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Abstract

We present a unified analysis of the self-dual, second order, topologi-
cally massive and the recently introduced fourth order models of massive
gravity in 3D. We show that there is a family of first order actions which
interpolate between these different single excitation models. We show how
the master actions are related by duality transformation. We construct
by the same method the master action which relates the fourth order new
massive model with two excitations and the usual second order model
with Fierz-Pauli mass. We show that the more general model obtained by
adding a Chern-Simons term to the new massive model is equivalent off
shell to the second order spontaneously broken linearized massive gravity.
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1 Introduction

Three dimensional massive tensor models have a rich structure which emerged in
the three decades since the discovery of the topologically massive model (TMM)
[1]. This model, in which the non propagating Einstein-Hilbert action is com-
plemented with a gravitational Chern Simons term, yields upon linearization
a third order gauge invariant model which propagates a single parity sensible
excitation. Other unitary models with a single excitation were then recognized.
The self-dual model (SDM), which upgrades to the case of spin 2, the ideas
used to construct the vectorial self dual theory [2] equivalent to topologically
massive electrodynamics [3] was introduced in Ref. [4]. It provides a first order
equation for the tensor field . A second order model with the same spectrum
usually denominated the intermediate model (IM) was also formulated in the
same work. Master actions related the SDM to the IM and the IM to the TMM
were presented. The IM allows for a curved space [5] formulation which con-
sists of the ordinary Einstein Hilbert action and a first order, vector like quasi
topological term constructed out of the dreibein variables. This model is diffeo-
morphism invariant but has the local Lorentz invariance spontaneously broken
[6]. More recently a Lorentz, gauge and conformal fourth order model (FOM)
which also describes a single massive mode has been presented [7]. This model
is not unrelated with the also recently introduced and very interesting system
dubbed new massive gravity (NMG)[8] [9] which describes in an elegant and
gauge invariant form the two physical excitations of a massive, parity invariant
spin 2 particle. These theories are ghost free , despite of the fact that their
field equations contain higher terms in the curvature in contrast to equivalent
situation in D > 4 [I0] [I1]). This has motivated to review [I2] in this con-
text the standard relation between negative energy excitation and higher order
equations as was already proposed elsewhere [13].

The TMM and the NMG have in common that the Einstein-Hilbert term
appears with a sign opposite to the conventional one in D > 4 gravity. Com-
bining these two theories, the most general unitary action for massive spin 2
[14] is constructed and shown to describe two physical excitations with different
masses in a gauge invariant way. From this theory, appears in a particular limit
the FOM [7], [14]. All these models may be formulated for generic gravitational
background and when the background is AdS, new interestingly phenomena
arise [15]. The linearization on flat and AdS backgrounds have been studied in
references [9] and [12].

As already mentioned, in a form which is analogous to the case of vector
fields where the self dual theory [2] is equivalent to topologically massive elec-
trodynamics [3], at linearized level the self dual massive spin 2 [4] is equivalent
to the topological massive gravity. The self dual model do not have any lo-
cal invariance and their action is first order. Nevertheless, it may be viewed as
gauge fixed formulation of their related higher order models|16], 17, [18]. Classical
and quantum aspects of these dual equivalences have been studied in references
[19, 20, 211 22].

In section 2 we take a systematic approach to establish the equivalences,



at the linearized level in topological trivial manifolds, of the models mentioned
both for one and two physical excitations. For the family of parity sensible
models we display a network of master actions ultimately relating the SDM
action to the FOM. The process of increasing the order of the action is accom-
plished with a corresponding improvement of the symmetries in the chain of
master actions. Although the models obtained from the linearization of metric
curved gravity models may be written in terms of symmetric tensor fields the
structure discussed in this article is best shown using non symmetric tensors.
This is evident in the discussion of section 3 where the master actions are shown
to emerge from the application of dual transformations to the different mode.
In section 4 we construct using the duality transformation, the master action
which forces the equivalence of the NMG with the usual massive Fierz Pauli
model discussed in [§]. We also show the equivalence of the most general fourth
order model [I4], [23] with the second order model considered in ref [6] which
propagates unitarily two different masses. Since all the actions presented here
are quadratic in the fields, the discussion of these equivalences in the framework
of path integral functional may also be pursued.

