PUBLISHED BY IOP PUBLISHING FOR SISSA

RECEIVED: November 22, 2008
ACCEPTED: January 16, 2009
PUBLISHED: February 10, 2009

Summing the instantons in half-twisted linear sigma
models

Jock McOrist

Enrico Fermi Institute, University of Chicago,
Chicago, IL 60637, U.S.A.
E-mail: ljmcorist@uchicago.edy

llarion V. Melnikov

Maz-Planck-Institut fiir Gravitationphysik (Albert-Einstein-Institut),
Am Miihlenberg 1, D-14476 Golm, Germany
E-mail: filarion@aei.mpg.dd

ABSTRACT: We study half-twisted linear sigma models relevant to (0,2) compactifications
of the heterotic string. Focusing on theories with a (2,2) locus, we examine the linear
model parameter space and the dependence of genus zero half-twisted correlators on these
parameters. We show that in a class of theories the correlators and parameters separate
into A and B types, present techniques to compute the dependence, and apply these to
some examples. These results should bear on the mathematics of (0,2) mirror symmetry
and the physics of the moduli space and Yukawa couplings in heterotic compactifications.

KEYWORDS: Superstrings and Heterotic Strings, Topological Field Theoried.

© SISSA 2009


mailto:jmcorist@uchicago.edu
mailto:ilarion@aei.mpg.de
http://jhep.sissa.it/stdsearch

Contents

. Introduction
L] A summary of the results
-3 A brief glimpse of applications
Organization of the paper

2. The linear model on the (2,2) locus
R Toric geometry basics
The V-model
The A-twisted V-model
Gauge instanton moduli space
P.3.9 Correlators in the GLSM and NLSM
The M-model
A-twist of the M-model: quantum restriction
B-twist of the M-model
Parameters in the (2,2) M-model
The virtues of localization

EE

EEIEEE

B. A/2 twist and projective toric varieties
(0,2) superspace

EE

The E-parameters and E-deformations

A geometric interpretation

Linear and non-linear deformations

The A/2-twisted V-model in the geometric phase
The half-twist in the Coulomb phase

“Toric” (0,2) intersection theory

EEEE

V-model examples

V ~P"

V=P P
Resolved P%,LZ,?Q

|
>
~
N
o+
s
7]
o+
Q
=
Q.
=
(.<
T
0]
]
wn
c
5
Q
Q
@
wn
Q
c
o
=t
c
8
L]
0]
wn
o+
=
Q
<
@]
=

Parameters in the M-model

Counting (0,2) deformations of the M-model
The A/2 twist

Localization and quantum restriction

The singular locus of the A/2 twisted M-model
The singular locus and quantum restriction

Quantum restriction for complete intersections

FEEEREHEE

Examples of quantum restriction

FEEEEEEEEEEE EEEREE o mesn ooom

FEEERREERE



Hypersurface in resolved P} 55 5
1.8.9 Hypersurface in P? x P?

B. B/2 twist and Hypersurfaces

Field content and action

Vanishing conditions

B/2-twisted theories and Kéhler parameters

HEEE

Models with a Landau-Ginzburg phase

The quintic
P43 Hypersurface in resolved P{; 55

FEEEEEE ==

Conclusions

B =

Linear model conventions
A (0,2)-GLSM
The (0,2)-GLSM action
A2 The half-twist
A.3 The A/2-twist
A.3.1 Qp-transformations
A.3.94 The A/2-twisted action
A4 The B/2-twist
A.4.1 Qp-transformations
A.4.9 The B/2-twisted action

FREEDEEEEEE &

1. Introduction

Quantum corrections to classical geometric notions play a key role in the study of string
vacua. Quantum effects are known to resolve classical singularities, to connect seemingly
disparate moduli spaces, to provide quantitative tests of string dualities, and even to desta-
bilize classical string vacua. The degree to which these quantum effects are understood is
closely related to the number of space-time and world-sheet supersymmetries preserved by
the background.

In this work we will be concerned with quantum corrections in N = 1, d = 4 com-
pactifications of the perturbative heterotic string. This is probably the simplest string
compactification that leads to “almost familiar” models of N = 1 SUSY particle physics
coupled to gravity. The apparent simplicity of these backgrounds is due to the rather di-
rect relation between space-time physics and the (0,2) superconformal theory on the string
world-sheet. As long as the theory is at weak string coupling, the study of these N =1
compactifications is reduced to two-dimensional physics. When the world-sheet SCFT is
based on a large radius geometry, the two-dimensional physics reduces to the study of
geometry of holomorphic vector bundles over certain complex manifolds.



Despite such a well-understood conceptual framework, even theories with a weakly
coupled large radius limit remain mysterious. What are the quantum corrections to the
classical moduli space? Where does the world-sheet theory become singular, thereby requir-
ing some non-perturbative string phenomena to resolve the singularity? Can we compute
the moduli dependence of some simple quantities such as Yukawa couplings of charged mat-
ter fields? Answers to these questions are crucial to the study of non-perturbative effects
in the heterotic string, moduli stabilization in these backgrounds, and quantitative appli-
cations to phenomenology. Yet, they remain relatively unexplored even in the heterotic
string on the Calabi-Yau quintic hypersurface in P*!

Motivated by these questions, we concentrate on a tame set of (0,2) theories: those with
a (2,2) locus and a geometric interpretation as a sigma model for a Calabi-Yau target-space
equipped with a rank 3 holomorphic vector bundle. The (2,2) locus amounts to setting the
holomorphic bundle to be the tangent bundle of the Calabi-Yau manifold, and the (0,2)
deformations are holomorphic deformations of the tangent bundle. Even within this class
of examples, it is possible for quantum effects to lift classical moduli [[]. Early on, it was
shown that generically world-sheet instantons contribute to a potential for deformations
that break (2,2) supersymmetry [fJ]. However, it was subsequently persuasively argued
that in a large class of models these instanton effects are either entirely absent [, or
cancel among themselves [f-[]. This class includes the sigma models with target-space a
Calabi-Yau hypersurface in a toric variety, and it is these stable theories that we study.

These theories provide a fertile ground for exploring (0,2) deformations. On the one
hand, the (2,2) locus is well-understood: mirror symmetry elegantly answers the basic ques-
tions raised above, and the computational aspects of mirror symmetry are well developed
through the use of simple field-theoretic tools such as topological field theories and lin-
ear sigma models. On the other hand, they have (0,2) deformations that, while appearing
drastic from the world-sheet perspective, seem entirely benign from the space-time point of
view: the low energy theory is still a supersymmetric Eg x Eg chiral gauge theory coupled
to N = 1 supergravity. Accordingly, the effect of small (0,2) deformations should just be
to slightly shift various Kahler potentials and Yukawa couplings.

Could the world-sheet theory also be affected less drastically than first thought? Is
there a sensible extension of mirror symmetry that would allow computations of quantum
corrections in the presence of (0,2) deformations? Are the tools developed to study the
(2,2) models useful off the (2,2) locus? Over the years, a number of results have suggested
this is the case.

First, as in the (2,2) case, there are exactly soluble (0,2) SCFTs where a mirror iso-
morphism may be explicitly constructed [fj. Second, the familiar A and B chiral rings
continue to make sense off the (2,2) locus [§, f. That is, the (0,2) theories on a genus
zero world-sheet have two finite topological rings, each computed by an appropriate half-
twisted theory. We refer to these as the A/2 and B/2 twists. Finally, studies of half-twisted
massive (0,2) linear sigma models and Landau-Ginzburg theories have shown that these
rings are eminently computable and provide a non-trivial generalization of quantum coho-
mology [B, [[d, [[1]. These findings suggest that there may be a well-defined mirror map,
exchanging A /2-twisted and B/2-twisted theories.



In this work, we add to these results an analysis of half-twisted linear sigma models
for a Calabi-Yau hypersurface in a toric variety. The (0,2)-theories we consider are given
by small deformations away from the (2,2) locus. Our aim is to elucidate the role of non-
perturbative quantum corrections and bundle parameters in physical observables. Let us
now summarize the results we obtain.

1.1 A summary of the results

Our first set of results relates to (0,2) linear sigma models for projective toric varieties.
Following [[[J], we refer to such a theory as a V-model. This theory admits the A/2 twist,
and the natural parameters in the A/2-twisted V-model Lagrangian are divided into two
classes: complexified Kéahler parameters, collectively denoted by ¢, which preserve (2,2)
supersymmetry; and the E-parameters describing the (0,2) deformations.

For technical reasons, we separate the E-parameters into two classes: the linear and
the non-linear. As one might guess from the terminology, the dependence of the twisted
correlators on the first class is easy to compute [[J], while the second class remains a
challenge. Some computations in examples suggest that there are circumstances where the
half-twisted correlators do not depend on these non-linear parameters, but we do not have
a proof that this is so.

By relating the parameters in the Lagrangian to the geometry of V, it is easy to see
that the E-parameters should roughly be thought of as deformations of the tangent bundle
of the variety V. We say “roughly,” because to match the deformations of the bundle, this
space must be modded out by a certain group related to the group of automorphisms of V.
Although this quotient is difficult to define globally, it does give us some idea of the space
of deformations in a small neighborhood about a suitably generic point. We refer to these
deformations as the E-deformations. We expect that the A /2-twisted V-model should only
depend on the E-deformations, and not a particular choice of the E-parameters, which
means there must be field redefinitions in the theory that act on the E-parameters but do
not affect properly normalized amplitudes.

Our first result, obtained in section B.d, is to describe the relevant field redefinitions
and use these to count the E-deformations. This corrects a formula in our earlier work [[L],
where only linear E-deformations were considered.

There are two sets of techniques available to compute correlators in the A /2-twisted V-
model: the approach of [[[], which uses algebraic techniques to compute sheaf cohomology
on the instanton moduli space; and an approach that computes the entire instanton series
by extending (2,2) Coulomb branch techniques [[4] to include linear E-parameters [[[J]. The
first method is powerful — for instance, it should be able to determine any dependence
on the non-linear E-deformations — but requires a bit of commutative algebra machinery
and work at the level of Cech co-chains. The second method, though currently restricted
to linear deformations, is computationally simpler to use and provides a quick route to
quantum cohomology. In section B.J we propose a third method that avoids some of
the complications of [[(1] and closely resembles the familiar toric intersection theory on
instanton moduli space available on the (2,2) locus.



Next, we turn to the M-model, the linear sigma model for a Calabi-Yau hypersurface
M C V. Our first task, as in the V-model, is to count the parameters in the M-model
Lagrangian modulo field redefinitions. The parameters are divided into the complexified
Kahler and E-parameters already familiar from the V-model and the new J-parameters
describing the choice of Calabi-Yau hypersurface in V', as well as the restriction of the
E-deformed bundle to it. The E- and J-parameters are restricted by (0,2) supersymmetry
to satisfy a number of bilinear constraints, collectively denoted by E - J = 0.

As in the V-model, we expect that a number of these parameters may be absorbed by
field redefinitions into irrelevant D-terms. In section [L.1], we describe what we believe to be
the complete set of such redefinitions modulo certain genericity assumptions. Combining
the count of parameters in the Lagrangian modulo the E - J constraint and the field
redefinitions, we obtain a count of linear model deformations. These do not completely
describe the full space of marginal deformations of the SCFT; however, we hope that they
will play an analogous role to the toric and polynomial deformations of (2,2) models.

Next, we turn to a study of the A/2-twisted M-model. We use localization properties
of the half-twisted path integral to show that the genus zero A/2-twisted correlators are
independent of the J-parameters and reduce to computations in the associated V-model.
This (0,2) extension of the quantum restriction formula of [[J is derived in section [.4.
Combining this with our results on the V-model, we obtain the complete dependence of
the A/2-twisted M-model correlators on the ¢ and the linear E-parameters. In addition,
we compute the (0,2) analogue of the discriminant locus in the model, and show that the
correlators obtained by quantum restriction do show the expected divergences. We apply
our results to some interesting models, including the bi-cubic hypersurface in P? x P2.

Having obtained a reasonable understanding of the A /2-twist, we turn to the B/2-twist
of the M-model, where our results are not as complete. We again rely on localization of the
B/2-twisted path integral, and by analysing the zero mode sector, we derive in section .9
sufficient conditions for the genus zero B/2-twisted correlators to be independent of the
q parameters, and, therefore, to reduce to classical geometric computations on M. The
conditions are satisfied in a number of models, such as the bi-cubic hypersurface in P? x P?
and the two-Kihler parameter hypersurfaces in weighted P4.

A priori, this analysis does not guarantee the B/2-twisted correlators to also be inde-
pendent of the E-parameters; however, we show in section [.4 that B/2-twisted theories
that are independent of Kéhler parameters and have a Landau-Ginzburg phase are auto-
matically independent of E-deformations.

1.2 A brief glimpse of applications

Our results show that the dependence on bundle moduli of certain un-normalized Yukawa
couplings is readily computable. There are many new hints of various non-renormalization
results, such as those obtained in the B/2 theories we study, as well as explicit computations
of how quantum effects modify expectations from classical geometry. For instance, the
expression we derive for the discriminant locus of the A /2-twisted M-model implies that the
Kahler moduli and the E-parameters enter on the same footing, with the former resolving
classical bundle singularities, and the latter smoothing singularities in (2,2) SCFTs.



On the (2,2) locus the linear model parameters, often termed algebraic coordinates,
turn out to be particularly suited to the study of mirror symmetry. The existence of
these coordinates and the corresponding global monomial-divisor mirror map was explored
in [[12, [[5] based on earlier work of [L§—[L9]. It was shown that in terms of these coordinates
mirror symmetry becomes a comparison of rational functions, and the choice of canonical
coordinates for the SCFT (i.e. special coordinates in case of (2,2) supersymmetry) becomes
a question that can be studied in the classical B-model.

A similar structure may exist at least in a neighborhood of the (2,2) locus. In general,
the untwisted (0,2) M-model depends on the Ké&hler parameters ¢, as well as the defor-
mations contained in the E- and J-parameters. The E- and J-parameters are difficult to
disentangle because of the supersymmetry constraint £ - J = 0, as well as ambiguities
introduced by the field redefinitions.

Our analysis suggests that locally in moduli space the deformations may be decomposed
into the Kéhler and E-deformations and the J-deformations. In terms of these, we have
shown that the A/2-twisted correlators are independent of the J-deformations, and we
have presented evidence that the B/2-twisted correlators are independent of the Kéhler
and E-deformations. It is then natural to guess that the action of (0,2) mirror symmetry
should exchange these sets of deformations.

The computational techniques we have developed for counting parameters and com-
puting the dependence of correlators on Kéhler, E- and J-parameters should be of use to
check the purported mirror pair, and we may be able to formulate a (0,2) mirror map in
terms of linear model parameters. No doubt, the details are bound to be more involved,
but the effort promises high returns. If successful, it may help to determine the K&hler
potential in these theories, lead to a quantitative understanding of the moduli space in the
neighborhood of the (2,2) locus, and allow us to compute normalized Yukawa couplings
in this class of models. Our results and techniques could also shed light on aspects of
the moduli space far from the (2,2) locus, such as the transitions between disparate linear
sigma model descriptions and resolutions of singularities studied in [R0], P1].

It should be noted that phenomenologically interesting heterotic compactifications
(e.z. BJ)) do not possess a (2,2) locus, and our results are not directly applicable to
those theories. Nevertheless, we believe the techniques we have developed should gen-
eralize to those examples, at least for compactifications without torsion and an extra U(1)
left-moving current algebra. The half-twisted correlators should still be amenable to solu-
tion via localization, and phenomenologically interesting examples should merely require
a more involved notation and book-keeping. It is less clear how to apply our ideas to
heterotic compactifications with torsion and non-Kéhler target-space, but a careful study
of the half-twisted theories based on the linear model constructed in 23] should be a useful
first step.

1.3 Organization of the paper

The rest of the paper is organized as follows. To keep our work reasonably self-contained,
we begin with a review of (2,2) linear sigma models and some details of relevant toric
geometry. In the next three sections, we tackle the A/2-twisted V-model (this is also



mostly review), followed by the A/2 and B/2 twists of the M-model. We conclude with
a discussion of outstanding issues and what we feel to be the next obvious questions to
pursue. We have included an appendix with our conventions for (0,2) supersymmetry and
the half-twists that are used throughout the paper.

