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Abstract

We give a local integral formula, valid on general curved spacetimes, for the characteristic Cauchy problem for the Dirac
equation with arbitrary spin. The derivation of the formula is based on the work of Friedlander (1975) [6] for the wave equation.
A parametrix for the square of the Dirac operator, which is a spinor wave equation, is built using Friedlander’s construction.
Deriving the representation formula obtained in function of the characteristic data for this particular wave equation gives an integral
formula for the Goursat problem. The results obtained by Penrose (1963) in the flat case in [21] are recovered directly.
© 2010 Elsevier Masson SAS. All rights reserved.

Résumé

On donne une formule intégrale pour le probleme de Cauchy caractéristique local pour I’équation de Dirac de spin arbitraire sur
des espace-temps courbes en utilisant la méthode développée par Friedlander (1975) [6] et adaptée au cas spinoriel. Elle est fondée
sur la construction d’une paramétrix pour le carré de 1’opérateur de Dirac qui est une équation des ondes spinorielle. II est alors
possible d’obtenir une formule intégrale en fonction des données caractéristiques des solutions du probleme de Goursat en dérivant
la formule de représentation obtenue a I’aide de la paramétrix. On retrouve alors directement le résultat de Penrose (1963) dans le
cas plat [21].
© 2010 Elsevier Masson SAS. All rights reserved.
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We consider on a given spacetime the characteristic Cauchy problem for the spin /2 zero rest-mass field equation,
with data set on the lightcone of a point O:

VAsp. F =0 onJT(0),
u00...0 = 600...0 on the future light cone from O, CT(0),
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where u 4 g F is a totally symmetric spinor with n indices. In 1963, Penrose obtained in [21] an integral representation
of the solution in the case of flat spacetime. The method is based on the construction of a spin basis (04, 14) adapted
to the cone in two ways: on the one hand, to the description of the null structure of the null structure of the cone, that
is to say that the real vector 046" is a future oriented null generator of CT(0) and, for any ¢ in the future of O,
1414 is a future oriented null generator of C™(g) and, on the other hand, to the differential structure by imposing a
covariant behavior along the generators of the null structure. The solution u 4 can be written as, for any point g in
the future of O:

Keto)nC—(g)
F s

ua..r(q)= / (DO —(n+1D)pb)ia...t o

CHoNC~ ()

where D is a covariant derivative along the generators of CT(0), p the convergence of null geodesics on CT(0),
He+0)nc-(g) the volume form on C*T(0)NC (g) and r an affine parameter with respect to 474" It must be noted
that Penrose gave this formula for general characteristic surface with singularities in the flat case. He also expected
that this formula can be generalized to the analytic case.

Friedlander gave in the mid-70s [6] a method to obtain a parametrix for the wave equation derived from the Leray
constructions (see for instance [8]) and wrote an integral representation of the solution of the characteristic Cauchy
problem. His construction is based on a natural decomposition of the fundamental solution on the cone. Another
approach exists to the characteristic Cauchy problem based on Fourier integral operators. It must furthermore be
noticed that there is no general result about the characteristic Cauchy problem for hyperbolic operators. Hormander
gave in [13] a general result of existence and uniqueness, together with energy estimates, for the wave equation on a
spatially compact Lorentzian manifold.

The purpose of this paper is to combine the method developed by Friedlander with the description of the null
cone by Penrose to obtain an integral formula for the characteristic Cauchy problem with initial data on the cone for
arbitrary spin in general curved spacetimes. The choice of this problem implies that we face the same restrictions
as in the book by Friedlander. There exists an essential obstacle to the extension of the domain of validity of the
representation formula: the existence of caustics which limit the domain where the problem and the formula can
be written. We then have to restrict ourselves to a geodesically convex domain §2 of a smooth Lorentzian manifold
(M, g), that is to say a domain where there exists a unique geodesic between any pair of distinct points. The advantage
is however that we obtain an explicit integral formula without resorting to any microlocalization. This in principle
should allow an extension to metrics of low regularity in the spirit of [14].

More explicitly, let us consider (M, g) a smooth Lorentzian manifold and pg a point in §2; the problem:

Du =0,

where u is a section of a given fiber bundle on £2 and ® is the Dirac operator on this bundle, with the initial conditions
on the future null cone C*(pg),

u=6 onC'(py) N,

is known as a first-order Goursat problem with initial data on the characteristic hypersurface C*(pg) N £2.

It is known that several conditions must be satisfied to ensure that this problem admits a solution. The first one
comes from a geometric obstruction to the existence of a solution when symmetry conditions on the field u are
imposed; this implies that the manifold M must satisfy some geometric assumptions, known as the consistency
conditions, depending on the spin we are working with. The second one comes from the fact that the initial data are
given on a characteristic hypersurface: 6 must then satisfy the restriction of the Dirac equation to the cone from pg:

®|C+([,O)9 =0.

These equations are called the compatibility equations for the initial data.

As already mentioned, there exists, as far as the author knows, no general result about the characteristic Cauchy
problem. Nonetheless, it is worth mentioning some results of existence and uniqueness with some generality. In the
analytical case, this problem is similar to the Cauchy—Kowaleski problem (see for instance [8]). The problem is well
posed in that case. This can be extended, with energy estimates, to minimal regularity [11] for the Dirac equation.
It is also worth mentioning the work of Rendall in [23] on Einstein equations. His paper states a well-posedness
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theorem for a family of quasilinear wave equations on a characteristic cone. The well-posedness of the characteristic
Cauchy problem is nonetheless not the point of this paper: assuming existence and uniqueness of the solution in the
neighborhood of the point pg, the goal consists in deriving a representation formula for this solution.

The integral formula for the spin %, given in Theorem 2.12, is a straightforward generalization of Penrose’s formula;
the only differences are, on the one hand, an integral term on the interior of the cone, coming from the structure of
a parametrix for the wave equation on a curved spacetime, and, on the other hand, a modification of the structure of
the integral on the cone. The term carrying the curvature information is the density with respect to the standard two-
dimensional sphere of two intersecting light cones. This density has been thoroughly studied by Héfner and Nicolas
in [11], where its behavior at the vertex of the characteristic cone is expressed in function of spin coefficients.

The paper is organized as follows. The first part presents an adaptation of the Friedlander method to the bundle
of Dirac spinors. After a geometric and intrinsic presentation of the theory of spinors, the analytic tools to write a
fundamental solution of the Dirac equation are developed. The second part is devoted to the derivation of the formula
for Dirac spinors. Following Penrose’s construction, a null tetrad adapted to the structure of the null cone is constructed
and used to describe the geometric tools. The integral formula can then be derived from the parametrix and the result
obtained by Penrose is recovered for Weyl (or two-) spinors. Finally, the third part deals with the arbitrary spin 7.
The presentation made in the first part is adapted to the bundle of spinors with spin 5 so that the construction can be
applied directly. A representation formula is then given for arbitrary spin and simplified in the case of the Maxwell
equations. Penrose’s formula for the characteristic Cauchy problem for arbitrary spin in the flat case is recovered in a
flat spacetime.

The author would like to thank his supervisor, Jean-Philippe Nicolas, for his kind and patient support, his advices
and his culture.

Notations and conventions. We describe here for future reference the notations and conventions which will be used
all along the paper. Note that smooth means C*° in this paper.

1. Geometric notations:
(a) General framework:
e (M, g): smooth Lorentzian oriented and time oriented manifold with a metric g having signature
(+,— — =)
e §2: geodesically convex domain of M
e 1 volume form associated with the metric g on M;
e po:agiven point in £2;
e V: Levi-Civita connection for g on the tangent bundle of M, T M.
(b) Null structure on §2: let p be a given point in £2:
e C(p): null cone from p, that is to say the set of points of £2 which lie on a null geodesic passing through p;
o CT(p) (resp. C™(p)): future (resp. past) null cone from p, that is to say the set of points of §2 that lie on a
future (resp. past) oriented null geodesic from p;
e 7(p): chronological set from p, that is to say the points of £2 which lie on a timelike or null geodesic
passing through p;
o IF(p) (resp. Z~(p)): future (resp. past) chronological set from p, that is to say the set of points of §2 that
lie on a future (resp. past) oriented timelike or null geodesic from p;
e J(p) =Z(p)\C(p): causal set from p and J*(p) = I (p)\C*(p) are the future and past causal sets
from p.
(c) Spin structure: §2 is endowed with a spin structure; the spinors will be denoted using the Penrose conventions
as well as the usual algebraic notations according to convenience:
Sbirac: fibre bundle of Dirac (or 4-) spinors;
S4 and SA': bundles of Weyl (or 2-) spinors (resp. dual and anti-spinors);
“.””: Clifford multiplication;
(+,-): symplectic product on Spj;ac Obtained by lifting the metric g;
€48 and e p: restrictions of (-,-) to S4 and sA';
(C8° (Spirac) = D(Spirac): smooth sections with compact support in 2 endowed with the usual Fréchet
topology;
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D' (Spirac): its topological dual,

C* (SDirac) = &€ (Spirac): smooth sections of Spjrac On £2;

&’ (Spirac): its topological dual,

the connection V on T §2 is lifted on Spjrac and is still denoted V;

the Dirac operator is defined, for a given section (e;);¢(o,...,3} of the fibre bundle of orthonormal frames, on
C°°(Spirac) by:

.....

Vo e COO(SDirac)» DO = Z e Ve[.@.

1. Geometric and analytic preliminaries

A quick review of the geometric and analytic tools is presented in this section. More details are given in
Appendix A, especially on the symplectic product on spinors.

As already mentioned in the introduction, due to geometric obstructions such as conjugates points or convergence
of geodesics, the whole paper restricts itself to a geodesically convex domain £2:

Definition 1.1. A domain £2 is said to be geodesically convex if and only if it is an open set where, for every pair of
points (p, g) in £2, there exists a unique geodesic between p and q.

1.1. Dirac spinors and Dirac equation

This section presents the necessary geometrical background for Dirac spinors. The purpose is to described the
algebraic structure of a Dirac bundle as briefly as possible so that it will be possible to apply the method of Friedlander
in the most direct way in this framework. This presentation also intends to be a small dictionary between an abstract
presentation of the theory of spinors and the Penrose conventions to represent spinors in terms of indices. Most of the
abstract construction of Dirac spinors is made in Appendix A. It must finally be noticed that, though the presentation
is made on §2, it can be generalized to a globally hyperbolic manifold (see Remark 1.3 below). The presentation is
made in three steps: the algebraic structure of spinors with the Clifford multiplication, its symplectic structure and the
differential operators acting on spinors.

We begin by defining a spin bundle:

Definition 1.2. A manifold M is said to be spin if its tangent bundle admits a spin structure, that is to say there exists
a Spin(1, 3) principal bundle Ps, together with a two-fold covering & : Ps — PsoM, where PsoM is the SO(1, 3)-
principle bundle of orthonormal frames on M, such that

Vp € Ps, Vg €Spin(1,3), &(pg) =&(p)éo(g).
where &g is the universal covering from Spin(1, 3) &~ SL;(C) on SO(1, 3).

Remark 1.3.

1. The existence of a spin structure on a manifold is usually ensured by the assumption that its second Stiefel
Whitney class vanishes.

2. In the case of a four-dimensional Lorentzian manifold (M, g), Geroch showed in [9] that a necessary and sufficient
condition for M to carry a spin structure is that its bundle of orthonormal frames admits a global section (this is
referred to as parallelizability).

3. A common assumption in general relativity which ensures that a four-dimensional Lorentzian manifold is spin is
the global hyperbolicity assumption: there exists in M a global Cauchy hypersurface, i.e. a spacelike hypersurface
such that any inextendible timelike geodesic intersects this surfaces exactly once [9,10].

The bundle of Dirac spinors is then obtained by replacing the fiber bundle of spin basis Ps, using the group action
of SL,(C) over M»(C).
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Definition 1.4. The bundle defined by:

Sbirac = (PS X Mz(C))/(Spil‘l(], 3))

is called the bundle of 4-spinors or bundle of Dirac spinors.
Remark 1.5.

1. The representation of Spin(1, 3) = SL,(C) acting on M»(C) has two irreducible components, which correspond
to C? with its two inequivalent complex structures; by convention, we write:

M>(C) = (C?*) @ C%

2. The previous remark gives a decomposition of the fibre blmdle Spbirac into two bundles (known as bundles of Weyl
spinors), corresponding to the splitting of M(C) into C> and (C?)*; this decomposition is written in terms of
indices:

SDirac = SA ® SA/~

A section u of the Spjr,c bundle will then be split into two smooth sections of the Weyl bundles:

u=gady?.

