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STATIC SELF-GRAVITATING ELASTIC BODIES IN EINSTEIN
GRAVITY

LARS ANDERSSON*, ROBERT BEIG, AND BERND G. SCHMIDT

ABSTRACT. We prove that given a stress-free elastic body there exists, for
sufficiently small values of the gravitational constant, a unique static solution
of the Einstein equations coupled to the equations of relativistic elasticity.
The solution constructed is a small deformation of the relaxed configuration.
This result yields the first proof of existence of static solutions of the Einstein
equations without symmetries.

1. INTRODUCTION

General relativistic effects generated by compact, isolated bodies, such as stars
and even satellites, are of increasing importance in observational astronomy and
experimental general relativity. Considering this fact, it is remarkable how little
is known about solutions of the Einstein field equations for systems with spatially
compact sources. The situation is not much better if we describe gravity by New-
ton’s theory.

The present paper provides the first existence result for compact, isolated, static
elastic bodies in Einstein’s theory of gravity. With the notable exception of colli-
sionless matter, essentially all previous results concerning compact, isolated, self-
gravitating bodies deal with static or stationary fluid bodies. Under reasonable
conditions, static fluid bodies are spherically symmetric, while stationary fluid bod-
ies are axi-symmetric. Although the variational formulation of elasticity has strong
similarities with that of fluid models, static elastic bodies may, in contrast to static
fluid bodies, be non-symmetric. In fact, in this paper we prove, for the first time,
existence of static solutions of the Einstein equations without symmetries.

1.1. Compact bodies. Fluids and dust (i.e. a pressure-less fluid) are the con-
ceptually simplest and most commonly used matter models. For a self-gravitating
compact body, it is necessary to consider a free boundary problem with zero trac-
tion on the boundary. It was only recently that an existence proof was given by
Lindblad for the Cauchy problem for a nonrelativistic perfect fluid with free bound-
ary, in the absence of gravity [21], 20]. For self-gravitating fluids, no results of this
generality are known, and it is only in the static or stationary cases that results are
available.

If we assume that spacetime is static, the standard conjecture is that any iso-
lated self-gravitating body, consisting of a perfect fluid, is spherically symmetric.
This is known to be the case in Newton’s theory, for a general equation of state. In
Einstein’s theory there is the work by Beig and Simon [5] which solves the problem
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for a large class equation of states; a proof in the general case remains to be found.
For the case of stationary spacetimes in Einstein gravity, i.e. spacetimes with a
timelike, non-hypersurface orthogonal Killing field, it is known under certain addi-
tional assumptions on the thermodynamic properties of the fluid that there exists
an additional, rotational Killing field, so that stationary spacetimes containing fluid
bodies are axisymmetric [22].

In spite of the symmetry restrictions discussed above, there are rich classes of
stationary and static solutions describing isolated bodies, even in Newtonian grav-
ity. The almost completely forgotten work of Leon Lichtenstein from roughly the
period 1910-1933, provides existence results in the Newtonian case for rotating
fluid solutions in various configurations, see the book [19]. Inspired by Lichten-
stein, Uwe Heilig showed in 1995 the existence of stationary rotating fluid solutions
in Einstein’s theory [13].

These results allow one to construct stationary fluid solutions with slowly rotat-
ing almost spherical balls. Further, one has rings, rings around balls and families of
nested rings. It seems almost impossible to get an overview on all possibilities. New
solutions can often be constructed as perturbations of known solutions. For exam-
ple, starting with a static, spherically symmetric fluid ball whose existence can be
shown by using ODE techiques, one may prove the existence of a rotating solution
with small angular velocity. This is essentially what was done by Lichtenstein and
Heilig.

The Vlasov matter model is a statistical description of weakly interacting par-
ticles. It is conceptually more difficult to work with than fluids but has been used
very successfully in various circumstances. For a survey of known results, see [25].
The existence of various dynamical and time independent solution has been demon-
strated. All the known stationary and static solutions have axial symmetry.

1.2. Elasticity and relativity. Elasticity is of course one of the oldest topics of
theoretical physics, with origins that can be traced back to the 17°th century. The
book by Marsden and Hughes [23] gives a modern treatment of elasticity. Already
in 1911, Herglotz [I4] gave a formulation of elasticity in special relativity. There
are various formulations of elasticity in the framework of general relativity, see
for example Rayner [24], Carter and Quintana [I1], Kijowski and Magli [16], see
also [I7], to name just a few important papers. Strangely enough the problem
of existence of static or dynamical self-gravitating elastic bodies in Einstein’s or
Newton’s theory of gravity has, to the best of our knowledge, until recently not
been considered. The only exception is for the spherically symmetric case. Even in
non-relativistic elasticity quite little is known. The first existence theorem in three
dimensional static elasticity was given by Stoppelli in 1954 [26].

About six years ago, two of the present authors (R.B. and B.S.), motivated by
this state of affairs, initiated a program to develop existence results for elasticity
in the setting of Einstein’s theory of gravity. We showed the existence of static
solutions describing elastic bodies deformed by their own Newtonian gravitational
field [7], and later established the existence of elastic bodies deformed under rigid
rotation [§]. For time dependent solutions we showed that the local Cauchy problem
is well posed [6]. In [9] an existence theorem for the motion of a free elastic body
in special relativity is given.

Elasticity can be described as a Lagrangian field theory [6], and hence the ac-
tion for self-gravitating elastic bodies is derived by simply adding the gravitational
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Lagrangian to the Lagrangian for elasticity. The basic matter field is a map, the
configuration, from a region in spacetime to the body, an abstract 3-manifold whose
points label the constituents of the elastic body moving in spacetime. The stress of
a configuration is determined by the stored energy function which completely fixes
the matter model. This formulation can be used in a non relativistic spacetime,
in special relativity and in Einstein’s theory. Elastic materials where the stress is
determined by a stored energy function are usually called hyperelastic. Diffeomor-
phism invariance, a necessary condition in Einstein’s theory, implies that the stored
energy function satisfies the additional condition known in the non-relativistic case
as material frame indifference.

Once the stored energy function is given, the variational problem as well as
the Euler-Lagrange equations are determined. In particular, one is led to consider
Einstein’s field equations with an energy momentum tensor which is determined
by the deformation. The elasticity equations are a consequence of the conservation
law in Einstein’s theory.

As the configuration is a map from spacetime to the body, we have a free bound-
ary value problem. To deal with this difficulty, one reformulates elasticity using
deformations, i.e. maps from body to spacetime, as the basic variable. In this
setting, known as the material picture, one has a fixed apriori known boundary.

Let us now consider the static self-gravitating bodies in general relativity. In this
case, the theory can be given a a variational formulation on the quotient space of
the timelike Killing field. Thus, in order to construct a static self-gravitating body
in Einstein gravity we start from a relaxed elastic body without gravitational field
and determine the deformation of such a body under its own gravitational field for
small values of the gravitational constant G. To do this, it is convenient to choose
a stored energy function for which there exists a configuration which is stress free,
i.e. which satisfies, together with the Minkowski metric, the Einstein field equations
for G = 0, as well as the the elasticity equation. We start from this background
solution and construct nearby self-gravitating solutions for small values of G.

As mentioned above, self-gravitating static fluid bodies in general relativity are
known to be spherically symmetric for a large class of equations of state. In fact,
the result proved in this paper provides the first example of a static solution to
Einstein’s field equations which is not spherically symmetric.

It is worth pointing out that the approach used in this paper cannot be applied
to the problem of constructing for example an elastic neutron star since in this case,
there is no nearby stress free configuration. To deal with this problem one would
have to choose a stored energy function in which the shear strains are much smaller
then the hydrostatic compression. Then one could begin with a spherically sym-
metric solution in which the radial pressure would be different from the tangential
pressure. One could then use the methods developed in this paper to construct
nearby solutions which are not spherically symmetric.

Finally we remark that it may be argued that the result proved in this paper
is very weak, since G is required to be sufficiently small. However, it should be
noted that we make no restriction on the shape of the body. For example, one may
consider two very large bodies connected by a very thin neck. In this situation it is
clear that if we make gravity too strong (i.e. G too large), the neck will break and
hence there can be no static solution for such a configuration for arbitrarily large
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values of G. Thus, without restrictions on the shape of the undeformed body we
can not expect a stronger result.

1.3. Overview of this paper. In section 2l we give some analytical preliminaries.
We also for the convenience of the reader review some basic ideas from linearized
elasticity which we will make use of. Further, we prove some results which will be
used concerning Bianchi identities for weakly differentiable metrics, and concerning
the divergence of tensors wich compact support. SectionBlpresents the gravitational
field equations in space and the elastic equations on the body. We use harmonic
gauge to make the field equations elliptic. An important step is to extend the body
to R?, the extended body, and to extend the deformation, the inverse configuration,
to a map from the extended body to physical space, which in our case also is R3.
Then we move the field equations from space to the extended body. In this way we
obtain a quasilinear system of partial differential equations, the reduced Einstein
equations in material form, were the geometrical unknowns are defined on the
extended body and the elastic variables on the body.

