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ABSTRACT: We show that N = 1 supersymmetric Liouville theory can be continued to
central charge ¢ = 3/2, and that the limiting non-rational superconformal field theory
can also be obtained as a limit of supersymmetric minimal models. This generalises a
result known for the non-supersymmetric case. We present explicit expressions for the
three-point functions of bulk fields, as well as a set of superconformal boundary states.
The main technical ingredient to take the limit of minimal models consists in determining
analytic expressions for the structure constants. In the appendix we show in detail how
the structure constants of supersymmetric and Virasoro minimal models can be rewritten

in terms of Barnes’ double gamma functions.
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1. Introduction

The classification of conformal theories for a given central charge is a hard and in general
maybe unmanageable task. For unitary theories, the classification has only been achieved
for central charge ¢ < 1 resulting in the well known ADE series of minimal models [fl, P
One might hope that the problem still remains tractable for the limiting value ¢ = 1. In [f
the moduli space of ¢ = 1 models based on the free boson was presented. At some points
of the moduli space, the theory is rational, and it was argued in [} that these are already
all rational theories at ¢ = 1. That there are further non-rational models that cannot be
obtained from the free boson was shown by Runkel and Watts [§] by explicitly constructing
a new not even quasi-rational theory at ¢ = 1.



Runkel and Watts considered the unitary minimal models and defined a new theory
as the limit of minimal models when the central charge approaches ¢ = 1. They provided
an explicit expression for the structure constants, and gave strong evidence that the re-
sulting non-rational theory is crossing-symmetric. Later in [ff], Schomerus considered a
continuation of Liouville theory to central charge ¢ = 1, and found that it agrees with the
Runkel-Watts theory. In [ff], the authors also constructed boundary states for this theory
as a limit of minimal model boundary states (see also [[]). It was then understood in
that these boundary states can be obtained from the ZZ boundary states [J] in Liouville
theory. There, also the limit of the FZZT boundary states [[Ld, [[l]] was constructed and it
was shown how these are obtained from the minimal model side.

In this paper we shall construct a similar limit of minimal models in the N = 1
supersymmetric case. The result is a non-rational theory at the critical central charge
¢ = 2 (below this value all unitary theories fall into the rational minimal model series [[3]).
It is the first example of a unitary superconformal theory at ¢ = % that is not part of the
moduli space of supersymmetric ¢ = % theories that are obtained from a free boson and
a free fermion [[[3]. As in the bosonic case, the limiting theory can also be obtained from
N =1 supersymmetric Liouville theory.

The main technical ingredient in the computation of Runkel and Watts was the un-
published observation of Dotsenko that the structure constants of minimal models can be
written as analytic functions depending on a certain combination of the field labels. In
appendix A we present a derivation of this fact. This then allows the continuation of the
structure constants to the limiting theory.

In the N = 1 supersymmetric case, the minimal model structure constants (in the
Neveu-Schwarz sector) have been determined in [[[4] (see also [(5]). We derive here an
analytic expression for these structure constants by rewriting them in terms of Barnes’
double gamma functions, special functions that naturally appear in Liouville theory. The
limit can then be taken in close analogy to the derivation in [f]. We shall provide the bulk
structure constants in the Neveu-Schwarz sector, as well as the bulk one-point functions
for a discrete family of boundary conditions.

The N = 1 Liouville three-point functions have been computed in [[L, [7] (see also [[L§,
[[9]). Barnes’ double gamma functions from which they are built become singular in the
limit ¢ — % To deal with this singularity, we make use of asymptotic expressions for
Barnes’ double gamma functions that have been derived in [fl, f]. This allows us to write
the three-point function as a product of a non-singular analytic factor, and a factor that
becomes a discontinuous but finite step function, which implements fusion rules. The result
coincides with the expressions we obtain from the minimal models. For a discrete family
of boundary conditions we evaluate the bulk one-point function and show that it agrees
with the minimal model limit.

