) 271'7"6 (Pr—1)tA...LCOD .. OF) o (q)-

1 .
:/()Z—W(n—]—]_)p(bjL(A...Lcop...OF)/LO.(q)+/(
o(q o

Using remarks [3.16] the last integral is written as a difference:

1
/( ) —8I(¢j—1)L(A ...LlcOp . -'OF):U“O'(Q) :/
alq

2mr o

di—1l(a---LCOD -..0F
8’( ! ( o ) Ho(q) (3.19)
q

) o
n—j—1 j—1

. Ko
—|—]/ PPj—1L(A---LDOE . Pola) (3.20)
o(q) N—— ——

It has already been noted that:
a. 7 is (1,1) scalar;
b. ¢j_1 is a (n —2j + 2,0) scalar;
C. L(A---LCOD ...0F) is a (2j —n,0) spinor.

As a consequence, the term integrated in the left-hand side of equation (3.I9) and under the deriva-
tion @ is (1,—1) spinor. In order to apply lemma [B9] this spinor is contracted with n constant
arbitrary spinors; this gives:

6/ ¢j71 _ 0
—2 LA---lcOD...0p) | Ho(q) = Y-
a(q) T e — ———

n—j terms j terms
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Finally, we obtain:

Lo
/ (Vigj —2p¢r) t(a---tcop ... 0F) @ _
o(q) ——— 2mr

n—j terms j terms

(3.21)

. Mo . 2%
n—j—-1) Pj LA ---LCOD --.0F) (q)—l—] Pj—1L(A - LDOE ... L) (@)
27r 27r
a(a) —_— o(q) —_——

n—j J n—j+1 Jj—1

(3.22)

Theses terms are added to obtain the complete expression of the integral formula:

2rr

n—jgj— Tl—l Mo‘
:Z(—l) J 1( i )/()(Vl¢j—2p¢j)L(A...LCOD. .0p) (@)
o(q N———

n—j terms j terms

/ ( )<vl¢0b. ot = 20)0a(9)EB () ..ty (g) XL
olq

Ha(q)

:/ (vl¢0—2p¢o)LA...LF2—+
a(q) r

——— 277
n—j J

n—j— n—1 Ho
Z(—l) = (n — ]—1)( j >/()p¢jL(A...LCOD...0F)ﬁ
alq —

n—1

n—j—1 - n— ]- Mo‘

+y (- 1]( , )/ Pj—1LA---LDOE ... LF) 2(q).

Jj=1 J o(q) H/T’Hfl—’ mr
n—j J

The sum is split in two and reindexed:

n—1

. —1 o
E ()" n—j—1) " / PPj LA -+ LCOD .. OF) Pola)
J a(q) H,_/ﬁ,_/ 2mr

Jj=1 ; !
n—j J

n—1

—jo1.fn—1 H

+ Z(_l)n / 1.] ( . ) ¢j 1LA---lDOE .. .LF) o(9) =

= J a(q) H,_/H,_/ 2mr
n—j—1 Jj—1

n—2

i1 . n—1 _ n—1 _ Ho(q)
St (-0 (") =60 ((5)) [ s iconon 0

Jj=1 ] ’
n—j J

=0

The remaining terms are then:

o no1fn—1 .
(—1)%1/ (Vido —2pgo)ta . .. LFm — (=1t / pdoLa - .. LFm
a(q) 1 a(q) 2rr

27r
and the integral formula is, because of the antisymmetry of the symplectic product:

Ho(q)
2mr

ba.r=(-1)" /( )(Vlcbo —(n+1)pgo)ia ...t (3.23)

is proved.®
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Concluding remarks

a. Klainerman-Rodnianski state in [14] that a C? metric (or a square-integrable Riemann curva-
ture) is sufficient to write the singular part of the Kirchoff-Sobolev parametrix for the Einstein
equations. It is expected that such a regularity will not prevent the use of this method for
the arbitrary spin Dirac equation.

b. The construction of the representation formula is flexible enough to be used with other fiber
bundles. Provided that the correct geometric hypotheses are stated for the manifold, such a
representation can thus be obtained for the Rarita-Schwinger (or gravitino) equations.

c. Chrusciel-Shatah obtained in [2] L2-estimates for the Yang-Mills equations. We hope that
such estimates can be obtained using the Friedlander construction of an integral formula.
Nonetheless, it must be noted that they intensively used the gauge freedom which exists for
the Yang-Mills equation: they used both the Cronstrém gauge (to obtain pointwise estimates)
and the temporal gauge (to obtain estimates on spacelike slices). Similar estimates for the
Dirac equations could help to explain, for instance, the loss of regularity observed in the
characteristic Cauchy problem in [11] (section 6).

