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Abstract

We study a special sort of 2-dimensional extended Topological Quantum Field Theories
(TQFTs) which we call open-closed TQFTs. These are defined on open-closed cobordisms
by which we mean smooth compact oriented 2-manifolds with corners that have a particular
global structure in order to model the smooth topology of open and closed string world-
sheets. We show that the category of open-closed TQFTs is equivalent to the category of
knowledgeable Frobenius algebras. A knowledgeable Frobenius algebra (A, C,1,1™) consists
of a symmetric Frobenius algebra A, a commutative Frobenius algebra C', and an algebra
homomorphism 2: C — A with dual +": A — C, subject to some conditions. This result is
achieved by providing a generators and relations description of the category of open-closed
cobordisms. In order to prove the sufficiency of our relations, we provide a normal form for
such cobordisms which is characterized by topological invariants. Starting from an arbitrary
such cobordism, we construct a sequence of moves (generalized handle slides and handle can-
cellations) which transforms the given cobordism into the normal form. Using the generators
and relations description of the category of open-closed cobordisms, we show that it is equiv-
alent to the symmetric monoidal category freely generated by a knowledgeable Frobenius
algebra. Our formalism is then generalized to the context of open-closed cobordisms with
labeled free boundary components, i.e. to open-closed string worldsheets with D-brane labels
at their free boundaries.

Mathematics Subject Classification (2000): 57R56, 57M99, 81T40, 58E05, 19D23, 18D35.

1 Introduction

Motivated by open string theory, boundary conformal field theory, and extended topological quan-
tum field theory, open-closed cobordisms have been a topic of considerable interest to mathemati-
cians and physicists. By open-closed cobordisms we mean a category 2Cob®*" whose objects are
diffeomorphism classes of compact oriented smooth 1-manifolds, i.e. free unions of circles S' and
unit intervals I = [0,1]. The morphisms are certain compact oriented smooth 2-manifolds with
corners. The corners of such a manifold f are required to coincide with the boundary points 01
of the intervals. The boundary of f viewed as a topological manifold, minus the corners, consists
of components that are either ‘black’ or ’coloured’. Each corner is required to separate a black
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component from a coloured one. The black part of the boundary coincides with the union of the
source and the target object. Two such manifolds with corners are considered equivalent if they
are related by an orientation preserving diffeomorphism which restricts to the identity on the black
part of the boundary. An example of such an open-closed cobordisms is depicted here?,

(1.1)

where the boundaries at the top and at the bottom of the diagram are the black ones. In SectionB]
we present a formal definition which includes some additional technical properties. Gluing such
cobordisms along their black boundaries, i.e. putting the building blocks of ([IIl) on top of each
other, is the composition of morphisms. The free union of manifolds, i.e. putting the building
blocks of () next to each other, provides 2Cob™" with the structure of a strict symmetric
monoidal category.

Open-closed cobordisms can be seen as a generalization of the conventional 2-dimensional
cobordism category 2Cob. The objects of this symmetric monoidal category are diffeomorphism
classes of compact oriented smooth 1-manifolds without boundary; the morphisms are diffeomor-
phism classes of compact oriented smooth cobordisms between them.

The study of open-closed cobordisms plays an important role in conformal field theory if one
is interested in boundary conditions, and open-closed cobordisms have a natural string theoretic
interpretation. The intervals in the black boundaries are interpreted as open strings, the circles as
closed strings, and the open-closed cobordisms as string worldsheets. Here we consider only the
underlying smooth manifolds, but not any additional conformal or complex structure. Additional
labels at the coloured boundaries are interpreted as D-branes or boundary conditions on the open
strings.

An open-closed Topological Quantum Field Theory (TQFT), which we formally define in Sec-
tion @ below, is a symmetric monoidal functor 2Cob™" — C into a symmetric monoidal category
C. If C is the category of vector spaces over a fixed field k, then the open-closed TQFT assigns vec-
tor spaces to the 1-manifolds I and S', it assigns tensor products to free unions of these manifolds,
and k-linear maps to open-closed cobordisms.

Such an open-closed TQFT can be seen as an extension of the notion of a 2-dimensional
TQFT [2] which is a symmetric monoidal functor 2Cob — C. We refer to this conventional notion
of 2-dimensional TQFT as a closed TQFT and to the morphisms of 2Cob as closed cobordisms.
For the classic results on 2-dimensional closed TQFTs, we recommend the original works [3-5]
and the book [6].

The most powerful results on closed TQFTs crucially depend on results from Morse theory.
Morse theory provides a generators and relations description of the category 2Cob. First, any
compact cobordism ¥ can be obtained from gluing a finite number of elementary cobordisms
along their boundaries. In order to see this, one chooses a Morse function f: ¥ — IR such that all
critical points have distinct critical values and considers the pre-images f~1([zg —,20 +¢]) C 2
of intervals that contain precisely one critical value zy € R. Each such pre-image is the free union

of one of the elementary cobordisms,
VAN a3

31In order to get a feeling for these diagrams, the reader might wish to verify that this cobordism is diffeomorphic
to the one depicted in Figure 1 of [1].
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with zero or more cylinders over S'. The different elementary cobordisms ([CA) are precisely the
Morse data that characterize the critical points, and the way they are glued corresponds to the
handle decomposition associated with f. The Morse data of (L) provide the generators for the
morphisms of 2Cob. Our diagrams, for example ([l), are organized in such a way that the
vertical axis of the drawing plane serves as a Morse function, and the cobordisms are composed
of building blocks that contain at most one critical point.

Second, given two Morse functions fi, fo: ¥ — R, the handle decompositions associated with
f1 and fo are related by a finite sequence of moves, i.e. handle slides and handle cancellations.
This means that there are diffeomorphisms such as,

12

(1.3)

which provide us with the relations of 2Cob. When we explicitly construct the diffeomorphism
that relates two handle decompositions of some manifold, we call these diffeomorphisms moves.
The example [C3) corresponds to a cancellation of a 1-handle and a 2-handle. Below is an example
of sliding a 1-handle past another 1-handle.

W ?@7 »

Whereas it is not too difficult to construct by brute-force a set of diffeomorphisms between
manifolds such as those in ([3)) and (), i.e. to show that a set of relations is necessary, it is
much harder to show that they are also sufficient, i.e. that any two handle decompositions are
related by a finite sequence of moves such as [[3) and (). In order to establish this result,
one strategy is to prove that there exists a normal form for the morphisms of 2Cob which is
characterized by topological invariants, and then to show that the relations suffice in order to
transform an arbitrary handle decomposition into this normal form. For closed cobordisms, this
is done in detail in [4,6].

In order to describe open-closed cobordisms using generators and relations, one would need a
generalization of Morse theory for manifolds with corners. Such a generalization of Morse theory
can be used in order to find the generators of 2Cob®™", and brute force can be used to establish
the necessity of certain relations. However, we are not aware of any abstract theorem that would
guarantee the sufficiency of these relations.

The first main result of this article is a normal form for open-closed cobordisms with an
induction proof that the relations suffice in order to transform any handle decomposition into
the normal form. As a consequence, for any two diffeomorphic open-closed cobordisms whose
handle decompositions are given, we explicitly construct a diffeomorphism relating the two by
constructing the corresponding sequence of moves.

The description of 2Cob®" in terms of generators and relations has emerged over the last
couple of years from consistency conditions in boundary conformal field theory, going back to the
work of Cardy and Lewellen [7,8], Lazaroiu [9], and Moore and Segal, see, for example [10,11], and
these results have been known to the experts for some time. The first result of this article which
we claim is new, is the normal form and our induction proof that the relations are sufficient.

This, in turn, implies the following result in Morse theory for our sort of compact 2-manifolds
with corners which has so far not been available by other means: The handle decompositions
associated with any two Morse functions on the same manifold are related by a finite sequence of
handle slides and handle cancellations.

Once a description of 2Cob®™" in terms of generators and relations is available, it is possible
to find an algebraic characterization for the symmetric monoidal category of open-closed TQFTs.
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Whereas the category of closed TQFTs is equivalent as a symmetric monoidal category to the cat-
egory of commutative Frobenius algebras [4], we prove that the category of open-closed TQFTs is
equivalent as a symmetric monoidal category to the category of knowledgeable Frobenius algebras.
We define knowledgeable Frobenius algebras in Section Bl precisely for this purpose. A knowledge-
able Frobenius algebra (A, C,1,*) consists of a symmetric Frobenius algebra A, a commutative
Frobenius algebra C, and an algebra homomorphism ¢: C' — A with dual +*: A — C, subject to
some conditions. This is the second main result of the present article. The structure that emerges
is consistent with the results of Moore and Segal [10].

The algebraic structures relevant to boundary conformal field theory have been studied by
Fuchs and Schweigert [12]. In a series of papers, for example [13], Fuchs, Runkel, and Schweigert
study Frobenius algebra objects in ribbon categories. Topologically, this corresponds to a situation
in which the surfaces are embedded in some 3-manifold and studied up to ambient isotopy. In
the present article, in contrast, we consider Frobenius algebra objects in a symmetric monoidal
category, and our 2-manifolds are considered equivalent as soon as they are diffeomorphic (as
abstract manifolds).

Various extensions of open-closed topological field theories have also been studied. Baas,
Cohen, and Ramirez have extended the symmetric monoidal category of open-closed cobordisms
to a symmetric monoidal 2-category whose 2-morphisms are certain diffeomorphisms of the open-
closed cobordisms [1]. This work extends the work of Tillmann who defined a symmetric monoidal
2-category extending the closed cobordism category [14]. She used this 2-category to introduce
an infinite loop space structure on the plus construction of the stable mapping class group of
closed cobordisms [15]. Using a similar construction as Tillmann’s, Baas, Cohen, and Ramirez
have defined an infinite loop space structure on the plus construction of the stable mapping class
group of open-closed cobordisms, showing that infinite loop space structures are a valuable tool
in studying the mapping class group. Other results on purely open cobordisms and their higher-
categorical structures can be found in [16,17].

The present article is structured as follows: In Section ] we define the notion of a knowledgeable
Frobenius algebra and introduce the symmetric monoidal category K-Frob(C) of knowledgeable
Frobenius algebras in a symmetric monoidal category C. We provide an abstract description in
terms of generators and relations of this category by defining a category Th(K-Frob), called
the theory of knowledgeable Frobenius algebras, and by showing that the category of symmetric
monoidal functors and monoidal natural transformations Th(K-Frob) — C is equivalent as a
symmetric monoidal category to K-Frob(C). In Section B we introduce the category 2Cob™"
of open-closed cobordisms. We present a normal form for such cobordisms and characterize the
category in terms of generators and relations. In Section Bl we define open-closed TQFTs as sym-
metric monoidal functors 2Cob™" — C into some symmetric monoidal category C. We show that
the category 2Cob®™" is equivalent as a symmetric monoidal category to Th(K-Frob) which in
turn implies that the category of open-closed TQFTs in C is equivalent as a symmetric monoidal
category to the category of knowledgeable Frobenius algebras K-Frob(C). In Section Bl we gen-
eralize our results to the case of labeled free boundaries. Section Bl contains a summary and an
outlook on open problems.

2 Knowledgeable Frobenius algebras
2.1 Definitions

In this section, we define the notion of a knowledgeable Frobenius algebra. We consider these
Frobenius algebras not only in the symmetric monoidal category Vect; of vector spaces over
some fixed field k, but in any generic symmetric monoidal category. Other examples include the
symmetric monoidal categories of Abelian groups, graded-vector spaces, and chain complexes.

Definition 2.1. Let (C,®,1,a, A, p,7) be a symmetric monoidal category with tensor product
®: C x C — C, unit object 1 € |C|, associativity constraint axy z: (X ®Y)®Z - X @ (Y ® Z),
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left- and right-unit constraints Ax: 1® X — X and px: X ®1 — X, and the symmetric braiding
Txy: X®Y =Y ®X, for objects X,Y, Z of C (in symbols X,Y, Z € |C]).