2 Models with one excitation

We start with the self-dual (SDM) first order action action [4]

m 1
v = —= < wpw™? —w, fw,” > +§ < wune"Pow, A > (1)

2 H

where <> denotes integration in 3D. This model is equivalent to the second
order intermediate model (IM) which can be written in the two alternative
forms,

I*hp) = % < € POphg e’ 0h gy > —ﬁ < (e*P195h0)* >
- % < hyurePdyh,* > (2)
= i < h,Le"*Po,Wg,[h] > —% < huxe"Po,h ) >
with
Wwlh] = (W) hpe
= 067~ g™l Dchpo )

This is the linearized version of the massive vector Chern-Simons gravity [5]
whose action is given by the Einstein-Hilbert action and a vectorial Chern-
Simons term constructed out of the dreibein variables. The IM is invariant under
gauge transformations, 6h,, = 0,(,. Equivalence with the SDM may be shown
in different ways. For example a detailed analysis of the constraints structure



of the models lead to interpret the self-dual model as a gauge fixed formulation
of the intermediate model [I8]. These models may be also related by a duality
transformation [19] [22] which establishes the equivalence on topologically trivial
manifolds leaving room to a more subtle relation on general manifolds as it
happens with the vector models [24] 25, 26]. The dual relation between the
models is signalized by the existence of a master action which provides the most
direct demonstration of their equivalence. This master action, which is the
analogous of the one used by Deser and Jackiw in their treatment of the vector
models [3] was given in [4]

Lijw,h] = —% < ww™t —whwy >+ < wu,\e””p&,hp’\ >
1
- 3< huxe" o, h, > . (4)

in terms of general tensor fields h,, and w,, neither symmetric or antisymmet-
ric. Note that the structure of this action, is given by a Fierz-Pauli mass term
for one of the fields plus a term involving the rotor of both fields ending with
a vector Chern Simons like term. This structure is exploited below to general-
ize this master action. Either the SDM or the IM may be derived covariantly
by substituting the equations of motions but this procedure should be supple-
mented by a more careful analysis to guarantee the canonical equivalence of the
systems[4], [I8]. To obtain the IM one takes variations in ({#]) respect to w and

obtains the identity

o (h) = Wi lh] o)

This equation may be viewed as a kind of self dual change of variables and will
be used repeatedly in what follows. Substituting (@) in @) leads to the second
order intermediate model [2)). To recover the SDM one considers the second of
the equations of motions of (),

Dy = POy (6)

Substitution of this in I; gives the SDM. Why this covariant treatment works
may be understood by noting that (6]) forces the transverse components of wy,,
and h,, to be equal and then,

Wy — h;,w = 6M)\u . (7)
Setting A\, = 0 using the gauge invariance of Iy,
6huu = MCV; 5wuu =0, (8)

it follows that
Wy = Ay (9)
Combined with (Bl this implies

1 TO 1 TO 1
hyup = E[Ep Orhoy — 5%#5/\ Orhox] = EWMP [h] - (10)



These are the equations of motion of the self dual theory. Alternatively one may
note that I; does not depend on the longitudinal part of k.
We can iterate the mechanism which forces the equivalence between I; and

Iy and introduce a second and a third master actions I» and I3 given respectively
by

m
Lw,h,v] = -5 < wy,wt —whwy >+ < wu,\e”l’pa,,hp)‘ >
1
— < huae™Po,u) > +5 < VPO, > (11)
Lw,h,v,u] = It — whwl >+ < wane PO, h N >
3w, 1L, Uy - 2 v nYv LA vit,
— < haePOu) > + < vuae PO, > (12)

