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Abstract

We prove that given a stress-free elastic body there exists, for sufficiently small
values of the gravitational constant, a unique static solution of the Einstein equa-
tions coupled to the equations of relativistic elasticity. The solution constructed
is a small deformation of the relaxed configuration. This result yields the first
proof of existence of static solutions of the Einstein equations without symme-
tries. (©) 2008 Wiley Periodicals, Inc.

1 Introduction

General relativistic effects generated by compact, isolated bodies, such as stars
and even satellites, are of increasing importance in observational astronomy and
experimental general relativity. Given this fact, it is remarkable how little is known
about solutions of the Einstein field equations for systems with spatially compact
sources. The situation is not much better if we describe gravity by Newton’s theory.

The present paper provides the first existence result for compact, isolated, static
elastic bodies in Einstein’s theory of gravity. With the notable exception of colli-
sionless matter, essentially all previous results concerning compact, isolated, self-
gravitating bodies deal with static or stationary fluid bodies. Under reasonable con-
ditions, static fluid bodies are spherically symmetric, while stationary fluid bodies
are axisymmetric.

Although the variational formulation of elasticity has strong similarities with
that of fluid models, static elastic bodies may, in contrast to static fluid bodies, be
nonsymmetric. In fact, in this paper we prove, for the first time, existence of static
solutions of the Einstein equations without symmetries.

1.1 Compact Bodies

Fluids and dust (i.e., a pressureless fluid) are the conceptually simplest and most
commonly used matter models. For a self-gravitating compact body, it is necessary
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to consider a free boundary problem with zero traction on the boundary. It was only
recently that an existence proof was given by Lindblad for the Cauchy problem for
a nonrelativistic perfect fluid with free boundary, in the absence of gravity [23, 24].
For self-gravitating fluids, no results of this generality are known, and it is only in
the static or stationary cases that results are available.

If we assume that space-time is static, the standard conjecture is that any iso-
lated self-gravitating body consisting of a perfect fluid is spherically symmetric.
This is known to be the case in Newton’s theory for a general equation of state. In
Einstein’s theory there is the work by Beig and Simon [8] that solves the problem
for a large class equation of states; a proof in the general case remains to be found.
For the case of stationary space-times in Einstein gravity, i.e., space-times with a
timelike, nonhypersurface orthogonal Killing field, it is known under certain addi-
tional assumptions on the thermodynamic properties of the fluid that there exists
an additional, rotational Killing field so that stationary space-times containing fluid
bodies are axisymmetric [25].

In spite of the symmetry restrictions discussed above, there are rich classes
of stationary and static solutions describing isolated bodies, even in Newtonian
gravity. The almost completely forgotten work of Leon Lichtenstein from roughly
the period 1910 through 1933 provides existence results in the Newtonian case for
rotating fluid solutions in various configurations; see the book [22]. Inspired by
Lichtenstein, Uwe Heilig showed in 1995 the existence of stationary rotating fluid
solutions in Einstein’s theory [15].

These results allow one to construct stationary fluid solutions with slowly rotat-
ing, almost spherical balls. Further, one has rings, rings around balls, and families
of nested rings. It seems almost impossible to get an overview on all possibilities.
New solutions can often be constructed as perturbations of known solutions. For
example, starting with a static, spherically symmetric fluid ball whose existence
can be shown by using ODE techiques, one may prove the existence of a rotating
solution with small angular velocity. This is essentially what was done by Lichten-
stein and Heilig.

The Vlasov matter model is a statistical description of weakly interacting par-
ticles. It is conceptually more difficult to work with than fluids but has been used
very successfully in various circumstances. For a survey of known results, see
[28]. The existence of various dynamical and time-independent solutions has been
demonstrated. All the known stationary and static solutions have axial symmetry.

1.2 Elasticity and Relativity

Elasticity is of course one of the oldest topics of theoretical physics, with origins
that can be traced back to the seventeenth century. The book by Marsden and
Hughes [26] gives a modern treatment of elasticity. Already in 1911, Herglotz [16]
gave a formulation of elasticity in special relativity. There are various formulations
of elasticity in the framework of general relativity; see, for example, Rayner [27],
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Carter and Quintana [11], Kijowski and Magli [18, 19], and Christodoulou [12, 13],
to name just a few important works.

Strangely enough, the problem of existence of static or dynamical self-gravitat-
ing elastic bodies in Einstein’s or Newton’s theory of gravity has, to the best of our
knowledge, until recently not been considered. The only exception is for the spher-
ically symmetric case. Even in nonrelativistic elasticity quite little is known. The
first existence theorem in three-dimensional static elasticity was given by Stoppelli
in 1954 [29].

About six years ago, two of the present authors (R.B. and B.S.), motivated by
this state of affairs, initiated a program to develop existence results for elasticity in
the setting of Einstein’s theory of gravity. We first showed the existence of static
solutions describing elastic bodies deformed by their own Newtonian gravitational
field [5], and later established the existence of relativistic elastic bodies deformed
under rigid rotation [6]. For time-dependent solutions local in time and space (no
boundary conditions), uniqueness was proved in [13]; for existence, see [4]. In [9]
an existence theorem for the motion of a free elastic body in special relativity is
given.

Elasticity can be described as a Lagrangian field theory [4, 13], and hence the
action for self-gravitating elastic bodies is derived by simply adding the gravita-
tional Lagrangian to the Lagrangian for elasticity. The basic matter field is a map,
the configuration, from a region in space-time to the body, an abstract 3-manifold
whose points label the constituents of the elastic body moving in space-time. The
stress of a configuration is determined by the stored-energy function that com-
pletely fixes the matter model. This formulation can be used in a nonrelativistic
space-time, in special relativity, and in Einstein’s theory. Elastic materials where
the stress is determined by a stored-energy function are usually called hyperelas-
tic. Diffeomorphism invariance, a necessary condition in Einstein’s theory, implies
that the stored-energy function satisfies the additional condition known in the non-
relativistic case as material frame indifference.

Once the stored-energy function is given, the variational problem as well as
the Euler-Lagrange equations are determined. In particular, one is led to consider
Einstein’s field equations with an energy momentum tensor that is determined by
the deformation. The elasticity equations are a consequence of the conservation
law in Einstein’s theory.

Since the configuration is a map from space-time to the body, we have a free
boundary value problem. To deal with this difficulty, one reformulates elasticity
using deformations, i.e., maps from body to space-time, as the basic variable. In
this setting, known as the material picture, one has a fixed a priori known boundary.

Let us now consider the static self-gravitating bodies in general relativity. In
this case, the theory can be given a variational formulation on the quotient space of
the timelike Killing field. Thus, in order to construct a static self-gravitating body
in Einstein gravity, we start from a relaxed elastic body without a gravitational field
and determine the deformation of such a body under its own gravitational field for
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small values of the gravitational constant G. To do this, it is convenient to choose a
stored-energy function for which there exists a configuration that is stress free, i.e.,
which satisfies, together with the Minkowski metric, the Einstein field equations
for G = 0, as well as the the elasticity equation. We start from this background
solution and construct nearby self-gravitating solutions for small values of G.

As mentioned above, self-gravitating static fluid bodies in general relativity are
known to be spherically symmetric for a large class of equations of state. In fact,
the result proved in this paper provides the first example of a static solution to
Einstein’s field equations that is not spherically symmetric.

It is worth pointing out that the approach used in this paper cannot be applied
to the problem of constructing an elastic neutron star, since in this case there is
no nearby stressfree configuration. To deal with this problem, one would have to
choose a stored-energy function in which the shear strains are much smaller than
the hydrostatic compression. Then one could begin with a spherically symmetric
solution in which the radial pressure would be different from the tangential pres-
sure. One could then use the methods developed in this paper to construct nearby
solutions that are not spherically symmetric.

Finally, we remark that it may be argued that the result proved in this paper
is very weak, since G is required to be sufficiently small. However, it should be
noted that we make no restriction on the shape of the body. For example, one may
consider two very large bodies connected by a very thin neck. In this situation it is
clear that if we make gravity too strong (i.e., G too large), the neck will break and
hence there can be no static solution for such a configuration for arbitrarily large
values of G. Thus, without restrictions on the shape of the undeformed body, we
cannot expect a stronger result.

1.3 Overview of This Paper

In Section 2 we give some analytical preliminaries. We also for the convenience
of the reader review some basic ideas from linearized elasticity that we will make
use of. Further, we prove some results that will be used concerning Bianchi iden-
tities for weakly differentiable metrics and concerning the divergence of tensors
with compact support.

Section 3 presents the gravitational field equations in space and the elastic equa-
tions on the body. We use the harmonic gauge to make the field equations elliptic.
An important step is to extend the body to R3, the extended body, and to extend the
deformation, the inverse configuration, to a map from the extended body to phys-
ical space, which in our case is also R3. Then we move the field equations from
space to the extended body. In this way we obtain a quasi-linear system of partial
differential equations, the reduced Einstein equations in material form, where the
geometrical unknowns are defined on the extended body and the elastic variables
on the body.

