arXiv:0905.3738v1 [hep-th] 22 May 2009

Exacting N/ = 4 Superconformal Symmetry*

AEI-2009-048
TRISTAN

McLOUGHLIN

<tmclough>
arxiv:
0905.3738
FLORIAN Mazx-Planck-Institut
LOEBBERT fiir Gravitationsphysik,
<loebbert> Albert- Einstein-Institut,
Am Miihlenberg 1, TILL
14476 Potsdam, Germany BARGHEER
<...Qaei.mpg.de> <bargheer>
WELLINGTON
GALLEAS
<wgalleas> NIKLAS
BEISERT
<nbeisert>

Abstract

Tree level scattering amplitudes in NV = 4 super Yang—Mills theory are
almost, but not exactly invariant under the free action of the N = 4
superconformal algebra. What causes the non-invariance is the holo-
morphic anomaly at poles where external particles become collinear.
In this paper we propose a deformation of the free superconformal rep-
resentation by contributions which change the number of external legs.
This modified classical representation not only makes tree amplitudes
fully invariant, but it also leads to additional constraints from symmetry
alone mediating between hitherto unrelated amplitudes. Moreover, in a
constructive approach it appears to fully constrain all tree amplitudes
when combined with dual superconformal alias Yangian symmetry.
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1 Introduction and Overview

Maximally supersymmetric gauge theory in four spacetime dimensions — N = 4 su-
per Yang-Mills (SYM) — is an interacting quantum field theory with a host of useful
features: It has a unique massless action with only a few adjustable parameters. Pertur-
bative calculations typically show many cancellations such that, e.g., the model’s classical
conformal symmetry is preserved at the quantum level due to the absence of running
couplings. Furthermore, a lot of evidence has accumulated in favour of the AdS/CFT



correspondence [1] claiming that the model is exactly dual to a string theory on an AdS
background.

On top of these features, calculations in the planar alias the large- N, limit for a U(N,)
gauge group have turned out to produce surprising final results in many cases. Simpli-
fications are certainly related to the absence of string interactions in the dual string
theory, yet it takes more to explain most of the observed mysteries. Once fully under-
stood and exploited, we hope that calculations at high perturbative orders and even at
finite coupling become tractable. For instance, the spectrum of anomalous dimensions of
local operators appears to be governed by a certain integrable model [2-4] which makes
calculations very efficient, see e.g. the reviews [5]. Integrability is usually synonymous
with the existence of an infinite dimensional algebra which enlarges the manifest symme-
tries of the model and which (almost) completely constrains the dynamics. In this case
superconformal symmetry apparently extends to its loop algebra whose quantisation is
a Yangian algebra [4,6].

A different field of investigation in N’ =4 SYM which has advanced substantially in
recent years is the study of on-shell scattering amplitudes. These are particularly impor-
tant because of their relations to scattering amplitudes in QCD (for phenomenological
purposes) and in AN/ = 8 supergravity through the KLT relations (for demonstrating
finiteness of a particular theory of quantum gravity). In particular, the twistor space
approach [7,8] (see [9-11] and references therein for further accounts) following from
the ideas of Penrose [12] has sparked many new investigations leading to a much better
understanding. Subsequently, recursion relations for all tree-level amplitudes have been
set up [13] and their on-shell superspace version [14-17] solved explicitly [18]. Moreover,
amplitudes at loop level can be computed efficiently and reliably through methods of
generalised unitarity whose basic framework was introduced in [19,20] and further devel-
oped in [21]; see [22] for a useful review. Among others, these enabled the computation
of the planar amplitudes with four legs up to four loops and beyond [23-27] as well as
amplitudes with six or more legs at two loops [28].

It is well known that scattering amplitudes for massless particles are problematic be-
cause asymptotic states cannot be defined properly: a single massless particle can decay
into an unbounded number of massless particles with collinear momenta. This mani-
fests itself in the appearance of infra-red divergences at loop level when integrating over
collinear momentum configurations. The divergences call for the introduction of some
regulator, most commonly a minimal subtraction scheme in dimensional regularisation
or reduction to d = 4 — 2¢ spacetime dimensions. The resulting amplitudes will then
have singularities as € — 0, typically two factors of 1/e per loop level. The structure of
IR divergences is understood reasonably well: they combine into an exponent which can
be factored out from the amplitude leaving a finite part behind [29]. The form of the
exponent is constrained by field theory and symmetry considerations. The same would
be true for the finite remainder function, however, some symmetries, such as special
conformal transformations, may have been deformed or broken by the introduction of
the regulator.

Some structural simplifications come about in the planar limit: There the IR di-
vergences are determined through a single function of the coupling, the so-called cusp



anomalous dimension [30], see also [24]." Interestingly, this very same cusp anomalous
dimension can also be computed from anomalous dimensions of local operators which
in turn are governed by the above mentioned integrable model, see in particular [32].
One might therefore wonder if there are further connections between planar scattering
amplitudes and the integrable structures for planar anomalous dimensions.

Indeed, the unitarity construction of higher-loop planar amplitudes shows some sur-
prises: Many of the integrals that could in principle contribute to the unitarity con-
struction do not appear in practice. Only such integrals with certain conformal weights
appear to have non-zero prefactors [33,25,27]. It is however not the standard conformal
symmetry which leads to these restrictions, but rather a conformal symmetry acting on
momentum space. Curiously, Wilson loops in this dual momentum space were seen to
be equivalent to certain scattering amplitudes [34-37], see also the reviews [38]. Later
the dual conformal symmetry was extended to superconformal symmetry and shown to
apply to all tree level scattering amplitudes [39,15]. In string theory the appearance of
such dual superconformal symmetries can be explained by a supersymmetric T-duality
transformation which turns out to map the string model to itself [34,40]. The super-
conformal symmetries of the dual model become the dual superconformal symmetries
of the original model. Moreover, the two sets of superconformal symmetries form two
inequivalent superconformal subalgebras of the loop algebra representing classical string
integrability [41,40,42]. Alternatively one can say that the loop algebra alias integrability
results as the closure of the two sets of superconformal symmetries. On the gauge the-
ory side, the realisation of integrability alias Yangian symmetry for tree-level scattering
amplitudes was derived in [43] and shown to be self-consistent.

All of these developments together point towards integrability of planar scattering
amplitudes in A/ = 4 SYM, not only at tree level, but at all loops and even non-
perturbatively. This suggests that one might be able to compute all planar scattering
amplitudes very efficiently and without the need for lengthy field theory or generalised
unitarity calculations. Could there be some differential or integral equation determining
the finite part of scattering amplitudes?

Before such an equation can be established, several problems have to be overcome:
The regulator for the IR divergences breaks the special conformal symmetries. E.g. in
dimensional regularisation the dimensionality of spacetime is d = 4 — 2¢ while confor-
mal symmetry requires exactly d = 4. Consequently conformal symmetry for scattering
amplitudes is either broken beyond repair or it is at least obscured at loop level. For
dual conformal symmetry at loop level the second option seems to apply; its breakdown
can be formulated as an anomaly originating from UV divergences for the dual Wilson
loops [36]. One may expect the same to be true for the original conformal symmetry.
The N = 4 model is known to be exactly conformal at the quantum level. Conformal
symmetry persists even in the presence of the UV divergences accompanying the anoma-
lous dimensions of local operators. The main difficulty for scattering amplitudes rests in
the IR nature of the divergences whose structure is less clear than for UV divergences.

The above discussion hides two important points at tree level which appear to paint

IThe subleading collinear anomalous dimension is scheme dependent and not a good observable on
its own. For a recent discussion of these subleading singularities see [31].



a pessimistic picture. Firstly, conformal symmetry is subtle and even at tree level it does
not strictly hold: Amplitudes were shown to be conformal when the external momenta
are in a general position. Whenever two momenta become collinear, however, conformal
symmetry becomes anomalous. This is most obvious in a twistor space representation of
the amplitudes [9,10].* On a second thought this subtlety is not very surprising because
it is precisely the collinear momenta which cause the IR divergences which in turn lead
to the conformal anomaly. Only at tree level can collinearities be avoided through a
choice of external momenta while at loop level internal momenta are integrated over
and collinearities become inevitable. Secondly, conformal and dual conformal symmetry
together are not even sufficient to fix tree level amplitudes completely. The basis of
tree amplitudes introduced in [18] or similarly in the twistor space picture is (almost,
see above) invariant under both symmetries. Consequently all linear combinations are
invariant as well and symmetry alone does not determine the correct linear combination
for the physical scattering amplitude.® Only additional physical input, such as a correct
set of singularities, appears to fix the right coefficients, see also the very recent work [11].

In this paper we propose a resolution to the problems of conformal symmetry at tree
level discussed above: The naive action of infinitesimal conformal transformations on
scattering amplitudes is not complete. It needs to be supplemented by correction terms
which cure the collinear anomaly at tree level. We also believe that similar corrections
can remove the anomalies at loop level and thus render scattering amplitudes exactly
conformal, albeit using a deformed representation. The proposed corrections act in
similar fashion as the symmetry generators of the integrable spin chain for anomalous
dimensions. Most importantly, the corrections have the ability to change the number
of legs of scattering amplitudes. Such generators cannot act on individual scattering
amplitudes, but rather they must act on the generating functional of all amplitudes.

The paper is organised as follows: We start in Section 2 by presenting how free su-
perconformal symmetry acts on scattering amplitudes and compare it to the quantum
action on local operators. We conclude that the action on amplitudes may require cor-
rections whose qualitative form is derived by analogy with local operators. In Section 3
we determine these corrections by demanding exact superconformal invariance of MHV
amplitudes. We then show the closure of the superconformal algebra modulo gauge
transformations in Section 4. Finally, in Section 5 we show invariance of all tree ampli-
tudes under the deformed superconformal representation. We summarise our results in
Section 6 and give an outlook.

2 Representation of Superconformal Symmetry

In this section we review and discuss the representation of superconformal symmetry
on scattering amplitudes. By means of analogy to local operators we propose how to
qualitatively deform the free representation to an interacting one.

2There are two subtleties here: a) the twistor space formulation requires the signature of spacetime
to be (2,2) and not (3,1); b) the twistor transformation itself is singular at collinearities.
3We thank James Drummond, Johannes Henn and Emery Sokatchev for explanations.
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Figure 1: Structure of the superconformal algebra psu(2,2|4). The generators
are plotted according to their scaling dimensions (vertical) and their helicities
(horizontal).