This work was partially supported by the ANR project JC0546063 “Equations hyperboliques
dans les espaces-temps de la relativité générale : Diffusion et résonances.”

References

[1] H. A. BUCHDAHL, On the compatibility of relativistic wave equations for particles of higher
spin in the presence of a gravitational field, Nuovo Cimento (10), 10 (1958), pp. 96-103.

[2] P. T. CHRUSCIEL AND J. SHATAH, Global existence of solutions of the Yang-Mills equations on
a globally hyperbolic four dimensional lorentzian manifolds, Asian. J. Math, 1 (1997), pp. 530
548.

[3] J. DIMOCK, Dirac quantum fiels on a manifold, Trans. A.M.S., 269 (1982), pp. 133-147.

[4] D. M. EARDLEY AND V. MONCRIEF, The global existence of Yang-Mills-Higgs fields in 4-
dimensional Minkowski space. 1. Local existence and smoothness properties, Comm. Math.
Phys., 83 (1982), pp. 171-191.

[5] J. FRAUENDIENER AND G. A. J. SPARLING, On a class of consistent linear higher spin equa-
tions on curved manifolds, J. Geom. Phys., 30 (1999), pp. 54-101.

[6] F. G. FRIEDLANDER, The wave equation on a curved space-time, Cambridge University Press,
Cambridge, 1975.

[7] S. FRITTELLI, E. T. NEWMAN, AND G. SILVA-ORTIGOZA, The eikonal equation in asymptot-
ically flat space-times, J. Math. Phys., 40 (1999), pp. 1041-1056.

[8] L. GARDING, T. KOTAKE, AND J. LERAY, Uniformisation et développement asymptotique de
la solution du probleme de cauchy linéaire ¢ données holomorphes; analogie avec la théorie des
ondes asymptotiques et approchées., Bull. SM.F., 92 (1964).

[9] R. GEROCH, Spinor structure of space-times in general relativity (I), J. Math. Pys., 9 (1968),
pp. 1739-1744.

[10] ——, Spinor structure of space-times in general relativity (II), J. Math. Pys., 11 (1970),
pp. 342-348.

41



[11] D. HAFNER, Creation of fermions by rotating charged black-holes. to appear in Les mémoires
de la SMF., 2006.

[12] D. HAFNER AND J.-P. NicoLas, The characteristic Cauchy problem for Dirac fields on curved
backgrounds. arXiv:0903.0515v1.

[13] L. HORMANDER, A remark on the characteristic Cauchy problem, J. Funct. Anal., 93 (1990),
pp. 270-277.

[14] S. KLAINERMAN AND I. RODNIANSKI, A Kirchoff-Sobolev parametriz for the wave equation
and applications, J. Hyperbolic Differ. Equ., 4 (2007), pp. 401-433.

[15] H. B. LAWSON AND M.-L. MICHELSOHN, Spin geometry, vol. 38, Princeton University Press,
Princeton, N.J., 1989.

[16] V. MONCRIEF, Analytic reduction of self-force calculations in curved spacetimes, Class. Q.
Grav., 23 (2006), pp. 463-475.

[17] J.-P. NicoLas, Global exterior problem for spin 3/2 zero rest-mass fields in the schwarzschild
space-time, Comm. in P.D.E., 22 (1997), pp. 465-502.

[18] ——, Dirac fields on asymptotically flat space-times, Diss. Math., 408 (2002).

[19] P. NUROwsKI AND D. C. ROBINSON, Intrinsic geometry of a null hypersurface, Class. Q.
Grav., 17 (2000), pp. 4065—-4084.

[20] R. PENROSE, Null hypersurface initial data for classical fields of arbitrary spin for general
relativity, Gen. Rel. Grav., 12 (1980 (1963)), pp. 225-264.

[21] R. PENROSE AND W. RINDLER, Spinors and Space-time I & II, Cambridge University Press,
Cambridge, 1986.

[22] A. UNTERBERGER, Calcul symbolique de Dirac, C.R.A.S., 324 (1997), pp. 15-18.

42



	Geometric and analytic preliminaries
	Dirac spinors and Dirac equation
	Abstract construction
	Newman-Penrose tetrad.

	Analytic requirements
	Distributions on spinors
	Fundamental solutions of the wave equation


	Derivation of the integral formula for Dirac spinors
	Representation formula
	Integral formula
	Geometric data on the cone
	Derivation of the integral formula


	Generalization to higher spin
	Generalization of Dirac equation to higher spin.
	Integral formula for spin n2
	Integral formula for spin n2 in the flat case