In section Ml we formulate the reduced Einstein equations in terms of a non-linear
mapping between Sobolev spaces and calculate the Frechet derivative of the map at
the relaxed configuration. It contains esssentially linearized gravity and linearized
elasticity. The linearized operator is Fredholm with non trivial kernel and range.
The geometric reason for this is the combination of diffeomorphism invariance of the
FEinstein equations and Euclidean invariance of the background solution. Suppose
we have a solution of the problem, then we can perform a translation and rigid
rotation to obtain again a solution. We define a projection operator such that we
can use the implicit function theorem. This way we obtain for small G a solution
of the reduced field equation together with the projected elasticity equations.

Section [5] which is the heart of the paper, contains a proof that the solution to
the reduced, projected system obtained using the implicit function theorem, is in
fact a solution of the full system of equations for the self-gravitating elastic body.
At first it might seem that there are two possibilities to prove this. On the one
hand, if the exact elastic equations were satisfied, a standard argument using the
Bianchi identities would imply that also the harmonicity condition is satisfied and
we have in fact solved the full field equations. On the other hand, if we could show
that the full Einstein equations hold, the Binachi identities would imply we also
have a solution to the exact elastic equations.

In fact, none of these two alternatives are applicable, and one must prove both
properties simultaneously. To do this a type of bootstrap argument must be used.
It is worth mentioning that the boundary condition of vanishing normal traction is
essential. We could in principle solve the projected elasticity equation together with
the reduced field equations for a boundary condition which prescribes the position
of the boundary in space. However, it would then in general not be possible to show
that all the Einstein field equations are satisfied. This is consistent with the fact
that fixing the surface of a body in space is not a physical problem in Einstein’s
theory.

2. PRELIMINARIES

The following index conventions will be used. Upper case latin indices 4, B, C, . ..
take values 1,2, 3, lower case latin indices i, j, k,... take values 1,2,3, and greek
indices a, 3,7, ... take values 0,1,2, 3.
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We will make use of Sobolev spaces W*P? on domains and the trace spaces B*?,
as well as weighted Sobolev spaces Wf P Unless there is room for confusion, the
same notation will be used for spaces of tensors and vectors, as for spaces of scalar
functions. The rest of this section collects some notions and facts from analysis
which shall be needed.

2.1. Sobolev spaces on domains. The books [Il [10] are general references for
the material discussed in this section. For an integer £ > 0, 1 < p < o0 and a
domain Q, WkP(Q) is the closure of C*°(Q) in the norm

||U||W’W(Q) = Z ||aaf||LP(Q)
la|<k

Further, we shall need the Nikol’skii-Besov spaces B*P = B, P, which are the trace
spaces for the Sobolev spaces. These are Banach spaces with norm defined on R"
for s > 0,1 < p < o0, by

1/p
|ullBsr = [lullLr + (/ |h|_("+sp)||AZU||’£pdt)
RTL

where ¢ > s, o integer, and Ay is the difference operator. There are versions of
many of the facts stated in this section also for p = 1, and p = oo, see the references
given above. Note B*P £ WHP except for the case p = 2. Let k > 1. A well known
fact is that for a domain Q C R™ with C* boundary, then for 1 < p < oo, the trace
tropq has the property
traoWhP(Q) = BE=1/PP(9Q)

We shall make use of this fact in the case £ = 1. Further, under these conditions,
there is a bounded linear extension operator E : W*?(Q) — Wk?(R")NC> (R™\Q).
In fact, for the last mentioned result to hold, it is sufficient to assume that 2 has
a Lipschitz regular boundary.

2.2. The boundary problem of linearized elasticity. The book [27] is a gen-
eral reference for the material discussed in this section. Let A4;7;' be a fourth order
elasticity tensor on a domain Q C R", i.e. A has symmetries

A7t = A = A0 = At
Let
o(u)d = A7 Lot
and defined the operator L by
Lu; = 0j0(u);?
L is strongly elliptic if
Aijklnifjnk& >0, forall &, neR"™

For applications in elasticity it is natural to assume there is a positive constant A
such that for all symmetric n x n matrices ¢*;

Al < A 9R] < Aol (2.1)
see [27, Chapter IIT] or [23] S 4.3]. The pointwise stability condition (ZII) implies

strong ellipticity. We will assume that (2.I]) holds for the rest of this section.
The Neumann type problem

Lu; = b;, traga(u)ijnj =T (2.2)
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is equivalent to the statement that
A(gyu) = - / ot [ oim (2.3)
Q a0

for all ¢ € C*°(Q2), where A(u,v) is the symmetric bilinear form

Q

Let H*(Q) = B*%(Q). Then A defines a bounded quadratic form on H*(£2). The
radical Z of A is the space of £ € H(Q) such that A(¢,u) = 0 for allu € HY(Q). It
follows from (2.1]) and the symmetry properties of A, that Z consists of all Euclidean
Killing fields &, i.e. fields of the form

g =a'+b'27, a'b'; constants, b'; = —b; (2.4)

Let H*(Q). be the L? orthogonal complement of the radical, i.e. the space of
u € H(Q) such that

&ul=0, YéEeZ (2.5)
Q

Under the above conditions, the quadratic form A(u,v) is coercive on H(Q)..
This follows from the pointwise stability condition (1)) and Korn’s inequality, see
27, p. 92]. Thus, by the Lax-Milgram theorem, we have that for any (b;,7;) €
H=1(Q) x H-1/2(09) satisfying

Q o0

there is a unique u € H'(2)., which is a weak solution to (22)), and which satisfies
the estimate

l[ull g < CUb|| 1) + Tl H-172(80))

We will later refer to (28] as an equilibration condition. The physical meaning of
the equilibration condition is that the total force and torque exerted by (b,7) is
zero. Now, assuming 9Q € C*+2 A9, € CFF1 y € WF2P(Q), one has from [2]
an estimate of the form

[ullwrr2p ) < CIL(W)lwrr @) + [[trano(u) - nllgi-1/s00) + |ullLr@))

Let WFP(Q), be the space of u € W*P(Q) such that the condition (Z.5) holds.
Then we have by the above that for b, 7 € W*P(Q) x BF1=1/P2(9Q), satistying
(Z8), there is a unique u € W*+2P(Q), which solves [Z2)). In particular, in view
of the above stated estimates, we have that the linear mapping W*+2?(Q) —
WHP(Q) x BF1-1/2P(9Q) defined by

u +— (Lu, traqo(u) - n) (2.7)

is Fredholm. It follows from the discussion above that the cokernel of the operator
defined by (2.7 is defined by (2.6]), and that the kernel consists of Killing fields, of
the form given in (24)).
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2.3. Weighted Sobolev spaces on R”. The material which we shall need can
be found in [3]. Let n > 2, 7 = |z|, and let o = (1 + r2)%/2. For k > 0, k integer,
1 < p < oo, § €R, define function spaces Wf’p as the closure of C§°(R"™) in the
norms

P _ —5—
lull? s = > 110! P 0% |
s
lo| <k
We use the notation LY for W(g P Decreasing § means faster decay. The spaces

Wk;p are equivalent to the homogenous Sobolev space WHP without weight, in
s—n/p

particular L’in/p = LP. The dual space of Wy’ is W(;S’p, with 1/p+1/p’ = 1,
0" = —6 — n. Weighted Holder spaces C(I;’a can be defined analogously, see [3].

Weighted function spaces can be analyzed in terms of ordinary function spaces
by the following standard construction. Let ¢ be a bump function with support
in |z| < 2 and which equals 1 on |z| < 1. Define a cutoff function ¢ by ¢ (x) =
¢(x) — ¢(2x). Then 1 has support in the annulus 1/2 < |z| < 2. For a function
u, let ug = ¢u, and let u;(x) = ¥(z)u(2'z) be the dilatations of u. An equivalent
norm for W; P is given by

oo
—ipd
Il .0 = > 2Pl
=0

Using this formulation, inequalities on compact domains may be systematically
generalized to weighted spaces. The following are some of the basic inequalities for
the weighted spaces.

(1) Inclusion: If p; < pa, 62 < &1, and u € Lf;;, then
llullprr < Cllul|e2 (2.8)
1 2

(2) Sobolev I: If n — kp > 0 and p < g < np/(n — kp), then if u € Wf’p,

lullzg < Cllul s

(3) Sobolev II: I n < kp, then if u € WS,

lullge < Cllullyy s,

and in fact |u(x)| = o(r%) as r — oo.
(4) Product estimate: If n < kp, and u € W(;Cl’p, v E W;Z’p, then with § = 01402,

vl s < Clullyss ol (2.9)

Let A denote the Laplacian defined with respect to the Euclidean metric on
R™. We recall some facts about its mapping properties in the setting of weighted
Sobolev spaces. Let E = {j : jinteger ,j # 3 —n,...,—1}. In particular, for
n = 3, F consists of all integers. The elements of E are called exceptional weights.
A weight 6 € R\ E is called nonexceptional. Given ¢ € R, define k™ (d) to be the
largest exceptional weight < 4.