3. To get back to the tangent bundle, a convention must be chosen to represent the Clifford algebra CI(R*, ).
Its usual representation is M (H), which is split in M>(C) & M>(C). The vectors are identified with the Her-
mitian 2-forms or with C-antilinear homomorphisms from S4 to S, As such, a vector u® will be written by
convention 4",

4. For the chosen representation of the Clifford algebra which was made previously, the tangent bundle is identified
to the set of Hermitian two-forms over S4. As such, it endows the tangent bundle with a structure of conformal
Lorentzian manifold, i.e. a fibre bundle of cones over M and a time orientation: the fibre bundle of cones over 2
is made of degenerate Hermitian two-forms, the spacelike vectors fields are the Hermitian matrices of signature
(2,0) or (0,2) and the timelike vectors fields are the Hermitian matrices of signature (1, 1). The time orientation
is obtained by a choice of orientation on the fibre bundle of cones over £2.

5. Finally, the previous definition endows M with an action of complex vectors in 7w ® C on spinors. This action
is known as the Clifford multiplication.

The metric on the Lorentzian manifold (M, g) can be lifted into a symplectic product on the fiber bundle of Dirac
spinors:

Definition 1.6. There exists a symplectic form & on Spjr,c such that

1. its projection on the symmetric 2-forms over T §2 is the metric g;
. .. . / . . . /

2. its restriction to Weyl spinors S, and S4° gives rise to two symplectic forms on S4 and S* denoted by 48
and e4/p/.

Remark 1.7.

1. The canonical isomorphism, which will be denoted by «, between S and S, induces an other isomorphism
between A2SA" and AZSy:

AT — A%Sy,
€ ky€:(U,V) €ESg X Sp+—> e(K(u),K(v)).

It allows the construction of a symplectic form on Spjp,c: let € in AZSA/, we obtain a symplectic form on Spjryc
by taking:



156 J. Joudioux / J. Math. Pures Appl. 95 (2011) 151-193

€Dr’e.
A two-form ¢ on S is denoted 42 and acts on Weyl spinors by:
_ AB
V(ua,vB) €Sa, &, v)=8""usvp.

The corresponding two-form on S4" is denoted & 4/ .
2. Let ¢ be a fixed skew-symmetric two-form on S. It is possible to construct a metric g on 782 by, for x4
yAA two vectors:

!
A" and

b AA’ BB
gabu v’ =eapeapx”T yOT .
3. We denote by g4p a two-form which gives rise to the metric g on M. The non-degeneracy of ¢ induces an
identification between S, and its dual S4 given by:

KA ESA|—>KA:8ABKB eSA,

whose inverse mapping is
kB eSP— kg =xleas.

The equivalent transformation can be made for the complex conjugate spinors in S4" if we consider the image
two-form g4/ g.
4. The symplectic product on Dirac spinors can thus be written, by lowering and raising indices:

w,v) =" Byadp +eapsl P
=—yApa+Eac?,

where u = ¥4 + SA/ and v =¢4 + ;A/ are two Dirac spinors.
5. The dual Sjy,, . of Spirac is split in:
A
*Dirac =S4 &S".

*
Dirac’

tively, S4 and S#’, denoted 48 and ¢ A'p, realize an identification between S# and S4 and between S/ and sA
respectively.

The symplectic form (-,-) realizes an identification between Spjr,c and S whereas its restrictions to, respec-

Proposition 1.8. The bundle Spirac is a Dirac bundle, i.e. a fibre bundle of left modules over CI($2, g) endowed with
a symplectic two-form € and a connection V° such that

1. VS is the pull-back of the Levi-Civita connection on M; if 7 : Spirac — §2, then V can be written:
¥V = V5,
2. The connection is compatible with the action of the Clifford algebra: let X be a smooth section of CI(T §2, g) and
u a smooth section of Spirac, then
VSX u)=VX-u+X- -Vu.

Though different since they are acting on different objects, the connection V on 2 and VS on Spirac are both
denoted by V.

3. The action of the Clifford multiplication is an isometry for the symplectic product: let X be a smooth section of
CI(T$2, g) and u, v two smooth sections of Spirac, then

e(X-u, X -v)y=q(X)e(u,v).

Remark 1.9. A direct consequence of item 3 of Proposition 1.8 is the skew-symmetry of the Clifford multiplication
with respect to the symplectic product. This result is recovered in Proposition 1.8, using the Penrose formalism.
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In order to define the space on square integrable spinors on £2, it is necessary to define the norm of a spinor.
This unfortunately cannot be done without choosing a time function ¢ (see [19]) or, at least, a timelike vector field.

Definition 1.10. A smooth function ¢ on §2 is called a time function if, and only if its gradient is a non-vanishing
future-oriented timelike vector field on U.

Definition 1.11. Let ¢ be a time function on §2. Then the map defined by:

Cgo(-Q, Sbirac) X CSO(Q, Spirac) — R,
W, D) —> &(Vt- ¥, D),

is a positive definitive Hermitian product over the set of smooth sections of Spjc With compact support in U.
The norm associated to this scalar product is denoted by || x |-

Remark 1.12.
e This norm will be used in the following on compact subsets of an open set of £2 to define the Fréchet topology
over smooth sections of the fiber bundle of Dirac spinors.

e A time function ¢ is fixed on £2. This time function will be used to compute all the norms.

This scalar product is used to define various norms over the spinor fields on §2: let @ in D(Spjrac). We define using
the positive definite Hermitian product:

e the L°°-norm over a compact K of §2:

1D lloo.x = \/sup(»s(w 3. )):
K

e if : 2 — R*is a given chart over £2, the norm over K, for any integer N:

1Pl = | Y. sup(e(Vt VP, Ved)),
K
ol <N
where V¥ = Vi)al Vr’iaz ...Vaal, o = (a1,...,q;) being a multi-index of length |a| = > ,_; , @;; a chart of

reference V¥ is fixed in the following in the computation of the norms,
e the L%-norm over £2,

@2 = /S(Vt D, D).
2

1.1.1. Newman—Penrose tetrad

One way to describe the Lorentzian structure is to use a global section of the fiber bundle of orthonormal frames
over §2 and translate the result in terms of spinors. We construct a global basis, named tetrad of Newman—Penrose
which gives rise to a spinor basis of S4.

Definition 1.13. A basis of T2 ® C (I,n,m,m) is called a normalized Newman—Penrose basis if / and n are real
vectors fields and it satisfies the following relations:

g, 1)=0, gn,n)=0, g(m,m) =0,
gll,n)=1, g(m,m)=—1, g(l,m)=0, gn,m)=0.
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Remark 1.14.

e The existence of a Newman—Penrose tetrad is insured by the existence of a global section of the fibre bundle of
orthonormal frames: if (ef) (a=0, 1,2, 3) is such a section, the following family of vectors:

1= (e el mt = (i)
1 1

n% =

a a —a a . a
—(en —e7), m' =——(e5 —ie3), (1.1)
\/E ( 0 1 ) \/E ( 2 3)
is a normalized Newman—Penrose tetrad. It is obvious that a given normalized Newman—Penrose tetrad gives rise
to an orthonormal basis of 7 §2 with the following reverse fomulae:

1 1

eq = (l“—l—n“), e =—(m“+n_1“),

ef = (l“ — n“), e5 = .—(m“ - 171“).

Sl- &l

e Because the structure of null cones will be considered later, we assume that a Newman—Penrose tetrad (I, n, m, m)
is given first and, in a second time, gives rise to an orthonormal basis (e§) (a=0, 1, 2, 3).
e Up to an overall sign, there exist two unique spinor fields in £(S4), denoted by 0# and ¢ such that
14— oA54 0t — AN

. !
and m®=o0%".

These two spinors are chosen such that the following normalization is satisfied:

SABOALB = OALA =1.
e There exists an alternative notation for this spin basis, which is consistent with the duality property used to
describe spinors. We note, in SA:

A A A

A _ _
gy =0 and e =",

We also introduce their dual spinors in S4 (sg, 8}1) which satisfy:

0. A _ 1 A _
8A80—1, 8A81 —1,
0.A _ 1. .A_
8A81 —0, SASO_O’
they are:
el =—1a and &} =oa.
e The vector ej can be written in function of the metric as g; fora=0, ..., 3. The components of its spinor form

gg‘A,, called the Infeld—van der Waerden, defined as

AA’ a A_A
8a T C€afpfys

are the coefficients of the decomposition of ¢ in the basis (86‘\, ef‘):

a_ AA'_A_A

It is then known ([19], Section 3.1) that the Clifford multiplication of a Dirac spinor by the basis vectors can be
written:

Lemma 1.15. The Clifford multiplication of a Dirac spinor ¢4 + IIIA/ by the vector €] is given by:

el (pa®yYt) =iv2g WU B —iv2g" Y .
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Remark 1.16. The Clifford multiplication can be interpreted as a contraction with the corresponding vector of the
basis (up to a factor +i+/2) by writing:
ey (pa+v™) =iv2g™epan v —iv2g™ g pa
=iV2g(ca ca)gana ¥ —iv2(ea ea)ga " da-
As a consequence, the Clifford multiplication by the vector 144" is the contraction with n44" and conversely the
Clifford multiplication by n44" is the contraction by /44" (up to a factor £i~/2):

I (pa+ WA,) = i“/z(nAA’l/fA, - ”AA,¢A),
n-(da+ v =iv2(laay? =144 p4). (1.2)

We conclude this section by giving the abstract index expression of the Dirac operator on 4-spinors ([19], Sec-
tion 3.1):

Lemma 1.17. The Dirac operator is decomposed as follows:
D(pa+ WA/) = iﬁ(VAA’WA/ - VAA/¢A)~
1.2. Analytic requirements

1.2.1. Distributions on spinors

The purpose is to write weak solutions for the Dirac equation. The theory of distributions must thus be adapted
to ensure properties of symmetry for the Dirac operator and the Clifford multiplication so that the construction of
Friedlander can be used with few adaptations.

Fundamental properties. The basic elements needed in the next section are sketched here. Spinor-valued distribu-
tions are defined in [3] to construct fundamental solutions for the Dirac equation. They were also developed in [24] to
construct a Fourier integral operator for the propagator of the Dirac equation.

Definition 1.18. A distribution u on the set D(Spirac) of smooth Dirac spinor fields with compact support on £2,
endowed with its usual Fréchet topology, is a C-linear continuous mapping from D(Spir,c) to C, i.e. a mapping which
satisfies for all compact K in £2, there exists a positive constant C and an integer m depending only on K such that

Ve D), |u(@)| <Cliglloomk-
The set of distributions on M will be denoted by D’ (Spjrac) and the duality bracket by (, ).

Definition 1.19. The support of a distribution u is the complement of the largest open subset O of §2 such that any
smooth function ¢ with support in O satisfies:

(u, ) =0.

The set of compactly supported distributions is denoted £’ (Spjrac) and is the topological dual of £(Spjrac), set of
smooth sections of Spjac On £2.