2. The linear model on the (2,2) locus

The material in this section is largely a review of the results obtained in [P4, [J]. The
reader is referred to those references for a further discussion of the linear sigma models
we study.

The gauged linear sigma model (GLSM) [R4] has proven to be a versatile tool in
exploring the moduli space of non-trivial superconformal theories. The utility of the GLSM
often amounts to relating questions about quantum geometry to classical geometric notions.
For example, it provides a physical realization for the construction of [[q] of mirror pairs of
Calabi-Yau hypersurfaces in Fano toric varieties, and reduces many computations in these
models to a study of toric geometry. Before we discuss the details of the gauge theory, we
will remind the reader of some aspects of toric geometry relevant to the physics of linear
models. A more detailed and precise discussion of these properties is given in [Rf].

2.1 Toric geometry basics

The toric varieties that we will encounter in this paper will be smooth and projective.
However, many of the tools we use apply to the larger class of Fano toric varieties with
certain restrictions on the allowed singularities. It is this larger class that is relevant for
the constructions of [L7].

A toric variety V' of dimension d has a quotient presentation

C"—F
V>~ , (2.1)
[C]"
where d = n — r, and the C* action on C" is given by
# = [t tac[CT, (2.2)
a=1

where Q¢ is a matrix of integral charges. The exceptional set F' is a union of intersections
of hyperplanes in C".

This data is encoded by the toric fan 3y.. Recall that a fan in R? is a collection of
strongly convex rational polyhedral cones such that: (a) the face of any cone is also in
the collection, and (b) the intersection of any two cones is a face of each. We say that V/
is simplicial if every full-dimensional cone in the fan has d generators. In this case, the
quotient construction above is a standard geometric quotient, and the 2 are profitably
thought of as homogeneous coordinates on V. Smooth toric varieties are always simplicial.

Let the one-dimensional cones of ¥y be denoted by p* € R? i = 1,...,n. The p’
are linearly dependent, and an integral basis for the relations yields a basis for the (C*)"
action on the z¢. The exceptional set is also determined by Yy : for each collection {p‘};cs



that does not belong to a full-dimensional cone, F' contains the intersection of hyperplanes
Nie ]{Zi = O}

The p' are in one-to-one correspondence with the torus-invariant divisors on V: p’ —
D;, with D; the image under the quotient of the hyperplane {z* = 0} to V. These divisors
are dual to & € HY'(V), which satisfy a number of properties:

1. & generate H**(V) under the wedge product, subject to the Stanley-Reisner rela-
tions: for each irreducible set I in F', we have A;cr& = 0.

2. The top exterior powers have a canonical normalization. Denoting fV &y &, by
#(&, -+ &), we find that for non-zero wedge products &, -~ &, € H¥(V) we have

#(&y - &iy) = | det(p™, ... p )| (2.3)

3. The &; are linearly dependent: & = >, Q¢n,, where {n;,...,n,} is an integral basis
for H*(V).

4. This is a complete description of the de Rham cohomology of V.

For later use, we note that the normalization condition could be equivalently written in
terms of the Qf, since
det(p™,...,p'd) = £ det, Q, (2.4)

where
detp Q — Eilmidid+1.,.inQild+1 e (25)

in’

and €1 is the usual fully antisymmetric tensor.

In addition to these aspects of toric intersection theory, we will also have use for some
properties of Aut(V), the group of automorphisms of a complete, simplicial toric variety
V with homogeneous coordinate ring S = C[z!,...,2"] [B7]. These properties are:

1. Aut(V) fits into an exact sequence

1 [C*]" Aut(V) —= Aut(V) —1. (2.6)

2. K\u/t(V) is an affine algebraic group of complex dimension

dim Aut(V) =Y [Si], (2.7)
=1

where S; is the set of all monomials in S that have the same charges as z°.

3. The connected component of K\u/t(V) is naturally isomorphic to the group of graded
C-algebra automorphisms of S, meaning that Aut(V') has a natural action on C" — F'.

With these tools in hand, we are ready to explore the linear sigma models.



2.2 The V-model

The V-model is a (2,2) supersymmetric abelian gauged linear sigma model that, for
suitably chosen parameters, flows to a non-linear sigma model with target-space a d-
dimensional toric variety V. It is easiest to present its action in terms of (2,2) superspace.
The field content is n chiral superfields ® and r real vector multiplets V,. It is also useful
to consider the gauge field-strength superfields X, which are twisted chiral multiplets. In
terms of these, the Lagrangian takes the form

L= / d*OK + { / dotds- W () + h.c.} , (2.8)
where K is the Kahler potential and W is the twisted superpotential. These are given by
K= ZEZ‘ exp IZZQ?VG

=1 a=1

Here eq is the dimensionful coupling of the gauge theory, the Q¢ are the gauge charges,

T . T
O g2 TS, W= _ﬁ 37, (2.9)
a=1

a=1

and the 7¢ are the complexified Fayet-Ilioupoulos parameters: 7% = ip® 4 §%/2.
For a suitable choice of p® the low energy well approximated by a non-linear sigma
model (NLSM) with target-space the classical moduli space of the gauge theory,

Mo(r) = {Dq = 3,Q¢¢')> — p* = 0} /[U1)"], (2.10)

and complexified Kéahler class B + ¢J linear in 7¢.

A useful notion for the study of the V-model is the cone I, C R” defined as the set of
p* € R" for which the D-terms have a solution. The assumption that V' is projective (or
more generally Fano) ensures that K. is a pointed polyhedral cone in R". . is subdivided
into sub-cones by hyperplanes where a gauge group becomes un-Higgsed. For each of these
sub-cones, the target-space is a toric variety birational to V. Each of these may be given a
holomorphic quotient description as in eq. (R-1), with the various quotients differing only
in the exceptional set F'. In keeping with standard physics terminology, we refer to the
subcones of I, as phases. By definition, in the V-model there exists a subcone of K. where
My(r) is the variety V. The region outside of K. is also quite interesting, and we will
return to it later.

2.3 The A-twisted V-model

The V-model admits the A-twist, a shift of the Lorentz generator by the vectorial R-
symmetry [P4]. Since the supercharges Q., Q1 carry R-charge, their spins are also modi-
fied, and as a result, the twisted field theory possesses a nilpotent BRST operator Qr =
Q. + Q_, whose cohomology isolates the chiral ring of the V-model. Writing the action of
the theory as a sum of Q7-closed and Qp-exact terms, we discover that the twisted theory
is a topological field theory (TFT). An examination of the action of Q7 reveals that, at
least as far as local, gauge-invariant operators are concerned, this cohomology is spanned
by the o, fields — the lowest components of the ¥, multiplets. To determine the ring
structure, we must, therefore, compute the correlators (o, (1) - - - 0q, (2})) in the TFT.



Even without any detailed computations, it is easy to see that the correlators must
be holomorphic functions of the 7%, since the 7® only appear in the action via Qp-exact
terms that decouple from correlators of Qp-closed observables. In addition, they must be
independent of the x;, since the energy-momentum tensor of the theory is Qpr-exact.

The ring structure is eminently computable by localization of the path-integral. This
localization is a consequence of the fermionic world-sheet scalar symmetry [[L]. The basic
point is that a non-trivial orbit of such a fermionic symmetry cannot contribute to the
path-integral for a correlator of QQp-invariant operators, and non-zero contributions come
entirely from an arbitrarily small neighborhood of the fixed-point set. Thus, the path-
integral reduces to an integration over the fixed points of Q7 with a measure that may be
determined by expanding the action around the invariant configurations. Supersymmetry
ensures that the contributions from the non-zero modes in the expansion will cancel in
pairs, thereby reducing the correlator to a finite-dimensional integral. Provided that the
fixed-point set is smooth and compact, the correlator is easy to compute without any
additional input.

In the case at hand, an examination of the action of Q7 identifies the Q fixed points
to be the configurations satisfying

do, =0, > ,Q%0¢" =0 (nosumoni), Vz¢'=0, D,+ fo=0, (2.11)

where f, is the gauge field strength of the a-th gauge field. The solutions to these equations
depend on the choice of phase of the V-model. Choosing a phase with subcone K C K,
we find that the first two equations require ¢ = 0, and the last two are solved by gauge
instanton configurations, whose topological class is labelled by instanton numbers

1
Ng = —%/fa, (2.12)

which are restricted to lie in the dual cone V.1
A consequence of the R-symmetry of the untwisted theory is that non-zero contribu-
tions to (og, - - - 0y, ) only come from instanton sectors obeying k = d + ), Q¢n,.

2.3.1 Gauge instanton moduli space

Instanton configurations with instanton number n, € KV have a remarkably simple moduli
space: it is a compact toric variety M,, with combinatorics determined by the fan >y
and the instanton numbers n,. More precisely, let d; = Q¢n, and consider the following
replacements in the holomorphic quotient description of V:

L. C" =Y =& H(O(d;)) ~ ®jjg;>0C% !, with coordinates

Zi—> Zij,j:(),...di, for diZO,
0 for d; <0.

'Recall that given a cone K C R", the dual cone KY C (R") is the set of all dual vectors with a
non-negative pairing with all generators of IC.

— 10 —



2. F — F,, where for each intersection N;c;{z* = 0} C F, F, C Y contains the
intersection N;er, Nj {z¥ = 0}, where I C I is the set of i € I with d; > 0.

3. (C*)" — (C*)", with action 29 — [], t3% 217 for all J.

The instanton moduli space is

Mn:

(2.13)

a toric variety of dimension d + Zi\dizo(l +d;) — n. Its toric divisors {&0, &, - . - &id, } are
linearly dependent:

Go="Cin=-%ia, =& =Y _ Qina, (2.14)

where the 7, furnish an integral basis for H2(M,,,7Z).

The intersection theory on M, is now easy to compute by the same combinatoric
methods that yield the intersection theory on V. It is convenient to extend the definition
of #(-++)m, from that of #(---)y: we set

#Nay -+ Nag )M, =0 unless k= dimM,,. (2.15)
If k = dim M,,, then the intersection is given by the toric formulas described in section P.1].

2.3.2 Correlators in the GLSM and NLSM

This description of the moduli space and intersection theory on it leads to a formula for
the correlators:

T
<Ua1 T Uak> = Z #(nm t ﬂaan)Mn H qga7 (2'16)
nekv a=1
where
Qo =€, (2.17)

04 — 7q is a canonical identification of the operator o, with 1, € H*(M,,Z), and x, is
the Euler class of a certain obstruction bundle, explicitly given by

w= ] &% (2.18)
t|d; <0
A moment’s thought shows that the expression is consistent with the selection rule that
follows from the anomalous ghost number symmetry. This completely determines the A-
twisted correlators of the V-model.

We mentioned that under RG flow the untwisted GLSM flows to the non-linear sigma
model with target-space V. That theory also has an A-twist, and the resulting path-integral
localizes onto the usual world-sheet instantons of the non-linear model. The world-sheet
instantons have non-compact moduli spaces, making explicit computations difficult. The
V-model gauge-instantons provide a toric compactification of that non-compact moduli
space, with the two differing only in positive co-dimension. Thus, it is not surprising that
the 7, are the Kéhler coordinates on the moduli space of the non-linear sigma model,
and the instanton sums are directly related to generating functions for Gromov-Witten
invariants of the variety V.
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2.4 The M-model

The M-model is a linear sigma model for M—a Calabi-Yau hypersurface in the Fano toric
variety V. A clue how to construct such a theory is provided by the R-symmetry of the
V-model. The classical U(1); x U(1)gr R-symmetry is violated by gauge instantons, with
anomaly proportional to ), Q¢n, in a background with instanton number n,.

A way to fix this problem is to add an additional matter superfield ®° with charges
QY = — >, Q% The resulting theory, dubbed the V'-model in [[J], is a linear sigma
model for a toric Calabi-Yau manifold of dimension d 4+ 1—namely the total space of
the anticanonical bundle over V. Since V7 is non-compact, we have the possibility of
introducing a non-trivial superpotential coupling for the matter fields. We take

W =2aP@',. . . o), (2.19)

where P is a polynomial of multi-degree ). Q¢. This, finally, is the M-model. Note that
the R-symmetry preserved by the M-model is not the naive R-symmetry of the V*-model
but rather assigns to the ®° multiplet charges (1,1) under U(1);, x U(1)g.

The classical moduli space of the M-model consists of the D-term constraints of the
VT theory, as well as new F-term constraints:

¢°P; =0 fori>0, and P(¢)=0. (2.20)

For generic choice of coefficients in P, P = 0 is a smooth hypersurface in V', so that the only
solution to the first set of conditions is to set ¢ = 0. This reduces the D-term constraints
to those of the V-model, and the remaining F-term constraint P = 0 leads to the desired
result: the resulting moduli space is the Calabi-Yau hypersurface M C V. This theory is
believed to flow to a non-trivial IR fixed point that is in part characterized by the structure
of the familiar (a,c) and (c,c) rings.

An important property of the M-model is that K. is no longer pointed, but rather
covers all of R". The Kahler moduli space is still conveniently divided into phases, and
the interpretation of the low energy theory varies significantly from phase to phase. We
will make use of this in our study of the B/2-twisted M-model. In what follows, we will
refer to any phase containing, possibly as a multiple of a generator, the vector >, Q¢ as a
geometric phase. We will also apply this terminology to the phases of the V-model.

2.5 A-twist of the M-model: quantum restriction

Like the V-model, the M-Model admits the A-twist. The only subtlety in performing the
twist and localization is due to the non-trivial R-charge of ¢°. Working in a geometric
phase, we find that under the twist ¢ becomes a holomorphic one-form on the world-
sheet, denoted by ¢?, whose kinetic term has no zero modes on a genus zero world-sheet.
Details of this aspect of the twist have been worked out recently in [2g].

The Qr-cohomology of local gauge-invariant observables is spanned by the o,. These
observables yield a subset of the (a,c) ring of the SCFT: the o, correspond to elements
of HYY(M) that are pull-backs of elements of HY(V). These deformations of the M-
Model are known as toric Kihler deformations [R§, Rd]. The ring structure of these toric
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deformations is captured by the genus zero correlators in the A-twisted M-model, which
we denote by (0q, - - 0q,)) to distinguish them from those of the V-model.

The selection rule of the V-model is modified, since the ghost number symmetry is no
longer anomalous, and there is an extra multiplet ®° with R-charge 1. The upshot is that
the M-model correlators vanish unless £k = d — 1, and we expect all instantons to make
contributions to the non-zero correlators.

Given the close relationship between the observables of the M- and V-models, it is
perhaps not surprising that correlators of the former are related to those of the latter. This
relationship is elucidated by considering in further detail the twist and localization of the M-
model. The localization conditions are those of the V-model (eq. (R.11])), supplemented by

# =0, and P(¢)=0, (2.21)

so that the path-integral localizes onto subsets M,.p of the compact toric moduli
spaces M,,.

Although still compact, the subsets M,.p C M,, are difficult to describe, and an
explicit computation of the A-twisted M-model correlators remains to be carried out. In
contrast to the V-model, the generic gauge instanton in the M-model does not correspond
to a world-sheet instanton of the non-linear sigma model. This suggests that the correlators
computed in the M-model are not simply related to the chiral ring of the SCFT. This dis-
appointing observation is tempered by powerful (2,2) non-renormalization theorems which
leave just one loop-hole for the disagreement: the correlators may differ by some non-trivial
map relating the complexified Kahler parameters t* of the SCFT and the 7% of the lin-
ear model [P4]. Presumably, this renormalization could be derived by integrating out the
point-like instantons, but this has not been explicitly demonstrated.

While it may be difficult to find the map 7(¢) directly in the M-model, we may still ask
how to compute the correlators in terms of the 7. Here, we have an important simplifica-
tion: the chiral superpotential couplings are Qr-exact, and so the correlators (g, - - 0q,))
must be independent of the details of the hypersurface. This is the familiar statement that
the A-model is independent of the complex structure moduli. In [IJ] this, combined with
degree considerations implied by the ghost number symmetry and an analysis of the singu-
lar locus of the theory, was used to relate the M-model correlators to those of the V-model:

(Oar -+ 0ay) = (0ay -+ aad%% (2.22)

where .
~K =Y Qfoa (2.23)

=1

corresponds to the anti-canonical divisor on V. This is the (2,2) quantum restriction
formula.