In Section 4 we formulate the reduced Einstein equations in terms of a nonlinear
mapping between Sobolev spaces and calculate the Frechet derivative of the map at
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the relaxed configuration. It contains esssentially linearized gravity and linearized
elasticity. The linearized operator is Fredholm with nontrivial kernel and range.
The geometric reason for this is the combination of diffeomorphism invariance
of the Einstein equations and Euclidean invariance of the background solution.
Using an approach to some extent inspired by [21], we define a projection operator
such that we can use the implicit function theorem. This way we obtain for small
G a solution of the reduced field equation together with the projected elasticity
equations.

Section 5, which is the heart of the paper, contains a proof that the solution to
the reduced, projected system obtained using the implicit function theorem is in
fact a solution of the full system of equations for the self-gravitating elastic body.
At first it might seem that there are two possibilities to prove this. On the one hand,
if the exact elastic equations were satisfied, a standard argument using the Bianchi
identities would imply that the harmonicity condition is also satisfied and we have
in fact solved the full field equations. On the other hand, if we could show that
the full Einstein equations hold, the Bianchi identities would imply we also have a
solution to the exact elastic equations.

In fact, neither of these two alternatives is applicable, and one must prove both
properties simultaneously. To do this a type of bootstrap argument must be used. It
is worth mentioning that the boundary condition of vanishing normal traction is es-
sential. We could in principle solve the projected elasticity equation together with
the reduced field equations for a boundary condition that prescribes the position of
the boundary in space. However, it would then in general not be possible to show
that all the Einstein field equations are satisfied. This is consistent with the fact that
fixing the surface of a body in space is not a physical problem in Einstein’s theory.

The result of this paper is proved in a way that is completely different from the
analogous result in our Newtonian paper [5]. In Appendix B we add an outline
of the proof of the Newtonian result, found and kindly communicated to us by an
anonymous referee, which exactly follows the pattern of the present work.

2 Preliminaries

The following index conventions will be used. Uppercase Latin indices A4, B,
C,..., take values 1, 2, 3, lowercase Latin indices i, j, k, ..., take values 1,2, 3,
and Greek indices «, 8, v, ..., take values 0, 1, 2, 3.

We will make use of Sobolev spaces WP on domains and the trace spaces
B*:P  as well as weighted Sobolev spaces Wsk’p . Unless there is room for confu-
sion, the same notation will be used for spaces of tensors and vectors as for spaces
of scalar functions. The rest of this section collects some notions and facts from
analysis that will be needed.
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2.1 Sobolev Spaces on Domains

The books [1, 10] are general references for the material discussed in this sec-
tion. For an integer k > 0, 1 < p < oo, and a domain 2, Wk-P(Q) is the closure
of C*°(2) in the norm

hellwrr@ = Y 10%flLr@)-

lee| <k

Further, we shall need the Nikol’skii-Besov spaces B*? = B;’p , which are the
trace spaces for the Sobolev spaces. These are Banach spaces with norm defined
on R” fors > 0,1 < p < oo, by

1/p
lullgsr = lullze + ( / RGNS dh) |
[Rl’l

where o is the smallest integer strictly greater than s, and Ay is the difference
operator. There are also versions of many of the facts stated in this section for
p = 1l and p = oo; see the references given above. Note Bk-p # wk.p except for
the case p = 2.

Let k > 1. A well-known fact is that for a domain  C R” with C¥ boundary,
then for 1 < p < oo, the trace tryo has the property
tryg WEP(Q) = BF1/P:P(3Q).

We shall make use of this fact in the case k = 1. Further, under these condi-
tions, there is a bounded linear extension operator E : Wk?(Q) — wk-P(R") N
C®(R" \ Q). Here 2 = Q U 9 denotes the closure of Q. In fact, for the last-
mentioned result to hold, it is sufficient to assume that €2 has a Lipschitz regular
boundary.

2.2 The Boundary Problem of Linearized Elasticity

The book [30] is a general reference for the material discussed in this section.

Let A;/ kl be a fourth-order elasticity tensor on a domain Q C R”;i.e., A has
symmetries

AT =40 = A = Al
Let
o)/ = A/ ok
and define the operator L by
Lu; = d;0(u);”’.
L is strongly elliptic if
Aijklniéjnkél >0 forall§,ne R".
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For applications in elasticity it is natural to assume there is a positive constant A
such that for all symmetric n x n matrices V' ;

2.1) M2 < 147w uk ) < a7y

see [30, chap. III] or [26, sec. 4.3]. The pointwise stability condition (2.1) implies
strong ellipticity. We will assume that (2.1) holds for the rest of this section.
The Neumann-type problem

(2.2) Lu; =bj, trggou)i’n; =1,

is equivalent to the statement that
(2.3) A@.u) = —/qs"bl- +/¢"n
Q Q
for all ¢ € C*°(R2), where A(u, v) is the symmetric bilinear form

A(u,v) =/8jviAijklaluk.
Q

Let H*(Q2) = B%2(Q). Then A defines a bounded quadratic form on H ().
The radical Z of A is the space of & € H!(Q) such that A(£,u) = 0 for all
u € HY(Q). It follows from (2.1) and the symmetry properties of A4 that Z consists
of all Euclidean Killing fields &, i.e., fields of the form

(2.4) gi =a + bijxj, ai,bij constants, bij = —bjl-.

Let H'(Q). be the L? orthogonal complement of the radical, i.e., the space of
u € H'() such that

(2.5) /g,-u" =0 VeEeZ.
Q

Under the above conditions, the quadratic form A(u, v) is coercive on H(Q)e.
This follows from the pointwise stability condition (2.1) and Korn’s inequality; see
[30, p. 92]. Thus, by the Lax-Milgram theorem, we have that for any (b;, ;) €
H™Y(Q) x H™Y2(3Q) satisfying

(2.6) /g"b,-—/g"z,- =0 VéeZ,
Q 193

there is a unique u € H (), that is a weak solution to (2.2) and that satisfies the
estimate

lullgr = CUbLIE—1 (@) + Tl H-172000))-
We will later refer to (2.6) as an equilibration condition. The physical meaning of
the equilibration condition is that the total force and torque exerted by (b, ) is 0.
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Now, assuming 02 € Cckt2, Aijkl e Ck+1 andu € Wk+2’p(Q), one has
from [2] an estimate of the form

lullwrt2.r) <
CUIL)lwx.r (@) + Itrag o) - nllgi-1/p.03q) + lullLr(@))-

Let W52 (), be the space of u € W¥P(Q) such that the condition (2.5) holds.
Then we have by the above that for b, T € W*:7(Q) x B¥T1-1/7.P (3Q) satisfying
(2.6), there is a unique u € WK*2:P(Q), that solves (2.2). In particular, in view
of the above stated estimates, we have that the linear mapping W*+2:7(Q) —
Wk-p(Q) x Bkt1-1/P:P(32) defined by

2.7 u > (Lu,trgg o(u) - n)

is Fredholm. It follows from the discussion above that the cokernel of the operator
defined by (2.7) is defined by (2.6), and that the kernel consists of Killing fields of
the form given in (2.4).

2.3 Weighted Sobolev Spaces on R"

The material that we shall need can be found in [3]. Letn > 2, r = |x/|, and
o =(14+r%)Y2 Fork > 0, k aninteger, 1 < p < 00, § € R, define function
spaces WSk’p as the closure of C§°(R") in the norms

el = D2 [P 5% .
? el <k

We use the notation Lg for Wso’p . Decreasing § means faster decay. The spaces

Wsk_’,’; /p are equivalent to the homogenous Sobolev space Wk-P without weight, in

particular, Lfn/p = LP?. The dual space of W;’p is W(;s’p/ with1/p+1/p =1,
8’ = —8 — n. Weighted Holder spaces C Sk ** can be defined analogously; see [3].

Weighted function spaces can be analyzed in terms of ordinary function spaces
by the following standard construction: Let ¢p be a bump function that has support
in |x| < 2 and that equals 1 on |x| < 1. Define a cutoff function ¥ by ¥ (x) =
¢(x) — ¢(2x). Then ¢ has support in the annulus % < |x| < 2. For a function u,
let ug = ¢u, and let u; (x) = ¥ (x)u(2'x) be the dilatations of u. An equivalent
norm for ng,p is given by

o0
—ipé
|||M|||§,8k,p = 27l -
i=0

Using this formulation, inequalities on compact domains may be systematically
generalized to weighted spaces. The following are some of the basic inequalities
for the weighted spaces:
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(1) Inclusion: If py < ps, 63 <8y,andu € ngz, then

28) lullz1 = Cllul .

(2) SobolevI:1fn —kp >0and p <q <np/(n —kp), thenifu € ng’p,

lullLg < Cllu”W&k.p.

