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ABSTRACT: The complete universal anomalous dimension of twist-2 operators in N' = 4
SYM has been recently conjectured at four loops in terms of maximum transcendental-
ity combinations of harmonic sums. It reproduces the known cusp anomaly, NLO BFKL
poles, and the diagrammatic result for the Konishi operator. In this paper, we prove that it
passes a further deep test related to a generalized Gribov-Lipatov reciprocity. This holds
for both the asymptotic Bethe Ansatz contribution [f]] and the novel wrapping correc-
tion [P]]. This result suggests reciprocity to be a very stable and intrinsic property of twist-2
operators.
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1. Introduction and discussion

The calculation of the four loop universal anomalous dimension of N' = 4 SYM twist-
2 operators, whose formula is now available thanks to the findings of [[[] and the recent
completion [l], is a remarkable example of the combined power of integrability and QCD-
inspired Ansétze in determining a gauge theory perturbative formula. The general form
of the anomalous dimension is in fact naturally split into an asymptotic part and a wrap-
ping correction. While the all loop asymptotic Bethe Ansatz of N' = 4 SYM [f] is well-
suited to correctly determine the asymptotic part, it drastically fails when wrapping cor-
rections come into play [f[], something happening at four loops for the twist-2 operators



under consideration. It is a recent achievement that, in turn, such wrapping contributions
can be exactly determined by exploiting the integrability of the string sigma model in
AdSs x S, dual to N = 4 SYM via AdS/CFT correspondence. Namely, the identification
of anomalous dimensions with energies of string states in AdSs x S° and the finite size
nature of the wrapping contribution allow to compute the effects of the latter as leading
virtual corrections to the infinite volume limit via generalized Liischer formulas [f].

In the case of twist-2 operators, two other ingredients, both with a QCD origin, have
been crucial in providing the final exact result. On one hand, the maximum transcen-
dentality principle [] has made feasible the evaluation of both the asymptotic and the
wrapping contribution to the spin N dependent anomalous dimension y(N) !. Further-
more, from the next-to-leading order BFKL equations [H] a prescription can be extracted
for the pole structure of the analytically continued anomalous dimension. Such prescrip-
tion was determinant to state the failure of Bethe equations in describing the spectrum
of short operators [[l]], as well as the correctness of the full result including the wrapping
correction [f]].

In this paper we show that the four loop result of [fl, P] satisfies yet another QCD-
related property, the so-called (generalized Gribov-Lipatov) reciprocity [}, §, Bll. This result
is not totally surprising for the asymptotic part of the anomalous dimension, at least in
view of what has been already noticed in []2 and because of similar observations made
in the last two years for a rich set of twist operators in QCD and N' = 4 SYM [[L1]]. Instead,
the fact that reciprocity holds also for the wrapping contribution is novel and remarkable.
As we shall discuss below, this gives a serious argument to consider reciprocity a crucial
tool for checking the correctness of any future expression of anomalous dimension for
twist operators.

Reciprocity emerges in studying the large spin N behavior of the available anoma-
lous dimensions of twist-2 operators in QCD and N' = 4 SYM. It is known that sub-
leading terms in the large spin expansion obey (three loops) hidden relations, the Moch-
Vermaseren-Vogt (MVV) constraints [[J]. In QCD such relations can be related with the
crossing reciprocity of Deep Inelastic Scattering (DIS) and ete™ annihilation. Technically,
reciprocity in the twist-2 case holds for the Dokshitzer-Marchesini-Salam (DMS) evolution
kernel P governing simultaneously the distribution and fragmentation functions [f] 3. In
the usual z-space description of DIS, the reciprocity prediction turns out to be the follow-
ing simple analog of Gribov-Lipatov reciprocity

P(z)=-zP (%) . (1.1)

The kernel P is fully determined (at least perturbatively) by the spin dependent anoma-

n the case of the wrapping correction, the maximum transcendentality principle was used only in the
evaluation of the so-called purely rational contribution. For the maximum transcendentality conjecture at
previous loop orders, see footnote 7.

2See Section 7 there.

3The DSM evolution kernel has recently received a nice confirmation in [IE].



lous dimension y(N). Indeed, taking the Mellin transform of P we get
1 ~ ~
P(N) = / dz o P(z) = M [E(2)], (1.2)
0

and the DMS evolution equations (for a finite theory like N' = 4 SYM) predict the func-
tional relation

y(N) =P (N + %7(N)) . (1.3)
The origin of the MVV relations can be traced back to the reciprocity relation Eq. ([L.1)
which we equivalently write as the following constraint on P(N) at large N

ay(log J?)