2.1 Free Representation

Scattering amplitudes in N' = 4 SYM are most conveniently expressed in the spinor
helicity superspace [44]: The light-like momentum p of each external particle is first
converted to a bi-spinor p®@ which can consequently be written as a product p® = A\*\%.
Here A\* and A* are mutually conjugate bosonic spinors of the Lorentz algebra with
a,b,... =1,2 and a, i), ... = 1,2. The decomposition is unique up to a complex phase
A — )\ and A\* — e~ )% Furthermore, it is advantageous to compute scattering
amplitudes for the superfield [45]

@(/\7 5" 77) = G+(/\v 5‘) + nAFA(/\a 5‘) + %nAnBSAB()H /_\)
+ geaeon™ P TP (A N) + easeon n"n“n”G= (A N),  (2.1)

where G*, I'/I", S are the on-shell gluons, fermions and scalars with definite helicity.
By picking a suitable component in the expansion of fermionic spinors n?, A, B, ... =
1,2,3,4, of su(4) one can select the desired type of external particle for each leg. The
scattering amplitude for n external particles is thus a superspace function

An()\luj\lunl""7)\n75\n77]n)' (22)

The superconformal algebra psu(2,2|4) can be represented in a simple fashion on such
scattering amplitudes. We shall denote the superconformal generators through Gothic
letters J,.* More concretely, it is generated by Lorentz rotations £, £, internal rotations
R, momentum generators P, special conformal generators K, the dilatation generator
D as well as supercharges 9, Q and special conformal supercharges &, &, see Figure 1
Using the spinor helicity superspace coordinates the representation of the superconformal
algebra can be written in a very compact fashion [7] (cf. Section 4)

€0 = X0, — LopND., B4 = Xig, — LoiAd,
D = Lo+ 1IN0, RAp = ntds — L64nCoc,

QaB =\ B, GaB = aaaB7
0% = A0, &5 =1"0,,
Peb = NN, R = 0u0;. (2.3)

4Resistance is futile.



where we abbreviate 9, = 0/0\*, 9, = 0/0\s and 04 = 9/On?. Furthermore, let us
introduce a central charge € and the helicity charge 8 which would extend the algebra
to u(2,2|4). Their representation reads

¢ = 8a/\a — j\égé - 77080 =2+ )\“Oa - 5\0’50_ - 77080, B = 77080. (24)

In fact, this is only one half of the story: The energy component in p® = A?\°
is manifestly positive. However, reasonable scattering amplitudes require at least two
particles with negative energy. For such particles we must set p® = —A\?X’. The negative
energy representation is the same as the above (2.3), where the sign of all instances of
A is flipped. In most places this replacement is sufficient and can be done mechanically.
We shall thus treat all particles as though their energy is positive and point out whenever
negative energy particles make an essential difference (cf. Section 3.3).

The representation on tree-level scattering amplitudes in N/ = 4 SYM takes the
standard tensor product form

Jo = Jka (2.5)
k=1

Here Jj o is the representation of the conformal symmetry generator J, on the k-th leg
(Aks Ak, M) of A, as specified in (2.3). Invariance of A, is the statement

3aAn =0. (26)

In [43] a Yangian representation on tree-level scattering amplitudes in N' =4 SYM
was proposed. The action of the level-one Yangian generators J, follows the standard
Yangian coproduct rule for evaluation representations with homogeneous evaluation pa-
rameters

n
Ja =51 Insdes (2.7)
k<t=1
This representation was shown to be compatible with cyclicity provided that the ampli-
tude is invariant under superconformal symmetry. Making use of dual superconformal
covariance [39,15] and the Serre relations one can further deduce that the tree-level
amplitudes are invariant under the complete Yangian algebra, §aAn =0 [43].

2.2 Higher-Loop Representation on Local Operators

This representation is the direct analog of the leading-order representation on local op-
erators when Jj, is the representation on the k-th site of the spin chain. The main
difference is that Jj , is a differential operator for scattering amplitudes while it is a spin
operator for local operators.’ In fact, the structures of single-trace local operators and
colour-ordered scattering amplitudes are very much alike as illustrated in Figure 2.

It is well-known that the representation of the superconformal algebra on local oper-
ators is deformed at loop level. This is required to incorporate the effects of anomalous

®Without going into details, the oscillator representation introduced in [46] and applied in |47] is
practically equivalent to the above representation.



Figure 2: Comparison of single-trace local operators and colour-ordered scat-
tering amplitudes
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Figure 3: Expansion of quantum symmetry generators for local operators.

dimensions; after all the dilatation generator measures conformal dimensions. Alterna-
tively one can say that the deformation is due to regularisation of UV divergences. While
the tree-level generators J;, act on a single site of the local operator and map it back
to itself, the structure of the loop corrections is qualitatively different: They can act on
several sites at the same time and map them to back to themselves. Moreover, they are
dynamic in the sense that they can change the number of sites, e.g. map a single site to
two sites or vice versa [48]. This implies that local operators with well-defined scaling
dimension do not have a well-defined number of component fields, but they are rather
linear combinations of spin chains with different lengths. Note that some of these length-
changing effects are known as “non-linear” or interacting realisations of the symmetry.
For example, it is well-known that a supercharge 9 acting on a fermion can produce the
commutator of two scalars [48] even in the classical theory.

The generic structure of the perturbative representation J,(g) for some generator J,,

around the free representation (Jo)o = (3@)& reads

Jalg) =
mn=1 /¢

This structure follows from the structure of planar Feynman graphs [3,48], and it is
depicted in Figure 3. An ¢-loop contribution "Lﬁ)n which acts on m adjacent sites of the
chain and which replaces them by n adjacent sites is of order ¢**™*"=2. This is because
an elementary interaction of O(g) connects three sites; adjacency is due to the planar

limit.

o0

g (Yo (2.8)
0



2.3 Higher-Loop Representation on Scattering Amplitudes

Now one could imagine that similar deformations apply to the representation of conformal
symmetry on scattering amplitudes. Clearly the origin of the corrections is different: for
local operators it is due to UV divergences whereas for scattering amplitudes it is due to
IR divergences. This means that perhaps the representations are not exactly equivalent.
Nevertheless one would expect the structural constraints to be the same because they
merely originate from the structure of Feynman graphs (and the planar limit).

The action of deformations which involve several legs, but preserve their number
should be self-evident. But what does it mean to change the number of legs? In partic-
ular, how can this be possible at all if each leg has a well-defined particle momentum?
How can invariance of a scattering amplitude be interpreted? First of all, if the number
of legs changes by the action of symmetry generators, then a single n-leg amplitude can-
not be invariant by itself; it only makes sense to talk about invariance of all amplitudes
at the same time.

Before we introduce a proper framework for the treatment of length-changes, let us
discuss their effects qualitatively. Suppose a generator consists of the terms depicted in
Figure 3

~ ~ ~ ~ (0 ~ ~ ~ ~(0
3(9) = 30+ g3 + g3 + g*30) + 23C) + P30 + 92T+ (2.9)

The first term is the free generator J, = 3?? The Contributions 3§ 3,3§§ increase the

number of legs by one or two, respectively, while ,jé 1,153 1 decrease it. The symbol J(l)

represents the loop correction to the free generator and ‘527% maps two legs to two legs.

Suppose further that the set of amplitudes can be written as the linear combination

Z g2 AL ( i i g AW, (2.10)

n=4 (=0

Note that we have included a factor of g for each three-vertex in the underlying Feynman
graph; this counting is compatible with the counting of ¢ in the expansion of J(g). De-
manding invariance of all amplitudes, J(¢).A(g) = 0, and separating the terms according
to their number of external legs as well as the power of g leads to the following invariance
equation

A +30A0, + 30 ALY + 3 AY +30A0, + 3 AL =0,
(2.11)
In particular the illustration of this equation in Figure 4 shows that the loop counting
includes loops within the amplitude, loops within the symmetry generator as well as
loops formed by connecting the two.
Note that it makes sense to rescale n-leg amplitudes A,, by a factor of g2~ such that
all tree amplitudes are at O(g°) and such that g? exclusively counts the number of loops
in Feynman graphs. Thus we would use instead of (2.10) and (2.8)

=iz4n(g) :iig%‘l%), Jalg) = i igﬂ”mn(‘?%)ﬂ)a- (2.12)
n=4 =0

n=4 (=0 m,n=1 (=
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Figure 4: Expansion of quantum invariance of scattering amplitudes. Loops
(light grey) can appear inside the amplitudes, inside the symmetry generator or
in the connection of the two.

This is the normalisation that we shall use in the present work. Note that this leads to
the same invariance equation (2.11).

The crucial observation one can make in (2.11) is that generators which act on a
single leg and replace it by several legs, such as 3&?%, contribute to the same order as
the free generator Jo. The conclusion would be that tree amplitudes in .A(0) are not

invariant under Jo, but rather under the combination J,(0):

Jo(0)A0)=0  with  A(0) = iA;@, Ja(0) = i@g?n)a. (2.13)

On the one hand this type of invariance is reasonable because terms like 35(2 + ... are

precisely the “non-linear” contributions to symmetries in the interacting classical theory.
Naturally these would have to be the proper symmetries for tree level amplitudes and not
their free truncations Jy. On the other hand, tree-level amplitudes at first sight do seem
to be invariant under the free generators. Therefore the interacting correction terms
J §°§ + ... would either have to be trivial or they would have to annihilate the amplitudes
on their own and independently of J,. Both alternatives are somewhat unsatisfactory
and indeed there is a third: Tree-level amplitudes are not invariant under the free ac-
tion Jo of the symmetry. This violation of conformal symmetry is subtle and therefore
is not immediately seen. For generic external momenta the amplitudes are indeed in-
variant under naive conformal symmetry. However, when the amplitudes are treated as
distributions, the action of J, leaves certain contact terms when two adjacent momenta
become collinear. Collinearity is essential because breaking up one massless particle into
two by means of J §°§ + ... can only produce collinear momenta due to momentum con-
servation. In conclusion, it is conceivable that conformal symmetry has a representation

10
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Figure 5: The generating functional of colour-ordered scattering amplitudes.
The prefactors 1/n are the appropriate symmetry factors for cyclicity of the
trace.

under which the tree-level amplitudes are exactly invariant in a distributional sense. In
particular, the length-changing effects would be crucial for this representation. It would
also be the proper starting point for extending the symmetries to the loop level.