2.6 B-twist of the M-model

The M-Model also admits the B-twist, where the axial R-symmetry is used to define new
Lorentz transformations of the fields. Under this twist the topological BRST charge is Q7 =
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Q4 + Q_, and its cohomology captures a subset of the (c,c) ring of the SCFT. The local,
gauge-invariant operators are the monomials O, = ¢° f,(¢*) found in the superpotential

W =¢"P(¢') = O,. (2.24)

The natural correlators to consider are (Oq, -+ Oa,_,)). These B-twisted correlators are
independent of the 7, (this time it is the twisted chiral superpotential that is Qp-exact),
and an analysis of the Q) -fixed points shows that the path-integral localizes onto constant
maps from the world-sheet to M. This is just what one expects for the (c,c) ring of the
SCFT based on the Calabi-Yau manifold M.

2.7 Parameters in the (2,2) M-model

Naively, the M-model action contains the r complexified Kahler parameters already famil-
iar from the V-model, as well as the coefficients of monomials in the superpotential. It
is well-known that these explicit parameters of the linear theory may not capture all the
deformations of the M-model. The hypersurface M may have Kéhler classes that are not
obtained as restrictions of classes from V', and it may have complex structure deformations
that cannot be described as deformations of the defining polynomial P9, P, [§]. Defor-
mations by these “non-toric” and “non-polynomial” parameters are difficult to study in
the linear theory. Nevertheless, the restriction to polynomial and toric deformations is a
sensible one. For instance, under mirror symmetry the toric deformations are mapped to
polynomial deformations of the mirror.

A naive count of the (2,2) M-model complex structure parameters is given by the
number of monomials in the superpotential. This obviously produces a gross over-counting:
in the example of the quintic, there are 126 monomials in P, but we know very well that 25
of these are redundant. To understand how this redundancy manifests itself in the linear
model, consider the set of field redefinitions of this M-model allowed by gauge-invariance
and R-symmetry:

0 - ud®, @ U, u#£0, UeGL(5C). (2.25)

By using these transformations, we may absorb parameters from the superpotential into
the (presumably irrelevant) D-terms. How many parameters may be eliminated in this
fashion? We must remember that these field redefinitions contain the complexified gauge
symmetry, which leaves the superpotential invariant. Moreover, expanding about a generic
superpotential, this is the only non-R symmetry of the superpotential. Thus, we expect
that of the GL(5, C) transformations precisely one cannot be used to eliminate parameters
in P. Denoting the number of monomials in P by #(P), we conclude that there are

N22(quintic) = #P — (1 + dim GL(5,C) — 1) = 101 (2.26)

complex structure deformations of the quintic.
The example of the quintic generalizes to an arbitrary M-model: GL(5,C) is replaced
by Aut(V'), and the gauge group has rank r, leading to

N?2(M) = r+ N22 = r + #(P) — dim Aut(V) + (r — 1) (2.27)
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toric and polynomial deformations of the M-model. This correctly reproduces the count of
toric and polynomial deformations for M C V obtained by Batyrev in [[L7]. Table [ lists
additional hands-on examples.

While this simple counting gives an indication of the dimension of the moduli space
near a generic point, there are important and, in general, not well-understood subtleties in
making sense of the quotient of the naive parameter space by K\u/t(V) [L9). To avoid these
issues, we will always assume the theory to be near a suitably generic point in the moduli
space, where these difficulties should not arise.

2.8 The virtues of localization

Many of the results discussed in this section, and in particular those to do with explicit
computation of correlators in the twisted theories, rely on the localization argument. Lo-
calization is also at the heart of why many results obtained for twisted (2,2) theories
generalize to (0,2) half-twisted theories. Not only do both the twisted and half-twisted
path integrals localize, but in fact they localize onto intimately related sets. An example
of this is already familiar from the half-twisted Landau-Ginzburg theories studied in [B(].
In what follows, we will see that similar results hold in the GLSM: the A and A /2 twisted
path-integrals localize onto the same configurations; the fixed-point set of the B-twisted
theory is in general a subset of the fixed-point set of the B/2 twisted theory, but in many
examples we can show the two to be identical.

In short, it is the localization of the path-integral that makes our computations possible.
This feature is expected to persist for arbitrary (0,2) deformations, as well as (0,2) theories
without a (2,2) locus. This makes us confident that many of our results will generalize to
the more phenomenologically interesting theories.

3. A/2 twist and projective toric varieties

Although our main interest lies in the A/2 twist and (0,2) deformations of the M-model,
experience with the (2,2) theories suggests that it behooves us to first examine the A /2
twisted V-model. In this section we review several approaches to solving the (0,2) deformed
A/2 twisted GLSM with target-space a smooth Fano toric variety V.

3.1 (0,2) superspace

To discuss the (0,2) deformations, we first describe the (2,2) locus in terms of (0,2) su-
perspace, with coordinates a:i,9+,5+, superspace covariant derivatives D, Dy, and su-
percharges Q. , Q.2 Under this decomposition, the matter superfields <I>Z('2 ) appearing in
eq. (R.§) decompose as

(o2 — @ T, (3.1)

where ®' is a (0,2) chiral superfield, and I'? is a Fermi superfield. The vector multiplet
Va(m) decomposes into a (0,2) vector multiplet and a chiral superfield, and the twisted

2The reader will find additional details in appendix @ ‘We mostly follow the conventions in [@]
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chiral field-strength multiplets split up as
251272) — Y, Ta, (3.2)

where X, is a (0,2) chiral superfield, and T, is another Fermi multiplet. Let us describe
these multiplets in a little more detail.

Working in Wess-Zumino gauge, we find that the vector field and its field-strength
have the superspace expansion

Voo = Vg — 2i0T A — 2i0 A + 2070 D,,
Ta = Z'§+Va7_ + 0+8_Ua7+
= —2(\a,_ — 01 (Da — ifao1) — 6070 0L A_4). (3.3)

The bosonic multiplets have an expansion involving gauge-covariant derivatives V:

= ¢ +V20TyL —i0T0 V¢,
S = 0+ V20t Ny — 00 0,0, (3.4)

These fields obey a chirality constraint
D,®' =D,%,=0. (3.5)

The fermionic matter multiplets I'* are the most interesting new structures to emerge from
the (2,2)—(0,2) reduction. These fields are not chiral, but rather satisfy

D.I'' = V2E (®,Y), (3.6)
where on the (2,2) locus the E! are given by

E'=iV2) Q'S (3.7)

The explicit superspace expansion is given by
T = 4L — V207G — 00 V4L — V20T E(D,Y)
=4 V201G — V20 El(¢,0)
—i0g" [vwi +2%E )+ ZiEfa/\H] . (3.8)

The action is a sum of a kinetic term, written as an integral over the whole superspace,
and a (0,2) superpotential term:

1 LN .
Lpg = Z/de ;T T, +hec. (3.9)

The action has an important classical symmetry, U(1);, x U(1)r, with charges display
in table . On the (2,2) locus these are just the classical left-moving and right-moving
R-symmetries, and the vectorial subgroup may be used to define the (half-)twist.
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oF [ [T [ %, | T,
UDg| 1ol o |1
ul), | ofol=1]=-1

S|

Table 1: The U(1);, x U(1)g symmetry charges for the V-model.

3.2 The E-parameters and E-deformations

Having described the (2,2) locus, we are now ready to contemplate (0,2) deformations.
With the matter content as above, there is not much choice in how to deform the theory
while preserving the global symmetries: we must deform the chirality constraints of the I'*
multiplets to the most general polynomials in the chiral fields allowed by gauge invariance
and the classical U(1);, x U(1)r symmetry. The result is the set of E-parameters.

Recall from section R.1] that for each i we introduced the finite set S; containing the
monomials || j(fbj )" with charges Q%. Each of these monomials is allowed to appear in E*
by gauge invariance and global symmetries. A look at the symmetry charges shows that
the E* must remain linear in the X, to maintain the classical U(1);, x U(1)g symmetry.
Thus, the most general form of E-parameters takes the form

E' = zﬂz Y B (®) = zﬁz DB N, (3.10)
a=1

a=1 pues;

where the E“ﬁ are complex parameters.

Since the monomials in the S; correspond to generators of the component of K\u/t(V)
connected to the identity, there is a direct relation between the E-parameters and the
elements of the group K\u/t(V) discussed in section .1l Evidently, the E* introduce r x
dim Xu/t(V) continuous parameters into the action.

It is important to recall that the V-model is believed to be a massive theory. As such,
it might seem strange to discuss “parameters” of this model. However, the massive theories
we consider do have topological rings that are accessed by the half-twisted theory [{; it is
in these half-twisted theories that we count parameters. The expected geometric interpre-
tation suggests that the half-twisted theory should depend on the r K&hler parameters any
deformation parameters of the tangent bundle 7y,. In favorable circumstances, the latter
are counted by dim H'(V, End Ty/), but in general there may be elements of H!(V, End T/)
that cannot be integrated to finite deformations. As we will see shortly, the E-parameters
describe unobstructed deformations of T/, so we should expect

#(E-deformations) < dim H*(V, End Ty/).

A look at a few simple examples (e.g. V ~ P! x P!) shows that the number of E-parameters
is greater than dim H'(V,End Ty ), making it clear that not all E-parameters correspond
to bundle deformations.

The resolution to this over-count is similar to the one we already encountered in count-
ing (2,2) deformations. A correct count is obtained if the following field redefinitions are
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used to absorb parameters:
¥ = D Uun
RES;

i ; O
' = Z UMWP ’
RES;

e — GO, (3.11)

where UfL label K\u/t(V) parameters of the redefinition and G € GL(r,C). As in our
counting of the deformations of the (2,2) M-model, we must remember that r of these

redefinitions are global gauge symmetries, which do not act on the E-parameters. Thus,
we find that the V-model should have

N(V)=2r+ (r —1)dim Aut(V) — 72, (3.12)

deformations.
A simple test of this formula is obtained by taking V' to be

V=P x...xP. (3.13)
N——

m times

a product of m factors of P!. In this case, r = m, and dimﬂ(V) = 4m, leading to
N(V) = m+ 3m(m — 1). This matches H(V,End Ty ), which in this case is computable
from elementary facts about line bundles on P'. We will now give a geometric argument
for the origin of this formula.

3.2.1 A geometric interpretation

The geometric import of the E-deformations is simple to see in terms of the low-energy
NLSM. While the right-handed fermions continue to couple to the tangent bundle of the
toric variety Ty, the left-handed fermions couple to a deformation of Ty, a bundle £ — V.
Just as Ty, may be built as the quotient

a i

Q]
0— O" — &;0(D;) —= Ty —=0, (3.14)
we may define £ via the exact sequence

0— 0" > &,0(D;) — & —0. (3.15)

Let us describe these quotients in a more hands-on way that should be familiar to any
devoted reader of [BI]. Consider the space of vector fields on C* — F, v = v'9/9z". To
obtain vector fields on V, i.e. sections of T/, we must impose the equivalence relations

v~ Z)\GQ?zi%, A €C. (3.16)

Note that the Euler vector fields e = Q%2'0/0z" make sense under the C* action on the
coordinates z*. In order for the quotient to produce a smooth bundle, the Euler vector
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fields must span an r-dimensional subspace of the tangent space at every point p € C" — F.
When V' is smooth, this is guaranteed to be the case.
To construct the bundle £ instead of Ty, we merely modify the vector fields as follows:

) . B
Z Q' — ZE‘”(z) o (3.17)

The modified fields are still well-defined with respect to the toric action, and furthermore,
for small deformations the rank condition remains preserved for every p € C™ — F. Thus,
we expect to get a smooth bundle £.

This explicit description makes it clear that two sets of vectors e and €® define
equivalent holomorphic bundles when exist f € Aut(V), and g € GL(r,C) such that

e" = gidf ("), (3.18)

where df denotes the push-forward map associated to f. Recalling that the f include the
[C*]" action which leaves the e® invariant, we see that the E-deformations of the GLSM

are just the deformations of £ obtained by deforming the defining exact sequence.

3.2.2 Linear and non-linear deformations

The non-linear E-deformations, i.e. those that involve monomials p # ®7 for some j, turn
out to be more difficult to study than the linear ones. We suggested in [IJ] that these
non-linear deformations should not affect the A/2-twisted V-model, but this is probably
too naive. It may be that such an independence holds when the linear parameters are
sufficiently close the (2,2) locus, but we have not shown this to be the case.

To organize the linear E-parameters, it is convenient to assemble the matter content
into sets of fields with the same gauge charges. Labeling these sets by index « and the
corresponding charges Q?a), we then recast

DI =) EYd's, (3.19)
a,j
as ,
DiT(o) = 2iMia)P(a), Moy =Y _ TaEl), (3.20)
a=1

where M,y is a ko X ko matrix. Clearly, > ko = n.

3.3 The A/2-twisted V-model in the geometric phase

The A/2 Twist of the (0,2) NLSM with toric target-space was considered in [[(J. The
point of view advocated in [[J was to combine the familiar structure of (2,2) worldsheet
instantons with the notion that in (0,2) theories the basic A/2 twisted observables (the oy,
in our case) should correspond to classes in H'(V, ). Classically (i.e. for constant maps),
the computation of a correlator is reasonably clear: (og, - - 0q4,) should yield a map

HYV,EVY x HY(V,EY) x --- x HY(V,EY) — HYV,AEY) ~ HP(V) ~ C. (3.21)
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The second-to-last isomorphism automatically holds in theories with a (2,2) locus [{.

By using the universal instanton construction, the authors of [[(] described how to
pull back the bundle (more generally, sheaf) £ to a sheaf on M,,, how to construct the
obstruction sheaf (the source of the y, insertion on the (2,2) locus), as well as how to
in principle compute the induced sheaf cohomology on the instanton moduli space. As
usual in NLSM computations, these results required some choice of compactification of the
instanton moduli space. In the case when V is a toric variety, the GLSM naturally provides
such a compactification. The ideas in [[L(] were refined and developed in [[L1], culminating
in a general method for computing the A/2 correlators in the V-model. The result should
be thought of as a quantum deformation of the sheaf cohomology on H*(V, AFEV).

While the method of [[[0], [[]]] is well-motivated and leads to sensible results, a number
of questions naturally arise. First, can we be sure that the linear model path-integral is
compputed by this sheaf cohomology on the instanton moduli space? Second, to derive
the quantum cohomology relations, one must first compute correlators and then extract
relations they satisfy. Can these relations be obtained in a more straight-forward fashion?
Finally, we know that on the (2,2) locus toric geometry techniques reduce the intersection
theory on M,, to simple combinatorics. Is there a formulation of the (0,2) sheaf cohomology
reminiscent of the toric geometry structures? We will now argue that these questions are
answered affirmatively.

3.4 The half-twist in the Coulomb phase

We mentioned in our discussion of the (2,2) V-model that when V is Fano, the cone
K¢, where the D-terms have a solution is pointed. Thus, there exists a region in the p®
parameter space where SUSY appears to be broken. This turns out to be an artifact of
the classical analysis. In this non-geometric phase the SUSY vacua are there are discrete
Coulomb vacua, where the o fields obtain large VeVs, the ®* matter multiplets get massive,
and the dynamics of the ¥, multiplets are determined by an effective twisted superpotential
ch(E) [B4, [J). This effective superpotential encodes the quantum cohomology relations
of the A-twisted V-model, and localization techniques applied in the non-geometric phase
yield the correlators in the V-model [14].

