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1 Introduction

String theory as seen from the point particle perspective contains an infinite number of massive,
higher spin states. As known already from the early days of string theory, these massive states
lie on the so-called Regge trajectories that display the linear relation between the (mass)? and
the spin J of all states. The existence of the infinitely many higher spin states is essential for
the ultra-violet behavior of string scattering amplitudes. It unitarizes all string amplitudes among
the massless modes in the UV via the exchange of the infinite tower of massive states, as it was
first shown in the famous Veneziano amplitude that describes the scattering of four massless open
string states. In addition the consistency of quantum gravity in string theory completely relies on
the massive higher spin states. Since the size of a string grows with its excitation energy, larger
and larger states are produced at higher and higher energies. Hence, the UV properties of string
scattering amplitudes are non-Wilsonian, which is also manifest in the UV-IR mixing in string
theory. As it was argued in [2] this might lead to a reformulation of the Heisenberg uncertainty
principle in string theory with the result that the string scale appears at the shortest possible

length scale, which can be dissolved in string scattering experiments.

The existence of massive higher spin states in string theory is not only crucial for the consistency
of the theory, but is possibly also interesting from the phenomenological point of view. Since
the masses of the higher spin states are all multiples of the string scale M, = v/o/~1, D-brane
compactifications with a low string scale M in the TeV region and with large extra dimensions
offer the exciting possibility that the lightest Regge excitations of massless open strings can be
directly produced and detected at the LHC. As it was shown in [3] 4], four- and five-point string
scattering amplitudes among standard model gauge bosons (gluons, W Z-bosons, photons) and
at most two external massless fermions (quarks or leptons) are completely independent from any
geometrical details of the underlying D-brane model in four dimensions. Hence, the production
of the first heavy colored string states (e.g. excited gluons with J = 0,2) from gluon fusion and
their subsequent decay into two or three hadronic jets leads to completely model independent
cross sections and decay rates at the LHC. Based on these calculations the recent LHC searches
for non-standard dijet events due to heavy new resonances can now exclude massive string states

with masses below about 4 TeV.

This paper is not so much concerned about the phenomenological implications of massive higher

spins states, but we rather like to exploit some of the basic supersymmetry properties of higher



spin states in four dimensions, originating from supersymmetric type II compactifications. In [1]
we already computed string scattering amplitudes not only with massless external string states,
but also three- and four-point amplitudes with one massive excited open string state as external
field. For this purpose we constructed in [I] the corresponding covariant vertex operators for the
lowest massive open states in four dimensions][]] focussing in particular on those universal open
Regge states, which are present in any D-brane compactification to four dimensions (excited glu-
ons and gluinos). Working within the world-sheet NS-R formalism, physical, massive states belong
to the cohomology of the BRST operator. In addition, besides world-sheet conformal invariance,
supersymmetry plays a key role for the consistency of string theory, both on the world-sheet as well
as in target space. In ten spacetime dimensions, the type IIB(A) superstring exhibits extended
(non-)chiral N' = 2 spacetime supersymmetry with in total 32 supersymmetry charges. It follows
that all massless as well as all massive closed string states are organized in supermultiplets of the
ten-dimensional NV = 2 supersymmetry algebra. This leads to a very subtle interplay between
massive string excitations with different higher spins that belong to common supersymmetry mul-
tiplets. In fact, the covariant world-sheet vertex operators of the higher spin states must transform
into each other when acting on them with the supersymmetry charge operators. Hence, spacetime
supersymmetry must be reflected in the structure of the world-sheet BRST cohomology on each

mass level of the higher spin excitations.

Going from ten to lower dimensions, parts or all of spacetime supersymmetry can be preserved
during the compactification process. As it is known already for several years [11], 12, 13| [14],
there exists a deep relation between the number of spacetime supersymmetries, preserved by the
compactification, and the number of world-sheet supersymmetries of the corresponding internal
superconformal field theory. Specifically, for type II compactifications on six-dimensional Calabi-
Yau spaces, which correspond to ¢ = 6 SCFT’s with (2, 2) world sheet supersymmetry, one obtains
in the closed string sector four-dimensional N' = 2 effective supergravity theories with 8 preserved
supercharges in the bulk. Second, type II compactification on K3x7T? with four-dimensional N = 4
spacetime supersymmetry (16 bulk supercharges) can be described by the direct product of two
SCFT’s with central charges ¢ = 4 and ¢ = 2, where the ¢ = 4 part possesses (4,4) supersymmetry
on the world-sheet. Finally, compactifications on a six-dimensional torus leads to effective type II

supergravity theories with maximal A/ = 8 supersymmetry (32 bulk supercharges).

However, when also including D-branes and open strings, the number of spacetime supersym-

! Additional and previous work on vertex operators for massive higher spin excitations includes [5, 6} [7l, [8, [, [10].



metries is reduced by half compared to the closed string bulk sector, we just discussed above.
First, the effective, four-dimensional Yang-Mills theories of type IIB, Calabi-Yau orientifolds with
D3/D7-branes or with D5/D9-branes (or type ITA Calabi-Yau orientfolds with intersecting D6-
branes) possess just A/ = 1 supersymmetry. Next the IIB K3 x T? orientifolds with D5/D9-branes
lead to N' = 2 supersymmetric Yang-Mills theories in four dimensionsE] And finally, toroidal
compactifications of type II superstrings lead to Yang-Mills open string sectors with N = 4 super-

symmetry in D = 4.

It is the aim of this paper to extend the work of [I] in order to systematically construct the
covariant vertex operators of the lowest massive open string supermultiplets for all three cases of
N = 4,2,1 spacetime supersymmetry on the corresponding D-branes. We will focus in particular
on those massive supermultiplets and their SUSY transformations in the universal sector, which

are always present in any four-dimensional orientifold models:

e For N/ = 4 super Yang-Mills, there is a single massive, spin two supermultiplet with 128

bosonic as well as 128 fermionic degrees of freedom.

e The supermultiplets of the universal A/ = 1 sector contains one spin two supermultiplet and

two spin 1/2 representations with in total 12 + 12 bosonic and fermion degrees of freedom.

e Finally, for N = 2 super Yang-Mills we are dealing with 40 + 40 massive open string states,

being organized in one spin two plus two spin one massive supermultiplets.

In this way we extend the analysis of [14] about the relation between world-sheet and spacetime
supersymmetries and their closed string (massless) supermultiplet structure to the case of the
massive, open string supermultiplets. At the same time we are giving here a massive version of the
SUSY multiplet analysis in [I5], where it was shown that SUSY Ward identities among scattering
amplitudes are valid to all orders in o', and where the spinor helicity methods were applied to

make efficient use of these Ward identities.

The paper is organized as follows. As a warm up case, in the next section we first construct the
covariant NS and R vertex operators of the ten-dimensional type I open string states at the first
mass level. They comprise in total 128 + 128 bosonic as well as fermionic states. We verify that
these states form a massive representation of the ten-dimensional (type I) N'= 1 SUSY algebra.

Next, in section three we consider the SCFT’s of string vacua in four dimensions, and discuss the

2These theories originate upon compactification on 72 from D = 6, IIB theories on K3 with (1,1) spacetime

supersymmetry.



relation between the extended world-sheet superconformal algebras and the spacetime N = 4,1, 2
SUSY algebras and the covariant vertex operators for the corresponding supercharge operators.
Section four, five and six are devoted to construct the massive open string supermultiplets, their
vertex operators and their supersymmetry transformations for the three cases of N' = 4, N =1
and N = 2 supersymmetry in four dimensions respectively. Finally, in section seven we study in

more detail in helicity structure of the various on-shell supermultiplets.

2 The first mass level in D = 10

The lightest Regge excitations of open superstring theory in ten-dimensional Minkowski spacetime
were firstly constructed in 1987 [5]. Let us briefly review the general method to construct heavy
string excitations as well as the explicit results of [5] and then offer a covariant approach to the

excited Ramond sector states.

2.1 The general method

Physical states belong to the cohomology of the BRST operator Q)prsr. In the world-sheet variables
of the RNS formalism, it splits into three pieces of different superghost charge:

Qrst = Qo + Q1 + Qs (2.1)
d
QQ = %2—; (C(T+T5ﬂ> + bC@C) (22)
dz dz
- — - - _ T a9
@1 5 vG 57 © nG (2.3)
B 1 dz | o 1 dz . o,
@ = =795 = 1 ]{Qm ben o (2:4)

We denote the ¢ = 15 stress tensor and supercurrent of the matter field§®| i0X™, ™ by T and G,
respectively, whereas T}, captures the 3, superghost system of ¢ = 11. The latter is partially
bosonized in terms of exponentials e’ (with ¢ denoting a free chiral boson) and completed by
a pair of h = 1,0 fermions 7,{. The Grassmann odd ghost system (b, c) is well-known from the

bosonic string.

30ur normalization conventions for the world-sheet matter fields are fixed by

20007 ) ~ T

(z —w)? zZ—w

OX™(2)i0X™(w) ~ (2.5)



States of uniform superghost charge are BRST closed only if they are annihilated by @y, @)1 and
(22 separately. Closure under @)y forces vertex operators to be a Virasoro primary of unit weight,
while ()2 does not contribute in the ghost pictures considered in this paper. Hence, given a vertex

operator ansatz of suitable conformal weight, only the ()1 constraint involving the supercurrent

G(z) = 2;27 10X (2) V™ (2) (2.6)

has to be evaluated separately.

2.2 The NS sector

The lowest mass m? = —k* = 1/a’ for Regge excitations assigns conformal weight h = —1 to

the plane wave e*% which introduces spacetime momentum into vertex operators. In the NS
sector of canonical superghost charge —1, it can combine with the h = % field e=® and a h = %
combination of :0X™, ¥™ oscillators to form a Virasoro primary of unit conformal weight in total.
(Hence, neglecting the plane wave e?** contribution, the massive states at first mass level always
correspond to vertex operators with conformal dimension h = 2.)

3

The most general h = 1 ansatz for the first massive NS sector states involves threeﬂ h =3

operators (10X Y™, Y™P"YP and 0™ along with polarization wave functions By, Epnp, Him:
VOB E H k) = (Buni0X™ 6" + By 0™ 9" 07 + Hy 0™ ) e 0 (2.7)

The BRST constraints arising from ); admit two physical solutions,ﬂ namely a (traceless and

symmetric) spin two tensor B,,, and a three-form E,,,,,:

1 .

V(B k,z) = \/TO/anzamee—%’k'X, K" By = Bu™ = By = 0 (2.8)
— 1 m n — 1k- m

VENE K, 2) = G Brnp 0™ 0" e Pk X KBy = 0 (2.9)

Both polarizations are transverse and therefore naturally fall into representations of the stabilizer
group SO(9) of massive momenta. The number of degrees of freedom is % — 1 =44 for B,,, and

% = 84 for E,,,,, i.e. we have 44 4 84 = 128 bosonic states in total.

4The addition of &,,1)™0¢e~? is neglected because it can be absorbed into a total derivative.
SThroughout this paper, we are setting the vertex operator normalization factor ga = v/2a/gyn from [3 4] to

unity.



Some of the solutions to the BRST constraint turn out to be Qgrst exact:

[QBRST ,e % D) Y Y™ O elhX } ~ ( 2 X ) IOX™ Y™ A By ™ P P ) o= ¢ ik X

[QBRST e 2, i0X™OE R X } ~ (ﬂ'm o™ + k0 XM Y > e ¢ kX (2.10)

[Qprst . de 2 0¢e™X ] ~ ( [nm" + 2k, kn} i0X™ YY" 4+ 3k, a¢m> o= % gikX

20/
These spurious states parametrized by a two-form Yi,,;, a vector m, and a scalar of SO(9) (i.e.

subject to k™Y,,, = k™m,, = 0) decouple from physical states.

2.3 Excited spin fields

In the R sector, the canonical superghost vacuum is created by the h = % field e=?/2. Masses
m? = 1/a’ allow for an h = 1873 operator to complete fermionic vertex operators for the first mass
level. The matter sector of the R ground states corresponds to h = g spin fields S, transforming
as left-handed spinors of the Lorentz group [16l [I7]. The right-handed chirality is forbidden by
GSO projection. The role of S, to open or close branch cuts for the 1™ is reflected in the OPE

m

G (2) Saw) ~ ﬁé’ﬁ(w) b (2.11)

The nontrivial three-point interactions between ¢ and S, render their covariant correlation func-
tions inaccessible to the Wick theorem, one has to use techniques of [34], 32, 33] instead to compute
higher order correlators. Only by breaking SO(1,9) to its SU(5) subgroup, one can relate the ¢)™

and S, to a free field system of chiral bosons Hj 5 5:

(2 —w)?
This technique is known as bosonization] [L7]:

¢m o e:l:iHm Sa PN e:l:iH1/2 e:l:ng/Z e:|:7LH3/2 e:l:iH4/2 e:|:7,’H5/2 (213>

Y

It is clear from this bosonized representation that the subleading term ~ (z — w)/? of the OPE

(2.11)) involves e*3Hx/2 primary operators, in addition to the derivatives de**/2, The covariant

6 We should admit that our discussion neglects Jordan-Wigner cocycle factors [17]. These are additional algebraic
objects accompanying the exponentials to ensure that e*** and e**t associated with different bosons k # I
anticommute. We drop cocycle factors to simplify the notation, it suffices to remember that they are implicitly
present and that the bosonized representation of ¢)* still obeys fermi statistics. The instance where they contribute

a phase is commented on above (6.39).



description of these new excited primary fields requires an irreducible vector spinor

SB oy FiBHL/2 (FiHy/2 (FiH3/2 (FiHa/2 (FiHs5/2 SB I (2 1 4)
m ) ag m .
of weight h = =2, where the gamma tracelessness condition subtracts the descendant components

S, < 8(ei1H1/2eiZHQ/Qei’H3/QeiZH4/QeiZH5/2). The introduction of S% and 93, is the covariant
way to disentangle the primary field- and descendant components within the operator 1,1 S, 7>’

used in [5]. The completion of the OPE (2.11)) to the subleading level reads

72”‘553(%0) 2 [ am m
Ty T W s()+ﬁ e 0S%(w) | + ... (2.15)

in D = 10. A more exhaustive list of OPEs involving ¢"™, S, and STB,L (and their counterparts of

¥™(2) Sa(w

opposite SO(1,9) chirality) can be found in appendix [B.1} A covariant treatment of generic higher
spin primary fields will be given in [35].

2.4 The operator content of the R sector

After the GSO projection, the most general vertex operator for spacetime fermions at the first
mass level involves the h = =2 operators 10X™MS,, SB and 05, and therefore two vector spinor

wave functions v as Well as spinor wave function u®:

m’pﬁ
VYD (0, puk, 2) = (vfn i0X™ S, + ﬁ? 551 + u® 8Sa> e~ 8/2 ik X (2.16)

Since p is contracted with the excited spin field Sﬁ, we can regard it as -y traceless, i.e. ﬁgﬁﬁf‘ =0.

The independent ()1 BRST constraints for (2.16]) can be summarized as
0 = 22"y, ks + V20,5 + 5U" Yap (2.17)
0 = 2\/514:#5; — 3u Koy (2.18)
Disentangling the SO(1,9) irreducibles of the former allows to express u® and Py in terms of v%,

=m mao 1
py = —V2d (v ob + 15 % K7°7")a ) (2.19)

20/

ut = ?Uf@(%vm)ﬁaa (2:20)

whereas (2.18) yields an extra constraint on the only independent polarization vg;:
Um o = 20K vn Ko (2.21)

10



As recognized in [5], there is a physical solution v2, = x&, of spin 3/2

1 .
VORG = b (i, - VB kS e et
8}
0 = &k Xm = Xm’yaﬁ'

and one spurious state associated with the gamma trace choice v = k,,,©“ + %65(}{7,”) 3

[Qunst , € *2060% oy S7em ]~ ([kn €7 + ieﬁm%)ﬁa]zaxm Sa
- % [ k™ O Fop + 1507 70%] St @“asa> e P2 X (2.23)

which allows to gauge away the u* wave function.