The paper is organised as follows. In section 2 we determine the limit of supersym-
metric minimal models, in section 3 the limit of super Liouville theory is computed and
compared to the minimal model result. Section 4 summarises our results and discusses
the open problems and future directions. Appendix A contains the derivation of the main
structural results, namely the rewriting of the (super) minimal model structure constants



in terms of Barnes’ double gamma functions. Appendix B collects some information on
the special functions that are frequently used in the paper. The last appendix C explicitly
shows how the fusion rules pop up from the limit of Liouville theory.

2. Limit of super minimal models

2.1 Preliminaries

The unitary, N = 1 supersymmetric minimal models can be labelled by an integer p > 3,
the central charge is given by [R(]

c:g<1—zﬁ) . (2.1)

In each model there are a finite number of primary fields ¢,s, which are parameterised by
two integers (r,s) with 1 <r <p—1and 1 < s < p+ 1. The combinations (r,s) and
(p —r,p+ 2 — s) label the same field. The conformal weight of a primary field ¢, is
(p+2)r—ps)?—4 1 _
hps = —(1—=(=1)"%). 2.2

= =2y = (1) 22)
The fields ¢,s with r — s even belong to the Neveu-Schwarz (NS) sector, the fields with
r — s odd to the Ramond (R) sector. In the Neveu-Schwarz sector, to each superconformal

primary field ¢,,, there is a superdescendant field ¢,s, which is primary with respect to
the bosonic subalgebra. Generically, it has conformal weight h,s = hys + % (the exception

being the vacuum whose superdescendant is the supercurrent at conformal weight %)

2.2 Spectrum

We are interested in the limit of large parameter p when the central charge approaches

c = % To understand how the conformal weights of the primary fields behave in that

limit, it is instructive to rewrite the conformal weight as

a2, — d?
NS 11

hys = TST (2.3)
d? c

R = s 4 — 2.4

s 8t + 24" (2:4)

with d,; = r — st and t = 2. Because of field identifications, we can restrict attention to

P2
labels (r, s) satisfying r > st (where r = st can only be satisfied for the Ramond ground

state, which exists for even p). Let us rewrite

dys = (r—s)+ s, (2.5)

p+2

where the first term is an even (odd) integer in the Neveu-Schwarz (Ramond) sector, and
the second term ranges between 0 and 2. For a given d we look for d,; that approximate
d within a small interval of size ¢, so we introduce the set

N(d,e) = {(r,s)|d < dps <d+¢€} . (2.6)



In the following we shall restrict the discussion to the Neveu-Schwarz sector. For e small
enough (d and d + € should have the same even integer part) this set is given by

swo={(o[2 rn){Dornen< (L)) e

Here, |z] is the largest integer smaller or equal to x, and {x} denotes the fractional part
of z, z = |x] + {x}. For large p the number of pairs (r, s) contributing to N(d,€) grows as

N, O] ~ 5elp+2) . (28)

In particular we see that any value of d can be approximated by the d,.; with uniform
density, i.e. the number of d,.s per unit interval is independent of d,

p+2
—

%|N(d, . (2.9)

Following the prescription of [{], we define fields ¢4 of the theory at ¢ = % by averaging
over fields that lead to the same conformal weight in the limit,!

bulz, 7) = lim lim —2)_ Y blz2) . (2.10)

0= [N(d, €)] (rs)eN(d,e)

The function n(p) will be chosen in the next subsection to get fields in the appropriate
normalisation. Note that in the following we shall suppress the argument z in the fields ¢.