In [[3] we argued that a similar situation holds in the A /2-twisted V-model. By working
in the non-geometric phase and assuming linear E-parameters, we were able to integrate
out the ®, T'* multiplets and obtain an effective description of the remaining light degrees
of freedom in terms of a massive Landau-Ginzburg theory with an effective (0,2) potential

Lo = / 48 3" Yo Ju(S)]e_, + e, (3.22)
a=1
with
Jo = log [qgl I det M(a()“)] : (3.23)

where the M, are described in B.20.
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In the case of linear E-deformations, the effective potential immediately yields the
quantum cohomology relations
Ql ~Qla
(Oay *+* Oa, H det M, ) = qa(0a, -+ Oy H det M, ) forall a.  (3.24)
a|Q‘(‘a)>0 a|Q‘(‘a)<0

As on the (2,2) locus, it is easy to extend this description to an explicit formula for the
genus zero A/2-twisted correlators. A simple generalization of the localization formulae
in half-twisted Landau-Ginzburg models yields the correlators as a sum over the common
zeroes of the J,(o):

—1
(Oay *+ Oay) = Y Oay-+0ay [c}lebt Ja,bHdetM(a)] . (3.25)
o|J=0 7 o

As expected, the correlators are position-independent, given by meromorphic functions
of the ¢, and the E-deformations, and satisfy the quantum cohomology relations. When
applied to the example of V' ~ P! x P!, the results are in agreement with the computations

of [IL1]).

3.5 “Toric” (0,2) intersection theory

In this section, we return to the geometric phase and obtain the instanton contributions
in an alternative way that closely resembles the familiar (2,2) computations. We restrict
attention to linear E-parameters and assume V to be a smooth projective toric variety.

At first sight, it is not clear why the (0,2)-deformed V-model should have any toric-like
structure, since the E-deformations break the toric symmetries. On the (2,2) locus, the
toric symimetries are easy to see: the Lagrangian is invariant under

(®°,T%) — (" e, (3.26)

While a rank r subgroup of this action is gauged, the remaining d symmetries generate the
U(1)¢ torus action on the toric variety V. Generic E-deformations break this symmetry
completely. Essentially, this is the statement that the bundle £ — V is not toric, and it is
not clear that any of the familiar features of toric intersection theory should apply to the
sheaf cohomology groups H*(V, AFEV).

A closer look at the localization conditions of the half-twisted theory suggests a more
optimistic perspective. Examining the action of Qr = Q. given in section A3, we find
these are given by

820'a = 07 Eai(ja = O (110 sum on Z), Vz(bl = O, Da + fa = 07 (327)

Comparing these conditions to those of the topological theory at the (2,2) locus (eq. (.11))),
we see that as long as E%(¢) has rank r for all ¢ outside the exceptional set (this will be
true for small E-deformations), the only solution to the first two conditions is o, = 0, and
the resulting moduli space of solutions is again the collection of gauge-instanton moduli
spaces — the familiar compact toric M,,!
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In the (2,2) case, once we knew how to do intersection theory on V' and the form of
Xn, We had the tools for determine the instanton contributions to the correlators as well.
It is reasonable to suspect that the same holds in the (0,2) theories: once we have the tools
to study the ring structure on H*(V, "), we should be able to extend the results to M,,
without too much trouble. Let us emphasize that this extension is precisely what has been
described in [[[(]. Our goal here is simply to obtain their results in a more “toric” fashion.
Taking our inspiration from the A /2 twisted action evaluated at instanton number zero, as
well as the familiar form of the (2,2) results, we have developed a conjectured procedure
to determine the (0,2) intersection ring on V. We will now describe our conjecture and the
tests it satisfies.

We begin by introducing a set of anti-commuting objects m;, and a set of commuting
objects 7. The former keep track of “bundle” indices, while the latter should be thought
of as a basis for H'(V,£Y). Given these, we define anti-commuting objects 5, by

& = mjla B . (3.28)

As the notation suggests, the 5, are to play a role similar to the & in the toric intersec-
tion theory.

The next step is to construct the analogue of the Stanley-Reisner relations. There is
an obvious guess: for each irreducible component of the exceptional set F', say labelled by
a set I, we set

[Is=0 (3.29)
1€l
Let us see that this leads to sensible results on the (2,2) locus, where E“Z.j = Q?ég . Plugging
this in, we find

HEZ = Tiy iy * " i, TNay Q?llﬁ@Q?; e ﬁamQZ‘II“ =0, ( nosum on the ¢ indices). (3.30)
el

Without additional assumptions on the m;, the only way for this to hold is if

[T =0, (3.31)
el
which is the usual Stanley-Reisner relation, provided we identify 7, = 7,.

These relations take on an elegant form when we re-cast the Eaij in terms of the E?a)
defined in eq. (B.20). Recall that the exceptional set F is the set of [C*]" orbits in C" for
which the D-terms have no solution. This immediately implies that given two fields ¢!, ¢
with identical gauge charges and some irreducible component of F' labelled by the set I,
iy € I if and only if io € I. Thus, we may replace I with a set A(I) = {1, -+ ,ar}. A
little thought then shows that eq. (B.29) may be re-written as

[ det [ﬁaEga)} = 0. (3.32)
acA(I)

To complete the story, we must find a way to normalize the top cup product of the 7).
On the (2,2) locus this was easy to do in terms of non-zero intersections of d T-invariant
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divisors D;,, ..., D;,. These have a non-trivial intersection if and only if the corresponding
one-dimensional cones p', ..., p' belong to a full-dimensional cone op € Xy, in which case
the divisors intersect at the T-invariant point p € V. This is the origin of the normalization
described in egs. (.3), (R.9).

Taking our cue from this (2,2) result, we conjecture that for every T-invariant point
p, there are normalization conditions

#(&r &) = #ar -+ Tlag) #(gy - m5)lp BT B, (3.33)
where # (14, - - Ma,) is the symmetric product to be determined, and

#(&, &) = det, Q,
2 17' 7'n
#(ﬂ-jl - 7Tjd)|p = |detp Q| €1 Fadar1in [Eil”'idid+1"’in] FE ijitl .. Erz‘i . (3.34)

Besides passing obvious checks such as anti-symmetry of #(52-1 e EZ ,) and the sym-
metry of # (T, *+Tay), €as. (B:33), (B:34) pass a number of non-trivial checks. First, on
the (2,2) locus we immediately recover the familiar normalization conditions. Second, the
# (M, - - * Na,, ) SO obtained match the g, — 0 limit of correlators studied by Coulomb branch
techniques in [[J]. Given the intricate structure of those amplitudes (see egs. (6.10,6.20)),
this amounts to an important test of the formula. Finally, when the conjecture is extended
to higher instanton numbers, it continues to match the explicit computations in all the
cases we checked.

The details of the extension from #(- - - )y to #(- - - ) pm,, are easily guessed by examining
the zero mode structure of the A/2-twisted V-model. The result is that in addition to
the modifications discussed in section R.3.1], for each a with non-negative degree d, =

Yo naQ‘(la), we replace

EEIOC) - Egoz) ® ]l(da+1)27 (335)
in the normalization formulas. Extra fermion zero modes for each d, < 0 lead to an extra
factor of

Xn= ] det(faEf,) "% (3.36)
alda <0

inserted in #(---)m,. As in the A-twisted theory, we set #(7q, - - - 7a, )M, = 0 unless
k = dim M,,.

Putting all of this together, we have the conjecture that the A/2-twisted V-model
correlators are given by

<Ua1 ce O'ak> = Z #(ﬁm T ﬁaan)Mn H q;la. (337)

neky a=1

We stress that this conjecture does not compute correlators we could not have com-
puted before, however, if true, it has some intrinsic mathematical interest as a simple
generalization of the usual toric intersection theory, and, practically speaking, it allows a
computation of individual instanton contributions with minimal geometric input.

— 923 —



3.6 V-model examples

We now give a few examples of computations in the A/2 twisted V-models.

3.6.1 V~P"

The tangent bundle of P™ is rigid, and these models have no E-deformations. The GLSM
has n 4+ 1 matter fields coupled to one gauge field with charge 1. The D-term constraint
is 3", |#%|* = p, so that K. consists of the ray p > 0. To solve the theory, we will use the
Coulomb branch techniques. The effective superpotential is

J = log [q_lcr"H] , (3.38)

which leads to the quantum cohomology relation o"*! = ¢. Using eq. (B:25), we obtain an

expression for the non-zero correlators:

3.6.2 V~PlxP!

The simplest V-model with (0,2) deformations is the P! x P! example studied in [§, [T}, [,
[3]. This model has four matter fields, two Kéhler parameters and charges

1100
o~ (3109). v

The (0,2) deformations are labelled by six parameters €1 2 3,71,2,3 in the M, (a)- For example,
we may take

01+ €109 €309 101 + 02 7201
My = , Mg = K K . (3.41)
€302 o1 Y301 02

Plugging these into the T, yields the quantum cohomology relations

2 2
0] + €10109 — €2€305 = q1,

03 + 710102 — V2V301 = G (3.42)

The computation of correlators is not much harder than in the previous example. First,

we note that (0¢03) = 0 unless a + b is even. This implies that the non-zero correlators

may be put in the form (0??¢2°(0109)*). The quantum cohomology relations determine

insertions of 0% and ¢2° in terms of (o102)":

(O’i) _ 1 <A1—R10102> 7 (3.43)
op R3 \ Ay — Ryoq09
where
Al = q1 + e2€3q2, A2 = g2 + 727341, (3.44)
and
Ry = e +eezy1, Ry=y1+ ey, Rz3=1—ees. (3.45)
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Thus, the only non-trivial correlators are <yk>, where y = 0109. To compute these, we use
the quantum cohomology relations to recast eq. (B.29) in terms of y. We find

9 -1
(o) =2% 3 ot | 5B +2)| (3.16)
“ R3
Y=Y+
where .
B . B VB2 +4A1A>D
yr =a+f= 5D T 5D , (3.47)
are the solutions to
y® = oio5 = Ry*(A1 — Riy)(As — Ray), (3.48)
with
B=A1Ry+ ARy, D= Rg — RiRs. (3.49)

The over-all factor of 2 is due to the two solutions to ja(a) = 0 for each y. Simplifying
this a little further, we find

Ry (a+B)"—(a—pH)"

((0102)") = o * 25 : (3.50)
For example, we find
Rl R3 R2
(of) = -0 (o) =7, (od) =—F- (3.51)

3.6.3 Resolved Pi‘,172,272

This model will be relevant for the (0,2) quantum restriction formulas discussed below.
The (2,2) GLSM was studied in [[J], and its (0,2) deformations were considered in [IJ]. In
this case the V-model has six matter fields and two gauge fields, with charges

00111 1
= . .52
@ <11000—2> (8:52)

We consider a (0,2) deformation with

09 + €101 €301 ;
Mq) = < € ) , Mg = diag(o1,01,01),
301 02

M(g) =01 — 20’2. (353)
Eqgs. (B-24) yield the quantum cohomology relations

o}(o1 — 209) = qu,

a% +€10109 — 62630’% = qa(01 — 202)2, (3.54)

and the non-zero correlators:

z4m—a

a _4dm—a\ __ m—1
(ofoy™ ) = 4q7" > T2 i) (3.55)
z|P(z)=0
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where

P(Z) = 22 + €12 — €9€3 — QQ(l — 22)2,
H(Z) = 4(61 — degesg + 2(1 + 61)2). (356)

This example is a simple setting where non-linear E-parameters are allowed. These
yield eighteen additional parameters and take the form

AE3 (@1)2
AEY | =3, [K9 | o192 | @, (3.57)
AE5 (@2)2

where the K and K? are 3 x 3 matrices of parameters.

4. A/2 twist and hypersurfaces: quantum restriction

Having discussed the A /2 twist of the V-model, we now come to our real interest: the (0,2)
deformations of the A/2 twist of the M-model. As in our V-model discussion, we begin
with the (0,2) supersymmetric action.

4.1 Parameters in the M-model

Recall that the field content of the M-model is that of the V-model, plus an additional
(2,2) multiplet @?2’2) with gauge charges Qf = — Y " ; Q%. Like the other matter fields,
<I>?2 2) decomposes into a (0,2) chiral multiplet ®°, and a Fermi multiplet I'° with chiral
constraint D, IT'0 = 2iQSZa<I>0. The chiral superpotential couplings are written in terms of
a (0,2) superpotential:

cj:/d9+

where P; = 9P/0®'. L7 will be gauge-invariant if the polynomial P has charges —Qg.

n
r'p(@',-. @)+ I'e°P;| +he, (4.1)
=1

Since the I'* are not chiral, it is not obvious that £ preserves (0,2) supersymmetry. An
explicit computation shows that the general superpotential £ = [ do+T1 7 will be (0,2)
supersymmetric provided that the J; and the chiral constraints £ in D,I'! = \/2E" are
chosen to satisfy

Y Elg =o0. (4.2)
I
On the (2,2) locus, the constraint reduces to
%, QP+ > QiP;| =0, (4.3)

where the equality follows from the quasi-homogeneity properties of P implied by gauge
invariance. Clearly, this is not the only way to satisfy the constraint. Replacing the P; with
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polynomials .J; of same charge, and choosing more general E as we did in the V-model,
we will find a theory with (0,2) supersymmetry if

E°P +®°FE'J; = 0. (4.4)

We see that the M-model has two types of (0,2) parameters: the E-parameters familiar
from the V-model, and the J-parameters. The two sets are not independent but must satisfy
the (0,2) SUSY constraint. We find it convenient to label the linear E-parameters of the
M-model in terms of the M, of the V-model given in eq. (B.20), as well as M) in

DIV = 2iM ) ®°. (4.5)

On the (2,2) locus My = — >, Qf0q.

The geometric structure encoded by the E and J is a choice of bundle F on the Calabi-
Yau hypersurface M C V. F is a deformation of T);, whose sections are described as the
cohomology of the sequence

0 —— O"|sr —Z= ©,0(D;) |y —> O3 Di)lsr — 0, (4.6)

F =ker J/im E. Physically, this sequence arises in the geometric phase of the GLSM as a
description of the fermions in the low energy NLSM [B4, BZ.

4.2 Counting (0,2) deformations of the M-model

A naive count of the (0,2) M-model parameters is given by summing the parameters of
the theory modulo the (0,2) SUSY constraint: there are r Kéhler parameters; r(1 + D)
E-parameters,® where D = dim;‘x\u/t(V); there are #(J) monomials in the J;, and #(P)
monomials in P. The E - J = 0 constraint imposes r#/(P) conditions. Thus,

Nuaive(M) = 7(2 4 D) + #(J) — (r — )#(P). (4.7)

Clearly, this is a vast over-parametrization, and as on the (2,2) locus, we expect that
field redefinitions will help to cut down on the number of parameters of the low energy
theory. Let us consider the field redefinitions

PO — ud°,
% — o9,
= > U

HES;

i i O
I Viggrl" (4.8)
HES;

depending on (2D+2) parameters u, v, Uﬁ, V/f. We recall that S; is the set of monomials
p of charge Q¢. Setting U = V and u = v, we find the familiar (2,2) redefinitions from

3The extra 1 comes from E°.
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eq. (B.11). Since Since we only demand (0,2) SUSY, there is no longer any reason to have
the same set of Uﬁ for the ®’ and the I'.4

In addition, since the ¥, are no longer tied by supersymmetry to the Y, (the normal-
ization of these is fixed by the periodicity of the #-angles), we may also perform a GL(r, C)
rotation on the ¥,. Thus, there are 2(1 4+ D) + r? field redefinitions that may be used to
absorb parameters.

As before, not all of these terms modify the holomorphic couplings and the chirality
constraint, since the transformations include global gauge symmetries, as well as U(1)f, ro-
tations. Thus, r+ 1 transformations leave the holomorphic couplings and chiral constraints
invariant. Taking this into account, we obtain a count of parameters in the (0,2) M-model:

N(M)=r+(r—2)D+#(J) — (r— D#(P) — (r — 1% (4.9)
Of these N(32)(M) parametrize motions along the (2,2) locus, while
N©2 = N(M) — N®2 (M) (4.10)

counts the E- and J-deformations.

Let us check the validity of the expressions in some simple examples. First, we consider
the quintic, where r = 1, D = 25, and #(J) = 350, which yields

N(quintic) = 326 = 1 + 101 4 224. (4.11)

Another simple example is the bi-cubic in P? x P? already investigated in section 8.2
Here we have r = 2, D = 18, #(J) = 260, and #(P) = 100. Putting all this together,
we find N (bi-cubic) = 261. A geometric analysis counting the parameters in this theory
was performed in [B3, B4 (see BJ] for a pedagogical discussion), where it was found that
there are: h1'(M) = 2 Kihler parameters; h'?(M) = 83 complex structure deformations,
all of which are known to be polynomial; and, finally, dim H*(M, End Ty;) = 176 bundle
deformations. These indeed add up to 261. We list in table f] the counts for a few other
models.