(3) Sobolev II: 1f n < kp, then if u € W7,

lllzge < Cllullyer,

and in fact [u(x)| = o(r%) as r — oo.
(4) Product estimate: If n < kp, u € ngf’p ,and v € ng;’p , then with § =
81 + 829

(2.9) luvllyer = Cllullyer vl o
1 2

Let A denote the Laplacian defined with respect to the Euclidean metric on
R"™. We recall some facts about its mapping properties in the setting of weighted
Sobolev spaces. Let E = {j : j integer, j # 3 —n,...,—1}. In particular, for
n = 3, E consists of all integers. The elements of E are called exceptional weights.
A weight § € R\ E is called nonexceptional. Given § € R, define k™ (6) to be the
largest exceptional weight < §.

A basic fact is that A : ng,p — Wsk__zz’p fork > 2,1 < p < o0, is Fredholm

if and only if § is nonexceptional. In particular, for § € (2 —n,0), A : ng’p —

k_27p
Ws_»
b'd; 4+ c¢. Then with g > n, we will say that L is asymptotic to A, of order t < 0,
if

is an isomorphism. Let the operator L be of the form L = a'/3;9; +

a’ — s e w4, pewd, celL? .
Note that the above conditions are stronger than those stated in [3, def. 1.5], and
that we use the opposite-sign convention for z. If L is asymptotic to A, then for
l<p<gq,L: Wsz’p — Lg is bounded.

The following version of elliptic regularity is easily proved using standard es-
timates for elliptic operators on domains (see, for example, [14, chaps. 8-9]) and
scaling. Suppose L is asymptotic to A of order T < 0 and suppose 2 < p < gq.
For u € Wal’p such that Lu € Lg’_z, elliptic regularity gives u € W;’p , and the
inequality

hellyyz.r = CAILulLy_, + lulLy)
holds. See [3, prop. 1.6] for a stronger version of elliptic regularity.

If § is nonexceptional, there are constants C and R so that if u € Wsl’p , the
scale broken estimate

lellyy2.r = CAILullLy_, + ullLese)
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holds; cf. [3, theorem 1.10]. Here Bg = {x : |x|] < R}. We will now state
a consequence of this estimate that we shall make use of. Assume that § + 7 is
nonexceptional. If u € Wsz’p ,Lu e Lg 7o then for exceptional values §+1<

j < k(8), there are h/ € C*(R"), harmonic and homogenous of order j in

R™ \ Bg, such that
U= Z h + v,
S+t<j<k=(8)

where v € Wé’_’é , and an estimate of the form

DI+ ol = CLulLy,  + Ivlzg)
J

holds. Here ||A7 || j is a suitable norm for homogenous, harmonic functions, for
example, ||/ |; = |[r™/h'||peo(s,z), With Sog = {x : [x| = 2R}. In particular,
ifker L = O on Wgz’p , then the above estimate takes the form

P <
DIl + el < CliLulzg, .
J

To make the above explicit, suppose n = 3, —1 < § < 0,and -2 < § + 7 < —1.

Then k=(§) = —1 and withu € WP, Lu € L? . we have

c

U= 1§+v
r

where  is a cutoff function such that { = 1in R3\ Bg and { = 0 in Bpg /2, and
where v € WSZJ’FI; satisfies an estimate of the form

<
et + ol < CUlLulLg, + I0]2e):

We shall make use of this estimate in Section 5.1.

For t < 0, p > n, define the space Ef *? of asymptotically Euclidean metrics
on R" as the space of /;; such that

k,
hl'j —51‘]' (S Wr p

where §;; denotes the flat Euclidean metric on R”. Then Ef *? is a Banach mani-
fold.

Let R;; be the Ricci tensor of /;;. We shall make use of the fact thatif 7 € E 3 P
for p > n, the operators Ay and V! — LV; = ALV; + R;; V/ are asymptotic
to A of order r. Here it should be noted that the principal part of the operator L
is the scalar Laplacian, acting diagonally. The results concerning elliptic operators
that we have stated in this subsection generalize immediately to the case of elliptic
systems of diagonal form.
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2.4 Bianchi Identity

The Bianchi identity for weakly regular Riemann spaces will play an important
role in this paper, and therefore we give a proof of this fact below. The consider-
ations in this subsection are local, and we work in local Sobolev spaces, denoted
by Wlfc’p . By definition, f € Wlfc’p if for each compact domain U C M, we
have f € wkP(U). For 1 < p < o0, let g be the dual exponent of p such that
1/p + 1/q = 1. For nonnegative integers k, we define W]O_Ck’q as the dual space to

WEP Then o f € W X7 if f € LP_, where k = |a|.
We make note of the following product estimates: Suppose that p > n. If

ue W22 v e W thenuv € W 7. To see this, differentiate the product

loc ° loc ° loc
and use Sobolev imbedding. Further, if u € ngc’p and w € Wlo_cl’p , then uw €

ijcl’p . We estimate the product uw as follows: Let v € Wlic’q and consider for
any domain U with compact closure |, y vuw. By the above-mentioned estimates,
vu € WH4(U). Thus the integral is well-defined, and the inequality | Jy vuw| <
Clvllwra@)lullwz.r@)lwllw-1., @y holds. But v € W4(U) was arbitrary.
It follows that uw defines a bounded linear functional on W 14(U), and hence

_lap
uw € W ",

LEMMA 2.1 (Bianchi Identities) Consider a Riemann manifold (M, h;;) of dimen-
sion n with metric h;; € le’p p > n. Then the first Bianchi identity holds for

oc ’

Rjjk1. Further, the second Bianchi identity
VimRijper =0
and the contracted second Bianchi identity
V%U—%%Rzo
are valid in the sense of distributions.

PROOF: The first two statements are clear from the product estimates and the
definition of V and R; ;. It is most convenient to prove the Bianchi identity using
the Cartan formalism. Let 8 be an orthonormal coframe. The structure equations
are

do+woAn0=0, do+owrnow=21.

Assuming h;j € W27, we have w € WP and € LY.

The Bianchi identity is the statement d?d®d® = 0, where d? is the covariant
exterior derivative. Recall that on a section of a tensor bundle, d“d®s = (dw +
%[w/\w])s = Qs and on a so(n)-valued tensor, suchas Q,d*H = dH +[wAH].

Evaluating d®d®d® gives
d°Q =dQ + [w A Q]

1
:dza)—l-id[a)/\a)]—l-[a)/\ﬂ]
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Now, d? = 0 on distributions. Further, expanding the other terms in the right-
hand side gives products of elements of Wléc’p and Lf;c. Therefore the standard
algebraic identities hold to show that d?Q = 0 in the sense of distributions. This
is equivalent to the statement that Vi, Rkl],-j = 0 in the sense of distributions.
Contracting this identity twice gives by the standard argument (making use of the

product estimates stated above and the fact that V,, Ry;;/ € Wlo_cl’p to justify the
contraction), the identity

: 1
V'R;j — EVjR =0,
which holds in the sense of distributions. O
For a domain Q2 with boundary 0€2, let yq denote the characteristic function

of 2, and trygp the trace to the boundary. The following lemma characterizes the
divergence-free tensors supported on a domain.

LEMMA 2.2 Let (M, h;j) be a Riemann manifold of dimension n with metric of

class lec’p , p > n. Let Q be a bounded domain compactly contained in M.

Assume that Q has C' boundary 0K, and let T;  be a symmetric tensor of class
WYP Then

loc
Vi(Tijxe) = (V'Tij)xa € L?
if and only if the zero traction condition
(trye Tij)n’ =0
holds, where n’ denotes the normal of 3S2. In particular, the identity
Vi(Tijxa) =0

holds in the sense of distributions, if and only if (V'T; i)xe = 0 and the zero
traction condition holds.

PROOF: LetY'! € Cy°. Then we have

[ ¥Vt == [ viviT, = - [viviT
M M Q
- / Y/VIT; + / Y/ Tin'!
Q Q2
where n' is the outward normal of 9. This implies that with 1/p + 1/g = 1, the

inequality

'/ YV (Tijxe)| < 1Y e 1V Tip) xallne
M

holds if and only if (tryq T )n/ = 0. This proves the lemma. O
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3 The Field Equations for a Static, Self-Gravitating Elastic Body

We first consider a variational formulation of a self-gravitating elastic body in
a 3 + 1 dimensional space-time (M, g48) and then specialize this to the static
case. The body B is a 3-manifold, possibly with boundary. We use coordinates X 4
on 3 and x* on space-time. In the Eulerian formulation of elasticity, the body is
described by configurations f : M — B. The total Lagrangian density for the
Einstein-matter system under consideration is, setting the speed of light ¢ = 1 for
convenience,

1
L= ong V8 Re /780

where p = p(f, df, g) is the energy density of the material in its own rest frame.
General covariance implies that p is of the form p = p(f4, y48) where y48 =
fA,afB,ﬂg“‘B, where f’g = E)O,fA.

Geometrically, this means the following: there is a function p on the bundle
of contravariant, symmetric 2-tensors over B, and p(f 4, y48) is the composition
po fx(g™"), where g7 ! is the inverse metric and f is the pushforward under the
map f acting on contravariant 2-tensors. For an equivalent description of elastic
materials, see [12, 13]. These references require in addition that B be furnished
with a crystalline structure, which is essentially a choice of three linearly indepen-
dent vector fields on 53 describing (the continuum limit of) the crystal lattice. More
precisely, a crystalline structure is a linear subspace of the space of vector fields
on 3 with the following property: for all points of B the evaluation map, which
sends vector fields on B to tangent vectors at this point of 3, is an isomorphism
when restricted to this subspace. Our assumptions, in Section 3.3, will render such
a choice of vector fields that Lie-commute. This means there are no dislocations in
the crystal lattice.