1 A
-3 < uMe‘“’p&,up > .

In each case the vector Chern Simons term is re-expressed with apparent redun-
dancy using an auxiliary field. One may also view the procedure as a duality
transformation as will be discussed below. The relation between v,, and h,, in
I> have the same structure that the one between h,,,, and w,,,, in I just discussed.
Following the same steps one obtains that Iz[w, h, w(h)] = I1[w, h] with w(h) de-
fined by (). This means that I is equivalent to I; and forcefully to Iy and I2t".
Analogously it is straightforward to show that Is[w, h, w, u(w)] = I2[w, h, u] with
u(w) defined now by the equation of motion with the same structure that (@)
and its corresponding equivalence with all the previous actions. Below we show
how these master actions may be used to discuss the equivalence of all the sin-
gle excitation models of linearized gravity in 3D. Other actions I, written in
terms of more fields may also be constructed by the same mechanism and are all
equivalent, but when reduced to models with a single field they do not lead to
new unitary models different of the four discussed in this paper. In particular,
the models of order higher than four in the derivatives which may be associated
with them using covariant methods, propagate ghost excitations.
To continue our discussion let us show how I may be related to third order
TMM whose action is given by [I]
TTMMp) — —ﬁ < hyxe? 9, W h] > +# < Woua[h]e" P 0, W, [h] > .
(13)
Here the first term is the linearized Einstein-Hilbert action with the opposite
sign and the second term is the linearized true Chern-Simons gravitational ac-

tion. This action can also be expressed alternatively in terms only of the sym-
metric part H,, = %(h,w + hyy) [. The TMM may be obtained directly from

po o

1We use also the Einstein tensor G, = €/70,Wou[h] = €f, e,,ﬂapaaH(,B, so that Gy, =
OHuy + ... The Schouten tensor is S, = (W )P Wye|h] and the Cotton tensor, which
is symmetric, transverse and traceless is defined by CJ = €#?78,S5y, with Sy = Guv —
%WMVG = Ry — i’?wR



the SDM by performing the the self-dual change of variables w(h) of equation
@) in (). The connection with Iy goes through the following action

1
2%hv]) = %<h,,pemﬁaawﬁp[h]>

1
- < hMe‘“’p&,vp)‘ > —|—§ < vMe“””&,va > (14)

This is obtained substituting (B), which is again one of the equations of motion,
in ([[I).This procedure is the same used to obtain the second order model (2]
from I;. I2*"[h,v] works as a master action for I**" and ITMM and is equivalent
to the slightly different one introduced in [4]. One of the equations of motion
states that the transverse parts of v and h are the same and using this in
the action we obtain that IZ*"[h(v),v)] = I**"[v]. On the other hand, making
independent variations respect to h,,, we obtain

1
TR, = —e7 9, W, [h] . (15)
m

Substituting (I in (I4]) the third order action of the topologically massive
gravity emerges.

At this point we call the attention of the reader for the first time to Fig-
ure (Il) where the relations between the different actions are summarized. The
curved arrow between Iy and 7™M indicates the self-dual change of variables
mentioned above and the straight arrows show the connections among the canon-
ically equivalent actions.
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Figure 1: Connections tree between the self-duals models
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Before continuing we note that a family and in particular may also
be constructed using the mechanism of sphttlng the vector Chern Simons term



with the aid of auxiliary field. All these actions are equivalent. The action I2¢"
which we write in the form,

1 1
h va o @
2% h, o) = 5o <€ B0uhp € Dyhg, > — < (e P195hya)? > (16)
1
= < huae™POu) >+ <vnePou, > -5 < wune" P Oyu, >
is obtained also directly from I3 by eliminating w. If in I3!"[h, v, u] we eliminate

the field v we obtain a second order master action for I7MM which we denote
by IZMM

1 1
MMl = o < 0, Wpa[B] > +— < upa 0, Wya[h] >
1
= <UDy > (17)

Now, making independent variations respect to w,, we obtain (I5) with u in-
stead of v, which substituted back in the action allows to recover the action
of TMM. We note that I7MM[h u] may also be obtained making the self dual
change of variables (w — w(h), h — w) of the form (&) in I;. All this relations
are reflected in Figure ().

Contrary to what one could have be expected one cannot arrive from 13
to a fourth order action and a different scheme should be devised to make contact
with the fourth order action recently introduced in Ref.[7] [14]. This is given by,

1

" = 53 < PO W5, (h)e’H 8, W, (h) > (18)
m
1 1
- < (P 0sWyainy)? > =5 < Win(h)e o, W, Ah) >

Stressing the entangled structure of these systems we note first that this fourth
order action is obtained after substituting the self-dual change of variables (0]
into (2)). This is indicated again with the curved arrow which appears between
I?"" and I**" in Figure ().