The formulas that count the deformations become less cluttered if we use dim K\u/t(V) =
dim Aut(V) + r.5 Making the substitution, we find that eqs. (8-12), (£-27), (59) become

NV) =r+(r—1)dimAut(V),
N@2D(M) = r + #(P) — dim Aut(V) — 1,
N(M) =r+(r—2)dimAut(V) + #(J) — (r — 1)#(P) — 1. (4.12)

4The reader should note that the same argument would naively apply to the V-model as well, but
that would not match the answer expected on geometric grounds. A clue to the difference in the sets of
redefinitions is provided by the anomalous U(1)r symmetry of the V-model, but we do not have a fully
satisfactory argument for the difference.

5We thank B. Nill for suggesting this.
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V[NV | hige(M) | i (M) | N(M) | NO2 (M)

P 1 1 101 326 224
P2xP? | 18 2 83 261 176
Pli000 | 23 2 83 276 191
Pl1006 | 46 2 126 494 366
Plo034 | 20 2 70 232 160
Plosor | 35 2 107 372 263
P11169 | 105 2 272 1158 884

Table 2: Linear deformations of the M-model, listed by the associated V-model. The last column
is a counting of “polynomial” bundle deformations. In favorable circumstances this should be
dim HY(M,EndTy). More generally, it yields a subset of the unobstructed deformations of the
tangent bundle.

OF | @ | ¢ |0 |0 | 2, | Y,
Ulg| 1|00 |1 |1]1 1
Ul | 0] 0| —-1|1|0|-1]0

Table 3: The U(1)r and U(1) symmetry charges for the M-model in the geometric phase.

4.3 The A/2 twist

By construction, the E- and J-deformations preserve not only the (0,2) supersymmetry, but
also the U(1)r R-symmetry and a global symmetry U(1)z. The latter becomes the left-
moving R-symmetry on the (2,2) locus. On the (2,2) locus these symmetries are believed to
be the R-symmetries of the IR fixed point 24, B, B9. Even off the (2,2) locus the U(1),
plays a distinguished role in the heterotic compactification: it provides a non-linearly
realized component of the space-time gauge symmetry, and it includes a Zs symmetry
that may be used to construct a chiral GSO projection [BF. In our conventions these
symmetries act on the field-content with charges given in table f. These U(1) symmetries
lead to the existence of two distinct half-twists of the theory. To explain this structure,
we must perform an analytic continuation to Euclidean space, and carefully consider the
charges of the fields under the Lorentz group and under the U(1)g x U(1)r symmetry. We
label the generator of the former as J7, and we consider the linear combinations

1 1
JAzi(JR‘i‘JL), JB:§(JR—JL) (4.13)
of the U(1)r x U(1)r generators. To twist, we redefine the Lorentz charge by
Jpr = Jp — Ja (A/2-twist), Jpr = Jp — Jp (B/2-twist). (4.14)

The details of the half-twists are given in appendix Al We find that under the A /2-twist
the spins of the fields are shifted as follows: the spins of the fields in the X, T, multiplets
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are now taken to be

0a —0a [ET(0)], Ta — 7o [€T(O)],
(F)] ) )‘a,— - )\a,z [E P(K)]a (415)
O)], Aa- = Xa [€T(O

where K is the canonical bundle of the world-sheet (we always work on P!). The zero

~—

)\a,-l— — )\a,E [

el
Xa,-i— — )\a [6 r

~—

modes of the kinetic operator for each of the fields are in one to one correspondence with
(anti)holomorphic sections of the given bundle.

In the background of a gauge field with instanton number n,, the twisted matter fields
and their zero modes are as follows:

o' — ¢ [€D(Od)). ¢ =@ [eT(O(d))].
%ﬁ_ — %% [E NK® O(—dz))] , fyi_ — ’yi [€ T(O(dy))],
vy = ¢ [€D(0(d)], 7o = T €DK @ 0(=d)], (4.16)
¢ — o2 [ET(K®O0()], ¢ — & [eI(K®0(d))], '
Wi — ¢? [e D(O(—do)] 72 =12 [eT(K ® O(do))],
0L — 9L [eD(E @ 0(d))], 72 —7° [€ N(O(~do))
Recall that the degrees are given by
di = Qing, i=0,...,n. (4.17)

As in [0, a Hermitian metric on O(d;) — P! has been used in some of the definitions,
so that the sections of the bundles in braces count zero modes of the kinetic operator in a
fixed instanton background.

Under this twist the supercharge Q. becomes the nilpotent world-sheet scalar operator
Q7. The action of Qr, as well as the decomposition of the action for the theory into Q7-
closed and Qp-exact components are described in appendix [A]. The details most important
to our analysis are that:

1. o, represent non-trivial elements in the Q7 cohomology;

2. the anti-holomorphic couplings 7, and the couplings in P, E' and J; only appear in
Qr-exact terms.

By arguments familiar from BRST gauge-fixing or cohomological topological field theories,
it follows that correlators of the o, depend holomorphically on the parameters of the theory.
To determine this dependence, we now turn to localization.

4.4 Localization and quantum restriction

The A/2-twisted Lagrangian and action of Q7 are described in appendix [A.3.1. An exami-
nation of the action of Q7 in a geometric phase of the M-model reveals that the A /2-twisted
path-integral localizes onto the same configurations as the A-twisted M-model on the (2,2)
locus. That is, the fixed-point set is described by M,,.p C M,,, where M,, is the familiar
compact and toric moduli space of instantons in the V-model.
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Thus, to compute (o4, --- 04, ,)), We need to expand the action around the configu-
rations in M,,.p and use this as a measure on M, p. This is not simple, and at first one
might think it will be much harder than in the A-twisted theory. There, the couplings
split up into chiral and twisted chiral superpotentials, and the former couplings were easily
shown to be Qr-exact. In the A/2-twisted M-model there is only one sort of superpoten-
tial, and it is not at all obvious why the correlators of the o, should be independent of the
parameters in P(¢) or J(¢).

Nevertheless, we will now show that a few conservative assumptions about the half-
twisted theory lead to a quantum restriction formula off the (2,2) locus. We assume that

1. The path-integral reduces to a finite integral over M,,.
2. The semi-classical expansion about points in M,, is exact.

3. The non-zero modes of the kinetic operators cancel in the one-loop determinants, so
we can restrict attention to the zero modes.

4. The correlators do not depend on anti-holomorphic couplings.

With those assumptions in mind, we work in a geometric phase of the M-model with
a Kahler cone K. Recall that throughout this work we assume that V is Fano, which
implies that ., Q% € K. Fixing an instanton number n, € KV and thus the degrees
dy = — Zm Qing, di =), Qing, it is evident that in the geometric phase we have dy < 0.

Let us write the action for the M-model as Sy; = Sy + Sy, where Sy contains all
the terms involving fields from the ®°, 'Y multiplets, while Sy contains the rest. A quick
look at the action reveals that Sy is just the action for the V-model. The next step is to
localize onto the @Q7-invariant configurations. Instead of localizing directly to M,.p, we
do a partial localization to the larger moduli space M, leaving P and P in the action.

The zero modes of the fields in the ®?, I multiplets are the same as they are in the
V-model, while among the fields in the ®°, T multiplets only the fermions 1° and 7° have
zero modes when dg < 0. In fact, each of them has 1 — dy zero modes, so that the zero
mode integral in the n,-instanton sector may be written as

<<Ua1 T Uad71>>n = /D[ﬁeldS]V;Mne_Svam " Oay /DWJOWO]G_S(); (4'18)
where
1—dy . ‘
S6=PPlo— > (ivV23(~M)vh = Folb Pala+ ' Jilath) . (419)
a=1
and [-- -], denotes projection onto the a-th zero mode. Let us suppose the measure may
be chosen so that
—do 470 dy)
dvod
D[°7°] = H ¢ (4.20)
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In that case, we have essentially reduced the correlator in the M-model to a computation
in the V-model, since we have

<<Oal T O-fld71>>n == / D[ﬁeldS]V;Mne_SVe_[PP]O(M(lo;dO + g(M(O)’ J, ?))O-lll 0ag_ys
(4.21)
where g(M(O), J, P) is a polynomial where each monomial contains at least one power of P.
We now come to our last assumption, namely that the correlators of the A /2-twisted
M-model do not depend on anti-holomorphic parameters. Thus, formally, the limit P — 0
should not change the correlators. Such limits of Qr-exact parameters should generally be
considered with caution. If the limit changes the large field asymptotics and, for example,
leads to non-compact directions in the moduli space, then the correlators may well jump
in the limit. The crucial point is that in the situation at hand there are no signs of such
difficulties. The integral in eq. (f.21) remains perfectly well-behaved, and we expect the
correlators to be invariant as P is sent to zero. Thus, we obtain

{oay - Uad71>>n = (04, * UadflM(longM' (4.22)

In fact, we can do a little bit better by recalling the selection rule in the A-twisted
V-model:

(0gy * *Oau)n =0 unless k=d+ Z Qing. (4.23)

7

This rule remains unmodified by any (0,2) deformations, since these do not break the
classical ghost number symmetry. Thus,

(o, - O'ad71>>n = (0a, " O'ad71(_M(0)) Z M$)>n7 (4.24)
m=1
since only one term in the sum (namely, m = —dg) contributes. Finally, exchanging the

sums on n and m, we arrive at our (0,2) quantum restriction formula:

—M
(Oay - Oag ) = (Tar - Oagy ). (4.25)

On the (2,2) locus Mgy = K = — Zi,a Q¢0,, and our result reduces to that obtained
in [[J] and given in eq. (2.:29). This agreement provides a basic justification of our assump-
tion on the choice of measure. Off the (2,2) locus, we find that the A/2-twisted correlators
are independent of P and J; and depend holomorphically on the Kéahler parameters g,
and the E-parameters contained in My and M,). In fact, by using some of the field
redefinitions, we may always set M) = K. We always make this choice in what follows.

We emphasize that, just as on the (2,2) locus, we expect a non-trivial map between the
(0,2) parameters of the NLSM and these linear model coordinates. It may well be that this
map actually depends on ¢,E and also J-parameters. Even so, it is likely that the linear
coordinates will still be useful in unravelling the structure of (0,2) theories.
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4.5 The singular locus of the A /2 twisted M-model

The quantum restriction formula gives a simple way to compute the A /2-twisted M-model
correlators. From these we may extract the quantum cohomology relations and determine
the locus in the g4, M(,) parameter space where the correlators have poles. As on the
(2,2) locus, these singularities should signal a singularity in the (0,2) SCFT. As in type
IT theories, we expect that here world-sheet perturbation theory breaks down and non-
perturbative effects are necessary to resolve the SCFT singularity. These effects are not
well understood in the heterotic string, and a parametrization of the singular locus in
parameter space is an important step in studying this phenomenon.

In (2,2) theories it is well-known that the singular locus of the GLSM may be deter-
mined without computing a single correlator. The basic tool used is the effective potential
governing the X, multiplets at large o, VeVs. This potential is easily obtained by integrat-
ing out the ® multiplets at one loop. We have already discussed how a similar potential
may be computed off the (2,2) locus, and we will now use it to study the singular locus of the
theory. As a by-product, we will obtain another check on the quantum restriction formula.

We begin by discussing the effective potential in the V-model. It is convenient to work
in a special basis for the gauge charges, where >, Q¢ =0 fora > 1, and ), Q} =A>0.
A moment’s thought will convince the reader that any @f may be brought to this form
by an SL(r,Z) transformation. So, let us return to the potential in eq. (B.29), and study
the solutions to ja(a) = 0. Working in the special basis, it is useful to define the ratios
2q = 04/01, and write the ja = 0 equations in terms of k, X k., matrices M(a) (z) defined via

M(a)(O'l, ... ,O'r) = O'IfQM(a)(l, 29, ... ,Zr). (4.26)
The result is
UlAHdet M(a)(z)% = qi,

Hdet M(Ol)(z)Qg =gq, fora>1. (4.27)

These are r equations for r variables, so that for generic g, there is a zero-dimensional
solution set. While these isolated o vacua are important in computations of correlators in
non-geometric phases, they do not give rise to non-compact directions in field space, and
therefore do not lead to a singularity in the theory.

For certain special values of the ¢,, ¢ > 1 and the E-parameters singularities may
arise when some of the vacua run off to infinity, or when the mass matrix for the matter
fields becomes degenerate. These components of the singular locus are easy to identify in
particular models [13], and on the (2,2) locus there is an algorithmic procedure for finding
them [@] These singularities are independent of ¢1, and, aside from the trivial singularity
at ¢, = 0o, the singular locus of the V-model is ¢;-independent.

Now let us consider the singular locus of the M-model. Adding in the ®°, 'Y multiplets
with charges Q(l) = —A, Qi = 0 for a > 1, and integrating out the matter fields, we find
that the ja, a > 1 are identical to those of the V-model, while jl is modified. Thus,
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eq. (1.27) is modified to
[ L det M) ()9 = (=2)%ar,

Hdet ]\4(06)(,2)62g =gq, fora>1. (4.28)

These are now r equations for r — 1 variables z,, a > 1. On the one hand the equations
do not have solutions for generic parameters, but on the other hand, a common solution
to these algebraic equations signals a singularity in the theory, since the o, are only fixed
up to an over-all scale. This non-compact direction in field space will lead to a divergence
in the o correlators.

On the (2,2) locus the (complex) co-dimension one subvariety in the g, parameter space
where eqs. ({.2§) have a solution is known as the principal component of the singular locus.
We will use this same terminology off the (2,2) locus as well. The principal component of
the singular locus is then given by a multi-variate resultant of a polynomial system in r — 1
variables. Combining this component with the singularities from the V-model, we obtain
the complete singular locus of the A /2-twisted M-model.

4.6 The singular locus and quantum restriction

Since the ja for a > 1 are identical in the M- and V-models, there is a simple relation
between the discrete o vacua of the V-model and the principal component of the singular
locus of the M-model. Let us fix to some generic values of the g4, a > 1 and the My, a > 0.
In this case the V-model is non-singular, while the M-model is on the principal component
of the singular locus if and only if the discrete o vacua of the V-model satisfy K2 = 1.

This should be compared with the quantum restriction formula of eq. ({.25). Using
our special basis of gauge charges, the restriction formula is equivalently written as

-K
(o0 0ay 1)) = O -+ Oag s TR )- (4.29)
For generic values of ¢, ..., ¢. and the E-parameters, the V-model correlators on the right-

hand side are non-singular, and the only way for the left-hand side to develop a singularity
is if the sum over the V-model correlators diverges. This only takes place when K2 =1,
which implies that the M-model is on the principal component of the discriminant locus.
Thus, the restriction formula correctly predicts the gi;-dependent singularities of the M-
model. The observation that this holds in the example of a hypersurface in ]P"ll71727272 was
an important motivation in our search for the (0,2) quantum restriction formula.

4.7 Quantum restriction for complete intersections

The (0,2) quantum restriction formula may be easily generalized to linear sigma models for
Calabi-Yau complete intersections in toric varieties. On the (2,2) locus quantum restriction
for complete intersections was considered in [@] We will give a compact expression valid
off the (2,2) locus.

The models we now study are a simple generalization of the M-model. We again begin
with a V-model for some Fano toric variety, but instead of adding a single ®°, I' multiplet,
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we add multiplets ®/, T/, I = 0,..., N, with charges obeying >, Q% = — >, Q¢%, and
superpotential couplings

Ly=> / do{ TP+ 198 ¢ +hec, (4.30)
1 J

where the Py are polynomials of multi-degree —Q¢, and J;; are polynomials of multi-degree
—(QF + Q7).

To completely specify the theory, we also need to describe the E! in D, T = 2E!.
For simplicity, we assume that we can se the E' to their (2,2) values by field redefinitions.
The generalization is obvious, but requires a more cumbersome notation. The theory will
be (0,2) supersymmetric provided that

PrQ9%, + JE' =0 for all I. (4.31)

Under appropriate combinatorial conditions [Bg, and for generic coefficients in the
polynomials Py, the gauge theory in a geometric phase flows to an NLSM with target space
a dimension k = d—1— N (quasi-smooth) Calabi-Yau complete intersection N;{Pr = 0} in
V. We assume these conditions are satisfied, and study the linear model in the geometric
phase.