A basic fact is that A : Wf’p — Wf:f’p for k > 2,1 < p < oo, is Fredholm if and
only if § is nonexceptional. In particular, for § € (2 —n,0), A : Wf’p — Wf:;’p is
an isomorphism. Let the operator L be of the form L = a*8;0; + b'd; + c¢. Then
with ¢ > n, we will say that L is asymptotic to A, of order 7 < 0, if

a’ —§ e Wk, pewr, celL?,
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Note that the above conditions are stronger than those stated in [3, Definition 1.5],
and that we use the opposite sign convention for 7. If L is asymptotic to A, then
forl<p<gq, L: W(?’p — L% is bounded.

The following version of elliptic regularity is easily proved using standard esti-
mates for elliptic operators on domains, see for example [12, Chapters 8,9], and
scaling. Suppose L is asymptotic to A of order 7 < 0 and suppose 2 < p < gq.
For u € Wy?, such that Lu € L% _,, elliptic regularity gives u € W;” and the
inequality

lullyz» < C(1LullLy_, + [JullLy)
holds. See [3, Proposition 1.6] for a stronger version of elliptic regularity.

If § is nonexceptional, there are constants C, R so that if u € V[/51 P the scale

broken estimate

lullwz» < C(Lullrg_, + |lullLesr)
holds, cf. [3l Theorem 1.10]. Here Brp = {x : |z| < R}. We will now state
a consequence of this estimate which we shall make use of. Assume that § + 7 is
non-exceptional. If u € VV(;2 P Lue LY +r_g, then for exceptional values 6 +7 < j <
k= (§), there are hY € C°°(R™), harmonic and homogenous of order j in R" \ Bg,

such that _
S4+71<j<k=(6)

where v € W(?fT, and an estimate of the form

Z 187115 + Iollwze < ClILulley, _, +lvlls)
J

holds. Here ||h/|; is a suitable norm of for homogenous, harmonic functions, for
example [|h7|; = [|[r79h|| Lo (s,p), With Sor = {z : |z| = 2R}. In particular, if
ker L =0 on W(?’p, then the above estimate takes the form

SN + lellwzp, < CllLulles,
J

To make the above explicit, suppose n = 3, -1 < d < 0and -2 <+ 7 < —1.
Then k= (8) = —1 and with u € W;”, Lu € LY, ._,, we have
u = C—1C +v
r
where ( is a cutoff function such that ¢ = 1 in R3\ Bg,and ¢ = 0 in Bpr/2, and
where v € W(?fT satisfies an estimate of the form

ler| +lollywzp < ClLullez,_, +lvll5x)

We shall make use of this estimate in section [B.11
For 7 < 0, p > n, define the space EF? of asymptotically Euclidean metrics on
R™ as the space of h;; such that

hij — 61']‘ < Wf’p

where §;; denotes the flat Euclidean metric on R”. Then E®? is a Banach manifold.

Let R;; be the Ricci tensor of h;;. We shall make use of the fact that if h € E2P
for p > n, the operators A, and V' +— LV; = A,V; + R;;V7 are asymptotic to A
of order 7. Here it should be noted that the principal part of the operator L is
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the scalar Laplacian, acting diagonally. The results concerning elliptic operators
that we have stated in this subsection generalize immediately to the case of elliptic
systems of diagonal form.

2.4. Bianchi identity. The Bianchi identity for weakly regular Riemann spaces
will play an important role in this paper, and therefore we give a proof of this
fact below. The considerations in this subsection are local, and we work in local
Sobolev spaces, denoted by VVIIZCP By definition, f € WIIZ’CP if for each compact
domain U ¢ M, f € WkP(U). For 1 < p < 0o, let ¢ be the dual exponent of p,
such that 1/p+ 1/¢ = 1. For non-negative integers k, we define ngf’q as the dual
space to W,"P. Then 9*f € W, .57 if f € P where k = |a/.

We make note of the following product estimates. Suppose that p > n. If
u € Wli’cp, v E VVI})C‘I , then uv € VVI})C‘I . To see this, differentiate the product and
use Sobolev imbedding. Further, if u € WP, w € WP, then uw € W, P, We
estimate the product uw as follows. Let v € Wli)’cq and consider for any domain U

with compact closure, fU vuw . Since vu € VVli’Cq, by the above mentioned estimate,

this is well defined. But v € VVI})Cq was arbitrary, and it follows that uw € VVI;C1 P,

Lemma 2.1 (Bianchi identities). Consider a Riemann manifold (M, h;;) of di-
mension n, with metric h;; € Wli’f, p > n. Then the first Bianchi identity holds
for Rijii. Further, the second Bianchi identity

VimBijr =0
and the contracted second Bianchi identity

- 1
are valid in the sense of distributions.

Proof. The first two statements are clear from the product estimates and the defi-
nition of V and R;jz;. It is most convenient to prove the Bianchi identity using the
Cartan formalism. Let 6 be an ON coframe. The structure equations are

dd+wNbO=0
dw+wAw =K

Assuming h;; € WP we have w € WLP and Q € LD .

The Bianchi identity is the statement d“d“d“ = 0, where d*“ is the covariant
exterior derivative. Recall that on a section of a tensor bundle, d¥d¥s = (dw +
slw Aw])s = Qs and on a so(n)-valued tensor, such as Q, d*H = dH + [w A H].
Evaluating d“d*d” gives

dQ = dQ + [w A Q)
=d2w+%d[w/\w]+[w/\ﬂ]

Now, d? = 0 on distributions. Further, expanding the other terms in the right hand
side gives products of elements of V[/lif and LI . Therefore the standard algebraic
identities hold to show that d“€2 = 0 in the sense of distributions. This is equivalent
to the statement that V[mRkl]ij = 0 in the sense of distributions. Contracting this

identity twice gives by the standard argument (making use of the product estimates
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stated above, and the fact that V,, R’ € ngcl’p, to justify the contraction), the
identity
, 1
V'R;; — EVJ-R =0
which holds in the sense of distributions. O

For a domain Q with boundary 052, let xq denote the characteristic function
of 2, and trypn the trace to the boundary. The following Lemma characterizes the
divergence free tensors supported on a domain.

Lemma 2.2. Let (M, h;;) be a Riemann manifold of dimension n with metric of

class V[/lif, p >n. Let Q be a bounded domain compactly contained in M. Assume
that Q has C* boundary 02, and let T;; be a symmetric tensor of class WLP. Then

loc
V(Tijxe) = (V'Tij)xe € LP
if and only if the zero traction condition
(traQTij)nj =0
holds, where n? denotes the normal of 0. In particular, the identity
V' (Tijxa) =0
holds in the sense of distributions, if and only if (V'T;;)xa = 0 and the zero traction

condition holds.

Proof. Let Y € C§°. Then we have

/Yﬁﬂgmﬁ:i/vwnb
M M

:—/VWWU
Q

:/WW%+/Y%W
Q [519)

where n' is the outward normal of 9. This implies that with 1/p+ 1/q = 1, the
inequality

[ VIV @)l < IV el (9Tl
holds if and only if (trpn7¥)n’/ = 0. This proves the Lemma. O

3. THE FIELD EQUATIONS FOR A STATIC, SELF-GRAVITATING ELASTIC BODY

We first consider a variational formulation of a self-gravitating elastic body in a
3+1 dimensional spacetime (M, go3) and then specialize this to the static case. The
body B is a 3-manifold, possibly with boundary. We use coordinates X on B, and
x® on spacetime. In the Eulerian formulation of elasticity, the body is described by
configurations f : M — B. The total Lagrangian density for the Einstein-matter
system under consideration is, setting the speed of light ¢ = 1 for convenience,

1
L=———\—9gR,+V—
Texq VY 9He T vV—gr
where p = p(f,0f,¢g) is the energy density of the materical in its own rest frame.
General covariance implies that p is of the form p = p(f4,v48) where 448 =

A ofB 59°P, where f,ﬁ = 0af?. See [17, 6] for discussion and background.
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We now specialize to the static case. Let M = R x M, where the space manifold
M is diffeomorphic to Eucidean 3-space, M = R%. Further, we take the body B
to be a bounded open domain in Eucliden 3-space, B C R%. We refer to R% as
the extended body, and will use coordinate X4 also on R%. The body B will be
assumed to have smooth boundary 05, and the closure B U 9B will be denoted by
B. Letting (z%) = (t,2") where z* are coordinates on M, we can write the static
spacetime metric in the form

Jopdr®da’ = -2V dt* + e 2V h;jda’ da? (3.1)

where U, h;; depend only on x’. Further, the configurations f : M — B are assumed
to depend only on z*. Assuming that a volume form Vipc, on B is given, we may
introduce the particle number density n by

FA@) P (@) € (@) Vape (f (@) = n(@) eijp () (3.2)

where €;;;, is the volume element of h;;. We assume the configurations f are orien-
tation preserving in the sense that n is positive on f~1(B).
Let

HAP = (4P 0¥ (3.3)
so that y48 = 2V HAB_ Note that equation (3.2)) implies
612 = H* HPP HOC VypoVarpror

The Lagrangian density £ is in terms of these variables, modulo a total divergence,

L= —;\/E(R—2|VU|2) +enevh (3.4)
167G
Here, R is the scalar curvature of h;;, |VU|? = h¥V;UV;U, and the relativistic
stored energy function €, defined by p = ne, is of the form ¢ = ¢(f4,e2V HAB),
where € is a smooth function of its arguments. In particular, by the chain rule, we
have O¢/OHAP = €2UQe/0yAB.