If u is a locally integrable section of S
by:

*

Dirac = S4 @ S 4/, which can be written u = £4 4 14/, it defines a distribution

V& € D(Spirac), (U, P) = / _§A¢A + UA”#A//VL’
2

where the smooth section @ is split as: @ = ¢4 + wA/.
We define now the action of the covariant derivative in a direction V and of the Dirac operator on distributions by:
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Definition 1.20. Let u be an element of D’ (Spjrac) and V be a smooth section nowhere vanishing of T'§2. The distri-
butions Vyu and Du are defined by:

V¢ € D(Spirac):  (Vvit: @)D st ). DiSpirae) = — (U VVO) D51 ). DSpinac)

Dirac Dirac

V¢ € D(SDirac)’ (’Du, ¢>'D/(S* ), D(Spirac) — —(M, :D(b)D/(SBimC)»D(SDiraC)'

Dirac

These definitions agree with the Leibniz rule and the fact that the connexion is compatible with the symplectic
product on spinors.
We also need to define the Clifford multiplication with a vector:

Definition 1.21. Let u be an element of D’ (Spjrac) and V a smooth section of T §2. We define the distribution V - u in
D' (Spirac) by:

V¢ € D(Spirac)s (V- U, P)Dr(st. ) D(Spirae) = (U V - D)D/(S% ), D(Spirac) -

Dirac Dirac

*
Dirac*

Proof. The representation of the Clifford multiplication is the same for the dual S Consequently, if u = ¢>A, + XA

is in Spirac and v = pur + 04 is in Spirac» then
. ApA _ . AN

<U, €a- u>SBir;\c’SDirac = _lﬁgaAA/X 9 - lﬁga ¢ApA/'
We notice that this expression is symmetric in A and A’ so that we can conclude:

<eﬂ v, u>SBirac +Sbirac = (U, €a- M)S'Dirac’SDimC ’ =

When a distribution on Spjp,c is represented by a function from £2 into Spjrac, the symplectic product (-,-) on Spirac
is used to apply the distribution on a section of Spjrac-

Definition 1.22. For any locally integrable section u of Spjr,c on £2, the distribution u is defined by:

V6 €D S (1015, S = [ 0:8) il
2

We note
(1, ®) D' (Spirae), D(Spirac) = (U PISE.  Spiac-

The previous results need to be checked since the definitions given in (1.20) do not work when the symplectic
product (or the ¢ spinor) is used. We first need the following lemmata on the action of Clifford multiplication and the
Dirac operator:

Lemma 1.23. For any ® and ¥ Dirac spinor fields on §2 and V a vector field on 2, we have:
(V- o, ¥)=—(D,V-V).

Proof. It is sufficient to verify the result for an element e, of the frame. We calculate (e, - @, ¥) in components,
(ea @, W) = —iV2e g™V E205 +iV264P g% s 4 x " .
with @ = &4 + XA/ and ¥ = py + oA Noticing that

AB a aB aBB’ aBB’
£ g AA/:—g A/:—SB/A/g :£A/B/g ,

we obtain:
(ea- P, W) = —i2e"B g pp£a08 +iv2e0p g™ B8 xN pp = —(D,ea-W). O

In order to verify the symmetry of the Dirac operator for the symplectic product, we will establish the following
lemma:
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Lemma 1.24. Let @ and ¥ be two spinor fields on §2. Then we have:
D0, ¥)=(®,0¥) —div(V),
where V is the complex vector field:

3
V=Y 5@ fi ¥)fi.

i=0
(fi) being an orthonormal basis on $2 with §; = (f;, fi)-

Proof. The formula is proved at each point of £2; let then p be a point in £2. Let (f;) be an orthonormal basis on £2
such that, for all i in {0, 1, 2, 3}:

V5ifi=0 atp.

For this choice of basis, we have, at the point p:

DD, W) = Z (fi - V5y®, W)

i€{0,1,2,3)

=— Y (Vi i W)
i€{0,1,2,3}

=— Y Vi@, fi-w)— (2, V5 (fi - W)},
i€{0,1,2,3}

(,) being compatible with the connection. Then

DD, W) =— Z Vi@, fi ) — (@, fi - V¥)} sinceat p Vi, fi =0
i€{0,1,2,3}
= (P, D¥) — Z Vi (D, fi-¥).
i€{0,1,2,3}

Introducing the complex vector field V defined, at p, by:

3
V= 5@ fi W) fi.

i=0
with f; = (f;, fi), we notice that
Y Vi@ fi W)
i€{0,1,2,3})

is the divergence of V.
We present an alternative way to perform this calculation with abstract indices; the Dirac spinors @ and ¥ are split
on Spirac:

®=pa@p”,
W=y @ x?t.
We now lead the calculation in the usual way:
%2@41 W) =" (iVan o™ )Wp +ean (=D (VA 6a) 1"
= BiVan(p* ¥s) +eam (VA ($ax ™))

— e PN iVaays —eapda(—iVA L")
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= iVAA/(SAB:OA/I/fB) + D)V (eappax®)
+ pA/ivf/l/fB - ¢A(—i)VA/(XB/)

= iVAAr(,oA,wA) +iVA (paxa)
+ oV iVEE cp g + idpas BV x P

=iVan(p? v*) +iVA Baxa)
—eappiVEE yp it o Vppx®

. / . / 1
= iVan (0" 9 *) + iV @arxa) + S50, 00).

%

It must be noticed that, in this new calculation, the remaining term can obviously be identified as a divergence. O

Remark 1.25. The vector field,

3
V=2 5@, fi- e, (1.3)

i=0

is encountered several times in the following. Though it is used to perform the calculation, it does not seem to be
intrinsic. It is nonetheless easy to give a more intrinsic sense to this computation. Let us consider the complex 1-form
won £2:

TR2RC— C,
he— (Y, h- D).

The dual vector of this 1-form is the vector (1.3). The calculation can then be easily reinterpreted when noticing:

d*w:( Z Vﬁ(@,ﬁ~'1’)>,u,

i€{0,1,2,3}

* being the Hodge dual and p the volume form associated with the metric g.
Definition 1.26. Let u be in D’ (Spirac), and X in C*°T §2. The applications defined by:

@ € D(Spirac) > — (U, X + @)D/ (Spirac), D(Sbirac)

and

@ € D(Spirac) > (U DP) D/ (Spiree). D(Sbirac)

are distributions, denoted respectively by X - # and Du.
Proof. This is a straightforward consequence of the previous lemma and Stokes theorem. O
Remark 1.27. These definitions agree with the previous lemmata when u is in D(Spjac)-

From this point, all the distributions will be assumed to be represented via the symplectic product.
If f isin D’(R) and U is a smooth spinor field on §2, we define the distribution fU by:

Vd’ € D(SDirac)y (fU’ ¢)'D/(§’Dirac)"D(SDirac) = <f7 (Ua ¢)>'D’(R),D(R)'
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Composition of a function with a distribution. In the following, the construction of distributions with support on a
light cone will be required. One way to achieve this is to adapt the contruction of Friedlander in [6] in the case of
spinor valued distribution.

Definition 1.28. Let S be a smooth function on £2, with non-vanishing gradient on £2.
Let f be a distribution with compact support on R.
Then, the application,

¢ €D(2) — (fm, / ¢<p>VS<p)Ju<p>),
S(p)=t

where VS(p)uu(p) is the contraction of the measure on M with the gradient VS (or the Leray measure on the
hypersurface S(p) = t), defines a real distribution denoted f(S). This distribution coincides with the composition of
functions when f is represented by a function.

We need to apply this definition to calculate the action of the Dirac operator to a distribution on Spj,c of the form

F(SU:

Proposition 1.29. Let f be an element of £'(R), S a smooth function chosen as in Definition 1.28 and U a smooth
spinor field on M.
Then, in the sense of distributions,

D(f(SHU) = f(SVSU - U + f(SDU,
where VS is the raised gradient, i.e.

V()= (Veue;.

1

Proof. Let @ € D(Spirac) and (f;) an orthonormal frame. @ is chosen with support in domain §2 where V, f; are all
zero. We calculate (D(f(S)U), @)D/ (Spirac), D(Spinae) USINg the previous definitions and Lemma 1.24:

(9 (f(S) U)’ ¢)D/(SDirac)»D(SDimc) = (f(S)U’ gcp)p,(SDimc)vD(SDimc)

= <f’ / W, ®¢)Ms,>

E'(R),EMR

S(p)=t R),EM)
=<f, f (@U,q>>us,> (1.4)

E'(R),E(R)

S(p)=t
+<f, / vﬁ<U,ﬁ-¢)us,> , (15)
E'(R),E(R)
S(p)=t

where s, is the Leray measure V.S_u on the hypersurface S; = {S(p) = t}. We calculate the two terms independently;
by definition, (1.4) is:

<f’ / (QU’¢)MS’>/ = (/DU P)pysy, ) D
St E'(R).ER)

and (1.5) is calculated using the same idea as in Lemma 1.24:

<f, / vﬁ<U,ﬁ-¢)us,> =<f, / diV(v)Ms,> ,
E'"(R),ER) E'(R),ER)

S(p)=t S(p)=t

where v is the vector field on §2 defined by:
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3
v=" "fiU, fi-®)f;

i=0
with f; = (f;, fi). Noticing that

% / diV(v)/L:/diV(v)MS,

S(p<t S

and using the Stokes theorem

f div(v) = / (VS(p), vus,

S(p)<t S

— [ Y visw. s o

s, !

= / (U.VS-®)us,
Si

= —/(@S-U,qﬁ)m,,
Si
we obtain, accordingly with Definition 1.26:
(1 [ Vi sioms) (TS U0y pir

ER),EM)

S

so that

D(F(HU) = fI(HV(S)-U+ f(HDU. O

Spinors and bidistributions. Keeping in sight that the purpose is to write an integral formula (or representation for-
mula) for a Cauchy problem, we must be able to apply twice a distribution to spinor fields. This is what bidistributions
are made for.

We define the product X of two smooth sections of Spjrac With compact support by:

D(Spirac) % D(Spirac) —> D (Sbirac) X D(Spirac)»
(@, ¥)— ((p,.) ERX X 2> ¥ (p)QD(q)),

where ® must be understood as tensor product of spinors in different variables. The vector space generated by these
products is denoted by D (Spirac) X D (Spirac)-

Definition 1.30. Let # and v be two distributions in D’(Spjrac). The bidistribution u X v is an application from
D(Spirac) X D(Spirac) defined by, for every (¢, ¥) € D(Spirac) X D(Spirac):

(I/t & v, ¢ & w) = (l/t, ¢)D(SDirac)sD/(SDirac) (U’ 1p)1)/(SDirau:)’D(SDirac)'

The vector space D' (Spirac) X D’ (Spirac) generated by these products is called the space of spinor-valued bidistribu-
tions on Spjrac-

If ¢ is in D(Spjrac) and u is a spinor bidistribution, then u(¢) is still in D’ (Spirac). It can consequently be still
applied to a function in D (Spjrac)-
A special type of spinor valued distribution that will be encountered in the following is the Dirac distribution.
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Definition 1.31. We define the Dirac distribution (or Dirac mass) in p’, denoted by & p by:
V¢ € D(S)7 (SP/’ ¢)D/(SDirac)vD(SDirac) = ¢(p/)

It must be noted that this distribution can be written in the form t(p’, p)§ » 16, Chapter 6] where 7 is a linear
transformation from D(Spjrac) in the variable p to D(Spirac) in the variable g satisfying t(p’, p’) = Is;,. and can
consequently be written as

V¢ € D(S)’ (T (p/’ [7)517’, ¢)ps{D/(SDirac)»D(SDirac)} = ¢(p/)’

the duality bracket being computed in the variable p. Since

! ’
EABEge}le and sA/B/e(‘)“, sfg, =-1,

and t(p, p) satisfies,
(t(p. p).d(P) = (p),
it can be explicitly calculated at p = p':
(p, p) = —814,/ X Sé// -{—8(1)47/ X 8?,/ + 8% Kel —el X 89\
= iR+ R —opRig+15Roq. (1.6)

Such a function t is chosen explicitly later (see Eq. (1.8)).
1.2.2. Fundamental solutions of the wave equation

We now apply to the spinorial wave equation the analytical tools used by Friedlander in [6] for the tensor wave
equation. An alternative method has been used by Klainerman and Rodnianski to construct an approximate funda-
mental solution in [14]. Though their method is more flexible and well-suited to obtain estimates, it is not appropriate
here since, as we will see, the regular part (the tail of the fundamental solution) is needed to write down a fundamental
solution. V. Moncrief used Friedlander’s method in a paper with D. Eardley [4] for the Yang—Mills equations in the
Minkowski space and for the Maxwell wave equation in [17] on a curved spacetime.