The twisting and counting of zero modes proceeds exactly as in the hypersurface case.
As might be expected, the selection rule for the o correlators implies that the non-vanishing
correlators have precisely k insertions. Furthermore, an analysis of the combinatorial con-
ditions shows that d; < 0. Once we replace VO,EO — Al ,El, the localization argument goes
through verbatim. Making a similar assumption for the normalization of the zero mode
measure, we arrive at the following result for the n-th instanton sector:

N N b
<<Jal Tt Oqy >>n = <Jal " 0ag N H(_KJ) [H K.T_anb] >n7 (4'32)
J=0 I=0

where we have defined K; =) Q%0,.
To write a compact expression for the summed correlators, it is helpful to define

b
T=][,(-Ky) and & =[]; K, @ In terms of these, we may write

<<Ual e Jak>> = Z <Ual e O-adflfNTH 5l?b>n Hqga’
b a

nelv
— dua o @ my o
= m;\/ ];I {%C(O) 2miuy, } ngc:\/ <Ua1 O'akT ];I <Ub> >n 1:[((]0'&0) ,

(4.33)

where the first line follows by summing the result of eq. ({.32), and in the second line we
have introduced a sum and a simple contour integral to pick out the relevant summand.
The contours are simply around u, = 0. Exchanging the sums on n and m, we get a
restriction formula for the complete intersections:

«O’al ©Oqy >> = H {%;(0) 2:ZT1;ZQ } (Ual ce O'akA>(QCUc)7 (434)

a
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where 5\ ™
Alu)=T — . 4.35
w=r I (&) (4.35)

This formula is a bit more complicated than the hypersurface case, and we have not
found an argument showing that it reproduces the principal discriminant locus of the
theory. Nevertheless, it seems like a compact and potentially useful way to express the
correlators. As a simple check of its veracity, we note that it reduces to our previous result
in the case of a single hypersurface.

A slightly more involved check is to compare the results obtained here to known ex-
amples. Perhaps the simplest of these is a (2,2) CICY in P? of a quadratic polynomial P
and a quartic polynomial P,. The charges for the linear sigma model are

Q = (_47 _2717171717171)7 (436)

so that K; = —20, and Ky = —40, and T = 8¢2. The singular locus is easily determined

by finding the zeroes of the effective potential J(o), which leads to the locus 1 — 4°q = 0.
We expect a single non-vanishing correlator, (o)), and according to our formula,

U 0'2
(0= § | gt * T @) (4.37)

2miu

Using our result for the correlators of the P" V-model (eq. (B.39)), we have 0% = qu, leading

t
© 8

<<0’3>> = 1_74%

This correlator has the right singular locus and the right classical (¢ — 0) limit.

(4.38)

4.8 Examples of quantum restriction

To illustrate our results, we will now apply the (0,2) restriction formula to two examples.

4.8.1 Hypersurface in resolved Pi172,272

The V-model was already discussed in section B.6.3. To construct the M-model, we intro-
duce the fields (®°,T'?) with charges

Q=2 Q= <_04> - (4.39)

Next, we specify polynomials P and J; with charges —Qf and —Qf — QY, respectively.
These must be chosen to satisfy the Y E'J; = 0 constraint. With the E deformations

given in eq. (B.53), a choice for the P and J; is to take

0P,
P=Py+AP, J =20 4.4
o+ ’ J. 8(251 ( 0)
with
Py = (6 + 65)d6 + &3 + 01 + ¢3,
AP = 2(e16 + e2¢] h2 + €30193) 6. (4.41)
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Using the quantum restriction formula (eq. (%.29) ) and the Coulomb branch solution
to the V-model (eq. (B.55))), we obtain

_ G(2)P'(2)

«O'il; aO'(21>> = — {Reszzltz;ql +Resz:42€(21€%1€)1 +ReSZ:OO} W, (442)

where

162%(1 — 2z)
G(z) = 4.43
©) = Hoa -2z —4iq) (4.43)
and P(z) and G(z) are given in eq. (B.59)).
We find that the three-point functions are given by
8
3 —_— —
({o7) = D(, -
4(1 -2 q1
<<0'%02>> -~ D
(o102) = 42101 g2 — 2q0 + 2811 + 2e2e3 — €1)
2 (1 —4g2)D ’
(03) = 4[q2(1 + 4q2 — 2°q1 — 3072q1¢2) + €1(1 — 2°q1)
+2e1(—2"q1g2 + 3q2 — €2€3)

+eres(—2%q1 +2'%q1 + 1 — 122)] /(1 — 4¢2)°D, (4.44)

where
D=(1-2%)*—2%¢q + 2e1(1 — 2%q1) — deves (4.45)

is the principal component of the singular locus, in agreement with the computation based
on the effective potential for the o,.
4.8.2 Hypersurface in P? x P?

Here we study (0,2) deformations of the A/2 twisted example of a bi-cubic hypersurface in
P2 x P2. The charges are given by

-3111000
= 4.46
@ <—3000111>7 (4.46)
with the anticanonical divisor represented by —K = ), Q%0, = 3(01 + 02). If we ignore
the £ - J = 0 constraint, then the E-parameters are given by two 3 x 3 matrices — a

simple generalization of the P! x P! example analyzed above, as well as a rescaling of the
(®°, 1) multiplets. The E-J = 0 constraint and the field redefinitions we discussed above
eliminate many of these possibilities. Let us fix the J-parameters so that the following
E-deformations are allowed by the constraint:

o1 €200 0 09 voo1 0
My = |eso2 01 +€102 0 |, Mgy = |01 02+701 0 |. (4.47)
0 0 01 0 0 09
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Applying the quantum restriction formula, we have

3(0’1 + 0’2)
1+ 3(0’1 + 09)

(0'1 + 0'2)

_ a _3—a
) =3lotoy" 5 +33(0y + 02)3

(0fo37") = (ofo3™"

(4.48)

where on the right-hand side the correlators are computed in the (0,2)-deformed linear
sigma model for P? x P2. The quantum cohomology of this V-model is quite similar to the
P! x P! theory. We have

2 2
det My = 0";’ + €10702 — €90105 = q1,

det My) = 03 + 110501 — 00207 = o, (4.49)

where €y = eges, and 9 = v27y3. Finally, using the Coulomb branch analysis, we have

(o805 =3 Z ofos” T 450‘:;3@102 )’ (4.50)

where
H=3 [—600% + 2610105 4 (34 €171 — €070)05 05 + 2y105 09 — yoaﬂ , (4.51)

and o, are solutions to eq. ({.49). From this form we immediately see that the four
correlators are not independent but rather satisfy

@{(ot) + (oq + e1q2) (07 02) — (M1 + €0a2)(0103) — q1{(03)) = 0. (4.52)

This is a very pretty property, as it has some simple consequences for normalized Yukawa
couplings: for example, it shows that if we tune parameters to set three of these couplings
to zero, the fourth will also be zero.

To obtain the actual correlators, it is useful to introduce z = o9 /07, as well as

H(z) =07 'H, S(2)=o7%det M. (4.53)

The equations satisfied by o1 and z are

= S_1q17 (454)
P(2) = @25 — qu(z° + 2> —02) =0, (4.55)
so that the correlators may be written as
2701+ 2)8

(ofo3 ) =3 > (4.56)

arC—o H(S +33(1+2)%)

Repeated application of P = 0 to eliminate 2™ for n > 3 allows us to recast the correlators
into a simpler form:

dz P'(z) A12? + Agz + A
3— a ! 2 2
_ 4.
ot =3 1; 7{ 2sz Ayz? 4+ Asz+ Ag’ (457
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where A, ..., Ag are easily computable but complicated rational functions of ¢,¢,y, and
C(w) denotes a small contour in the z plane around z = w. Pulling the contour off the
roots of P(z) onto the roots of the denominator and the point at infinity, we see that the
correlators may be computed by completely elementary methods. The resulting expressions
are, however, quite complicated. To give a flavor of the results without having to introduce
a lot of new notation, we set ¢y = 79 = €; = 0. We find it convenient to set §; = 3%¢; and
Go = 33¢2. We obtain the following results:

(o) = 3@ [3@ + 3G — 6 + (4 — 531 — 2G2)m1 + (2@ — 1)77] D71,
(ofo2) = 3[(1+G)* — @1+ G+ 241) + 3@ (1 + @m — (@ + @ )i D,
(o103) =3[(1+a)* — (1 + @1 +242) — (1 +1)* + (1 — 2¢))n] D1,
(o3) = 3q2 [3G1 +3G2 — 6 + (14241 — 5@ + 4q1G2 + G1)m + (1 + @1)*77 ]| D,
(4.58)
where
D = Dy + D172 + Dyv? + D33, (4.59)
and
Dy=-1+1+q)>+1+¢)—30G¢@+dg—1),
Dy = 3G [14 23 — TG + (G1 + G2)°
1 3Q1 [ + 2q1 7q2 + (ql + q2) ] ) (460)

Dy =3¢ [(14q1)* — 242 + (1G2]
D3 = =@ (14 q1)*

The correlators satisfy a number of checks: they match the expected classical (2,2)
limit; on the (2,2) locus the correlators have a symmetry that exchanges o1, 09 and g1, ¢2;
they diverge on the correct discriminant locus; and, they satisfy the relation in eq. ({.53).
In this example, the complete dependence on the E-parameters may be determined with
current techniques, since all the E-deformations are linear. While in general the expres-
sions are quite complicated, there are also simple lessons to be learned. In particular, the
discriminant locus is easy to compute, and the relation among amplitudes in eq. ({.59) is
easy to generalize to include all the other E-parameters.

5. B/2 twist and Hypersurfaces

We now turn to the B/2-twist of the M-Model. The natural guess based on the (2,2) locus
results and the simplicity of the A/2-twisted theory is that the B/2-twisted theory should
be independent of the g, and E-parameters. We have not been able to prove this in full
generality, but we have found a large class of models where the result holds.

In what follows, we will first tackle the dependence on Kahler parameters, and we will
derive sufficient conditions for independence. A closely related problem was investigated
in [@], and we will compare that work and our results in section .3. Next, we will restrict
to models that satisfy the sufficient conditions and turn to examine E-dependence. We
will argue that the E-deformations should decouple from Kéahler-independent B/2-twisted
M-models with a Landau-Ginzburg phase. We will work with an explicit example and find
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that our expectations are borne out: the only dependence on E-parameters is absorbable
into the field redefinitions. These are promising results for a (0,2)-mirror map between
A /2-twisted and B/2-twisted theories, and we hope to prove they hold more generally in
the near future.

5.1 Field content and action

We have already alluded to the B/2-twist in eq. (f.14). Under the twist, the spins of the
fields are shifted as follows:

0o — 04 [€T(K)], o — Tuz [6 F(K)] )
Aot = Ao [ET(O)], Agm — Aaz [€T(K)], (5.1)
Xa + = /\a,E [G F(f)] ) Xa,— - Xa [6 F(ﬁ) )
§ — ¢ [€T(0W)], 5 —3 [er@)].
P — YL [e N(K ® O(=dy))], 7L = L [ET(K @ O(dy)], (5.2)
Py — 4 [€T(0d))], 7o — 7 [€T(O(=dy))].

As in our discussion of the A/2 twist, the holomorphic/anti-holomorphic sections of the
bundle in the brackets correspond to the zero modes of the kinetic operator for the particu-
lar field, and the d; are the degrees in a background with fixed instanton number. Unlike the
A /2 twist, the B/2 twist of the ®°, T'” multiplets is identical to the other matter multiplets,
and their twisted constituent fields are obtained by setting ¢ = 0 in the expressions.

After dropping gauge multiplet fields without zero modes (e.g. 0,), the twisted action
takes the form®

L= Liin + L+ PP + 6" T T3 + Ly, (5.3)

with

ay =0 a ) az — a
Ly = QD ¢° + QXD +7 S E(d)Aa + T° Q" Aa

HES;
—0PL — ALl — A0Syl = BT — P - T (5.4)

Note, we have used field re-definitions to fix E° to its (2,2) value, but we have allowed for
non-linear E-parameters.

The B/2 twist leads to the same Qr as in the A /2 twisted theory: namely, Q + becomes
the scalar nilpotent operator. It is then not too surprising that this half-twisted theory
localizes onto M,,. p—the same field configurations as its A/2 twisted cousin. In addition,
we expect the massive modes to cancel in determinants, leaving a finite dimensional integral
over the zero modes. The similarities end at this point, since the difference in the twisting
leads to a different set of local observables and different non-vanishing correlators.

Taking our cue from the usual results on the (2,2) locus, we would like to compute
correlators of local, gauge-invariant operators O, = ¢" fo(¢), where f,(¢) is polynomial in
the ¢'. On the (2,2) locus these operators are just the monomials in the superpotential. In

5Details of the B/2 twist are given in appendix @
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the (0,2) theory they remain perfectly well-defined operators in the B/2 theory. The usual
selection rule of the B-model is unmodified by the (0,2) deformations, and we expect

(O1---05) =0 (5.5)
unless s =d — 1.

5.2 Vanishing conditions

To study these correlators in more detail, we work in a geometric phase with Kéhler cone
K, and fix an instanton number n, € KY. We find it convenient to adopt the following
splitting of the matter fields: we treat separately the fields in the ®° T' multiplets and
split up the n multiplets according to the degrees d;:

I={1,...,n}=1_UlyUl,, (5.6)
where

I_ ={ielld; <0},
Iy = {i € I|d; = 0},
I, = {ielld; >0}. (5.7)

We will also have use for the subsets I~ and I._; defined in the same fashion.

The first simplification comes from working in a geometric phase, where dg < 0. Since
the path integral localizes to ¢ = 0, as long as dy < 0, the correlator (O; --- Oy), must
vanish due to a lack of ¢° zero modes. Thus, without loss of generality, we may restrict
attention to instantons satisfying

do =) Qing=0. (5.8)
=1

This suffices to show the B/2 twisted models for Calabi-Yau hypersurfaces in products
of projective spaces localize to constant maps, since for these examples dy = 0 implies
nge = 0. Since the correlators have a holomorphic dependence on the couplings and are not
perturbatively renormalized, we conclude that these B/2-twisted theories are independent
of the Kéahler parameters.

There are plenty of examples where dy = 0 does not imply n, = 0. Perhaps the
simplest of these is the B/2 twist of the two-parameter model we discussed in section 8.1l
The charges for this M-model are given by

—-400111 1
) (5.9)
0 11000 -2
and the dual cone for the smooth geometric phase is just the first quadrant. Since dy = 4n;,
the contributions from instantons with nq; = 0,19 > 0 are allowed.

Another condition on contributing instantons may be obtained by examining the term
’yi(ﬁOJi,jw% in the action. Recall that 7! has no zero modes if i ¢ I-; and otherwise has
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d; — 1 zero modes, while w% has no zero modes if i ¢ I._1 and otherwise has —d; — 1
zero modes. Since these zero modes may only be soaked up in pairs by bringing down the
aforementioned term in the action, the instanton contribution will vanish unless

> o(=di—1)= > (di—1). (5.10)
i€le_q iel>1

Since dg = 0, it follows that
Ly | = [1-]. (5.11)

This additional condition is sufficient to show that the B/2-twisted correlators in the two
parameter example only receive contributions from constant maps. In fact, this readily
extends to a number of other two-parameter examples, such as those based on hypersurfaces
in P%,1,2,2,67 ]P)Lll,2,273,47 ]P)Lll,2,272,77 and ]P)zll,l,l,G,Q'?

A third condition on the instanton numbers follows by considering the r zero modes
of Ay. One of these may be soaked up by bringing down the term F°Q2¢°\,, but to absorb
the remaining r — 1 requires bringing down powers of 7 E%)\,. However, not all of these
can contribute: F° has no zero modes when d; > 0, while the E% have no zero modes when
d; < 0; hence, the only contributions to this coupling can come from fields with ¢ € Iy. It
follows then that

|[Io| > r — 1. (5.12)
In the examples we have examined this has always turned out to be a weaker condition
than the other two, but for larger gauge groups it may begin to play an important role.