2.4 Amplitude Generating Functional

Before we consider concretely the length-changing contributions we shall first introduce
a framework to deal with such terms.

On a technical level we can combine all scattering amplitudes into a single generating
functional. Let J(\, A, ) be a source field corresponding to the superspace field ®(\, A, ).
For clarity of notation we shall combine the bosonic and fermionic superspace coordinates
into a single symbol A = (A%, A% 1n*). The superspace measure is given through d**A :=
d*\ d*n, see Appendix A. The generating functional A of colour-ordered amplitudes A,
then reads simply, cf. Figure 5 (see also [10])

AlJ] = f: / A, L da, % Te(J(A) .. J(An)) An(Ay, .o, Ay). (2.14)

Conversely, the n-particle amplitude can be extracted as the variation

1 0 )
Ne (6J<An> - 6J(A1>) Al

Note that the traces incorporate the colour structure of colour-ordered amplitudes and
1/n is the proper symmetry factor.

For representations of psu(2,2|4) the central charge of su(2,2]4) must act trivially.
This implies that the fields #(\, \,7) are homogeneous functions under a simultaneous
phase shift of the arguments

B(ePA) = e 2PB(A),  PA = (PN TN ). (2.16)

An(Ay, . Ay) = (2.15)

J=0

Consequently, the same must be true for each leg of the amplitude, A,(...,e%A,,...) =
e %A, (..., A,,...). The Jacobian of the measure also leads to a weight d**(e*?A) =
et d* A. We will not impose a homogeneity condition for the source fields J(A) so that
the variations §/dJ can be performed straight-forwardly. It is nevertheless clear that the
generating functional (2.14) projects to the part of J with definite scaling

. 1 [ ‘ _
J(A): —/ dp e*? J (e A). (2.17)
0

:27r
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Therefore each factor of J in (2.14) can safely be replaced by J; the integral over d**A
contains a similar integral over dp. Note that the projection J turns out to have the
same homogeneity as ¢ in (2.16).

In the framework of the generating functional the superconformal generators (2.3)
take the form of variations, cf. [49, 3] for a similar representation. For convenience we
shall abbreviate variation by an accent .J on the field J

J(A) = ——. (2.18)
Here we list only a few of the relevant generators
(Q0)F = / dBA TP T(A) J(A), (Go)as = / A A Tr9,05J(A) J(A),
@ =~ [ @A TN 0T J(), (S0 =~ [ aATey0,0(0) J(4).

(o) — / dUA TN T(A) F(A), () = / 1A Tr 0,3,7(A) J(A).

(2.19)
After performing the variations on A the derivatives should be integrated by parts to
make them act on A, as for (2.3). A classical contribution to add one leg takes the
qualitative form J E%) ~ [TeJJ J. In practice, it acts by taking away one source term
and replacing it by two. The precise form of such contributions will be worked out in
the following section.

Let us note that the above expressions for the superconformal generators remain valid
even for amplitudes without colour ordering and away from the planar limit or for generic
gauge groups. Also the classical length-changing contributions are expected to remain
valid at finite N.. Conversely, a representation of the Yangian cannot be formulated
using the generating functional because one needs a framework which can make explicit

reference to specific legs, e.g. legs k and ¢ as in (2.7).

3 Superconformal Invariance of MHV Amplitudes

In this section we wish to use the known form of the tree level MHV amplitudes to

determine the necessary deformations J 5031 of the classical conformal symmetry generators
(cf. (2.13)).

3.1 MHYV Amplitudes

Scattering amplitudes can be classified through their helicity. It is measured by the
generator B counting the number of n’s

A, Apgr BAup = 4kA, . (3.1)

12



The number of n’s ranges between 8 for MHV amplitudes and 4n—8 for MHV amplitudes
ANV = A, AV =4, (3.2)

The tree level MHV amplitudes of AV = 4 SYM have a simple form when written in
terms of Lorentz invariant products of spinors [50] and particularly so in the manifestly
supersymmetric formulation [44] using the appropriate on-shell superspace. They take
the form®

MHV _ 0*(P) 6°(Q) ab _ - ayb aB B
W =y _;W’f’ “ ZAW’ (3:3)

where the brackets are defined in Appendix A.

In the physically relevant case the spacetime signature is (3,1). It implies that the
above expression for the amplitude cannot be entirely meaningful because it assumes
that all particles have strictly positive energies while energy conservation requires the
sum of all energies to vanish. For non-trivial amplitudes at least two particles should
have negative energies. A particle k& with negative energy is achieved by flipping the
sign of A,. For the time being we shall ignore the implications of overall momentum
conservation and assume all energies to be positive. The minute modifications due to
negative energy particles will be discussed in Section 3.3.

We now act with the free superconformal generator (&¢)2 = Y7 nP 0 as defined in
(2.3) on the above amplitude. Except for the delta function, the amplitude is holomorphic
in the \,. Thus, at first sight, the generator seems to act only on the delta function

" 95 (P) 954 (P)
B 4 __ NcB
(G0)28%( Ej 0 8)\a _;_1 e e C XY

The fermionic delta function §%(Q)) ensures that the action vanishes Gy AMHY = 0 [7].
In (3,1) spacetime signature, however, A and X are related by complex conjugation,
and thus there is the holomorphic anomaly . It gives a non-trivial contribution when the
derivative with respect to A acts on poles in the variable \ (see Appendix A). This gives
rise to terms *
0 1

X (A, )
As can be immediately seen these anomaly terms coincide with the collinear singularities
of the amplitude which as discussed previously is their physical origin.

Here there is a crucial difference between the (3, 1) physical Minkowski signature and
(2,2) split signature used for considerations in twistor space: In (3, 1) signature two light-
like vectors are orthogonal if and only if they are collinear. Collinearity implies two con-
straints on the six degrees of freedom for two light-like vectors, it is thus a codimension-
two condition. In the spinor formulation collinearity is equivalent to (Ag, Ag11) = 0 which

= 702 (A, 1)) 1" (3.5)

6We neglect an overall factor of i(27)* in our definition of the amplitudes and similarly they are
normalised so that there is no prefactor of the coupling.
"We thank Emery Sokatchev for reminding us of the precise form of the anomaly.
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is one complex or two real conditions, hence codimension two. Conversely for (2,2) sig-
nature (Ag, \py1) = 0 is merely one real condition or codimension one. Equivalently
orthogonality does not imply full collinearity, but only one constraint. The nature of the
two types of singularities is rather different. The holomorphic anomaly only applies to
codimension-two singularities. Codimension-one singularities can also have anomalies,
but one has to define properly the distributional meaning of ({A, Ar+1))~'. One could
consider adding +ie to the denominators, but it is not clear which sign to use (for each
term). A principal value prescription appears to be the proper choice, but this leads to
no anomaly. Altogether this consideration shows that the signature plays an important
role for scattering amplitudes and we shall continue to work exclusively in Minkowski
signature.

In the light of the holomorphic anomaly, there are extra terms in the action of &y ®

=~ B AMHV __ - B a 64(13)58(@)
(Go)a' An "227% o (12) . (k— L, kY (k, k + 1) (nl)

52((1, M) 04(P) 6°
R R LIS LELT

The existence of extra terms is well-known and it has been employed successfully at the
loop level [51]. At tree level, it has largely been ignored so far because the anomaly is
restricted to singular momentum configurations.

It turns out to be convenient to cast this statement into the language of generating
functionals. Let AMIV[J] be the generating functional of MHV amplitudes (3.3) with n
legs in the sense of (2.14). Acting with the bare generator &, as defined in (2.19) on
AMBV ] by performing the functional variations and integrating by parts we find

(Go)PAMHV ] /Hﬂ%ﬂ-A%MMHWMQ)

0*((n1)) 6°(P) 3°(Q)

¢ B
X 2kl (12).. {(n—1,n)

(3.7)

We have made use of the cyclicity of the amplitudes, the trace and the measure in order
to collect n equivalent copies of the contribution in (3.6) which thus cancel the symmetry
factor of 1/n in (2.14). The commutator term in the trace results from the difference
term in the second line of (3.6) after interchanging A; and A,.

We can partially perform the integrals over A,, to remove the delta function imposing
the collinearity of the n and 1 legs. A convenient change of the variables A,,, A; to this
end reads 4 ,

A = €PN sina, N = € () sina + 1 cos a),
A = N cosa+ 2N, nm = n)cosa — n'sin a. (3.8)

The four complex variables A{, A% have been replaced by three complex variables A}, z
and two real variables o € [0,7/2], ¢ € [0,27]. The spinor X is a constant reference

8This fact and several of its implications discussed below have been found independently by James
Drummond. Johannes Henn and Emery Sokatchev also pointed out the distributional non-invariance.
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spinor. The integral over d?z localises at z = z = 0 and after evaluating the various
Jacobians we get that

(Go)ZAMEV ] = /Hd“/l A AL dy dade e3P NP x

a1 (P)o%(Q)
2) . (n—1,1)

5 Te([T(An), J(AD)] .. T(An_y)) T (3.9)

where P/ = MM, 4+ 7\ and Q' = m N, + S m\i. Alternatively one can use
the formula (A.6) to derive this result. Note that the integral over ¢ amounts to the
projection J(A,) in (2.17). Removing the phase in A, such that A, = X,sina and
N, = My sina + 1’ cos a we obtain the more compact expression

(60)QBA71\71/IHV[J] 27T /H d4|4A d4|4AI d477/ do gac)\nnl

01 (P Q")

Tr([J(An), J(A1)] ... J(Aye (3.1
We observe that the anomalous variation (3.9) produces AM2Y with slight modifica-

tions merely on the first leg. Such a modification can be imposed through a variation of
the sort [ Tr.J.J J acting on AMTV. More precisely the form of the correction &, = 6(0)
reads

(6,)2 = 2%2/d4|4/1 d*n do e\ nf Tr([j(/ll), J(A)]J(A)) (3.11)
with the following definitions for A, A,
A1 = Asina, n = nsina + 7' cos a,
A2 = Acosa, 1y = ncosa — 1 sin a. (3.12)

The plus in &, signifies that the operator increases the helicity by +2 relative to &g. It
was constructed such that B B
SpAMY 1 &, AMEY = 0. (3.13)

As can be seen we find a recursive pattern for the action of the generator on the
amplitudes. We can ask what is the starting point for this action and the answer is
straightforward:

S AN = (3.14)
This follows from the above calculation as
4
_ O*((Ak—1, M) 04(P) 6%(Q)
B gMHV _ _ ! . 1
(SPAY™ = =3 e (Moanl = Nl ) T =0 e gy ©19)

However now, after making use of the delta-function imposing collinearity between py
and pg_1, the momentum conservation implies that the three remaining momenta are
collinear and the zero coming from the §%(Q) results in the right hand side being zero.
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This is essentially equivalent to the fact that in (3, 1) signature and for real momenta
the three-point amplitude vanishes due to zero allowed phase space.