1. An algebra object (A, u,m) in C consists of an object A and morphisms u: A ® A — A and
1n: 1 — A of C such that:

ARA) @A —22" L AR (A® A)
M®id4l lidA@M
AeA A® A (2.1)
A
and
Tod—"20 L Agae 9 4qq
, (2.2)
Aa PA
commute.

2. A coalgebra object (A, A, ¢) in C consists of an object A and morphisms A: A — A® A and
g: A — 1 of C such that:

A

AR A AR A (2.3)

A®idAl lidA@A

QA AA
and
e e
A (2.4)
1®A e®id 4 A®A ida®e A® 1
commute.

3. A homomorphism of algebras f: A — A’ between two algebra objects (A, u,n) and (A, 1/, n’)
in C is a morphism f of C such that:

AgA—"— 4 L
fef f and f (2.5)

A/®A//4>A/ A
m
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commute.

4. A homomorphism of coalgebras f: A — A’ between two coalgebra objects (4, A, ¢) and
(A, A’ ¢’") in C is a morphism f of C such that:

A—2 L A®A A
f fof and f . (2.6)
AN—— s A A A _— 1

A’ €

commute.

Definition 2.2. Let (C,®, 1,a, A\, p,7) be a symmetric monoidal category.

1. A Frobenius algebra object (A, u,n,A,e) in C consists of an object A and of morphisms u,
7, A, € of C such that:

(a) (A,u,n) is an algebra object in C,
(b) (A4,A,¢) is a coalgebra object in C, and

(¢c) the following compatibility condition, called the Frobenius relation, holds,

AR A
A®id g ida®A
(A A)® A Iz AR (A® A)
QA A A A O‘Z,IA,A (2'7)
Aw(Aw A) A (Ao A)© A
AR A

2. A Frobenius algebra object (A, u,n,A,e) in C is called symmetric if:
EOl=€EONOT. (2.8)

It is called commutative if:
= poT. (2.9)

3. Let (A, u,n,Ae) and (A, 1/, n', A’,€") be Frobenius algebra objects in C. A homomorphism
of Frobenius algebras f: A — A’ is a morphism f of C which is both a homomorphism of
algebra objects and a homomorphism of coalgebra objects.

Notice that for any Frobenius algebra object (A, u,n, A, €) in C, the object A is always a rigid
object of C. In Vecty, this means that A is finite-dimensional.

The unit object 1 € |C| forms an algebra object (1, Ay,1dy) in C with multiplication Ay : 1®1 —
1 and unit id; : 1 — 1 as well as a coalgebra object (1, /\]l_l, idy ) defining a commutative Frobenius
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algebra object in C. Given two algebra objects (A, pa,na) and (B, ug,ngs) in C, the tensor product
(A® B, uagn,naes) forms an algebra object in C with,

paws = (pa®pp)oay'y popo (ida®aapp)o(ida® (tpa ®idp))
o(ida ® a5y p) © @A, B,AGB (2.10)
Mo = (Ma®np)oAy’ (2.11)

A similar result holds for coalgebra objects and for Frobenius algebra objects in C. Given two homo-
morphisms of algebra objects f: (A4, pua,na) — (A, par,na) and g: (B, up,ns) — (B, up,np’),
their tensor product f ® g: (A® B, pagn,Nagn) — (A @ B’ uagp ,Nargp) forms a homomor-
phism of algebra objects. A similar result holds for homomorphisms of coalgebra and of Frobenius
algebra objects.

The following definition plays a central role for the structure of open-closed TQFTs.

Definition 2.3. Let (C,®,1,a,\, p,7) be a symmetric monoidal category. A knowledgeable
Frobenius algebra A = (A, C,1,1*) in C consists of,

e a symmetric Frobenius algebra A = (A, ua,na,Aa,e4),
e a commutative Frobenius algebra C = (C, uc, ne, Ac,ec),
e morphisms 2: C' — A and +*: A — C of C,

such that +: C'— A is a homomorphism of algebra objects in C and,

pao(r®ida) =paoTaac(r®ida) (knowledge), (2.12)
ecopco(ide®1")=caopao(1®idy) (duality), (2.13)
HaoTAa A0 Ay =100" (Cardy condition). (2.14)

Condition [ZI3) says that +* is the morphism dual to :. Together with the fact that 2 is an
algebra homomorphism, this implies that +*: A — C' is a homomorphism of coalgebras in C.

If C = Vecty, the condition [IZ) states that the image of C' under ¢ is contained in the
centre of A, +(C) C Z(A). The name knowledgeable Frobenius algebra is meant to indicate that
the symmetric Frobenius algebra A knows something about its centre. This is specified precisely
by C, + and 2*. Notice that the centre Z(A) itself cannot be characterized* by requiring the
commutativity of diagrams labeled by objects and morphisms of C.

It is not difficult to see that every semisimple algebra A can be equipped with the structure of
a Frobenius algebra such that (A, Z(A),,*) forms a knowledgeable Frobenius algebra with the
inclusion 2: Z(A) — A and an appropriately chosen Frobenius algebra structure on Z(A).

Definition 2.4. A homomorphism of knowledgeable Frobenius algebras
01 (A,C1,0%) — (A, C' 00 (2.15)

in the symmetric monoidal category C is a pair ¢ = (1, ¢2) of Frobenius algebra homomorphisms
p1: A— A" and py: C — C’ such that

cC——C A— A
ll lz’ and 'L*l lz’* (216)
A= A C—

commute.

4We thank James Dolan and John Baez for pointing this out.
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Definition 2.5. Let C be a symmetric monoidal category. By K-Frob(C) we denote the category
of knowledgeable Frobenius algebras in C and their homomorphisms.

Proposition 2.6. Let C be a symmetric monoidal category. The category K-Frob(C) forms a
symmetric monoidal category as follows. The tensor product of two knowledgeable Frobenius
algebra objects A = (A4,C,1,2*) and A = (A',C’,7/,2/*) is defined as A@ A" == (A A,C®
C' 1@ 1" ®1"). The unit object is given by 1 := (1, 1,idy,idy ), and the associativity and unit
constraints and the symmetric braiding are induced by those of C. Given two homomorphisms
© = (p1,p2) and ¥ = (11,12) of knowledgeable Frobenius algebras, their tensor product is defined

as @ ® Y 1= (1 ® Y1, 2 @ V7).

2.2 The category Th(K-Frob)

In this section, we define the category Th(K-Frob), called the theory of knowledgeable Frobenius
algebras. The description that follows is designed to make Th(K-Frob) the symmetric monoidal
category freely generated by a knowledgeable Frobenius algebra, and the terminology ‘theory
of ..." indicates that knowledgeable Frobenius algebras in any symmetric monoidal category C arise
precisely as the symmetric monoidal functors Th(K-Frob) — C. This is in analogy to the theory
of algebraic theories in which one uses ‘with finite products’ rather than ’symmetric monoidal’.
Readers who are interested in the topology of open-closed cobordisms rather than in the abstract
description of knowledgeable Frobenius algebras may wish to briefly look at Proposition and
then directly proceed to Section

The subsequent definition follows the construction of the ‘free category with group structure’

given by Laplaza [18]. It forms an example of a structure slightly more general than an operad or
a PROP.

Definition 2.7. The category Th(K-Frob) is defined as follows. Its objects are the elements of
the free {1, ®}-algebra over the two element set {A, C}. These are words of a formal language
that are defined by the following requirements,

e The symbols 1, A and C are objects of Th(K-Frob).
e If X and Y are objects of Th(K-Frob), then (X ® Y) is an object of Th(K-Frob).

We now describe the edges of a graph G whose vertices are the objects of Th(K-Frob). There
are edges,

pa: ARA—A na:l—A A A—-ARA ex4:1— A,
we: CC —=C, nc:1—=0C, Ac:C—=CC, ec:1—C, (2.17)
1: C — A, 1A — O,

and for all objects X,Y,Z there are to be edges

axyz: (X@Y)eZ—-X® (Y ®Z), xy: XY —=-Y®X,

Ax: 11X —-X, px: X®1—-X, (2.18)
axyz: XY ®Z) - (XY)®Z, Txy:YX—->XQY,
Ax: X = 10X, px: X — XL (2.19)

For every edge f: X — Y and for every object Z, there are to beedges Z® f: Z X - Z®Y,
f®Z: X®Z—Y ®Z. These edges are to be interpreted as words in a formal language and are
considered distinct if they have distinct names.

Let H be the category freely generated by the graph G. We now describe a congruence on the
category H. We define a relation ~ as follows. We require the relations making (A, pa,na, Aa,c4)
a symmetric Frobenius algebra object, those making (C, uc, ne, Ac, ec) a commutative Frobenius
algebra object, those making 2: C' — A an algebra homomorphism as well as [ZI2), ZI3),
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and ([ZId). The relations making ax y z, Ax, and px satisfy the pentagon and triangle axioms
of a monoidal category as well as those making 7x y a symmetric braiding, are required for all
objects X,Y,Z. We also require the following relations for all objects X, Y and morphisms p, ¢, t, s
of H,

Xep)(X®q ~X®(pg), (PX)(q®X)~ (pg)®X,

2.20
tY)X®s) ~(X®s)(t®Y), idxgy ~X ®@idy ~idx ®Y, (2.20)

that make ® a functor. Then we require the relations that assert the naturality of o, \, p, 7, &, A, p, 7
and that each pair e and € of edges of the graph form the inverses of each other. Finally, we have
all expansions by ®, i.e. for each relation a ~ b, we include the relations a ® X ~ b ® X and
X ®a~ X ®b for all objects X, and all those relations obtained from these by a finite number
of applications of this process. The category Th(K-Frob) is the category H modulo the category
congruence generated by ~.

It is clear from the description above that Th(K-Frob) contains a knowledgeable Frobenius
algebra object (A4, C,1,1*) which we call the knowledgeable Frobenius algebra object generat-
ing Th(K-Frob). Indeed, Th(K-Frob) is the symmetric monoidal category freely generated
by a knowledgeable Frobenius algebra. Its basic property is that for any knowledgeable Frobe-
nius algebra A’ = (A’,C",,+*) in C, there is exactly one strict symmetric monoidal functor
Fyr: Th(K-Frob) — C which maps (4, C,2,1*) to (4',C",7/,/*).

An interesting question to ask is whether or not homomorphisms of knowledgeable Frobenius
algebras are induced in some way by Th(K-Frob). This question is answered by the following
proposition.

Proposition 2.8. Let C be a symmetric monoidal category. The category
Symm-Mon(Th(K-Frob),C) (2.21)

of symmetric monoidal functors Th(K-Frob) — C and their monoidal natural transformations is
equivalent as a symmetric monoidal category to the category K-Frob(C).

This proposition is the reason for calling Th(K-Frob) the theory of knowledgeable Frobenius
algebras. For easier reference, we collect the definitions of symmetric monoidal functors, monoidal
natural transformations and of Symm-Mon in Appendix [Al

Proof. Let (A, C,1,2*) be the knowledgeable Frobenius algebra generating Th(K-Frob), and let
1: Th(K-Frob) — C be a symmetric monoidal functor. It is clear that the image of (A, C,,2")
under v, together with the coherence isomorphisms g and 1o of ¥ = (1,13,1y), defines a
knowledgeable Frobenius algebra (1(A),¥(C), ¥(2),4(2*)) in C. The symmetric Frobenius algebra
structure on t(A) is given by

PY(A) = (Y(A), ¥(pa) o Yo, ¥(na) 0 Yo, Y5 " 0 Y(Aa), by ' 0tp(ea)). (2.22)
The commutative Frobenius algebra structure on ¢ (C') is given by
P(C) = (Y(C), ¥(pc) 0 ha, ¥(ne) 0 tho, 3 ' 0 Y(Ac), ¥ ' o v(ec)). (2.23)

This defines a mapping on objects

I': Symm-Mon(Th(K-Frob),C) — K-Frob(C) (2.24)
¥ ((A),$(C), (1), (")).