Suppose that a non-relativistic stored energy function w(f*, K4P) is given, for
example one suggested by experiment, where K47 is the non-relativistic analogue
of HAB. A relativistic stored energy function e corresponding to w can be defined
as a sum the specific rest mass é and the relativistic analogue w(f4, 2V HAB) of
the stored energy function. The specific rest mass is defined such that éVap¢ is the
rest mass distribution of the material in its natural state. It can be shown that if
the dependence on the light speed ¢ taken properly into account, the field equations
tend to those of the corresponding Newtonian model when we let ¢ / co. See [6]
for details.

3.1. Field equations in Eulerian form. In order to write the field equations,
we introduce the stress tensor . We will need the form of the stress tensor on the
body and in space. These are given by

e
OAB = 257ap, Oij = nfAif? joa, o = fPiopcHA (3.5)

It is important to note that the elastic quantities such as HAB, 0;5, viewed as
functions on space, are only defined on f~!(B). The Euler-Lagrange equations
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resulting from the Lagrangian ([3.4) are

Vi(eYoid) =eY(ne — o )V;U in f71(B), oilnjlr-108 =0 (3.6a)
ARU = 47GeY (ne — O'[l)Xf—l(B) in R (3.6b)
Gij = 81G(0;; — eVoij xp-1(5) inRE (3.6¢)
where
0 = ﬁ[viUij - %hij|VU|2]. (3.7)
The system ([B.0) is equivalent to the 4-dimensional Einstein equations
G = 87GT,, (3.8)

where G, is the Einstein tensor of the static Lorentz metric given by B.I)) on
R x M, and

Ty datde” = eV[e?Yne (u,dat)? — oy da'da?], ut0, =e Yo, (3.9)

The equations (B.6DI3.6d) together imply the elasticity equation (3.6a). The
reason is that the contracted Bianchi identity for G;;, VG;; = 0, implies that the
right hand side of (8:6d) has vanishing divergence, and in particular the divergence
of the compactly supported term eVo;;x s-1(8) must be well defined. By Lemma
22 this implies that the zero traction boundary condition in equation ([B.6al) holds,
and hence by equations (3.6D) and ([B.7), equation (3.6a)) follows.

Let & be a fixed background metric on M, which we will take to be Euclidean,
and let I be the Christoffel symbol of §. Then, with

V= (T, T, (3.10)

—V is the tension field of the identity map (M, h;;) — (MM, 5), and we have the
identity

1
Rij = _iAhhij + V(J/]) + Qij(h, 8h), (3.11)

where Aph;; is the scalar Laplacian defined with respect to h;;, acting on the
components of h;; and Q;; is quadratic in Oh. We use the notation ¢(;;) = % (t;;+t;;)
for the symmetrization of a tensor. In particular, h;; — R;; —V;V}) is a quasilinear
elliptic operator, while h;; — R;; fails to be elliptic. This failure is essentially due
to the covariance of R;;. It follows that also the system (B.6) fails to be elliptic. In
order to construct solutions to ([B.6]), we will replace equation ([B.6d) by the reduced
system which results from replacing R;; by R;; — V(;V;). The modified system
which we will consider is of the form

1
— §Ahhij + Qij(h, 8h) = ZVZUVJU — 87TG6U(O'1'J' - hij O'll)Xf—l(B) (312)

3.2. Field equations in material form. In the Eulerian formulation above, the
elasticity equation ([B.6a)) is a nonlinear system with Neumann type boundary con-
ditions on the domain f~1(B) which depends on the unknown configuration f. We
will avoid dealing directly with this “free boundary” aspect of the system (3.0
by passing to the material, or Lagrangian form of the system. In this picture the
configurations f : M — B are replaced by deformations, i.e maps ¢ : B — M
satisfying ¢ = f~! on B. Recall that the body B is a bounded open domain in Rz,
the extended body, and that B is assumed to have a smooth boundary 0B5. We will
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assume throughout the rest of this paper that B is connected. See remark (] for
discussion on this point.

We assume given a diffeomorphism i : R% — R, which is an isometry, i*6 = d.
In Cartesian coordinate systems X4 on R} and z* on R where 65 and 4 have
components 645 and J;; respectively, i can be assumed to have the form i'(X) =
64 X4, so that d4i' = 6%. Since B has smooth boundary, functions on B can
be extended to the whole space, and in particular, given ¢, there is an extension
(;5 R% — R, depending smoothly on ¢, such that (;5( ) = i(X) for X outside
some large ball.

In the material picture, the dependent variables f,U, h;; are replaced by the
fields ¢, U,h_ij which we now introduce. As mentioned above, ¢ is assumed to be
a diffeomorphism B — ¢(B) C R%, and the extension g/b\ of ¢, which depends real
analytlcally on ¢, is used to define the fields U = U o ¢, a function on R}, and

h” = hyj; ogb, a metric on R3 We will use the same symbols for these fields restricted
to B.

Remark 3.1. [t is important to note that h_u #+ g/b\*hij, since we are only pulling
back the components of hi; in the coordinate system (x%), not the tensor itself. In
particular, h_u does not transform as a tensor and is more propertly viewed as a
collection of scalars. See appendiz[4l for discussion.

The equation ([B.2) defining n can be written in the form f*V = nuyp. where py,
is the volume element of h. Defining J = n~!, we have ¢*uy = JV. The Piola
transform of ¢;7 can now be written in the form

Gt =J(f*j07) 00

With this notation we have in particular the relation V acd=J (Vl-aij )o¢. To
derive the material version of ([B.6al) one may use this relation directly, or proceed
by first pulling back the matter Lagrangian to B and then applying the variational
principle, see [§]. One finds

_ ~ ~1
Va(ePs;4) = eVl — %] 80 inB, &i'nalos=0 (3.13)

Here V4 (e ;) is defined in terms of the volume element V and does not involve
a choice of metric on B. We have

1 7 T
Vaes;4) = VaA(VeUajA) — V¢l ATk o4

The bars in Eq.(3I3) correspond to the convention that fAJ- be replaced by 14;
defined as a functional of ¢ by
V(X)) B(X) =65 (3.14)
and HAZ be changed into
B =yApP i, (3.15)
thus EIAB is the inverse of ¢* hij. Note 4; is defined on RY. With € = &(X, e2U HAB)
and HAP understood in this sense, we have the identity
4 O€

9" a

0i

(3.16)
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In particular, ;4 = 5,6 H4, and hence [3.13) is a second order equation for
¢. For barred quantities the corresponding rule for bars of derivatives gives for U

00U = ;040 (3.17)

For equations (B.6D) and (312) we simply replace each term by its barred version,
ie.

AU = 4nGeY (e — ' )xs  in RY (3.18)

Further, the covariance of the Laplacian implies AU = (ApU) o ¢p = A$*h(U o @),

so that in this expression, the pullback gg*h appears. This tensor is given by the
inverse of HAB . Tt follows that A, U involves second derivatives of ¢. An analogous
remark applies to

1 o - _ .
— §Ahhij + Qij (h, 8h) = 2(VZU)(VJU) — 87TG€U(5'Z'J' — hij a'll)XB. (319)

3.3. Constitutive conditions. We shall need assume the existence of a relaxed
reference state for the elastic body under consideration. Further, the stored energy
function € must be such that the linearized elasticity operator is elliptic. In fact, we
shall assume the pointwise stability condition. The constitutive conditions for € are
formulated as follows. There should exist a Euclidean metric g = d45 dXAdXE
on B (we will use the same symbol for this metric extended to R}) such that

. Oe .
€(X) = elw=0,m=s5) = C, (W) l(=0,H=s5) =0 inB (3.20)
and
Lapop NABNCP > C'(80adpp + 6cpdap) NAPNCP in B, (3.21)
where
o %
Lapep(X) = | sgapgpep ) lw=0m=6s) - (3.22)

and C, C' are positive constants. The condition (3.2]) is just the pointwise stability
condition (ZT]) discussed in section The quantity € appearing in ([20) is the
rest mass term in the relativistic stored energy function, as discussed above. For
physical reasons, and in fact for hyperbolicity of the time dependent theory, it is
necessary to assume that C' is positive. However, for the purposes of the present
paper, this condition could be dropped. We shall assume, for simplicity, that Vagc
is the volume form associated with dg (i.e. that Via35 = 1 in Euclidean coordinates),
so that nvh = det(9f).

4. ANALYTICAL SETTING

We will use the implicit function theorem to construct, for small values of New-
ton’s constant G, static self-gravitating elastic bodies near the reference state de-
scribed in section B3l We will use the field equations in the material form given by
EI3). GIS) and EI0).