In conclusion, the corrected classical superconformal generator (relevant to MHV
amplitudes) is

& = (Go)i +(64)7 (3.16)
and it exactly annihilates the MHV functional AM1V]J]
SAMNVI] = 0. (3.17)

Note that the cancellation is not restricted to the planar, but it holds for all N, and even
for generic gauge groups.

Although, and as we will show later, it can be determined from the algebra, it is
perhaps worthwhile to directly calculate K, = ﬁg from Ry acting on MHV amplitudes;
by a very similar calculation we find

(ﬁ+)bd == —27'('2 / d4|4/1 d47’]l do 8&,5/_\? TI‘([ (/11) 82 bJ(/lg)]j(/l)) (318)
with the same definitions as above.

3.2 Conjugate MHV Amplitudes

Now we wish to find the deformation of the operator & defined in (2.19) and the simplest
method is to consider its action on MHV amplitudes. A convenient form of the tree-level
MHYV contribution to the n-point super-amplitude is given by [52]

A = 54 (P) 6%(Q) Fu() (3.19)
where
F@F) = [ TT exprn0)) @ %= S Nim (320
) Ti2)a) o] 2 AT
One can use the integral representation for the Grafmannian delta function
§5(Q) = /dgw exp (w) Q%) (3.21)
to write this as
8 8 4 _ya
0*(Q)F(A) = [12] /d wH5 Ajws). (3.22)

Thus

(S0) ANV [J] Z/dgwn (d* Ay, 6*(n _)\a%))[5 ([n1]) 0*(P)

12]...[n—1,n]
x e\ Tr([J(Ay), 01,5 (A1)] ... J(Any)). (3.23)
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As was previously done we can use the delta function to partially perform the A, integral
and rewrite the above expression in a form that makes the necessary generator correction
apparent. After a little algebraic manipulation one can show that the correction &_ =

65?% of & takes the form
(6—)3(1 = —27T2/d4|4/1 d47’], dO./ 54(77,)5110)\(1: TI‘([ (Al) 82 BJ(AZ)]j(A))
= —2n° / dM Ada e, X Tr([J (A1), 0o, (A2)] T (A)) (3.24)

where the minus in &_ signifies a decrease of the helicity. As before A; and A, are
defined in (3.12) but with " = 0 for the second line. The complete classical expression
for the superconformal generator

GBa = (60)Ba + (6-)Ba (3.25)

annihilates the MHV amplitudes GAMHV[J] = 0.
Similarly we find

(R )aq = —27° / dMAd' da 5 () Tr[ea)e T (A1), D200 (A2)] T (A). (3.26)

3.3 Negative-Energy Particles

In the above discussion we have restricted ourselves to external particles with positive
energy, that is pzb = A\t = 2N for all particles k. As mentioned previously though,
physical scattering amplitudes requlre that at least two external particles have negative
energy, i.e. A = —\ such that b = = —\2\". In the following we will extend our framework
slightly in order to include negative-energy particles.

In the tree-level MHV amplitude (3.3), negative-energy particles only introduce a
change of sign inside the momentum delta-function §4(P). The form of collinear singu-
larities as in (3.6) is therefore not affected by the energy signs of the adjacent collinear
particles. As we shall see below, only the splitting of the collective momentum into two
collinear pieces as in (3.12) changes slightly when the adjacent particles have different
energy signs.

For including particles with positive and negative energies into our framework, we
introduce two types of source fields: J*(A) corresponds to positive-energy particles while
J~(A) corresponds to negative-energy ones. The amplitude generating functional (2.14)
comprising all possible particle configurations then becomes

Z /Hd44A > Te(J (). T (An)) Au(Ais i) (3.27)

sj=%
1<j<n

where A, (A, s;) equals the amplitude A,(A;) with A replaced by s\
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When extending the formalism in this way, also the free symmetry generators (2.19)
need to include variations with respect to particles of both energy signs. The generator
Sy for example becomes

(Go)P = — / AP Te S (8°(4)) 4 (A). (3.29)

We will now calculate the classical non-linear correction to this generator. This gener-

alizes the treatment in Section 3.1 and will result in correction terms GSOL (51,52} that

split a leg with sign sy into two collinear particles with signs s;, so. Acting with & on
AMBV[ ] is completely analogous to (3.7) and yields

(oA @S/H““”MWw%V?%?Q

« Z 54 an Js1]Jsz .'JS»Z—I), (329)

n—1

SJ—

where P, = Z;L D= Z? L, 5i2\ ;. Now the terms in which s,, = s1, i.e. the part where
the collinear particles have both positive or both negative energy is compensated by a
non-linear correction 6* = 68(2 (5.5} which looks exactly as (3.11) with J replaced by J*
and including a sum over s = +.

The terms of (3.29) in which the two collinear particles 1 and n have different energy
signs we split into a part with |\,| < |A\;| and a part with |A\,| > [A1]. In the former part,
the momentum A\ A\; — A\, \,, carries the sign s; of particle 1, in the latter part it carries
the opposite sign s,,. Using the fact that §2((nl1))/(12)---(n — 1,n) is invariant under
an exchange of the labels n and 1, we can exchange the labels 1 and n in the latter part.

It then combines with the former to

—WZ/ T 944 e 22 L1D8°(@0)

|<|Al|k 1 ac<12>---<n—1,n>
X 254 (Aonf = XinZ) Tr([J,,*, J)J52 -+ Jpmtt), (3.30)
1<Sj]<_n 1

where P = s1(MA1 — A Ay) + Z;:Ql sj/\jj\j. As before we can now use the delta function
62({n1)) to partially perform the )\, integral by using (A.5), this time setting \, =
e’ \; tanh o, rescaling \; — \; cosh a and integrating over ¢ and « instead of \,,. Further

including a rotation of 7, and 7, altogether we define the new set of variables A7, 1, «
and ¢ through (cf. (3.8)):

Ap = €? N sinh Nn = e (1 sinha + 7 cosh ), (3.31)
A = N cosha, m = 1y cosha — 7' sinha, '

= d*\d*\, 6*((n1)) = dN|d¢ da sinh o cosh .
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With this change of variables, the part of (&g)Z AMHV[J] where s, = —s; (3.30) becomes

o0 n—1
o4 (P Q") ,
_ Al A 414y . w 5is
;/gd v 2 1,2) - (n—1,1) ”/d”dwae
B - 1</<n—1

x gae( AP — A{n?) Tr([J_Sl(/ln), JH (A T3 Js’i_ll) , (3.32)

n

where P/ = s; M| \| + Z;:; si\A; and Q' = Njn) + Z;:Ql A;jn;- As in the purely positive-
energy case (3.9), this produces something very reminiscent of AM™V and can hence be
compensated by adding a term G_Sgo_)) (+,} tO S. In this case, the correction term splits a
particle with sign s into two collinear i)articles with opposite energy signs.
The complete tree-level correction to the operator & thus reads
S, = s

s—{s,s}

=(0) _ &=, &
+6, 4, ,=61+67, (3.33)
where éi is given by (3.11) with J replaced by J* and including a sum over s = +.
After replacing J* by the projection J* (2.17) and removing the phase of A, in (3.32),
the further correction &7 is given by?

(&% =20 [ dadtida Y caing — Xnf) Te(177* (), P (4] (), (33)

s==
where A; and /A, are given by

A1 = Asinh o, n = —nsinha + 1’ cosh
Ao = Acosh o, ny = ncosha — 1’ sinha. (3.35)

As can be seen from this example calculation, the contributions to the classical gen-
erators coming from the inclusion of negative-energy particles are obtained straightfor-
wardly once the purely positive-energy corrections are known. Since the additional terms
obscure notation though, we refrain from including them in the remainder of this work.

4 Closure of the Algebra

In the previous section perturbative corrections to the superconformal generators G,
and &2 of N' = 4 SYM theory were derived by requiring the generating functional of
MHYV scattering amplitudes (2.14) to be invariant under the action of these operators.

A priori, however, it is not clear that these deformations are complete because we have
considered only a subset of amplitudes. An indication of completeness may come from
algebra. We would like to show that the deformed generators still obey the psu(2,2|4)
superconformal algebra, which is also not clear a priori.
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Figure 6: The free superconformal generators Jy are deformed by contributions
changing the number of particles and thereby relating scattering amplitudes with
different numbers of legs to each other.

4.1 Classical Representation

Looking ahead to Section 4.3, the corrected generators are of the form (cf. Figure 6)
G=6+6_, 6=6+6;, K=K +H/ +R8 +R/, . (4.1)

All other generators remain undeformed. The correction terms to (2.19) were computed
n (3.11,3.24,3.18,3.26) and read

(& )aa = —2%2/d4|4/1 d*y do 54 (1)) Tr[eap ATy, Do,aJo)

(64 = +27r2/d4|4/1 d*n' da Tr [6d55\§j1, s Ja]J,

(R )aa = —2#2/d4|4/1 d*n' do 6*(n') Tr [5ab)\l{j1, 52,(-1J2] J,
(ﬁ+nd::—2wf/}#MAd%fmy1&kdj§£,azw5]j, (4.2)

where Ji, = J(Ag), J = J(A). The term K, _ can be found at the end of Section 4.3.
The spinor helicity coordinates Ay, Ay are defined as follows (3.12)

A = Asina, N = nsina + 1 cos a,

A2 = Acosa, Ny = ncosa — 1’ sina, (4.3)

4.2 Algebra Relations

It is straight-forward to read off the algebra relations from the representation (2.3) of
the undeformed generators. The indices of a generator J under Lorentz and internal
symmetry transform as

(€%, Je) = —023p + 2053, (€%, 3 = 653 — 16837,
[R5, 3] = =083 + 25n3c, [R5, 39 = 053" — 2033,
(€%, 3e] = =083, + 5013, [£%, 3] = 6,3 — 613" (4.4)

All indices in the deformations Q_ and 9. are contracted properly using only invariant
symbols. Consequently all commutators with £, £ and R are unchanged using the free
rotation generators £y, £9 and *Rg.