We now extend I' to a functor by defining it on morphisms.

If ¢: 9 = 7’ is a monoidal natural transformation, then ¢ assigns to each object X in
Th(K-Frob) a map ¢x: ¢(X) — ¢'(X) in C. However, since every object in Th(K-Frob) is the
tensor product of A’s and C’s and 1’s, the fact that ¢ is a monoidal natural transformation means
that the px are completely determined by two maps ¢1: ¥(A) — ¥'(A) and ¢3: Y(C) — ¢/'(C).
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The naturality of ¢ means that the ¢; are compatible with the images of all the morphisms in
Th(K-Frob). Since all of the morphisms in Th(K-Frob) are built up from the generators:

pa: ARA—A na:l—A A A—-ARA ex4:1— A,
we: CC —=C, nc:1—=0C, Ac:C—=CxC, ec:1—C, (2.25)
1: C — A, 1A — O,
(and the structure maps «, p, A, 7), naturality can be expressed by the commutativity of 10

diagrams involving the 10 generating morphisms of Th(K-Frob). For example, corresponding to
pa: A® A— Aand na: 1 — A, we have the two diagrams:

PY1Qp1 Pyt

B(A® A) s p(A) @A) W(A) @ (A) 2 p(Aw A)

w(#A)J J/w’(lm) (2.26)

Y(A) o V' (A)
w1 Py
pia) me (2.27)
(A) _ ¥(A)

which amounts to saying that (7 is an algebra homomorphism ¥ (A) — 1'(A). Together with the
conditions for the generators Ay: A — A® A and £4: A — 1, we have that ¢; is a Frobenius
algebra homomorphism from (A) to ¢’(A). Similarly, the diagrams corresponding to the gen-
erators with a C subscript imply that (s is a Frobenius algebra homomorphism ¢ (C) — ¢/(C).
The conditions on the images of the generators:: C' — A and +*: A — C produce the requirement
that the two diagrams:

P(C) ——=4'(C) P(A) —— 9" (4)
w(z)l lw/(z) and w(z*)l lw'(z*) (2.28)
P(A) — = ¢'(A) P(C) —=> ¢ (C)

commute. Hence, the monoidal natural transformation ¢ defines a morphism of knowledgeable
Frobenius algebras in C. This assignment clearly preserves the monoidal structure and symmetry
up to isomorphism. Thus, it is clear that one can define a symmetric monoidal functor I' =
(I',T2,Ty): Symm-Mon(Th(K-Frob)) — K-Frob(C).

Conversely, given any knowledgeable Frobenius algebra A’ = (A’, C’,+/,+"*) in C, then by the
remarks preceding this proposition, there is an assignment

I': K-Frob(C) — Symm-Mon(Th(K-Frob),(C) (2.29)
(A/,O/,’L/,Z/*) = FA'- (230)

where Fj/ is the strict symmetric monoidal functor sending the knowledgeable Frobenius alge-
bra (A, C,1,1*) generating Th(K-Frob) to the knowledgeable Frobenius algebra (A’, C’,4/,*)
in C. Furthermore, it is clear from the discussion above that a homomorphism of knowledge-
able Frobenius algebras ¢: A; — Ay defines a monoidal natural transformation ¢: Fy, — Fj,.
Thus, it is clear that T extends to a symmetric monoidal functor T' = (T, T, Ty): K-Frob(C) —
Symm-Mon(Th(K-Frob),C).

To see that I and T define an equivalence of categories, let A’ = (A’, C’,7’,//*) be a knowledge-
able Frobenius algebra in C. The composite TT(A') = T'(Fy/) = A’ since Fy is a strict symmetric

10



3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 11

monoidal functor. Hence, I'T = 1Th(K-Frob)' Now let ¢: Th(K-Frob) — C be a symmetric

monoidal functor and consider the composite I'T'(¢)). Let A= (1/)(14), Y(pa)othe, P(na) oo,y to
V(A4), 1/)0_1 o 1/)(5,4)) so that TT' () = F;. We define a monoidal natural isomorphism 9: ¢ = F;
on the generators as follows:

1911 = 1#1_17
Va = 1, (2.31)
190 = 1c.

The condition that ¥ be monoidal implies that Yaga = Yawc = Yoga = Vowc = w;l. Since
Th(K-Frob) is generated by 1 ,A, and C, this assignment uniquely defines a monoidal natural
isomorphism. Hence, I'T'(¢)) 2 ¢ so that " and I define a monoidal equivalence of categories. [

3 The category of open-closed cobordisms

In this section, we define and study the category 2Cob®** of open-closed cobordisms. Open-closed
cobordisms form a special sort of compact smooth 2-manifolds with corners that have a particular
global structure. If one decomposes their boundary minus the corners into connection components,
these components are either black or coloured with elements of some given set S. Every corner is
required to separate a black boundary component from a coloured one®.

These 2-manifolds with corners are viewed as cobordisms between their black boundaries, and
they can be composed by gluing them along their black boundaries subject to a matching condition
for the colours of the other boundary components. In the conformal field theory literature, the
coloured boundary components are referred to as free boundaries and the colours as boundary
conditions.

2-manifolds with corners with this sort of global structure form a special case of (2)-manifolds
according to Jénich [19]. For an overview and a very convenient notation, we refer to the intro-
duction of the article [20] by Laures.

In the following two subsections, we present all definitions for a generic set of colours S.
Starting in Subsection B3, the generators and relations description of 2Cob®™" is developed only
for the case of a single colour, S = {*}. We finally return to the case of a generic set of colours S
in Section B

3.1 (2)-manifolds
3.1.1 Manifolds with corners

An n-manifold with corners M is a topological manifold with boundary that is equipped with a
smooth structure with corners. A smooth structure with corners is defined as follows. A smooth
atlas with corners is a family {(Us, @a)},c; Of coordinate systems such that the U, € M are open
subsets which cover M, and the

Pa: Ua = pa(Ua) CRY (3.1)
are homeomorphisms onto open subsets of R := [0,00)". The transition functions
¢5 095"t pa(Uas) = 05(Uap) (32)

for Uyap := Us NUg # () are required to be the restrictions to R} of diffeomorphisms between open
subsets of R™. Two such atlases are considered equivalent if their union is a smooth atlas with
corners, and a smooth structure with corners is an equivalence class of such atlases.

A smooth map f: M — N between manifolds with corners M and N is a continuous map
for which the following condition holds. Let {(Ua,¥a)}aer and {(Vs,15)} 5c; be atlases that

5In this terminology, black is not considered a colour.

11



3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 12

represent the smooth structures with corners of M and N, respectively. For every p € M and for
every a € I, 3 € J with p € U, and f(p) € V3, we require that the map

V0 f oo pnwans-1(va)): PaUa N fH(V3)) = ¥s(f(Ua) NV3) (3.3)

is the restriction to R of a smooth map between open subsets of R™ and R” for some m and p.

3.1.2 Manifolds with faces

For each p € M, we define ¢(p) € Ny to be the number of zero coefficients of ¢,(p) € R"
for some a € I for which p € U,. A connected face of M is the closure of a component of
{pe M: c(p) =1}. A face is a free union of connected faces. This includes the possibility that
a face can be empty.

A manifold with faces M is a manifold with corners such that each p € M is contained in ¢(p)
different connected faces. Notice that every face of M is itself a manifold with faces.

3.1.3 (n)-manifolds

An (n)-manifold M is a manifold with faces with a specified tuple (9yM, ..., 0,1 M) of faces of
M such that the following two conditions hold.

1. OoMU-- U0, 1M = 0M. Here OM denotes the boundary of M as a topological manifold.
2. ;M N Oy M is a face of both 9; M and 0, M for all j # k.

Notice that a (0)-manifold is just a manifold without boundary while a (1)-manifold is a manifold
with boundary. A diffeomorphism f: M — N between two (n)-manifolds is a diffeomorphism of
the underlying manifolds with corners such that f(9;M) = 9;N for all j.

The following notation is taken from Laures [20]. Let 2 denote the category associated with the
partially ordered set {0,1}, 0 < 1, i.e. the category freely generated by the graph 0 — 1. Denote
by 2" the n-fold Cartesian product of 2 and equip its set of objects {0,1}" with the corresponding
partial order. An (n)-diagram is a functor 2" — Top. We use the term (n)-diagram of inclusions
for an (n)-diagram which sends each morphism of 2" to an inclusion, and so on.

Every (n)-manifold M gives rise to an (n)-diagram M : 2" — Top of inclusions as follows. For

the objects a = (ag,...,an_1) € |2"|, write a’ := (1 — ag,...,1 — ay_1), and denote the standard
basis of R™ by (eq,...,en—1). The functor M: 2" — Top is defined on the objects by,
M(a):= () oM, (3.4)

i€{i: a<el}

if a # (1,...,1), and by M((1,...,1)) := M. The functor sends the morphisms of 2" to the
obvious inclusions.

For all a € |27, the face M (a) of M forms a (k)-manifold itself for which k = E;:ll a;. An
orientation of M induces orientations on the M (a) as usual. The product of an (n)-manifold M
with a (p)-manifold N forms an (n + p)-manifold, denoted by M x N. The structure of its faces
can be read off from the functor

M x N:2mP ~ 9n x 20 X pop « Top - Top. (3.5)

The half-line R4 := [0, 00) is a manifold with boundary, i.e. a (1)-manifold. The product of (B
then equips R’} with the structure of an (n)-manifold.

For n = 2, for example, a (2)-manifold M is a manifold with faces with a pair of specified faces
(0o M, 01 M) such that oM UM = OM and dyM N 01 M is a face of both dyM and 9; M. The
following diagram shows the faces of one of the typical (2)-manifolds M that are used below.

M OoM oM oM UM oM N M
e (-] -] o o
(3.6)

12



3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 13

The (2)-diagram M : 22 — Top of inclusions is the following commutative square:

M (idg x )
oM NOLM —— M

M (+xido) M (+xidy) (3.7)

M M(idy x*) M

Another example of a manifold with corners M which is embedded in R? is depicted in (). It
has the structure of a (2)-manifold when one chooses dyM to be the union of the top and bottom
boundaries of the picture, similarly to ([B4l).

3.1.4 Collars and neat embeddings
In order to glue (2)-manifolds along specified faces, we need the following technical results.

Lemma 3.1 (Lemma 2.1.6 of [20]). Each (n)-manifold M admits an (n)-diagram C' of embed-
dings
C(a—b): R} (a') x M(a) — R (") x M(b) (3.8)

such that the restriction C'(a — b)|Ri(b/)XM(a) = idgy () X M (a — b) is the inclusion map.
In particular, for every (2)-manifold M, there is a commutative square C: 2° — Top of

embeddings,

(ido x )

R2 x (8o M 16y M) — QoR3 x 6y M

C(xxido) C(*xidy) (3.9)

81]:3,3_ X 80M W (0,0)} x M

such that the following restrictions are inclusions,

C(idg x *)|80R1X31M = idg,rz X M(idg x *), (3.10)
Cl % ido)lo,m2 xaonr = idg,ma X M(x x idp), (3.11)
C(x X idD)jooxonnr = idgooyy ¥ M(x x idy), (3.12)
Clidy x 9)|go0yxaon = ooy X M(ids x ). (3.13)

The embedding C(idy x *): 91RZ x 9gM — {(0,0)} x M provides us with a diffeomorphism from
([0,e] x {0}) x oM C ([0,00) x {0}) x oM = &R x M onto a submanifold of {(0,0)} x M
for some £ > 0. It restricts to an inclusion on {(0,0)} x 9yM and thereby yields a (smooth) collar
neighbourhood for 9y M.

Definition 3.2 (Definition 2.1.4 of [20]). A neat embedding of an (n)-manifold M is a natural
transformation 2: M = R} x R™ for some m such that the following conditions hold:

1. #(a) is an inclusion of a submanifold for all a € [2"].