T (1.4)

N — oo: P(N)=>"
£>0

where J2 = N (N + 1) and a, are suitable coupling-dependent polynomials. Of course,
Eq. [[.4) implies an infinite set of constraints on the coefficients of the large N expansion
of P(N) organized in standard 1/N power series. Indeed, a generic expansion around
N = oo can involve odd powers of 1/J forbidded in Eq. (T.4). The peculiar combination J2
is nothing but the Casimir of the collinear subgroup SL(2,R) C SO(2, 4) of the conformal
group [[4] and the above constraint is simply parity invariance under J — —J.

Itis well known, since [Hl], that all this can be suitably generalized to twist-L operators
in N' = 4 SYM belonging to the s[(2) sector where Eq. ([L4) is expected to hold with the
only replacement

L L
twist — L : JZ:(N+§> <N+§—1). (1.5)

In the following, we shall say that a twist-L anomalous dimension y(N) is reciprocity re-
specting (RR) iff Eqs. ([A[.3) hold for the associated P(N) 4.

Reciprocity is a non perturbative feature valid at all orders in the coupling constant.
At weak coupling, a perturbative test requires the knowledge of the multi-loop anoma-
lous dimensions as closed functions of N. These are currently available for various twist-2
and 3 operators [[[1]. Three-loop tests of reciprocity for QCD and for the universal twist
2 supermultiplet in N' = 4 SYM were discussed in [f, {]. A four-loop test for the twist
3 anomalous dimension in the sl(2) sector was performed in [[[§]. It is important to re-
call that reciprocity is expected to hold only for minimal anomalous dimensions of twist
operators °.

At strong coupling, the investigation of reciprocity has been naturally achieved by
employing the AdS/CFT correspondence, which indicates the folded string as the config-
uration dual to twist-2 operators [[[7]. This analysis, initiated in [[] for the folded string
at the classical level, has been recently extended in [[I§] at one loop in string perturbation
theory, as well as to classical spiky strings configurations (see also [[9]).

“Later, we'll make use of the above definition of reciprocity for a general linear combination of harmonic
sums written in Mellin space, see Appendix A.

°The anomalous dimensions of operators with twist higher than two occupy a band [E], the lower bound
of which is the minimal dimension for given spin and twist.



Remarkably, the large spin expansion of the classical string energy does respect MV V-
like relations at one-loop °, providing a strong indication that these relations hold not only
in weak coupling (gauge theory) but also in strong coupling (string theory) perturbative
expansions, something certainly expected from the convergence of planar perturbation
theory.

The plan of the paper is the following. In Sec. (@), we briefly introduce the kernel P
and its relation with the anomalous dimension of twist-2 operators. In Sec. (), we fully
prove at a rigorous level that the kernel P is reciprocity respecting. Finally, in Sec. ()
we comment on the fine structure of the large N expansion of the four loop result. A
few Appendices are devoted to technical details. In particular, App. (A) briefly recalls the
basic definitions and properties of harmonic sums, App. (B) contains the detailed proof of
the main theorems used in Sec. (B), and App. (C) reports very detailed large N expansions
of the anomalous dimension and DMS kernel. We remark that a three loop reciprocity
proof first appeared in [f] to which we are indebted for various ideas and methods.

2. The four loop twist-2 anomalous dimension and its P kernel

The twist-2 anomalous dimension is given up to four loops by ”

Y(N) = @ (V) + g* 72(N) + ¢° 13(N) + g° 7a(N) + O(¢™), (2.1)

where g% = g&“ﬁg and (see Appendix A for the definition of harmonic sums S, ... 4,)
’Yl(N) = SS]_, (22)
Y2(N) = —16(S_3+ 251 (S_2 + S2) + S3 —25_21), (2.3)

75(N) = —64 (—35 5 +25 35, —25 255 — S5 — (257 + 52) (35 s + S5 — 25 21) +

+6/(S_a1 + 532+ S 23) — 51 (52, + 48525 2+ 253 + 85 4 +354 — 125 4,
—108 22+ 165 21,1) —12(S 311+ S 212+ S 221) +245 21,1.1), (2.4)
() = I PAN) + A7), (25)
Sai,.naq = Sa,.naq(N). (2.6)
Above, y£B4(N) is the result has been computed in [f[] via the asymptotic Bethe Ansatz
and can be found in Table 1 of that reference. The wrapping contribution y; - -*"8(N) has

*In the case of classical spiky strings [@] only partial consequences of the functional relation (E) but
not the full reciprocity invariance ([L.1}) apply as discussed in [E]. However, this nicely agrees with the fact
that spiky strings should correspond to an operator of twist higher than two with non-minimal anomalous
dimension for a given spin, for which reciprocity is not expected to hold. Indeed, anomalous dimensions of
twist three operators with energies close to the upper boundary of the band do not respect reciprocity as well,
as seen recently in [@].