9Note that the integral over « in (3.34) runs from 0 to oo, while it runs from 0 to 7/2 in (3.11).
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Commutators with the dilatation generator, [, J] = dim(J)J, are specified through
the conformal dimensions of the generators, the non-trivial ones being

dim(P) = —~dim(&) =1,  dim(Q) = dim(Q) = —dim(&) = —dim(&) = L. (4.5)

N

By power counting it is also straight-forward to show that ©® = ®, yields the correct
algebra.

It is the aim of this section to show that the additional non-trivial algebra relations
given by

{QCLA7 » CJLS’} = 5@‘13@; {Gaz‘h éaB} = 55.%@7
[‘Badv GbA] = 52{1(}4’ [ﬁada QbA] - 526217
R, &) = 5, [Raa, Q%] = 6060, (4.6)

and

(R, BY] = 220, + 5080, + 6260,
{Q, &5} = 6pL" — R 5 + 005 (3D + Lo,
{Q%,67} = 65L% + 6iRP 4 + 6165 (3D - 10), (4.7)

as well as all trivial commutators are not altered by the introduced corrections.

Since P and £ are expressed in terms of 9, Q and &, &, respectively, the verification
of the algebra reduces to a minimal set of commutation relations. These are the relations
involving only the four latter operators. The remaining commutators then follow using
the Jacobi identity as will be demonstrated at the end of the section.

4.3 The Generator K

For a verification of the superconformal algebra it is not necessary to explicitly construct
the generator K of special conformal transformations. Nevertheless it is desirable to
obtain an expression for its deformations with regard to the symmetries of scattering
amplitudes. The corrections to the conformal generator take the form

ﬁ:ﬁo+ﬁ++ﬁ_+ﬁ+_
={60,60} + {60,686, }+{6_,6.} +{6_,6,}. (4.8)

Employing the expressions for the corrections to & and & obtained in (3.11,3.24), the
above anti-commutators can be explicitly evaluated. We make use of the notation intro-
duced in (3.12) and employ two different parametrisations 1" and 1" of the integration
variable in the expression for &_, &, related by a shift:

n' = —n" 4+ ncota. (4.9)

In the integral expressions below the measure d*n’ or d*n”, respectively, denotes which
notation we are using. The two different parametrisations yield different identities useful
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for the evaluation of commutation relations. For integrals over 7’ we make use of

0= X" = Aint = Mg (4.10)
7]?51,(“]1 = (T}B —+ cot OKU/B)gaJh (411)
ﬁggg,gjg = (773 — tanom’B)éaJQ, (412)

and for the shifted integration over n” we find

0= 0an2, (4.13)
0 = 0p.an", (4.14)
0a0pJ1 = 0140181, (4.15)
[02,8J1, 02.4J2] = —[0pJ1, 04 2], (4.16)
5\?81,,4:]1 = +sin® aX%04J5, (4.17)
Ny 4 J1 = — cos® aXya, Jy, (4.18)
where for the latter identities one has to plug in (4.9) into (3.12).
We first compute the anti-commutator of &y and &, to find
05(R4)aa = {(So)an: (64)7}
= 272 / A A d*n" do edbjxlinf Tr{ — [al,aal,le, Jo)J
~ 1. 00l 2] + a0y, T T} (4.19)
After partial integration and using (4.13,4.14,4.15.4.16), we obtain
(ﬁ-l—)ad = —27T2/d4|4/1 d4’l'}, do Tr[€ab/_\i1)j1, 82@&]2](]1 (420)
which coincides with the result given in (3.18).
In order to compute K_ we consider
0% (R )as = {(6-)an, (60)7'}
= 271'2 / d4l4/1d477/d0454<7]/)6ab)\l{ Tr {7713 [51,[“}1, 82,AJ2]
- WBga[jl, 02,4J2] — [jh 32,A772352,aj2]}j~ (4.21)

Partial integration and evaluating (4.11,4.12) on the support of the fermionic delta func-
tion yields

(R—)ad = —27'('2 / d4|4/1 d47’]/ dO{ 54(77/) Tr[sab)\l{ jl, 527a<]2]j. (422)

The contribution K, was not algebraically derived but computed similar to the calcu-
lations in Section 3 by acting on the amplitude generating functional. It reads

(Ry_)pq = 4 / A A dMy da do! cosaTr[sbd)\‘fjl, [€aaj\§j2, Js)]J (4.23)
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with

A1 = Asind’ N = nsina’
Ao = Acosa’sin Ny = necosa’ sina + 1 cos a
A3 = Acosacosa’ ns = ncosa’ cosa — 1’ sina (4.24)

Due to & ~ {&, &} the conformal generator inherits the property to annihilate the
generating functional of scattering amplitudes (2.14) from &, &.

4.4 Commutators between £, Q and S, &

In this section we demonstrate that the commutation relations of the generators &, &
with £, Q are not altered by the perturbative corrections introduced above by acting
on a source term J(A).
It is straight-forward to show that the anticommutator between £, and & vanishes
by means of (4.10)
{(Q0)*,(61)7} =0 (4.25)

Taking into account (4.17,4.18), also the anti-commutator of Qy and &_ vanishes:
{({10)?4, (6_)a3}j = 27‘(‘2 / d477//d0é54(77/)6ab/\l17 Tl" {/_\‘}[81,AJA1, aQ’BjQ]

+ j‘g[jl, 82,A5’2,Bj2] — XdaA[jl, ag,BjQ]}
=0. (4.26)

Next we evaluate the anti-commutator of Qg and &G_ giving

{(Q0)*, (6_)yp}J = —27° / d*n do* (1)) epe S Tr {)\‘{nf‘[jl,awjg]

= X3, Oa it o] = Ay, D]} (4.27)
Now (4.10) yields
{(Q0)™, (6 )p}J = 277252/d4n’da54(n’)5bc)\§)\§ Te[Jy, Jo], (4.28)
and the integral is antisymmetric under the shift of the integration variable
aHg—a = A oA, (4.29)

and does therefore vanish. B B
Last but not least we compute the anti-commutator of Qg and &, giving

(@0 (SF}] = =2 [ dofdacynf X Te {Noal s, Jo

= N[04, o] = Nl 0a.a o]} (4.30)
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By means of (4.13,4.14,4.17,4.18) and partial integration we are left with an integral
expression of the form

{(9Q0)4, (@Jr)f}j = 2#25§/d4n”da65é>€)\g Te[Jy, Jo] = 0. (4.31)

The integral, however, again vanishes being antisymmetric under a shift of integration

variables:

™
a— - —a, 77//}_)_77//_‘_‘L
S111 v COS v

> = A < Ay (4.32)

4.5 Commutators between & and &

The anticommutator of two & vanishes in psu(2,2|4) and the same is true for the tree
superconformal representation &; similarly for &.

Let us now compute the corrections due to &_ by acting on the source J (A). Straight-
forward evaluation yields

{(80)an, (6_)en} = =272 | daeg.sin® a{d1 pJi, dop o}

— 2712 | dave A\ sin o cos? a{817a817BJ1, 827DJ2}

+ 272 | dace A\ sin? acos a{@l,le, 82@82,ng}

—21? | dacegesinacos o [Jl, 82,382,@]2}

2

do Ece)\e Sin3 (6] [jl, 827,18273827[%]}}

— 27

+ 272

— e Y S Y T

dov £\ sin? acosa[@lﬂjl, 8273827]3&?2]. (4.33)

The expansion of the anticommutator {&,5,S.p} contains the above anticommutator
symmetrised over the pairs aB and cD. Note that each term in the above expression is
manifestly antisymmetric in a, ¢ or in B, D. Thus the final term must be antisymmetric
in both a,c and B, D. We can make the antisymmetry in a, ¢ manifest by pulling out
€qe- After flipping some of the integral regions, a — %W — a, and rearranging some terms
for later convenience, we obtain for {(So)ap, (6-)en} + {(S0)en, (6-)un}

=T, / da (cos® o — sin® a){@l,le, 82,Dj2}
+ 72e,. / da sin « cos a{cot a(2X{01 ¢ + 1)61,3(]1, 627Dj2}
+ 12 0e / da sin a cos a{aQ,le, —tan a(2A50, . + 1)82,DJA2}

— e, / do 2 sin o cos « [jl, 82,382,Dj2}
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- 7T26ac / do SiIl2 « [COt 04(2)\%9176 + 2)j1, 82,3(927Dj2]
— 1240 / do sin® o [jl, —2tan a)\§62768273827[)j2] (4.34)

We would like to recast all these integrands in the form of a total derivative w.r.t. a. To
this end we notice that terms like A%, .J do appear in d, J. Conversely, contributions of
the sort A0 s ¢ and n¥9; g which are also part of 9, Ji 2 to not appear. To resolve this
problem we can make use of the identity

(A0, — A0, — nPoR +2)J = 0. (4.35)

It holds by virtue of the definition (2.17) of J (total derivative) and it represents the
central charge condition ¢J = 0. This is also the reason why we started by acting on
J representing the most general function with the property ¢J = 0; our derivation only
works for physical representations and the algebra closes only on when the central charge
vanishes. The derivatives of jLQ w.r.t. a thus yield

dJ

d()zl = cot CY(/\ 81 e + )\ 81 & -+ m 81 E)Jl = cot 04(2)\6(91 et 2)J1,

dJ2 e NCE) E 7 e 5

d_ = —tan Oé()\2827€ + )\282,55 -+ 7o 827E)J2 = —tan 06(2)\26276 + 2)J2 (436)
(6

Notice that the term without derivatives is sensitive to the number of derivatives acting
on J. For each fermionic derivative the number 2 is decreased by one unit. Altogether
we can write

d . . . .
L= erac/da T (sinacos 04{51,BJ1, 827DJ2} — sin? a[Jl, 82,38271)112})

(0%

= —12e4e[J(A), 0p0pJ(0)] = m2euc[050pJ(0), J(A)]. (4.37)

This has the form of a field-dependent gauge transformation of the gauge covariant object
J(A) because it maps J(A) — [X, J(A)] where X is the gauge variation parameter.