2. The intersection M (a) N (R (b) x R™) = M (b) are perpendicular for all morphisms b — a
of 2™,

Proposition 3.3 (Proposition 2.1.7 of [20]). Any compact (n)-manifold admits a neat em-
bedding in R’} x R™ for some m.

13



3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 14

3.2 Open-closed cobordisms

For a topological space M, we denote by IIy(M) the set of its connection components, and for
p € M, we note by [p] € IIp(M) its component.

3.2.1 Cobordisms

Definition 3.4. Let S be some set. An S-coloured open-closed cobordism (M, ) is a compact
oriented (2)-manifold M whose distinguished faces we denote by (9pM, 01 M), together with a
map v: (01 M) — S. The face dyM is called the black boundary, &y M the coloured boundary,
and  the colouring. An open-closed cobordism is an S-coloured open-closed cobordism for which
S is a one-element set.

Two S-coloured open-closed cobordisms (M,vas) and (N,~yn) are considered equivalent if
there is an orientation preserving diffeomorphism of (2)-manifolds f: M — N that restricts to the
identity on JyM and that preserves the colouring, i.e. Yy o f = yas.

The face dyM is a compact 1-manifold with boundary and therefore diffeomorphic to a free
union of circles S' and unit intervals [0,1]. For each of the unit intervals, there is thus an
orientation preserving diffeomorphism ¢: [0,1] — ¢([0,1]) € JyM onto a component of dyM such
that the boundary points are mapped to the corners, i.e. p({0,1}) € dgM N1 M. We say that the
cobordism (M, 7) equips the unit interval [0, 1] with the colours (v4+,v-) € Sx S if v+ = v([p(1)])

and v := y([e(0)]).

3.2.2 Gluing

Let (M,~y) and (N, yn) be S-coloured open-closed cobordisms and f: S** — M and g: S* — N
be orientation preserving diffeomorphisms onto components of dyM and JdyN, respectively. Here
we have equipped the circle S* with a fixed orientation, and S'* denotes the one with opposite
orientation. Then we obtain an S-coloured open-closed cobordism M ngN by gluing M and N

along S' as follows. As a topological manifold, it is the pushout. As mentioned in Section Bl
OoM and thereby all its components have smooth collar neighbourhoods, and so the standard
techniques are available to equip M ]_[ N with the structure of a manifold with corners whose
smooth structure is unique up to a dlﬁeomorphlsm that restricts to the identity on dgM Uy N. It
is obvious that M [ N also has the structure of a (2)-manifold with 0,(M [J[, N) = 1M U N
and, furthermore, that of an S-coloured open-closed cobordism.

Similarly, let f: [0,1]" — M and g: [0,1] — N be orientation preserving diffeomorphisms
onto components of 9yM and 9y N, respectively, such that (M, vyr) equips the interval f([0,1]")
with the colours (v4,v-) € S and (N, ~n) equips the interval g([0,1]) precisely with the colours
(7=,7v+). Then we obtain the gluing of M and N along [0,1] again as the pushout Mf]_[gN
equipped with the smooth structure that is unique up to a diffeomorphism which restricts to the
identity on 9pM UGy N . 1t is easy to see that M [, IV also has the structure of a (2)-manifold with
O1(M [JI,N) =91 M UOIN and, moreover, due to the matching of colours, that of an S-coloured
open—closed cobordism.

3.2.3 The category 2Cob™"(S)

The following definition of the category of open-closed cobordisms is inspired by that of Baas,
Cohen and Ramirez [1]. Note, however, that although our objects are embedded manifolds, our
cobordisms are not, and we consider two cobordisms equivalent once they are related by an ori-
entation preserving diffeomorphism that restricts to the identity on their black boundaries.

Definition 3.5. Let S be a set. The category 2Cob™"(S) is defined as follows. Its objects are
triples (7,74,7—) consisting of a finite sequence 7 := (n1,...,nx), k € No, with n; € {0,1},
1 <j <k, and maps v+: {1,...,k} — SU {0} for which v (j ) 75 0ifn; =1and v4(j) =0 if

14



3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 15

nj = 0% We denote the length of such a sequence by |7i| := k.
Each sequence i = (n1,...,nk) represents the diffecomorphism type of a compact oriented
1-dimensional submanifold of R?,

k
Cr = U 1(4,n5), (3.14)

where I(j,0) is the circle of radius 1/4 centred at (4,0) € R? and I(j,1) = [j — 1/4,7+ 1/4] x {0},
both equipped with the induced orientation. Taking the disjoint union of two such manifolds Cy
and C; is done as follows,

CﬁHCm = Cx UT(‘m_’O)(Cm), (3.15)

where T'(z,y): R? — R? denotes the translation by (z,y) in R2.

A morphism f: (7,v4,7-) — (@',7,,7.) is a pair f = ([f], ®) consisting of an equivalence
class [f] of S-coloured open-closed cobordisms and a specified orientation preserving diffeomor-
phism

o: C; [[ Car — 00of, (3.16)

such that the following conditions hold:

1. Foreachj € {1,...,]|#|} for which n; = 1, the S-coloured open-closed cobordism ( f, y) repre-
senting [f] equips the corresponding unit interval ®(I(j, n;)) with the colours (v (7),v—(J))-

2. For each j € {1,...,|a'|} for which n} = 1, (f,7) equips the corresponding unit interval
®(I(j,n})) with the colours (v/.(5),7(4))-

The composition g o f of two morphisms f = ([f],®f): (7, v4+,7-) — (@',7},~v.) and g =
(9], B): (747 ) — (@,71,7") is defined as g o f = (lg11e:, fls ®gor). Here [g]1e, /]
is the equivalence class of the S-coloured open-closed cobordism g [[. f which is obtained by
successively gluing f and g along all the components of Cy/. ®yoy: C’;ﬂ_[ Cin — o(g]le, f) is
the obvious orientation preserving diffeomorphism obtained from restricting ®¢: C: [ Cqr — 0o f
and (I)q C;k—i, H Cﬁ// — 809.

For any object (7,v4,7-), the cylinder ide ,, ) := [0,1] x Cy forms an S-coloured open-
closed cobordism such that dyid(z,, ) = C% ][ Cs. It plays the role of the identity morphism.

The category 2Cob®™" is defined as the category 2Cob®*(S) for the singleton set S = {x}.
When we describe the objects of 2Cob®™"| we can suppress the v; and v_ and simply write the

sequences 7 = (11, ..., N5 ).

Examples of morphisms of 2Cob®™" are depicted here,

v: (1,1) — (1), &: (0) — (0,0), @ 2 (0) — (1). (3.17)

In these pictures, the source of the cobordism is drawn at the top and the target at the bottom.
The morphism depicted in () goes from (1,0,1,1,1) to (0,1,1,0,0).

The concatenation @[] 7 := (n1,...,n5,m1,...,mz|) of sequences together with the free
union of S-coloured open-closed cobordisms, also denoted by [, provides the category 2Cob™*(S)
with the structure of a strict symmetric monoidal category.

Let k € N. The symmetric group Sy acts on the subset of objects (i, v4,7-) € [2Cob®*(9)|
for which |7i| = k. This action is defined by,

o> (ﬁ, Vi, Y- ) 1= ((ng—l(l), . ,ng—l(m|)),’7+ o 071,7_ o 071). (3.18)
For each object (i, v4,7-) € [2Cob®*!(S)| and any permutation o € S|, we define a morphism,

T T) (7 y e v) — o > (7,74 7). (3.19)

6This is done simply because the values v+ (7) are never used if n; = 0, but we nevertheless want to keep the
indices j in line with those of the sequence 7.
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3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 16

by taking the underlying S-coloured open-closed cobordism of the cylinder id 5 -, _), and replac-
ing the orientation preserving diffeomorphism
®: Ci [ Ca — oidi ) (3.20)

by one that has the components of the C for the target permuted accordingly. For example, for
S = {x},7=(1,0,0,1) and ¢ = (234) € S, in cycle notation, we obtain the morphism (™ that is
depicted in () below. As morphisms of 2Cob®™*(S), i.e. up to the appropriate diffeomorphism,
these cobordisms satisty,

7o @7+7-) o G(@v+7-) — (T o U)(ﬁ,'pr."y,). (3.21)
If the source of o("7+7-) is obvious from the context, we just write o.

3.2.4 Invariants for open-closed cobordisms

In order to characterize the S-coloured open-closed cobordisms of 2Cob®™"(S) topologically, we
need the following invariants. The terminology is taken from Baas, Cohen, and Ramirez [1].

Definition 3.6. Let S be a set and [f] € 2Cob**"(S)[(#, v+,7-), (7,7} ,7")] be a morphism of
2Cob™"(S) from (7, v1,7-) to (@, 7},7.).

1. The genus g(f) is defined to be the genus of the topological 2-manifold underlying f.

2. The window number of f is a map w(f): S — Ng such that w(f)(s) is the number of compo-
nents of the face d; f that are diffeomorphic to S and that are equipped by ~: Iy (01 f) — S
with the colour s € S. In the case S = {*}, we write w(f) € Ny instead of w(f)(x).

3. Let k be the number of coefficients of 7 [[ 7’ that are 1, i.e. the number of components
of the face 0y f that are diffeomorphic to the unit interval. Number these components
by 1,...,k. The open boundary permutation (o(f),vs(f)) of f consists of a permutation
o(f) € Sk and a map vo(f): {1,...,k} — S. We define o(f) as a product of disjoint cycles
as follows. Consider every component X of the boundary Jf of f viewed as a topological
manifold, for which X Ndyf N O1f # 0. These are precisely the components that contain a
corner of f. The orientation of f induces an orientation of X and thereby defines a cycle
(i1,...,1¢) where thei; € {1,...,k} are the numbers of the intervals of d f that are contained
in X. The permutation o(f) is the product of these cycles for all such components X.
The map va(f): {1,...,k} — S is defined such that the S-coloured open-closed cobordism
(f,~y) representing [f] equips the interval with the number j € {1,...,k} with the colours

(va(3), va(a=1(5)))-

For example, the morphism depicted in ([CI) has 6 components of its black boundary diffeo-
morphic to the unit interval. Its open boundary permutation is o(f) = (256)(34) € Sg if one
numbers the intervals in the source (top of the diagram) from left to right by 1,2, 3,4 and those
in the target (bottom of the diagram) from left to right by 5, 6.

3.3 Generators

Beginning with this subsection, we restrict ourselves to the case of 2Cob®*" in which there is
only one boundary colour, i.e. S = {*}. We use a generalization of Morse theory to manifolds
with corners in order to decompose each open-closed cobordism into a composition of open-closed
cobordisms each of which contains precisely one critical point. The components of these form the
generators for the morphisms of the category 2Cob®*".

For the generalization of Morse theory to manifolds with corners, we follow Braess [21]. We
first summarize the key definitions and results.

We need a notion of tangent space for a point p € OM if M is a manifold with corners.
Every p € M has a neighbourhood U C M which forms a submanifold of M and for which

16
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there is a diffeomorphism ¢: U — ¢(U) onto an open subset ¢(U) C R'}. Using the fact that
¢(p) € R € R"™, we define the tangent space of p in M as T,M := do, ' (T,,»R"), ie. just

identifying it with that of ¢(p) in R™ via the isomorphism dyp, L

Definition 3.7. Let M be a manifold with corners.

1. For each p € M, we define the inwards pointing tangential cone Cp,M C T,,M as the set of
all tangent vectors v € T, M for which there exists a smooth path v: [0,e] — M for some
¢ > 0 such that v(0) = p and the one-sided derivative is:

Jim (3(0) = 7(0))/t = v. (3.22)

2. Let f: M — R be smooth. A point p € M is called a critical point and f(p) € R its critical
value if the restriction of the derivative df,: T,M — IR to the inwards pointing tangential
cone is not surjective, i.e. if

df,(C, M) # R. (3.23)

The point p € M is called (+)-critical if df,(C,M) C R4 and it is called (—)-critical if
df,(C,M) C R_ == —Ry.