There exist two master actions which connect I7MM and 4", The first is
denoted by Ig%y because it use an auxiliary field u,, with a quadratic Fierz-
Pauli like mass term to express the term proportional to the Einstein action in
first order. It is given by

Ig%y [h,u] = % < uput —uhuy > — < uu,\e””p&,h;‘ >
1
+ g < Walhle "0, Wik >, (19)

It is obviously equivalent to I7MM  Making independent variations on hyo
yields

L (W) Woas[]] = 0. (20)

emrPy, [Upa _ —;



Locally, the solution is : u, = —15 (W )**Wag[h] +9,(,. Plugging into the
action (after some algebraic manipulations), the fourth order action of Ref.[7]
14], is obtained.

The other master action is obtained introducing an auxiliary field v,, to

split the Einstein action without changing its degree. It has the form,

1
IEMMp v = 3 < V€70, Wy [v] > — < hyy€'??0,Wo, [v] >

1
+ 5-< WA [R]e" P9, W [h] > . (21)

Using the equations of motion we have
"0, Wy [v] = €7 0,Wo, [h], (22)

which establishes the equivalence with I7prps.
On the other hand, independent variations on h,, lead to

€47 0, Wi o] — (Wi ) [Wog 1] =0 (23)

This has as a solution .
Vyy = EWH,,[h] . (24)

Using these results in I25M the fourth order action is reached.

Here we reach the limit to which the structure discussed in this section may
be exploited. If we make the self-dual change of variables (] into the action of
the topologically massive gravity (I3]) we obtain a 5th order action

1 v 1 v
I°tp) = ~55 < Waalh]e" 0, W h] > —51 < Waalh]e" P00, W h] >,
(25)
which may be written in terms of symmetric variable H,,, as
IS H] = L @, om L« g, 00m (26)
R T

and was shown to propagate a ghost in Ref.[32].

3 Duality

In this section we make the connection between the master actions considered in
the previous section and duality transformations. We use the gauge invariance
of some terms in the different models and an auxiliary field, which is restricted
to be a pure gauge by a constraint equation enforced by a Lagrange multiplier
to construct dual actions which are found to be the master actions. We start
considering the vector Chern-Simons term in the self dual action (). This
term is invariant under dw,, = 0,(, We modify the self dual action with the



introduction of a pair of variables B, and h,,) of which h,, is a Lagrange
multiplier in the form,

IODual[,w7 B, h] — < (wﬂ)\ 4+ BHX)GHVP(?V(’LUP)‘ + Bpk) >

< wpw™ —whwy > - < hu,\e””p&,BP’\ >. (27)

The field equations which a

Gppgap[wau + Bau] - m[wuu - anw] =0, (28)
eupaap[wau + BG’V - hau] =0 (29)

and
€4°79, By — 0. (30)

The constraint (B0Q) forces B, = 9,(, to be a pure gauge which can be gauged
away to recover the self dual action. On the other hand to express the action
in terms of the Lagrange multiplier field, we note that Eq. (29) has the local
solution
By = —wu + hyw + L, (31)
with 70,1, = 0. Substituting B1I)) into (27), we obtain the master action
I [w, h] (@) which interpolates between Iy and I?!"[h] as discussed in the previous
section.
In the same way we may construct the master action 12" [h, v] which connects
the TMM with the IM starting from the latter. We modify the vector Chern
Simons term in the second expression of I?'"[h] in Eq.(2) to write

1 1
I%)tfal = 5 < hupeﬂaﬂaawﬂp[h] > _5 < [huo + fua]eﬂypau[hpo + fpa] >
+ < U#Ae“l’p&,f; > (32)
Here, v,,,, is the multiplier which enforces the constraint
fypgapfa'v =0, (33)

on the auxiliary field f,,, insuring that it is a pure gauge and in consequence
B2) is locally equivalent to (2)). The other equations of motion are in this case

eupaap[%ww[h] — (hop + fop)] =0, (34)
and

€.°70,[Vor — (hop + fop)] =0, (35)

Solving f,, in (30) as
Juw = =huw + v + L (36)

with €,%%0,15, = 0 and substituting this solution into (B2)), we reach I3"[h, v].