We first consider the spinorial wave operator ©2. The Schrodinger—Lichnerowicz—Bochner formula gives that for
any ¢ in D(Spirac):

©2¢=D¢+%Scal¢, (1.7)

where = —V; V/. Since the index notations are used from the beginning, an index version of the formula with its
proof is given:

Proposition 1.32 (Schrodinger—Lichnerowicz formula for spin % ). Let ¢4 be a smooth section of Sx. Then we have
the following relation:

/ 1 / 1
VBA/VAA ¢A = 5 (VCC/VCC ¢B + Z Scalg ¢B>

Proof. The reader should refer for intermediate results to [22] (4.9.2 and 4.9.17).
Vea VA% s = EACVBA'V3/¢A
= 8AC(V[B|A'V|AC]¢A + V(B\A’Vf\c)qﬁA)

1 , 1
- ESACVHH/VHH egcda + 3 Scaly ¢p  (formula 4.9.17 in [22])

1 : 1
= EVCC/VCC éB + 3 Scalg pp. O
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Remark 1.33.

e This version agrees with the previous one when noticing that the operator Vg 4 VA4 is in fact, due to the renor-
malization induced by the Clifford multiplication, the projection on Sg of 1/292.

e A generalization of this formula to arbitrary spin is given later in Section 3.1.
Since §2 is a geodesically convex domain, it is possible to define globally on 2 the squared-distance function:

t
d d
= [ o[22, 90

0

where y : [0, t] — £2 is the unique geodesic from p to g.
To write the fundamental solutions of the wave equation, it is necessary to construct distributions with support on
a cone: using Definition 1.28, let us consider the distributions,

§*(Ipy(@)) and HE(I,()),

where § is the Dirac mass and H the Heaviside function. These distributions have support respectively, for p fixed in
£2,in C*(p) and J=(p).

Remark 1.34. It is important to notice that these distributions do not satisfy Definition 1.28 since the gradient of
I'y(q) vanishes at the vertex of the cone. Nonetheless, considering the distributions,

§¥(Ip(@)—¢) and HE(Ip(q) —¢)

with ¢ positive avoids the problem. The results can then be obtained using a limiting process when ¢ tends to zero.
This method will be used later to expand Eq. (2.6).

It is known that the operator D2 admits fundamental solutions [6,3]:

Theorem 1.35. There exists two bidistributions on 2, é;t (p) that satisfy:

Vip.q)eR?, D3GE(p)=3,(p)
in the distribution sense. These two bidistributions can be written:
G (p)=Uy(p)s™(Iy(p) + Vy(p) H*(Iy(p)),
where U and V* are smooth functions of the variable (p,q). q being fixed in S2, the support of éf]t (p) is then
in C*(q).

The structure of the fundamental solution obtained by Friedlander is the following (the reader should refer to [6]
for more details):

1. The function U in the singular part can be decomposed into two parts, f/q (p) =kq(p)T4(p), where
(a) the bispinor 7, (p) satisfies:

Vi (p)Vitg(p)=0 and T,(p) =1,(p). (1.8)

This equation can easily be reinterpreted as parallel transport in the variable g of the bispinor identity along
the geodesic from p to g.
(b) The function k, (p) satisfies the transport equation:

1
2(VI,(p). Vkg(p))+ (O (p) — 8)ky(p) =0 and kp(p):Z. (1.9)



J. Joudioux / J. Math. Pures Appl. 95 (2011) 151-193 167

kq(p) measures the difference between the measure induced on C*T(p) N C~(g) and the measure on the
standard sphere S in the sense that, if p is in the future of ¢:

Ke+gne—(p) = kq (Priug,

where pio+(g)ne-(gp) 18 the Riemannian volume form induced by the metric g on Ct(g)NC~(p) and pg the
standard volume form on the two-dimensional sphere.
2. The regular part V¥ of the fundamental solution can be obtained by solving the characteristic Cauchy problem:

{D\?q(p)zo for p € T+ (q),

- - 1.10
V,(p)=V0(p) for peCtig), (10

where f/qo( p) satisfies the transport equation:
2V, (p). VV(p))+ (Ory(p) —4) V0 (p) = —D*U.
For later convenience, the fundamental solution must be split over the decomposition of the Dirac spinors:
At 1 A+ 2qx B
GE(p) =" GL (0 +2GE, (p).
A B P
q
The notation A means that the part of the bidistribution in the variable g acts on spinor fields in S 4. Their fundamental
B/
part is denoted by, respectively, 1U = p) and 20% w (D).

Two backward and forward fundamental solut1ons for the wave equation can then be constructed. For Dirac spinors,
these fundamental solutions are the distributions:

DGy (p).

In terms of indices, these fundamental solutions are written:

/ B, 4
VBB 1GjE (p) onS,XS?  and Vl’;B,zGjt (p) onS* XSp.
q

Finally, we state the f0110w1ng theorem concerning the existence and the structure of the fundamental solution for
the Dirac equation for Dirac spinors.

Theorem 1.36. There exist two fundamental solutions for the Dirac operator D, G; (p), with support in C*(q), for g
fixed in $2, such that

Y(p.q) € 2% D'GE(p)=54(p).
in the distribution sense. These two fundamental solutions are obtained by applying the Dirac operator to the two
fundamental solutions of the wave equation:
G, (p)=2"G, (p).

2. Derivation of the integral formula for Dirac spinors

This section is devoted to the derivation of an integral formula for Dirac spinors for the characteristic Cauchy
problem with data on a future null cone. In this context, we will work with the forward fundamental solution G (p)
which will be denoted with no ambiguity G, (p). The singular and smooth parts of the forward fundamental solution
for the wave equation will be denoted Uq (p) and Vq (p).

The point pg being fixed, let p be a point in the future of pg in £2. We define, for these two points:

e o(p)=CH(po)NC (p),
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e D(p)=CH(po)NT(p),
e S(p)=T " (po) NC™(p),
e V(p)=TJ (po) NI (p).

Since 2 is geodesically convex, these instersections are well defined (in fact, the hypothesis of global hyperbolicity
suffices).

2.1. Representation formula

The first step to obtain a representation formula is to solve the problem with source:
Du = f.
The following lemma is a direct transcription of Lemma 5.5.1 in [6]:

Lemma 2.1. Let f in £(Spirac).
Then the distributions defined by:

V$ € D(Spirac). (. $)p = (f. (G7. 9)

q)p’
are solutions of the problem,

Du = f.
Proof. The calculation is made first formally. The justification of each step will be carried out later; it will be sufficient

to check that each duality bracket is well defined and that all the operations involved (symmetry on Dirac operator,
etc.) are legitimate.

Let ¢ be in D(Spirac).
(D'u.¢),=u.9"¢), 2.1)
= (£.(G;.D%9),), by definition of u (2.2)
=(f,¢) by definition of G 2.3)
It must be checked to insure that (2.2) exists that the function:
+
— (G;.D9),,.

is smooth; we have:

(0G5 999), = (G5 (d7)’0),

- / (T£@). (99)0)ry @ (@) + f (V). (29)’¢) (), (2.4)
Ct(p) J*(p)

where fi1,(g) is the Leray form associated with the function I',(¢), i.e.:

wryq) = VITp(g)p.

Let 77 : £2 — R* be a chart recovering §2 (which exists since £2 is geodesically convex). The image by 7 of p and
g are respectively denoted by y and x. There exists a diffeomorphism & — x = h(y, £) from 7 (£2) into R*, where
&= (SO, & L Ez, & 3) is a coordinate system centered at y, Minkowskian in g and such that the vector (1,0, 0, 0) is
timelike and future oriented. In this coordinate system, the measures x and 11, (p) are expressed as

del A dE2 A dg3

n(q) =k(y,§)d§ and pur,p) =k(y,§)
fa 2/EN + @2+ (&)

with dé = dg0 A de! A dg? A dg3, and
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CHr =16 |6 = (e + () + ()},

and

T @={g[€ () +E) +E)).
The integral (2.4) can then be rewritten:

del A dg? A dg3

(096.2%)

=

[ @0 (@) 0) (.20

2VEN2+(ED2 + ()
C*t ()
[ o0 (07 9) 0 )k ).
C*t(q)

which is clearly a smooth function of y = 7 (p).
Since f is a distribution with compact support, there exists K’, an integer N and a positive constant C such that
for any smooth function , the following estimate holds:

[(f]<C Y sup [y or~' ().
la|<N YET(K)
Let K be a compact of §2. Assume that ¢ has its support in K. Then the previous inequality gives for ¢ = (G, D¢),,
(Gl 2 s 05(Gatgy (7' @) 9), |

la|<N yem (K’

Using the expression of (G -1 o) (m~1(x)), @)y, its derivatives 8‘; (Gr-1(y) (71 (x)), ¢), are bounded by the deriva-
tives of ¢ on K:

sup[[ 85 (Gr-10 (7' (@), 9) | < Ck ok Y sup [3fdon™ (],
K 1B<a|+1YETE)

where the constant Ck g o is determined only by the derivatives of U, V, h of order up to k + 1 on the compact
K x K’ and its image by 7. Finally, we obtain:

(vl Do suwp 8 (pon”")

la|]<N+1YET(K)

I

which means that Eq. (2.2) is well defined. O
Let u be in £(Spirac). The following proposition gives a representation of u in term of its data on a null cone:

Theorem 2.2. Let u be a function with future bounded support, that is to say such that the intersection of supp(u) with
any future null cone is compact. Let pg in §2. Then, we have in the distributional sense:

uH+<Fo)=59‘f<< [ @rwdi@mr e+ [ @ V@),
S(q) V(g)
+ /(V”Fo'u,l?p(q))uro,r,,(p)Jr / (V”Fo~u,Vp(q))uro(p)>H+(Fo)>,
a(q) D(q)

where the two-form jr, r, (p) is obtained via the factorization:

Vo e CQ x Q). /¢MFO(P) A r(g) = / / biryr,(p) A (@),
A T T (po) o(q)
where A is the set {(p,q) | p € CT(po) and g € CT(p)}.
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Proof. Let u be a function with future bounded support. We use here the property of the fundamental solution with
Lemma 2.1 with f =P wH*(Ip)):

(WH ' (I). ¢), = (D" (wH" (D)) (Gp. d)q),, (2.5)
= (D (uH" ), (D9Gp.9),),
= (@ (wH* ), (Gp, D9),) - (2.6)

The duality bracket (2.6) is properly defined since the function p — (G p» D9¢), is a smooth function with support
in the future of Supp(¢), that is to say | gESupp(¢) Z7%(g), and since u has future bounded support.

The duality bracket (2.6) is then developed. The first step consists in differentiating the distributions u H ™ (I%).
As already noticed in Remark 1.34, the distribution u H ' (I) is not of the type given in Proposition 1.29 since VI
vanishes at pg. To avoid this difficulty, we consider the distributions u H T(Iy—¢), where g is a positive number. This
derivation gives, since Proposition 1.29 can be applied:

D(uH (I —e)) = @uH (I — &) + VI -us™ (I — &)
which becomes, when ¢ tends to zero:
D(uH™ () = @u)H () + VI - us ™t (I).

The bracket (2.6) is written as the sum of four integrals:

@ @t (). (6, 0%9),),= [ [ @029 ur, @ A up)
T (po) CT(p)
+ / /(i’p“’(Vp(q),i)%))u(q)/\u(p)
T (po) T+ (p)
+ / f (VPTo-u, (Up(q). D9)) i, (@) A iery(p)
Ct(po)CT(p)
+ / / (V710w (Vp(@), D70)) (@) A iy (p),
CH(po) T*(p)

where ur;, and pr, are the Leray measures associated with I and I, respectively.
Switching the order of integration of the variables, we get:

(@P (MH+(FO))’ (GP’ ®q¢)q)p

- / / (DPu, Up(@). D¢)ur, (p) A 1(q)
T+ (po) C=(@NIT +(po)

* / / ((®7u, Vp(@)), DI¢)u(p) A 1(q)
T+ (po) T~ (@NT*(po)

+ / / (V7o -u, Up(@)), D¢)iry,r, (P) A 1£(9)
T+ (po) C~(@)NC*(po)

o N G R ATErere
T+ (po) T~ (@NCH(po)

Finally, the duality bracket (2.5) is:
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(uH+(Fo),¢)=(( / (DPu, Up(@))r, (p) + / (DPu, V(@) i, (p)

S Vi)
+/(VPFO’uaﬁp(CI))MFO,Fq(P)+ / (V”Fo~u,Vp(q))uro(p)>H+(Fo),’Dq¢>
q
a(q) D(q)

which means that, in the sense of distributions, u satisfies, using the symmetry of the operator ©7:

uH+(Fo>=©q<< / (DPu, Up(@))r, (p) + / (DPu, V(@) er, (p)
S(@) V(g)

+ /(VPFO‘uvﬁp(CI))MFO,Fq(p)+ / (V”Fo~u,Vp(q))uro(p))H+(Fo)>. m
a(q) D(q)

A direct application of the previous theorem is the first integral formula for the characteristic Cauchy problem:

Proposition 2.3. Let u be a smooth solution of
Du=0.