Note that df,: T,M — R is linear and therefore maps cones to cones, and so df,(CpM) is
either {0}, R+, R_, or R. If p € M is a critical point, then df,(C,M) is either {0}, R4, or R_.
If p e M\OM, then C,M = T,M, and so p is critical if and only if df, = 0. If p € M, ¢(p) = 1,
and p is critical, then the restriction of f to M has vanishing derivative, i.e. d(f|on), = 0.

Definition 3.8. Let M be a manifold with corners and f: M — R be a smooth function.

1. A critical point p € M of f is called non-degenerate if the Hessian of f at p, restricted to
the kernel of df,, has full rank, i.e. if

det Hessp(f)|ker df, ®ker df,, 75 0. (3.24)

2. The function f is called a Morse function if all its critical point are non-degenerate.

Note that if p € M\OM, then the notion of non-degeneracy is as usual. If p € IM, ¢(p) = 1,
and p is a non-degenerate critical point, then p is a non-degenerate critical point of the restriction
floamr: OM — R in the usual sense. All non-degenerate critical points are isolated [21].

For our open-closed cobordisms, we need a special sort of Morse functions that are compatible
with the global structure of the cobordisms.

Definition 3.9. Let M € 2Cob®™"[i7, 1] be an open-closed cobordism with source C; and target
Cy. Here we have suppressed the diffeomorphisms from Cj onto a component of dy M, etc., and
we write M for any representative of its equivalence class. A special Morse function for M is a
Morse function f: M — R such that the following conditions hold:

1. F(M) C [0,1].

2. f(p) =0 if and only if p € Cz, and f(p) = 1 if and only if p € Cy.
3. Neither Cz nor Cj; contain any critical points.

4. The critical points of f have pairwise distinct critical values.

Using the standard techniques, one shows that every open-closed cobordism M € 2Cob®"[i, 7]
admits a special Morse function f: M — R. Since M is compact and since all non-degenerate
critical points are isolated, the set of critical points of f is a finite set. If neither ¢ € R nor
b € R are critical values of f, the pre-image N := f~1([a, b]) forms an open-closed cobordism with
OoN = f~1({a,b}) and O;N = 9;M N N. If [a,b] does not contain any critical value of f, then
f~Y([a, b]) is diffeomorphic to the cylinder f~!({a}) x [0, 1].

The following proposition classifies in terms of Morse data the non-degenerate critical points
that can occur on open-closed cobordisms.
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Proposition 3.10. Let M € 2Cob®**[i7, 1] be a connected open-closed cobordism and f: M — R
a special Morse function such that f has precisely one critical point. Then M is diffeomorphic to
one of the following open-closed cobordisms:

\/&QU!;&OBE (3.25)
HA NA €A uc

Ag Ac nc €c 1 2

These diagrams show open-closed cobordisms embedded in R3 and are drawn in such a way that
the vertical axis of the drawing plane is — f. The source is at the top, and the target at the bottom
of the diagram.

Proof. We analyze the properties of the non-degenerate critical point p € M case by case.

1. If p € M\OM, then the critical point is characterized by its index i(p) (the number of negative
eigenvalues of Hess, (f)) as usual; see, for example [22]. There exists a neighbourhood U C M
of p and a coordinate system z: U — R? in which the Morse function has the normal form,

i(p) 2
flp) =~ fo(p) + > 23(p) (3.26)

J=i(p)+1
forall p e U.

(a) If the index is i(p) = 2, then the Morse function has a maximum at p, and so the
neighbourhood (and thereby the entire open-closed cobordism) is diffeomorphic to ec
of BZ). Recall that the vertical coordinate of our diagrams is —f rather than +f.

(b) If the index is i(p) = 1, then f has a saddle point, and the usual argument shows that
the possible cases are either puc or Ac of (BZH).

(c) If i(p) = 0, then f has a minimum, and the cobordism is diffeomorphic to ne of BZH).

2. Otherwise, p € 01 M\OyM, i.e. the critical point is on the coloured boundary, but does not
coincide with a corner of M. Consider the restriction f|g,ar: 1M — R which then has a
non-degenerate critical point at p with index '(p) € {0, 1}.

(a) If i'(p) =1, then f|sps has a maximum at p.
i. If p is a (—)-critical point of f, the cobordism is diffeomorphic to €4 of ([B2H).
ii. If p is a (+)-critical point of f, the neighbourhood of p looks as follows,

k;,) (3.27)
M

Consider the component of the boundary OM of M as a topological manifold. The
set of corners dgM N 01 M contains at least two elements. If it contains precisely
two elements, then the cobordism is diffeomorphic to +* of [BZH). Otherwise, it
contains four elements, and the cobordism is diffeomorphic to pa of BZ0).

iii. Otherwise p is neither (4)-critical nor (—)-critical, and so df, = 0. Non-degeneracy
now means that Hess, (f) is non-degenerate. Let i’ (p) € {0,1, 2} be the number of

negative eigenvalues of Hess,(f). The case i (p) = 0 is ruled out by the assumption
that ¢'(p) = 1.

A. If i"(p) = 2, then we are in the same situation as in case 2(a)i.
B. Otherwise i’ (p) = 1, and we are in the same situation as in case 2(a)ii.

(b) If i'(p) = 0, then f|ops has a minimum at p.
i. If p is a (+4)-critical point of f, the cobordism is diffeomorphic to n4 of BZH).

18
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ii. If p is a (—)-critical point of f, the neighbourhood of p looks as follows,

oM (3.28)

S

Similarly to case 2(a)ii above, the cobordism is either diffeomorphic to A4 or to ¢
of BZ3).

iii. Otherwise df, = 0, and by considering Hess,(f) similarly to case 2(a)iii above, we
find that we are either in case 2(b)i or 2(b)ii.

O

The structure of arbitrary open-closed cobordisms can then be established by using a special
Morse function and decomposing the cobordism into a composition of pieces that have precisely
one critical point each. This result generalizes the conventional handle decomposition to the case
of our sort of 2-manifolds with corners.

Proposition 3.11. Let f € 2Cob™"[#7, 7] be any morphism. Then f is the composition f =
feo---o fi of a finite number of morphisms f; each of which is of the form f; = id,, [ g; [[idy;
where g; is one of the morphisms depicted in (BE2H) and id,s, and idy; are identities, i.e. cylinders
over their source.

Our pictures, for example ([I), indicate how the morphisms are composed from the generators.
In order to keep the height of the diagram small, we have already used relations such as (¢ ] [ids)o
(idm [T1f) =gl f for f: 7 — @’ and g: 17 — 1’ which obviously hold in 2Cob®*".

Notice that the flat strip, twisted by 27 when we draw it as embedded in IR?, is nevertheless

equivalent to the flat strip:
§ = D (3.29)
3.4 Relations

Below we provide a list of relations that the generators of 2Cob™" satisfy. In Section B, we
summarize some consequences of these relations. As already mentioned in the introduction, these
relations have emerged from work on boundary conformal field theory. See, for example [7-11]. In
Section B0l we define a normal form for open-closed cobordisms with a specified genus, window
number and open boundary permutation. In Section B, we then provide an inductive proof which
constructs a finite sequence of diffeomorphisms that puts an arbitrary open-closed cobordism into
the normal form using only the relations given below. Hence, we provide a constructive proof that
the relations are sufficient to completely describe the category 2Cob®".

Proposition 3.12. The following relations hold in the symmetric monoidal category 2Cob®*":

19
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1. The object i = (0), i.e. the circle Oy = S!, forms a commutative Frobenius algebra object.

14
—
14

I
—
I

(3.30)

(3.31)

(3.32)

(3.33)

2. The object 77 = (1), i.e. the interval Cz = I, forms a symmetric Frobenius algebra object.

IR IR
[ B
IR IR

3. The ‘zipper’ m forms an algebra homomorphism:

Il

U SR

4. This relation describes the ‘knowledge’ about the centre, c.f. (ZI2):

V-3

20

Y
6o

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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5. The ‘cozipper’ H is dual to the zipper:

% = % (3.41)

Proof. Tt can be show in a direct computation that the depicted open-closed cobordisms are
equivalent. Writing out this proof would be tremendously laborious, but of rather little insight.
For the Cardy condition [BAIl), the right hand side is most naturally depicted as:

6. The Cardy condition:

(3.42)

3.5 Consequences of relations

In this section, we collect some additional diffeomorphisms that can be constructed from the
diffeomorphisms in Proposition To simplify the diagrams, we define:

D = v R = & (3.43)

These open-closed cobordisms which we sometimes call the open pairing and open copairing,
respectively, satisfy the zig-zag identities:

Il
Il

(3.44)

This follows directly from the Frobenius relations, the left and right unit laws, and the left and
right counit laws. From Equations (B317) and (B:ZE) the pairing can be shown to be symmetric

and invariant,
S- U U o

and the same holds for the copairing. Similarly, we define the closed pairing and the closed

copairing:
@0 = V & = i E (3.46)

21
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These also satisfy the zig-zag identities,

IR
IR

1
l (3.47)

\

Proposition 3.13. The following open-closed cobordisms are diffeomorphic by compositions of

the diffeomorphisms of Proposition B2
@ (3.49)

(3.50)

ﬁ (351)
@ (3:52)

Proof. Equation BZ9) is just a restatement of the second axiom in Equation [B3d). The proof

of Equation (BX0) is as follows:
Nat g E3D

By ‘Nat’ we have denoted the obvious diffeomorphisms which, algebraically speaking, expresses
the naturality of the symmetric braiding. The proof of Equation [BX]) is as follows:

and the closed pairing is symmetric and invariant,

&-U

A similar result holds for the closed copairing.

1%

1

1%

Il

Ded (= &=

(3.53)

(3.54)

We leave the proof of Equation (B2 as an exercise for the reader. O

Proposition 3.14. The following open-closed cobordisms are diffeomorphic:

% ~ ‘:S ~ ﬁ? (3.55)

22
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‘:S ~ (3.56)
ﬂ ~ (3.57)
ZA o~ (3.58)

Proof. The first diffeomorphism in Equation XH) is constructed from the following sequence of
diffeomorphisms:

reY ooVl o

The second diffeomorphism in Equation BXH) is constructed similarly. The diffeomorphism in

Equation [BX20) is constructed as follows:

As Y= i =\

I l (3.60)
The proofs of Equations (BR1) and (BER) are identical as those above with the closed cobordisms
replaced by their open counterparts. O

Proposition 3.15. The cozipper H is a homomorphism of coalgebras.

etnalraifl -
@% LENTE R

23

Proof.
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m (ég) @ (3.62)
@ -

Proposition 3.16. Open-closed cobordisms of the form which we sometimes call closed win-

il

B

O

dows, can be moved around freely in any closed diagram. By this we mean that the following

open-closed cobordisms are diffeomorphic,

1%
1%

(3.63)

{
|

Il

e

(3.65)

Proof. Equation ([B&3)) holds because,

if
il
il

{
Y1=¥]
=Y1=fi
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Equation (BG4 can be proven similarly. Equation ([B6H) follows readily from the prior two:

(3.66)

O

Proposition 3.17. Open-closed cobordisms of the form @ which we sometimes call open windows,

can be moved around freely in any open diagram. More precisely, the following open-closed
cobordisms are diffeomorphic,
(3.67)

NL R
(:

1%

NG e

1%

Proof. We show only the proof of one of these relations,

X

Proposition 3.18. Open-closed cobordisms of the form @, also called genus-one operators, can

(3.69)

B
%>

O

be moved around freely in any closed diagram. More precisely,

= Q = (3.70)
= 5 = (3.71)
Proof. The proof is similar to that of Proposition BT O
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Proposition 3.19. The following open-closed cobordisms are diffeomorphic by compositions of
the diffeomorphisms of Proposition

n- 2
I
o |

(3.72)

1%

(3.73)

)

1%

(3.74)

Proof. The proof of Equation ([BZ2) is as follows:

ﬁﬁ@ @m

The proof of Equation [BZ3) is as follows:

& U = X - m

@ () - = § o

The second part of Equation B2 is proven similarly. Finally, Equation X)) follows from the

Cardy condition as shown below:
(i % (i) @ (378)

26

il
=)

(3.75)
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3.6 The normal form of an open-closed cobordism

In this section, we describe the normal form of an arbitrary connected open-closed cobordism.
This normal form is characterized by its genus, window number, and open boundary permutation
(c.f. Definition Bf). For non-connected open-closed cobordisms, the normal form has to be taken
for each component independently.