Finally, following the procedure outlined above we can construct the master
action 173MM which connects the TMM with the fourth order model. We modify
ITMMy] by introducing a pair of non symmetric fields, f,, and h,, in the
following way:

1 1
I = =5 <[vpo+ Luole 0 Wyo v+ f] > 45— < Wyg [v]e"P0, Wpo [v] >
+ < huae™Pa, W f] > . (37)

In this case, h,, again plays the role of a multiplier enforcing the constraint
that now takes the form
€,”° 0, W, [f] = 0. (38)

If instead, we consider the equation of motion obtained taking variations respect
to f we get
€70, Woy[v+ f—h]=0. (39)

This equation can be solved as

.f,uv = h,uv — U + l,uv; (40)
where [, satisfies €,770,W,, ;) = 0 and substituting into (3Z) we reach MM
It is interesting to note that it is also possible to construct IZMM out of

I?'" in one step by modifying the first term in (@) instead of the second with

the auxiliary field restricted by a constraint of the form (B3). The duality
transformations considered in this section may also be formulated in the path
integral approach in which case the elimination of one of the fields in favor of
the Lagrange multiplier is done by means of a quadratic functional integration
[22, 26, 27]

4 Models with two excitations

In 3D there exist also more than one model of linearized gravity with two exci-
tations. The conventional Fierz-Pauli action is given by

1 o m2 v 2
Ipplh] = 3 < hy €'P70,Wyy [h] > - < hy Bt —h* > . (41)

and the fourth order model

1 17 v
I = —5 < W [o]Wif = Wilo]W/)[v] > (42)
1 17
t 5 < W] oW [W ()] >,

which was proposed in [14].
In 3D describes the ghost free propagation of two physical excitations with
opposite helicities. This can be made explicit by observing that ([&I]) is equivalent



to the first order master action action

1 2
Ipplhyw] = =5 < waw—u? > + < wne PO h) > I hp b >

2
(43)
Making in this action the redefinitions

h_l _m
MV_\/E —\/5

one has two self-dual models of opposite helicity. This gives a hint that also uni-
tary models with different masses may be consistently constructed in a covariant
way. This is discussed below.

The master action which connects both may be obtained applying to Irp
the dualizing procedure discussed in the previous section. We modify the action
in (1)) in the form,

[h;ltu + hfw]’ Wyy [hiw - hiu] (44)

I = < [hpo + fus)ePOW ool + ] > — < 0o ePO,W oo [f] >

< b h* —h* > (45)

N =N =

Here vy, is the multiplier which ensures that f,, is a pure gauge so that (45
is equivalent to Irpp. The field equation obtained after making independent
variations on f,, is €,°70,Ws,[h 4+ f —v] = 0. The local solution is f,, =
—hyw V41, with 1, satisfying €,°70,Ws, [l] = 0. Substituting this solution
we obtain,

1
13 [h, v] ~5 < 0w 0, Wa 0] > + < e 0, Woy [u] > (46)

2

- m7<hwh'/#—h2>.

Expressed in terms of the symmetric parts of the fields this master action was
discussed in [§]. Using the equation of motion,

€09 0, Wy [V] = €70, W, [1], (47)

to eliminate v, we obtain (4I]).1
On the other hand, making independent variations on h,, in the action (2
leads to

1 lod
hyw — Nuh = WGZ 0pWo [v]. (48)
which can be solved as
1 - 1
by = W(ij)Wpa [v] = WSHV[U]' (49)

where S,,,, is the Schouten tensor. Plugging this expression into (), we obtain
the fourth order linearized action The relations between the master actions and

10



(2)
Ipp

4th
Irp
Figure 2: Connections tree between the Fierz-Pauli family of models

the unitary models are shown in Figure () The fourth other model may be
expressed in terms only of the symmetric component H,,, in the form,

1
I = —5 < Hu Gl > < [S,w8" — 8% > . (50)

2m?
The first term is the Einstein action with the “wrong“ sign and the second is a
term with fourth order derivatives (S, 5" — S? = R, R" — %RQ).