We will now introduce the analytical setting where this work will be carried out.
Fix a weight 6 € (—1,1/2). This choice of § determines the weighted Sobolev spaces
which will be used in the implicit function theorem argument below. The range of
weights for which the isomorphism property for A holds is (—1,0) but we shall need
d € (—1,1/2) later on. Further, we fix p > 3 to be used in setting up the function
spaces which will appear in our argument. The body B is a bounded open domain
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in Rg, the extended body, with smooth boundary 0B. Under these conditions, the
trace to the boundary trps is a continuous linear map W?(B) — B'~1/P»(9B),
and there is a bounded, linear extension operator E : W2P?(B) — WP (R}), see
the discussion in section 2] or [I]. The spaces which will be used in the implicit
function theorem argument are By = W2P(B) x W x E3", and let By = [LP(B) x
B=YrP(9B)] x LE_, x LY ,. Thus, B; is a Banach manifold, and By is a Banach
space.

The residuals of equations B13), (3I8) and (3I9) define a map F : R x By —
By, F = F(G, Z), where we use Z = (¢, U, h;;) to denote a general element of By.
Thus, F has components F = (Fy, Fu, Fp), corresponding to the components of
Bs, given by

_ _ — 1
.7:¢ = (VA(GUUjA) - eU[E - UTl] o;U, traB(UiA)TLA> (4.1&)
n
Fu = BpU — 4xGe¥ (ne — 5, ) x (4.1b)
1 _ . = _
Fn = —gAhhij + Qij(h,0n) — 2V,UV;U + 87GeY (5;5 — hij 61" ) x5 (4.1c)

Recall from the discussion in section that the extension (E is needed in the
definition of F. The proof of the following Lemma is a straightforward construction
involving the use of the extension operator E and a cutoff function, and is left to
the reader.

Lemma 4.1. Fix some Xo € B. There are constants > 0, R such that for each
¢:B—RE, |- i||W§,p < p, there is an extension ¢ : R} — RE, which depends

real analytically on ¢. The extension (E can be chosen such that the map ¢ — g/b\ 18

given by a continuous linear map from W2P(B) to W*P(Br(Xy)), ¢(X) = i(X)
for X € R} \ Br(Xo), and ¢! € W2P(RE).

loc
The equation to be solved is F(G,Z) = 0. The material form of the reference
state is given by
Zy = (i,0,0;; 0i) € By.
The map F defined by {1 is easily verified to satisfy F(0,Zp) = 0 and to map
By — Bs locally near the reference state Z.

4.1. Differentiability of F. In order to apply the implicit function theorem, we
must verify that F is C' as a map By — Ba, in the arguments (G,Z2), Z =
(¢,U, hij), near (0,Zp). In fact, F is real analytic if the stored energy function e
is real analytic) near Zy. It is clear the dependence on G is smooth. We will freely
make use of the standard fact that if f is a smooth function, and u € W1P(B),
p > 3, then u — f(u) is a smooth mapping W1?(B) — WP(B), as well as
the corresponding statement which holds for weighted Sobolev spaces. The map
u — f(u) is sometimes called a Nemytskii operator. We consider the dependence
on Z for each term separately.

It is straightforward to see that 1*; depends smoothly on ¢. This means that
in view of (.I6) and the smoothness of the stored energy function, for Fy, we note
that ;4 depends smoothly on Z. Expanding the definition of Fy it is clear this
depends smoothly on Z.

Next consider Fyr. Note that A, U is the covariant Laplacian in the metric H g,
where H 4p is the inverse of HA? given by (3.15)), and thus A,U depends smoothly
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on Z. Using the fact that ;7 = nd;4¢’ 4, the lower order terms in Fi; are seen to
be smooth in Z

Finally, we consider F},. The discussion above of A,U applies also to Aph;;.
The quadratic term Q;;(h, Oh) is evaluated by replacing each occurrence of h;; by
hij and akhzg by

¥ r0ahi;

In view of the regularity assumptions we find that @Q;;(h,dh) is smooth in Z. It is
straighforward to analyze the remaining terms in 7}, in the same manner. We have
now proved

Lemma 4.2. The map F : By — By is C' near (0, Zp).

4.2. The Frechet derivative DyF (0, Z;). Next we calculate the Frechet deriv-
ative Do F (0, Zp) and consider its properties. As we shall see, this derivative is
not an isomorphism 7'z, B; — Bs, and therefore it will be necessary to modify the
system of equations by applying a projection before applying the implicit function
theorem.

We will denote by v, v, k the infinitesimal variations of the fields ¢, U, h_” Using
the notation of section 3.3, let

S;4 B(X) = 6485876 6P ; Leppr(X).

The tensor 50'1-‘2 B corresponds to the tensor A;7 s\ of section A calculation
shows

Dy5; (0, Zo)- = ;5 POpy’

Dy A0, Zo)w = 284, B 6%

D55,4(0, Zo) .k = Si ;B8 % K
Let £ be a Killing field in the reference metric Sij, in Euclidean coordinates & (z) =
o' + B427, with of, 3, constants, 3°; = —(;, and define £(X) = £'(i(X)). Then
we have 94£' = (3',6%, and hence due to the antisymmetry of 5%,

94E1848 =0 (4.2)

Let now 65,;” denote any combination of the Frechet derivatives of &4, evaluated
at (0, Zp). Assuming we use a coordinate system X4 where Via3 = 1, we have due
to [@2), and Stokes’ theorem, the important relation

0= / E04(00,2) — (60, na,
B oB

where n? is the outward normal. This can be interpreted as saying that due to
the natural boundary conditions, the linearized elasticity operator is automatically
equilibrated at the reference configuration (0, Zp). It follows from the constitutive
conditions stated in section B3] that ¢ — Dy Fy(0, Zo) is elliptic, cf. the discussion
in section Therefore, the operator

DyF4(0, Zg) : WHP(B) — [LP(B) x B~Y/PP(9B)]

is Fredholm with kernel consisting of the Killing fields on B, and cokernel (in the
sense of the natural L? pairing) consisting of the Killing fields on i(B), as above.
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The only nonzero contribution from the Frechet derivative of the first order term
_ =1
Ue- 29,0

n

—e

in Fy is

2V = —€0;v

o, _ o
n (0,20)

This is a lower order term which cannot affect the Fredholm property of Do F, but
it should be noted that it is not a priori equilibrated, and therefore in general does
not take values in the range of DyF,. By the above discussion we have

D2.7:¢(0, ZQ) = (6A(55iA) — €0;v, tr86(65iA)nA)

Considering the other components of DoF, the only nonzero terms are the diagonal
entries Dy Fy and Dy F),. These are given by

DgFy.v=Av
and )
(D Fnk)ij = _§Aki]‘

where A = §480,0p is the Laplacian in the Euclidean background metric on ]R%.
The operator A is an isomorphism W;” — L2 _, for § € (—1,0), cf. [3].
It follows from the above discussion that the Frechet derivative D2 F (0, Zy) can
be represented as the matrix of operators
DyFy DuyFy DipFe
0 A 0
0 0 —3A

(where the entries are evaluated at (0,Zp)). In particular, the matrix is up-
per triangular, and the diagonal entries are isomorphisms, with the exception for
DyF4(0,Zy) which is Fredholm with nontrivial kernel and cokernel, cf. the dis-
cussion above. The off diagonal terms are bounded operators. Therefore, if we
compose F with a projection which in the first component maps onto the range
of DyFy(0,Zp), and restrict the domain of definition of F to a subspace trans-
verse to its kernel, the resulting map will have Frechet derivative at (0, Zy) which
is an isomorphism, which will allow us to apply the implicit function theorem. The
projection which will be used is introduced in the next section.

4.3. Projection. Introduce the projection operator Pg : By — Bs, which acts as
the identity in the second and third components of By and is defined in the first
component of By as the unique projection along the cokernel of Dy F(0, Zy) onto
the range of DyF4(0, Zy), which leaves the boundary data in the first component
of By unchanged. We use the the label B to indicate that Py operates on fields on
the body and the extended body. We shall later need to transport the projection
operator to fields on R¥.

In order to give the explicit form of the action of Pg in the first component of B,
let (b;,7;) denote pairs of elements in W2P(B) x W'~1/P»(9B). By a slight abuse
of notation, denote this operator too by Pg. We require that Pg(b;, ;) = (b4, 74),
satisfying

/ &= | &n (4.3)
B o8



18 L. ANDERSSON, R. BEIG, AND B. SCHMIDT

for all Killing fields &°. Pairs (b';,7;) satisfying this condition will be called equili-
brated. Since Pg is a projection along the cokernel, ¥’; must be of the form

b/i =b; — iXB

where 1; = «; + Binj, with oy, B;; constants satisfying 3;; = —f8;;. We remark
that the bilinear pairing (§,7) — [,z &7 is nondegenerate, it is simply the L*(B)
inner product on the space of Killing fields. Further, the map

e [en— [ en

defines a linear functional on the space of killing fields, for each pair (b;, ;). There-

fore, there is a unique 7; of the form given above such that b'; = b; — n; ¥ satisfies
@E3) for all Killing fields &°.