"Closed expressions at two loops are known from explicit field-theory calculations [@] and at three-loops
from a conjecture [] inspired from the maximum transcendentality principle [E] applied to the QCD split-
ting functions at three-loops [B]. Up to three loops, the same formulas can also be computed by the asymp-
totic Bethe ansatz [@] for fixed values of M. It is only recently that the three loop conjecture has been proved
via the Baxter approach method ].



been recently calculated in [P] and reads

’yzvrapping(N) = 256 (S_5 — S5+ 25_2,_3 - 233,_2 + 254’1 - 43_2’_2’1) S]z_ +
—640(5 S — 5125 5 (3 S (2.7)

The P kernel defined by ([.3) can be derived from the anomalous dimension by sim-
ply inverting ([.3). Expanding perturbatively P as

P(N) = g* Pi(N) + g* Po(N) + ¢° P3(N) + g° P,(N) + O(g"), (2.8)

we find the relations

P]_ =71, (29)
1
Py =y — 57171, (2.10)
1 1, 2 1 1
Py= oo+ (M) m - 5mm+ 1 — 50, (211)
1 (s 3 1 1, .5 1 1
Py = ot — oM+ 5mrd = 5 (00 m o+ Smmm - 57m +
1 1 ) 1 1
FINM A (M) = 51 - S (2.12)

It is using the formula (A.T4) for the derivatives of harmonic sums that the above expres-
sions become explicit linear combination of products of harmonic sums. For the purpose
of proving reciprocity for the P-kernel, it is however useful to rewrite it in a canonical
basis, i.e. as linear combinations of single sums. This can be done by using the shuffle
algebra relation (A.).
For example, in the case of the anomalous dimension, we can rewrite it as
7 = 851, (2.13)
¥ = 16S_3 + 16S3 — 3251’_2 — 3231,2 — 3232,1, (2.14)
vs = 1285 5 + 12855 — 2565 41 — 1285 5 5 — 645 35 — 1285 5 3 —5125; 4+
—256S5) 4 — 57655 _3 — 320553 — 12855 _5 — 32053 5 — 256541 +
+128S5 5 21 + 1285 51,2 + 51251 33 + 12851, o o + 12851 o2 +
+76831,1,_3 + 25651’1,3 + 25651’2,_2 + 25651’2,2 + 25651’3,1 + 38432,_2,1 +
—}—25632,1’_2 + 25652’1,2 + 25652’2,1 + 25633,1’1 — 51231,1’_2’1. (2.15)
The expression of 7, is very long and we do not report it. We just give the canonical result
for the wrapping parts leaving S; as a factor since it is separately RR.
YATEPPINE _ 19862(25 5 — 255 +4S_5 3 — 4555 +
+4S41 —8S5_5 21 —5(5 — 45_2(3). (2.16)

3. Proof of reciprocity

The proof that P, is reciprocity respecting (RR) is based on a clever rewriting in terms
of special linear combinations of harmonic sums with nice properties under the (large-)J
parity J — —J. In the following section we shall introduce them as a preliminary step.



3.1 Definite-parity linear combinations of harmonic sums

Let us consider the space A of R-linear combinations of harmonic sums S, with generic
multi-indices
a= (al, . ,ad), a; € Z\{O}, (3.1)

where d is not fixed. This is the structure of P at any perturbative order.
For any a € Z\{0}, we define the linear map w, : A — A by assigning its action on
elementary harmonic sums as follows

1

wa(Sb,c) = Sa,b,c - 5 Sa/\b,c; (32)
where, for n, m € Z\{0}, the wedge-product is
n A m = sign(n)sign(m) (|n| + |m|). (3.3)

Besides basic harmonic sums, it is also convenient to work with complementary sums
Sa which are defined in Appendix A. On the space A of their R-linear combinations we
define in a similar way a linear map wg.
In the spirit of [B, [[3], we now introduce the following combinations of (complemen-
tary) harmonic sums
Qg =S, =S, = Pa,

Qg
— 34
Qb = wa(@), Qo> = wa(Q). G4)

The main tool that we shall need are the following two theorems which are proved in full
details and rigor in App. (B).

Theorem 1: The subtracted complementary combination Qa, a = (ay, ..., aq) has definite parity
Pa under the (large-)J transformation J — —J and

d
P, = (_1)\a1\+~~+\ad\ (—1)¢ H €q;- (3.5)
i=1
Theorem 2: The combination Qq, a = (a1, . . ., aq) with odd positive a; and even negative a; has

positive parity P = 1.

Remark 1: For clarity, let us emphasize once again that a quantity has P = +1 iff its
large J expansion is in inverse powers 1/J2" (P = 1) or 1/J?"*1 (P = —1) with possible
logarithmic enhancements, i.e. powers of log J2. Thus, in particular, a quantity is RR iff it
has P = +1.

Remark 2: Theorem 2 follows from Theorem 1 (see Appendices). In this paper we shall
use Theorem 2 only, but we quote Theorem 1 as a separate result since it can be relevant
in more involved situations.