3.6.1 The case of open source and closed target

We begin by describing the normal form of a connected open-closed cobordism whose source
consists only of intervals and whose target consists only of circles. More precisely, we consider
those open-closed cobordisms f € 2Cob®™"[ii, 7} for which @ = (1,1,...,1) and 7 = (0,0,...,0)
and denote the set of all such cobordisms by 2Cobg™", [, 7). Some examples are shown below:

TS

Once we have defined the normal form for this class of cobordisms, we describe in Section
the normal form of an arbitrary connected open-closed cobordism by exploiting the duality on the
interval and circle, c.f. BZdl) and BZ7). To provide the reader with some intuition about the
normal form, the cobordisms of [BTJ) are shown in normal form below:

1

Definition 3.20. Let f € 2Cob", [i, 7] be connected with open boundary permutation o(f),

window number w(f), and genus g(f). Write the open boundary permutation as a product o(f) =

o1---0p, 1 € Np, of disjoint cycles o; = ('gj), .. ((ZJ)) of length ¢; € N, 1 < j <r. The normal
form is the composite,

T

NFoﬁc(f) = E|m‘ o Dg(f) o Cw(f) o BT o (H A(qj)) o U( ), (3.81)
j=1
of the following open-closed cobordisms.

e For each cycle o, the open-closed cobordism A(g;) consists of ¢; — 1 flat multiplications and

27
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then a cozipper,

Alg) = (3.82)

The normal form (BXI) contains the free union of such a cobordism for each cycle o,
1 < j < r. Cycles of length one are represented by a single cozipper. If |7i| = 0, then we
have r = 0, and the free union is to be replaced by the empty set.

e If r > 1, then the open-closed cobordism B, consists of r — 1 closed multiplications,

B, = (3.83)

and otherwise By := © .

e The open-closed cobordism C,,y) is defined as,

Co(pyi=C"0C"0---0C", C = E (3.84)
~—_—
w(f)
if w(f) > 1 and empty otherwise.
e Similarly,
Dyisy:=D" oD o---0D, D' = (3.85)
‘ < ,
9(f)
if g(f) > 1 and empty otherwise.
o E}; consists of [171] — 1 closed comultiplications,
Bl = (3.86)

if |7 > 1 and a closed cup Ep := © otherwise.

e Finally, o(f) denotes the open-closed cobordism that represents the permutation o(f) (as
defined in (BI9)) given in the following. Let 7(f) be the open boundary permutation of the
open-closed cobordism

Bl © Dy(yy 0 Cuipy © Bro (J] Alg)))- (3.87)

j=1

28
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A

W

%E
¢
X
£

Figure 1: This figure depicts the normal form of an open-closed cobordism in 2Cob&", [, 171

without precomposition with a permutation, i.e. it shows the open-closed cobordism (BE1)

Since by construction both 7(f) and o(f) have the same cycle structure, characterized by
the partition |7i] = >7_, g;, there exists a permutation o(f) such that,

o(f) = (@(D) - (f) - o). (3.88)

Note that multiplying o(f) by an element in the centralizer of o(f) yields the same open-
closed cobordism NFo_,c(f) up to equivalence because of the relations (B34) and B3,
and so NFo_,c(f) is well defined.

When we prove the sufficiency of the relations in Section B below, we provide an algorithm
which automatically produces the required o(f). Figure [ depicts the structure of the normal
form up to the o(f), i.e. it shows a cobordism of the form BX1).

Any cobordism in normal form is invariant (up to equivalence) under composition with certain
permutation morphisms as follows.

Proposition 3.21. Let [f] € 2Cob&", [, 7). Then

(0™ o NFo_c(f)] = [NFo_c(f)] (3.89)
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for any o € S|, and
[NFo_c(f) 0a\™] = [NFo_c(f)] (3.90)

for all cycles o € S5 from the decomposition of the open boundary permutation o(f) = oy --- o,
into disjoint cycles.

Proof. Equation [BEJ) follows from B33), BZD), and BZY) while 3) follows from B34)
and BZ3). O

3.6.2 The case of generic source and target

We now extend the definition of the normal form of connected cobordisms from 2Cobg™, [#, 771] to

2Cob®™*[fi,1]. Let [f] be a representative of the diffeomorphism class of an open closed cobordism
in 2Cob™"[i7, 1]. Let iip = (0,0,...,0) and 7i; = (1,1,...,1) such that 7 [[ 7 is a permutation
of 7, and similarly for .

We define a map A: 2Cob™"[ii, 1] — 2Cobg", [ [[ i1, 170 [[ 7] as follows: Let oy € Sz
denote the permutation that sends 7 to nj [ [ 7o. Let o2 € S)m| denote the permutation that sends
m to my [ [ mo. For example, if 7 = (1,0,0, 1), then oy is represented as an open-closed cobordism
by:

o = (3.91)
For [f] € 2Cob®"[ii, ] we define A([f]) to be the open closed cobordism obtained from [f] by
precomposing with o L postcomposing with o, gluing closed copairings on each circle in 7y, and

gluing open pairings on each interval in 7i;. For example, let [f] be an arbitrary open closed
cobordism from (1,0,0,1) to (0,1,1,0), then A([f]) is illustrated below:

(3.92)

Up to equivalence, this assignment does not depend on the choice of representative in the class
[f]; if f' is a different representative then there exists a black boundary preserving diffeomorphism
from f to f’. Applying this diffeomorphism in the interior of A([f]) shows that A([f’]) is equivalent

to A([£]),
[ACLD] = (AN (3.93)

A([f]) is connected if and only if f is.

Given some extra structure, an inverse mapping can be defined. Let [g] be a representative of

a diffeomorphism class in 2Cob&", +[7i’, 7] equipped with:

e a decomposition of its source into a free union 7’ = 7} [ [ 7.,

e a decomposition of its target into a free union m’ = mj [[m.,
. : /

e an element of the symmetric group o} € Sjzr |4 |m|, and

e an element of the symmetric group o, € AR AL
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Note that the image of an [f] € 2Cob®™"[7i,7] under the mapping A is equipped with such
structure. The decompositions are given by distinguishing which intervals and circles came from
the source and the target. The permutations can be taken to be o} = o1 and o} = o, *.

We define A='([g]) to be the open-closed cobordism in 2Cob™" [0} (i1, [[m}), o} (7, [[ 7i.)]
given by gluing open copairings to the intervals in 7i; and closed pairings to the circles in m/.
The result of this gluing is then precomposed with a cobordism representing ¢} and postcomposed

with a cobordism representing o).

(3.94)

Again, this assignment does not depend on the choice of representative of the class [g]. One can
readily verify that this defines a bijection between the equivalence classes of open-closed cobordisms
in 2Cob®'[f7, 7] and those of open-closed cobordisms in 2Cob3™" [y [[ 71, 7o [ [ 70] equipped
with the extra structure described above. One direction of this verification,

(3.95)
is depicted schematically below:
08 A O

[f] = (3.96)
O00

In Theorem below, we show that for any connected [g] € 2Cob&", [7, 7], g is equivalent to
its normal form, i.e.

l9] = [NFo—c(9)]- (3.97)

Applying this result to [g] := A([f]) is the motivation for the definition of the normal form for
generic connected [f] € 2Cob™"[f, 173].

Definition 3.22. Let [f] € 2Cob®"[i7, 7] be connected. Then we define its normal form by,

[NF(f)] :== A~ ([NFo—c(/))), (3.98)
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which can be depicted as follows

1 [
INF(f)] ] = m (3.99)
Oo

NFo—c(A([f]

—1
09

3.7 Proof of sufficiency of relations

In this section, we show that any connected open-closed cobordism [f] € 2Cobg" ,[f, ] can

be related to its normal form NFo_.c(f) by applying the relations of Proposition a finite
number of times. We know that f is equivalent to an open-closed cobordism of the form stated in
Proposition B 111

For convenience, we designate the following composites,

00 66 I-1 -

as being distinct generators. This simplifies the proof of the normal form below. We continue to
use the shorthand BZ3) and [B26). However, we do not consider these as distinct generators.

In our diagrams, we denote an arbitrary open-closed cobordism X, whose source is a general
object 7ix that contains at least one 1, as follows:

(3.101)

Similarly, to denote an arbitrary open-closed cobordism Y, whose source is a general object iy
containing at least one 0, we use the notation:

(3.102)

Finally, for an arbitrary open-closed cobordism Z, whose target m is not glued to any other
cobordism in the decomposition of ¥, we use the following notation:

(3.103)

:

and similarly if the source is not glued to anything.

Definition 3.23. Let [f] € 2Cob®*'[fi, 773] be written in the form of Proposition BEZTTl The height
of a generator in the decomposition of f is the following number defined inductively, ignoring all
identity morphisms in the decomposition:

° h() =0
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o ~ N
[ ] = M = ) = = =
h() h() M g) h() h() 1+ h(Y)
hY)+h(Z)+1

o I ):h()::
Theorem 3.24. Let f € 2Cob{" [,1] be a connected open-closed cobordism. Then f is
equivalent to its normal form, i.e.

[f] = NFo_c(f)]. (3.104)

Proof. We construct a diffeomorphism from f to NFo_c(f) by applying the composition of a
finite number of diffeomorphisms from Proposition

We say decomposition for a presentation of f as a composition of the generators as in Proposi-
tion BTl i.e. for a generalized handle decomposition. We use the term move for the application of
a diffeomorphism from Proposition BT we just say diffeomorphism here meaning diffeomorphism
relative to the black boundary, and we use the term configuration of a generator in a decomposition
to refer to the generators immediately pre- and postcomposed to it.

The proof proceeds step by step as follows.

I) The decomposition of f is diffeomorphic to one without any open cups @ or open caps & .
This is achieved by applying the following moves.

a)U(Eﬂ)B

b)Q(B:'%)@

to every instance of the open cup and cap.

II) The resulting decomposition of f is diffeomorphic to one in which every open comultiplication

appears in one of the following three configurations:

P90 -

where the ‘?” may be any open-closed cobordism which may or may not be attached to
the multiplication at the bottom. We prove this step-by-step by considering every possible
configuration and providing the moves to reduce the decomposition into one of the above
mentioned configurations.

a) The cases & and Q are excluded by step ([a).

. —
b) Wherever possible apply the move: .
et e G8 Gy 8

¢) We consider all of the remaining possible configurations and provide a list of moves which
either remove the open comultiplication or reduce its height. Since there are no longer
any open cups after ([[a) and since the target of f is of the form m = (0,...,0), i.e. a free
union of circles, the open comultiplication is either removed from the diagram or takes
the form claimed in ([[l) before its height is reduced to zero.

Apply the following moves wherever possible:

33
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5) — —
(E57) (E57)

d) Tterate steps ([IH)) and ([[Id). Since each iteration either removes the open comultiplication
or reduces its height, this process is guaranteed to terminate with every comultiplication
in one of the three configurations of [BI0H).

III) Now we apply a sequence of moves to the decomposition of f which reduces the number of
possible configurations that need to be considered.

a) To begin, we provide a sequence of moves to put every open multiplication w in the
decomposition of f into one of the following configurations:

W IHye)

(3.106)
Again, we prove this claim by considering all possible configurations of the open multl—
plication.

Apply the following moves which either removes the open multiplication or increases its
height or attains the desired configuration.