Unfortunately, these elegant conditions are not sufficient to rule out non-trivial instan-
ton contributions in all generality. Consider the two-parameter V-model with charges

1100 1 1
= . 1

@ <0011—1—1> (5.13)
The classical cone K. has 1 > 0 and 71 + 7o > 0. It is divided into two phases, K1 with

ro > 0 and Ko with ro < 0. The first of these has the exceptional set

F={¢3=0¢4 =0} U{¢1 = ¢2 = ¢5 = ¢ = 0}, (5.14)

while the second has

F={¢1=¢2=¢d3 =014 =0} U{¢s = ¢p6 = 0}. (5.15)

It is not hard to show that Vi, and Vi, are isomorphic smooth toric varieties. We can
construct the M-model in the usual way, by taking ¢° with charges (_04), and using the
hypersurface

P = ¢t + ¢ + (¢35 + 01 + $301) 05 + (65 + 6) ;- (5.16)
It is easy to see that the common solutions to P = dP = 0 are in the exceptional set, so

that P = 0 is a smooth hypersurface in V. That will persist for small deformations of P,
and obviously for small (0,2) deformations away from J; = P;.

"These examples were studied in some detail in the early days of mirror symmetry. See, for example, [E]
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5.3 B/2-twisted theories and Kéhler parameters

We have seen that in a number of models simple restrictions on the instanton numbers
rule out contributions to B/2-twisted amplitudes from non-trivial instantons. Thus, in
these theories the correlators are independent of the Kéhler parameters. Unfortunately,
as the example in the last section indicates, there are also models where the zero-mode
counting arguments are not sufficient to rule out instanton contributions. What is one to
make of this?

An interesting perspective on this question was found in [iJ]. In that work the following
puzzle was pointed out: the B topological sector of a (2,2) SUSY NLSM with Calabi-Yau
target-space may be alternatively described by a standard B-twist or a B/2-twist; in the
former case it is trivial to see that the theory localizes onto constant maps, but in the
latter case this is not at all obvious, and it seems that there is a possibility of non-trivial
holomorphic maps contributing to the correlators.

In a number of models simple index theory arguments, analogous to the fermion zero
mode counting discussed in section p.3, are sufficient to rule out contributions from non-
trivial maps. However, there are also examples where these arguments are not sufficient. It
was argued in [[I]] that on the (2,2) locus the resolution is as follows: precisely in the case
where the index theory permits a non-trivial contribution, one can show that the resulting
top-form on the instanton moduli space is ezact. Thus, the contribution from a non-trivial
instanton reduces to terms coming from the boundary of the instanton moduli space. If one
works with a nice compactification of the instanton moduli space, such as that provided
by the GLSM, the contribution vanishes!

The last assumption of a “nice” compactification of the instanton moduli space is nat-
ural in the case of the GLSM, and although the examples considered in [I(J] were restricted
to non-compact toric Calabi-Yaus, it is natural to expect that the arguments should be
generalizable to the hypersurface case as well. Furthermore, we believe it should be pos-
sible to generalize those results to (0,2) deformations, but we have not been able to show
this is the case. It would be extremely interesting to show this in full generality for B/2-
twisted M-Models.

Instead of pursuing this general result further, we will now take a more detailed look
at some (0,2) examples where the index theory is sufficient to rule out contributions from
non-trivial instantons. A look at the B/2-twisted action in eq. (5.J) shows that even in
these models there remains an interesting complication: as expected, the theory depends
holomorphically on the parameters in the J; and P; however, there also seems to be a
non-trivial dependence on the E-parameters contained in E%(¢). Is this dependence really
there? If so, how do we compute it? In what follows, we will argue that there do exist B/2-
twisted M-models that are independent of both Kéhler parameters and E-deformations.

5.4 Models with a Landau-Ginzburg phase

The Calabi-Yau/Landau-Ginzburg (LG) correspondence was one of the first successes of the
GLSM approach to compactifications [R4]. The basic point is simple: since the singular
locus in the GLSM moduli space is complex co-dimension one, the various phases are
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connected by paths in the moduli space consisting of smooth theories. If the phases of an
M-model include a phase where the low energy theory is described by a Landau-Ginzburg
orbifold, then the geometric and LG theories are simply different points in the moduli space.

Strictly speaking, the Landau-Ginzburg orbifold description only applies in the limit
where the Kéahler parameters are taken to be arbitrarily deep in the corresponding phase.
For points away from this limit the low-energy theory is a finite deformation of the Landau-
Ginzburg orbifold by twist-field operators. The complementary statement from the point
of view of the geometric phase is that the theory receives world-sheet instanton corrections.
In the twisted GLSM, these effects are both represented by the gauge theory instantons
and may be computed by the same techniques in any phase. For each phase, the sum
converges when the ¢, are taken to be deep in the corresponding Kéahler cone, and the
resulting rational function may be trivially continued around the complex co-dimension
one singularities to other phases [P4, [J.

The CY/LG relation becomes much simpler if one considers the B-twist of the theory.
The amplitudes in the B-model are independent of the Kéhler parameters, so that algebro-
geometric computations in the geometric phase are precisely reproduced by computations
at the LG orbifold point.

Let us now consider the B/2-twisted theories that have an LG phase and are indepen-
dent of the Kihler parameters.® The CY/LG correspondence exists both on and off the
(2,2) locus 4], and as long as the E* are close to the (2,2) values, by taking the F-I terms
deep into the LG phase, the ¥, and ®° multiplets both acquire arbitrarily large masses
and should decouple from the low energy theory, being just set to their VeVs. Thus, the
low energy theory is described by matter multiplets with (0,2) superpotential I'*.J;(®) and
chiral constraint DI = 0. Thus, if the B/2-twisted theory is independent of the Kihler
moduli, we expect it to be independent of small variations in the E-parameters as well;
moreover, it should just reduce to a B/2-twisted LG orbifold.

It is interesting to see how this independence works out in detail, and we will now
turn to two examples of B/2 twisted theories that are independent of Kéhler moduli and
study them in the LG phase. First we will work with the M-model for the quintic, and
then turn to the M-model for a hypersurface in IP"1{1’272’2. The first example is merely a
warm-up meant to illustrate how the LG description emerges in the half-twisted model.
The second case, while not much more complicated than the quintic, will also illustrate
how the E-parameters (both linear and non-linear) decouple from the correlators.

5.4.1 The quintic

The M-model for the quintic has charges

Q= (-51,1,1,1,1), (5.17)

8These include all the models in table E except for the bi-cubic in P? x P?, which does not have an LG
phase.
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UDg| 1 [+ | 2 ]0]0]1]1
U(l), -2l 0|-1|-1]0

Table 4: The U(1)g and U(1) symmetry charges for the quintic in the LG phase.

and consequently the D-term

5
=5¢° + Y 167 = p. (5.18)
i=1
In addition, there is a matter superpotential as in eq. (fi.1), obeying the (0,2) SUSY con-
straint

> ¢'Ji =5P, (5.19)

(2

with P a homogeneous degree 5 polynomial in the ¢, and .J; being homogeneous of degree
4. The model has no E-deformations, so we have set the E-parameters to their (2,2) values.

When p > 0, the low energy theory is a NLSM with target space a hypersurface P =0
in P*, with bundle structure encoded in the J;. For generic parameters, one finds ¢° = 0.
When p < 0, the low energy field configurations have |¢°|> = —p/5 and ¢' = 0,5 =1,...,5.
Thus, ¢° acquires a large VeV and mass, in turn giving a mass to the o field as well as
the gauge field. The resulting low energy theory is a LG orbifold, since since the vacuum
#° # 0, ¢' = 0 preserves a Zs gauge symmetry, whose generator acts on the ¢ via

(bi — 627”:/5(251'. (520)

To study the correlators in more detail, we must construct the B/2 twisted theory. We
observe that in the LG phase, the U(1), x U(1)g charges given in table f are slightly
awkward, as they assign charges to ¢° — a field with a vacuum expectation value. The
resolution is simple: since the U(1)y x U(1)g symmetries are only defined up to global
gauge transformations, we may use the latter to make a judicious choice for the charges
of the former. A convenient choice is given in table |. Since the B/2 twist involves the
difference of these charges, the twisting of the various fields remains unmodified from the
geometric phase.

Since this theory is independent of the Kéhler moduli, we may restrict to constant
maps, in which case the zero mode action takes a simple form:

L= =535 6"+ 206 +7'¢A — 57°¢°A
—i—PF + lezao + WOFJEZ + ’¢0‘2JZ7Z + Viaoji,jaj. (5.21)
Here ¢° is fixed to its vacuum value, i.e. |¢°|> = —p/5.
Examining this action we see that, aside from the factors of ¢°, the last line is precisely

the zero mode action for a (0,2) Landau-Ginzburg model with (0,2) potential given by I'’.J;.
However, the remaining terms may look puzzling for a moment. The resolution is simple:
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since the correlators must be independent of p, we may take p — —oo without affecting
the results. In this limit the terms in the first line should simply soak up the A, )\,WO,EO
zero modes, the terms in the second line should not contribute, and the ¢° dependence in
the last line should cancel the ¢ factors in the operator insertions.

To see this explicitly, we perform the following change of variables:

¢ = (@)1, X = (") 71N,

. . 5.22
7= (¢0)—1/47/7,’ A= (¢O)—1/\l. ( )

This leads to a change of the measure:
Dlfields] = (¢°)~*/*Dlfields']. (5.23)

Gauge invariance and the consequent quasi-homogeneity properties of the couplings imply
that under this rescaling the action becomes

L= =N = 57N + (&)X + ()7l
—0,_55 ~0\_1/2_si==0  ,~0\_1_05 —i I e
+ 1% PP+ (@)Y T + (@) TP + Jidi + 7 T, (5.24)
where P, J;, and J; ; are all functions of ¢'". The correlators we wish to compute are

(8% f1(6") 9" f2(6")¢" f3(¢")) arsm, (5.25)

where the f, are degree 5 polynomials in the ¢’. Applying the change of coordinates, we
see that the powers of ¢° from the measure cancel those from the insertions, and thus, up
to terms that vanish as p — —oo,

(8° f1(6)0° f2(6") " f3(6")) arsm o (f1(¢) f2(¢') £3(6))LG-Orbs (5.26)

where the (0,2) potential is indeed given by J;(®'), and the orbifold action is given in
eq. (p.20). At this point, the correlator may be evaluated by simple LG techniques [[t], §2,
i}

5.4.2 Hypersurface in resolved ]P)le,l,z,zz
Now we return to the example already studied in section [£.8.]. Here the LG phase is the
cone defined by ps2 < 0 and 2p; + p2 < 0. The classical gauge theory moduli space in this
phase has ¢’ =0 fori=1,...,5, and

—81¢°1* = 2p1 + p2,  —2/6° = pa. (5.27)

A finite Zg subgroup of the gauge group is left unfixed by the VeVs of ¢ and ¢®. The
action of its generator on the fields is given by

(¢07 ¢17 ¢27 ¢37 ¢47 ¢57 ¢6) - (qbo) <8¢17 C8¢27 C§¢37 C§¢47 C§¢57 ¢6)7 (528)
where (g is an eighth root of unity. This finite gauge group is a subgroup of the R-symmetry
action with charges

11111
Ri=(0==~=-0). 5.29
( 884744 > ( )
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In this two-parameter example it is not immediately clear how to define the LG limit
point. A limit that suits our purposes and lies deep in the Kéhler cone is to take

ps o~ —M?

M — . 5.30
%1 4 py ~ —M2 (5.30)

The only contributions to the B/2-twisted correlators in this theory come from the
zero instanton sector, and the zero mode action is given by

£= =408 + X960 — 20,060 + QNP
—47°N1¢" + 70N 8% — 27°X00° + FE¥ N,
+PP +|6°2JsT6 + 7P + 7Pt
—0_g5 —j —0_j= —6 —0_gz —6 _;~=—0  _g= —0

+6 VT 0 + S Tigh + ¢ FTesh +FTab +7°Teh

+|¢0|2Jiji + aoﬁij@jaj. (5.31)
Note that we have allowed for non-linear E-deformations, and we have also used the fact
that parameters in E° and E® may be fixed to their (2,2) values by field redefinitions of
oq, ¢° and ¢°.

The next step is to scale out ¢° and ¢% out of the action to the extent possible. To do
this, we start with some simple field redefinitions:

i 1
qb — tl th R; qb” 7 — t?z tQ Rl,y/’l (532)

and we choose
tl — (¢0)—1/47 t2 — (¢0)—1/8(¢6)—1/2. (533)

Then, gauge invariance and the R-symmetry imply

P(¢,¢%) = t1sP(¢', 1),

Ti(¢,6°%) = ity 'sTBT(¢, 1) fori=1,2,

Ji(¢,¢%) = 3534 T,(¢', 1) for i = 3,4,5,

Jo(6,¢%) = t3t2sJs(¢, 1). (5.34)

Next, we choose s to scale the J; uniformly for all i. This is achieved by setting s = tl_gtg.

In this case, the field redefinition simplifies to
o' = (@)1, 7 = ()77, (5.35)
and we have
P(¢,¢%) = (6°)7'P(¢/, 1),
J2(¢7 ¢6) = (¢6)_3Ji(¢/7 1)7
Jo(¢,0°) = (¢°)°Js(¢',1). (5.36)

Recalling that ¢% scales as M, it is easy to see from the action that the terms involv-
ing E* are suppressed by M3 relative to the other Yukawa couplings involving the A,
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fermions. Applying this field redefinition to a three-point function of O, = ¢°f, (¢, #%), we
find that as M — oo,

!

(010203) o< (¢°(¢°) %) / ¢ dy dy" fi(¢, 1) (¢, 1) f3(¢, D)e™ " + O(MY), (5.37)
with .

L= |8°(6") PRI DT ) + 8 (3) T T (5.38)
Aside from the factors of ¢°(¢%)~3, we recognize the zero mode integral of a (0,2) Landau-
Ginzburg theory with potential given by the J;(¢/,1). Solving this by the usual saddle-
point techniques, we find that the bosonic and fermionic determinants produce just the
right factor of (¢%(4%)~2)~ to cancel the contribution from the A, X integration, change in
the measure, and the insertions. Thus, we conclude that

(010203)cLsm < (f1.f2f3)LG-Orb- (5.39)

As expected, these B/2-twisted amplitudes are independent of the E-deformations.

6. Conclusions

We have obtained a number of results in half-twisted (0,2) linear sigma models for Calabi-
Yau hypersurfaces in toric varieties. First, we obtained a count of linear model parameters
and described field redefinitions that render some of these redundant. Second, we showed
that a quantum restriction formula relates the genus zero A/2-twisted amplitudes to the
(0,2) quantum cohomology of the ambient toric variety. Finally, we derived a set of sufficient
conditions for the B/2-twisted theories to be independent of the Kéhler parameters, and
we argued that for models that satisfy the conditions and have a Landau-Ginzburg phase,
the B/2-twisted correlators are also independent of the bundle deformations associated to
the ambient toric variety.

There are two important loose ends that require attention. First, the solution of the
A /2-twisted model must be extended to non-linear E-deformations. Second, it is important
to look for a general proof that B/2-twisted M-models are independent of Kéhler parameters
and E-deformations. These results will be useful for a general formulation of (0,2) mirror
symmetry in the types of theories we have considered.

Even without these general results in hand, it seems worthwhile to examine the theories
we have already identified as having the requisite properties in the B/2 sector. A natural
interpretation of our results is that the A/2-twisted M-model depends on the N (V') “toric”
deformations associated to the ambient variety, while the B/2-twisted theory depends on
the N(M) — N(V) “polynomial” deformations. Since the models we examined all have
well-known (2,2) mirrors, it is natural to ask whether the (0,2) deformations of the mirror
theories respect the splitting we advocate.

Supposing that those matters are settled in favor of (0,2) mirror symmetry for linear
sigma models, to make contact with physical observables, we will still have match the linear
model deformations to moduli of the SCEF'T, and determine the Kahler potential. These are
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not easy tasks, but our success gives us hope that perhaps even in questions regarding the
Kéhler potential progress may be made by considering additional structure beyond (0,2)
supersymmetry in these vacua. Perhaps these additional structures (such as the U(1)f,
current algebra) may enable us to extend some of the results of [[£3] off the (2,2) locus.