Remark 3: A special case of Theorem 1 appeared in [J]. A general proof of Theorem 1 in
the restricted case a = (a1, ..., as) with positive a; > 0 and rightmost indices a; # 1 can be
found in [[[5]. Appendix (B) contains the proof of the general case.



Just to give an illustrative example of Theorem 2, let us consider the combination
1
Q1,-2(N) = 51,-2(N) — 55-3(N), (3.6)

which is expected to be RR. The large N expansion (for even N) is

1 (3 ygm? m 1 5,1 1 7 1
Q; o(N) = | ——=n?log N + = — LI S ST (N .
1,-2(V) ( 2" N Ty T ) TN Tt e\ T a0 v T

11 (L ™yl N
2 N°® 4 3024 ) NS N7
Rewriting the expansion in terms of J2 = N(N + 1) we find

1 (3 g2 2 1 7 1
Qo= | ——m2log(J?) + 2 SIS (S RN 7
L2 ( 22 loe(l) + - e T\ T2 3e0 ) AT (3.7)

+(a 7\ 1 L(on ™\ 1 N
945 | Jo 2 1260 ) J® ’
which is indeed invariant under J — —J. One easily checks that this happens due to a

cancellation of wrong 1/J?**1 terms coming from S; _»(N) and S_3(N). Just to give an
example of combination not allowed and where such cancellations do not hold, we show

12 2 6 36J2 T72J3

1 o1 88 1
180 J* ' 28800 J5 '

1 2 1 2 11 1
Q= (—wz log(J%) - 352 4 ﬂ) s B xe (3.8)

3.2 The reduction algorithm

The strategy to prove reciprocity for the kernel P is simple: For each loop order ¢,

1. Consider in P, the sums with maximum depth, each of them, say S,, appears uniquely
as the maximum depth term in Q,.

2. Subtract all the Q’s required to cancel these terms and keep track of this subtraction.
3. Repeat the procedure with depth decreased by one.

At the end, if the remainder is zero and if the full subtraction is composed of Q’s with the
right parities, as prescribed by the above theorem, we have proved that P is reciprocity
respecting.

Of course, this is sufficient but not necessary. If the final remainder is not zero or if we
have had to subtract a wrong parity 2 combination, we cannot exclude that P is RR. How-
ever, in our case, we have found that up to four loops and including wrapping, the above
algorithm works perfectly and provides a rewriting of P which is manifestly reciprocity
respecting.



3.3 Example: P, for{=1,2,3

At one loop, we have immediately the desired result from
P, =85; =8 Q. (3.9)
At two-loops, written in the canonical basis, the kernel (@) reads

16728,

P, =165_3 — — 1653 — 3251, 2. (3.10)

The 72 term comes from the derivatives appearing in the expression of P, in terms of 7;
and 2. Applying the reduction algorithm, one finds

16
Py = -32Q_5— 16 Q3 — ?wz Q1. (3.11)

All Q combinations have odd-positive or even-negative indices and are thus reciprocity
respecting.

At three loops, the kernel P; is

16m%S;  32m2S3
3 3

—1285 3 5 — 1285 5 3 +64S; 4+ %wzsl,,z — 64514 +

—128S, 3+ 12853 o — 64541 + 1285 5 21 + 1285 o1 5+ 25651 31 +
+128S51, 2 2 +256871,1,—3 + 25685 21 — 512511 21 +

+6455(3 — 12851 1(s (3.12)

32
Py = —1285_5 — ?71'23_3 + + 12855 — 645 _41 +

Again, 72" and (3 terms come from derivative of 7y, k = 1,2. The reduction algorithm
gives

Py = —512Q11, 21+128Q 5 51 +128Q 57 2+ 1281, o o+64Q 41+
64 3212 Q
+102 Q1,4 +128 Q3,0+ 32 Qs + 1 Qo + %
16m* Q

—128 Q11 (3 + 3

(3.13)

which is reciprocity respecting since it contains only allowed 2 terms.

3.4 The four loop ABA contribution

The reduction algorithm that we have illustrated in the 1, 2, and 3 loop cases can be ap-

plied to the four loop expression. The expression for P{A84 in the canonical basis is very



long, and we do not show it. Applying the reduction algorithm one finds

PABA = —8192Qq 1,1, 21,1 +6144Q 5 2111 +6144Q 51 211 +4096Q 211 21 +
+6144Q1 2 _21,6144Q; 51 21 +2048Q1 211,22 +6144Q11 5 o1 +
44096211 21, 2+ 61440111 o 2 —1024Q 5 5 51 —1636Q 5 51 2+
—2048Q 51 5 o+ 102401 411 — 1536Q1 o 5 5+ 3072011 a1 +
+1024Q 1 23 +2048 Q111 4+ 20483 21 + 102403 211 +2048Q31 o1 +
—2048Q_4 57 — 1280 Q41 5 —2048Q_5 41 — T68Q_5 53 — 1536Q_ 51 4 +
—256Q 53 5 — 23040 4 5 —1792Q; 5 4 —2048Q; 15 — 153651 +
—1280Qs, 5 5 — 1536511 — 7680 51 — 128Q 45+ 384 55 — 14080 6 +