Finally we consider the anticommutator of two correction terms {(S_).5,(&_).p}.
We apply the sequence of two &_ to a source term J(A)

A A

(6)e0(6)apJ(A) = drtepeu AN / dods sinay{[J, 0np i) 0.0} (438)

2

_ 47r45a650f)\6)\f/d04 dp sin« o Z+ [Jz, {0yBJy,8xDJ }]

_47r45a650f)\6)\f/dadﬂ sin «v Z+y [j [Jy,ax,Bﬁ%DJxH.

Note that for the latter two lines we flipped the integration region o — %7? — « in order

to achieve a common parametrisation. of A, , . where A\, = 2\, n, = a7, etc. with

x = sina cos 3, y = sin asin 3, 2 = Cos . (4.39)
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These are standard spherical coordinates and da df sin « is the corresponding measure.
The integral is over the positive octant, z,y, z > 1 such that we can freely exchange the
coordinates x,y, z. In the first line we exchange y < z, multiply by (22 + y?)/(z? + v?),
and exchange x «+ y for the part proportional to z?/(z* + 3?). Upon use of a Jacobi
identity on the second line the result reads

2{ 2 yDJ] m,Bjm} (4.40)

(6)ep(6)apJ(A) = 47T48ae€cf)\e)\f/d& df sin « .

— 47r45aescf)\e)\f/da dp sina 2{ Ns) xDJ }
— 47r45aeecf)\e)\f / dadf sin a o zf_yy [Jz, [Jy, Oy, B0x, A H

This expression is manifestly symmetric in a, ¢, but manifestly antisymmetric in B, D.
The anticommutator {(&_).p, (&_ ).z} thus vanishes.

In conclusion we find that {&,4, Sy} does not vanish for the interacting represen-
tation, but it closes onto a gauge transformation. Our proof depended crucially on the
assumption of vanishing central charge for all objects we act upon. Let us introduce the
generator of a gauge transformation with gauge parameter X

B[X] = 7? / d*M AT ([X, J(A)]J(A)). (4.41)

Our final result reads
{6aA, 61,3} = 5ab®[8A83J(0)]. (442)

We now turn to the commutator of two generators S acting on a source J (A). We
consider the anti-commutator of Gy with &, yielding

{(&)2, (@Jr)gl}j = —27r2/ d*n'do 56&”2A Tr{ — XepP [51dj1, jg]
= Xinf [, Oaacka] + 0P @A), ] + 0P XBa T, o) b (4.43)
Using (4.11,4.12) this can be transformed to

{(&)2, (6+);-)4}j = —27r2/ d*n/dacemg Tr{ XenfB cot o [0, ], Jo]

n Xl;n/B tan a [Jl, Dy Jg] + 5077 sin av [Jl, jg]} . (4.44)
The relevant term for the commutator {S%, @g‘} is the sum

{(60)7, (6:);'} +{(64)7, (Go);'} - (4.45)

We split the commutator into its symmetric and antisymmetric part

SEA = {(80),(84)))}, AP =&)Y, (81),")
{60, (G} +{(6)F, (Go)f} = e, AP + 554,
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where

XWUB) — xAB | xBA XWMBl = xAB _ xBA (4.46)
Expanding A; and 7y according to (3.12) and using antisymmetry under the shift
CtHg—C(, 77/'_>_77/7 (447)

it is straightforward to show that the symmetric piece of (4.45) vanishes. The antisym-
metric part reads

ABAJ = 7r2/ d*n'da Tr { sina (050 — nPn' )| cot a X[:Jy, Jo] — tan o X[ Jy, 5¢j2]}
—2sina (pn® — )i, Bl (448)

Expanding 7, and using (anti-)symmetry of some parts of the integral under (4.47), this
can be written as

ABAJ = g2 / d*n'do Tr { — " Ay'B [cot ajxé[éc-jl, Jo] — tan ozjxé[jl, 5C-j2]]
+ O = Py, R (4.49)

We can now use an analogue of (4.36) for 1’ # 0:

dJ 1 A
! = cot a(2)\ 81 & + 27]1 81 E — 2)J1 _—n’Ec%;Jl,
do sin o cos &
dJa _ —tan a(2X\s0s 4+ 2050y p — 2)J5 + b g (4.50)
do 2026 T 212 O2.B 2T Snacosal % '

Replacing A\°0; in (4.49) by means of (4.50) and making use of the identities
/d477'da Trn’An’BnE<[8jEj1,j2 + [jl,ﬁ}gjg]) = /d477'daTr77 0P, Jy),  (4.51)
/d4n’daTr7]'A ([3EJ1,J2] [j175’Ej2]>
= /d47}'doz Te /'8 (tan o — cot a)[J1, Jo], (4.52)

we obtain

. d
ABAJ = —7r2/ d*n'da Tr %n’An’Bd [J1, Jo] =7 / d*n'n' '8 Te[J(0,7), J(A)],
(4.53)

which amounts to a gauge transformation, cf. (4.41). o
We refrain from explicitly calculating {&,, &} since the result for {S4, S/} can
alternatively be obtained by conjugation of {S,4, Syp}:

(64,65} = £,;,6[0°0"1(0)], (4.54)
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where J is a complex conjugate source field depending on conjugate odd variables 4. The
latter are related to the original odd variables n* through an odd Fourier transformation
(cf. Section 3.2)

J(A) = / a' exp(n*7a) J(A). (4.55)

Converting back to the original source J we obtain

949" J(0) = / d'nn*n®J0,n) =1 / d*'nn*n"n°nP0c0pJ(0) = Le*PPH0p.J (0)
(4.56)
and thus o
{6,687} = 12,,ePP6[0c0pJ (0)). (4.57)

Finally we should mention that the inclusion of negative energy particles discussed
in Section 3.3 leads to additional gauge transformation terms.

4.6 Commutators involving ‘B and K

In order to evaluate the commutator of & and Q we can make use of Ry, = 1{S,p, G}
and the Jacobi identity to find

[Raa, Q"] = —1[{&7,2"}, 6.5 — L[{Q", 8.5}, 67]. (4.58)

The algebra of supercharges ensures that the first term vanishes and that the second
terms yields B B
[Raa, Q] = =3 [-0!R4p + 162630, 87 = 6267 (4.59)
In other words this relation follows from consistency of the algebra and there is nothing
to be shown concerning the corrections to K. The commutators of & with Q can be
derived analogously . .
[Roa Q%] = 006 . (4.60)

Finally, the commutator of & with 8 follows expressing the latter in terms of 9 and Q
and employing the Jacobi identity

[Raa, B = {[Raa, {9, Q%)) = 1{Q™ [Raa, QU]} + 1{Q%, [Raa, Q). (4.61)
By means of the identities above this results in
(R, P = 2L, + 6080, + 0L80D (4.62)

as expected. B
For evaluating the commutator between & and &, express K in terms of & and &
and use the Jacobi identity to find

5g[ﬁad7 GbB] == [{6aA7 65}7 6bB] - _[{6b37 GO,A}? 65] - [5gﬁbd7 6(114] . (463)

By contracting once C' with B and once C with A and taking a linear combination, we
obtain

[Rair Sva] = & [{Gvs, Sua}t — 4{Ssa, Sap}, SPl. (4.64)
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Substituting the gauge transformation (4.42)
[ﬁaa, SbA] _5ab[ [GAGBJ(O)], 6(18} = eabéﬁ[@A@J(O)]. (465)

which amounts to a new gauge transformation &[949,J(0)].
For the commutator between & and & one finds in complete analogy with (4.63)

03 [Ras, 6}'] = {Gan, 67}, 67 = —[{6F, &}}, Gaal — [04 8, 651 (4.66)

Again taking a linear combination of the two possible contractions of this equation and
using (4.57), we obtain again a gauge transformation

[ﬁaiﬂ 6;,4] - % [{62?7 éf} - 4{6('137 é?}7 GGB} = %5d68ABCD [® [aCaDJ(O)]’ GaB]

= —1¢,;e"PP®[0,05000pJ(0)] . (4.67)

Finally, using the above results, we find that also [R.q, &;;] amounts to a gauge
transformation:

[ﬁadm Rbb] - %[Rada {sz‘h é:}] - %{6247 [ﬁada GbA]} + i{GbA7 [6?7 ﬁad]}
= Lea {6}, 6[8A5-J( N} + e, PP {Gpa, 8[0,05000p T (0)]}
= 5ab®[5d5j)t](0)] 8 bEABCDQ5[a 8;,8A83808DJ( )] (468)

a

To conclude we summarise the algebra relations closing onto gauge transformations
(4.41)

{Gaa, Gip} = €ab@[3AaBJ( ),
{67.6]} = 3e44e" 7P B[0c0p I (0)],
[Raau 6bA] - 5(11)6[81486“]( )]7
[Ras, 61] = — ke e'PP [0, 83608DJ( )],
[Rads Ry = €ab®B[0:0,(0)] + 212,362 B[0,0004050c0p T (0)].  (4.69)

a

The commutators of P with the supercharges follow analogously to the above com-
mutators with K. Note that momentum conservation is not quite sufficient to show the
correct closure of these commutators.

5 Exact Superconformal Invariance

We would now like to extend the previous considerations, Sec. 3.1 and Sec. 3.2, to the
case of general tree amplitudes. We expect to find the obvious generalisation

JoAnk + I+ A1k +I-Ap_1p—1 +I4-Ap_2r-1 = 0. (5.1)

This gives rise to the pattern of relations shown in Figure 7 whereby a given amplitude
is related to higher point amplitudes by the action of the deformed generators. As we
have seen explicitly in the cases of MHV or MHV amplitudes the anomalous terms arise
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Figure 7: Illustration of the recursive action of the deformed generators.

from collinear singularities seen by Jo which are then in turn removed by J, or J_ as
appropriate. In fact it is well known that the collinear behaviour is governed by the
universal splitting functions and so we expect that the action of the deformed generators
is easily extended to the most general case. There are in principle contributions from
other kinematic singularities which in principle need to be considered however none of
these turn out to be relevant for the action of the generators. We here start our discussion
with the concrete example of the six-point NMHV amplitude which as we will see has, in
addition to the collinear singularities, mutiparticle poles as well as apparent “spurious”
singularities which are non-physical and merely due to the methods for deriving the
expressions.