2.3 Operator product expansion

We require that in the limit the operator product expansion (OPE) of two fields ¢4, remains
finite, i.e. it should be of the form

1

‘Z(hl-f—hg—hg)

‘ D(dy,da, d3)(¢as(22) + - - - ) + superdescendants,
212

bd, (21) ¢, (22) = /dds
(2.11)

with some function (or distribution) D(d;,ds,ds). The dots stand for contributions of
Virasoro descendant fields, and zj9 = 21 — z9. From the definition (R.10) of the fields ¢4
we get

2
gbdl (Zl)¢d2 (ZQ) = hm hm 4n(p2) Z ¢T181 (Z1)¢T252 (ZQ) + -

—0p— 2
‘ pmeo € p (T‘isi)EN(di,e)
— lim i An(p)* N(P) 3 \r(p+2)s3
- El_,r%pggo 62])2 Z Z r1r2 5152
(Tisi)GN(di,e) 73,83

da(k + l) NS (r3ss3)
<|Zl2|2(hr151+hr232 _hr3s3)D(r131)(r232) o ¢T3S3 (22)

So(k+1+41)
|Z12 |2(hrlsl +h7‘252 _ilr333)

D%\Esl)(TQSQ)(TSSS)(gT:«xS?,(22)> +o L (2.12)

Yor a discussion of some aspects of limits of superminimal models where instead of d the labels (r,s)
are fixed see



We used here the operator product expansion (A.19) for minimal model fields, which is
stated in appendix A. In the OPE the fusion rules enter which can be expressed in terms
of the fusion rules N'®) (given in (A.3)) of the su(2) WZW model. d5(n) is defined to be
1 for n even, and 0 for n odd.

The important insight is that the structure constants only depend on the combinations
d,,s; = i —ts;, and that this dependence is analytic. This result is derived in appendix A,
the final expressions for the structure constants are given in (A:29) and (A3]). It can

easily be seen that the expressions have well-defined limits DgllSdQ ds [)gIISdQ a3 a5 p — 00,
5 - - 5 2
d d
NS 4y _ [ X0 = 20T - VT - )10 -2 o1
et TADT - F DT - FHTA-F[1) |
and
pys e LYG-4IDTG - gDILTG - $0rG-4m
didy T 7 5 - )
T hs YT - )T - )T - )]

2
Here, 2d = dy + dy + ds and d; = d — d;. The functions Y (z|b) are special combinations of
Barnes’ double gamma functions (see appendix B).

The only thing left to consider are the fusion rules. For given (r;,s;) € N(d;,e€),

i = 1,2, we shall analyse which labels (r3,s3) appear in the sum above due to the fusion
rules N® NP2 The label (rs, s3) appears if (up to corrections of order e or 1/p)

()-8l {2 mn (2 (2o ({2 s

The condition on the s; leads to the conclusion that for given (r1,s1) and (rg, s2) only one
half of the labels in N(ds, €) appear if ds satisfies the inequality in (.17). (Note that here
we allow also for negative ds, the definition of N(ds,¢) can be extended to this case in an
obvious way.) As we sum over (r1,s1) € N(di,€) and (12, s2) € N(da,€), each label (r3, s3)
in N(ds, €) appears with multiplicity $|N(dy,€)||N(d,€)|.

The condition on k + [ can be reformulated in terms of the integer parts L%J,

d d d
/<;+z:EJJFEJ—EJstQ—ng. (2.16)

Using that > s; is odd (R.13), the condition k + I even or odd, translates directly into a
condition on ), L%J We find thus

1 ’ 0 4
¢dy (21)Pa, (z2) = lim lim n(p)2§ Z Z <|Z122|2((§1—_|;_22J_)}L:0D§1%2d3¢r333(22)

e—0 p—0o0
ds,€e (r3,83)€N(d3,€)

SIS+ D) s us-
ml)gdz 3¢r333(2’2)> 4 ...