4.4. Existence of solutions to the projected system. We are now in a position
to apply the implicit function theorem to prove

Proposition 4.3. Let F : By — By be map defined by ({{-1]) and let P be defined
as in section[{.3 Then, for sufficiently small values of Newton’s constant G, there
is a solution Z = Z(G), where Z = (¢,U, h;;), to the reduced, projected equation
for self-gravitating elastostatics given by

PsF(G,Z) = 0. (4.4)
In particular, for any e > 0, there is a G > 0, such that Z(QG) satisfies the inequality
16 = illwzrs) + [hij = dijllyzr + [1Ully2e <e. (4.5)

Proof. Let Y denote the range of P and let X be the subspace of Tz, By, which has
the 1-jet of the first component equal to the 1-jet of i at some point Xy € B. We
have already shown that F : R x By — By is C' and it follows from the definition
of Py that PgF : R x X — Y is C1. Since F(0, Zy) = 0, the Frechet derivative of
PpF(G, Z) with respect to Z, evaluated at (0, Zy) is PgD2F (0, Zy) which we will
denote by A. It is clear from the discussion above that A is Fredholm with trivial
cokernel. Therefore all that remains to be checked is that ker A is trivial. To see
this, note that ker Dy Fy consists of Killing fields, by the discussion in section
Prescribing the 1-jet of a Killing field at one point determines the Killing field in
all of B. This implies that A : X — Y has trivial kernel, and it is therefore an
isomorphism. Thus, the implicit function theorem for Banach spaces [18] applies to
prove the existence of solutions to the equation PgF(G, Z) = 0, for small values of
G. Since Z(@) depends continuously on G in Bs, the inequality (@A) follows. O

Remark 4.1. Up to this stage, the connectedness of the body B has not played at
role in our arguments. In particular, in the case of a body with N > 1 connected
components, there is a collection of N elastic fields ¢ and an extension common to
all of them. The equilibration argument of section [J below fails, however, for the
simple reason that we have one equation, namely [(513), but N elastic fields.

In the next section, we study the solutions provided by Proposition[£.3land prove
that they in fact represent solutions of the full system (B.6I).
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5. EQUILIBRATION

Let (¢,U,hij) € By be a solution to the reduced, projected system (&) as in
Proposition IZ:{I,Aand let ¢ be the extension of ¢ provided by Lemma 1l Define U,
hij by U=Uo¢ ' and hij = hjop~". Then U and hy; are elements of W37 (R%)
and E?’p(Rg), respectively. Further, we set f = ¢~!. Then f € Wli’cp and f=i"!
outside a large ball.

Let ¢ be the extension of ¢ provided by Lemma 1] and let U, h;; be defined
by U = Uo ¢!, hjj = hij o~ . The following corollary to Proposition is
immediate in view of the composition properties of Sobolev functions.

Corollary 5.1. For any € > 0, there is a G > 0 such that the inequality
16 —illw2rs) + [[hij = Gijllwzr + |[U][y2r <e. (5.1)
holds.

5.1. Eulerian form of the projected system. Next we introduce the projec-

tion operator in space which corresponds to Pz. From this point on, we are only

interested in the action of Px in the first component of By. We will be dealing with

solutions to the projected system PgF = 0, in particular this means that the bound-

ary condition &;n A‘ o5 — 0 will be satisfied, due to the nature of the projection

operator defined in section 3] Therefore it is convenient to write Pgb = Pg(b,0).
Recall the change of variables formula

/ u(X)dV(X) = / uwo f(x)n(x)dun(x)
B f£71(8B)
which results from the definition of 7 in equation ([B.2]). This implies

/5amuwwm:/ €0 f(@)n()bi o f(x)dun
B f=4B)

Letting b, = VA(eU:ijA) —eV(e— %l) 0;U, we have, using the properties of the
Piola transform,
nb; o f = V;(e0:7) — eV (ne — o )o,U

Based on this, we define the space version P;-1(3) of the projection Pz by
P is(n- (bo f)) = n(Pgb)o f

Py is a projection by construction, and it follows from the definition of P that
it also is a projection. Due to this definition, the equation PgFy = 0 implies
P15 (nFg o f) = 0. This relation is written more explicitely as equation (5.Zal)
below. Summarizing, the triple (¢, U, h;;) we have constructed satisfies the following
set of equations,

]P)f—l(g) (Vj(eUUij) - eU(ne - Ull)aiU) =0 in f_l(B), (5.2&)
O'ijnjlaf—l(g) =0 in 6f_1(l’5’) (52b)
ARU = 47Ge (ne — O'[l)Xf—l(B) inR%  (5.2c)
1 .
Gij - (V(iVj) — EhileVl) = 87TG(@Z-J- — eUO'ij Xf*l(B)) m Rg
(5.2d)
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Recall that equation (5.2d) is equivalent to the space version of equation (3.19),
1
— §Ahhij + Qij(h, 8h) = ZVZUVJU — 87TG6U(O'1'J‘ - hijO'll)Xffl(B). (53)

Since the body is bounded, the right hand sides of equation (5.2d) and the contri-
bution from the stress in equation (5.3) have compact support, and hence U, h;;
satisfy the reduced vacuum static Einstein equations near spatial infinity. This
implies that we can get more information about their asymptotic behavior than is
a priori given from the implicit function theorem argument.

Lemma 5.2. U, h;; are of the form

U= % + U (5.4)
Yij

Jor constants my,vyij, with he)y i, Uy € W22(§p. Further, for sufficiently small G,
we have the estimates

WU llwze + lmol < C([[hi; = bijllwzr + ¢ = illw2r ) (5.6)
he) iillwze + 1V < Clhij = bijllwze + ¢ = illw2r ) (5.7)
where |17]| = (3, ;7).

Remark 5.1. If h;;,U were solutions of the full static vacuum Finstein equations
near infinity, with the same falloff conditions, one could conclude by that the O(1/r)
term in h;; vanishes, following the argument in [I5], see also [4]. However, in our
situation U, hy; satisfies the reduced static vacuum Einstein equations near infinity
and this argument does not apply directly.

Proof. By construction, we have hy; — 6;; € Wi? and U € WP, with § €
(—1,-1/2). This, together with equation (B.2d) implies using the product esti-
mates (Z9) to expand ApU, that

AU=felLbs ,
with
1fllzz, , < Clllhi; = 8ijllywzr + llne — o'l Lo(s-1(5)
< C(l[hij = bijllwzr + ¢ = illw2r ),

where in the last step we estimated ne — o' in terms of hij, ¢ —1i.
We follow the proof of [3 Theorem 17], see also the discussion in section 23]
Let u satisfy
Acu=felbs ,

By the isomorphism property of A, : W(? P — LY ,, and the inclusion LY , C
LY, we have
lullyzs < Cllfllzy

26—2
Fix some large radius R, and a point zo € R®. Let Br = Bgr(x¢), and let Ep =
R?® — Bg. By assumption, § € (—1,—1/2), so that —2 < 2§ < —1. In particular
20 is nonexceptional, and hence A, : VV22 3P — LY, is Fredholm. Hence there is a
vE W22(§p such that

Ac(u—v)=0 in Ep
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It follows that u — v satisfies
u—v="2 +0(1/r*) in Eg
r
for some constant m. Here the term O(1/r?) comes from the expansion of harmonic

functions, and is in W;&p. Let ¢ be a cutoff function such that ( =1 in Esr, (=0
in Br(zo) and with |0¢| < C/R. Set

w=u— %C € W22(§p

Then we have w = u in Br(zg). Further, we have
m
(_

=)

where A, (%) has compact support and we can estimate

Acw = f— A;

m
1Ae(—=Olleg, , = Clml

Since
u=TI%f
where I' = 1/r is the fundamental solution of A, we have

Im| < ClIf|[L1rs) < ClIflleg

26—2

Here we used the inclusion LY , C Ly; , C L', and the fact that L' = L' 5 in 3
dimensions. Thus we have

1Acwl|Lg

26—2

<Cl[flle

256—2

Using the fact that ker A, is trivial in VV22 ;7 together with the Fredholm property,
we now have

wllyzs < CllflILy

26—2

This argument proves (0.4)) and (E.0). Applying the same argument to h;; shows
hij = 51'3‘ + FYT” + h(g) ij

with v;; is constant and h();; € Wi;p, and gives an estimate for h(s) ;;, vij in terms
of hi; —d;;, U, and ¢ —i. This gives (0.7)), since we have an estimate for U in terms

ofhij—(Sij,(b—ifrom (m) O

5.2. The tension field. The next three lemmas state the properties of the tension
field V*, defined by (310), which we shall need. We may assume I‘ék = 0. Let the
operator L be defined by

LVF = AR VF + RF, V7

where Ay, R;; are the covariant Laplacian and the Ricci tensor of h;j;, respectively.

Lemma 5.3. Assume we are in a Cartesian coordinate system so that 6;; = 6;;
and f‘fj = 0. Let r = |z| and set 0" = x'/r. Let h;j, vij be as in [5.3). Suppose
LV € LY 5, where V is the tension field of h. Then if G is sufficiently small,
Ve W(?;l and the estimate

IVllza < CILVIILz (5.8)
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holds. Further, V is of the form

VE = L ke ) 1, (5:9)

where V(g) e WP, and v'j = 6%,

Proof. The operator L is an elliptic system, which is of diagonal type. Therefore
the results discussed in section apply to L. In particular, L is asymptotic to A
with rate 6. Thus, L : W(?;pl — L% 5 is Fredholm. It follows from the definition of
V and the assumptions on h that V € Wélf 1 LV e LY, then elliptic regularity
gives V € W(;Q’_pl. For small data L has trivial kernel in this range of spaces, since
L is then a small perturbation of A, which has trivial kernel in W2?, 7 < 0.
By Corollary 511 for G sufficiently small, the required condition on L will hold.
Therefore, if G is sufficiently small, an estimate of the form (5.8) holds.