It is worth mentioning that this action can be obtained directly from the
Fierz-Pauli action eq. () by substituting the self dual condition (B). This is
indicated again with a curved arrow in Figure (2]).

To discuss the equivalence of the unitary models with two different masses
let us recall first the results of reference [5]. There it was shown that the model
with a Fierz-Pauli mass term and a gravitational Chern-Simons term obtained
by spontaneous break of the gauge symmetry of TMM is a non unitary model.
On the other hand the model obtained by adding a vector Chern Simons term
to the Irpp or conversely a Fierz Pauli mass term to IM is unitary with the two
excitations having different masses. Its action is given by,

1 2
IS H] = 5 < hupe” 0, W, [h] > —g < hyne PO, ) > = < By W >

2
(51)
with m and p two independent mass parameters. The masses of the excitations

are
1 m2

= — 1+4— +1). 52

ma = gl 1447 1) (52)

If we make the substitution of the self-dual condition (., — =W, [v]) in
(1D , we reach the so dubbed most general action for spin 2 in three dimensions

)

11



discussed in [32] whose action is

1

I = =5 < W LWl —willul ] > =55 < Wialo]e?0, Wialv] >
1
+ 5y < Wil o, Wa W ()] >, (53)

This action may also expressed in terms only of the symmetric component
H,(v).

1 1 1
IS[H] = -5 < H,, G, > —55 <SS - 5% > +ﬂ < Hu Ol >,
(54)
The parameters are related by f = m?

On shell equivalence between (BIl) and (B3) was discussed in Ref. [32]. To
show the off-shell equivalence of the two systems one could use the (2+1) ap-
proach [28] 29, [30] used in Ref. [31] for the vector case or alternatively construct
the master action. In this case to avoid the third order system which was shown
to be non-unitary we introduce two new auxiliary field w,, and v,, and consider,

1
IS [h,w,v] = 5 < Wy w — whw, > —|—% < vMe“””&,va >
+ < wu,\e‘“’p&,hpA - uhu,\e“”p&jv;‘ > (55)

2
— B h b —h2 >
2
which is clearly equivalent to (GI). Now it is h,, which plays the role of a
quadratic auxiliary field and its equation of motion allow us to determine that,

1
hyw = WWHV[U} — . (56)

Plugging this value of h,, into (BE) we reach the following action

IS [wv] = -3 < W, wH — whw, > —|—% < vMeW”&,v;‘ >
+ < (wpx — popa) e PO, Won|w — pv] > . (57)

2m?2
From this action, we have the following field equations
1 1po g -

Wop = MW = —€ o Wy [w — pv] =0 (58)

and y
et 0pvgy, — Weﬂpf’apww [w— pv] = 0. (59)

which in particular imply,
Wy = Wy [v]- (60)

12



Using first (59)) to obtain
1

1
IS [w,0] = —5 < Wy, W — wiwy > +W < wuAe"PO, W [w] >
1
— W < wMe‘“’p&,WM [1}] > . (61)

and then (B0), we recover the action of the quartic general model (G3)).

5 Conclusion

We presented a unified approach to discuss the equivalence between the known
single excitation models of massive gravity in 3D with similar spectrum using
their formulations in terms of non symmetric tensors. We construct a family of
master actions which enforce the equivalence between models of different order
in the derivatives and show how they are obtained using duality transformations.
We also discuss how some of the models are related more directly by a self-dual
change of variables.

For the models with two excitations we show that part of the structure
remains the same. In particular the master action may also be constructed
by a duality transformation. For the models with a mass split, we established
the equivalence of the most general fourth order model and the spontaneously
broken vector Chern Simons linearized model of massive gravity.

The implications of these relations to the curved case at the level of actions
and solutions remain to be investigated. The generalizations for higher spins
of self dual and topologically massive actions, which have been formulated in
references [32], [33] and [34], may also be suitable to a similar approach.
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