(2.17)

|z12



The primed sum indicates that we only sum over those ds that satisfy the inequality
in (R.19) and the € indicates that dsz is summed over in steps of e. We would like to turn
this sum into an integral in the limit ¢ — 0 which amounts to replacing the sum by % [ dds.
The sum over the ¢,,s, weighted by the factor n(p)/|N| turns into the field ¢g,. So if we
choose n(p) such that

n(p)|Nle™t — 1 (2.18)
we obtain a finite OPE in the limit. This amounts to setting
n(p) = 2 . (2.19)
p

We finally obtain

bay (21) P, (22) :/ dd3§<|zlz|2(hl—+,m_hg)P<z7z7z>Ddldz * Py (22)

R4
1 di+2 do+2 d3+2\ ~ns ay
’212’2(h1+h2_ﬁ3) P( 4 ’ 4 ? 4 Dd1d2 ¢d3 (22) + e

(2.20)

Here we restricted the integration domain to the positive numbers using the field identifi-
cation d3 — —d3. The structure constants Dyﬁb 4 and ]_N?yl% 4 in the limit p — oo (given
in (R.13) and (R.14)) are invariant under the replacement d3 — —ds (which follows from

Y (z|1) = Y (2 — x|1), see appendix B). The function P implements the fusion rules; it is a

step function taking the values 0 and 1, its definition is given in (B.1§).

2.4 Two-point functions

Let us now discuss the correlation functions. We want a normalisation such that

6y (21) gy (22)) = 21— d2)

2.21
P (2.21)

To obtain this we have to rescale the correlators, which corresponds to a change of normal-
isation of the bulk vacuum. Let us denote the scaling factor for the correlation functions
by v2(p). Then the two-point correlator in the limiting theory is defined as

2

2 n
By (21)60y (2)) = lim tim TP 5™ (22)
(T‘isi)EN(di,e)
— i 1im 28°®) 3 1 (2.22)

24 4hq ?
e—0p—oco € z 1
P s eN(dy NN (da,e) |#12]

where we used that the minimal model fields have normalised two-point functions,

67’ T 65 S
<¢7"181 (21)¢r232 (22)> - W : (2'23)

(This is valid if both r; > s;t, otherwise one has to take field identification into account.)
For € small enough, the number of elements in the intersection of the sets N(d;, €) is given
by

+2
IN(d1,€) N N(da, €)| ~ £

(€ — |di — do|)O(e — |dy — da]), (2.24)



where ©(z) = 1 for x > 0 and 0 otherwise. The factor of p/2 in (R.24) together with the
16p~* is absorbed by choosing

v (p) = (0/2)° . (2.25)
The remaining function e~ 2(e — |z|)©(e — |z|) converges to the delta distribution §(z), so
that we obtain the desired normalisation (P-21)).

2.5 Three-point functions

With the operator product expansion in (2.2() and the normalisation of the two-point
function, we can directly write down the three-point correlation functions. For three su-
perconformal primary fields, we find

1 d1 d2 d3 2_d2_42
<¢d1(zl)¢d2(z2)¢d3(z3)> :§P<Z’Zaz> Dclzjlsdgd3|zl2|(d3 di—d)/4

B—d2—d2)/4 ‘(df—dg—dg)ﬂ . (2.26)

X |z13]¢ | 223

For two primary fields and one superdescendant field we obtain similarly

~ 1 di+2 do+2 da+2)\ = 2
(Pay (21) Py (22) Pas (23)) —§P< 14 ; 24 ; 34 >Dclflsczgd3\zl2\(d§+4 H—d3)/4

X |213| (@304 (i —d3—d5—4)/4 (2.27)

2.6 One-point functions on the upper half plane

Boundary conditions in supersymmetric minimal models that preserve the superconformal
symmetry have been analysed in [RF) (for p odd). The boundary conditions are param-
eterised by the Kac labels. For Kac labels (u,v) with w + v even (NS sector), we have
two boundary theories (u,v)+ corresponding to brane and anti-brane. For these boundary
conditions the one-point functions for NSNS bulk fields ¢, (r + s even) are given by?

1 V2 sin ¥ sin 725
< TNSS(Z)>(U,U);+: = —12hs 2 - L - P , (2.28)
|2 = 2" /p(p + 2) \/sm%smz%
for RR fields (r + s odd) they read
5 s TTU i TSV
1 21 u—v SN == SIN 7
(D1 (2 ) = = (—1)*2 p__pt? (2.29)
e T = 2P p(p+ 2) sin 27 sin T5

The normalisation of the RR fields is chosen such they have the standard two-point func-
tion (R.23). There are also boundary theories associated to Ramond labels (u, v) with u-+v
odd. They correspond to the opposite sign in the gluing condition for the supercurrent at
the boundary. We shall not consider those here, but concentrate in the following on the
boundary theories (u,v)y with u + v even.