Recall from Lemma that
Yij

hij = 035 + r + h(g) ij
with h(g) ij S W;&p Let
1 i m
H' = ~53 (75607 — 4™ 0") . (5.10)

Under our assumptions, f‘fj = (. From the definition of V¥, a calculation shows

k k 1,p
V¥ —H" e Wy~ 4,

in particular V¥ — H* = o(1/r2°~1). The operator L is asymptotic to A, with rate
0, see section 23] for this notion. It follows by an argument along the lines of the
proof of Lemma that

with V(lg) € Wfé’i 1- This completes the proof of the Lemma. O
‘Let ¢ be a Euclidean Killing field of the form &(X) = £'(i(X)) with &'(z) =
o' + 327 for o, 3*; constants such that 3'; = —3/;.
Lemma 5.4. Let V be as in (59). Then the identity
[¢orwvidun = [ Lo pyvid (5.11)
holds.

Proof. First note that both sides of equation (B.IT) are well defined. The integrand
on the left hand side has compact support by equation (5I5). Recall that f equals
the identity map outside of a compact set. We have

L(§o f)e Ly,
and
Vi =0(1/r%)
Therefore the integrand in the right hand side is an element of L{ , C L*. In order
to justify the partial integration, let Br = {|z| < R} and Sg = {|z| = R}. Then
(EI0) is equivalent to

lim & o fLVidup = lim L(& o f)Vidup.
R—o0 Br R—o0 Br
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Gauss law applied to the integral over Bg gives

€ o fLVdpy = / L(€ o f)Vidpn

BR BR

+ [ €ofViVintda, — / V(€ o fin*VidA, (5.12)
SR SR

Let 0% = 2¥/r. With the asymptotic behavior of h;; from Lemma we have
n* = 6¥+0(1/r) and T}, = O(1/r?). Further, the area element induced on Sg from
hi; differs from the standard area element of Sg by a term of order O(1/R). Recall
that by Lemma B3, V¥ = H* + V& with H* given by (I0) and V{5 € W” ;.
Since we are interested in the integral over Sg in the limit R — oo, this shows that
the only important terms in the boundary integrals in (5.12)) are

B* it 0 H0'dAp — Bl HO*dAR (5.13)
SR SR

We consider the first of these terms. Thus let Z = 8*;2°0,H16", the integrand in
the first boundary integral above. At this point, we will be doing all calculations in
the background metric §;;, and therefore it is convenient to lower all indices using
0;; and sum over repeated indices. A calculation shows

1
O Hy = 5.3 2Yik — Ymm Ok — 3(27jk0105 — Ymm810k)]

This gives using 00, = 1,
1
Z = Brix; O Hy0) = —ﬁﬁkﬂi(—‘hjk@j + 2Ymm k)

Note that the second term in the right hand side vanishes due to the fact that
Bri = —Bik, but not the first. To show this vanishes we proceed as follows. We

have dAr = R?dA where dA is the area element of the unit sphere S, so we can
write fSR ZdAp = R? [ ZdA. Recall the identity

4
/ 0u01dA = — 6.
s 3
This gives
2w
/ ZdARr = _?ﬁki(_4'7jk5ij + 2YmmOir) =0
Sr
due to the fact that Bx; = —B;r. The integrand in the second term in (EI3)) is
1
_ﬁﬁik(%gﬂj — Ymmi) Ok
which can be handled using the same method. It follows that

lim ( Eo fVRVinkdA, — /
Sr

R—o0 Sh

which completes the proof of the Lemma. O

Vi(€o f)nkm—dAh) =0

Lemma 5.5. For sufficiently small G, there is a constant C' such that the inequality
|/(§i o f)LVidun| < C (||hz'j = dijllwze + 110 = i||w2wp(3)) NV lywzr,

holds, where for & = a; + 27, we write |£] = |a| + | 3.
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Proof. Using Lemma [5.4] we consider
[ e nvidu

We need to estimate ||L(¢%0 f)Vi||1. We expand out L(£of), dropping the reference
to f for brevity, and writing x to denote a general contraction

LE=h*0%6+T %06+ 0T &+ R+ E.
Using the form of h;; given in equation (B.5]), we have
L=0(1/r*)+v, withveLb; |
or =0(1/r*) + 2, with z € L5,
R=0(1/r*) 4w, withwe Lb; ,

Further, using the estimates from Lemma [5.2] the coefficients in the O(1/r?) and
O(1/r3) terms can be estimated in terms of |y|, where 7;; is the constant metric
in (&8), and the lower order terms can be estimated in terms of h(2)ij- The term
involving 9%¢ has compact support and can be estimated in terms of ¢ — i. Multi-
plying L&o f by V, using € = O(r) and V € W3 "%, we find the result gives terms in
LY . and L%, , coming from the O(1/r?),0(1/r?) terms and the Sobolev terms,
respectively. Since Lf; , € LY . and L§ , C L', this means that using Lemma
we have an estimate of the form

L€ o AVl < C (1l + by illwae + 116 = illwas ) 1€V

< C (I1his = disllyzr + 119 = illwes(s) ) €11V Lz,
This completes the proof. ([l

We now take, in the sense of distributions, the divergence of equation (5.2d), i.e.
the equation
1

Gij — (V(l‘/]) — EhileVl) = 87TG(@U — eUO'ij Xf—l(B)), (514)

which holds in R%. For the first term on the left in equation (5.14) we use the
Bianchi identity from Lemma 2] to conclude V'G;; = 0 in the sense of distribu-
tions. In order to take the divergence of the second term on the left, note that it
follows from the definition of V' that V' € W;’_pl. The regularity assumptions on h;;
imply that the identity
4 1 4

VIVEVy) = 5hiViV!) = AnVi+ RV
holds in the sense of distributions. For the first term on the right of (I4]), we use
equation (5:2d). In the second term on the right in (5.14)), using that the boundary
condition (5.2D) is satisfied, we apply Lemma [2.2] to get the identity

Vi(@ij - eUO'inf—l(B)) = [Vj(eUO'ij) - €U(7’L€ — U[l)aiU} Xf—l(B)
In view of the projected elastic equation (&.2al), this is equivalent to
Vi(@ij—eUUinffl(B)) = (]If—l(B)—]P)f—l(B)) [VJ( UO'ij) - eU(ne - O'll)aiU} Xf—l(B)
where I;-1(g) is the identity operator in the space LP(f~1(B8)). Thus, defining the

operator L by ‘
LV, = ALV, + R V7,
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we finally conclude that the equation
LV; = 167TG(]If—1(3) — ]P’f—l(g)) [Vj(eUUij) — eU(ne — oﬂ)&iU] Xf—l(g) (5.15)

holds in ]Rf’g.
We observe that equation (5.I5) implies that LV is supported in f~1(B). Fur-
ther, in view of the fact that P;-1(z) is a projection, we have

Py 5LV = 0. (5.16)
Recall from section [ that Pz was defined in terms of the Killing fields £/(X) =
E(i(X)) with &(z) = o' + 527 for of, 3'; constants such that §'; = —37;. It
follows from the definition of Py-1(5), that we have

0= /R% (& o f(2))Ps—1 () 2iX 51 (8)dpn
3

p

loc

for any &' of the above form and any z; € L (R%). Now define the linear mapping

Q: LY 4(RY) — R, by setting
Qu(z) = / (5&) o flzidup, k=1,...,6
Ry
where {g(ﬁ)}gzl forms a basis for the space of Killing fields. We have the estimate
Lemma 5.6. There is a constant, depending on f and h;; such that the inequality
RS) (5.17)

12| er-18)) < CUPs-1(8)2||Lrr-18)) + 1|Q2xf-1(5)]
holds.

Proof. From the definition of Py-1(5), we have

2Xp-18) = Prormyaxg-1s) +n(Co flxsm)
where ( is a Killing field, and from the definition of @, we have

Quyzxs1(8) = /3 () © FIn(C o Fxg-1(m)dpn

RS
= | &oGdv
S0

for a basis of Killing fields {£(,)}¢_;. In view of the non-degeneracy of the L?
pairing on the space of Killing fields on B, this means that there is a constant C'

such that [[n(¢ o f)llLer-18)) < ClIQn(C © f)Xs-1()llrs. The inequality (5.I7)
now follows after an application of the triangle inequality. O

Proposition 5.7. For sufficiently small G, there is a constant C' such that the
estimate

Vllwzn < ClIQLV s (5.18)
holds.
Proof. Due to the boundedness of B and f~!(B), there is a constant C' such that

llexryllee . < CllzllLe -1 8))

5§—3
Since V solves (5.15]), LV is supported in f~1(B) so the above inequality applies to
LV. Now making use of (5.16l), the estimate (5.17T), together with the estimate (G.8])
from Lemma [5.3] we find that for h,; sufficiently close to d;;, i.e. for G suffiently
close to 0, the estimate (B.I8) holds. O
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5.3. The main theorem. We are now able to prove

Theorem 5.8. For sufficiently small values of G, the solution to the reduced, pro-
jected, system of equations for a static, elastic, self-gravitating body, equations (5.3)
is a solution to the full system [3.8) of equations for a static, elastic, self-gravitating
body.