5.1 Six-Point NMHYV Amplitudes

For the case, Agz = AFMHV| that is to say, of six-point NMHV amplitudes, we expect
that the action of & on the amplitude should be given by,

GoARMIY 1 &AMV =0, (5.2)

where in particular we note that the generator relates the six-point NMHV amplitude
to the five-point MHV. We follow [39] (see also Appendix A for relevant definitions) and
write the six point NMHV amplitude as

AGNMHV = AI(;/IHV<%R146 + CyCliC (53)
where there are several representations of Ry45. One that is particularly useful is

Riss = c1460*(Z146) (5.4)
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where

o (34)(56)
MO w3, (114 4] (3]23616] ((45) (61))3[45][56]
Eihe = (61)(45) (n;'[56] + 115(64] + n[45]) , (5.5)

which is a specific example (after a little manipulation) of the general formula

Rpgr = Cpgr & (Zpar) s

(q—1,q)(r — 1,T>

Coqr = ,
2 Pl ey @rg-1]g — 1Pl Trgl @) (PlTpeTar-1|r — 1) (Pl Tpgzr|T)
r—1 qg—1
S = (0l | Zogar D1+ Ty 3 L. (5.6)
i=p 1=p

Now we want to consider the action of & on this amplitude and specifically the
anomaly contribution coming from the action of @ on 1/ terms in the R, terms. As
always one can use cyclicity to consider a specific leg, for concreteness we consider the
X¢ terms. There several different possible contributions to the anomaly terms:

1. from singularities that occur from multi-particle singularities when linear combi-
nations of momenta such as (ps + ps + ps) become null. These singularities are of
the form A\g\¢ and so do not contribute to the anomaly.

2. from singularities of the form (3|x4|6] which occur when py + ps is any linear
combination of p3 and pg. In fact these singularities are spurious and cancel when
we consider the full amplitude as can be explicitly seen in e.g. [53,54, 20,22|. For
a recent discussion of these singularities in the twistor space approach see [11].

3. Collinear singularities due to [56] type terms.

It is this last class that actually gives rise to the relevant physical singularities gen-
erating the anomaly terms and that we will consider. For completeness the complete R
terms are

1 (34) (56) (61) (45)

1 4
5 (R146 + R251 + R362> - 5 x%4<1|$14’4]<3|x36|6] [45] [56] d (7]4[56] —+ 775[64] + 776[45])
(45)(61)(12)(56) \
13- (2| 295]5] (4] 242]1][56] [61]5 (15[61] + n6[15] + m1[56])
(56)(12)(23)(61)

235(3|z36|6] (5] x53/2] [61][12]5 (n6[12] 4 11[26] + 12[61])

(5.7)
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and the anomaly term from the [61] denominator factors are, from the second and third
lines, and from the [56] terms in the first and second lines give

(Go)aBA6NMHV = g/;!i[d44AkTr([J67alle]J2J3J4J5)
04 (Ps)0%(Qe)

(12)(23)(34)(45)(56)
{ (45)(56)(12)

35 (2|35|5] (4]742[ 1] [56]
(56)(12)(23)

36 (3]4616] (53] 2] [12]

0%((61))eaAg

0% (16[15] + m[56])

0% (16[12] + m[26]) | - (5.8)

Using manipulations identical to previous sections this can be rewritten as

5
, , (54 P! 58 Q/ .
(60>aBA6NMHV = 27'('2 / H d4|4/1kd4‘4/11d06d477 <1,2><2(3>?z>))4>(<4§>)<51/> 64(77 )gab)\lgi
k=2

- 0
x Tr([J(A6, 7). (977_BJ()\1’ m))JadsJs5), (5.9)
1

where we have evaluated the 6%((16)) and made use of the definitions A\; = \| sina, A\g =
N, cos @, g = 1} sina—n' cos a, g, = 1} cos a—n' sina.. This is consistent with &M AMHV
using the expression (3.24) calculated from the action of & on MHV amplitudes and
thus we see that (5.2) does indeed hold. We now calculate the action of the undeformed
generator G on the six-point NMHV amplitude. In this case we expect to find that

Go A + &, ATMIY =0, (5.10)

It is convenient to choose a slightly different writing of the six-point amplitude using the
formula (5.6)

ANMIV = ANV N Ry (5.11)

2<s,t<n—1

where we sum over all s and ¢ such that s # ¢ + 1 mod n. For the specific case of
six-points we take
ATV — AMV( Ry + Reos + Ress) (5.12)

and look for anomalous terms arising from the action of 9 on inverse powers of A\. We use
cyclic symmetry to consider only Ag and as in the previous case there are several possible
sources for anomalous contributions, however, and again as in the previous discussion
only those singularities arising from collinear singularities are relevant. Noting that
Rgoy ~ (61), Rgos ~ (65)(61) and Rgzs ~ (65) we see that the only contribution from
the singularity at A\g oc A5 comes from the Rgoy term and similarly the only contribution
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from the \g ox A\ singularity comes from the Rg35 term. Thus we find,

6
(Go) AFMHY = —W/Hd44/1k Tr(Jy ... Jg)d*(P)o®(Q)ng
k=1

b
5ab>‘5 Re24

2 2 €4\ Ross
x (5 () Gnaz) s~ ) aay (56>) |

(5.13)

Evaluating the delta functions, using 6%(Q’)Ri24 = 6%(Q') R135, relabelling the momenta
and removing the phases we end up with

5
(So)5 AGMY = —272 / [T d"" Axd Aydad" sy Tx([Js, J1] .. . Js)
k=2

B P@ <—<1f;§565}§;‘,>> .10

which is again consistent with the previous expressions for &.

5.2 General Tree Amplitudes and Splitting Functions

It is useful to analyse the necessary behaviour of generic amplitudes so that our above,
Sec. 5.1, results generalise. As discussed, the important behaviour occurs when two par-
ticles become collinear. For concreteness we consider the case where particle n becomes
collinear with particle 1 with the scaling

An — €N sina, A1 — A cosa (5.15)
and the redefinitions
Nn =1 cosa + ey sina, m = 1) cosa — ey’ sin a. (5.16)
We postulate that a generic amplitude scales as

e secacsc

‘1”11 - <n1>
e sec acsc o

[n1]
+ finite terms, (5.17)

An,k<A17 s 7An) An717k</1/17 A27 s 7/17171)

54(77/)14%1,1@71(/1/17 Ao, ... 7An71)

and with similar scaling in all other collinear limits. Now assuming that the anomaly
only receives contributions from the collinear singularities and that they scale as above
it is straightforward to show that

n—1
(éo)aAA[J] = —2n? Z H d4|4/1kd4‘4/1/1 /dad47]/6abAanlAn—l,k<Alla o Any)
n k=2

X Te([J(An, ), S (A, )] - Tnt) (5.18)
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Figure 8: Schematic of the on-shell recursion relation for a general tree-level
amplitude. The shifted momenta are denoted by thickened legs and the sum is
over the product of subamplitudes which split the shifted legs.
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Figure 9: Illustration of the three positions of collinear legs in the recursion
relations for the collinear legs chosen to be different than the shifted legs.

and similarly

n—1
(S0)anAlJ] = 20> " J[ d*Apd™ A, / dod ey N6 () An_1 (A .. Apy)

n k=2

~

X TI'([J()\n, 7771)7 771714(]()\1, 7’]1)] Ce Jn—l) (519)

which are both consistent with the expressions from the previous sections (as before we
have removed the phases so that A\, = A\|sina, n, = 7] sina + 1’ cos @ and by passing to
the projection jn)

A convenient way to study arbitrary tree level amplitudes is to make use of the BCFW
recursion relations [13]. For our purposes the superspace versions [14-17] are particularly
useful and indeed particular collinear limits of generic tree-level amplitudes, using the
form found from the superspace recursion relations, were analyzed in [18]|. In fact, to
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verify the above collinear structure one does not need to explicity solve the recursion
relations as in [18] but can simply to make use of an inductive argument with the initial
step being provided by the MHV and MHV amplitudes considered previously. In the
derivation of the BCFW relations one performs complex shifts of two of the external
legs, say j and k, and studies the resulting singularities. The resulting poles relate the
amplitude to the sum over products of subamplitudes with the momenta §uitably shifted,

shown schematically in Figure 8. Following the usual procedure we shift S\j = S\j —i—sz:\k,

and A, = Ay — zp,,Aj; In the superspace version we also shift the Gramann variables so
that 7; = n; + zp, . mx. The resulting recursion relation can be written as

1
Ap(Ay, .. Ay) = / d*P,, / d4nmeALﬁAR. (5.20)

with 10

~

AL == An—(s—r)—‘rl(‘ .. ,Aj, ce ,A,«, —AI}TS, AS+1)
A = A i (A, Ay Argrseo o Ay ). (5.21)

The shift parameter is determined by demanding the subamplitudes in each term are
on-shell. This is ensured to be the case if

s 2
(prs)z = ( Z )\kS\k — ZPTS)\jS\k> - O (522)

k=r+1

We now want to consider the resulting behaviour as two legs become collinear and to
show that if all n-point amplitudes have the required behaviour all the (n + 1)-point
amplitudes will too. This is simply a rewriting of the known universality of the splitting
functions governing the collinear limit, [55,54], to the superspace notation via the BCFW
recursion relations. In fact if the legs becoming collinear, again let us choose n and 1, are
different than the shifted legs j and k it is easy to see that the recursion relation (5.20)
guarantees that this will be the case. There are three separate cases, as shown in Figure 9;
when both collinear legs are on the left hand subamplitude A; which has the correct
scaling by assumption, secondly when the collinear legs are on different subamplitudes
so there are no singularities and this term is subleading, finally when the two collinear
legs are on the right hand subamplitude Ag has the correct scaling.

6 Conclusions and Outlook

In this paper we have considered superconformal invariance of scattering amplitudes in
N = 4 SYM at tree level. As the model is exactly superconformal, classically as well
as quantum mechanically, observables ought to respect this symmetry. However, scat-
tering amplitudes display collinear singularities which obscure the symmetries: At loop

10For this formula to be valid we must include in the sum three-point functions which are non-vanishing
for complex momenta. We must thus extend our earlier definition of A4,, to be A3 = Az 1 + As o for this
special case.
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level they cause IR divergences which superficially break conformal symmetry. Further
scrutiny reveals that collinear singularities even break naive conformal symmetry at tree
level. This breakdown is easily overlooked because it only happens for singular config-
urations of the external momenta. In order to understand the symmetries of scattering
amplitudes at loop level, it is crucial to first obtain complete understanding at tree level.