We now specialize to the static case. Let M = R x M, where the space
manifold M is diffeomorphic to Eucidean 3-space, M =~ [Rg. Further, we take the
body B to be a bounded open domain in Euclidean 3-space, B C IR%. We refer to
[R% as the extended body and will use coordinate X 4 also on IR%. The body B will
be assumed to have smooth boundary 03, and the closure B U a8 will be denoted
by B. Letting (x%) = (¢, x") where x’ are coordinates on M, we can write the
static space-time metric in the form

(3.1) Sap dx* dxP = —e?V qr? + e_ZUhij dx' dx’

where U and h;; depend only on x’. Further, the configurations f : M — B are
assumed to depend only on x’. Assuming that a volume form V4 pc on B is given,
we may introduce the particle number density n by

(3.2) FA) B0 fC k()Vape (f(x)) = n(x) €k (x)
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where €;;¢ is the volume element of 4;;. Note that the actual number density
defined with respect to the metric e_2Uh,~ 718 ¢3Un. We assume the configurations
f are orientation preserving in the sense that n is positive on f ().
Let

AB A B ij
(3.3) HAB = g4, 8 ;h
so that y4B = ¢2U HAB Note that equation (3.2) implies

6n?> = HAAHBB HCC VypcVapicr.

The Lagrangian density £ is in terms of these variables, modulo a total divergence,
1
lén G
Here, R is the scalar curvature of 4;;, |[VU |2 = hIv;U V;U, and the relativistic
stored-energy function €, defined by p = ne, is of the form € = e(f4, 2V HAB),
where € is a smooth function of its arguments. In particular, by the chain rule, we

have de/0H A8 = ¢2U e /9y 4B,

Suppose that a nonrelativistic stored-energy function w( f4, K48) is given, for
example one suggested by experiment, where K42 is the nonrelativistic analogue
of HAB A relativistic stored-energy function € corresponding to w can be defined
as a sum of the specific rest mass € and the relativistic analogue w( f 4, e2U H4B)
of the stored-energy function. The specific rest mass is defined such that eVaBcC
is the rest mass distribution of the material in its natural state. It can be shown
that if the dependence on the light speed ¢ is properly taken into account, the

field equations tend to those of the corresponding Newtonian model when we let
¢ /" 00. See [4] for details.

(3.4) L=— Vh(R =2|VU?) + eYnevh.

3.1 Field Equations in Eulerian Form
In order to write the field equations, we introduce the stress tensor o. We will
need the form of the stress tensor on the body and in space. These are given by
de
(3.5) oup = 25055 0ij = nfAif® jous. 0i* = f8iopc HA,

We remark that our convention for the stress here is that used in standard nonrela-
tivistic elasticity, as opposed to the usual one in general relativity. It is important
to note that the elastic quantities such as H48 and o; 7, viewed as functions on
space, are only defined on f~1(13). The Euler-Lagrange equations resulting from
the Lagrangian (3.4) are

(3.6a) Vj(eUUij) = eU(ne — Oll)Vl-U in f7Y(B), O'ijnj lr-108) = 0,
(3.6b) AU = 4nGeY (ne — o' g p-13  in RE,
(3.60) Gij =87G(0;; — GUOinf—l(B)) in [R?g,
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where

1 1
(3.7 0 = m[ViUVjU—EhUlVUlz]
System (3.6) is equivalent to the 4-dimensional Einstein equations
(3.8) Gu =8nGTy,,

where G, is the Einstein tensor of the static Lorentz metric given by (3.1) on
R x M, and

(3.9) Tyvdx"dx’ = eU[eZUné(uudx”)2 —0jj dx' dx’], uto, = e Y9,

Equations (3.6b) and (3.6¢) together imply the elasticity equation (3.6a). The
reason is that the contracted Bianchi identity for G;;, ViG; 7 = 0, implies that
the right-hand side of (3.6c) has vanishing divergence, and in particular the di-
vergence of the compactly supported term eY o; j Xf—1(3) must be well-defined. By
Lemma 2.2 this implies that the zero traction boundary condition in equation (3.6a)
holds, and hence by equations (3.6b) and (3.7), equation (3.6a) follows.

Let § be a fixed background metric on M, which we will take to be Euclidean,
and let I’j’: « be the Christoffel symbol of §. Then, with

(3.10) yi= h/’k(rjlik — T,

—V is the tension field of the identity map (M, h;;) — (M, S), and we have the
identity

1
(3.11) Ri; = _EAhhij + Vi Vi + Qij(h, dh),

where Aph;; is the scalar Laplacian defined with respect to /;; acting on the com-
ponents of /;;, and Q;; is quadratic in 0h. We use the notation 7(;; = %(Zi 7+ i)
for the symmetrization of a tensor. In particular, 4;; — R;; — V(;V}y is a quasi-
linear elliptic operator, while h;; — R;; fails to be elliptic. This failure is es-
sentially due to the covariance of R;;. It also follows that system (3.6) fails to be
elliptic. In order to construct solutions to (3.6), we will replace equation (3.6¢) by
the reduced system that results from replacing R;; by R;; — V(; V). The modified
system that we will consider is of the form

1
3.12) _EAhhlj + Q;j(h,0h) =2V;UV;U — 8JTG€U(O'l'j —hijO'[l)Xffl(B).

3.2 Field Equations in Material Form

In the Eulerian formulation above, the elasticity equation (3.6a) is a nonlinear
system with Neumann-type boundary conditions on the domain f~!(1), which
depends on the unknown configuration f'. We will avoid dealing directly with this
“free boundary” aspect of system (3.6) by passing to the material, or Lagrangian,
form of the system. In this picture the configurations f : M — B are replaced by
deformations, i.e., maps ¢ : B — M satisfying ¢ = f~! on B. Recall that the
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body B is a bounded open domain in Rp, the extended body, and that B is assumed
to have a smooth boundary 3. We will assume throughout the rest of this paper
that B is connected. See Remark 4.4 for discussion on this point.

We assume given a diffeomorphism i : [R% — IR?S, which is an isometry, i*§ =
05. In Cartesian coordinate systems X 4 on [R% and x' on [R?S where ép and 5
have components d4p and §;;, respectively, i can be assumed to have the form
il(X) = SAX 4. 5o that d4i! = 81’;1. Since B has a smooth boundary, functions on B
can be extended to the whole space, and in particular, given ¢, there is an extension
a : [R% — [R?s, depending smoothly on ¢, such that a(X ) = i(X) for X outside
some large ball.

In the material picture, the dependent variables f, U, and h;; are replaced
by the fields ¢, U , and h_ij, which we now introduce. As mentioned above, ¢ is
assumed to be a diffeomorphism B — ¢(B) C R2, and the extension ;5 of ¢,
which depends real analytically on ¢, is used to define the fields U = U o 3, a
function on IR%, and E = hjj o EE, a metric on IR%. We will use the same symbols
for these fields restricted to 5.

Remark 3.1. It is important to note that E %+ a*hi 7, since we are only pulling
back the components of /;; in the coordinate system (x'), not the tensor itself.

In particular, E does not transform as a tensor and is more properly viewed as a
collection of scalars. See Appendix A for a discussion.

Equation (3.2) defining n can be written in the form f*V = nuy, where
is the volume element of 4. Defining J = n~!, we have ¢*;, = JV. The Piola
transform of 0;/ can now be written in the form

54 =J(f4j0i7) 0.

With this notation we have in particular the relation V46,4 = J(V;o;7) o ¢. To
derive the material version of (3.6a), one may use this relation directly or proceed
by first pulling back the matter Lagrangian to 3 and then applying the variational
principle; see [6]. One finds

~ _ =1
(3.13) VA(eUE;jA) = eU[é — O%]BjU in B3, 6jAnA an = 0.
7

Here V4(eY 5;4) is defined in terms of the volume element V and does not involve
a choice of metric on B. We have

& 1 & A =
VA(eUGjA) = VBA(Ver,-A) — eU(]Sl’AFiijkA.
The bars in equation (3.13) correspond to the convention that f A,i be replaced by

¥4, defined as a functional of ¢ by
(3.14) vAi(X$ B(X) =85



1004 L. ANDERSSON, R. BEIG, AND B. G. SCHMIDT

and H48 be changed into
(3.15) HAB = A,y B hii;
thus H 48 is the inverse of a*hij.

Note that ¥4; is defined on IR%. With € = €(X, eZUI:IAB) and H48 under-
stood in this sense, we have the identity

0€
- A _
(3.16) 0;" = 8(]5",,4'

In particular, 54 = vBiopcH €4 and hence (3.13) is a second-order equation
for ¢. For barred quantities the corresponding rule for bars of derivatives gives
for U

(3.17) ;U = v4; 940.