2.5 Ten-dimensional SUSY transformations

The SUSY charge in open superstring theory is given by the massless gaugino vertex at zero

momentum [L1]:

(—-1/2) — e ¢/2
QL O/l - 2m ® S.e (2.24)

It transforms R sector states in their canonical —1/2 superghost picture into canonical NS vertex
operators ~ e~?. The contour integral is evaluated by performing OPEs between the S, and
e~?/? fields from the supercharge at point z and the vertex operator V(=1/2)(w) of the fermion in

question. Appendix |B.1]| gathers the required OPEs for the D = 10 case.

The inverse transformation from the NS sector to the R sector requires the +1/2 picture

representative of the SUSY generator

1 dz
(+1/2)  _ B otd/2
QL2 — S 7{ 5 i0Xm vy S (2.25)

The latter allows to write down the ghost neutral A/ = 1 SUSY algebra in ten dimensions,

1/ . 1 dz
{ Q) Q(ﬁ /)} = (" C)ap P , P, = 5 P 3 i0X,, (2.26)

Let us list the SUSY variations of the physical D = 10 vertex operators. The NS sector states
(2.8)) and (2.9) have already been discussed in [5]

9 QY VENBR] = VO (38 = &5 B (n k")) (2.27)
[na Q((jlﬂ) ) V(il)(Ea k)] = V(71/2)<X$n = \1/* [Emnp (ny"™)" — %Enpq (7 Y y"PE)

11



/

— % ki By (0 £7")°] ) - (2:28)

In addition, we use the covariant OPEs from appendix to compute the SUSY variation of the

massive gravitino (2.22)):

[77& ng_lm) ) V(_1/2)(X7 k)} = V(_l) (an = 3_/5 (7] %X(m) kn) + % (7] Y(m Xn)))
+ VD ( By = 30 (0% Xa) iy — 3 (0 Vmp K X)) (2.29)

3 CFTs of supersymmetric string vacua in four dimensions

In this section we will first review some basic facts about extended supersymmetry algebras in four
spacetime dimensions and about the general relation between extended spacetime supersymmetries
and world-sheet supersymmetries. In part, we are following the work in references [12] 13} [14].
Our conventions for indices w.r.t. Lorentz symmetry SO(1,3) and R symmetries SO(6) or SU(2)
are gathered in appendix [A]

3.1 The D = 4 spacetime supersymmetry algebra

The N supercharges Q! as well as the complex conjugate operators Q‘} satisfy the AM-extended
supersymmetry algebra (I,1 =1...,N)

{0, 0hy = Ch(o*e).' P,
{0, 0/} = w2, (3.1)

P* is the momentum operator and the Z!7 are central charges, which are antisymmetric in I, J

and can therefore appear in the N' > 2 supersymmetry algebra only.

Next let us discuss the representations of the extended supersymmetry algebras, namely how
the supercharges in general act on massless and on massive states. Let us first recall the case
of massless states. Here we can choose a frame where the momenta are k* = (F,0,0, E), the

supercharges are
Q{ = of, Q}— = 9, whereas 0 = Q7 = Q?— ) (3.2)
In terms of Qf and Q; the supersymmetry algebra takes the form
{o', 9,} = ¢},

12



{9} = {91,9,} =0, (3-3)

where we have rescaled the supersymmetry charges by vE. The 2N supercharges Q' and O
build a SO(2N) Clifford algebra

Ty = Q'+09;, Ty =i(Q"—9j),
{Fi,Fj} == 251']', Z,]:L,ZN (34)

whose representations have dimension 2V. The generators for SO(2N) rotations are

1
Aiy = e, Tyl (3.5)

This group contains a SU(N) x U(1) subgroup specified by the following generators

1 . 1 i
A = 3 ", 9;] - méﬁ[QK, Q| for SUN)
A = i[gf, Q] for U(1). (3.6)

For massless states, this SU(N) commutes with the SO(2) helicity group. Hence this group
classifies massless states. The eigenvalue of the supercharge under the U(1), which is called intrinsic
helicity, is the same as under spacetime helicity. Therefore one can define a new generator A’

through a shift by the z component ;2 of the spin, called superhelicity,
AN o= 3 — A, (3.7)

which commutes with Q.

Next let us consider massive states rotated into their rest frame k* = (m,0,0,0). Now also
the second helicity components of the supercharge spinors become active, i.e. give rise to nonzero

supersymmetry transformations on massive states. We will denote them as follows:
ol = o', & = Q. (3.8)
The supersymmetry algebra between the O looks like
(7,05} = mch, {9,9} = {0/,Q,} = 0 (3.9)

Now the (Q',Q;) and (9!, é[‘) build an SO(4N) Clifford algebra on the states without central

charges. Consequently, the dimension of massive representations is a multiple of 2%V, The maximal

13



subalgebra that commutes with the SO(3) little group of the massive states is USp(2N). Therefore
massive states without central charges build representations of USp(2/N). As for the massless states
one can consider a SU(N) x U(1) subgroup with generators Ay = A + A where the A are defined
from the Q as in eq.. In section |7| we will introduce an organization scheme for massive SUSY
representations based on spinor helicity methods which keeps track of the spin quantum numbers

along a reference axis of choice.

However, in the presence of central charges Z7, the operators Q7 and Q' generate a smaller
SO(2N) Clifford algebra, whose maximal subalgebra is SO(3) x Sp(N). Therefore states with
central charges only build representations of Sp(/N\).

3.2 CFT realization of extended D =4 SUSY

As it is well known, there is a beautiful relation between the N -extended spacetime supersymmetry
algebras and the n-extended internal superconformal algebras with corresponding Kac-Moody
symmetry g. We will assume in the following that we are dealing with holomorphic spacetime
supercharges that all originate from the right-moving sector of the compactified string theory, as it
is always the case for heterotic string compactifications. As we will discuss, for purely holomorphic
supercharges, the massive BPS states with non-vanishing central charges are of perturbative nature.
However in type II compactifications, the supercharges can originate from the left- as well as from
the right-moving sector of the string theory. In this case, some of the massive BPS states with
central charges are non-perturbative, as they are given in terms of wrapped type II D-branes.

These non-perturbative states will not be discussed in this paper.

In SCFT, the holomorphic supercharges Q' and Q; can be always realized by the world-sheet
fields of the uncompactified four-dimensional Minkowski spacetime together with those of the
internal Kac-Moody symmetries. This fact allows for a completely model-independent realization
of the spacetime supersymmetry algebra without any reference to ”geometrical” details of the
internal SCF'T. To be more specific, compactifications to four-dimensional Minkowski spacetime
which allow for a CFT description, still have SO(1,3) vectors i0X* and ¥* in their world-sheet
theory, the first four components of the ten-dimensional ancestors i0X™ and ™. Similarly, the
ten-dimensional SO(1,9) spin field S, factorizes into separate h = ; and h = £ primaries S, and

Y, the former being a Weyl spinor of SO(1, 3) and the latter falling into representations of the R

14



symmetry. In fact, both SO(1,3) chiralities can occur, i.e.
S, = S, 2 & sty . (3.10)

The number of (X7, %) species coincides with the number of spacetime supersymmetries, we will
discuss the N' = 4, 1,2 cases below. In each case, the (left- and right-handed) supercharges in their
canonical ghost picture are given by

_ 1/2), -
QA = /1/4 2_m Sa B e, Q( mh = /1/4 2_m SRICRGEAR

Independent on the fate of the internal spin fields X/, ¥;, the interactions of the h = i spacetime
spin fields S,, S b with the NS fermions is governed by

W (2) Sa(w) %5 (2 —w)'/2 {su( ) + iagbasb(w)} oL (312

V2 (2 — w)1/? V2

In lines with the discussion of subsection 2.3 one can bosonize the left- and right-handed spin
fields as e (H1+H2)/2 and eF(H1-H2)/2 yegpectively. In order to reconcile bosonization techniques
+3iH; /2

with SO(1,3) symmetry, we align e components showing up in the subleading term of the

OPE (3.12) into covariant excited spin fields Sﬁ, SE of weight h = %

SH oy e:I:SiHl/2 e:I:in/Z ’ SII;

a

o e:I:SiH1/Qe:FiH2/2’ 52@55 = gaSﬁ = 0 (3.13)

A large list of OPEs between (¢*,S,, Si’, Sz, S#) including subleading singularities can be found
in appendix

3.3 CFT operators in N = 4 compactifications

The internal SCFT in maximally supersymmetric N' = 4 compactifications to D = 4 dimensions
can be understood in terms of free fields :0Z™, " with m = 4,5, ...,9 which represent the internal
components of the ten-dimensional 19X ™19 qpm=0:1--9 and transform as vectors of the internal
rotation group SO(6). The corresponding h = % spin fields ! and ¥ 7, responsible for branch cuts
of U™ transform as spinors of the SO(6) = SU(4) with left-handed (right-handed) index I (J).
They enter the dimensional reduction SO(1,9) — SO(1,3) x SO( ) of the D = 10 SUSY charges

Q1A = f Seylener, QU o LPnet (314)

o/L/4 ’1/4 2mi

where the internal SO(6) = SU(4) is interpreted as the R-symmetry group. The ten-dimensional

bosonization prescription can be straightforwardly applied to ¥, %/, 35 (e.g. X1 ¢ eti(Hs+HatHs)/2)
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and excited spin fields X! and f}’}? of weight h = % are constructed in close analogy to their ten-

and four-dimensional counterparts (2.14]) and (3.13]):

E{n o ei3iH3/2 eiiH4/2 eiiH5/2 ’ 7})’1,[ Zyln _ ,Vgl.] STJIL = 0 (315)
The internal supercurrent is built from the m = 4,5,...,9 components of its ten-dimensional
ancestor ([2.6))
1
Gin 107, ¥ 3.16
' 220/ (3.16)

and gives rise to internal central Chargeﬂ ¢ = 9. OPEs among the ¥* ¥/ 3; and X/, 57 are
gathered in appendix B.3] Identities between six-dimensional gamma and charge conjugation
matrices can for instance be found in the appendix of [33]. The following figure (1| aims to give an

overview of the conformal fields in the spacetime and A/ = 4 internal CFT

h‘\
3 VoI mATy N[y P m
R N 1 B
’ | , LI )
Si. Sp', 0, 08"
1--F---- 1 G 10Z™, UnPP - - - -.
I — T —— R
. LYy
S, Sb
spacetime N = 4 internal

Figure 1: Conformal fields in the spacetime CFT and the internal CFT of AV = 4 supersymmetric

compactifications

"The underlying OPEs are

. ) 20/ 68, 58,
102 (2) 107, (w) ~ G —w)? + ... U, (2) Up(w) ~ T w (3.17)

8The fermionic bilinear states ¢*¢* and ¥"WP at weight h = 1 by themselves should be eliminated by the
GSO projection, but trinlinear combinations ¥1)*1)* and 1* W™ WP which mix between spacetime components and

internal fields would survive after the GSO projection. That is why we include the bilinears into the bookkeeping.
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The higher ghost picture version of the SUSY generators (3.14) is given by

1 dz ' J e
1/2),1 : b caom LT 6/2
Qng /2 - W % % [ZaX;L O-;LI;S X'+ Sa 107 Tm EJi| e+ / (318>
— +1/2 . 1 dZ . .a N h - ~m
O = s gy (10X o 5.5y 4 Sh0zu i et (19

their anticommutator with the (—1/2) picture analogues ([3.14]) yields the following ghost-neutral
SUSY algebra with nontrivial central charges Z/7 and Z;;:

=(=1/2),b i 1 dz .
{ Q((1+1/2),I 9 fo / ) } = CIj (O-M E)(lb PP« Y P,u = 20[ 27T’l ZaXﬂ (32())
_ 1 dz

(+1/2),]  o(=1/2.0  _ z1J zl = == i02™ (v OV 3.21
{ Qa ) Qb } Eab ’ 20/ Orri ¢ (7m ) ( : )

(+1/20a  o(-1/2by  _  _ib g 2 = L 49 ey
{ Q Qj } = £ IJ > = 54 o ¢ (v )7 (3.22)

The central charges arise due to poles in the operator product expansion of Q(H/ 27 and Qb 1/2),

caused by internal free fermions and bosons V™ and 0Z,,. The latter appear in the internal

supercurrent Gy, ~ 102, U™ and generate an internal Kac-Moody algebra
g = SO6)x[U()° (3.23)
with dimension one currents

Jsoe(2) = YTU(z), Joaye(z) = 02" (z). (3.24)

The fields Z,,(z) can be viewed as the coordinates of a (holomorphic) torus compactification
on a six-dimensional torus T°. Their world-sheet superpartners ¥™ generate a U(1)® spacetime
gauge symmetry, and the six spacetime gauge bosons are the six graviphotons, which arise in any
compactification on a (holomorphic) six-torus. States that carry non-vanishing internal momenta

p™ on the (holomorphic) six-torus always have the following field as part of their vertex operator:
p™) o~ P (3.25)

Switching to the more convenient bispinor basis, the six central charge operators (in the zero ghost
picture) of the N' = 4 supersymmetry algebra are nothing else than the free bosons Z™:

1

ZM(z) = 5
o

(Ym CY 7 i02™(2) (3.26)

It follows that the internal momentum states |[p™) are precisely those states that carry non-

vanishing N' = 4 central charges. They break the internal world-sheet SO(6) symmetry to SO(5).
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At the same time, states with non-vanishing momenta p™ build representations of the spacetime
automorphism group for massive states with central charges, which is Sp(4) = SO(5). On the
other hand, states with vanishing internal momenta, [p™ = 0), build internal SO(6) representa-
tions, respectively at the same time representations of the group USp(8), which classifies massive
states without central charges. The subsequent discussion only takes into account the states at

zero internal momentum (p™ = 0).

3.4 CFT operators in N = 1 compactifications

In this subsection, we summarize universal aspects of internal ¢ = 9 SCFTs describing D = 4
superstring compactifications which preserve N’ =1 SUSY in spacetime [12, [13] [14]. The existence

of one supercharge species

(=1/2) _ + —¢/2 ~(=1/2)b [ o9/
QM = o/l/4 j{ 27 Sa X oY a4 ]{ 27 5T / (3:27)

with h = % spin fields X% implies that the world-sheet supersymmetry is enhanced to A” = 2. This

can be traced back to the existence of a U(1) Kac-Moody current J of h = 1 which emerges from
the mutual OPEs of spin fields with opposite charge:

1 3

() SF(w) ~ —— + g

= w)ih (z—w)/* T(w) + ... (3.28)

The internal supercurrents Gmt can be split into two components of opposite U(1) charge,

Gint \1f (Gh, + G ) (3.29)
subject to the superconformal N = 2 algebraﬂ
T Tw) ~ ﬁ b Tw) Tw) + ... (3.30)
J(2) GE (w) ~ iM—i—J( )GE(w) + ... (3.31)
int \/3(2—11)) int

Gine(2) Gie(w)  ~ Gipy(w) Giew) + ... (3.32)

" 32 V3T (w) | 2Thw(w) £ V30T (w)
Cian(2) G (w) (z —w)? + 2(z —w)? * 4(z—w) * (3.33)

9In contrast to [12 13, [14], we normalize J such that it has canonical two-point functions (J(2)J(w)) =

1- (2 —w)~2. This simplifies (subleading) OPE coefficients and normalization factors in vertex operators.
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with internal ¢ = 9 energy momentum tensor T},;. The OPE of alike spin fields gives rise to new

h = % Virasoro primary operators
YE2) St (w) ~ (2 —w)rOFw) + ... (3.34)

with twice the U(1) charge of the spin fields, and iterated OPEs with ¥* create an infinite tower

of further conformal primaries with higher weights and charges.