2048
—896 Q3 _4 — 256 Q5,2 +640Q7 + Twz Qi1,1,-2,1 +1024m% Qq 11 2 +
512 , 512 , 512 256
Sy 01— — P Qg0 — — P Qy 50— 2 QL
3 ™ 2,-2,1 3 ™ 2,1,—2 3 TN 2 2 3 ™ 41+
512
25672 Q1 g4 — T”z Q3,2 + 1536¢3 Q_211 + 12800, _21(3 + 1024 Q1 1 _2(3
1088 64 752
+640<3 Q]_,g + 640 Qg)]_(g — 320 974C3 + 1—571'4 Q]_,l,]_ — ?71'4 Q]_,,g — E?TA Qs +
256 256
+Q11(— ?wzcs + 2560(5) — Ewﬁ Q1 — (29 21 + Qa). (3.14)

This proves reciprocity of the ABA term since, once again, only allowed Q’s appear !

3.5 The four loop wrapping contribution

The wrapping contribution starts at four loops. It enters directly P, with no mixing with
lower loop order terms. Thus, we can apply immediately the reduction algorithm without
need of taking any derivative. The result is very simple. It reads

PP — _4Q 5 51 —2Q o, (3.15)

and is clearly reciprocity respecting.

4. Expansions at large N and inheritance

In this final Section, we discuss the fine structure of the DMS kernel P(N) at large N. The
general structure of soft gluon emission governing the very large N behaviour of y(N)
predicts the leading contribution y(N) ~ fcusp(A) log N where the coupling dependent
coefficient fcusp(A), a.k.a. cusp anomaly, is expected to be universal in both twist and flavour.
This is precisely what is observed in the various exact multiloop expressions discussed in
Appendix F of [[I§].

This leading logarithmic behaviour is also the leading term in the function P(N).
Concerning the subleading terms, as remarked in [g] to which we defer for a full discus-
sion, the function P(N) obeys at three loops a very powerful additional simplicity con-
straint. Indeed, it does not contains logarithmically enhanced terms ~ log™(N)/N™ with
n > m apart from the leading cusp logarithm.



This immediately implies that the leading logarithmic functional relation
Y(N) = feusp(N)10g (N + § feusp(A) Iog N+...) + ... 4.1)
predicts correctly the maximal logarithmic terms log™ N/N™

fczusp 10g N . fgus;) 1112 N
2 N 8 N2

Y(N) ~ feusplog N + + ... 4.2)

whose coefficients are simply proportional to f7it! [[15, P4, §].

Notice that the fact that the cusp anomaly is known at all orders in the coupling via
the results of [27, R§] naturally implies (under the “simplicity” assumption for P) a proper
prediction for all coefficients of the type log™ N/N™ at all orders in the coupling constant,
and in particular for those appearing in the large spin expansion of the energies of certain
semiclassical string configurations (dual to the operators of interest). Such prediction has
been checked in [[[§] up to one loop in the sigma model semiclassical expansion, as well
as in [[[9] at the classical level 8.

As noticed in [[§], Appendix E, the asymptotic part of the four loop anomalous di-
mension for twist-2 operators already revealed an exception to this “rule”, being the term
log? N/N? not given only in terms of the cusp anomaly. Interestingly enough, the large
spin expansion of the wrapping contribution of [P]], which correctly does not change the
leading asymptotic behavior (cusp anomaly), first contributes at order log? N/N2. Thus,
while on the basis of (f.J) one would expect in the large spin expansion of the four loop
anomalous dimension a term of the type

lo 2 N . aive 3
(622)4% with  (c0)f™" = (—f%“s*’)4 = 6472 (4.3)
expanding (2.5) and (2.7) below one finds (see Appendix C, formulas (C.4) and (C.5))
(c2)BBA — 6472 — 128(¢;  and  (cop)y™FPiRE = —6—:7{2 —128(3 (4.4)

which summed up do not reproduce (f£.3). This indicates that, in the case of the twist-2
operators and starting at four loops, the P-function ceases to be "simple” in the meaning
of [Bl. This is confirmed by explicitely looking at the the structure of its asymptotic ex-
pansion (see Appendix C, formula[C.9), and prevents the tower of subleading logarithmic
singularities log™ N/N™ to be simply inherited from the cusp anomaly.

5. Discussion

The present analysis together with the related work in [(, B, §, [(5, 21, B2, B3, [[§] leads to
the following conclusions.

Reciprocity has been tested in N' = 4 SYM at weak coupling for the minimal dimen-
sion of operators of twist-2 and three for all possible flavors and at strong coupling up to

In [E], a nice explanation for the relation of the log™ N/N™ coefficients to the cusp anomaly has been
given in terms of the pp-wave limit for the case of spiky strings in AdSz x S*.