For equations (3.6b) and (3.12) we simply replace each term by its barred version,
1.€.,

(3.18) AU = 4nGeU (ie —5,)) x5 in R3,.
Further, the covariance of the Laplacian implies

AU = (MpU) 0 = Mg, (U 0 §),

so that in this expression, the pullback a*h appears. This tensor is given by the in-
verse of H4B 1t follows that A, U involves second derivatives of ¢. An analogous
remark applies to

1——— R - 7o —
(3.19) _EAhhij + Ql'j(h, 3h) = Z(ViU)(VjU) — 87‘[G€U(Ol'j — hij Oll))(B.

3.3 Constitutive Conditions

We shall need to assume that the elastic material is able to relax in Euclidean
space (which in particular implies the absence of dislocations; see the remark at the
beginning of Section 3). Further, the stored-energy function € must be such that
the linearized elasticity operator is elliptic. In fact, we shall assume the pointwise
stability condition. The constitutive conditions for € are thus formulated as follows.
There should exist a Euclidean metric 85 = 845 dX4 dX B on B (we will use the
same symbol for this metric extended to [R;’g) such that

=0 inB

(320)  &(X) =] >C ( e )
: e(X) =€lw=01=5) 2 C. |:517
° IHAB ]| (=0, =5)

and

(321)  LapcpNABNCP > C'(cadpp + 6csap)NAENCD  in B,
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where

(3.22) Lapcp(X): ( e )

ABCD 9F AB3f CD U0 H—2)
and C and C’ are positive constants. Condition (3.21) is just the pointwise stability
condition (2.1) discussed in Section 2.2.

The quantity € appearing in (3.20) is the rest mass term in the relativistic stored-
energy function, as discussed above. For physical reasons, and in fact for hyper-
bolicity of the time-dependent theory, it is necessary to assume that C is positive.
However, for the purposes of the present paper, this condition could be dropped.
We shall assume, for simplicity, that V4 ¢ is the volume form associated with 65
(i.e., that V123 = 1 in Euclidean coordinates), so that nvh = det(af).

4 Analytical Setting

We will use the implicit function theorem to construct, for small values of New-
ton’s constant G, static, self-gravitating, elastic bodies near the reference state de-
scribed in Section 3.3. We will use the field equations in the material form given
by (3.13), (3.18), and (3.19).

We will now introduce the analytical setting where this work will be carried
out. Fix a weight § € (—1, —%). This choice of § determines the weighted Sobolev
spaces that will be used in the implicit function theorem argument below. The
range of weights for which the isomorphism property for A holds is (—1, 0), but
we shall need § € (—1, —%) later on. Further, we fix p > 3 to be used in setting up
the function spaces that will appear in our argument.

The body B is a bounded, open domain in Rp, the extended body, with smooth
boundary 8. Under these conditions, the trace to the boundary tryz is a continuous
linear map W1-?(B) — B1~1/P-P(3B3), and there is a bounded, linear extension
operator E : WP(B) — W.2P(R3); see the discussion in Section 2.1 or [1].
The spaces that will be used in the implicit function theorem argument are By =
W2P(B)x WP x ES*P and let B, = [LP(B)x B1~Y/P-P(3B)|x LY < LE .
Thus, Bj is a Banach manifold, and B is a Banach space.

The residuals of equations (3.13), (3.18), and (3.1_9)ieﬁne amap F : R x
By — By, F = F(G,Z), where we use Z = (¢, U, h;;) to denote a general
element of B;. We assume that ¢ is a diffeomorphism onto its image. Thus, F has
components F = (Fg, Fy, Fp), corresponding to the components of By, given by

- - =17 ___
4la)  Fy= (vA(eUa,-A) —eY [g_ "4} 0,U. trag(éiA)nA),
n

@.1b)  Fy = MU — dnGeY (e — 5,1 y s,

1 _ - - _
@1o)  Fp == Auhij + Qij(h,9h) =2V, UV, U + 81GeV (5;; — hij 5, x5
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Recall from the discussion in Section 3.2 that the extension a is needed in the
definition of F. The proof of the following lemma, a straightforward construction
involving the use of the extension operator £ and a cutoff function, is left to the
reader.

LEMMA 4.1 Fix some Xo € B. There are constants i > 0 and R such that for
each ¢ : B — R3, |¢ — i||WBz,p < [, there is an extension 25 : [R% — [R‘3S that
depends real analytically on ¢. The extension 5 can be chosen such that the map
¢ a is given by a continuous linear map from WP (B) to WP (Br(Xo)),
d(X) = i(X) for X € R} \ Bar(Xo), and p~1 € WP (R3).

loc

The equation to be solved is (G, Z) = 0. The material form of the reference
state is given by
Zo = (i,0,5;j oi) € By.
The map F defined by (4.1) is easily verified to satisfy F(0, Zg) = 0 and to map
B1 — B locally near the reference state Zj.

4.1 Differentiability of F

In order to apply the implicit function theorem, we must verify that F is C! as
amap R x By — B; in the arguments (G, Z), Z = (¢, U,E), near (0, Zgp). In
fact, F is real analytic if the stored-energy function € is real analytic near Zg. It is
clear that the dependence on G is smooth. We will freely make use of the standard
fact that if f is a smooth function, and u € WLP(B), p > 3, then u — f(u) is
a smooth mapping W1-?(B) — W17 (), as well as the corresponding statement
that holds for weighted Sobolev spaces. The map u — f(u) is sometimes called a
Nemytskii operator. We consider the dependence on Z for each term separately.

It is straightforward to see that ¥4; depends smoothly on ¢. This means that in
view of (3.16) and the smoothness of the stored-energy function, for ¥4, we note
that 5;4 depends smoothly on Z. By expanding the definition of Fg itis clear that
this depends smoothly on Z.

Next consider Fyy. Note that AU is the covariant Laplacian in the metric
H,p, where Hyp is the inverse of H48 given by (3.15), and thus A,U depends
smoothly on Z. Using the fact that o; J =g Aqﬁj .4, the lower-order terms in Fyy
are seen to be smooth in Z.

Finally, we consider 7. The discussion above of A, U also applies to Aph; iz
The quadratic term Q;; (h, dh) is evaluated by replacing each occurrence of h; j by
E and dih;; by

YA 0ahi;.
In view of the regularity assumptions we find that Q;; (h,dh) is smooth in Z. It is
straightforward to analyze the remaining terms in Fj, in the same manner. We have
now proved the following:
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LEMMA 4.2 The map F : B — By is C! near (0, Zy).

4.2 The Frechet Derivative D, F (0, Z)

Next we calculate the Frechet derivative D> F (0, Zo) and consider its proper-
ties. As we shall see, this derivative is not an isomorphism 7z,B; — B>, and
therefore it will be necessary to modify the system of equations by applying a pro-
jection before applying the implicit function theorem.

_We will denote by ¢, v, and k the infinitesimal variations of the fields ¢, U, and
hij. Using the notation of Section 3.3, let

S;AB(X) = §AESBF5C 6P L cppr (X).

o .
The tensor S;4 B corresponds to the tensor A;7! of Section 2.2. A calculation

iJj
shows that
Dy5;4(0. Zo)t = S;4 Bopt/,
D40, Zo)v = 284,850,
D;5,4(0, Zo)k = §i4; B8 b k.
Let £ be a Killing field in the reference metric 8; 7, in Buclidean coordinates

gl (x) = o' + ,Bijxj, with ai,ﬁij constants, ﬂij = —,BJi, and define £/ (X) =
£/(i(X)). Then we have d4& = ,Bik(gﬁ, and hence due to the antisymmetry of By,

4.2) 8A5i§,~AjB =0.

Now let 86iA denote any combination of the Frechet derivatives of 6l.A, eval-

uated at (0, Zo). Assuming we use a coordinate system X 4 where Via3 = 1, we
have, due to (4.2) and Stokes’ theorem, the important relation

0= [ €045, - [ € @5 4ma
B B

where n4 is the outward normal. This can be interpreted as saying that due to
the natural boundary conditions, the linearized elasticity operator is automatically
equilibrated at the reference configuration (0, Zg). It follows from the constitu-
tive conditions stated in Section 3.3 that { +— DgF4(0, Zo)¢ is elliptic; cf. the
discussion in Section 2.2. Therefore, the operator

Dy Fp(0, Zo) : W2P(B) — [LP(B) x B1~V/P-P(3B)]

is Fredholm with kernel consisting of the Killing fields on B, and cokernel (in the
sense of the natural L2 pairing) consisting of the Killing fields on i(13), as above.
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The only nonzero contribution from the Frechet derivative of the first-order term

_ = 1]
el [é—(i ;0

n

_ =)
Dy —eVle- 0% ;U v = —€0;v.
n (0,Zo)

This is a lower-order term that cannot affect the Fredholm property of D, F,
but it should be noted that it is not a priori equilibrated, and therefore in general
does not take values in the range of Dy Fy. By the above discussion we have

D2F4(0. Zo) = (94(85; ) — &0 v. trp(85;")n ).