A large sector of the internal CFT can be captured by bosonization. Let H(z) denote a
canonically normalized free & chiral boson, then we have the following representation for some for

the aforementioned operators:
J = 0H, NE = HV3H2Z  pF = HVEH (3.35)
However, the internal supercurrent (or energy momentum tensor) cannot be fully bosonized. In-

3 4
int = \/; eiﬁH gi (336)

where the h = % operators g& are local with respect to H and satisfy

stead, we can represent Gi, as

g (2) gT(w) ~ (z—1w)8/3 + (z—[iu)5/3 + ... (3.37)
g (2) gt (w) ~ % + o (3.38)

On these grounds, we can understand the OPE of the supercurrent with internal spin fields,

Gie(2) T (w)  ~ \/g(fj—(u;)m T (3.39)

G2 THw) ~ (z—w) g e Wi (w) + ... (3.40)
which introduces excited spin fields ©* of h = % in case of opposite U(1) charges Gflt 2T,
yE o= 4T etavall (3.41)

Figure [2 gives an overview of the universal Virasoro primaries in the internal ¢ = 9 SCFT. More

detailled OPEs including subleading singularities can be found in appendix [B.4]

From these OPEs, we obtain the following +1/2 ghost picture version for the SUSY charge

271 /4 200 /3/4

QU2 742 [ v3 S, ut 4 ! i0X, 0", St | et (3.42)
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Figure 2: Conformal fields in the N = 1 internal CFT, together with their weight h and U(1)

charge q.
- ; dz | V3 = ;
(+1/2)b  _ daz bs— : _ba — | +e/2
. - }{2m‘ [a/m STRT A+ g 10XV 0,5y ] e (3.43)
which yield the A/ = 1 SUSY algebra
[ QW12 QEUAbY — (gre) P [ P (3.44)
@ ’ “om . 20 | 2mi .

3.5 CFT operators in N = 2 compactifications

In superstring compactifications which preserve N' = 2 spacetime SUSY, it can be shown along
the lines of [13, 14] that the internal CFT splits into two decoupled sectors with central charges

¢ =6 and ¢ = 3, respectively. Starting point are the two supercharges

o2 L ]{d—z. S,Zieer grvme — ] ]{d—z- SPSe¢? | (3.45)

o/t 2 oA o 2mi
containing two species of spin fields ¥*="2 and =12, The latter turn out to factorize into decoupled
primaries A* and e*1/2 from the ¢ = 6 and ¢ = 3 sector, respectively:

Ei _ )\z e-‘riH/Z ’ iz — /\z e—iH/2 (346)

The ¢ = 3 part can be represented in terms of a single free chiral boson H subject to (2.12)). Its

contribution 1(i0H)? to the ¢ = 3 energy momentum tensor assigns conformal weight h(e*"#/2)
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1/8 (or more generally, h(e"") = ¢?/2). Moreover, OPEs of the partial spin fields e**#/2 introduce

h =1 fermions e** and excited spin fields e**7/2 of weight h = 2.

On the other hand, the A’ fields from the ¢ = 6 sector have weight h(\) = 1/4 and form an
SU(2) doublet. Their operator algebra”] gives rise to an SU(2) triplet of h = 1 currents JA=12%:

gl
(2 — w)1/?

N(2) N (w) ~ + (z—w)Y2 (148)7 TA(w) + ... (3.48)

1
V2
The 74 denote the standard (traceless) SU(2) Pauli matrices {(9¢), (975°), (§2%)} subject to

the multiplication rule 7475 = dap + icapcTC.

The currents obey the SU(2) current algebra at level k£ = 1, we use normalization conventions

5AB i 2€ABC jC(UJ)
A B
T 2) T (w) G w)y? po— + ... (3.49)
in which their interaction with the spin fields is governed by
) A Z)\J(w) ) .
A Ni(w) ~ TN 2 (r4Y; ON 3.50
THNw) ~ T A o6 () + (3:50)
ANi | \j
M(2) jA(w) ~ M L (TA)ij ON(w) + ... . (3.51)

V2(z—w) V2

Note that also the \* and J* fit into a bosonization scheme according to

JA= i0Hs ,  JYN 4+ g4 = V2eVR o NSl (EMV2 (3 59)

with Hj being nonsingular with respect to the ¢ = 3 boson H. This fixes the choice of the SU(2)

Cartan subalgebra.

The world-sheet supercurrents associated with the two decoupled CFTs,
Gint = Gc:3 + Gc:6 ) (353>

can be split according to their charges under the h = 1 currents. In the ¢ = 3 sector, we find a

19The contraction rules for the antisymmetric €%, ¢;; tensors introduce signs in some of the OPEs:

5

+57
(z —w)t/2”’

(z —w)l/2’

M=) N (w) ~ N(2) g (w) ~ X(2) Ay (w) ~ (3.47)
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free field representation in terms of internal h = 1 Coordinateﬂ 1027,

1

Gy —
s 22/

(i0zt e + i0Zz= ') | (3.55)

The fermions U#(2) = ) together with the free bosons Z* generate an internal Kac-Moody
algebra
g = SO2)x[U1)? (3.56)

with dimension one currents
jso)(2) = WYUT(z) = 0H(z),  jyg(z) = 0Z%(2). (3.57)

As for the NV = 4 case, the fields Z4(z) can be viewed as the coordinates of a (holomorphic) torus

compactification on a two-dimensional torus 7°2.

Also the supercurrent of the ¢ = 6 sector cannot be fully built from the bosonization prescription

(3.52)), it additionally requires the introduction of an SU(2) doublet of h = 5/4 fields g;:

Ge—s — (eiH?’/ﬁgl 1 e iHs/V2 Mg, (3.58)

1
V2
The g; decouple from the \* and J4, and their OPH

1
QQ)ZE

€ij 0
gi(2) gij(w) ~ )2 + = )P + ... (3.60)

makes sure that the supercurrents satisfy the required A/ = 4 superconformal algebra at ¢ = 6. A

summary of operators in the internal SCFTs common to N = 2 compactifications are presented
in figure

The internal supercurrent yields the following higher ghost picture SUSY charges:

- 1 dz 1 S o
(+1/2)s  __ . Hogb i iH/2 . + i —tH/2
Qf = o ]{ o [_\/i 10X, 0" SYN M2 4 97" S, N e

1 As usual, the OPEs between i0Z* are normalized as

i0Z%(2)i0ZF (w) ~ + ., i0ZF(2)i0ZF (w) ~ i0ZF(w)idZT(w) + ... . (3.54)

12¢ contractions yield signs opposite to the A\°); case:

i +5§' i j —e¥ j _55
9'(2) gj(w) ~ W’ g'(z) g’ (w) ~ m7 gi(2) ¢’ (w) ~ m (3.59)

zZ—w
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Figure 3: Universal operator content of the internal CFT associated with N' = 2 spacetime SUSY,
including weight h and charges ¢3, ¢ under :0H3 and 10H, respectively.

- 2V ¢' S, eiH/ﬂ e?/? (3.61)
_ y 1 dz [ 1 , o Lo
(+1/2),bs Rt I —ba i —1H/2 . — Qb i iH/2
o = —\/50/3/4%2m' [\/sz)X”’au S A\'e + 1027 5° Ne
- 2/ ¢ S")e—“fﬂ] e?/? (3.62)

The anticommutator of equal chirality generators gives rise to a complex central charge operator,

which can be written in terms of the free bosons Z+:

(+1/2),i (=1/2),j _ Zij Zii e % dz 07+ 3.63

{ Qa ) Qb } Eab ) \/504/ 270 l ( : )

[ QU Q1/2ki ) = b i Zii eV fdz 07~ (3.64)
, = ) - V2o ) 2w '

It again follows that the internal momentum states |p*) of the two-torus are precisely those states
that carry non-vanishing N' = 2 central charges. They completely break the internal world-sheet
SO(2) symmetry. On the other hand, states with vanishing internal momenta, |[p* = 0), build
internal SO(2) representations, resp. representations of the group USp(4), which classifies the

N = 2 massive states without central charges.
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3.6 Summary of CFT operators

To conclude this section on the internal SCFTs associated with D = 4 compactifications of different
supercharges, figure 4| summarizes the field content of the different sectors. This is a good reference

to build the most general ansatz for physical vertex operators.

h‘\
ok g, Gy neene OF, Gy eeneneenes e AN L (s
_ _ Y+ ox*E ' _ XT3, 03,055
St St 9S,, 05" g oN
E3iH/T kit /2
S g S J emeeee TAiBH, 07% ---i0Zm, Y -
I EEEEEEE L P2 Y e
. yE 2L Y
Sa’ Sb )\z
e:l:zH/Q
spacetime N =1 internal N = 2 internal N = 4 internal

Figure 4: Conformal fields together with their weight in various decoupling CF'T sectors

4 Massive supermultiplets for N =4 SUSY

Having introduced the CF'T setup for the construction of massive string state, let us now turn to
explicit vertex operators on the first mass level. We will first of all examine the four-dimensional
field content of maximally supersymmetric superstring compactifications to D = 4 with N/ = 4
SUSY. This is the dimensional reduction of the ten-dimensional multiplet, so we will again find
all the 256 states which have been discussed from the D = 10 viewpoint in section [2, They form a
massive N/ = 4 multiplet in four dimensions for which we will work out the spin and R-symmetry

content as well as the SUSY transformations.
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4.1 NS sector
With the internal CFT operators from figure (1] at hand, the following h = 3/2 combinations must
be considered in the most general NS vertex operator at first mass level:
VED = (0 idX 0 4 epun 0 + Ry Ot + B i0X" W,
+ v Wi0Zy, + &MY, U, + YO, + wp R U,
+ (™Mi0Z, U, + QTP T, 0, ) o0 kX | (4.1)

Requiring vanishing () variation for (4.1)) implies the following on-shell constraints for the ten

wave functions above:

0 = au + Khy + C™ 0 = 20'Y™ 4 krqm
0 = 2d apy kY + hﬂ 0 = k+ leTb + C[mn]

This leaves the following 128 physical solutions

e one transverse and traceless spin two tensor

1 .
VI = = idX et Y Wy, =g = =0 (43)

° Voo

e 27 transverse vectors (in the vector and two-form representations of the R-symmetry SO(6))

- 1 mn —¢ ik- mn

VitV = g dim gt U U e k=0 (4.4)
. 1

Vit = BEM (JOXH Wy + 10 Zm

2V 2!
+ Qo ek YA, Uy, ) e P e kB =0 (4.5)

e 42 scalar degrees of freedom (scalars, spin two and and three-form with respect to SO(6))

_ 1
Ve’ = T5 ¥ O 207k k)X U+ 20k 00
i/ WV 1P —¢ ik X
+ ?Euw\pw VPt k ]e e (4.6)
_ 1 )
‘/’C( 1) — 20/ Cmn Z@Zm \Iln e—(b elk-X 7 C[mn] — Cmm — 0 (47>
Vel = QU U, B, et el (4.8)
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The 46 spurious NS sector states from ten dimensions are aligned into six representations of

SO(1,3) x SO(6). They can be constructively obtained as BRST variations of ghost charge -2
objects, see (2.10)):

VW((_S;; ~ [(Wu k, + k,m,)i0X" " + 27, 81[)“] e P e X kKtm, =0 (4.9)
Vi ~ 2T i0X" 0" + 20 Sy by g 92 [ et s, =0 (4.10)
VA(f(?p) ~ A [(mw + 4d k, k) 10X MY+ 60k, OY* 4+ 107, xpm} e~ ek X (4.11)
Vi~ Ap (ke [00X0 9, + 0Z, 0] + 200, ) e e (4.12)
Vi ~ A0, 0, + o kg 0, T, ] e et (4.13)
Vi~ AL (10X Wy — i0Z 0" — 20k g Wy ) e e A =0 (414)

Each spurious state corresponds to a gauge freedom. The first one (4.9) admits to gauge away the
longitudinal component of the rank two tensor o, whereas the second one (4.10) identifies the

antisymmetric part oy, together with the longitudinal three-form e\ ~ k2,5 as unphysical.

Similarly, (4.12)), (4.13) and (4.14)) eliminate the longitudinal components of (3] 4+ v,), d;'" and

wy,, as well as the antisymmetric parts 8" — ;" and (). The trace of v, can be gauged away
using (L11)).

Once the three- and two-forms e, and wij are reduced to there transverse part, contraction
with e”*k, dualizes them to a scalar and a vector, respectively. As we will see below, supersym-

metry suggests to include these dualized states into the complex combinations (4.5) and (4.6)).

4.2 R sector

In the R sector, the SCFT operators of appropriate weight give rise to a vertex operator ansatz

with six wave functions:
VD = (o8 i0X" 8,3+ ShE 4 uf 9,
+ oy S, 08 + 7 i0zm P S 4 84S, i?)e—¢/2eik'x. (4.15)
The same set of states also exists with opposite chiralities with respect to both SO(1,3) and
SO(6) (e.g. vl S.X! T)ibSi’ij). However, the BRST constraints for the polarizations in (4.15

decouple from those of the other chirality sector which we did not display, so the discussion will

be limited to the six wave functions shown in (4.15) for the moment. The full list of physical and
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spurious states follows from doubling the solutions of the on-shell constraints. Imposing invariance

under () yields the following three independent constraints:

0 = / m %ab + \/—pr _uI Mb
0 = 20/7’ }éb“ + V258 — syrL! (4.16)
0 = kﬂpe,z + 575 Ty T

The first two equations can be further disentangled into a trace and a traceless part with respect
to the o and 7,, matrices. Since excited spin fields are ¢ and ~ traceless, the associated wave

ba a,J =m

functions satisfy pb ; = sy’ = 0 by construction. Hence, the aforementioned projections

simplify the BRST constraints to

up = alvy (Fo)

iy = VR (R e (o))

yr = _2:(: T K 1
sl = - 20/(@2,5 e () W)

where p,u,y and s are expressed in terms of v and 7. It turns out that both spin 3/2 and spin
1/2 components of the vector spinors v; as well as the 7 traceless components of 7 give rise to an
independent physical solution. The former is the D = 4 analogue of the ten-dimensional spin 3/2
state (2.22). But additionally, we find spin 1/2 Dirac fermions (a?, 7L ) — both in the fundamental

spinor- and in the spin 3/2 representations of the R-symmetry SO(6). To summarize the physical
states built from (4.15)) and its opposite chirality counterpart:

e cight transverse and o traceless spin 3/2 vector spinors

1 1 ; .
a
_1 1 7 . . _ ,
R (O T L) DTSR SRt
a
0 = K'Xor = Xp10h = k‘uiéj"] = XZ’JGZ“ (4.20)

e 48 spin 1/2 fermions (eight in the fundamental and 40 in spin 3/2 representations of SO(6))
0/1/4

viD - © al (o0 B Sai0X" — 405, ) 5 e 2N (4.21)
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(—3) ot b qa AR 2 kX

Vi = Sl (o St ioxr — 408" ) Sye e (4.22)
-3 L w (aym bl ) o= 9/2 ik

V= e (mz S8, — V2d K, 80D ’I)e 9/2 gik X (4.23)
(—3) 1 T o m S Qa ab @ sm ) o—¢/2 ik

yD mr%(mz SrSt - V2al STy ) e e (4.24)

The following spurious solutions have been subtracted to remove internal derivatives 93! from the

vertex operators:

VEE) ~ 0 [yt + 4k, ) i0x" S50 — 22 (o k', + Lot) Sty

©(sp) I
+ 608,51 + 48,05 + f 1 iozm S i;] e~9/2 ik X (4.25)
-1 ~7 [ /yba by - a4 < ba _ba S
Vel o~ L[ (# oty + 4k 82)i0X, 578 — 2V2 (o kB + Late) susy

+ 6059 + 45005, + KUmioZ, sazJ] e /2 gik X (4.26)

They are the dimensional reduction of the ten-dimensional spurious state ([2.23)).