—-10 -



one loop in the string sigma-model calculation [[[§] °. In [[[(], hints were given suggesting
that the asymptotic part of the four loop result for the twist-2 operators, derived from the
Bethe Ansatz in [f]], was presumably reciprocity respecting. In this paper we have proved
this claim in full rigor, showing that reciprocity also applies to the wrapping contribution.

All this suggests that reciprocity can then be considered a hidden symmetry of N' = 4
SYM, intrinsic in the Asymptotic Bethe Ansatz of the theory and thus related in some
unknown way with the structure built in there. Because it holds also in the presence
of wrapping, it is reasonable to consider reciprocity as an important testing device for
checking the correctness of any future expression of minimal anomalous dimension for
twist operators, as well as for the energies of their string dual counterpart °.

While it would be significative to derive reciprocity in N' = 4 SYM from first principles
(and it is expected that the AdS/CFT correspondence might help in this), a reasonable
attitude can be, in view of the previous point and as in the case of the integrability of the
theory, to just assume that reciprocity holds.

This would strongly simplify any attempt to calculate further examples of multiloop
anomalous dimensions, at higher loop and twist [2§]. The use of both the maximum tran-
scendentality principle and reciprocity drastically reduces the number of terms that have
to be calculated via Bethe Ansatz and generalised Liischer techniques, and is expected
to give a fast and correct answer where other methods as the Baxter approach still need
further achievements.
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A. Harmonic sums

A.1 Basic definitions

The basic definition of nested harmonic sums S,, ... q,, is recursive

N _n
6(1
Se(N) = Z o]’ (A1)
n=1 n
N sn
Sa b(N) = Z nﬁ;‘ Sb(n): (Az)
n=1
where
i >
e, = TLife=0, (A3)
-1,ifa <0
Given a particular sum S, = S, .. 4, We define
depth (Sa) = n, (A4)
transcendentality(S,) = |a| = |a1| + - + |an]. (A.5)

For a product of S sums, we define transcendentality to be the sum of the transcendental-
ities of the factors.

Product of S sums can be reduced to linear combinations of single sums by using
iteratively the shulffle algebra [BJ] defined as follows

N
Sat,nan(IN) Sby,. bl Z Sas,.an(£) Sbr,.. om (L) + (A.6)

a1, "a e) sz,...,bm(e) +

N
al Eb
Z a1|+\b11\ a2y.man(£) Sby,....bm (£).

A.2 Complementary and subtracted sums

Let a = (ay,...,a¢) be a multi-index. For a; # 1, it is convenient to adopt the concise
notation
Sa(o0) = S;. (A7)

Complementary harmonic sums are defined recursively by

| N

a = Sa, (AS)

a - S - Z Saly 0k ak+1, e (A9)

The definition is ill when a has some rightmost 1 indices. In this case, we treat ST as a
formal object in the above definition and set it to zero in the end. It can be shown that
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Sa* < oo in all cases and hence it is meaningful to define subtracted complementary sums

as
Sa = 5.5, (A.10)
Explicitely,
- . em 2 em e ent
Sa(N) =(-1)* > — > 2 > - (A.11)
ni=N+17M1  na=ni+1 N neg=ng_1+1 Ty
A.3 Derivatives of harmonic sums
Given the fact that a generic sum has the asymptotic expansion
Sa(N) = fj Pe(lngzN Z Qe log N (A12)

£=0
we want to define S, () as a combination of harmonic sums such that their asymptotic

expansion is

d & Pyl d &0
s;(N)zﬁeoipe(;geN)qL(—l)N— Qe(log N) (A.13)

This remark is in order to explain how we treat the (—1)" factor. For sums with only
positive indices, this derivative is just the ordinary derivative. Indeed one can shows that
apart from the (—1)¥, the sums are smooth functions of N (finite sum trick).

After these preliminary remarks, the master formula for derivatives is

al: Ha =~ Z |ak| Sa17 2akAl,..ag + Z |a'k| Z Sal, @ S;p+1, LapAl,...,ap (A14)

which reads more explicitly

L
S(Iz,l, ,a - - Z |a’k| Sal,...,ak/\l,...,a[ + (A15)
k=1

a *
+|a’2| Sal Sa.z/\l,a3,a4,... +
a *
+|a'3| (Sal Saz a3/\l,aq,. + Salyaz Sas/\l,a4,...) +
a * a *
+|a'4| (Sal Sa2 azaall,.. + Sal,az az,asll,... + Sa1,0»2,a3 a4/\1,...) +oee

A.4 Mellin transforms

Let a = {a1,...,a¢} be a multi-index with the important restriction that there are no
rightmost indices different from 1, a; # 1.