Considering the other components of D, F, the only nonzero terms are the diagonal
entries D3 Fy and Dj Fj. These are given by

DgFy.v = Av

in Fg is

and |
(Dil}—hk)ij = _EAkU

where A = §489 403 is the Laplacian in the Euclidean background metric on [R%.
The operator A is an isomorphism WSZ’p — Lé’_z for 6 € (—1,0); cf. [3].
It follows from the above discussion that the Frechet derivative D, F (0, Zg)
can be represented as the matrix of operators
DyFy DuFy DpFy
0 A 0
0 0 1A
(where the entries are evaluated at (0, Zg)). In particular, the matrix is upper trian-
gular; the diagonal entries are isomorphisms, with the exception of Dy F4(0, Zy),
which is Fredholm with nontrivial kernel and cokernel; cf. the discussion above.
The off-diagonal terms are bounded operators. Therefore, if we compose F with
a projection that in the first component maps onto the range of Dy F(0, Zo) and
restrict the domain of definition of F to a subspace transverse to its kernel, the re-
sulting map will have a Frechet derivative at (0, Z) that is an isomorphism, which
will allow us to apply the implicit function theorem. The projection that will be
used is introduced in the next section.

4.3 Projection

Introduce the projection operator Pg : B, — B, which acts as the identity
in the second and third components of B, and is defined in the first component
of B, as the unique projection along the cokernel of Dy F4(0, Zo) onto the range
of DypFy(0, Zg), which leaves the boundary data in the first component of B;
unchanged. We use the the label B to indicate that Pz operates on fields on the body
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and the extended body. We shall later need to transport the projection operator to
fields on [R?s.

In order to give the explicit form of the action of Pz in the first component of
By, let (b;, 7;) denote pairs of elements in L?(B) x B11=1/7(3B). By a slight
abuse of notation, denote this operator too by Pg. We require that Pp(b;, 7;) =
(b';, ti), which satisfies

(4.3) /§%9=/€n
B B

for all Killing fields &’. Pairs (b';, 7;) satisfying this condition will be called equi-
librated. Since Pz is a projection along the cokernel, b’; must be of the form

b'i =bi—nixs
where n; = a; + Bij X/, with i, Bij constants satisfying B;; = —f;;. We remark

that the bilinear pairing (£, 7) +— |, Bé In; is nondegenerate; it is simply the L2 (1)
inner product on the space of Killing fields. Further, the map

e [ [¢
B B

defines a linear functional on the space of killing fields for each pair (b;, t;). There-
fore, there is a unique n; of the form given above such that b'i = b; —n; x satisfies
(4.3) for all Killing fields &*.

4.4 Existence of Solutions to the Projected System

We are now in a position to apply the implicit function theorem to prove the
following:

PROPOSITION 4.3 Let F : By — B3 be a map defined by (4.1), and let Pi be de-
fined as in Section 4.3. Then, for sufficiently small values of Newton’s constant G,
there is a solution Z = Z(G), where Z = (¢, U,H’j), to the reduced, projected
equation for self-gravitating elastostatics given by

4.4) PrF(G,Z) =0.
In particular, for any € > 0, there isa G > 0 such that Z(G) satisfies the inequality
@.5) 16 = illw=.r s + Wiy = 8ijlly20 + 10l <.

PROOF: Let Y denote the range of Ps and let X be the subspace of Tz, B
such that (¢ —i)’ (Xo) = 0 and SCi(SC(AaB)(¢ — 1)/ (Xp) = 0 holds at some point
Xo € B. We have already shown that 7 : R x By — By is C 1 and it follows
from the definition of Pg that PgF : R x X — Y is C!. Since F(0, Zy) = 0,
the Frechet derivative of PgF (G, Z) with respect to Z, evaluated at (0, Zyp), is
P D> F (0, Zp), which we will denote by A. It is clear from the discussion above
that A is Fredholm with trivial cokernel. Therefore all that remains to be checked
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is that ker A is trivial. To see this, note that ker Dy Fy consists of Killing fields, by
the discussion in Section 2.2. Prescribing the value and antisymmetrized derivative
of a Killing field at one point determines the Killing field in all of 3. This implies
that A : X — Y has a trivial kernel, and it is therefore an isomorphism. Thus,
the implicit function theorem for Banach spaces [20] applies to prove the existence
of solutions to the equation PgF (G, Z) = 0 for small values of G. Since Z(G)
depends continuously on G in B;, inequality (4.5) follows. O

Remark 4.4. Up to this stage, the connectedness of the body 55 has not played a
role in our arguments. In particular, in the case of a body with N > 1 connected
components, there is a collection of N elastic fields ¢ and an extension common to
all of them. The equilibration argument of Section 5 below fails, however, for the
simple reason that we have one equation, namely (5.15), but N elastic fields.

In the next section, we study the solutions provided by Proposition 4.3 and
prove that they in fact represent solutions of the full system (3.6).

5 Equilibration

Let (¢, U, h_[j) € Bj be a solution to the reduced, projected system (4.4) as in
Proposition 4.3, and let ¢ be the extension of ¢ provided by Lemma 4.1. Define
Uandh;jjbyU =U o ¢! and hij = hij o ¢~!. Then U and hij are elements
of Wgz’p (H??s) and Eg’p ([R?S), respectively. Further, we set f = a_l. Then f €
W22 and f =i"! outside a large ball.

loc
Let a be the extension of ¢ provided by Lemma 4.1, and let U and h;; be
definedby U = U o $‘1 and h;; = E o a_l. The following corollary to Propo-
sition 4.3 is immediate in view of the composition properties of Sobolev functions:

COROLLARY 5.1 For any € > 0, there is a G > 0 such that the inequality
5.1 ¢ —illw2.r@) + hij = 8ijlly2.0 + 1Ullp20 <€
holds.

5.1 Eulerian Form of the Projected System

Next we introduce the projection operator in space that corresponds to [Pg.
From this point on, we are only interested in the action of Px in the first com-
ponent of B1. We will be dealing with solutions to the projected system PgF = 0;
in particular, this means that the boundary condition 6,-An 4lag = 0 will be satis-
fied, due to the nature of the projection operator defined in Section 4.3. Therefore
it is convenient to write Pgb = Pg(b, 0).
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Recall the change-of-variables formula

[ucoaven = [ e feomdunco,
B VA ())
which results from the definition of # in equation (3.2). This implies

[Eeommavan = [ € o feonbs o fxdu.
B VA ())
Letting b; = V4 (eﬁéjA) — eﬁ(é — 5l ﬁ)aj—U, we have, using the properties of
the Piola transform,
nbio f =V;(eV0i’) — eV (ne —o7")d; U.
Based on this, we define the space version Pr—1 ) of the projection P by

Pr-1y(n-(bo f)) =n(Pgb)o f.
Pg is a projection by construction, and it follows from the definition of Pr—1z)
that it also is a projection. Due to this definition, the equation PsFy = 0 im-
plies Pr—1(g)(nFg o f) = 0. This relation is written more explicitly as equation
(5.2a) below. Summarizing, the triple (¢, U, h;;) we have constructed satisfies the
following set of equations:

(5.2a) [Pf—l(B)(Vj(eUUij) —eY(ne — all)BiU) =0 in fY(B),
(5.2b) oi'njlar-13 =0 indf ' (B),
(5.2¢) AU = 4nGeY (ne — O]l)Xf—l(B) in [Rg,

1 .
(5.2(1) Gl'j — (V(iVj) — Eh,-jvl Vl) = 87‘[G(®,‘j — eUO'l'j )(f—l(B)) m [Rg.
Recall that equation (5.2d) is equivalent to the space version of equation (3.19),
1
(5.3) —EAhhij + Ql'j(h, oh) = ZViUVjU — SJTGEU(UU — h,’jO’ll))(f—l(B).

Since the body is bounded, the right-hand sides of equation (5.2¢) and the contri-
bution from the stress in equation (5.3) have compact support, and hence U and
hij satisfy the reduced vacuum static Einstein equations near spatial infinity. This
implies that we can get more information about their asymptotic behavior than is
a priori given from the implicit function theorem argument.

LEMMA 5.2 U and h;j have the forms
m
(5.4) U= TU t U

(5.5) hij = 8ij —1—)/%—}-}1(2)[]-,
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for constants my , yij, with h);;, Uy € W228’p . Further, for sufficiently small G,
we have the estimates

(5.6) ||U(2)||W225~" + Imy| < C(|hij — 3ij||W32~ﬂ + ¢ —illw2.r(5)
(5.7 lh@y ijllwzr + VI = CRi; = 8ijlly2.0 + ¢ —illw2.0).

where |yl = (3_; V,-zj)l/z-

Remark 5.3. If h;; and U were solutions of the full static vacuum Einstein equa-
tions near infinity, with the same falloff conditions, one could conclude that the
O(1/r) term in h;; vanishes, following the argument in [17]; see also [7]. How-
ever, in our situation U and h;; satisfy the reduced static vacuum Einstein equations
near infinity, and this argument does not apply directly.