Proof. Recall the definition of Q. We have
Q) LV = /(5&) o f)LVidup

For small data, i.e. for sufficiently small G, ¢ is an approximate Killing field for
hij. Therefore by Lemma 5.5 there is for sufficiently small G a constant C' such
that

IQLV lles < € (i = isllwzs + 116 = illwasm) ) V]2,

By (5IX)), this implies that after possibly decreasing G, there is a constant C such
that

WVllyzs, <€ (Ilhsy = dillzn + 116 = illwase) ) 1VIlwas
Hence, by Corollary 511 for sufficiently small values of G, we have

1
WV llwzs, < 51V lyzs,

Thus, in fact V' = 0. Hence equation (5.2d)) implies the full Einstein equation (3.6d).
Further, by (BI5) we have that
(Hf—l(g) — ]P’f—l(g)) [Vj(eUUij) — eU(ne — Ull)aiU} Xf—l(B) =0
while by equation (5.2al),
Pyig) (¢V(ne —a"),U) =0 in f7H(B)
It follows that in fact equation (B.6al) is satisfied, and hence that the solution

(¢, U, hij) to the projected, reduced system, which was constructed using the im-
plicit function theorem, is a solution to the full system (B.6l). O

APPENDIX A.

The way the spatial metric h;; is treated in section Fl may seem surprising at
first. We start by reducing the Einstein equation (3.9¢) using harmonic gauge, and
then pull back the components of h;; in that gauge. Geometrically it might seem
much more natural to start by pulling back the metric itself under ngS Doing this
would result in replacing ([B.6d) by

GAB ZSWG(éAB —67[75,43)(93) n R%,
where G 45 is the Einstein tensor of H4pg. Furthermore, we have that
_ 1 _ 1. _ _
Oup = ——=[DAUDRU — ~HpH P DcUDpU)|
381G 2
and ¢ 4p is the extension of o45. But then the quantity 74 in equation (316
depends on ¢ only through )*;, since the remaining factors in
5’;4 = JBiJa'BcHAC (Al)
depend only on H 5. Let us now look at the nature of Eq. (3.13), when (¢, U,Hap)
are used as the basic variables rather than (¢,U, h;;). There are potentially two
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terms depending on second derivatives of ¢. One comes from taking a derivative of
¥4 in equation (A.I) above. The other comes from writing the Christoffel symbols
of h;; entering the left hand side of (BI3]) in terms of ¢. Remarkably, both these

terms cancel! For the linearization of the residual of equation BI3) at (¢ =1,U =
0,Hap =64 p) the only surviving term will involve first partial derivatives of Hug,
i.e., terms which break diffeomorphism invariance on R%. However note that the
very presence of the a priori given domain B (which of course is the reason why this
whole manoeuvre was performed) breaks diffeomorphism invariance. It is thus no
wonder, that, after going over to the material picture in the sense of using the full
pull-back of h;;, the elastic equation gives us terms which break diffeomorphism
invariance.

REFERENCES

(1] Robert A. Adams, Sobolev spaces, Academic Press, New York-London, 1975, Pure and Ap-
plied Mathematics, Vol. 65.

[2] S. Agmon, A. Douglis, and L. Nirenberg, Estimates near the boundary for solutions of elliptic
partial differential equations satisfying general boundary conditions. II, Comm. Pure Appl.
Math. 17 (1964), 35-92.

[3] Robert Bartnik, The mass of an asymptotically flat manifold, Comm. Pure Appl. Math. 39
(1986), no. 5, 661-693.

[4] R. Beig and W. Simon, The stationary gravitational field near spatial infinity, Gen. Relativity
Gravitation 12 (1980), no. 12, 1003-1013 (1981).

, On the spherical symmetry of static perfect fluids in general relativity, Lett. Math.
Phys. 21 (1991), no. 3, 245-250.

[6] Robert Beig and Bernd G. Schmidt, Relativistic elasticity, Classical Quantum Gravity 20
(2003), no. 5, 889-904.

, Static, self-gravitating elastic bodies, R. Soc. Lond. Proc. Ser. A Math. Phys. Eng.

Sci. 459 (2003), no. 2029, 109-115.

, Relativistic elastostatics. 1. Bodies in rigid rotation, Classical Quantum Gravity 22
(2005), no. 11, 2249-2268.

[9] Robert Beig and Michael Wernig-Pichler, On the motion of a compact elastic body,
gr-qc/0508025, 2005, to appear in Comm. Math. Phys.

[10] Victor I. Burenkov, Sobolev spaces on domains, Teubner-Texte zur Mathematik, vol. 137, B.
G. Teubner Verlagsgesellschaft mbH, Stuttgart, 1998.

[11] B. Carter and H. Quintana, Foundations of general relativistic high-pressure elasticity theory,
Proc. Roy. Soc. London Ser. A 331 (1972), 57-83.

[12] David Gilbarg and Neil S. Trudinger, FElliptic partial differential equations of second or-
der, second ed., Grundlehren der Mathematischen Wissenschaften, vol. 224, Springer-Verlag,
Berlin, 1983.

[13] Uwe Heilig, On the existence of rotating stars in general relativity, Comm. Math. Phys. 166
(1995), no. 3, 457-493.

[14] Gustav Herglotz, Uber die mechanik des deformierbaren Kérpers vom Standpunkte der Rel-
ativitdtsteorie, Annalen der Physik 36 (1911), 493-533.

[15] Daniel Kennefick and Niall o) Murchadha, Weakly decaying asymptotically flat static and
stationary solutions to the Einstein equations, Classical Quantum Gravity 12 (1995), no. 1,
149-158.

[16] Jerzy Kijowski and Giulio Magli, Relativistic elastomechanics as a Lagrangian field theory,
J. Geom. Phys. 9 (1992), no. 3, 207-223.

, Unconstrained variational principle and canonical structure for relativistic elasticity,
Rep. Math. Phys. 39 (1997), no. 1, 99-112.

[18] Serge Lang, Differential manifolds, second ed., Springer-Verlag, New York, 1985.

[19] Leon Liechtenstein, Gleichgewicthsfiguren rotirende flissigkeiten, Springer, Berlin, 1933.

[20] Hans Lindblad, Well posedness for the motion of a compressible liqguid with free surface
boundary, Comm. Math. Phys. 260 (2005), no. 2, 319-392.

(17)



http://arxiv.org/abs/gr-qc/0508025

28 L. ANDERSSON, R. BEIG, AND B. SCHMIDT

[21] , Well-posedness for the motion of an incompressible liquid with free surface boundary,
Ann. of Math. (2) 162 (2005), no. 1, 109-194.

[22] Lee Lindblom, Stationary stars are axisymmetric, Astrophys. J. 208 (1976), no. 3, part 1,
873-880.

[23] Jerrold E. Marsden and Thomas J. R. Hughes, Mathematical foundations of elasticity, Dover
Publications Inc., New York, 1994, Corrected reprint of the 1983 original.

[24] C. B. Rayner, Flasticity in general relativity, Proc. Roy. Soc. Ser. A 272 (1963), 44-53.

[25] Alan D. Rendall, Theorems on ezistence and global dynamics for the FEinstein equations,
Living Rev. Relativ. 5 (2002), 2002-6, 62 pp. (electronic).

[26] Francesco Stoppelli, Un teorema di esistenza ed wunicita relativo alle equazioni
dell’elastostatica isoterma per deformazioni finite, Ricerche Mat. 3 (1954), 247-267.

[27] Tullio Valent, Boundary value problems of finite elasticity, Springer Tracts in Natural Phi-
losophy, vol. 31, Springer-Verlag, New York, 1988.

E-mail address: larsa@math.miami.edu

ALBERT EINSTEIN INSTITUTE, AM MUHLENBERG 1, D-14476 PoTspAM, GERMANY AND DE-
PARTMENT OF MATHEMATICS, UNIVERSITY OF Miami, CORAL GABLES, FL. 33124, USA

E-mail address: beig@ap.univie.ac.at

INSTITUT FUR THEORETISCHE PHYSIK DER UNIVERSITAT WIEN, BOLTZMANNGASSE 5, A-1090
VIENNA, AUSTRIA

E-mail address: bernd@aei.mpg.de

MAX-PLANCK-INSTITUT FUR GRAVITATIONSPHYSIK, ALBERT- EINSTEIN-INSTITUT, AM MUHLENBERG
1, D-14476 GoLM, GERMANY



	1. Introduction
	2. Preliminaries
	3. The field equations for a static, self-gravitating elastic body
	4. Analytical setting
	5. Equilibration
	Appendix A. 
	References