Then u can be expressed in J+(po) in function of its restriction to the cone C*(pg) by:

ul 7+ (poy = D1 << f (VP -u, Up(@)ry.1, (P)
o(q)

+ / (V”Fo-u,Vp(q))uro(P)>H+(Fo)>-
D(9)

Remark 2.4.

1. This formula is not the final stage of our calculation; the fact that it only depends on initial conditions will be
stated later. This is the purpose of the next subsection.

2. The vector VI being null along the cone C*(py), Clifford multiplying with VI means in fact contracting
with the spinor form of VIj; a direct consequence of this is the fact the Clifford product of the 4-components
Dirac spinors with VI does only involve the two components, ©g and u'". The two remaining components are
recovered using the constraints equations (see Eqs. (2.14) and Lemma 3.7 below).

2.2. Integral formula
The integral formula is derived in three steps:

e construction of the appropriate geometric tools (derivation of measures, spin basis);
e interversion of the integral and the Dirac operator;
e and finally obtaintion of an expression of the singular part in terms of geometric quantities and initial data.

2.2.1. Geometric data on the cone

This section is devoted to the calculation of the relevent geometric quantities for the intersection of
CT(po) NC~(q) =0 (q) for a given point g in the future of py. This is widely inspired by Section 4.14 of [22].
There are also some calculations of interest in the work of Frittelli, Newman et al. ([7], for instance) and Nurowski
and Robinson [20]. This kind of calculation is also very common in the study of Ricci flows.

We first choose a family of a parallely transported null generators [ of the light cone C* (py):

Vil =0.
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—_—

We then consider, for a given point ¢ in 7 (pg), a point p in o (¢). We construct at p a Newman—Penrose tetrad:

the first null vector is the vector I(p) at p;

n(p) is chosen on the future oriented null geodesic from p to g such that g(I,n) = 1;

we complete the basis by taking a pair of complex null vectors m(p) and m(p) in the orthogonal of the vector
space generated by (/, n) such that g(m, m) = —1.

A Newman-Penrose tetrad is then obtained at each point ¢’ on the cone C~(g): let p’ be the point in o (¢) lying on
the unique null geodesic from ¢’ to ¢; the Newman—Penrose tetrad is obtained in ¢’ by parallely transporting the one
at p’ along the unique null geodesic from p’ to ¢’.

Remark 2.5. This construction cannot be realized globally on the intersection C*(pg) N C~(g) = o (g) which has
the topology of S2. It will be necessary to make this construction on two different open sets and then glue these
constructions together to obtain the result which only depends on / and n. We assume then that the construction is
done on one open set.

e abasis of 762 ® C and, consequently, up to a sign, a spin basis of S# that will be denoted by (o

This choice of Newman—Penrose tetrad gives us:

A

e if g is fixed first and p is chosen on o (g), the vectors m and m spans the tangent plane to o (q) at p:

Tyo(q) = {rini +Am | A € C};

due to obvious topological obstructions (see Remark 2.5), this construction cannot be extended globally to all
o(q);

the choice of [, which is parallely transported along the generators of C*(pg), and n, which is parallely transported
along the generators of C™ (g), gives rise to two affine parameters ro and r along the null geodesics on these two
cones;

these two affine parameters give rise to two parametrizations by the sphere S of o (¢) using the exponential map
at po and p respectively:

exp,, §2 2,
w > exXp,, (ro(a))a)), 2.7)
and
exp), : $? — 02,

w—> exp, (r (a))w). (2.8)

Let g be a point fixed in 7 ¥ (pg). We consider a point p on o (g). In a neighborhood of p, on o (g), is defined a

Newman—Penrose tetrad (I, n, m, ). The dual basis in 72* ® C is denoted by (L, N, M, M) for which the following
lemmata are true:

Lemma 2.6. The induced metric on o (p) is —2M M, the volume form ziiM A M and the mean curvature vector:

H=2(p'l + pn),

where p and p' are the real spin coefficients:

o=—(1,Vam) and p' =—(n,V,in).

Proof. These results are straightforward consequences of the presentation concerning two-surfaces in [22]
(Section 4.14, Proposition 4.14.2 sqq).

The reality of the spin coefficients is stated in Proposition 4.14.2 of [22], whenever / and n are orthogonal to a

spacelike 2-surface (here o (g)).
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Since (m, m) spans To (q), the second fundamental form is:
V(X,Y)eTo(q), 1I1(X,Y)=(VxY,n)l+ (VxY,Dn,
so that the mean curvature vector is:
H=—(11(m,m)+ 11, m))
=—(((8'm,n) + @m,m)l + ((8'm,1) + (5m,1))n).
Since (see [22] (4.5.28) together with (4.5.29)):
8'm=(B—aym—p'l—pn,
8if = @ — Bym — p'l — pn,
and since p and p’ are real, we obtain:

H=2(p'l + pn). O

In order to compute the Leray forms associated with the distance function, we use the expressions of the gradients
of the distance functions I and I;:
VPTo(p) =2rol(p) and VPI,(p)=2rn(p). (2.9)

The Leray forms can then be expressed using the dual basis of the chosen Newman—Penrose basis.

Proposition 2.7. The Leray forms jur,, ir, and jr, r are:

1 _
=—NAMAM,
Hro 2irg

1 —
qu:ELAMAM’

— 1
= MANM=— ,
I’LFO’F 4 41’0]’“0(17)

Lror
where VP Iy (p) =2rol(p) and VP Iy (p) =2rn(p).

Proof. The volume form on §2 can be expressed in terms of the Newman—Penrose tetrad as
1 —
u=-LANAMAM,
1

so that, since dIp = 2roL and dI; = 2r N, we obtain immediately:

1 — 1 —
wro==—NAMAM and pur,=-—LAMAM.
2irg T 2ir

The calculation of w1 is obtained through the factorization given by Fubini’s theorem:

wecr@x. [ounwrm@= [ [ ounnm .
A Tt (po)o(q)

where A is the set {(p, q) | p € CT(po) and g € C*(p)}. We get the desired expression of KU,y

— 1
M = — o (q)- O

Uryr,=-——MA
024 dirgr dror

The next step consists in determining the variation of the metric 1, (g) When g is in 7 ¥ (po). We first establish the
technical lemma:
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Lemma 2.8. Let (N, h) be a smooth semi-Riemannian manifold with metric h and Levi-Civita connexion D; let X be
a smooth vector field on N'. Let (M, g) be a submanifold of N such that the g metric induced by h is non-degenerate
and depending smoothly on a parameter p in N in the sense that there exists a smooth manifold X and a smooth map
f:N x ¥ — N which satisfies: f(p,*) is an immersion and f(p, X) =M.

We denote by i, the induced volume form on M.

Then:

DYy =—h(H, X)p,.

where H is the mean curvature vector field on M.

Proof. The Levi-Civita connection induced by g on M, is denoted V.

Let p be a point in N and ¢ a point in M. We choose around g a map (V, (el x2, . x™), (L L xRy
normal at g and M, NV = {x"T! = ... = x"*k = 0} such that, at ¢:
Vi, 0, =0. (2.10)

The volume form on M, around g can be expressed:

1
p = |det(gi)|2dx! Adx? A~ Adx".
Its derivative is given by:
1

DXMp = DX((—det(g,-j))i) dxl A dx2 A Adx”
_ lTr(CO(gij)TDXgij)

- 1

2 (—det(gij))?

where Co(g; j)T is the transpose of the matrix of cofactors of the matrix (g;;) and Tr is the trace. Finally, we get:

dx' Adx? Ao AdX",

_ 8" Dxgij
2(det(g;;))?

and then evaluate at g, where the coordinate system is normal:

1
Dxpp |det(gij)|? dx' Adx? A -+ Adx,

n
1
Dxpp=)Y 56 Dx8(@yi, i) tep,

i=1

with &; = g(d,i, d,.). Since the connection D on N is metric, we get:

n
Dxp,= ZE,’h(DXaxi, 0, ) p

i=1

n
=Y eih(Dy, X + (X, 0,1, 0,0) 1t
i=1

n
=Y &i(Dy h(X,0) — h(X, Dy 8,0) + h(IX, 0,41, 8,1) )t p-
i=1
Since Daxi J Vaxi 0, +11(0,i,0,:), we finally obtain:

Xi=

n
Vxip=—h(X, H)p, + Zsi (Do h(X,0,0) = (X, Vs ;) + h([X, 0,11, 0,1)) -
i=1
We then notice that, for i in {1, ..., n}:
i i

X
/’l([X, 3xi], 3Xi) = —8,‘; and Dg)xl.h(X, 8xi) =& —.

X ox!
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Since Vj ; d,: is vanishing at ¢, the only remaining term is:

Vxup=—h(X, H)up. O
A straightforward application of this lemma is the proposition:

Proposition 2.9. Let f : 22 — Spire be a smooth mapping.
Then the following formula holds:

D1 / @, Pusg(p) = / qu(q,p)+vproﬁ,”f(q,p)—Zp@"ro-f(q,p)ua@(p)

a(q) o(q)
where ro, being a function of both p and q, satisfies V Iy = 2rol.

Proof. Let V a vector field on 2. We work with the exponential map centered at pg. o (¢) can then be parametrized
by S
w > exp,, (ro(q, a))a)).
Let us consider the variation of o (¢) defined by, for some positive ¢:
l—&, e[ x §? — 2
(t, w) —> exp,, (ro(g + 1V, w)o).

Since

V(@ p) =y (f (4. expp, (r0q: @)w)))

d
=V f(q.p)+ (Ef(q, exp,,, (rolq + 1V, w)w)))

=V f(q., p)+ ViroV} f(q. p).

and, since 4 (4) is a function of p, using Lemma 2.8:

=0

V9 o) (P) = ViroV] e (q)
=—Virog(H, Do (q)
=—V{rog(20'l +2pn,1) 1o q)
=—2pV}roks ()

this gives:

\¢ / £, P)iog)(p) = / VY f(q, p)+ ViroV] £(q, p) —2pViro f(q, P)iog),
o(q) o(q)

so that, when choosing an orthonormal basis (e;) on §2, we obtain:

D1 / (@, P koig)(p) = / D9 f(q, p)+Virg- V] f(q, p) —20Vr0 - f(q, Ploy(p). O
o(q) o(q)

We finally establish the following proposition:

Proposition 2.10. Let f : 2% — Spirac be a smooth mapping.
Then the following formula holds:

Mo (q) (P)
2r

D1 / flq,pur(p)= / D1f(q, p)rry,(p) + / Viry - £(q, p)
D(q) D(q) o(q)

where ro and r, being functions of both p and q, satisfy VP Iy = 2rol and VP Iy = 2rn.
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Proof. We use exactly the same method as in the proof of Proposition 2.9. Using the parametrization of the exponen-
tial map centered at pg, we have:

ro(q,®) d
’
D / f(q.pur,(p) =21 / / f(q, rw)gk(w, r)dwg
D(q) s2 0
« k(w,r)dwg
= / D1f(q, p)rry,(p) +/Vq”0 - fq, VCD)TS
D(q) 52
Mo (q)(P)
/ D f(q.ro)n,(p) + / Vir- fg. p=Tar=. O
D(q) o(q)
2.2.2. Derivation of the integral formula
We now consider the characteristic Cauchy problem on £2:
DQu=0 onJ"(po),
[ mdeim @

where 6 is a smooth spinor field on C*(pg), whose support does not encounter the vertex of the cone and satisfies the
constraint equations (see the remark below).

Remark 2.11.

e The term “spinor field on the cone” must be understood as “trace on the cone” of a Dirac spinor field on £2 and
not as a spinor field constructed as spinors on the manifold C* (py).

e The basis constructed in the previous section is used to decompose the spinors # and u on the spin basis (0%, 14):
b =&+ =y + g
= &"¢f +ael, = y00" +y i +go(—1a) +dr0a.

= V0N + £ViN + fo(—ta) + C104,

The Dirac equation in problem (2.11) takes the form of a system a four coupled equations (see [11]):

nVago —m*Vap1 + (&' — p')po + (r — B)p1 =

19V 1 —m*Vagpo + (t' — B) o + (¢ — p)p1 =0, (2.12)
nVey" +m Ve + (5 &)y + (B -y =
NV +mVey! (B =)' + @ -y =0, (2.13)

where ¢, p, 7, ... and their primed version are the spin components of the connection V. It must be noted that
Egs. (2.12) and (2.13) can be restricted to the light cone CT(po) and, as a consequence, are constraint equations
for the data 6:

1Vt —m“Vabo + (B = T')¢0 + (e — p)1 =
V" +m Vg + (B - 75" + @ - pE” =o0. (2.14)

The components ¢y and g! are usually called the characteristic data of the Goursat problem. A generalization to
higher spin of this constraint equations is given in Lemma 3.7.