When we now discuss boundary conditions in the limit p — oo, we essentially have
two options. We can take the boundary labels (u,v) fixed, or we can scale them such

2To distinguish NSNS and RR field we shall use superscripts N5 and ® frequently in this subsection.



that the conformal weight h,, corresponding to the Kac labels stays fixed in the limit. For
bosonic minimal models, both options have been investigated leading to one discrete family
of boundary conditions [fi, fj, and to one continuous family [§]. For the supersymmetric
minimal models we shall only consider the case when the boundary labels are taken to be
fixed.

To analyse the limit p — oo we should try to rewrite the one-point function for ¢,
such that it depends on d,s = r — st. This is indeed possible due to the identity (for u+ v
even

)

(2.30)

Tur . TS { sin —MQ‘?S sin Tdrs for r + s even

sin — sin = —o d d
P p+2 (_1)Tsm(%+%‘”)sin(%+%v) for » + s odd .

Let us now consider the one-point function for a NSNS bulk field gbgs in the presence of
a boundary condition (u,v)s. Using the definition (B-I0) of ¢}°(z) and suppressing the
obvious z-dependence we obtain

2 sin mud sin Tud
NS : 2 2
= lim n - =
<¢d >(u7v)i (p)r)/(p)\/; | sin 7'('2d|

(2.31)

Note that we had to rescale the disc correlator by the factor v(p) (given in (P-2§)) that
we introduced to obtain correctly normalised sphere correlators. The factor v(p) can be
thought of as rescaling the bulk vacuum such that sphere correlators obtain a factor v2(p)
while disc correlators are changed by «y(p). (This can be understood best from the boundary

state formalism, see section 4.2 of [[] for a discussion.)
The one-point functions obtained above are not independent. Because of the identity

u+v—1
sin Tuz sin rvr = Z sin mlx sinmx, (2.32)
{=|u—v|+1,2

where the summation variable ¢ is increased in steps of 2, we can express every one-point
function as a sum of one-point functions for boundary labels (¢,1),

utv—1

O woe = D 8w - (2.33)

{=|u—v|+1,2

This suggests that only the boundary conditions (¢,1)+ are elementary. We have to check
that a similar condition is true for the one-point functions of RR fields.

To obtain the one-point functions for RR fields in the limit p — oo we should again
rewrite the one-point function (R.29) for ¢, in terms of d,.s. This is possible due to the
identity (2.30). Using the same definition (including the normalisation) of ¢ in terms of
#% as for the NS case (see (R.10)) we find

sin § (ud 4 uw) sin 5 (vd + uw)

| cos 5d|

|

<¢§>(u,v)i =42 (2.34)



Again we find that the one-point functions are not independent. For u, v odd, the numerator

is most easily expressed by cosine-functions, and we have

utv—1

lu—vl-1
COS TUT COS TVL = E (=1)7 2 — cosmlx cosmz . (2.35)

l=|u—v|+1,2

For u,v even we find
u+v—1
. . L=lu—v|—1

sin rux sin rvr = g (=1)" 2 cosmlx cosmx . (2.36)

l=|u—v|+1,2

This shows that the boundary conditions (u,v)+ really are superpositions of boundary
conditions (¢,1)+, more precisely we have

(w,v) 4+ =(lu=v[+ 1L, 1)1 @ (lu—v[+3,1)- D @ (u+v—11)yuw . (2.37)

3. Limit of super Liouville theory

3.1 Preliminaries

The supersymmetric extension of Liouville theory was first considered in [BJ]. Shortly after
the discovery of the exact three-point function of bosonic Liouville theory in [24, 5, the
exact bulk structure constants for the supersymmetric version were found in [[[§, [q]. The

theory depends on a parameter b that determines the central charge,

c:;(1+2Q2) withQ:b—i—%. (3.1)