1) »—>

%%@
Y Y

) The moves of steps [[T(c)1} [[T(c)2} [T(c)d}

All other configurations are excluded by step I Since none of these steps increases the
number of generators in the decomposition of f, iterating this process either removes all
open multiplications or puts them into the configurations in [BI00) as claimed above.
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b) Now we show that the source of every coz1pper can be put into either of the following

_B_ ? (3.107)

We establish the above claim by applying the following sequence of moves wherever they
are possible.

configurations:

Def

3) The moves of step [lI(c)3
All other configurations are excluded by step [l
c¢) In this step we show that every instance of the open window @ can be removed.

Iterate the following sequence of moves wherever possible.

1) —

E57)

2) The moves of steps [[T1(a)2] and [ITI(H)1}

All other configurations are excluded by step [ Tterating these moves is guaranteed to

remove all instances of the open window since each iteration either removes the window
or reduces its height. The height of the open window cannot be zero.

d) From the sequence of moves applied thus far, it follows that the target of every open
multiplication is in one of the following configurations:

XYY -

All other possibilities are excluded by steps [ and [IId

IV) In this step, we apply a sequence of moves that removes all open comultiplications. After
step [ we need to consider only three cases. Step [l has not changes this situation. From
the set of open comultiplications in the decomposition of f, choose one of minimal height.

a) The case has been excluded by the assumption that the open comultiplication is

of minimal height. Hence the only remaining configurations to consider are

@ @ (3.109)
? ?

where no other open comultiplication occurs in ‘7’ above.
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b) By symmetry it suffices to consider one of the remaining configurations, say . We
?

proceed by considering all possible configurations of ‘?” above. The first generator in
the decomposition of ‘?” is determined by step [IIdl and the assumption that the open
comultiplication under consideration is of minimal height. Hence, only two situations are

possible:
(3.110)
? ?

1) In the first case, iteratively apply the move — so that the only
3 /@)

possible configurations are
(3.111)
?

In the following two steps we remove the open comultiplication from the above two
situations.

2) Consider the first case in ([BIL) above. The comultiplication is removed by the
following sequence of moves:

— — —
@m@ (sme) @ (39w @ (3.112)
— — — —

Nat E) % ) § E) E (3.113)
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3) Consider now the second case in (BIII). In this case the comultiplication is removed
by the following sequence of moves:

2 ?
?
— [ — —
B3 L| Nat
? |
? ?
v (3.114)

c¢) Step MO has changed the cobordism so much that the claims made in steps [l and [Tl
need not hold any longer. We therefore reapply the steps [l and [Tl

d) Then we iterate the sequence of steps and [[Vd until all open comultiplications have
disappeared. This iteration terminates because neither step [l nor step I (which are
invoked in [Vd) increase the number of open comultiplications, but step [NV always
decreases this number by one.

e) When the last open comultiplication has disappeared in step [Nd step [N.d ensures that
the claims made in steps [l and [l are satisfied again.

V) At this stage of the proof, all open caps, open cups and open comultiplications have been
removed from the decomposition of f. The decomposition has the following further proper-
ties.

a) After the step [[IIal it is clear that any open multiplication has its source in one of the
following configurations:

AT E

b) Every instance of the cozipper B is in the configuration claimed in step [[J

c¢) All instances of @ have been removed by step [IId

d) From step [Id and step [[M] the only possible configuration for the target of an open

multiplication are
% ‘1 i (3.116)

VI) Now we remove every instance of the zipper E in the decomposition of f. We consider all
remaining possible configurations involving the zipper and provide the moves to get rid of it.

A ﬂ @ é (3.117)

are excluded by steps [ [Vl [IIH and [[IId respectively.

a) The following configurations:
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% Rﬁ (3.118)

Using step [Vdl together with possibly repeated applications of the following moves:

' &
AN
Veaha flafay

we make sure that all instances of E have disappeared.

b) The remaining possibilities are

VII) The resulting decomposition of f is diffeomorphic to one in which each closed multiplication
V has its source in one of these configurations:

L X@ oate

a) The casesv, and-@ are excluded by the assumption that the source of

f is of the form 7 = (1,.. , l.e. is a free union of intervals I.

el e ¥
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Since each of the above moves either removes the closed multiplication or increases its height
while not increasing the number of generators, iterating the above diffeomorphisms is guar-
anteed to terminate with the closed multiplication in one of the specified configurations.

VIII) The decomposition of f is diffecomorphic to one in which each closed comultiplication is in
one of the following two configurations:

&_ @ (3.120)

We consider all possible configurations of closed comultiplications.

are excluded by step [VII
AR A o122

b) The cases:
¢) To prove the claim, we iterate the following sequences of moves wherever possible:

a) The cases:

are excluded by step [V

" = L

DR i 0 @ A
HEREY|
4& QH

This iteration is guaranteed to terminate since each move either decreases the height of
the closed comultiplication or removes it.

IX) In the resulting decomposition, each instance of the closed window l has above it one of the

followmg I B orv There are only two remaining cases to consider.

a) The cases @and @ are excluded by step [VIII(c)3]
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g
b) The claim follows by iterating the moves — ‘ .

At this point, the decomposition of f is in the normal form desired. In order to see this, we
need the claims made in the steps [VITI [Val V1L [Vdl [VITl and the following two results.

X) If a closed cap @ occurs anywhere in the resulting decomposition of f, then the source of

f is the object @ = @), and the @ has its target in one of the following configurations:

Aefbe oo

This follows since all other possible configurations are excluded by steps [VITH and [\l

XI) If a closed cup © occurs anywhere in the resulting decomposition of f then the target of f

is the object 7 = ), and the source of the © is in one of the following configurations:

Olvy -

The remaining cases are excluded by step [VITId
This concludes the proof. O
The main result for arbitrary connected open-closed cobordisms then follows.
Corollary 3.25. Let [f] € 2Cob™"[ii, 1] be connected. Then [f] = [NF(f)].

Proof. Using Definition B22 then applying Theorem to A(f), and then applying [B3H), we
find,

INF(f)] = [A7 (INFo—c(A(f1)D] = AT (ALDD] = [£]- (3.125)
O

Since the normal form is already characterized by the invariants of Definition B, we also
obtain the following result.

Corollary 3.26. Let [f],[f'] € 2Cob™"[ii,m] be connected such that their genus, window num-
ber, and open boundary permutation agree, then [f] = [f’].

4 Open-closed TQFTSs

In this section, we define the notion of open-closed TQFTs. We show that the categories 2Cob®**
and Th(K-Frob) are equivalent as symmetric monoidal categories which implies that the category
of open-closed TQFTs is equivalent to the category of knowledgeable Frobenius algebras.

Definition 4.1. Let C be a symmetric monoidal category. An open-closed Topological Quantum
Field Theory (TQFT) in C is a symmetric monoidal functor 2Cob™* — C. A homomorphism of
open-closed TQFTs is a monoidal natural transformation of such functors. By OC-TQFT(C) :=
Symm-Mon(2Cob®", C), we denote the category of open-closed TQFTs.

Theorem 4.2. The category 2Cob™" is equivalent as a symmetric monoidal category to the
category Th(K-Frob).
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This theorem states the precise correspondence between topology (Section B) and algebra
(Section B). The second main result of the present article follows from this theorem and from
Proposition

Corollary 4.3. Let (C,®, 1, a, A, p, 7) be a symmetric monoidal category. The category K-Frob(C)
of knowledgeable Frobenius algebras in C is equivalent as a symmetric monoidal category to the
category OC-TQFT(C).

These results also guarantee that one can use the diagrams of Section and the relations of
Section B4l in order to perform computations in knowledgeable Frobenius algebras. Recall that
2Cob”™" is a strict monoidal category whereas Th(K-Frob) is weak. When one translates from
diagrams to algebra, one chooses parentheses for all tensor products and then inserts the structure
isomorphisms «, A, p as appropriate. The coherence theorem of MacLane guarantees that all ways
of inserting these isomorphisms yield the same morphisms, and so the morphisms on the algebraic
side are well defined by their diagrams.

In particular, we could have presented the second half of Section Bl starting with Subsection BH,
entirely in the algebraic rather than in the topological language.

Proof of Theorem[[-3 Define a mapping = from the objects of 2Cob™" to the objects of the
category Th(K-Frob) by mapping the generators as follows:

20 — 1 (4.1)
=) ~ C (4.2)
E— = A (4.3)

and extending to the general object 7 € 2Cob®™* by mapping 7 to the tensor product in
Th(K-Frob) of copies of A and C' with all parenthesis to the left. More precisely, if 7 =
(n1,m2,n3,- -+ ,ng) with each n; € {0,1}, then Z(77) = (((E(n1) ® E(n2)) ® E(ng)) - - - E(ng)) with
each Z(0) := C and (1) := A. On the generating morphisms in 2Cob®", Z is defined as follows:

D — 1lg: C—C (4.4)
0 - 1ly: A=A (4.5)
X — T0c:C®C—-0C&C (4.6)
X = TaA ARA—-ARA (4.7)
X — Tac:ARC —-CRA (4.8)
x = TcAa:CRA—-ARC (4.9)
w — pua AR A— A (4.10)
a — gyu:l1—-A (4.11)
& — A A—- AR A (4.12)
o — €arA—1 (4.13)
v = puc:CeC—=C (4.14)
e — nc:l1-C (4.15)
& — Ac:C—-C®C (4.16)
® — ec:C—1 (4.17)
E — 1:C— A (4.18)
B — A= C (4.19)
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Without loss of generality we can assume that every general morphism f in 2Cob®** is decomposed
into elementary generators in such a way that each critical point in the decomposition of f has a
unique critical value. We can then extend = to a map on all the morphisms of 2Cob®** inductively
using the following assignments:

J — na®la: (A0 A)@A— A0 A (4.20)
VY7 — La@pacasia (A0A)ed— A0 A (4.21)
QD = na®laoAt A AR A (4.22)
DQ > 1a®@naopt A—A®A (4.23)
AR — 218l A8A— (AR A)0A (4.24)
i& = a3 4014084 AQA - (ARA)RA (4.25)
] & Mcea®lardgA—A (4.26)
[ = raclagea: A®A—A (4.27)
%757 = ue®le: (Ce0)eC—CeC (4.28)
xv — le®@uecoaccoc: (CoC)®C—-C®C (4.29)
OB = ne®lecolg':C—CeC (4.30)
DO = le®ncopy':C—C®C (4.31)
&% = Ac®1lc: CC— (CeC)aC (4.32)
Z?& — o cole®Ac:CRC— (CRC)0C (4.33)
BD — Aoec®le: CoC —C (4.34)
De — peole®ec: CaC —C (4.35)

This assignment is well defined and extends to all the general morphisms in 2Cob®™" by the coher-
ence theorem for symmetric monoidal categories, which ensures that there is a unique morphism
from one object to another composed of associativity constraints and unit constraints. The rela-
tions in Proposition and the proof that these are all the required relations in 2Cob®** imply
that the image of = is in fact a knowledgeable Frobenius algebra in Th(K-Frob). Hence, = defines
a functor 2Cob®™" — Th(K-Frob).

Define a natural isomorphism Zy: Z(71) @ Z(m) — Z(i [[) for X,Y € 2Cob®™" as follows:
Let 7 = (n1,n2,n3,...,ng) and m = (mq, ma, ms,--- ,my) so that

(

) (4.36)
=(ms)) - - E(my)), (4.37)
nk)) ® E(ml)) e ® E(mg)) . (4.38)

=(7 (
Em) = (((
@I = ((Em)@En)

Hence the map Ey: E(1) ® =(m) — Z(ri [ [m) is composed entirely of composites of the natural
isomorphism «. By the coherence theorem for monoidal categories, any choice of composites from
the source to the target is unique. One can easily verify that if 2y := 17, then collection (E, 25, Z¢)
defines a monoidal natural transformation. Furthermore, our choice for the assignment of = of the
open-closed cobordisms generating 2Cob®*"’s symmetry ensures that (2,2, =) is a symmetric
monoidal functor.