4.3 SUSY transformations

Now with all the higher order OPEs and physical spectrum in hands, we are able to compute
the SUSY transformations by acting with the supercharge operators on the physical states and

evaluating the corresponding contour integral.

In N/ = 4 SUSY, the SUSY parameters n‘},ﬁg are chiral spinors of both the SO(1,3) Lorentz
group and the internal SO(6) R-symmetry group. For our convenience, we choose these SUSY

parameters to have mass dimension [M _%]. As we verify case by case, action of the supercharges

Q! and Q’} given by (3.14)) and (3.18), (3.19)) takes bosonic (fermionic) vertex operators exactly into

fermionic (bosonic) vertex operators, including their couplings. The polarization wave function of

the O image state is expressed in terms of 77, 77(-]; and the pre-image wave function.

Once we perform the SUSY variations, besides physical fields in the spectrum, we will also get
certain spurious states. As an example, let us consider the anti-supercharge acting on the spin—%
fermionic state x}, ;. Evaluating the contour integral yields

T8 1 (=3) - L 7/ ta aa
[U({Qi V2 ] = vog b (O‘W = _né(a(uXV)ﬂJ +dk k(uXV)va,I)C%)

V2

13In our settings, all the wave functions of bosonic fields have mass dimension 0, and all the wave function of

fermionic fields have mass dimension 1

5» see appendix [C| for their explicit construction in terms of (massive) spinor

helicity variables.
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\/J

V(A = =T s 1710)1)
- \/5_7 aa
+ V7r((s;1>§ (71-/1 = _Tnék X,u,a,]cjl>
(—1) _ 1 _T(—aa aa
+ VE(sp) <Z[NV] - _Ené (O—[M Xv),a, I — O/% k[,uXV],a,I)C[l) .

As we can see, we obtain two physical states — a spin two boson «,, and a vector dZ” " from

(4.3) and (4.4), plus two spurious states — 7, and X, see (4.9) and (4.10]) for their full vertex

operators. We will drop out all these spurious states in our final results for simplicity.

All the physical states form one big supermultiplet of NV = 4. The structure of the explicit
SUSY variations listed in this section is summarized in figure [5|below. This diagram will be refined

in section [7] to take helicity quantum numbers into account.

_ Bom X% Y o Brm
—J 1% H, mn i 1% b _
ot & al Qe A di" < T'(im > Qe ag < @
- b,m Cmn 1 +

Figure 5: A" = 4 SUSY multiplet: action of the left-handed SUSY charge Q! transforms a state

into (a combination of) its left neighbors, whereas Q’} action maps states into right neighbors.

The pattern of SUSY variations depicted in figure [5| justifies the complex combinations of
vectors and of scalars: The complex conjugates appear on widely separated positions of the
multiplet (i.e. the % and 5~ are separated by four Q actions whereas ®* «» ®~ requires eight
supercharge applications). Also, the internal scalar Q™" splits into self-dual and anti-self-dual

components Q" which sit at different points of the multiplet.

There are group theoretic selection rules for the possible outcome of a physical state’s SUSY
variations, based on the SO(1,3) x SO(6) symmetry. Firstly, according to its eigenvalue under
diagonal Lorentz currents, Q can only change the spin by j:%. Secondly, transformations have to
compatible with the SO(6) quantum numbers involved. Representation of the SO(6) = SU(4)
R-symmetry group are referred to using their Dynkin Labels [k, p, q]E The SUSY variation of
a state € [k, p, q] aligns into the tensor product with [0,1,0] > Q! or [0,0,1] > Qj of the SUSY

14 Our conventions for the Dynkin labels [k, p, ¢] are such that [1,0,0] labels the vector representation, and [0, 1, 0]

and [0,0, 1] are left- and right-handed spinor. A generic representation with labels [k, p, ] has dimension

Dy = 5k p g +8)(k+p+2)(k+a+2)(k+ D(p+ (g +1) (4.27
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spin | wave functions | SO(6) rep. || spin | wave functions | SO(6) rep.

2 Uy [0,0,0] 3/2 Xes [0,1,0]
1 B [1,00] | 3/2 X [0,0,1]
1 dl [0,1,1] 1/2 e [1,1,0]
0 ¢(mn) [2,0,0] 1/2 ! [1,0,1]
0 Qb [0,2,0] 1/2 ab [0,1,0]
0 Q- [0,0,2] 1/2 al [0,0,1]
0 o+ [0,0,0]

Table 1: R-symmetry content of the massive N' = 4 multiplet in SO(6) Dynkin label notation

charge. The following table gives an overview of the R-symmetry representations involved (see the

following subsection for the Q% splitting).

4.3.1 SUSY transformation of bosonic states

In this subsubsection, we will analyze supercharge acting on the bosonic states. The spin two field
o, transforms into left- and right-handed spin—% fermions Qo — x and Qa — ¥ in lines with
[0,0,0] ® [0,1,0] — [0,1,0] for the R-symmetry scalar «,,. The variation of the wave functions
turns out to parallel in D = 10 dimensions:

a (+l)71 — (71) 1 a —V
[ Q" VD) =T (s = o (K).). (431)
7 AR (- (=3) (T L 7 ~
Q™ VI = (M = ekt (4:32)

The spin one fields fall into vector and two-form representations [1,0,0] and [0, 1, 1] of the R-
symmetry, so their SUSY image belongs to [0,1,0] ® [1,0,0] — [1,1,0] & [0,0,1] and [0,1,0] ®
[0,1,1] — [0,1,0]][0,2,1]8]1, 0, 1], respectively (note that [0, 2, 1] does not occur in our multiplet).

This implies that 4™ can transform into an internal left-handed fermion 7%, ; € [1,1,0], and right-

and tensor products act as follows on Dynkin labels:

[k,p,q] ©[0,1,0] = [k,p,qg = 1] @ [k,p+ Lgl @[k +1,p—1,¢] @ [k~ 1,p,q +1], (4.28)

[k,p,q] ©[0,0,1] = [k,p,g+ 1] @ [k,p— Lgl @[k +1,p,g - 1] @ [k~ 1,p+ 1,q], (4.29)

[k,p,ql ®[1,0,0] = [k,p+1,q— 1@ [k,p—1,q+ 1] B [k+1,p,q]
@elk+lL,p—1l,g-1®k-1,pq®k—1,p+1,q+1] (4.30)
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handed spm—— fermions XW or a spin-3 fermions a in short: QB — ¥ + @+ r. For the SO(6)
two-form d™™, we will get the opposite chirality conﬁguratlon, Qd — x +a+ 7. The explicit
results for the left-handed Qé are given as follows

3 - -1 I m m I
ey Vi = v (xfh;, 3 \/‘”f 138 Wy, — kB — (B ko)) v )
_1
+ Vi (v, = - \ﬂh(ﬁ* ") [669.0% + ()] ) (4.33)
[771.; l()+§)’17 Vﬁ(jl)] = Vﬁ(_i) (ag = \/—nlﬁbb mly’rlnl) (434>

o 3470, (05 + ™ ] (7))

mmn, bb

V(= ot 6008 + ()], (435)
whereas the action of right-handed Qf} yield
O Vi = v (ah = -3 \/—nlﬁmbbvmu) (4.36)
7y VT = (W = fnb (36, 7K — k" = (B"K5,0" i)
V(R = i (50000 + ()], (437)
Q" Vi = v (e = #ﬁ,—, B8+ (™" 0+ '] (o))
(

1
—i—V}( 3) 7“342 1

6\/_ T
Then we are left with the SO(1,3) scalar fields d*, (™) and O,,,. The internal states
represent both self-dual and anti-self-dual three-forms of SO(6). We will denote their irreducible

11 (66957, + (Ym¥p) }). (4.38)

components as . € [0,2,0] and Q. , € [0,0,2], for the self-dual and anti-self-dual part, respec-
tively. Their defining irreducibility constraint is
O

mnl

(,ymnl)ll_ —_ Q-i—

mnl

(Fm™ht = 0. (4.39)

The SO(6) selection rules constrain Q'¢™™ ¢ [0,1,0] ® [2,0,0] — [2,1,0] & [1,0,1] as well as
orqt  €10,1,0]®10,2,0] = [0,3,0][1,1,0] and Q'Q € [0,1,0]®[0,0,2] — [0,1,2]]0,0,1].

Thus, we expect the internal spin—% fermion 7 or r by performing the SUSY transformation Q¢ — 7,

5There is a subtlety in these computations (and also for some later ones) related to the fact that gamma matrices

associated with spacetime and internal dimensions are anticommuting.
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and Q¢ — r. Three-forms, on the other hand, are mapped to either r or @, depending on the self

duality property QQt — 7 or QQ~ — @. The supercharges acting on ®* and ¢

el v =0, [P vEY] =0,
[ IQ("F ng+1 ] _ Va(_%) (C_lg _ _a/f%q)%»ﬁg)’

_1
i V) =V (= b))
and
(1) D (amI Ly mnyy I
[771@1) ’ }_‘/F : <b —Em Foivn )

_T A(+3):b - (-3) m,b T ~(mn) b~
QI =T (= — S (R Tuir) -

On the three-forms Qfml, we obtain
D <—%><b _ L mnu>
[ IQb Q7L } - V; rkJ - 4\/&771 mnl(ﬁykﬁy ) J >

FAEDD (- -1 I L p—
(A9 Ve = Vi (= o K ().

and

b AT (1) (=3) (=T I mnl\IT
Q 2 7V — = Vﬁ, (a = = an i )7
[771 b Q ] b 2\/5771 Ky (™)

TAERD (-1 (-3) (7 | N N
79, ? ,Vé, )] =V 2 (T‘}ig = _mnéﬁmnl<7k7 l)fJ> :

4.3.2 SUSY transformation of fermionic states

yield

(4.40)
(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

In this subsection, we investigate the (anti-)supercharge acting on the fermionic states. Following

the strategy outlined before, we first derive a selection rule from group theory and then perform

SUSY variations to get the expression of the bosonic wave functions explicitly. All the transforma-

tions are symmetric under simultaneous exchange of chiralities on the supercharges and the states

(where @1 57 QT +» &, 57,Q7). We will only comment on one out of two inequivalent cases in

the text but also give the formulae for the images under chirality reversal.

Since both the spin-3 fermions (x, ¥) and the spin-3 states (a,a) fall into (anti-) fundamental

R-symmetry representations, the SO(6) content of their SUSY variation is [0,1,0] ® [0,1,0] —
[0,2,0] © [1,0,0] and [0,0,1] ® [0,1,0] — [0,0,0] & [0,1,1]. The (anti-)supercharge acting on
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X, 1(5(,[;@) will give us vectors 53““. In the cases Q'y?! Xu , and Q 7Xp,1 of opposite chirality, the spin

two field oy, and the vector dﬂn " can emerge. Indeed,

a (71)71 (71) - —,m 1 a m
Qi v = v (8 = 5y o), (4.49)
_T 7(_%)761 v(_%) _ V(—l) _ ]' _J(=aa / dak C!
[nde » X } T a Qpuy = ﬂnd(a(yXV)@J —|—Oék (,uXV),a,]) T
— o 7 aa —mn
Vi () = = N0 (7O)), (4.50)

and™

A~ (=1 _ ., _a,
i @ V] = VD (o = 7571 (7001 X [+ kX))

- mn Va! —a mn
+ Vd( 1) (dL ] = - 4 n[%aaXuI< C)If>7 (451>
I A —% G —% - m L a m
b T = v (80 = el (O ). (4.52)

The supercharge action on a% and EL{; follows the same selection rules with respect to SO(6) but

different ones with respect to spacetime spin. The corresponding SUSY transformations read

(—30I (=D (g VO e\ (= ye m
mpQy 2 Vi = VD (B = o[k, + (o) e (7))
1
(-1) + . b 1J

+VQ+ <anl - 12\/5771ab,J(7mnlC) )7 (453>

(ol v — iy (@— = x/&ﬁgk""ab,fc;), (4.54)
and
[IQ( - 2>} =Vq§11)(<1>+=\/577?%b5@6770§>7 (4.55)
v

O Ve ] = Véi ! (ﬂ,:’m A [k o, + <kau>’z]ac*f<wmc>ﬁ)

Notice we do not get a vector dﬂnn] in the SUSY transformations, although it is allowed by
SO(1,3) x SO(6).

Now we are left with the internal spin—% fermions r and 7. Group theory admits SUSY variations

in[0,1,0]®[1,1,0] = [1,2,0]®[2,0,0]®[0,1,1] and [0,0,1] ®[1,1,0] — [1,1,1] & [1,0,0] &[0, 2, 0]

16The notation M

pin pize (it g g g o), i0dicates  we  symmetrize  over  the indices

Miy e s fi—1, k41, - 5 M1, but not over the indices p , ... py enclosed between the bars.
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corresponding to vectors di""

the latter. The left-handed supercharge yields

and internal scalars ¢ (mn) in the former case and Or — BT 4+ QF in

Qv = v (a i k8, + (0] (7))

¢tmm) = —_pap(m Wn)g)U), (4.57)

Lot o))

(
(

[ IQ( 2) V(_%)} — b (ﬁ;r,m —
( _\/__[%aa m

(MO, (4.58)
and the right-handed counterpart reads

N E N S ) O pem L 4 .
QL P V) = VD (5 = (0 + )

V2

- mn. v O/ m CL n
+ Vfgfl) <Q— : == 4 nlkaa [ b [‘(’y l]C)If>’ (459>
T A(-1)a -3 - mn = a a | mlmlb,J] (an
QY 2 V) = VI (dl) = L, + (o)A (570 1)
(=1) ( ~(mn) _ 1 ST a(mla | (xm) o
HVED (¢ = Sl GO ) (4.60)

This completes the list of SUSY transformations within the A" = 4 multiplet. We will revisit these

results from the spinor helicity viewpoint in section [7]

5 Massive supermultiplets for ' =1 SUSY

This section is devoted to the universal SUSY multiplets common to all D = 4 superstring com-
pactifications which preserve N' = 1 spacetime SUSY. It was already observed in [I] that 24
universal states exist, and the reference also investigates their three- and four-point couplings to
massless states. We will show that they gather in three multiplets: one spin two representation of
8+8 states and two spin 1/2 representations of 242 states each. The first subsections review the

construction of these states and the third one contains their SUSY variations.