The primary fields VNS in the NSNS sector are labelled by a parameter o = % + ip with
real momentum p. The conformal weight of Vgs is given by

AQ-a) _ @ P

he = )
@ 2 8 2

(3.2)

The superdescendant fields f/olé\ls then have conformal weight h, + %

In the Ramond-Ramond sector, the ground state of a representation generically has
degeneracy 4 due to the presence of zero modes of the supercurrent. The corresponding
RR fields are labelled by ©5° with €, € = +1; the OPE with the supercurrent reads

B N p @;6,% p @gig
\/§z3/2 \/553/2 ’

Similar to the theory of a free fermion (see e.g. [P{]), locality and modular invariance

—i05(0) Tk (2) ~

(3.3)

restrict these four fields to one combination V.®, which can be chosen as

VR:L

! ﬁ(@§+ +06,7). (3.4)

The conformal weight of V} is

(3.5)



3.2 Two- and three-point functions: Neveu-Schwarz sector

The three-point function of primary fields in the Neveu-Schwarz sector reads [[[§]

(VIS (21) Vil (22) VP (23)) = CNS () | zqp [P H12708) | gy |Ph2ths =ha) | | 2 th=ha)
(3.6)

Q-2

NS0 ) — ( bQ Y\ 12\ ? Ths(0)Tns(200) Tns (202) Tns (203)
¢ W‘(“ 7<2>b > Trs (26 — Q) Tns(261) Y ns (262) Trs (2d)

Here, 26 = a1 + a9 + a3 and &; = & — «;. The functions Yng are combinations of two Y

(3.7)

functions (see appendix B),

T

Ts(z) = T(—

1
AL A R 1 P
2 2 2 2

where we also introduced the functions YR that we shall need later. The momenta «; are

a; = % +ip; , (3.9)

with real p;. The normalisation is such that the two-point function is given by [[L§]

b> . (3.8)

of the form

(VIS (1) Va3 (22)) = |212[*1 27 (8(Q — a1 — a2) + (a1 — a2) RN (o)), (3.10)

with the reflection amplitude

Q—2a
(o (V)5 Ta-Dr(a-9)
w0 =(m (7)) M(—ba-r-ta-g) W

3

To get to a theory with central charge ¢ = 2, we have to take the limit b — ¢. To perform

this limit we need the asymptotics of the functlons T from [f],

Ylip+ KQ + O(Q%) = et Dein's im0 bl=Dr (1 -1y (14 ofe).

(3.12)
where A(p) = 272(p — |p] — 3)?, and € = 2miQ/b. (The above asymptotics strictly hold
only for non-integer p, which will be enough for our purposes, see [f§] for further details.)
Using this we can determine the asymptotics of the functions Tng and TR,

Tns(Q + 2ip) ~ 16 ~2(Mp)~ ) gimp? im(1-2p)(p—p)— 1) T(1-pl1)~2 (3.13a)
Trs( + 2p) ~ 1o 0 <p>*§>em26*2mp<p*uH) T(1— pl1)-2 (3.13b)
Tr(Q + 2ip) ~ ie 2+~ ) imp+E im(1-2p) (o Lo+ 3 ) [T <% _ P’1>T<g _ p[l)] -
(3.13c¢)

m(% + 2ip> ~ ie%(*(p*%)*%e”p“%e*%ip(p*W%J) [T (% —pl1>r<g —pl1>] o
(3.13d)

,10,



Moreover we need

T'(0[b) = E%?iar(1\1)—1(1 +o(%)) . (3.14)
which leads to )
Gs(0) = ST (1L + o)) - (3.15)

Putting everything together we can now find the asymptotics of the structure constants,