Using the assignments from equations (E])- @I9) we see that the generating open-closed cobor-
disms in 2Cob®** define a knowledgeable Frobenius algebra structure on the interval and circle.
Hence, by the remarks preceding Proposition we get a strict symmetric monoidal functor
Z: Th(K-Frob) — 2Cob™". In this case, if X is related to Y in Th(K-Frob) by a sequence of

(1]
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associators and unit constraints then X and Y are mapped to the same object in 2Cob™". We
now show that = and = define an equivalence of categories.

Let 77 be a general object in 2Cob™". From the discussion above we have that ZZ(7) = i,
so that Z2(77) = locopet- If X is an object of Th(K-Frob) then X is a parenthesized word
consisting of the symbols 1,4,C,®. Let Z(X) = (n1,ng2,---,n,) were the ordered sequence
(n1,m2,- -+ ,n,) corresponds to the ordered sequence of A’s and C’s in X. Hence, Z=(X) is the
word obtained from X by removing all the symbols 1 and putting all parenthesis to the left. Thus,
EZ(X) is isomorphic to X by a sequence of associators and unit constraints. We have therefore

established the desired monoidal equivalence of symmetric monoidal categories. O
The following special cases are covered by Corollary

Definition 4.4. Let 2Cob°P®", 2Cob®***! = 2Cob, and 2CobP"™*"*" denote the subcategories
of 2Cob™" consisting only of purely open cobordisms, purely closed cobordisms, and purely
open cobordisms that can be embedded into the plane. An open (respectively closed, planar
open) TQFT is a functor from 2Cob®P*™ (respectively 2Cob®***? 2CobP*"*") into a symmetric
monoidal category C (C need not be symmetric in the planar open context).

Corollary 4.5. Let C be a symmetric monoidal category. The category of open TQFTs in C is
equivalent as a symmetric monoidal category to the category of symmetric Frobenius algebras in

C.

The following well-known result on 2-dimensional closed TQFTs [4, 6] follows from Corol-
lary B3 as does the 2-dimensional case of [17].

Corollary 4.6. Let C be a symmetric monoidal category. The category of closed TQFTs in C is
equivalent as a symmetric monoidal category to the category of commutative Frobenius algebras

inC.

Corollary 4.7. Let C be a monoidal category. The category of planar open topological quantum
field theories in C is equivalent to the category of Frobenius algebras in C.

5 Boundary labels

In this section, we generalize the results on knowledgeable Frobenius algebras and on open-closed
cobordisms to free boundaries labeled with elements of some set S. The proofs of these results are
very similar to the unlabeled case, and so we state only the results.

Definition 5.1. Let S be a set. An S-coloured knowledgeable Frobenius algebra

({Aab}a,b657 {Nabc}a,b,cesv {na}aGS’ {Aabc}a,b,cesv {Ea}aesv C, {Za}aesv {Zz}aes) (5'1)

in some symmetric monoidal category (C,®, 1, a, A, p, T) consists of,
e a commutative Frobenius algebra object (C, u,n, A, ¢) in C,
e a family of objects Ay of C, a,b € S,

e families of morphisms fige: Aap @ Ape — Aae, Ma: 1 — Aaa, Dave: Aae — Aap @ Ape,
€a: Aga — 1, 2,: C — Ayq and v*: Ay — C of C for all a,b,c € S such that the following
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conditions are satisfied for all a,b,c,d € S:

abd © (1da,, @ fbed) © XALy Ape,Acg = Hacd © (Habe ® 1da,,), (5.2)
faab © (Naa ©1da,,) = Aa,,, (5.3)
v © (ida,, @ mp) = pa,,, (5.4)
QA AperAey © (Dape ®1da,,) 0 Ngea = (idA » @ Aped) © Agpas (5.5)
(€aa ®ida,,) 0 Auap = Ay Aab, (5.6)
(ida,, ®ew) 0 Aapy = P4, (5.7)

Agbd © pracda = (ida,, ® poea) © OéAab,Abc,Acd o (Agpe ®ida,,)

= (pabe ®1da,,) 07, 4, 4.,

(1dAab ® Aped)s (5.8)
€aa © Haba = Ebb O Mbab © TAuy, Apas (5.9)
Haaa © (ta ®1a) = 140 U, (5.10)
Naa = a7, (5.11)
Paab © (1q @ 1dA,,) = Habb © TAy, A, © (1 ®ida,,), (5.12)
copo(idec®1)) = €aa© faaa © (1a ®ida,,), (5.13)
1690 =  faba © TApy,Aap © Dbab- (5.14)

It is easy to see that the notion of an S-coloured knowledgeable Frobenius algebra precisely
models the topological relations of Proposition for all possible ways of labeling the free
boundaries with elements of the set S. The following consequences of this definition are not
difficult to see from the diagrams of Proposition

Corollary 5.2. Let ({Aap}, {ttabe}s {Mats {Dabe}s {€a}, C, {ta}, {¢5}) be an S-coloured knowledge-
able Frobenius algebra in some symmetric monoidal category C.

1. Each Ag, a,b € S, is a rigid object of C whose left- and right-dual is given by Ap,.
2. Each Aguq, a € S, forms a symmetric Frobenius algebra object in C.
3. Each 1,: C' — Ay, a € S, forms a homomorphism of algebras in C.
4. Each ¢} Age — C, a € S, forms a homomorphism of coalgebras in C.
5. Each A,y forms an Ag,-left- App-right-bimodule in C.
6. Each A,y forms an Agq-left- App-right-bicomodule in C.
Definition 5.3. A homomorphism

f : (C {Aab} {Mabc} {na} {Aabc}v{ga}7{la}7{lz})
= (O A Arane e} AAGe} {ead {aah {/a)) (5.15)

of S-coloured knowledgeable Frobenius algebras is a pair f = ({ fab}a,be s> fc) consisting of a
homomorphism of Frobenius algebras fo: C — C’ and a family of morphisms foy: Aqy — Al
a,b € S that satisfy the following conditions for all a,b,c € S:

fape © (fab © foe) = fac © fabes (5.16)
Mo = faa ©a; (5.17)

abe © fac = (fab @ foc) © Aae, (5.18)

€40 faa = €a, (5.19)

wofe = faaota (5.20)

' 0 faa = foou (5.21)
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Definition 5.4. By K-Frob® (C) we denote the category of S-coloured knowledgeable Frobenius
algebras in some symmetric monoidal category C and their homomorphisms.

Definition 5.5. The category of open-closed TQFTs in some symmetric monoidal category C
with free boundary labels in some set S is the category

OC-TQFT®(C) := Symm-Mon(2Cob™*(S5),(). (5.22)

In the S-coloured case, the correspondence between the algebraic and the topological category
of Corollary B3] generalizes to the following result.

Theorem 5.6. Let S be some set and C be a symmetric monoidal category. The categories
K-Frob ¥ (C) and OC-TQFT(S ) (C) are equivalent as symmetric monoidal categories.

One can verify [23] that the groupoid algebra of a finite groupoid gives rise to an S-coloured
knowledgeable Frobenius algebra for which S is the set of objects of the groupoid.

6 Conclusion

In this paper, we have extended the results of classical cobordism theory to the context of 2-
dimensional open-closed cobordisms. Using manifolds with faces with a particular global structure,
rather than the full generality of manifolds with corners, we have defined an appropriate category
of open-closed cobordisms. Using a generalization of Morse theory to manifolds with corners, we
have found a characterization of this category in terms of generators and relations. In order to
prove the sufficiency of the relations, we have explicitly constructed the diffeomorphism between
an arbitrary cobordism and a normal form which is characterized by topological invariants.

All of the technology outlined above is defined for manifolds with faces of arbitrary dimension.
Thus, our work suggests a natural framework for studying extended topological quantum field
theories in dimensions three and four. Using 3-manifolds or 4-manifolds with faces, one can imagine
defining a category (most likely higher-category) of extended three or four dimensional cobordisms.
In both cases, gluing will produce well defined composition operations using the existing technology
for manifolds with faces. One could then extract a list of generating cobordisms, again using a
suitable generalization of Morse theory.

The main difficulty in obtaining a complete generators and relations description of these higher-
dimensional extended cobordism categories is the lack of general theory producing the relations.
Specifically, the handlebody theory for manifolds with boundaries and corners is not as advanced
as the standard Morse theory for closed manifolds. For the 2-dimensional case, we were able to
use relations previously proposed in the literature and to show the sufficiency of these relations
by finding the appropriate normal form for 2-dimensional open-closed cobordisms. Our induction
proof shows that the proposed relations are in fact necessary and sufficient to reduce an arbitrary
open-closed cobordism to the normal form. To extend these results to higher-dimensions, it is
expected that a more sophisticated procedure will be required, most likely involving a handlebody
theory for manifolds with faces.

We close by commenting on a different approach to TQFTs with corners. In the literature,
for example [24], extended TQFTs are often defined for manifolds with corners in which the basic
building blocks have the shape of bigons [24] with only one sort of boundary along which one can
always glue. This is a special case of our definition which is obtained if every coloured boundary
between two corners is shrunk until it disappears and there is a single corner left that now separates
two black boundaries.
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A Symmetric monoidal categories

In this appendix, we collect some key definitions for easier reference.

Definition A.1. Let (C,®,1,a, A, p) and (C',®, 1", &/, N, p') be monoidal categories. A monoidal
functor ¢: C — C’ is a triple ¢ = (1,12, 1p) consisting of,

e a functor ¢: C' — C’,

e a natural isomorphism ¥s: ¥(X) @ (V) — (X ® Y), where for brevity we suppress the
subscripts indicating the dependence of this isomorphism on X and Y, and

e an isomorphism tg: 1" — (1),
such that the following diagrams commute for all objects X,Y, Z € C:

W(X) @ $(Y)) @ $(2) 2L (X @ Y) @ ¥(Z) — 2 (X 2 V) © Z)

aw(X),wY),w(Z)l ld)(ax,y,z) (A1)

W(X) @ (V) @ Y(Z)) ——2s (X)) @ (Y © Z) — = p(X @ (Y ® Z))

!’
Ap(x)

' ®@P(X) ———— ¢(X)
¢0®1l P}(Ax) (A.2)
¥(1) ® Y(X) 2 (1@ X)

/
Py (x)

P(X) @V ———(X)
1®1"°l P(px) (A.3)
PO @YD) Fop(X @ 1)
The monoidal functor is called strict if 12 and 1y are identities.

Definition A.2. Let (C,®,1,a, A\, p,7) and (C',®,1", &/, N, p',7") be symmetric monoidal cate-
gories. A symmetric monoidal functor ¢: C — C’ is a monoidal functor for which the following
additional diagram commutes for all X,Y € C:

BX) @ B(Y) 2 (¥ @ 9(X)
w{ w{ (A4)
WX @Y)— Ly @ X)

Definition A.3. Let (C,®,1,a, A, p) and (C',®,1’, &/, N, p’) be monoidal categories and 1: C —
C’ and ¢': C — C’ be monoidal functors. A monoidal natural transformation ¢: ) = 1’ is a
natural transformation such that for all objects X, Y of C, the following diagrams commute,

B(X) @ p(Y) —2E2 (X)) @ ! (Y) v
1/,{ l% and wl w‘ (A.5)
YXQY) — (X ®Y) (1) =2/ (1)

Definition A.4. Let C be a small symmetric monoidal category and let C’ be an arbitrary sym-
metric monoidal category. We denote by Symm-Mon(C,C’) the category of symmetric monoidal
functors C — C’ and monoidal natural transformations between them. It is clear that the tensor
product of symmetric monoidal functors and monoidal natural transformations defines a symmet-
ric monoidal structure on the category Symm-Mon(C,C’).
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Definition A.5. Let C and C’ be monoidal categories. We say that C and C’ are equivalent as
monoidal categories if there is an equivalence of categories C ~ C’ given by functors F': C — C’
and G: C' — C and natural isomorphisms 7: 1¢ = GF and €: FG = 1¢/ such that both F' and G
are monoidal functors and 7 and € are monoidal natural transformations.

If C and C’ are symmetric monoidal categories, we say that they are equivalent as symmetric
monoidal categories if in addition F' and G are symmetric monoidal functors.
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