5.1 NS sector

By assembling h = 3/2 combinations of the conformal fields of figure |2 one arrives at the following

general form of a NS state at mass m? = 1/«:
VI = (o idX* 9" + eun v 9 + b Ut + & T
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+ Q0" + Q.0 + .G, + G,

int int

) e ?ehX (5.1)

This is BRST invariant if the polarization tensors satisfy

0 = o + k'h, + #& (cy +co) 0 = opu + 3eunk (5.2)
0 = k*¢, + %(c,—q) 0 = 2da,k" + hy,
Twelve physical states solve this system of equations:
e one transverse and traceless spin two tensor
1 .
Vog_l) = \/?0/ Q10X H )Y e ¢ e K oy = o) = a,t =0 (5.3)
e one transverse vector
v = dar Te e | kd, =0 (5.4)
e two complex scalars
(-1) (I):t / . W,V / "
Ve = = [(W + 20" ky k) i0XP Y + 20" ky, O
.y
+ % Ty ) P X
Vé;l) = QFOFe?emX (5.6)
In addition, we have spurious solutions to the BRST constraints:
ARSI [(m ky + kum)i0X Y + 2m, &M et N ki, =0 (5.7)
Vi ~ 280w i0X" 9" + 20/ Sy ky v g 9 et s, =0 (58)
Vi~ Mo| (Gl = G = VBalk, 0t T | et e (5.9)
Vi ~ Ar [ + 40"k ) i0X" 9" + 6a’ky Ou"
2Vl (G + G | et (5.10)

The last two spurious states allow to gauge away both the ¢t scalars and the longitudinal compo-

nent of the massive vector §, ~ k.
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5.2 R sector

For D = 4 fermions at mass m? = 1/a/, the most general vertex operators built from A = 1

internal SCFT fields reads
VD = (XS, Tt + g ShE + w08, 3t
+ Yt S, 08t + @ S i*)e*W el X (5.11)
see figure [2| Invariance under (); yields three independent BRST constraints:

0 = 2/ v ki + \/Eﬁg + %u“asb
0 = kup + 31/55 % (5.12)
0 = ya —|— 2\/%/@17 kba

They allow to express any wave function in terms of vy

ut = o, (Ka")
P = —V2a' (4 Ky + 2R (S 0),) (5.13)
W = \/%’<2a'k“vz Ki — vZa:-b>
20/
o= (ke R - 2k

The same set of states exists with opposite SO(1,3) chirality and internal U(1) charge. Including
them, we have four physical solutions to (5.13)) and four solutions to the conjugate system of

equations:

e two transverse and o traceless spin 3/2 vector spinors

_1 1 ; )
oD o WXZ(@'@X“SG — V20! fy ) St oo e (5.14)
(6%
_1 1 . . )
v o ng(zaxusa — V20! S, ) e e (5.15)
[0
0 = Ky = xio¥ = ki = Xhoy (5.16)
e two spin 1/2 fermions
(-1 a't/4 b 2 ik-X
i o= S ((au K)o® Sy idXH — 4asb)z+e—¢/ il (5.17)
(—3) o't/ b aa b 2 kX
Vi = S (0 B St X" — 408 ) BT et e (5.18)
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Spurious solutions can gauge away the internal excitations with wave functions y* and @;:

VEZ ~ 00 [ (B 5™ + 4k, 80)i0X S, T — 22 (oK Ry + Lot ) Shat

O(sp) aa Oy
+ 605, + 48,057 — 23l f; SPET | em/2 kX (5.19)
Vowy ~ O [ (H" ol + 4k 62)i0X, 5757 — 2v2 (o' kB + Laln) sy
4 60SPYT 1 450098 — 2vBa S, 5 | e 92X, (5.20)

5.3 SUSY transformations

The notation for the N/ = 1 multiplets can be kept lighter because of the abelian R-symmetry
group U(1). The supercharge operators do not carry any R-symmetry indices, only an abelian
charge of j:\/g/ 2. After performing SUSY wvariation on all the bosonic and fermionic states in
N =1 SUSY, we find that these states split into three separate massive supermultiplets — a spin
two multiplet {«, x, X, d}, two spin—% multiplets {®*,a, Q" } and {QF,a, P}, see figure @ below.

We will show our results of the SUSY transformations in order.

Ot — ab — b~

Xy —  au®d, )2;;

ot — @i) — 0O~
Figure 6: The three disconnected AN/ = 1 SUSY multiplets at the first mass level: As before, Q,

(Q) action takes states along a left (right) arrow.

5.3.1 SUSY variation of the spin two supermultiplet

The spin two multiplet includes a spin two boson «,,, a vector d,, and two spin—% fermions xj;,

Xua With opposite chirality. The SUSY transformation of the bosonic states are:

1 1
[0l Vi) = 1) 2)<Xj; _ En“cm,,(%a”)f), (5.21)
_ . _1 1 .
QA VY] = (5, - Eﬁa%wa%), (522

[t Vi) = V(”)(xu 1 [34,8," + (do, + a'klh) ] ). (5.23)

2\/_
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— 1 _ _1 1 . , a
(7 Q2 D) — i) (xu,g, = S [3d,,6% + (Ao, + o' ki) d)- (5.24)

The SUSY transformation of the fermionic states are:
ol ] =0, (5.25)

a1y (=1 _ . éa
(7.9 Vi 2] = VI (e, = NG i (G(ix0a + K ’f(uxw,a))
3a/

+v, 7 (du = ﬁdkaaXu,a>7 (5.26)
[ aQ(‘i V(_%)} v (g — 1 i X+ &Kk
N &a = Vx = Va p = \/5"7 O (plaaXv) T ¥ Faal(uXy)
- v 3o/ a —a
+ Vd( Y (du - - ) n kade>7 (5-27)
s (L
(7024 V2] = 0. (5.28)

Note that the signs of the SUSY transformations between spin—% and spin one are sensitive to

the chirality, see the relative signs between (5.23) and ([5.24) as well as (5.26)) and (5.27). This is

necessary for consistent closure of the SUSY algebra and can be neatly represented by a chirality
matrix v° when passing to Dirac spinor notation.
5.3.2 SUSY variation of the spin 1/2 supermultiplets

The first spin—% multiplet {®*, a, 2~} includes a right-handed Spin—% fermion a and two scalars

Ot Q. It is governed by the following SUSY transformations:

ol Vi =, (5.29)
[, D VY] = Vi (@ = —a"20%5). (5.30)
Ve = Vi (= ). (5.31)
(3,020, V] =0, (5.32)
and
CRe R A . i (<I>+ - \/Jn"kbzﬁi’>, (5.33)
QPP = v (@7 = ). (5:34)

For {Q", a, ®~} multiplet of opposite R-symmetry charges and fermion chirality, we obtain
1 1
'y Vi) = v (o = —a e, (5.35)
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and

_1 _1 _
[771) l() 2)a a( 2)] :Vgg+l)<ﬂ+:nbab)a

[ﬁBQ(—%),b’%(*a)] _ ngil) <<I>_ _ \/Jﬁbkbbab)

We will explore the helicity structure of these results in section [7]

6 Massive supermultiplets for N’ =2 SUSY

(5.36)
(5.37)
(5.38)

(5.39)

(5.40)

In this section, we will show that the first mass level in compactifications with A/ = 2 spacetime

SUSY is populated by 80 universal states which are aligned into one 24+24 state multiplet of

highest spin two and two 848 state multiplets of maximum spin one.

6.1 NS sector

According to the CFT operator content shown in figure [3, we make the following general ansatz

for a NS state at the first mass level{’]

vy - (aw, IOXP Y + epun VPV 0N + h, 0P + Y, 0 4+ Y. de
+ BraoXte™ + pridXt e 4 S M0zt 4 WMz
+ &M i0H + dY Ta" + QY Tae + Q2 gpe
+ Cyi0Z e 1 (C_i0Z7 e ¢ (_LioZm e+ ¢ _i0ZT e

+ wi, Y et 4 W, YH e ™ 4 ¢l Nog; ) e ¢ et X (6.1)

Requiring BRST invariance under @), yields the following on-shell conditions:

0

0
0
0

eamy + 36}“’)\ k?)‘

- ylf + Qk”wfu

Oéuu + kH h'u + CJF, + C7+ - CY/_l/Q Cii
2/ KV + by,

= ktd} +

0 ;(TA)Z‘J‘ Cij
0 = Y:t + 20/’}/3[ kH
0 = k& + ¢y — G

Vao! (6.2)

1"Recall that we have nonabelian R-symmetry SU(2) in this setting, and 4,7 = 1,2 denote its spinor indices

whereas A = 1,2, 3 are adjoint indices.
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These BRST constraints admit 40 physical solutions:

e one transverse and traceless spin two tensor

1 .
it o= T 10X e et K = o =, =0 (6.3)

e cight transverse vectors three of which form an R-symmetry triplet (note the sign difference

in the pseudovector parts of 3 and w¥)

VOV = guutidHe MY kg, =0 (6.4)
ViV o= ddyr Jaetet Xl =0 (6.5)
_ 1 ) i .
Vi = sy b (10X1 X 407"y
+ Qo ek, Yy, et ) e P e kM ﬁff =0 (6.6)
1
V(;l) _ (z@X“ +iH + z@Zi ¢M
@ 2V 2«
F i "Mk, ¥, eiiH) e ¢t X kH wff =0 (6.7)

e eleven real scalar degrees of freedom

+
(-1) ¢ : v
Vae WaT [ + 20" By o) 10X 47+ 20" by D
ZO(
£ VPR e (68)
_ 1
ViV = =izt e 1oz e b Vol Gl | et e 6.9
¢ Vow ! (6.9)
Var! = Qpert ghetet N (6.10)
-1 1 . iH _—¢ ik
Vg(i ) — 10 7% oFiH =0 gik X (6.11)
In addition, we have numerous spurious states:
Vial ~ [k + Bum)ioX g + 2m,00% | e o™X prm, =0 (6.12)
Vi ~ [22Mzaxw” 20 S k9 g PN s, =0 (6.13)
Vi ~ A [k Ta e ()Gl | et et (6.14)

Vz&?(i;) ~ A [(WV + 4d' k, k) i0X " + 6k, oYt

+ i0zte 4 977 e — 2V GY; X (6.15)
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(=1) + o7t . +iH HiH | —¢ ik X
% ~ A5 [ku(zﬁZ Y 4 i0XHeT) 4 20e ]e e (6.16)

A3 (sp)

Vi ~ A |20k, 0 i0H + 077 et — i9z* e | et ok (6.17)

Rl B e ) G 7 A ) S T VAR
(6.18)

They allow to eliminate the longitudinal components of six vectors and of the two-forms w;fy. The

latter therefore dualize to transverse pseudovectors entering the Bff and w;f states. By combining
with the A; spurious state, one can transform the ¢ solution into a form without internal ¢ = 6

Supercurrentsz

. 1
K —— ¢ | (. + 4’k k) i0X" " + 60’ k, OY*

6o’

IS
I

+ 3(i0Z* e 4 97~ eiH)] =% etk X. (6.19)

6.2 R sector

In the R sector of the first mass level in N' = 2 scenarios, the vertex operator ansatz in one chirality

sector includes nine SCFT operators:
Ve = { vl i0XH S X e M2 g SEN e gy 98, N e g F i7" SY N e
70027 SO N e e 8, N 02 e S, N e/
+ 4 Sb gietl2 e g, \iem3iH/2 } e #/2 gk X (6.20)
The system of BRST constraints can be reduced to the following independent set:

_ 0 = w! + 2V2a'7,;, K
0 = Qk#ﬁg + Ty — 5661‘ +o %
DR AT S B My CRTE)
= 2d'v;" K, + 0.+ sulo’ _
b pb’L 2 ab 0 = y;z . \/ﬂgbl %ba

Adding a sector of opposite chirality and internal charge gives rise to 40 physical solutions. All of

them transform in the fundamental representation of the SU(2) R-symmetry:

e four transverse and o traceless spin 3/2 vector spinors

1 1 ; o .
VX( 2 W Xini (i@X“ S, — V2d K. S”b) N @il/2 o=0/2 gik X (6.22)
«
_1 1 i 1 P ;
Vx( . - \/§ /4 XZ@ <iaXu Sb - \/50/ kba S,m) A eilH/2 ei¢/2 ezk-X (6'23>
a k)
0 = K'xi = Xuoh = k¥l = xpo0 (6.24)
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e six spin 1/2 fermions:

/1/4

AL @t (7 B S410X" — 408, ) X /2 e0/2 it X (6.25)
Va(_%) = /1/4 (( ou }ff L Shigxm — 485‘1)>\ie_iH/2e_¢/Qeik'X (6.26)
V}(_%) = \/_0/1/4 ré (z@Z*S etz \/§a’%a55663iH/2>Aie’¢/2eik’x (6.27)
V}(f%) = ﬂ;flﬂ T (z@Z_ Sbe—iH/2 _ V2a Kim S, e_3iH/2> N\ e~ 9/2 gtk X (6.28)
VS(—%) _ \/§;/1/4 5 (zaZ_ S N2 L\l S, gt e it

+ \/504/%@5(5{’3/\"6_”/2 — 250\ (9e_iH/2))e_¢/2 kX (6.29)
AL mgbviﬁaﬁsbx SR o sty et

+ \/50/%6“(5& ON etH/2 98 N aeiH/z))e’WQeik'X. (6.30)

Again, there is a spurious fermion which can be used to remove some internal SCF'T fields from

the vertex operators:

Vo) ~ OF| (Kol + 4k, 62)i0X" S, 2 — 2V3 (oK' kyy + f0%y) SEN &

% abu

+ 605, N eH/2 1 48 oNte2 4 4.8 \FHetH/?

+ 2\/2a’kabsbgieim2 - ﬂkabiaZJr SP NI e_iH/Q] e™9/2 gtk X (6.31)
-3 a by a i —i a i ol
Vo ~ O | (K" oty + 4k 81)i0X,, S* N e/ — 22 (o b, B + Late) St x' e 12

+ 608" N T2 48PN e 2 4 4 SP N g M/
+ 2V2a/ %ba S, g e /2 — \/ﬁki)a i0Z~ S, )\ieiH/Q} e /2 gtk X, (6.32)

6.3 SUSY transformations

The charges of N'= 2 SUSY are spinors of the internal SU(2) R-symmetry and therefore carry an
extra index . In this sector, universal states at the first mass level split into three separate massive
supermultiplets — a spin two multiplet {a, x, X, d, £, 8%, 5,5, ¢} as well as two spin one multiplets

{w™,a,7,®,¢, 0} and {w*,a,r,®, (T, Q1 }, see figure [7| below for their structure.
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Figure 7: Three disconnected N' = 2 SUSY multiplets

6.3.1 SUSY variation of the spin two supermultiplet

dA 123 i

The spin two multiplet includes a spin two boson ¢, six vectors &, , one scalar ¢, two

sp1n—§ fermions X}, Xu.a and two sp1n—§ fermions s%, ;. Their SUSY transformatlons are:

a (+ )i —1 _ (—l) b 1 a —v\ b
[ Q" V] = W (i = st ke, (6.:33)

+1), _ (—=3)( - 1 vya
[%zQ 2) OE 1)] = Vx : (Xu,a,i = Eﬁa,iaw(kg ) j,>~ (6.34)

eV = (= - \/—m [36:0," + (£, + '¢kh),])
Y (5 = === 14us): (6.35)

[ﬁa,iQH%)’d’i, Vg(_l)} = V;z(_%) ()_Cu,i;,i = %ﬁa,z’ [36,0% + ({5, + O/Mk?u)dij)
+ v (s? = %ﬁa,iz‘”), (6.36)

a +3)i -1 (-3)
[m Qa »Vd( )] =V’ (Xi,j =~

VT (805 = =) (6.37)
)i (D) (-3 ( - L a
10 QU4 VI = P (R = — g B0, + (45 + i )] (7))
-1 1 aa i
+ 2’(3;%:@77@%% (74) j), (6.38)

and the complex vectors Bi are varied to,ﬁ

ol vl =, (6.39)

BCocycles would introduce additional minus signs in the computations (and several analogous ones at later

points). However, we are able to eliminate these extra minus signs in a consistent way.
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—~ 11\ . _ _1 1 ; .
[ﬁb,iQHE%bﬂ, V5(+ 1)} = Vx( 2 (Xf“ = gﬁbi[3ﬁ+kbb - (@ﬁﬁ + ﬁ+k5u)bb]>
VD (5= i (0.
1y, _ L/ 1 _ -

["7? l(7+2)7 7V,5§—1)] :V>‘<( 2)(Xu,b, 577 [3ﬁ oy — (k™ + %Uu)bi)}>
_1 1 _
HVT (st = k)

The SUSY action on the unique scalar field ¢ is given by

Qe ] = Vg(_%)(sm \/-ezﬁnfkaa),
Eﬁﬁﬁa,ikaa) :

1

7, Q4 V] = V) (51 =

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

Now we turn to analyze the fermionic states. For y and y at spln—— we have SUSY relations,

a (_l)’i (_l) - a
7 Qa 27V P = V5(+ ) (5: =T Xu,a,i)’

(=1, (*)__1 _177(1(11‘ aa_ i
7, Q72 4 Vi ] = Vg )<a‘” - Em"i(%xu)yﬁa'% X(ul,alk”))>
— Va _ aa_
_{_va( 1)<5u: 771”% X;uz)