Finally, one should attempt to extend our techniques to theories without a (2,2) locus.
The techniques we have developed should apply to a number of phenomenologically inter-
esting models simply at the price of additional book-keeping. How to proceed to search for
mirror pairs, non-renormalization theorems and make contact with the SCFT coordinates
is much less clear, but the exactly soluble (0,2) models studied in [ may provide some
clues. Still, it seems that applying our techniques will be a valuable step in unraveling the
quantum effects in these theories.
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A. Linear model conventions

In this section we describe some of the details in analyzing the half-twisted (0,2)-GLSM
models in this paper. We first describe the (0,2)-GLSM field content, supersymmetry
transformations and action. We then describe the A/2- and B/2-twisted theories. Unless
otherwise specified, we follow the conventions in [R4]. We parameterize (0,2) superspace
by coordinates z*, 67, 9" and work in Wess-Zumino gauge. Denoting the gauge-covariant
derivative by V, we write the superspace derivatives as

Dy =0y —if Vi, Di=—0p +i0tV,. (A.1)

The field content of the (0,2) GLSMs considered in this paper splits into gauge field
multiplets, chiral matter multiplets, and fermioninc matter multiplets. The superspace
expansions of these in Wess-Zumino gauge is given by

Vio = Vo —2i0T A —2i0 Ao +2010" D,,
T, = 2'5+Va7_ + 9+8_fua,+
= —2(Ng— — 0T (Dg — ifa01) — 00 0L A_4),
= ¢ + V20T —i60T0 V4,
S = 00+ V20 Ay — 070" 0,04,
T' =~ — V201G — 00V oy — V20 E(D,Y)
— 7L V20T G — V20 Ei($,0) — 078" |Viy + 2B + ZiEfa/\H] . (A2)
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The supercharges are
Q+ - 8@+ + ’L.§+V+, @4_ - —8g+ - ’i9+V+. (A?))

A.1 (0,2)-GLSM

In order to study twisting and localization, it will behoove us to determine the supersym-
metry transformations of the component fields. These are generated by

65 = €+ Q+ — E+§+, (A4)
and in Wess-Zumino gauge the action is as follows:

1. Vector multiplets:

Sv_ = =2i(etA_ +€etA), vy =0,
ON_ = —ie™ (D —ifo1), A = +iet (D +ify), (A.5)
5f01 = Z'€+6+X_ + i€+8+)\_, 0D = E+6+A_ — €+8+X_.

2. Bosonic chiral multiplets (including X):

§¢p = +V2eTpy, Sy = —iV/2ETV Lo,

-z s =z z A6
6p = —V2e ., S, = +iV2eTV 6. (A-6)
3. Fermionic matter multiplets:
E E
5’7_ = —\/§E+G— \/§E+E, 5G = ’L\/§E+ <V+’7_ —|—Zg—¢ T,Z)+ —|—Zg—0_ )\+>,
0 OF (A7)
57 = 3G —IE, 6T = ivaet <v+7_ _OEy. _ z'__L).
0o 0o
A.1.1 The (0,2)-GLSM action
The Lagrangian is of the form
L =Ly g+ Ly xe + Lo kg + L7 + L1, (A.8)

where the first four terms are the kinetic terms for the gauge multiplet, ¥-multiplet, the
®-multiplet and the I'-multiplet respectively. The last two terms are the matter potential
and the Fayet-llioupoulos and theta-angle term. Working first in Minkowski space, with
signature (—,+) and d+ = Jy £ 01, the terms are:

1. Gauge kinetic term:

1 — 1 =
,CT’KE == @ /d0+d9+ TaTa == 2— [2)\[17_2.64_)\@,_ + Dg + fli(]l] .
0

e
2. Y kinetic term:

. o . ~
Ls kp = ;? / A0 dot Tr0_5, = 5104540-04 + Xasi0Aas).  (A9)
0 0
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3. ® kinetic term:
Lo KE = % / d0tdo" B (- +iQV, )P,

1 — g 1 —i i = i
= SVLBV_ + VG Vad + ULV,

%

+ QDG ¢ — iV2QI eV O — IV2QEN LS. (A.10)
4. T kinetic term:
1 L _ _
Lrxe = 5 / do+dgt Tl =L iv 4L + GIGT - BTE,
_ j —=I = | = T
LB, + Elda ) — (B 0% + B a0l (A1)
5. The F-I term:
1 ge
Lp1=- /d9+ Ta(ir“ + 9“/27r)|7+_ + h.c. = —Dapa 4+ — fa01- (A12)
4 6" =0 %
6. The matter potential:
1
Ly = —E/dﬁ I J1(®)]5+_, + hec.
= B i
= G'J1(¢) + G T1(d) + v Tr 0 + 4 T17-
= PGP+ G T+ G BT,
+ 70 Pt + 4 T + 4L g0
—i = —0—= _; —j 5 —0_;
+ YL P+ T+ 9T T (A.13)

In the last few lines we have assumed that there are as many I'! as there are ®¢, and
we used the form of J relevant to the hypersurface example:

Jo=P, TJi=¢"J. (A.14)

The first five terms are individually supersymmetric. The matter potential is supersym-
metric provided the constraint E'7, T = 0 is satisfied.

For our purposes it is more useful to have the action in Euclidean space. This is easily
achieved by substituting

8+ — 2163, o_ — 21'82, f()l — —iflg. (A15)
into the Minkowski expressions and flipping the sign of the action.

A.2 The half-twist

Motivated by the GLSMs with (2,2) supersymmetry, we demand that our model has the
symmetries given in table . It is easy to verify explicitly that the classical action respects
these symmetries, provided that the J; and E! can be assigned the requisite charges.
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pt | @ ! Tr E' |2, T4
UbDgr | 1 | ¢ ar 1—qr | 1+4+qr| 1 1
U | 0 | ¢ |ag—1|1—gq|qg—1|-1|0

Table 5: The U(1)r and U(1)r symmetry charges.

0t | ! Jr | E'| %,
UDa| 3 | & |a 1—qr|qr | O
ULp| 2|0 0 1|1

N[ —

D[ =N }:;%

DO — |

Table 6: The U(1)4 and U(1)p charges relevant for the half-twists

These chiral symmetries are, in general, anomalous in the presence of non-trivial gauge
fields, with anomaly functions proportional to (>, ¢ ¢Q% — Zright qQ%)ng, where q is the
global symmetry charge, Q* the gauge charge, and n, the instanton number. In the case
at hand we have

U > aQf = (g — 1)@,
i

i
U)LY (= 1)QF = ) it (A-16)
I i
On the (2,2) locus the familiar result holds: the vectorial combination is always non-
anomalous, while the axial combination has an anomaly proportional to ), Q.
To work out the twist, we need charges for the generators

1 1
JA=§(JR+JL), JB=§(JR—JL). (A.17)

The two symmetries are important in each twist: one is used for the twist, and the other
becomes the ghost number of the twisted theory. We list both symmetries in table [§.
To twist, we redefine the Lorentz charges as in eq. ([L.14). Note that our sign convention
in ({.14) differs to that in [24, [[d]. Both A/2- and B/2-twists result in @, becoming a
world-sheet scalar. Thus, in the half-twisted models, the supercharge Q 4 becomes the
BRST-charge Q. We will restrict attention to the case I = i and A = a—necessary
conditions for the theory to have a (2,2) locus. In these theories we may take the charges
to be ¢; = 0 for ¢ > 0 and g9 = 1. These charges are a bit ambiguous in the presence
of the gauge symmetry. Our choice makes the symmetries transparent in the geometric
phase of a CY hypersurface GLSM, where ¢ = 0 and the ¢’ are constrained to lie on the
hypersurface. In other phases a different assignment is more suitable.

A.3 The A/2-twist

It is useful to relabel the twisted fields in accordance with the modified Lorentz charges.
This is carried out in tables [, § The functions E and J become:

E? = iv2B% 4", Jo=P(¢%, ..., 0",
E' = iV2E"(¢)oq, iz = ¢2Ji(¢", ..., 7). (A.18)
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Old Name Oa | Ta | Ma+ | Aat | Aa— | Aa—

Lorentz Charge | 0 | 0 1

-1 0

New Name Oa | Ta| Az | Aa | Aaz | Xa

Table 7: The A/2-twisted Lorentz charges and labels for gauge field multiplets

Old Name @0 50 ¢_OF E?r YA GO [ex
Lorentz Charge | =1 | +1| 0 | +1 | —-1] O 0 0
New Name IR RN
Old Name RIS R R B N e e
Lorentz Charge | 0 0 1 0 0O |-1|1]-1
New Name ¢ | ¢ P P A 7. | GL éi.

Table 8: The A/2-twisted Lorentz charges and labels for chiral matter multiplets

Note that on the (2,2)-locus we have:

oprP

E? = iV2Q%0.¢°, E'=iV2Q%0.¢", Ji=—~—. (A.19)

A.3.1 Qr-transformations

0!

We give the action of BRST charge Qr = Q + in Euclidean space in terms of the new fields.

1. Gauge field multiplet:

(Ua,mva,f) - ()\a,zwo)a
)\a,z — 0,
Xa — _i(Da + fa)a
(Daafa) - _2iaf)\a,z(1ﬂ_1)7

We have written fq 12 as f,.

2. Bosonic chiral multiplets:

2 — 0, ¢
by — V2P, %
W0 — —2V2Vzgl, L
P2 — 0, ¢

3. Fermionic matter multiplets:

) — V2E, v
7 - V2 G, 7.
GO — V32V + 550 + PEN,2), G
G’ -0, G
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o, — 0,
04 — \/ﬁm

)\a,E - _2\/5820'(17
Ao — 0.

(A.20)

— 0,

- V2,
v (A.21)

— 0.

— \/§Ei7
— V2 G, _ |
— V202V + G5l + G2 ),

— 0.

(A.22)



A.3.2 The A/2-twisted action

We end the section by giving the A/2-twisted action using eq. (JA.§) and tables [, §. For
convenience, we separate out the QQp-exact terms.

1. Gauge kinetic term:

1 1 1
ET,KE = 3 2)\a,zaEYa + —ff - _Dg : (A23)
€5 2 2

This is Qr exact with £ = {Qp,V} and

V= 2c;2 Xa(fa — Da)- (A.24)
2. ¥ kinetic term: 1 B
Ls KE = s [40,0,0504 + 200,20 M) . (A.25)
This is Qr exact with £ = {Qp,V} and
V= —\6/—35)\@,2820,1 (A.26)

3. ®° kinetic term:
Lo,k = 2V62V.00 +2V. 6V 262 + 202V
— Q3Da26? + iV2QEX U +iV2Q0Na 0 s (A2T)
This is Qr exact with £ = {Qr,V} and
—V20'V.¢% — iQfRadlt. (A.28)
4. ®° kinetic term:
Loskp = 2V20 Vad' +2V.6' V=o' + 204V.0'
— QD¢+ iVIQIXD'S +iVEQ NS . (A29)
This is Qr exact with £ = {Qp,V} and
= —V2ULV.¢' —iQiXad' b (A.30)
5. I'Y kinetic term:

ACFO’KE = 2’72V§_0 - GOGO + E0E9

0, aEO 0EY— OFS~
+ < ¢0 T,Z) oy > Yz < 850 T,Z)g + TAG> . (A?)l)

z

This is Qr exact with £ = {Qr,V} and

V= % (—7°G° ++2EY). (A.32)
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Old Name o Ta | Ao+ XQ,JF Aa.— Xa,—

)

Lorentz Charge | —1 1 0 1 -1 0

New Name Oaz | Oaz | Aa | Aaz | Aaz Aa

)

Table 9: The B/2-twisted Lorentz charges and labels for gauge field multiplets

6. T kinetic term:
Lrixp = 27:Vy' + E'E - GiT,

OF' ;  OF' OE —; OFE -
+7 <8¢3w o a,z> - <8¢ 7+ aaaA")' (A.33)

This is Qr exact with £ = {Qr,V} and

1% —Y.GL +~'E"). (A.34)

V2
7. F-I term:
0(1
=D, p* +i—f,. A.
L p +Z27rf (A.35)

This can be written as the sum of a Qp-closed and Qr-exact term:

1 10°
L= 5= 1o - 55 ) + @), (A.30)
with
i _ (., 0
V= §Xa <p + o > . (A37)
8. Matter potential:
L :—@P G'P -G’ — Gdod:
SR L — ¢ P 7 - 7’ W° — YT

where we used our explicit form of the J;.

All anti-holomorphic pieces are Qr-exact, while the remainder are Qr-closed:
L=—GP —GLdlJi = VPl =7 Il =4y 00l +{Qr,V},  (A.39)
where

_ Lm0 sig 00
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]

Old Name & | b Y EJF VA GH G
Lorentz Charge | 0 | 0 | 1 0O |—-1] 010710
S w9 |7 |GG

New Name o @

Table 10: The B/2-twisted Lorentz charges and labels for chiral matter multiplets. As opposed

to the A/2-twist here i = 0,...,n.

A.4 The B/2-twist

We proceed analogously for the B/2-twisted model. The B/2-twisted field content is given

in tables fl, [0l The E and J get re-written as

E(Z) = Z'\/EB(IO'szSO, jO = P(¢17 cee aqbn))
Bl = iV2E" ()00, Ti = ¢ Ti(o",...,¢").

The (2,2) locus amounts to setting

. , oP
B} = iV2Q500,:¢", ;= iV2Q0u:0', Ji= 7 5
A.4.1 Qp-transformations
The action of BRST charge Q7 = Q 4 is again easy to write down.
1. Gauge field multiplets:
Oa,z — 07 _ ('Ua,zyva,f) - (/\a,270)7
Taz — \/5 /\a,Ey (Daafa) - _22.65)‘&,2(17_1)
Aa — _Qﬁ&zaa,za /\a,z — 0
>\a,E - 0) Xa - _i(Da +fa)'
2. Matter multiplets:
¢ — 0, 7 — V2 EL
3 VAT, TV
. . . . OE. , OFE!
T/J% — —2V2Vz¢', G% — \/§<2V2’Y; + 8@5; Pz + F{;)‘a>a
El — 0, G — 0.

A.4.2 The B/2-twisted action

We give the twisted action as well as the Q7-closed and Qr-exact pieces.

1. Gauge kinetic term

1 1

- 1
L= 20000 + =f2 — ZD?|.
e% 3 + 2fa 2 a
This is Qr exact with £ = {Qp,V} and
V= —Xal(fa— Da).

2
2ef

(A.41)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)



2. Y kinetic term

1 _
L= > [20.60,20:00,> + 2055,20:04,> + 2Xq50:)a] - (A.47)
0
This is Qr exact with £ = {Qr,V} and
2
V= —izxaazaag. (A.48)
€0

3. &' kinetic term

L =2Vsd'V.¢ + 2V, 8 Vb + 201V,

— QIDF B+ iIV2QINT G+ iV2Q N (A.49)
This is Qr exact with £ = {Qp,V} and
— VLV, — QNS (A.50)

4. T kinetic term
L =2V7 +EE - GG

e <8E T,Z)] OE: /\a> _ﬁ<2§f@j+ a_EEXa,z>' (A.51)

8¢J 0'[172 ao_a,z
This is Qr exact with £ = {Qp,V} and
1
V=—" (3G ++'E). A.52
5. F-I term ge
L = Dyp* + z%fa. (A.53)
This can be written as the sum of a Qp-closed and Qr-exact term:
1 10°
£= 500 1)(s - 5 ) + @e V), (A54)
with
V= in(pm+ 2. (A.55)
B RG> '

6. Matter potential
L=-GP-G'P-Gi¢"S,— G4,
JPipl — ALy — vi<z>°J-,jwj
—w TA ~PPA ~ ¢ T 7. (A.56)

Again, the explicit form of the J was used. All anti-holomorphic pieces are Qr-exact,
while the remainder are QQp-closed:

L=—-GP—G¢"J —0Pipl — 2 Japd — ~10% T 0L+ {Qr, V),  (A5T)

where
— (P7° +7'J;4°) . (A.58)

EH
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