PROOF: By construction, we have h;; — 6;; € Wsz’p and U € Wgz’p, with
8 € (-1, —%). This, together with equation (5.2¢), implies by using the product
estimates (2.9) to expand AU that

AU=felLl |
with
IUMQLZSCHMU—SUM@m%ﬂme—m”haquﬂ

= Clihij = bijlly2.r + P = illw2.r )

where in the last step we estimated ne — oll in terms of 4;; and ¢ —i.
We follow the proof of [3, theorem 17]; see also the discussion in Section 2.3.
Let u satisfy

Aeu=felLls .
By the isomorphism property of A : Wgz’p — L{_, and the inclusion L  C
Lé’_z, we have

helly2.r = ClLA N

Fix some large radius R and a point xo € R3. Let BR = BRr(xp), and let Eg =
R3 — Bg. By assumption, § € (—1, —%), so that —2 < 26 < —1. In particular, 2§

p .
26—2

is nonexceptional, and hence A, : W2? — L?. _is Fredholm. Hence there is a

) 28 26—2
v E Wza’p such that
Ae(u—v) =0 in ER.
It follows that u — v satisfies

u—v=ﬂ+0(1/r2) in Eg
r

for some constant 7. Here the term O(1/r2) comes from the expansion of har-
monic functions and is in W228’p .
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Let ¢ be a cutoff function such that { = 1 in Ezg, ¢ = 0in Br(xo) and with
|0¢] < C/R. Set

_ m 2,p
w=u-— 7{ € W™,
Then we have w = u in Bgr(xg). Further, we have

Aew = f — Ae(ﬂé‘)
r

where A (7¢) has compact support and we can estimate

‘Ae(ﬂz) < Clml.
"3,
Since

u="Ixf

where I' = 1/r is the fundamental solution of A., we have

Im| < Cllf 1wy = Cllf Mz

25—2"

Here we used the inclusion LY, , C L}, , C L!; and the fact that L' = L
in three dimensions. Thus we have
<
[Aewlpz, = ClifllLz, -

Using the fact that ker A, is trivial in WZZS’p together with the Fredholm property,
we now have

lwlyzr < Cl Ly,

This argument proves (5.4) and (5.6). Applying the same argument to /;; shows
hij = 8ij + Vri + h@yij

with y;; constant and () ;; € W228’p and gives an estimate for /1(3);;, y;;j in terms
of hjj — 8;j, U, and ¢ —i. This gives (5.7), since we have an estimate for U in
terms of h;; — §;j, ¢ —ifrom (5.6). O

5.2 The Tension Field

The next three lemmas state the properties of the tension field V¥, defined by
(3.10), which we shall need. We may assume F]’. ¢ = 0. Let the operator L be
defined by

LVE = ApVF + RF; v

where Ay and R;; are the covariant Laplacian and the Ricci tensor of £;;, respec-
tively.
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LEMMA 5.4 Assume we are in a Cartesian coordinate system so that Si i = 0ij
and Fl.kj = 0. Letr = |x| and set 6' = x'/r. Let hij and y;j be as in (5.5).
Suppose LV € L§_3, where V is the tension field of h. Then if G is sufficiently
small, V e W82_’11’ and the estimate

(5.8) IVllyzr < CILV Iz
holds. Further, V is of the form
1 .
(5.9) vk = _ﬁ(ykjef —y"mb) + V)

where V(lg) € W228’i)1 and )/ij = 5ik)/kj-

PROOF: The operator L is an elliptic system, which is of diagonal type. There-
fore the results discussed in Section 2.3 apply to L. In particular, L is asymptotic
to A with rate §. Thus, L : WSZ_’f — L¥_, is Fredholm. It follows from the defi-
nition of V' and the assumptions on / that V' € ng_’ll) LV e L§_3, then elliptic
regularity gives V € WSZ_’Il’. For small data, L has trivial kernel in this range of
spaces, since L is then a small perturbation of A, that has trivial kernel in W,z’p ,
7 < 0. By Corollary 5.1, for G sufficiently small, the required condition on L will
hold. Therefore, if G is sufficiently small, an estimate of the form (5.8) holds.

Recall from Lemma 5.2 that

hij = 8ij + Vri +h@ij
with hz);; € Wii?. Let

1 .
(5.10) HE = = (/07 =y m6").

k

Under our assumptions, f‘l. ;= 0. From the definition of V* , a calculation shows

k k Lp .
vk—Hk e WP

in particular, V¥ — HK = 0(1/r25=1). The operator L is asymptotic to A, with
rate §; see Section 2.3 for this notion. It follows by an argument along the lines of
the proof of Lemma 5.2 that

k _ gk k
vk =H* + vk

with V(Ig) € sz(g’f 1~ This completes the proof of the lemma. O

~ Let § be a Euclidean Killing field of the form £ (X) = &' (i(X)) with £’ (x) =
o' + B'jx/ for o' and B'; constants such that f; = —p/;.
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LEMMA 5.5 Let V be as in (5.9). Then the identity

5.11) fsfofLV,- dih =fL(sfof)vi dih
holds.

PROOF: First note that both sides of equation (5.11) are well-defined. The
integrand on the left-hand side has compact support by equation (5.15). Recall that
f equals the identity map outside of a compact set. We have

Lo f)yelLf | and V;=0(1/r?).

Therefore the integrand in the right-hand side is an element of Lé’_s c L' In
order to justify the partial integration, let Bg = {|x| < R} and Sg = {|x| = R}.
Then (5.11) is equivalent to

lim /s"ofLVz-duF lim /L(EiOf)I/iduh-
R—>o0 R—o0
BR BR

Gauss’ law applied to the integral over B gives

fsfofLVi dup = /L(é"of)vi duh+/sfokavfndeh
Sr

BR BR

- / Vi(E o f)nkVi dAy,

SR

(5.12)

Let 0% = x* /r. With the asymptotic behavior of h; j from Lemma 5.2, we have
nk = 0k + 0(1/r) and F}k = O(1/r?). Further, the area element induced
on Sg from h;; differs from the standard area element of Sg by a term of order

O(1/R). Recall that by Lemma 5.4, V¥ = H¥+ V& with H given by (5.10) and

V(lg) € szbff |- Since we are interested in the integral over Sg in the limit R — oo,

this shows that the only important terms in the boundary integrals in (5.12) are

(5.13) /ﬁk,-x"a,erl dAR—/ﬁkaiedeR.
Sr Sr

We consider the first of these terms. Thus let Z = 8%;x79; H; 0", the integrand
in the first boundary integral above. At this point, we will be doing all calculations
in the background metric 6;;, and therefore it is convenient to lower all indices
using §;; and sum over repeated indices. A calculation shows

1
0 Hy = —5,3 [2vik — YmmSik — 3QVjk010; — Ymmb16k)] -
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This gives, with 0,60, = 1,

1
Z = Brixi0jH0) = _W:Bkiei (—=4vikt; + 2Vmmbh).

Note that the second term in the right-hand side vanishes due to the fact that 8;; =
—Bix, but not the first. To show this vanishes, we proceed as follows: We have
dAR = R? dA where d A is the area element of the unit sphere S, so we can write
Js. ZdAR = R* [¢ Z dA. Recall the identity

4
/ekel dA = 7”5,(,.
S

This gives
2w
ZdAR = ——Pii (=4yjkij + Z¥mmSix) =0
SR
due to the fact that 8;; = —pf;x. The integrand in the second term in (5.13) is

1
—>—5Bik(Vij0j — Ymm0i) Ok,
2r

which can be handled using the same method. It follows that

lim ( £ o fViVinkda, — | Vi o fn*y; dAh) =0,
Jessmrmon |

R—>o0
SR

which completes the proof of the Lemma. O

LEMMA 5.6 For sufficiently small G, there is a constant C such that the inequality

/(Si o [ILVidpy| < Cd(lhij = 8ijlly2.r + 1 = illw2.r@) EIV g2

holds, where, for € = a; + ﬁijxj, we write €| = |a| + |B].