(-1 ( ;A 0/_ aa A_\ij
+Vy d, = 3%,@'% Xpaj(T7€) >7
and
0 y(—Di =3 - L, _ayi
|:77Z Qa 2 ’V)—( 2 :| = Va( 1) <&H’V \/5777/ ( ,LL‘(ZCL‘X + (6] %GGX(# ll)))
- \/5
+ ‘/5( K <£H n; %aax,u )
-1 O/ ayg, <a ij
+ Vd( )<d;‘ = 5771' ka(zxu,j(TAg) J);
) l az ( l) — = =,
[nazQ 2) 9_6 Z}ZVﬁ(fl)(ﬁ Uaqu>-

The spin—% states s and 5, on the other hand, transform to
a _%)7i _% - o a i
[772' Qt(z 7Vs( )} = Vg( b (fu =/ gm [kuéab + (Uuk)ab] 3b>
, ..
+ ‘/;l(_l) <dﬁ = \/ %T]f [klt(sab + (O-,Uu’%)ab] Sb»j (TA6)2]>
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(6.45)

(6.46)

(6.47)

(6.48)



1 .
V7 (6= —znish) 6.49
HV (0= sl (6.49)
_ . _1 _ 1 . fan
70 Q04 V] = VD (B = = s+ kb)) (6.50)

and

1 (i + 0 hula) 7). (6.51)

+ v <¢ - —mﬁ?j) . (6.52)

6.3.2 SUSY variation of the spin one supermultiplets

The first spin one multiplet {w™, a, 7, ®*, (™, Q2 } contains one vector w, , two right-handed fermions
a;, and 7; of spin 1/2 each, and three scalars ®*, (- and Q. The SUSY relations for the spin one

w, read,

1) (-1 —1) (- 1 -
[’r]be ,VUS_ )} = V&( )(al'm = —ﬁn&#bb)a (653)
L1, - +3) (- L
e e e N R (6:54)
For the fermions a; and 7;, we have,
ol 1) V(—Qq — Y (¢+ _ Wﬁf%bzﬁi”i)a (6.55)
A=y hi (=D - _ a ; b 1=é,i
[nz;,@-Q( AN A } - Vugfl) (wu =\ 9 [kufsbc' + (k%)bc}a )
v (0 = —Li reyiab (6.56)
o- q= \/ﬁnb,i Tag)’a; ), )

and

—Ly; _% — _ 1 a,i
el v >]=V£—”(% 75 s b))

Oé/
5 7l Kool (TaE)' (6.57)

— 1N e s _1
70,0 D4, v 2>} Ve ”( = ﬁm‘”) (6.59)
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The results for the scalar fields are:

ey Vi =0, (6.59)
75, QD V] = v (@, = —ahety,), (6.60)

and
[eQlt® vl = TAREL (fa,z- = C‘n?%aa>> (6.61)
(72, Q20 VD] =0, (6.62)

and
eV = Vi (3, =~k ), (6.63)
[ﬁa,iQHé)’d’i, Vggjl)} = ‘/F(_%) (fa,j = \/%ﬁa,iQA(TA)ij)- (6.64)

The second spin one multiplet {w*,a,r,®~,¢*, Q% } is just the complex conjugate of the former,

so let us simply list the analogous SUSY transformations:

aglta)d (-1 V(Jr%)(r’? b gt b> 6.65
|:777, a » VYt :| r 7 \/5771 ((IZ) k)a ’ ( . )
_ L 1 i
75, Q0D V] = VY (al = = ™). (6.66)
’ 2/ 7
-1 N3 —% - o c — cl i
@y PV = VD (wf = (St Rt + ()]l
1 1 i
+ Vgg+ )<QX = —Enﬁ’(mé) Jabﬁj), (6.67)
_ 1N 7 - _1 _ 3 .
7, Q0% v =y Y <<I>* - \/Jﬁb,ikbba;,), (6.68)
_ 1y, _1 _ .
[n;l g 2): ,V;«( 2)] _ ‘/C(Jr 1) <C+ — ?7297,; ’ (669)
1 _ 1 . aa
e e R ] (R R AR Y
V(0 = o b s (rae) 6.70
O+ A — gna,z Ta,] TAg) ’ ( . )
[0y Vit = v (al = —ae?), (6.71)
(7, Q2 Vi~V =0, (6.72)
Ly _
[n;ng‘*‘z)v ’VC(+ 1)] =0, (6.73)
— 1y - - _ _1 aa
[ﬁaﬂ.Q(Jrg),a,z’ ‘/C(+ 1)] — ‘/7"( 2) (7“? — C+_d,ik )’ (674)



a D (- -9/ 4 1, i
|:777, Qa 2 ,V(ngl)] =V, 2 (7"] = \/2—0/771 QX<TA) ])) (675)

— AEbb - (-3) L i
(7, Q20 V] = v, (a? - _E%,J{? QX(TA)J)- (6.76)

7 Helicity structure of massive on-shell multiplets

In this section, we apply the massive version of the spinor helicity formalism [36] B7] to obtain
a refined understanding of the structure of the previously constructed SUSY multiplets. A brief
summary of the spinor techniques is collected in appendix [C], including the explicit form of massive
wave functions associated with different spin components. The spin quantization axis is chosen co-
variantly by decomposing the timelike momentum k into two arbitrary light-like reference momenta
p and q:

kH = pt + ¢", k* = —m? = 2pq, P =¢*=0. (7.1)

As was explained in detail in [20], the supercharges can be expanded in the basis of the momentum

spinors p,, p** and q,, ¢** defined by p,o. = —p,p} and g,0"; = —qaq;:

Qa - [QQ]pa + [pQ] Ga = Q+pa + Qan; (72>
[qp] [pq]

Na <pQ> *Q <qQ> *a __ ) *Q S *Q

Qt = Ik + w Qg +Q_p (7.3)

This defines the supercharge components Q. and Q. to be

_ a9 _ rQ)
%= lap]’ o= [pq]’ (74)
5 _ Q) 5 _ (4Q)
SEL) ST (75)

The Q, and Q. raise the spin quantum j. number along the quantization axis by 1/2, while
Q_ and Q_ lower it by 1/2. The corresponding Lorentz generator which is diagonalized with
eigenvalues j, reads

1
J. = Ws“”)‘pPMql,M)\p (7.6)

where P, denotes the translation operator and M), an SO(1,3) rotation.

A convenient way of organizing representations of the super Poincaré group is to pick a highest
weight state which is annihilated by half the supercharges — either the left-handed Q, or the right-

handed Q°. States with this property are referred to as (anti-)Clifford vacua, and we shall use
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the vacuum eliminated by the left-handed Q, by convention. The rest of the supermultiplet is
then constructed by applying the non-trivially acting Q, and Q_, see the figures in this section.
In our notation, each diamond shaped diagram represents one supermultiplet. The dashed lines
connecting bosonic and fermionic states indicate Q. and Q4 applications, and we assign the

following directions:

S =0, N =0 and N=9,, v =9 (7.7)

The Clifford vacuum state being annihilated by the left-handed Q. is located on the far left of the
diamond, and we can construct the full supermultiplet by repeated action of Q. E In this section,
we will show how Q. transform all the states in the multiplet from the left side of the diamond
all the way to the right. The SUSY algebra {Q4,Q=} =1 and {Q+, 0.} =0 @ implies that Q4

undoes Q. applications and transforms states from right to left in the diamond.

This section starts with the A/ = 1 situation to illustrate the methods, and the additional
features of extended SUSY are explained in the later subsections on N/ = 2,4 supermultiplets.
To make everything simple and clear, instead of using our old notation of vertex operators in the
previous sections, we will use the “ket” notation to express the states inside the diamonds. For

example, the spin two boson with j, = +2 is expressed by

- v 1 —paa =vbb,_x *
la, +2) = VD (a“ = 2—chr" o) bbpdqapbqb> |0) , (7.8)
and a combined state {a,d} with j, = +1 is expressed by |a @ d,+1). Then, given the super-
symmetric vacuum |0), commutators of Q, and O with vertex operators are replaced by SUSY

transformations acting directly on the states.

19 Alternatively, we can also construct this supermultiplet starting from the anti-Clifford vacuum state on the
right side of this diamond, which is eliminated by the anti-supercharge Q4 , and the remaining states follow by

acting Q4 on it.
20To show this, we simply plug the supercharge decompositions ((7.2)) and (7.3 into the N' = 1 SUSY algebra

(3.44), and obtain,

{00,000} = pp {04, 0} +pug™{ Q1. Q1 } + 00" { Q- O} + 0™ {Q-. O}

= (0"€), Py ~ (0"€) by = pap™® + ¢aq™".

Thus we arrive at,



7.1 N =1 supermultiplets

According to the strategy outlined above, it suffices to evaluate the anti-supercharge components
Q. on the helicity states in the N' = 1 supermultiplets. The decomposition Qt = Q+qd* + Q_pa*

corresponds to the mass dimension [M~2] choices for 7:

9 :7,i a 77"_: pz n. — 2 79
Q. =17, Q" +— 7 o T T (7.9)

7.1.1 Spin one half supermultiplets

We firstly consider the {®*, a, 2~} multiplet of highest spin 1/2 whose scalar Clifford vacuum
|®*) is eliminated by the supercharge Q. By repeated actions of the anti-supercharge Q. on &,

we can construct the remainder of the multiplet, see figure

jzA

q

\
7

ea(-3)
V3 V3/2 0 —V3/2 V3

Figure 8: N = 1 SUSY multiplets with scalar Clifford vacuum: In N' = 1 scenarios, the U(1)

charge ¢ with respect to the internal current J is plotted along the horizontal axis. The SUSY
charges have eigenvalue ++/3/2 under J and therefore change ¢ by a fixed offset.

The spin—% multiplet is the minimal massive representation of the A/ = 1 SUSY algebra, since

it only contains four states. Very straightly, we obtain, up to a phase,
0. [#*,0) = [a, +}) (7.10)
and

Q. la,F3) =1927,0), Q. |a,+3) =0. (7.11)
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The anti-Clifford vacuum |Q~) is then annihilated by Q. action,

Qi ‘Q_,0> =0.

(7.12)

Secondly, we consider the mirror multiplet {Q",a,®~} which is also summarized in figure .

Starting from the Clifford vacuum |Q1), cf. (5.37)), we obtain,
Qi |Q+7O> = ’CL?:I:%)?

and

Q. a,F3) = [97,0), Q. [a, £3) =0.

7.1.2 Spin two supermultiplet

(7.13)

(7.14)

In addition to the two minimal spin 1/2 multiplets, there is a larger multiplet {a, x, x, d} with

spins up to j, = 2 in each N' = 1 scenario. All the left-handed spin 3/2 states |y,j.) with
—3/2 < j, < +3/2 are annihilated by Q,, cf. (5.25). Hence, the Clifford vacuum transforms in

a nontrivial SO(1,3) representation. Starting from the four states |y, j,), we build the full spin

two multiplet by Q. application, see figure @ The spin—% states with wavefunction x% of opposite

chirality are obtained by |¥, j.) = Q1 Q_|x, j.), so they form the anti-Clifford vacua.

q

(N

jza~

et a(+2) .

x (+§) =<0 X (+3)
: > a(+1) @ d(+1)

x(+3) <220 ()
T a(0) @d(0) <zl

(-3 < T ed)
i a(=1) @d(=1) <17

x(=3) =2 ()
iy

| | |
V3/2 0 V32

Figure 9: N/ =1 SUSY multiplets with spin 3/2 Clifford vacuum

7

The helicity SUSY transformations are such that normalized states are either mapped to equally

normalized states or annihilated. This becomes particularly interesting at the intersection points

20



Q_|x,j.) < 94X, . — 1) within the diamond where combination states of type |a @ d) arise.

From the j, = i% components, we obtain

Q:t |X> :l:§> = |Oé, :|:2>7 (715>
; 1
Qs [\, +3) = 5o, 1) i\/?gyd,iw — o+ d,+1), (7.16)

whereas Q4 action on j, = i% components yields

- V3 1
Qu|x. +3) = 5 lon £1) F 5 ld, £1) = a F d. 1), (7.17)

_ 1
Qx |x, +3) ) £ 751d.0) = Ja£d.0). (7.18)

1
= Ek}z7 0
We use canonical normalization conventions for vertex operators as well as helicity wave functions:
Let |1, 7.) denote some physical state with polarization tensor ¢ and spin component j, along the
quantization axis. Then, [¢),47,) has unit scalar product with |¢), —j,) and is orthogonal to all
states whose wavefunction belongs to a different SO(3) representation. We can see from above
results that all the states on the right hand sides of to have unit norm. Furthermore,
we find that the combined states |«=d, £1) obtained from O« |y, £3) are orthogonal to |aFd, £1)

from distinct Clifford vacuum components Q- |x, i%>, as expected.

To complete the other half of the diamond, we have,

Quila,+2) =0,  Qgla,+2) = |x, £3), (7.19)

and
Qi |la+d,£1) = |y, +3), O+ la+d,+1) =0, (7.20)
O |laFd,£1) = |x, +1), Qi laFd £1) =0, (7.21)

and
Qi a+d,0) =|x,+1), Qi |laFd,0)=0. (7.22)
The diamond is symmetric about the j, = 0 line. In other words, once we obtained all the

transformations for the states in its upper half, the lower half can be filled up by interchanging
momentum spinors p <+ ¢. This holds by the construction of the massive helicity wave functions

in appendix [C] see also [I] and [10].
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7.2 N =2 supermultiplets

The new feature of extended N’ = 2 SUSY is the nonabelian SU(2) R-symmetry group. The
supercharges are spinors with respect to this SU(2) and therefore carry fundamental indices i.
That is why we have to introduce a bookkeeping Grassmann variable 7; which decouples from the
spacetime spinor index structure. In other words, this 7; is a spinor of the R-symmetry but a
scalar with respect to the spacetime SO(1,3). We define supercharge components Q- (n) which
are associated with the choices 77, = n:p;/(pq) and 7, = n:q;/(qp):

= o v Na,i
A . a ~ayi
Q-(n)=mn W) Q. (7.24)

In the construction of A" = 2 supermultiplets from their Clifford vacua, we obtain states in non-
trivial representations of the SU(2) R-symmetry[] Their SU(2) tensor structures will be displayed

inside the ket vectors, right after the J, eigenvalue, separated by a semicolon@

7.2.1 Spin one supermultiplets

Again, we start our presentation with the smaller multiplets of lower spin. The universal sector
due to N' = 2 SUSY encompasses two spin one multiplets with scalar Clifford vacua, see figures
10 and @1l below.

The first multiplet {w™,a,7,®~, (", Q% } is constructed from a scalar Clifford vacuum ¢, cf.

(6.73). Omitting all the vanishing results, we obtain
Qi (mi) |®F,0;1) = |a, £4; ms), (7.25)
and

Qu(e;) la, £5,m) = w™, £1; (en)), (7.26)

S 1 L
Q+ () la, £5,m) = —2\00 ,0; (en)) = —2|Q ,05 € (Tag)’"n;)

V2 V2

2lIn fact, it is a peculiar feature of the first mass level that its Clifford vacua are R-symmetry scalars.