—-13 -



Defining recursively the functions G(z) via
el 1 dy Yy
Gor o) = —2 / mel-1Y g, A16
S CVFAE Tl
a ar_1|—1 W
Gag 1,0,[(’0 |a’; 11 / p— 1 lag—1] 1; Gae(w)
el
Goy(w) = =% Inlo—1 = A7
the Mellin transform of the subtracted sums of ([A.11]) reads then
~ T
Sa(N) =M |—— G4, .4 A.18
Sull) =M | 7 G 0) (A19)
For example, for three indices it is
(EaEbEC)N r /1 dy lnlel—1 y /1 —dz Inlt-1 z Inlel—1 l
T — €4EpEc Jz Y — EpEec TJy z—¢c Y z
(A.19)

|

§a,b,c(N) =
(laDT'(l6)T(le])
For our purpose, it is important to notice that the function G in (A.I§) satisfies the

(A.20)

property
Z - —
Ga1,...,a[ (%) (_1)27;:1('0'1‘ 1){Ga1, , z(w) - leli Ga1,...,ak/\akJrl,...,a[(z)
-1 -2
{Z Gal, Ok 1/\ak/\ak+1,---,az($) + Z Gal,---,ak—l/\ak,ak+1/\ak+2, ) [(.’IJ)}

k=1
o+ (_l)e_lGal/\az/\~~~/\a[($)}

k=1

-1
_[ Z Gal, @k —2N\Ak—1NQENCE41,0k4250005 (:1:) +. ] +
)™, with ny is the number of

k=1
Above, the sign of each contribution is determined by (
the wedge-products in the G-functions appearing in that piece. For example, for three

(A.21)

Ga,b,c (%

To obtain ([A.20), one uses recursively the result
€ ld _
o) / ?y nlesl= % Gas,..ae(Y) = Gasnas,as,...ae(E) -
T

indices it is
) — ( )|a\+|b|+\c\ . [G ,b,c(w) - Ga/\b,c(w) - Ga,b/\c(z) + Ga/\b/\c( )]

(A.22)
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B. Technical proofs

B.1 Proof of Theorem 1, no rightmost unit indices

It is possible to proceed iteratively starting from combinations Q,(N) with one index. At
each step we only focus on § combinations with maximal number of indices, the iterative
procedure ensures in fact that for the remainder the theorem has been already proved.
The strategy is to write the Q in terms of their Mellin transforms exploiting (A.1§) and use
reciprocity in z-space via Eq. ([.T)). For this purpose we use the notation of Appendix A
and introduce the functions I'(z), whose relation with the Q(N) functions is exactly as the
one of the functions G(z) with the subtracted sums S(N). Our derivation mimicks the
analogous construction described in Sec. (2.2.1) of [[15] generalizing it to the signed case.

For technical reasons, we first consider % in the case where the rightmost index in the

multi-index a is not 1. This is necessary since we want to use the Mellin transform de-

scribed in App. [A.4 which are valid under this limitation. This is not a problem at depth

1 since it is well known that S; is parity-even. At depth larger than one, we shall discuss

at the end how this limitation can be overcome. So, let us assume for the moment that
= (a1,...,ag) witha, # 1.

For one index,

() = 5uM) = M | = Go(0)] = M| 7 Tale) (B.1)
The Lh.s. has parity P = £1 iff
Ta(z) = PeaT (1) (B.2)
Using (A.20) it is easy to see that
6aTa (1) = (~1)* e, Tu(a) (B.3)
Thus,
P =(-1)ll e, (B.4)

in agreement with Theorem 1. The generalisation to £ indices is straightforward. Using
the notation €; = ¢,,, it is

T

~

Say,.0(N) =M z 6. e Lar,.ar (@) (B.5)
where
L
Las,.nae(Z) = Gay,a - % Z a1,axhapys (L)
-1 - -2
( ) I:Z Ga]_, GO k— 1/\ak/\ak+1,...,ag($) + Z Ga1,...,ak_l/\ak,ak+1/\ak+2,...,a4(w):l
k= k=1
1
( %) al/\ ‘Nayg CC) (B~6)

—15 -



which is nothing but the general form of Eq. (2.17) in [[[§]. The Lh.s. has parity P iff
Tar.a(T) =Per... 640y, 0, (%) . (B.7)

Using the formula (A.20) for each of the G-functions evaluated in 1/z appearing in the
right-hand-side of (B.7), one can see that

P = (—1)Ef=1(|‘“‘_1) €1...€Eg, (B.8)

again in agreement with Theorem 1 which is then proved for all a = (a1,...,a,) with

ag # 1.