PROOF: Using Lemma 5.5 we consider
[ L€ o yvidn

We need to estimate ||L(&' o £)V;|,1. We expand out L(£ o f), dropping the
reference to f for brevity, and writing » to denote a general contraction

LE=hxPE+T 05 +00 xE+ R*E.
Using the form of /;; given in equation (5.5), we have

— 2 : p
'=0(01/r)+v withve Ly |,

— 3 : p
o =0(1/r’)+z withz € Ly, ,,

_ 3 : p
R=0(/r’)+w withw e Ly ,.
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Further, using the estimates from Lemma 5.2, the coefficients in the O(1/r?)
and O(1/r3) terms can be estimated in terms of |y|, where y;; is the constant
metric in (5.5), and the lower-order terms can be estimated in terms of /(3);;. The
term involving 92§ has compact support and can be estimated in terms of ¢ — i.
Multiplying LE o f by V and using £ = O(r) and V € WSZ_’IIJ , we find the result
gives terms in L§_3 and ng_z coming from the O(1/r?) and O(1/r3) terms and

the Sobolev terms, respectively. Since L§5_2 C L§_3 and L§_3 C L1, this means

that using Lemma 5.2 we have an estimate of the form
ILE NIV = i+ Ih@ijliyzr + 16 =illy20)ENV g2
< C(Ihij = 8ig g2 + 16 = illw2.09)IEL IV 2.0

This completes the proof. O

We now take, in the sense of distributions, the divergence of equation (5.2d),
i.e., the equation

1
(5.14) Gij — (V(Z-Vj) - Eh,-,-vl Vl) =8nG(®;; — eUGij Xr-18) »

which holds in IR?S. For the first term on the left in equation (5.14), we use the
Bianchi identity from Lemma 2.1 to conclude V! G; 7 = 0 in the sense of distri-
butions. In order to take the divergence of the second term on the left, note that it
follows from the definition of V that V € WSI_’I{. The regularity assumptions on
hij imply that the identity

A 1 1 .
v/ (V(iVj) - EhileVl) = 5 (QnVi + Ry V)

holds in the sense of distributions.

For the first term on the right of (5.14), we use equation (5.2¢). In the second
term on the right in (5.14), using that the boundary condition (5.2b) is satisfied, we
apply Lemma 2.2 to get the identity

—Vj (@,’j - eUGij)(f—l(B)) = [Vj(eUOij) - eU(ne — Gll)aiU])(f—l(B).
In view of the projected elastic equation (5.2a), this is equivalent to
— Vj (®ij — eUaij)(f—l(B)) =
(Hf—l(B) — IPf—l(B))[Vj (eUO','j) - eU(ne - U]l)a[U])(f—l(B),

where 1 ¢—1 () is the identity operator in the space L?( f ~1(B)). Thus, defining
the operator L by

LV = ApVi + Rij V7,
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we finally conclude that the equation

(5 15) LVZ = 167TG(]If—1(3) - [Pf—l([g))
’ -[Vj(eUO'ij)—eU(HE—O'll)aiU])(f—l(B)

holds in R3.

We observe that equation (5.15) implies that LV is supported in £ ~!(8). Fur-
ther, in view of the fact that Pr—1 gy is a projection, we have

(5.16) Pr-1zLV = 0.
Recall from Section 4 that Pg was defined in terms of the Killing fields E(X) =
EN(i(X)) with £/ (x) = o' + B! jx/ fora’ and B’ ; constants such that B ; = —B/;.
It follows from the definition of Pr—1 ;) that we have
0= [(& o FCIPr1 ity i
[R3
for any &' of the above form and any z; € LIOC(IR ).
Now define the linear mapping Q : L 3([R ) — R by setting

Qu(zi) = /(éf,c) o fzidup, k=1,...,6,
R3
where {£(,) }6_, forms a basis for the space of Killing fields. We have the following
estimate:

LEMMA 5.7 There is a constant, depending on f and h;j, such that the inequality

(5.17) IzllLr(r—1 3y < CUIPr-1wy2llLrr—18)) T 1QZXf-1(8)lIRS)
holds.

PROOF: From the definition of Pr—1;), we have
2xr-1w) = Pro1iwy2xr—1m) + 1o -1

where ¢ is a Killing field, and from the definition of Q, we have

Quoztr1@ = [ oo S1E o g1y dia
2

— [eyuav
B

for a basis of Killing fields {S(K)},f:l. In view of the nondegeneracy of the L? pair-
ing on the space of Killing fields on B3, this means that there is a constant C such

that ||n(¢ o f)HL”(f_l(B)) < C||Qn(¢ o f))(f—l(B)”[Ré. Inequality (5.17) now
follows after an application of the triangle inequality. O
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PROPOSITION 5.8 For sufficiently small G, there is a constant C such that the
estimate

(5.18) IVIy2r = CIQLY |igs
holds.
PROOF: Due to the boundedness of 3 and f~1(1B), there is a constant C such
that
lzxs—rwllez_, = ClizllLr(r—1y)-

Since V solves (5.15), LV is supported in f~!(B) so the above inequality applies
to LV. Now making use of (5.16) and estimate (5.17), together with estimate (5.8)
from Lemma 5.4, we find that for /;; sufficiently close to §;;, i.e., for G suffiently
close to 0, estimate (5.18) holds. O

5.3 The Main Theorem

We are now able to prove the following:

THEOREM 5.9 For sufficiently small values of G, the solution to the reduced, pro-
Jjected system of equations for a static, elastic, self-gravitating body, equation (5.2)
is a solution to the full system (3.6) of equations for a static, elastic, self-gravitating
body.

PROOF: Recall the definition of Q. We have

QuyLV = /(Sf,c) o f)LVidup.

For small data, i.e., for sufficiently small G, £ is an approximate Killing field
for h;j. Therefore by Lemma 5.6, there is for sufficiently small G a constant C
such that

IQLV |Igs < C(|lhij — Sijllyzr + 16— i||W2~ﬂ(B))||V||W82_.7-

By (5.18), this implies that after possibly decreasing G, there is a constant C such
that

IVlly2r < Clhis = 8ijlly20 + 16 = ilw2a) 1V 2.0
Hence, by Corollary 5.1, for sufficiently small values of G, we have
Vllgzr < 21V Iy
s—1 2 5—1

Thus, in fact, V' = 0. Hence equation (5.2d) implies the full Einstein equation
(3.6¢). Further, by (5.15) we have that

(]If_l(B) - [Pf—l(B))[Vj(eUO'ij) - eU(ne - O’ll)ajU]Xf—l(B) =0,
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while by equation (5.2a),
[Pf—1(3)(Vj Y0;7) —eY (ne — o,l)aiU) =0 in fYB).

It follows that equation (3.6a) is satisfied, and hence that the solution (¢, U, h;;) to
the projected, reduced system, which was constructed using the implicit function
theorem, is a solution to the full system (3.6). O

Appendix A

The way the spatial metric 4;; is treated in Section 4 may seem surprising at
first. We start by reducing the Einstein equation (3.6c) using the harmonic gauge,
and then pull back the components of /;; in that gauge. Geometrically it might
seem much more natural to start by pulling back the metric itself under ¢3 Doing
this would result in replacing (3.6¢) by

Gap =87G(Oap —e Youpys) inR3,

where G4 p is the Einstein tensor of H4 g. Furthermore, we have that

_ 1 _ 1 _ _

Oup = —— | DAUDRU — ~HspH*PDcUDpU
871G 2

and o4 p is the extension of o4p. But then the quantity 6,~A in equation (3.16)

depends on ¢ only through ¥4;, since the remaining factors in

(A.1) 6 =yB,J5pc AAC

depend only on Hyp. Let us now look at the nature of equation (3.13), when
(¢, U, Hyp) are used as the basic variables rather than (¢, U, hij). There are po-
tentially two terms depending on second derivatives of ¢. One comes from taking
a derivative of @A ; in equation (A.1) above. The other comes from writing the
Christoffel symbols of /;; entering the left-hand side of (3.13) in terms of ¢. Re-
markably, both these terms cancel! For the linearization of the residual of equation
(3.13)at (¢ = i,U = 0, H4p = 84p), the only surviving term will involve first
partial derivatives of H4p, i.e., terms that break diffeomorphism invariance on [R%.
However, note that the very presence of the a priori given domain B (which of
course is the reason why this whole maneuver was performed) breaks diffeomor-
phism invariance. It is thus no wonder that after going over to the material picture
in the sense of using the full pullback of /;;, the elastic equation gives us terms
that break diffeomorphism invariance.

Appendix B

The following Newtonian version of the argument in this paper was contributed
by the anonymous referee.
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In the Newtonian theory the equations, with the standard definition of the stress,
taking the specific mass to be 1, are

(B.1a) V01! +nd;U =0 in f~4(B),
(B.1b) 0’ njlyr15 = 0,
(B.1c) AU =4nGnyp-1(5 inRZ.

The argument to show that the projected version of (B.1a) implies (B.1a) would go
as follows: We define X; to be the solution of

(B.2) AX; = Vjo;/ +nd;U
tending to O at infinity. Since
pi = Vioi! +nd; U,

the right-hand side of (B.2) has compact support, and X; has a multipole expansion
in a neighborhood of infinity,

M; x/Dj B
—AnX; = — + —5L + 0(r3).
r r
Here
M= [ood*s. Dy = [*aas
R3 R3
Writing .
no;U = Vj @l’],

where 0;/ = ©; j is given by (3.7) with h;; replaced by J;;, using the fact that
®;; = O(r*) at infinity, and taking into account (B.1b), we obtain

M=0, D= —/(oij +0;/)d3x.
R3

Thus, _

Dij x/ 3
U 40 ’

dmr3 + 00
where D;; = Dj;, in agreement with (5.9). Lemma 5.5 then applies with A in
the role of L, and Lemma 5.6 applies with §;; in the role of /;;. Proposition 5.8
also applies. The argument of the proof of Theorem 5.9 then applies to show that
X; = 0; therefore equation (B.1a) holds.

X; =
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