Here we have proposed to deform the free superconformal generators Jg to classical
interacting generators, cf. Figure 6,

J=J0+ 3+ +J-+J4—. (6.1)

The correction terms cure the breaking of superconformal symmetry at collinear singular-
ities. They are what is known as non-linear realisations of symmetry; as operators they
act linearly, but they transform one field into several fields. For scattering amplitudes
it means that anomalous terms in the action of the free generators are compensated by
the interacting generators acting on amplitudes with fewer legs.

We should note that the structure of singularities in tree level scattering ampli-
tudes are well understood. In general they correspond to internal propagators going
on shell meaning that the overall momentum of a subset of the external particles be-
comes light-like. They can be classified into two-particle and multi-particle singularities:
Multi-particle singularities are codimension-one and do not lead to a conformal anomaly.
Conversely, two-particle singularities in Minkowski signature require the particles to be
collinear. Collinearity is a codimension-two momentum configuration which leads to the
conformal anomaly. Collinear singularities can be expressed through splitting functions
times an amplitude with one leg less. The conformal properties of splitting functions are
understood. It is also known how certain soft momentum limits of the amplitudes are
related to conformal symmetry. Arguably our proposal constitutes a reformulation of
what has been known about conformal symmetry for a long time. In fact, the correction
terms in (6.1) can be understood as the action of the free conformal generators on the
splitting functions (5.17). Nevertheless we believe that it is a useful formalisation of
classical conformal symmetry in view of extensions to the loop level.

Importantly we have shown that the deformations form a proper representation of
psu(2,2|4) superconformal symmetry. Actually, the algebra does not close exactly but
only modulo field-dependent gauge transformations. This behaviour is not unexpected,
it is rather very common in gauge field theories. Here only the commutators of special
superconformal generators &, &, £ yield gauge transformations. In a way this appears
to be the dual of the very non-linear terms in classical interacting gauge covariant super-
symmetry transformations, 9, Q,9. The latter act on the fields while our representation
acts on the dual sources noting that an algebra automorphism maps between &, &, &

and Q,9,P.

An important insight is that conformal invariance not only constrains the functional
form of the amplitudes, but it also constrains their singularities. In particular, invariance
of the singularities requires cancellations between amplitudes with different numbers of
legs, cf. Figure 7. Hence, it does not make sense to consider an amplitude with a fixed
number of legs on its own, but only all amplitudes at the same time, e.g. in the form of
a generating functional (2.14). Therefore symmetry considerations can to some extent
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replace field theory computations which may become a very beneficial feature at higher
loops.

Symmetries become even more pronounced in the planar limit where the supercon-
formal algebra apparently extends to an infinite-dimensional Yangian algebra. Yangian
symmetry leads to further constraints which prohibit certain superconformal invariants.
In fact, only few invariants (up to anomalies) of the free Yangian are known [39,15,43].
The tree level amplitude can be written as a linear combination of these, but the coef-
ficients are undetermined by symmetry. Although we have not shown this explicitly, we
are confident that full classical Yangian symmetry (see [56] for interacting Yangians)

Jo =2 updens (6.2)
k<t=1

where Ji g are the classical generators in (6.1), leads to a unique invariant which is
precisely the tree scattering amplitude. The point is that the naive invariants of the
free Yangian have spurious singularities which are due to some decomposition of the
amplitude into partial fractions. Physicality requirements can be used to argue for the
right linear combination. Our approach is different in that we merely rely on symmetry:
Spurious singularities are seen by the free generators, but they are not cancelled by any
interaction terms. Hence they should cancel among themselves leaving only the correct
physical singularities.

Note that we can easily argue for complete Yangian invariance of the tree scatter-
ing amplitude. According to (6.2) the level-one momentum generator P (also known
as the special dual conformal generator) relies only on the superconformal generators
B,0,9,8 9. All of these are free from holomorphic anomalies and receive no clas-
sical corrections, thus P equals its free representation for which invariance was shown
in [39,15,43]. All the other Yangian generators are obtained from commutators with
superconformal generators. Note that for completeness one should prove that (6.2) sat-
isfies the Serre relations of the Yangian algebra. This would show that the closure of the
algebra generated by (6.1,6.2) is indeed a Yangian not some other infinite-dimensional
algebra.

Again, our interacting representation of the Yangian at tree level does not add much
to what is known already. It would demonstrate its full power only when quantum
corrections are included: If there is a unique invariant at tree level, we expect the same
to hold true at loop level. This would imply a complete determination of scattering
amplitudes in planar N = 4 SYM at all loops. The price to be paid is the determination of
corrections to the Yangian generators. This may or may not be simpler that determining
the amplitude itself. Yet the formulation as a symmetry could ultimately enable certain
non-perturbative statements, e.g. on the structure of singularities.

The possibility of a unique Yangian invariant scattering amplitude is also exciting
for the spin chain point of view. When considered as a spin chain state, the scattering
amplitude would be a representation of the unit operator of the quantum mechanical
spin chain model. A Bethe ansatz based on this vacuum state could lead to a derivation
of the exact spectrum of planar anomalous dimensions alternative to the proposal in [57]
and follow-up works.
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There are several issues deserving further investigation:

We did not consider conformal inversions in our work. These can be used to define
conformal boosts as shifts conjugated by conformal inversions. Free shifts do not receive
classical corrections, consequently conformal inversions should carry those corrections
necessary for conformal boosts in this picture. It is however not a priori guaranteed that
conformal inversions are exact symmetries. Are scattering amplitudes invariant under
the superconformal group including inversions or merely under the component connected
to the identity?

It would be desirable to prove that classical Yangian symmetry determined the tree
scattering amplitude uniquely. Can one show that there is only a single invariant?

The proposed corrections to superconformal symmetry are based on the holomorphic
anomaly which requires a spacetime with (3, 1) Minkowski signature. Many works on tree
level scattering amplitudes make use of a twistor transform which can only be defined
in (2,2) signature. It would be interesting to find out whether our results can also be
formulated for this split signature. Clearly, the holomorphic anomaly would have to be
replaced by something else. One could contemplate to postulate the equivalent of (3.5).
Alternatively one could try to find alternative anomalous terms in the action of the free
generators. In the spinor helicity framework it is not immediately clear how to define
such terms but in the twistor space representation the various signum factors [9, 10]
do give rise to singular contributions when two spinors become collinear. Cancellations
then might involve also three-leg and two-leg amplitudes in this signature. Moreover, we
expect that N"'!MHV amplitudes would play a role; like the three-leg amplitudes these
have a restricted support in momentum space.

The interacting representation of superconformal symmetry does not rely on the pla-
nar limit or on integrability and therefore one may wonder if similar formulations can
be obtained for field theories with less supersymmetry. In particular, all tree scattering
amplitudes in pure N' < 4 supersymmetric gauge theories (including pure Yang-Mills
at N = 0) equal the restriction of the N' = 4 counterparts. Also the truncation of the
classical psu(2,2|4) representation to su(2,2|N') is consistent. It is a proper represen-
tation that annihilates all truncated amplitudes. This appears to work independently
of the conformal anomaly at one loop due to a non-trivial beta-function. It is however
not immediately clear whether one can add massless matter to A < 4 field theories and
still obtain a proper representation of conformal symmetry which annihilates all tree
amplitudes.

Finally, we would like to mention the possibility of establishing a similar framework
for N = 8 supergravity. In this model the E7(7) global symmetry has features reminiscent
of the special conformal symmetries including relations between amplitudes with different
numbers of legs, the behaviour in collinear and soft limits (see e.g. [16]) as well as the
structure of generators and their algebra, (see e.g. [58]).
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A Conventions

e We will mostly consider the (3,1) signature (+ — ——). The positive and negative
chirality spinors are denoted by \*, @ = 1,2 and \%, @ = 1, 2.

e We have for the antisymmetric two tensor: €15 = —e9; = 1 and 2! = —¢!2 =1

so that £%g,, = 0¢. The antisymmetric four tensor eABCD g defined such that

61234 — £19234 = +1.

e We define the positive chirality spinor brackets (A, A2) = eapNiAS and the neg-
ative chirality brackets [A1, Ao] = €,;A\¢\5. The same conventions apply for the
abbreviations (ij) and [ij].

e A four-vector p, can be thought of as a bi-spinor p** = (¢#)%p, which for light-
like vectors can be written as p* = A*\* for some spinor A. In (3,1) signature
demanding that p, be real implies that A = +). Where when Py is a particle four
momenta the sign corresponds to positive and negative energy.

e It is useful to introduce the dual variables (z;)%¢, i = 1,...,n defined by z; —
xir1 = p; satisfying the condition x,.1 = x;. We make use of the shorthand
Tps = Tp — Ty = Zf;j pi. As well as

<p|wmn‘Q] = )\Z(xmn)ad)\g

<p‘xmn];kl‘q> = )\Z(xmn)ad<$kl (Al)

e For treating complex variables the convention for the measure is d*z = dxdy where
z = x +1y. We define derivatives 0 and 0 so that 0z = 1 and dz = 0 etc. We also
define

/sz P(z)=1 (A.2)

so that §%(z) = 6(2)d(y). This implies for the holomorphic anomaly that
— = =76%(2). (A.3)

This can be easily seen, and the overall coefficient fixed, by making use of Green’s

theorem 9 1 ‘ .
/ d?z — - = —Ej{ dz —. (A.4)
R 0z z 2 Jor  z
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We assume that we are in (3, 1) signature and we treat the A*’s as complex variables
so that d*\ = d?\! d?\2. In particular it is defined so that

5((\ ) = / P25\ — 2p) (A5)
and

/d4)\62(<)\,u))f()\,5\):/d4/\d2264(/\—zu)f(/\,5\):/d2zf(zu,2ﬂ). (A.6)

GraBmann integration is defined as [dn = 0 and [dn n = 1. The odd delta
function is consequently defined as d(n) = 7. Integral over all four n’s is defined
as d*n = dn* dn* dn® dn* and the odd delta function such that [ d*nd*(n) = 1.

The superspace integration measure, d**A, is defined to be d**A = d*\ d*n.
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