The solution of (2.11) can be written in function of its data on the cone and the basis (0%, (4):
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Theorem 2.12. Let u be a solution of (2.11). Then, for any q in J ™ (po):

k !’ ’ ’
u(q) = f ( ”fq))(vl”sl (p) = pE" (p)) (VI r0)0a (@) o (g)(P)

a(q)
+ / £V (VAN (Ep(@)04@) tote) (D)
o(q)
kp(q) p q ~A’
+ T (V[ {0([7)—,04'0([7))(VAA,I’0)0 (Q)Ma(q)(p)
o(q)
+ f 20(p)Van (kp(@)0" (@) 1toig) (P) + / @qu'(VpFO'“’Vp(Q))M(zqi;(m
o(q) o(q)
+ / (DPVy, VP Iy - ) 11y (),
D(q)

where

ro and r are the affine parameters associated with, respectively, 024 and A defined in (2.7) and (2.8);

Iy is the distance to py;

wry(p) is the Leray form on C* (po) associated with Iy (see Proposition 2.7);

kp(q) measures the density with respect to the standard 2 sphere function of the volume form (g, defined by
Eq. (1.9);

e and Vq is the tail of the fundamental solution defined in Theorem 1.35 and Eq. (1.10).

Remark 2.13.

e It is possible to obtain a representation formula for the Goursat problem for the Weyl equation:
VA =0,

by projecting the solution obtained in Theorem 2.12 on the subspace of Dirac spinors Sy4.
e The representation of the solution of the Goursat, as already noted, only depends on the characteristic data xi v
and ¢p.

Proof. Let g be a point in J T (po). Using Propositions 2.3, 2.7 and 2.10, we have:

~ ~ 1 A ~ Ma(q)(p)
u(q):QQ</(vpro.u,Up)pm%(q)>+ / vqro.(vpro.u,vp(q))T
o(q) o(q)
+ / (VP Ty - u, D9V,) iy (p).
D(q)
The bracket in the first integral can be calculated as follows:
0, ) (o,
_ — T J—
P 2rrg » L pq,zrnup

1 / /
= iﬁkp<q>(rp(q>, ;(—lAA b +laay? ))

p

1 ’ /
= i\/ikp(Q)(Tp(f]), ;(_OAaA $a+onoav ))

p
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1 , ,
= iﬁkp<q><rp(q>, Z(—qma/* +y! oA))

p
. 1 Y )
= iv2kp (@) - (=00 (3" (@) + ¥ (P)oa(@))-
We then use Proposition 2.9 to calculate the first integral:

.. 1
@q( / (Up,fo(yu)PmMrr(q))

o(q)

:iﬁ@q( / kp(@)(—o(p)o™ (g) + v (p)OA(q)) Mo(q))

a(q)

B — A’ 1
:iﬁ/@qkp(q)< ¢o<pz>ro @ ¥ (p2)r0A<q>)

a(q)

. —po(p)a? (@) ¥V (poalq)
+Vqr0~lekp(q)< °2r + er )

1 ~ / ’
= ~pVro- (=¢o(P)o" (@) + ¥ ()oa@) 1o ) (-

In order to simplify the calculation, the previous formula is projected on S4. The singular part on this subspace is
written, after expansion:

A=iv3 [ V3w, (o ("))

o(q)

+iv2ve A,rov;’<kp(q)(7_¢°(pz): (q))>

_A/
NG YRV <M> ot (D)

_A/
:_/ AA/(,{ « )<¢o(p)o (61)> +VqA/r0le<kP(q)<¢0(p)r0 (q)>>

a(q)

-2k (C])PVAA/V (

_A/
/¢0(p)VAA (k (‘1)(0 (Q)> + AA/r0V1p<kp(fI)(M))

o(q)

—A’
— 2k (q)pV 410 (M)Mo@(m.

Expanding all the products:
k k
/ (w0 (7 @V (22) + (22 )98, @)
a(q)

(( )vpd) +vp<k (‘1)>¢0>( AA’rO)éA,(‘I)

k 4
2( (p )) (V4 o) do(p)o” (q))ua@(p)

Mo (q) (P)

¢0(P)0 (q)>
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k
=_/<@>(v[’¢o(p) 2000(p)) (V4 470)0" (@) 1t (g)(P)

a(q)

/ aso(p)vAA/(( Wls )> (q))m;(q)(p)

o(q)

Since the quantities which appear in the integral are the restriction of u and its tangential derivative along the null
cone CT(po), ¢ can be replaced in the integral by the data of the Goursat problem ¢:

k !’
/ ( p;q)>(v1p 50(p) = 2060(P)) (Vi 70)0" @) 1o ) ()

o(q)
/ co<p>mf(( f”)'”(q))umxp).

a(q)

We obtain the complete formula for Dirac spinors by adding the corresponding quantity on s, meaning:

k D51 ! '
/ (@) (V7" 0p) = 208" (1)) (Vg 10) 0@ 1toq) (1)

a(q)
" (kp(@)
+ / $o(p)VA4 ((”T)of\(q))um)(p).
o(q)
Noticing that the calculation has been done for U »(q), @Fo - u) in order to use the definition of 7(p, g), we obtain
the complete formula using the antisymmetry of the symplectic product. O

It is now possible to obtain the formula established by Penrose in [21] in the Minkowski case:

Theorem 2.14 (Penrose). Let u be a solution of (2.11).
Then, for all g in J T (po), u can be written:

1 ’ ’ I
u(q) = / 5 (V& () = 2061 (1) (V4 10)0a@1to ) (P)

o(q)

1 ,
+ / E(V{J o(p) —2p%0(p)) (V4 ,70)0™ (@) o (q) (D).
o(q)

Remark 2.15. First of all, the meaning in the context of a flat space of the choice of the basis constructed in the
previous section should be made precise:

e the spinor 0 is chosen to be constant on the null generators of the cone; the affine parameter rq is measured with

respect to the vector [4 = 0454’;

e adirection on the cone C*(pg) being given together with a point ¢ in 7+ (pg), let p be the intersection of C~(g)
with this direction on the null cone from po; the spinor (4 is chosen so that n¢ = 414" is colinear to the vector
pq and satisfies: 0414 = 1; the affine parameter r is measured with respect to the vector n¢ = (Ai4’;

e the basis is completed by the two vectors m¢ = oA and m® = 1404

This construction is the “flat” version of the one made using parallel transport.

Proof. As done in [21], it is sufficient to remark, for a direction @ on the cone CT(pp):

q = po+rol®(w) +rn’(q, w),
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which implies:
Vir =14, Viry =n?,

and k,(q) = % O

Remark 2.16. It is interesting to note that the term that carries the curvature information in the singular part is:

v%(@)&). (2.15)

It is somehow difficult to give a precise geometric interpretation to Eq. (2.15). Nevertheless, clues can be found in
Theorem 4.2.2 in [6] that states that (k/r)> measures the growth rate of the measure Mo (g)-

3. Generalization to higher spin

In this section, we obtain an integral formula for solutions of the Goursat problem for the Dirac equation with
arbitrary spin. The derivation of the formula is based on the representation formula for the Weyl equation which can
be extracted from Theorem 2.12.

Let us consider the characteristic Cauchy problem for spin 5 =s > 1 (n being the number of indices of a spinor):

{ VAYUuap r=0 on Jt(po), 3.1)
100...0 = 600...0 on C*(po),

where u 4. r satisfies the symmetry conditions:

UAB..F = U(AB..F)-

First of all, it must be noted that, on an arbitrary curved space, the problem (3.1) cannot be set if a consistency
condition on the conformal curvature is not satisfied ([1,5] and [18] for the Rarita—Schwinger case for a treatment of
the Cauchy problem). It is known that for the Dirac massless equation for low spin (n < 1, i.e. scalar wave, Dirac—
Weyl and Maxwell equations) this condition is always satisfied. For higher spin, it is satisfied whenever the spacetime
is conformally flat. Nonetheless, it is expected that the method could be adapted to the Rarita—Schwinger case which
requires the spacetime to be Ricci flat.

3.1. Generalization of Dirac equation to higher spin

The construction that was made before for Dirac spinors is adapted here to spinors of higher valence so that the
symmetry conditions of the Clifford multiplication and Dirac operator still hold.
Let us consider E the fibre bundle defined by:

E=Sap.r®S" 6. 1.
This fibre bundle is equipped with the symplectic product obtained from &:

11

sAAaBB...sFFGBsA/;/sGG...s ,

,,,,,

the basis constructed in Section 1.1:

ea-u=—iv2¢"""pap r+ivV28*anv 6. 1.

We finally define on smooth sections u = ¢sp..F + 1//A/ B...r of E the following operator (that will be denoted by
® as the Dirac operator for Dirac spinors):

Du=ivV2(=V* pap. r +Var vV 6. 1) (3.2)
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The distributions on smooth sections of [E are defined using the (non-degenerate) symplectic product ¢ in the same
way as in Section 1.2. The duality bracket will still be denoted by (,)p'k). DE)- Let u = pap..F + wAG...I and

v=~Esp..F+ ;A/Gml be two smooth sections of E. We have:
(v, W) D (®), DE)

AA_BB FF GG IT A A
:/(8 e°" ... "EAB FOag F HEamE 8L G..Alw (ﬁ)“’
Q

=/§A...F¢A"'F+§A,G...1¢A/G'“1M-
2

We finally extend the Schrodinger—Lichnerowicz formula to arbitrary spin:

Proposition 3.1 (Schrodinger—Lichnerowicz formula for arbitrary spin). Let be Y. 1 a smooth section of Sp._j
(n indices).

Then the following formula holds:
!/ 1 ’
Vea Vi yp. = EVHH’VHH VBG...1

D F D F D
—Xprr YpG6..1 —XB ¢ YFp..1——XB 1"YFG..D,
where X oApcp is the curvature spinor:

X' Y’
XABCDZZRAX’B cY'D >

R = Rupeq being the Riemann curvature tensor of 2.

Remark 3.2. It must be noted that the potential of the operator D2, though linear, is no longer scalar and not even
symmetric.

Proof. The proof is almost the same as the proof of Proposition 1.32:
VaaVEAYr 1 =efCVpaVE v
=" (Viga Vieyr... + Via Ve Vr..1)
1

ESFCVHH’VHH egcr..1+e VBaVEVE.a
= EVHH’VHH YBG..1 + 8FCV[B|A’V|/?:]WF...1-

The spinor Y r. j is then split as the sum of tensor products of spinors of valence %, and, then as explained in [22]
(vol. 1, p. 245, together with formulas (4.9.4), (4.9.5) and (4.9.8)), using the fact:

V[B|A’V\AC/]MD = —Xpct pug
for any smooth section of Sp (formula (4.9.8) in [22]), we obtain:

V[B|A’V\AC/]WF...[ =—Xpcr V6.1 = Xpcc"Vrp..t — Xper"VrG...p.
and finally:
’ 1 !
Vea Vi yp. g = _EVHH’VHH YF..1
—e"“(Xpcr®Vpo..1 — XsccPVEp..1 — XpciPVrG..p)

1 ,
= _EVHH/VHH YF.1

F D F D F D
— X" F YpG..1 —XB ¢ VFp..1— - —XB 1"YFG..D. |
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As an obvious consequence of the definitions chosen for the Clifford multiplication and the Dirac operator on E,
the following proposition holds:

Proposition 3.3. The Dirac operator ® on E and the Clifford multiplication by a vector field v on §2 are respectively
symmetric and skew symmetric with respect to the duality bracket (,)p(r), D(E) that is to say, for any ¢ and y smooth
sections of E with compact support:

(@, DY) p®),DE) = D, V)D®).DE) and (¢, v - ¥)p @), DE) =~V - @, ¥V)D(E) DE)-

All the methods that were developed for Dirac spinors can be used here, provided that we assume that we are
working with [E-valued distributions. The structure of the fundamental solutions for the wave equation are the same:

Gy (p) =k, (P)Tp(@3(Ty(p)) + Vy(p)HS (p),
where G¥ is a bidistribution in & (E) X D' (E) which satisfies the wave equation:
2 -
(D7)°G;(p)=6,(),
s p(q) being the Dirac mass in p. The application 7, (g) satisfies the equation:

(tp(p).9) =0 and V{T,(q)V't,(g) =0. (33)

Remark 3.4. The functions t and V are more complex to write and we do not even try to do so, since the properties
given by Eqgs. (3.3) are sufficient to conclude.