22In the literature, on-shell supersymmetry is usually described by the notion of supercharge eigenstates — Grass-
mann co-herent states, firstly in [18], and recently in [19] and also [20]. Our presentation of SUSY transformations
including internal wave functions (carrying the R-symmetry quantum numbers) are an equivalent way of expressing

their information content.
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Jz4

i) <1 mmai () e
¢H(0) <21l 1 wh(0) Q4(0) <l 1 07(0)
e (=g) <l ()T
o aen)
| | | | | s
2 3/2 1 1/2 0 -

Figure 10: N = 2 SUSY multiplet with scalar Clifford vacaum: In N = 2 scenarios, the U(1)

charge ¢ with respect to the internal toroidal directions is plotted along the horizontal axis. Since

the world-sheet fields i0Z* and e have charge &1 and g, respectively, the SUSY generators built

from e**#/2 and i0Z*eTH/2 change ¢ by the fixed offset 41/2.

jza~
- w™(+1) e
) () e
oH(0) <z 1w (0)92,(0) <1l o2 (0)
ey (-2) <t e
(el e
' : : ' —
0 ~1/2 ~1 —3/2 —2
Figure 11: conjugate N' = 2 SUSY multiplet with scalar Clifford vacuum
= |w™ £Q5,0), (7.27)
where (en) = €;e7'n;. The w™ and O~ states in the center of the diamond transform to
Qe (mi) lw™, £1; (en)) = Qu(mi) lw™ £ 23, 0) = |7, 55 (en)mi), (7.28)
Q=(n;) lw™ £Q7,0) =0, (7.29)
and
Qx(€) 7, 253 (i) = |¢7,0: (en)?). (7.30)

Similar results are obtained for the mirror spin one multiplet {w~,a, 7, ®*, ¢, }, which is con-

structed from the scalar Clifford vacuum. The helicity SUSY transformations are
Qi (1) 167, 0;1) = |r, £55m:),

23

(7.31)



and

Qu(e)) Ir, £53mi) = |w™, £1; (en)), (7.32)

Q= () [r £3:m:)

1 1 3
E|W+a 0; (en)) £ E|Q+, 0; €;(7a2)""n;)

= |t + O, 0), (7.33)

and
Q(mi) |w, £1; (en)) = Qu(mi) [w* £ Q,0) = |a, £3; (en)ns), (7.34)
Q=(m;) lwm £QT,0) =0, (7.35)

and
Q= (¢5) la, £3; (en)ms) = |27, 0; (en)?). (7.36)

7.2.2 Spin two supermultiplet

The highest spin state of the first mass level populate a spin two multiplet {«, x, ¥, d, &, 8%, s, 5, ¢}
(see figure , which is built from a vector Clifford vacuum 8 state, cf. (6.39).

jza~
et a(+2) .

S = O R
B+(+1)=:\\ i (+1) dA(+1)€(+1> S Gl 2> BT (+1)
T 2/ <= T 20 <z
i) e HE) T ) a() s ) e
B e L P
TR T R
gH(-1) <2 U aen ) < Y S
o (-3 (-9

T a(=2) T .
| | | | | S
1 1/2 0 —1/2 T

Figure 12: N = 2 SUSY multiplet with vector Clifford vacuum

The supermultiplet structure is more complicated here due to intersection points in the diamond

like Q_(n;) |+, +1;1) < Q4 (n;) |BF,0;1). Since j. — —j, reflection can be implemented by p + ¢
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exchange, we will only show the transformations for the upper half of the diamond. Omitting all

the trivial relations, we obtain

Qi (m) 187, +1;1) =[x, +3:mi), (7.37)
(772) ’B+ +1 1> \/"X? 2 771) g’s? +%a 772> = ’X D §7 +%>17 (738)
(nz) |6+ O 1> §|X7 27”@) \}§|57+%a771> = |X@‘§7+%>27 (739)

where |y @ S, +%>1 is orthogonal to |x @ §,+§>2. For the helicity SUSY transformation of the

second column of figure [12, we have

Q. (&) I, +3:m) = lo, +2; (en)), (7.40)

_ 1 1 1
Q- (&) I, +3;m) = —gla, +1; (en)) + 51€, +1; (en)) — E!dﬁl; (en))

la®{®d,+1)1, (7.41)

o L (o) + 3+ (en))

1
+ E|d7 +1; (677»

la® & @ d,+1)s, (7.42)

Q. () Ix @ §,+%>1

0, (c)) [y @5+ 1), = —\%m, 1 (en)) — %\5, 15 (en)
=la®dd, +1)s. (7.43)

One can easily check that the three states |« @ £ @ d,+1); 23 are orthonormal. Moreover,

O_(6;) [x ® 5, +4)1 = —%ra, 0; (en)) + %15, 0; (en)) + %\d), 0; ()

= a®EDAD )1, (7.44)
O () | ® 5, +1)s = —%m (en) — %u,o; (en) — %w,o; (en)
=ladEDdd o). (7.45)

By interchanging p <> ¢ we get the states

0 BEDAD B, = |a®EDID Ph(p ¢ g) = —%m,o; (en) — %m, 0; (en) + %w,o; (en)).
(7.46)

0 @EDAD B, = |a®EDdD lalp > g) = —%m,o; (en) + %M,o; (en)) — %w,o; (en)),
(7.47)
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which are the results obtained from Q. (n;)|x ® 5, —1). Clearly, |a @ & ® d ® ¢)1(2) is orthogonal
to |o £ S d D ¢))y). The helicity SUSY transformations of this column are

Q- (m) la, +2; (en)) = Qv (ms) la ® E ® d, +1)1 = [X, +3; (en)m), (7.48)
Qi(m)]a®Edd,+1)o = Qi () la®E®d, +1)5 =0, (7.49)
and
Q (m)]la®E®d, +1); =0, (7.50)
_ 2
Q (m)a®Edd +1) = T\X +5; (em)m) — \\/T;I& +55(emn) = XD s, +5)1, (7.51)
1
0 ()0 ® € 1)y = 2%+ () + b+ () = XD (252)
States in the center of the diamond transform as
Qi) |a®s@d®d); = Qi) la@ESdD )y =0 (7.53)
Qi(m)la®EDAD d)1 = XD 5, +3)1, (7.54)

where |y @ s,+%>1 and |y & S,—f—%)g are orthogonal to each other. Now we are left with the

transformations to the anti Clifford vacuum states |57) in last column of the diamond:

Q_ () X, +3; (emni) = Qi () IX B 5, +5)1 = |87, +1; (en)?), (7.56)
Qi(&) X @ s, +5)2 = Q- (¢) [X B 5,+5)1 =0, (7.57)
Q () IX®s,+5)2=167,0; (en)?). (7.58)

This completes the helicity SUSY transformations for the upper half of the diamond representing
the spin two supermultiplet of N = 2.

7.3 N =4 supermultiplet

In N = 4 SUSY, the supercharges carry internal SO(6) = SU(4) spinor indices I or I. Similar
to N' = 2 case, we introduce the internal spinors 7; and ﬁf . Then the components of the (right-
handed) anti-supercharge can be written as

A T P A 3 7 a
Q=1 (pq) A =7

@]
'~_<\®~

(7.59)
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We only have one big spin two supermultiplet in N = 4, see figure 13. Starting from the Clifford
vacuum P, cf. , the remainder of the multiplet is filled by Q4 application. Following the
symmetry argument of the last subsections, we will only show the helicity SUSY transformation
of the states in the upper half j, > 0 of the diamond. And again, the internal wave functions of

the physical states are displayed right behind the semicolon in the ket.

We start from Clifford vacuum state |®*,0;1) located at the far left of the diamond. The

helicity SUSY transformations read

Q. (") |®F,0:1) = |a, +5; 1), (7.60)
and
Q. (&) |a, +1:71) = |87 415 1 (3 C) i), (7.61)
I 7 1, N s 1 _ N =
Q*(€J> |CL, +%777[> = —EW 707 %EJ(VMC)]nt> + _2|Q 707 %EJ(anlC)JIn >
= 18~ ©0",0), (7.62)
and
Q. (€187, +1; L& (mC)sm") = I +3:ersrrn’€EFCE), (7.63)
o o . 1 o irR AL V2.
Q_(6%) 167 +1; & (1 C) i) = __3’X7+%§€I_JRE77[€J£ Cr) + I 435 7s)
= Ix@f +3)1, (7.64)
o I T N A
Q-i—(SK) |ﬁ &0 70> \/—|X7 +2a€IJKL77[6J€ C£> + %V,—{—%;’rﬁ) + EV? +%;TQ>
=X BT, +35)2, (7.65)
where
VB iR ;o1 ;
T = 76‘](7 C) ' €5 (58 6,7 + 6(7m7n)KL)a (7.66)
1 B _
T = 2€ ot ©) 171 ER (Fpy™™) . (7.67)

Note that 75 and 7 represent different and mutually orthogonal internal wave functions of 7.

The left-handed spin 3/2 states in the third column of the A/ = 4 diamond transform to

QL (M) |x, +3;e7 € ERCE) = |a, +2;2(7€€0)), (7.68)
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I 1 _ 3
e = —Sla +L;2(neéh)) + \/7—"1>+15dx> =la®d,+1)1,  (7.69)

- 1 . 1 V2
Q. (M) Ix® T, +1) = —=|a, +1;e(ne€0)) — —=|d, +1;d,) + —=|d, +1; d-

\®!
=
<
=i
[l
3
2
780"
=
2
|

= la®d, +1)s, (7.70)

I 1 - 1 1
M) Ix e F, +1 —|a, +1;e(ne€h)) + —=|d, +1;d,) + —=|d, +1; d;
Q+( )|X 2>2 2‘ (7765 )) 2\/5‘ X> \/6| 3>
1
+ —|d,+1;dz,) = |la B d,+1)3, 7.71

R 1 — 1 1 1
Q—(HM) |X D 777+%>1 = %Wao;&?(ﬁ%@» - %|da0a dX> + ﬁ|d70;dﬂ;> + ﬁK?Oa Cf5>

= o ®da 0, (7.72)
o | o 1
Q*(6M> |X S r, +%>2 = _%lav 07 8(77656» + %|d7 07 dx> + mldv 07 dF5>

1 1 1
+ §‘d7 07 dfg) + m‘C> 0? CF5> + §’C7 07 CFQ>
=la®dd (0, (7.73)

where we have used the following abbreviations:

(77559) = crgrin € E50", (7.74)

dy = 2\/— HM (5im ) i1 Lerrrpne’€", (7.75)

dry = %Wf[gm"”(ﬁ”]c)m, dry, = %éM A E 3 0 (7.76)
Gy = %éMfémLLlW")C)ML, G = \/5 oM (G C) (7.77)

Similarly, dy, dr,, dr, and Gr,, Gz, are two pairs of orthogonal states with respect to the internal
R-symmetry. Thus, the explicit computation confirms that different states located at the same

point inside the diamond (with the same j,) are orthogonal to each other.

Now we are left with the helicity SUSY transformations for the right half of the diamond. After

some manipulations, we obtain

Q-(‘f) o, +2; e(77€0)) = Q4 (7") | @ d, +1)1 = | X, +3; (7e€0)7"), (7.78)

Q (") |a@d,+1); = Oy () |a®d & (,0)
=(nech)n’) - (7e€0)T A (86 + (3 n) )

) V2
:%b@‘l’%; ﬁh",—i-%;g
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=X ®r,+i), (7.79)

Q () a®d,+1)3 = Q4 (7)) |a ® d & ¢, 0),

= ﬁbz, +1e(megh)nty + %lr, 1 e (e T AR (6907 + (ymn)'5))
L (DT (i) )
\/§ y T 9 n M Yir \VeYmnl) J

= |xX®r +3)2, (7.80)
and
Q_(&) |7, +; €Oy = Q1 (&) X & ro+h)1 = 8 +Ls L= (G0N (7uC) ), (7.81)
Q- () [¥® 1 +4)a = A", 0s e ael0)e” (3,
#1005 e (T (Co)) =187 @Q10), (782
and

Q (€F) (8", +1; J5e(ne0)e’ (YmC) ') = Q1 (€F) B @Q",0) = |a, +3:c(ne€b)ersrrn’ €’ €5 CY),
(7.83)

and finally we have

Q—(Q_E) |a, +%;5(ﬁ€§9)€IJKL77 6J§KOL> D, 0; [e(7€€0)]). (7.84)

This completes the chain of transformations Q1 Q% that take the Clifford vacuum |[®T) into its

anti Clifford counterpart |®).

8 Conclusions & Outlook

The main purpose of this paper is the explicit construction of vertex operators and SUSY trans-
formation of universal multiplets of the first mass level. In sections [4] [5] and [6], we have identified
the o'm? = 1 particle content of superstring compactifications to four dimensions whose presence
is implied by N/ = 4, 1,2 SUSY respectively. The universality arguments are based on Ramond
sector SCFT operators which necessarily enter the SUSY charges and are available for building
vertex operators, see section [3| and [12, 13}, [14]. Then, using subleading terms of OPEs, we have

explicitly evaluated all the SUSY transformations and found that the 24 (80) first mass level states
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in N =1 (N = 2) scenarios are aligned into three supermultiplets. This has to be contrasted with

the maximally supersymmetric case where the 256 states form one single A' = 4 multiplet.

The multiplet structure of all the cases is investigated using spinor helicity methods and the
results are summarized in figures [§] [9] for N = 1, figures [10] for N' = 2 and figure 13 for
N = 4. We worked out the transformation properties of helicity eigenstates along a covariantly
chosen quantization axis, see section [7] for the main results and appendix [C] for some background

information on spinor helicity methods.

This work motivates a lot of further studies. It would be desirable to determine the universal
particle content at higher mass levels, i.e. to classify the SO(3) and R-symmetry quantum numbers
of universal N/ = 1 and N’ = 2 SUSY multiplets of any mass level along the lines of the SO(9)
analysis in [21]. Explicit vertex operators on the second mass level are available in ten [§] and
four dimensions [10]. These results suggest an investigation of subleading Regge trajectories, i.e.

closed form expressions for vertex operators of non-maxinal spin n,n — 1,... at mass level n.

Having a good control over vertex operators is necessary to gain further insight into the S
matrix of massive string excitations. The leading Regge trajectory is a good example where cubic
and quartic interactions could be discussed for all mass levels, see [7] for bosonic string theory and
[22] for the superstring. The simple structure of the N-point open superstring disk amplitude of
massless states [23] 24] suggests that also the amplitudes of heavy vibration modes enjoy a hidden
harmony. It would be desirable to work out the kinematic building blocks and the most natural

basis of world-sheet integrals for their tree- and loop amplitudes.

Supersymmetry is certainly a key ingredient for investigating scattering amplitudes of massive
states. An efficient way of constraining (or in some cases even determining) massive superampli-
tudes via supersymmetric Ward identities is explained in [25] 26]. For the purpose of a full-fledged
superstring computation, the pure spinor formalism [27] is a very useful approach to take advan-
tage of manifest supersymmetry. Unfortunately, the only explicitly known vertex operators in pure
spinor superspace are at mass levels zero and one [0, 0], so determining and applying their higher
mass counterparts is an open challenge. Also, there is exists a manifestly NV = 1 supersymmet-
ric approach in four dimensions known as the hybrid formalism [28]. It would be rewarding to
reformulate our present results on the universal NV = 1 sector in this hybrid language. In any
case, understanding the super Poincaré multiplet structure of massive states is the indispensable

first step to exploit the power of SUSY for scattering amplitude, this was a key motivation for the
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present article.
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A Notation and convention

Various types of indices appear in this article, so it is essential to keep the notation as clear and
unambiguous as possible. Here is a list of occurring index classes together with the preferably used

alphabets and letters:

e In ten dimensions, vector indices of SO(1,9) are taken from the middle of the latin alphabet
m,n,p,.... The corresponding Weyl spinor indices are Greek letters from the beginning of
the alphabet, «, 3,7, ... for left-handed spinors, and their dotted version a, B,"y, ... for the
right-handed counterparts.

e Vectors in four-dimensional Minkowski spacetime have indices from the middle of the Greek
alphabet p,v, A, p,.... Spinor indices of SO(1,3) are lower case Latin letters a,b,c, ... for
left-handed Weyl spinors and upper case a, b, ¢ for right-handed Weyl spinors.

e The R-symmetry group of N' = 4 spacetime SUSY is SO(6) = SU(4). We will use m,n,p...
as vector indices and I, J, K (I, J, K) as left-handed (right-handed) spinor indices. Confusions

with the D = 10 vector indices are excluded by the context.

e In case of NV = 2 spacetime SUSY, we denote the fundamental indices of the SU(2) R-
symmetry by ¢, 7, k and the corresponding adjoint indices by A, B, C.
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e Chan Paton generators carrying the color degrees of freedom of the vertex operator are sup-

pressed throughout this work since they are the same for all members of the SUSY multiplet.
e Also, the coupling ga = V2a/gy\ of vertex operators is suppressed, i.e. set to unity.