B.2 Proof of Theorem 1, extension to general a

To conclude, let us now define the number u, of rightmost 1 indices as
Ua = m,?X{l <k<llag=ap1="=ag 41 =1} (B.9)

We have the identity

Sl % = Ql,al,...,ad + Qal,l,ag,...,ad + 4+ Qal,...,ad,l + (Blo)
1 1
_Z Qalf\azf\l,a3,...,ad - Z Qal,azf\as/\l,a4,...,ad +-
1

4 Q1,..,0d—2,ad—1AaqgAl-

This can be written as
Qa,l =51 + %) (Bll)

where each multi-index b € B obeys
P = Pa, Up < Us. (B.12)

Thus, by induction over u, and using the above proof of Theorem 1 for the initial case
us = 0, we get the proof of Theorem 1 in the general u, > 0 case.

B.3 Proof of Theorem 2

We start from the combinatorial identity

L
Qal,...,ag(N) - Z Qal,...,ak(N) Qak_,_l,...,ag(oo) + Qal,...,ag(oo)- (313)
k=1

Suppose now that all even a; are negative and all odd a; are positive. Then (—1)%/ =

—sign(a;) and it follows that for any sub-multi-index (a1, ..., ax) we have

. k k
(—1)2imalas1) TT sign(as) = (~1)* J](~1) = 1. (B.14)
1=1 =1

Thus, from Theorem 1, all terms in the r.h.s. of Eq. (B.13) have P = +1 and Theorem 2 is
proved.
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C. Asymptotic expansions of v and P

We report here the first few orders for the large N expansions of the twist-2 anomalous
dimension and of its kernel P.

Expanding formulas (2.212.4) one gets

_ 4 21 1
71:810gN+N—§N2—|—O(N4) (C.1)
8 5 o - 4m?\ 1 - 2m? 1
T2 = =37 log N — 24(3 + (3210gN— T)N — (16log N — 5 —24)— vt
16 = 56 1 1
+(— log N >N3 + O(m> (C.2)
= 88 10 W 4 160¢5 + 7r§ (67r10 N +96¢ )
Y3 = 5 g 5 3 3 g 3 N
_ 16 22m* 1
—(641og? N — (—m* + 128 —
(6410 (G +128) 135 3
_ 16 _ 4071'
2 2
+(6410g? N + (G —256) log ) N4 (C.3)
where N = N e=.
At four loops, the large N expansion of Table 1 in [f[] and (27) leads to !+ 12
73 56
yABA 16(@7r + 4C3) log N — 1400(7 — —7r2C -2 4(3
96 160 2927r 1
log N + 640¢5 — 32 e =
+H(Grt 0 W 4+ 6406 — 326 + =G - S )
_ 32 _
+((647” — 128¢3) log? N + (448¢3 — o — 1287°) log
1605 32 , 14675  1367%y 1
— 320 — 22n%¢; — 384 =)
Gt — 376 Gt o T s )
+(T log® ¥ + (128(; — —-” — 768) log?
64 4 512 ,
— 512) log N
— (676¢s + ;7" — =~ —512) log
320¢s 64 , 32m* 22472y 1 1
bt A 800(; — —— — 2220 ) — 40— C4
3 g G000 — e = ) 1 + O a) 4
; 64 log? N /64 _ _\ 1 1
wrapping (9% 9 2 2 N e i
) - (371' +12843)—N2 +(3 +128¢3) (log? N 1ogN)N3 —I—O(N4>
(C.5)

Expanding formulas (B.9), (B.10) and (B.12) one obtains the large N expansion of the

"The simple structure of the expansion for v§**PP**€ is lost at higher orders in 1/N.

2The asymptotic next-to-leading constant term is in agreement with [E].
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kernel P up to three loops, that reads

P =

P, =

Py =

4 2,1 1
8log N + — — 2(=)? +0(&=)*

N 3N N (C.6)
—gﬂ logN—24C3—§iN+(8+¥)%—%+ (%) (C.7)
+(1—; lgﬁ—%)%ﬂﬂﬁ)‘* (C.8)

Notice that, in contrast with the series ([C.IHC.3) for the anomalous dimension, where the
number of logarithms increases with the power of the 1/N suppression, the kernel ap-

pears to be linear in log N and, in particular, there are no maximally enhanced terms of the
form (log(N)/N)*.

This “simplicity” feature is lost at four loops. Expanding (B.14) and (B.15) and sum-
ming them together one finds

_ 73 80 , 564 2927° o 1
Py = —16(oom® + 4¢3) log IV — 1400¢7 — s — 2omGs — (S0 +32¢3) - +
64 o . o - 112 8 4 5 16¢7 1467°\ 1
(2563 + —72) log2 N — (643 + —71%) log N + S8 1672¢5 — —28 _ Z0T ) =
((256s + 5-n) 1og” NV — (64¢x + o) log NV + S — 16m°Cs — =32 =~ ) o
64 o . o 112 , 64 _ , 64ty 1
+((256C3+§7r )log® N — (320¢3 + — TR 7%) log N — 167%(3 4 32(s + = >N3

In particular, at order 1/N? a log® N appears, which is responsible for the formula (£4)
discussed in Section fi.
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