A direct consequence of the previous remark is the following proposition:

Proposition 3.5. The Dirac operator © acting on sections of the fibre bundle E admits two fundamental solutions
Gf(q) =91 Gf(q), in D'(E) R D'(E), with, respectively, support in C*(p), for any given p, which satisfy, in the
sense of distributions:

D1G,(q) =58,(q).

Finally, we present the compacted spin coefficient formalism introduced by Penrose and Rindler in [22]. Let 0#, (4
be a given normalized spinor basis and consider the rescaling, for A in C:
A
0 —> ro?, A = (3.4)

Definition 3.6. A spinor ¢ is said to be of weight (p, ¢) if and only if, under the transformation (3.4), ¢ is rescaled as
¢ — AP,
The integer %( p — q) is the spin-weight of ¢ and %( p + q) is its boost-weight.

We consider the Newman—Penrose tetrad (I, n, m, m) associated with 04, 1A, We define the differential operators
with regard to these weights: let ¢ be a (p, g) spinor. We define:

PP =Vi¢p — pep —qégp,
0'¢p = Vap — pad +qap,
where € = 14V,04 and o = 1A Viz04.
Though the formalism of the Newman—Penrose tetrad will still be used, the usual notations o for the basis

spin basis are replaced by 86‘, 8{‘. All the calculations will be performed using these notations. We must recall what is
the link between these two notations: the spinor basis (0?, 14) is rewritten (86‘, ef‘), so that the dual basis is (8%, 8}4)

A A
, L

with 8% = —14 and 8}4 =04, In this formalism, the spinors 55\ satisfy:
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J A J
gyep =901.
Let now consider the field equation for spin 5:
VA Y ap F =0,
for a symmetric field ¢ap...F = ¢ap...F) With n indices; for j in {0, 1, ..., n}, we define:

A Cc_.D F
G =6y ...80 & -..&] PAB..F
N ——
n—jtimes  j times
A C D F
=0 ...0 L ...l s
QAB..F

n—jtimes j times
which are the only relevant components to calculate the field ¢4 5. which can be written, because of its symmetry:

n

n
0 0 .1 1
PA.F :Z<-)¢478(A < ECEp.--Ep)
j=0 J ———— —
n—j times J times

n
_i(n

ZZ(—l)n ]( >¢, LA...lCcOD...0F).

=0 J —_——

n—j times J times
The quantity ¢; is an (n — 2r, 0) scalar field. It is known to satisfy the following lemma (see [22], 4.12.42):

Lemma 3.7. Let j be an integerin {2,...,n — 1}.
Then ¢ji1, ¢j, ¢j—1 and ¢ satisfy the following relation:

po; =0 1= —Do'pja—jt'oj1+n—j—Dpp;—(n—j)kdjii1.

Remark 3.8. This is the more accurate way to write down the constraint equations on the cone, since the restriction
to the tangential derivatives is obvious.

We conclude this section by giving the following relation between weighted scalars and differential forms (see
[22], 4.14.70):

Proposition 3.9. Let X be a two-dimensional spacelike closed surface with volume form ux and o a (1, —1) weighted

spinor.
Then the integral of @ a over X vanishes:

/ daus =0.

b

3.2. Integral formula for spin 5

Let us consider the future characteristic Cauchy problem for the Dirac operator on E:

DQu=0 onJ"(po),
(P50 mdim a9

where 6 is a smooth compactly supported function on the cone C* (po), whose support does not contain the vertex pg.
It must be noted that the problem (3.5), contrary to the problem stated in (3.1), does not contain symmetry assumption.
This assumption will be made afterwards to obtain the integral formula for (3.1).

By doing the same calculation as for Theorem 2.2, a direct consequence of Proposition 3.5 is the following integral
formula:
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Proposition 3.10. Let u be a solution of (3.5) in E. Then u can be written:

~ - 1 A -
u(q) = fDq( / (VPFO -u, Up)pmﬂg(q)> + / Virg - (V‘DFO -u, Vp(Q))era(q)(p)
o(q) o(q)
+ / (VPTy - u, D1V, iy (p).
D@
The formula must now be simplified using the previous methods and a decomposition of the spinor u on the same
basis as in Section 2.2.1: u can be written:

A F A A B F
u=¢AF8A~8F+w F.,,FSA/EB"'EF'

The solution of

{ vAA/MAB...F =0 on \7+(P0), (3.6)
uag..F =0ap..r onCt(pg),

obtained by projecting on S4___r the integral formula given in Proposition 3.10:

Proposition 3.11. Let u 4. be a solution of

{ VA uag.p =0 on T (po).
uag..F =0ap..r onCt(po).

Then, us__r can be written:

k ,
Ua.F = / < qf” ))(V{’qbosi..F(p)—2p¢os._.F(p))(VZA,ro)sé @2 @) .. Do

o(q)

k ,
+ / ¢OBA..F<p)vAA/(( ”f“”)eé* (q)s%(qy.-ei(m)ug(q)

a(q)
~ ~ Mo (q)(P) ~ ~
+ / Viry- (VP -u, Vp(q))% +/(VPF0-M,©qu)MFO(P)~
o(q) Vp

Remark 3.12. Since our interest is in the singular part of the integral representation of the solution, we do not give a
more explicit expression of the smooth part of the integral formula.

Proof. The first step is to calculate the contraction VPTy-u:

A . _A/ . | ’ ’
VPIy-u=—2i \/Eroséeg ((JSA_“FE% ... 81;) + 2i \/Erosgeg,(wABmFsﬁ,sg .. 81;)
_ A _ ’ ’
=2iv/2rg (—864864 A FEG + si\sk,wABmFsﬁ,)sg s
. A 1 1\_.B F
=2i “/EVO((POB.,.FS() - 1# BA,_F‘C"A)EB . ER.

Since 7,(q) is obtained by doing a tensor product between an element of the spin basis at a point p with the spinor
obtained by parallely transporting this spinor along the geodesic from p to ¢, which is an element of the spin basis
at g, the symplectic product (t,,(g), VP Iy - u) realizes a switch between the variables p and g:

(tp(@), VP Ty - ) = iv2ro(¢om.k(P)ed (@) — ¥y s (PeL @)D @) ... 5 @)

The interversion of the symbols f and ® gives (we only make the calculation on S, r):
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ifzvjiA/( / 2iv/2rogos. ¥ (P)ef (@)eR(q) .. e‘;(q)un,,r,,> 3.7)
a(q)
_ g (k¢(P) B F
=— [ ¢oB.¥(P)V, 0 (@)ep(q)...ep(q) | ho(g) (3.8)
a(q)
_ kq(P)(Vp¢ () (Ve )A/( B F 39
. 1 0B, F(P))(Vauro)eq (@ep(q) ... ep(@iho(g) (3.9
o(q)
V4 kq(p) ( q A B F
- G doB..¥(P)) (Vi vr0)ed (@ep(@) ... ep(@) o) (3.10)
o(q)
kq(p) q A B F
+ | 20— (¢0B..E(P)) (Vi 470)ed @ep(@) ... ep (@) o), (3.11)
a(q)

which can be simplified in:

ifzv?m( / 2iv2rodos. ¥ (P)ef (@eR(@) - e‘;(qmro,rq> (3.12)
o(q)
- f (@) (V] ¢oB..5(P) — 20¢08..5(P)) (V4 4 70)ed @B (@) ... 5 (@Ditorq) (3.13)
a(q)
kg(P)\ o, | B F
- f ¢OB‘..F(P)VAA’(< . )80 (61)83(11)~.8p(q))ua(q). (3.14)
a(q)

The next part of the integral formula is exactly the same as in the case of the Weyl-Dirac spinors and is obtained in a
similar way. O

Finally, to obtain a solution of the full problem with symmetry, it is sufficient to symmetrize the unprimed indices
in the formula; we then give a representation, when the problem (3.1) makes sense (i.e. with adequate restrictions on
the curvature for spin greater than %):

Theorem 3.13. Let u 4. be a solution of the symmetrized characteristic Cauchy problem

{ VAA/MAB...F =0 on j+(l70)’ (3.15)
uo =6AB..F on C*(po),

where up.. F satisfies the symmetry conditions: uap..F = U(AB...F)-
Then the singular part of the integral representation of u4...r, that is to say the part supported on the intersection
of the cone is given by the formulas:

k ,
/ (@) (V) 0B (P) — 20¢08..5(P)) (V4 y70)ed (@)eh @) ... e (D 1toq).
o(q)

k /
f doB._F(P)Van ((%‘”)sé @eB (). ..sfp(q))ug(q).

a(q)

3.3. Integral formula for spin % in the flat case

This subsection is devoted to the recovery of the Penrose formula; with the same notations as before, the following
proposition holds:
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Proposition 3.14 (Integral formula for the flat case for spin % ). Let ¢4...F be a solution of (3.15) on the Minkowski
spacetime.
Then ¢ can be written:

Pa..r = (=1 / (ibo = 1+ Dpo)ia -5 2L

2nr
o(q)

Remark 3.15. The formula which is given here agrees with the one obtained by Penrose in [21] (formula (4.9)).
The (—1)" comes from the fact that Penrose chooses the convention:

A —LA,

because of the different choice of normalization (formula (4.7) in [21]):

LAoAzl,

whereas our convention is:

A_q
Proof. We summarize the geometric elements required to perform the calculation:

Remark 3.16. We recall the main properties of the spinor basis which was constructed in Section 2.2.1:

1. the spinors 0o? and (4 are constant along a generator of the cone J1(pg), so that the spin coefficients

corresponding to the derivatives of oA, A along the vector /¢ = 0404, K, &, T’ are zero;

2. furthermore, for ¢ in 77 (po), the basis (04, 14) is parallely transported along the integral curves of 44" and so,
in the flat case, is constant along the null generators of the cone 7~ (q);
3. the derivatives along m of 0# and (* are calculated explicitly (see [22], 4.12.28):

dor=—p* and A =—0'0%;
4. the derivatives of 14 and r can be explicitly calculated by differentiating the relation:
pop® =rol® + it

for any p in J 7 (po). Their derivatives are:
1
Vgt = —=1gogo® and Vaur=oson, (3.16)
r

and consequently, the only non-vanishing derivative of (4 is

and the spin coefficients

T = ="V, 0 = —A Va4, B =—a=—"Vuu and B=—a =—1"Vyuia

vanish.
5. Using Egs. (3.16) and since Adsa(—1, 0)-spinor and r is a (1, 1) scalar, the following derivatives vanish:

9A=0 and 3r=0.