All these symmetry groups involve their metrics 77’””,7]“”,57(37)1 as well as gamma matrices and
charge conjugation matrices as Clebsch Gordan coefficients:

o 77,757 and €, C% in D = 10

° o, g4’ and Eap, €% in D = 4

o 7. 4m and C1 7, Cp” for the internal SO(6) of N = 4 SUSY

e standard Pauli matrices 74°; and € for the SU(2) R-symmetry of N’ =2 SUSY

Our conventions for the slash notation is

Kup = knTy. K = kAL in D=10 A1)
Ko = Fuoy jro = kol in D=4 |

The totally antisymmetric e tensors are normalized to having nonzero +1, e.g. ** for D = 4

vectors and ¢ for the adjoint representation of SU(2).

The signature of the Dirac algebras is negative in lines with the Wess & Bagger conventions:

A 4 B = ) (A.2)
ot G 4+ ot gt = 2y s (A.3)

On the other hand, the SU(2) Pauli matrices obey the multiplication rule
(14)'5 (T8)k = 00 + icanc (T9)'% (A.5)

Useful material on spinors in various spacetime dimensions can be found in [29] 30, 31], the present

conventions closely follow [32], 33] [34].

B Operator product expansions

This appendix gathers the operator product expansions needed to evaluate the BRST constraints

and SUSY variations. Before taking a closer look at the interacting SCF'Ts, let us display the free
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field OPEs for the sake of completeness, namely

X" (z) " (w)  ~ ia_li +iOXM(w) + (2 —w)id* X" (w) + ] o X (1)
(B.1)
0XP()i0X ()N (w) ~ [ ZET s EEROE  axmiax(u) + .| ¥ (w)
(B.2)
as well as
PV w) ~ T ) 4 (e w) B w) (B.3)

They are valid in any number of compactification dimensions. Another universal feature is the

superghost CFT, governed by
ed19(2) ga2d(w) (z —w) N [e(qﬁqz)qﬁ(w) + q1 (2 —w)d¢ elai+az) ¢(w)
T+ =w)? [@ 0% + g (9g) ]t 4 (B

The following subsections consider the interacting RNS CFT of the ¢ fermion and its spin fields
S as well as its excited versions. The OPEs were pioneered in [I7] and can be checked by means
of correlation functions gathered in [32, [33] [34], and a broader discussion of the RNS operator

algebra in various dimensions will be given in [35].

B.1 Spacetime CFT in D = 10

Evaluating the BRST conditions on the most general fermion vertex operator at the first mass

level requires OPEs

m 70776' SB(w) 172 | am 2 ’y;nfi B
i vy S8 (w) S (w) 4 057 (w)
VR OSw) S T T 2w | sva(z i (B.6)
Dy o M SPW) R Sua(w) 20 05%(w)
Um(2) Sy (w) Gowpe T 20w SGowiE T (B.7)

in D = 10. The corresponding SUSY variations are computed by means of

355293, (w)
52

'_Yvév,a Sa(w)

m + (z—w)1/2 Sﬁb(w) + + ... (B.8)

SP(2) ()
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SHEN o t0) S iy Sulw) — 5 (G S(0)
- ﬂ(j_w)l A0, 08u(w) + . (B.9)
S7(2) Om(w) ~ \%ﬁ;sﬁ))m . 2(2551%31/2 107}2&(3%%2 (B.10)
for the NS sector and
Su(2)Syfu) ~ L) (o e e Bl
- (oo Ol tutyl0) _—
5.() 5 (w) ~ fff;}jﬁj - %%&) B (wnp%ji%;;@jbp(w) L. B
Sa(z) 0S5 (w) 3i£fj“f Iif;f;f) + 7?;;);{ aﬁ;’;}?
(77 Yo () B.13)

482 (2 — w)3/4
for the R sector.

B.2 Spacetime CFT in D =4

In D = 4 spacetime dimensions, h = %1 spin fields S, St of both chiralities are present. The OPEs

between spinors and vectors or p-forms treat both chiralities on equal footing, e.g.

WH(2) Sa(w)  ~ LA C) NN ()2 | $r(w) + 25 05w | + (B.14)
SRV TR KA o
. =ba S (w) [ X 5.(7(1
b Oy Pa N2 | ab Iu
Yu(z) S°(w) V2 (w2 + (z —w) Sp(w) + /3 0Sa(w) | + ... (B.15)
that is why we only display one chiral half of further OPEs:
o S (w) Sk(w) o' 05t (w)
H(2) 08, ab — a + ab + ... B.16
w (Z) ('LU) 2\/§(Z_w)3/2 2(z_w)1/2 2\/§(Z_w)1/2 ( )
b N SP(w) o Spa(w) 1 98 (w)
Yu(2) Sp(w) (z = w)32 + V3 (2 — w2 (z = w)i2 + ... (B.17)
Four-dimensional SUSY variations of NS operators require
: g S, (w) :
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SP(2) (W)~ = (O’ S*(w) + V25l gl () + %(aw)bd dS%(w) + ... (B.19)

2(z—w)
. -1 ia 3 - ) .
S°(2) Y by Ya(w)  ~ 22 (2 — ) ol Salw) — G () "a S5 (w)
1 _ba w
+ m JuuA aSa( ) + ... (BQO)
o (o OaSalw) o Sh(w) 52 05, (w)
S°(2) O (w) Vi —wfB TG ? T B _wpr T (B.21)

With two R sector states involved, the OPEs are sensitive to their relative chirality:

Eab 1

Sa(2) Sp(w)  ~ Gowi? 1 (2 — )2 (0" ) gy Yy V(W) + ... (B.22)
S ~ PR | () @)
(0"22)a" 1y r(w)

— (2 —w) 23 + ... (B.23)

i 07e)ab w
Sa(2) Sﬁ(w) ~ (ﬁ)gzrfl‘;ﬂ;f/z) + ... (B.24)
St ~ ) w0l (OnSa V) gy
Eab (0"€)ab Y Yu (W)

Sa(2) 0Sp(w) ~ Q(Z_W)3/2 + 8(z—w).1/2 + ... (B.26)
; ote),b w otrAe) b w

Sa(2) 08°(w)  ~ ( );\%ﬁu( ) + ( )alf\’}%ﬁyw( ) + ... (B.27)

B.3 Internal CFT for N =4 SUSY

The internal components of the ten-dimensional NS fermion are denoted by W, with vector index
m for the SO(6) R-symmetry. Accordingly, the associated h = % spin fields X7, X7 have SO(6)
spinor indices I, J = 1,2,3,4. Their mutual OPEs can be covariantly expressed in terms of SO(6)

gamma matrices:

U, (2) S (w) ~ % + (2 —w)V? | 2 (w) z% o5 (w) | + ... (B.28)
, o ym ! 2000 0% 5 (w

T (2) Sh(w)  ~ (?_ 53/3 + \/V_JEE ()1)/2 = 38 w)E/Q) + o (B.29)

()05 (w) ~ I Baw) 29 0%s(w) (B.30)

22 (2 — w)3/2 2 (2 —w)t/? 3V2 (2 — w)1/2
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We need the following OPEs for computing SUSY transformations of bosons:

Y7(2) U™ (w) ~ % + (z—w)? | E7(w) + ;—5%821(11}) + ... (B.31)
S () ~ T a4 LT os ) +
(B.32)
SJ(Z) WP (w) o~ 2\/5(2__1 w)3/2 ﬁgnpzl(w) - W (’_Y[mn)inllz](w)
1 _mnp T
+ 3 (2 w2 V50N (w) + ... (B.33)
o AYw)  Spw) 535, 9 (u)
Yi(z) 0¥™(w) 2 (r )l 20z — w)i2 + 63 (2 — w2 + ... (B.34)
Again, OPEs between R sector states depend on the relative chirality:
Y (2) Z5(w) ﬁ - i (2 = W)Y (Y COY 7 U™ T (w) + ... (B.35)
1J \ym w 1J ™ (0
(o))~ DTN (o D Cl )
(s — )34 (Yonp C)U vt UP (w)
(z —w) 0 (5.30)
SIS () ~ O \%)(Z ‘f“; ‘)1;’;@ + o (B.37)
2(2) X7 (w) ~ fZiW:)g%) B géa_\l/:)%) - wnpc;)(i \I_ﬂtj;fjpw) + ... (B.38)
(2)0Z5(w) ~ 5 (;’f 11;’)7/4 + ”””1? 22‘1_\115);1;: CHN (B.39)
I J (Y O™ (w) 5 (9w €)1 OV (w)
> (2)82 (w) 4\/§(z—w)5/4 8\/§(z—w)1/4
<7mnp C)U W PP (w) (B.40)

16v/2 (2 — w)1/4
B.4 Internal CFT for N =1 SUSY

Most of the OPEs relevant for the internal ¢ = 9 SCFT described in subsection [3.4] can be derived
from the CFT of a free boson:

i0H (2) '™ (w) ~ Li]w + 0H(w) + } " () (B.41)

¢ (2)i0H (w) ~ { 7 4 (¢* — 1)i0H(w) + } " () (B.42)



() B ()~ (2 =)™ (14 g (2 - w)iDH + .| 0T () (B.43)

This allows to reproduce (3.28) and (3.34]) from the bosonized representations (3.35]) of the oper-

ators J, ©* and OF. Moreover, we have

+ /3 5% (w) - oYX (w)
2(z—w) 2V/3

YE2)OF(w) ~ (z—w)?2EF(w) — (z—w) V2O5TF(w) + ... (B.45)

YE(2) I (w) + ... (B.44)

The excited spin fields 5% = gFeF#/V12 gre canonically normalized

~ 1 i0H (w)

S:I: SF B.46
(Z> (w) (Z—U))ll/4 2\/§(2_w>7/4 ( )
4 i
SETPAR S gTgTe v (w)
YE(2) X (w) o~ (: — )i + ... (B.47)
such that the mutual singularities between standard and excited spin fields are given by
SEC)SEw) ~ (2 — ) gT e VAT (w) + L (B.48)

SE)SF(w) ~ \/g(fjt—x’fﬂ + .. (B.49)

Moreover, in presence of the internal supercurrents Gijflt = \/geﬂH/ V3 +

i * (10 *(w
CE (2) St (w) ~ ;% + \/g% T (B.50)
+ ieiﬁH w
Gh()Tw) ~ \STLT ) (B.51)
S Tw) ~ ko) (.52

23 (z — w)

C Spinor helicity methods for massive wave functions

Before we proceed to introduce the massive version of the spinor helicity formalism, we will make
a short review for the helicity formalism of massless spinors. For massless spin—% spinors, we use

the following notations,



=
I
B
I
N
+
S
=
S~—
I
S|

(k) = (K. 0).
0 (k) = (0.5,)

—
=
Il
—
&
Il
N
|
—~
&
S~—
Il
Yy
Q
w
N—

Here the momentums with spinor indices denote two component commutative spinors. They are

defined by

paa

Pda — pua_ — _p*apa’

—~
Q
at

~

Poi = puol, = —papy,

where p*® = (p®)* and p; = (p,)*. Spinor indices could be highered (lowered) by €% (g4) or a,b
with dots,
ph=e"py,  p* =€l (C.7)

Then we can define the notations for the spinor products,

(pg) = (plg) = u_(p)us(q) = Piq™, (C.8)
[pq] = [pla] = 4y (p)u—(q) = p"¢a, (C.9)
so that simply we have
lpgl = —lapl,  (pa) = —(ap), (C.10)
(pg)* = —Ipql, {pp) = [pp] = 0, (C.11)
and
(pa)lap) = —2(p - ). (C.12)

C.1 Massive spin one boson

A spin J particle contains 2.J 4 1 spin degrees of freedom associated to the eigenstates of J,. The
choice of the quantization axis z can be handled in an elegant way by decomposing the momentum

k into two arbitrary light-like reference momenta p and ¢:
kEH = pt + ¢", k* = —m? = 2pq, P =¢*=0. (C.13)

Then the spin quantization axis is chosen to be the direction of ¢ in the rest frame. The 2J+1 spin
wave functions depend of p and ¢, however this dependence drops out in the amplitudes summed

over all spin directions and in “unpolarized” cross sections.
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The massive spin one wave functions &, (transverse, i.e., &,

polarization vectors [306], B7], up to a phase factor,

1

H (k) = ——piahiaq,,
5-"—( ) \/ﬁmpa q
1 .
H = —ghea(p*y _ g*
&o(k) = 50" (Pipa — 434a),
1 * = 1Laa
gﬁ(k) = = qu-N DPa-

V2m

C.2 Massive spin two boson
The massive spin two boson a*” satisfies following conditions,
a (k) = a"™(k, N),

kua (k, \) = 0,
Gt (k,X) =0,

k* = 0) are given by the following

(C.14)

(C.15)

(C.16)

(C.17)
(C.18)
(C.19)

where A\ expresses the helicity of o*”. We do the same decomposition of the momentum, and the

wave function of a spin two boson can be written as [36],

14 1 aa =v
ot (k, +2) = wU” bbpaQaprb

v 1 aa V
o (k, +1) = 0" " [(phpa — €0a)DEa + Pyt (D5 —
iz 1 ,uaa vbb * * *
a'(k, 0) = N [(PiPa — 4500) PEDS — G 00)
at(k,—1) = mﬁ“‘w&”bb (4390 — Pipa)aiPb + @oPa(@4a
1
o (k, ~2) = =05 pag; py

C.3 Massive spin 1/2 fermions

Massive spin 3 L fermions satisfy the Dirac equation,

@)

— P4qaq; Db —

- pZPb)}

@iPali]

(C.20)
(C.21)

(C.22)

(C.23)

(C.24)

(C.25)
(C.26)

where u(k) and v(k) are positive and negative energy solutions with momentum k*, which cor-

respond to fermion and anti-fermion wave functions respectively. Since we do not deal with the
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wave functions of the negative energy solutions, we will only present u(k) wave function here. u(k)

satisfies the spin-sum relations, orthogonal condition and the normalization condition,

Zuj:(k)ﬂi(k’) = —f+m,

U (K)uz (k) = 0,
ﬂi(k)ui(k) = 2m,

Writing the four component spinor u(k) as

The Dirac equation is decomposed to,

— paa _ —a
k,uo- Xa = —MmM -,

kﬂo-gaﬁd = —MXa-

(C.30)

(C.31)

(C.32)
(C.33)

Making the same decomposition of the momentum k* = p* + ¢*, we can obtain the wave function

of the massive spin 3 fermion [37],

C.4 Massive spin 3/2 fermions

(C.34)

(C.35)

A massive spin % fermion are described by a Rarita-Schwinger spinor-vector W4 which satisfies

equations,

(Za - m)AB\IJB# = Oa
(VM)AB\I}B’H =0,
9, WPH =0,
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where A and B are spinor indices. Again we only consider the positive energy solution U, it

satisfies,

(K +m)* gU (k)" = 0, (C.39)
U (b, VUM (k,N') = 2mé, . (C.40)

The wave function of U can be written as [37],

Apgy 3 1 <%>q 1ubb
U (+§) = \/§m *a (pbO' Qb); (C41)
1 F1bb <qp>q @p
A, _ m 1a * * m Ya %
v M(+§) ~ Vom [( v )(Pbpb — 4y %) + (_q*a)(pj)%) , (C.42)
1 O-‘ubb —qa %
UA,“(_Q) = {( 4] v (Pypy — qbe ([qp] *a) (qbpb)} ; (C.43)
3 Pa
Ut (—3) = 7 o C.44
) 2m<%q )( 7 (C.44)
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