For the sake of clarity, the calculation is first performed for the Maxwell equations and then for the arbitrary spin.
The first step is to write the Maxwell equations:

VA  $ap =0,
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as
Vigr — Viago = (m — 2a)¢o + 2p$1 — k2,
Vigo — Vi1 = —Ago + 21 + (p — 28)¢2,
V@1 — Voo = (n — 2y)¢o + 211 — 0 2,
Vin¢2 — Va1 = —veo + 2up1 + (t — 28) ¢, (3.17)
with the convention ¢go = ¢o, P10 = ¢1 and ¢11 = ¢2. We then consider the singular part:

k
/(@)(leQSOb(P) 2p¢00(p))(V AA/VO)% EBMo(q)

a(q)

k '
< 9P )) (V7 ¢ob(P) — 20¢0b(P)) (tata) el eBioq)

e
SE
e

a(q)

a(q)

) (V] dob(P) — 20006 (P)) LA o ()

) (VP d00(p) — 20¢00(P))tatsio(q)

) (V) b01(p) — 2p¢01(P))ta0B o (g),

=B

with i = 2 —. Using the first Maxwell equation (3.17), and since, for the choice of basis which was previously done,
the spin coefﬁ01ents k =04Vj04 and T = —1A V14 vanish, we obtain:

k
B= / ( qf” ))(V;’r/»m(p)—2p¢m<p))LAoBug<q>

o(q)
1 p
= %(meboo — 200¢00) L AOB o (q)
o(q)
Po0tAOB
= | v 22478
/ { m( 2nr
a(q)
_ogfootaos o dootaos poota Vi (0B)  ¢ooVia(ta)os
2r " o2 27r 277 7@
Since
V,%rztB(')B/, VgB,I’:tB(_)B/OB(_)B/ and VZop=—pup,
and

p( ootaos $00tAOB _
/Vm< >—2a oy o) =0,

2nr
o(q)

by Stokes’ theorem (cf. (4.14.70) in [22]; it is possible to reinterpret this expression using the compacted spin coeffi-
cient formalism), we obtain:

B = @L L
= p2nr AlBMo(q)-
o(q)
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We finally have the expected integral formula for the Maxwell equation:

k
/( qu)>(vlp¢0b(l’) 20000()) (Vi 470)e8 @R (@t

o(q)
n
/(Vl¢00—2,0)tALB @) _
o(q)
o
/ (VP oo —3p)tatp——= o (q)
o(q)

The first step of the general proof is to notice that, as in the Maxwell case, the only remaining term in the flat case
is Eq. (3.13) since the term (3.14) vanishes. So the simplification of Eq. (3.13) can be done using the same methods.
A direct consequence of Remark 3.16 is that the relation given in Lemma 3.7 is considerably simplified:

Viell,n—1}, pg;—200; =01+ —j—Dpg,. (3.18)
In the Minkowski case, the only non-vanishing term in the integral formula is the following:

k /
/ < qip ))(Vf’mb.‘.f(p) —20¢0b..£(P) (V{4 470)€8 @R -6y (@ o)

a(q)
which can be simplified in a flat space as

1
- f 5 (V' doB_¥(P) = 2000 ¥ (P) 1A @EF @) - £5) (@ Mo g)-

a(q)
Consider the generic term in this sum: let j be an integer in {1,...,n — 1}:

1
/ (Vi = 20 @ @) e @t
o(q)

Since ¢; is obtained by contracting j times ¢4, with A and n — J times with o?, it means that there is exactly
jtimesoq and n — j — 1 times —t4 in the list 8% @q).. .8; (g); since the sum is symmetric, it can be written:

1
/ 2—(V1¢>j —2p¢j) ta(—tp)...(—Lc) OD ... OF) Ho(q)-
Tr ———’
a(q) n—j terms J terms

Using Eq. (3.18), it becomes:

1
f %(Vl(ﬁj — 2p¢j)L(A .. lCOD .. .OF) g (q)

o(q)
1 .
= 271_r(n_] _1)p¢j[(A...LCOD...OF)Mg(q)
a(q)
1 /
+ %5 (@r—1LA---LCOD ... OF) o (g)-
o(q)

Using Remarks 3.16, the last integral is written as a difference:

1 di—1LA..-lCOD...OF
/27r_r6/(¢j—l)L(A---[C0D~--0F)Mo(q)= / 5/( J ( > ))[,L(T(q) (3.19)

ar

o(q) o(q)

. 28
+]/p¢j_1L(A...LD0E...LF) H(q).
- = > 27ur
a(q) n—j—1 j—1

(3.20)
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It has already been noted that

1. ris (1, 1) scalar;
2. ¢j—1isan (n —2j +2,0) scalar;
3. 4A...Llcop...opyisa(2j —n,0) spinor.

As a consequence, the term integrated in the left-hand side of Eq. (3.19) and under the derivation &' is (1, —1) spinor.
In order to apply Lemma 3.9, this spinor is contracted with n constant arbitrary spinors; this gives:

¢j 1
LA.--lCOD...0F) y,(,(q):O.
2rr \q/_zx—,_z

o(q) n—jterms  jterms
Finally, we obtain:
[ ;2001101000 0n) B0 (3.21)
s‘/_./\‘,_.z r
o(q) n—jterms  j terms

. w 0
=mn—-j—1) / PPjLA...LCOD ...OF) 7() +j / PPj_1LA .- LDOE ...LF) ——— a(q) (3.22)

——— — ——— 2mr %,_/%/_z 2

a(q) n—j j o(q) n—j+1 j—1

Theses terms are added to obtain the complete expression of the integral formula:

/ (Vigob..t =200 (@)e}(@) £y (@) 522

a(q)

n—1

2%
—Z( I~ 1( ) / (Vi) = 209)) 1A -1 OD - 0F) T8
%,_/%,_/ Tr

o(q) n—jterms  j terms
u
= /(V1<i50—2P¢0)tA..-tFM
2nr
o(q)
n—1 ‘ n—1 Lo
+Z<—1>"—f—1(n—j—1>< . )/w,-zm...tc@ op) T8
1 ] —_——— —— — 2r
J= o(q) n—j j
n—1 n—1 o)
+ (—l)n_j_1j< . )f¢'1LA...LDOE...LF 74
Zl ] J \(q,_/\_w_l 2rr
I= a(q) n—j—1 j—1
The sum is split in two and reindexed:
n—1 n—1 m
Z(—l)"‘f‘%n—j—l)( . )/Pd’jl(A---lCOD op) 52
i—1 ] [ A — 2nr
J= o(q) n—j j
— Ho(q)
+ —1y"i-t / L ADOE...1 74
;( ) J Gji—1LA---LDOE ...LF) oy
J= o(q) n—j—1 j—1
n2 n—1 n—1
=Y {(=pri! ((n—j—l)( . )—<j+1>(. ))
= J Jj+1

=0

m
X / ,Od)jt(A...L(;OD...OF)ﬂ}.
—_——

2 27r
o(q) n—j J



190 J. Joudioux / J. Math. Pures Appl. 95 (2011) 151-193

The remaining terms are then:

(—1y! /(Vl¢o—2/0¢o)tA--~LFM—(—1)"_1<n_1> / piota ...

2r 1 2r
o(q) o(q)

and the integral formula is, because of the antisymmetry of the symplectic product:

pa..r=(=1" / (Vigo — (n + D pgo)ea - ~LF%’ (3.23)

o(q)

is proved. O
4. Concluding remarks

1. Klainerman and Rodnianski state in [14] that a C? metric (or a square-integrable Riemann curvature) is sufficient
to write the singular part of the Kirchoff—Sobolev parametrix for the Einstein equations. It is expected that such a
regularity will not prevent the use of this method for the arbitrary spin Dirac equation.

2. The construction of the representation formula is flexible enough to be used with other fiber bundles. Provided
that the correct geometric hypotheses are stated for the manifold, such a representation can thus be obtained for
the Rarita—Schwinger (or gravitino) equations.

3. Chrusciel and Shatah obtained in [2] L?-estimates for the Yang—Mills equations. We hope that such estimates
can be obtained using the Friedlander construction of an integral formula. Nonetheless, it must be noted that they
intensively used the gauge freedom which exists for the Yang—Mills equation: they used both the Cronstrom gauge
(to obtain pointwise estimates) and the temporal gauge (to obtain estimates on spacelike slices). Similar estimates
for the Dirac equations could help to explain, for instance, the loss of regularity observed in the characteristic
Cauchy problem in [12] (Section 6).

This work was partially supported by the ANR project JC0546063 “Equations hyperboliques dans les espaces-
temps de la relativité générale: Diffusion et résonances”.

Appendix A. Some materials on spinors

This appendix presents various results about spinors. It is expected that it will help the reader who is not familiar
with spin structure to understand this notion better. Two aspects of spinors, which are considered as the most useful
for our purpose, are focused on: on the one hand, the decomposition of the Clifford algebra and, on the other hand,
the construction of a symplectic product on the Dirac spinor bundle.

A.l. Abstract construction

The spinor bundle on 2 is defined through the action of an algebra over a vector space. This construction requires
the following ingredient: the action of a group over a fibre bundle, the fibre being then replaced by a given vector
space.

Definition A.1. Let (E, £2, ) be a G-principal bundle. Let F be a vector space and p : G — Homeo(F) a continuous
map.
Consider the action

¢:G —> Aut(E) x Homeo(F),
gr— (.)€ ExFr>(xg™' p(2)y))-
The quotient space,

ExF/p or Ex,F
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with projection 77 obtained by factorization of the diagram:

ExF Top M
x /
Epr

where p: E X F — F is the projection on the first variable, is a G-principal bundle with fibre F.

The algebra, known as the Clifford algebra associated with a given quadratic form, which is used to construct the
spinor bundle is then defined:

Definition A.2. Let E be a vector space (real or complex) with a quadratic form ¢. The Clifford algebra (CI(E), +, -)
is the quotient space:

+o0 n

CI(E, q) = (@@E)//(E),
n=0
where I (E) is the ideal generated by the set {v @ v+ ¢g(v) | v € E}.

This algebra is known to have the following structure [15]:

Proposition A.3. There exist two sub-algebrae denoted CI°(E, q) and CI' (E, q) such that
CI(E,q)=CI°(E,q) ® CI'(E, q),
which satisfy:
CI%(E.q)-CI°(E,q) = CI®(E.q).  CI'(E.q)-CI'(E.q)=CI’(E,q),
CI°(E,q)-CI"(E,q)=CI(E,q),  CIN(E,q)-CI(E,q)=CI\(E,q).
Using this proposition, we can define the spin group associated with this quadratic form.

Definition A.4. The group Spin(E, g) is the subset of CI°(E, ¢) defined by

{secl®E.q)|q(s) =1},

where ¢ is the extension of the quadratic form g to CI(E, q).

In the case of Minkowski spacetime, with a signature (1, 3), it is known that a representation of the Clifford algebra
is M>(C) and its spin group is SL»(C) (see [16] for more details). Its decomposition in odd and even parts is used in
the Minkowski case in Remark 1.5 and gives rise to the so-called Weyl (or 2-) spinors.

A.2. Symplectic structure on Dirac spinors

This subsection intends to present how the Dirac spinor bundle can be endowed with a symplectic product which is
the lift of the Lorentzian metric on M. This construction is done on the Weyl (or 2-) spinors, but can be adapted to other
kinds of spinors as in Section 3.1. This presentation is based on course notes on lectures made by Paul Gauduchon at
I’Ecole Polytechnique.

The starting point consists in considering the bundle of skewsymmetric two forms over the Weyl spinors:

Proposition A.5. The bundle A2SA of skew-symmetric two forms is trivial.
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Proof. This is a direct consequence of the fact that S is a Spin(1, 3) = SLy(C) bundle. Let (U x C?, ¢) and (V x
C?, ) be two local trivializations of the bundle S with empty intersection where ¢ and ¥ satisfy:

po¢p=m and poVy =m,

where 77: SA" — M is the projection associated to the bundle S and p is the projection on the first variable. These
two trivializations give rise to two trivializations of A%S# that are still denoted by ¢ and . Let us consider the
transition map ¢ o ¢ ~': A2C2 x V — A%C? x U. It can be written:

Pov(x,y)=(x,v(x)y),

where v:U NV — SL,(C) is a smooth map.
Let x be fixed in U N V. Since v(x) belongs to SL,(C) and y is a skew-symmetric 2-form, y is invariant under the
action of an element of SL,(C), i.e.:

V(u,v) € C%, y(v(x)u, v(x)v) = y(u, v).
The fibre bundle A2S4’ is thus trivial. O

Proposition A.6. Let € be a section of A>’SA. Let § be the metric associated with ¢. Then, the metric § is conformal
to the metric g.

Proof. Let pin M.Let X in T, M and u, v in S4. We assume that the vector X is a light-like vector for the metric g,
ie.
g(X, X) = gapX“X" =0.

A necessary and sufficient condition for g, to be conformal to g is that ¢ and g have the same null cone structure,
i.e. it is sufficient to show:

(X, X)=gusXXl =0.

Since X is light-like vector, it can be written:

if it is future directed, and
X4 = —uti?

if it is past directed. The calculation is performed for a future directed null vectors, but it is the same for a past directed
one. Because of the skew-symmetry of €45, we have:

SABMAMB =0

and then

A

~ _ A _R'
gabX”szsABu uBeyputaf =0.

X is thus still a null vector for g and g and g are conformal metrics. O
Remark A.7. The map:
AT — pg | € C™(2,R%)},

EABF— 8ab = EABEA'B/,

is a two sheeted covering of the conformal class of g. In particular, it is surjective. We denote by €4 p a preimage of
8ab-
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