Q-2 |
C™ () = <M7W<§>> TO2T 2R in)
€
{Nl_ﬂUTﬂ—ﬁﬂUTﬂ—ﬁﬂUTﬂ—ﬁﬂU2

0
YD) (1 — pr|1)Y (L — po| )Y (L — ps|1) (1+o0(”) . (3.16)

Here, €Pi) contains the phase factors from the asymptotics of the functions Tyg as well
.. _p2)Q—2a . .
as the limit of b(1—0")>% ,and F' is given by

4 P
F(%):A@Q+A@ﬁ+Amﬁ—M@—A@Q—A@Q—A@@+E—. (3.17)

This function is always non-negative, so the limit P(&) = lim._o e eF

taking the values 0 and 1. We find (see appendix C and [§])

is a step function

L [p1] + [p2] + ps] even

| and [{p1} —{p2}| < {ps} < min({p1} + {p2},2 — {p1} — {p2})

P(%) = 1 o)+ Lon) + L) oaa (3.18)
and [{p1} —{p2}| <1 —{ps} <min({p1} + {p2},2 — {p1} — {p2})

0 otherwise.

Now it remains to determine the phase ). For the values of the p; such that F (%) =0,
the phase simplifies to
ePi) — p=im(lp1l+lp2]+ps )+ (3.19)

From the expressions (B.1§) and (B.19) we see that the three-point function is not analytic
in the momenta any more. To compare to the results from the limit of minimal models,

we have to rescale the fields by

$-%2)
b 2 .
VS vgs — i (,mm(@)) eIy NS (3.20)
27 2
and the correlators on the sphere by
27
<>—>6—2(> (3.21)

It is easy to see that with these rescalings and identifying p; = %, the limit b — 4 reproduces
the same two- and three-point function (see (R.21),(R.2G)) as the limit of minimal models.
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We now consider correlation functions involving a superdescendant field VNS, From [

we find

(VS (1) VIS (22) VA (23)) = O () aa [ Hh o) gy [Pt ha=hn) 2P tha—ha)
(3.22)
with

xS i e (@) o) T 2Ths(0) Ts(201) Tvs (202) s (203)
O e = (M fy< 2 >b > TRFQ&_Q)TR(Q&l)TR(de)TR(zdS) - (2

The special functions Tg have been introduced in (B.§). The superdescendant fields are

normalised such that

(VP (21)Vay (z2)) = —4h2 |212] 72 (Vi (21) Vg (22)) - (3.24)

To perform the limit b — 4, we use the asymptotics of the functions Tng and Ty given
in (B.13). Inserting them into the expression for the correlator, we get

Q-2 '
C’Ns(ai):2i<,u7w<§>> ' Q%B*EF(p'T“)ein(pﬂrl)
Y(3 - AIYE — ) IT, TG~ 5:l)Y (3 — 5il1)
x —2 2 =122 2 C(1+o() . (3.25)
[(TAMYE = pr DT = p21)T(1 = ps[1)]
Rescaling
7NS _ ~NS 1 e bQ B@-%) in|p] {7 NS
Voo =0, = “ohoom pry\ = eIV (3.26)

we recover in the limit b — i the corresponding three-point correlator (R.27) that was
obtained from the limit of minimal models.

3.3 Two- and three-point functions: Ramond sector

In the normalisation of [[[§] the two-point function of two Ramond-Ramond fields is given

by

(O (21)05E (22)) = |z12] 175 218 (p1 + po) (3.27)
(O (21)0TF (22)) = |21 177 276 (p1 — p2) R(av1) (3.28)

with the reflection amplitude

Q—2a
Ry = (i (P2)) T Lt b +ip/b)
R () = (u 7< 5 )) FE i — /b (3.29)

For the fields V. (see (B.4)) we thus have the two-point function

(VR ()VE (22)) = |z12] o175 21(8(p1 + p2) + 8(p1 — p2) R (1)) - (3.30)
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The three-point functions involving RR fields are [[[§ (omitting the obvious coordinate

dependence)
(VaPOER0TF) = C¥(ar, as,a3) , (VNOEOEF) = CMa1,a2,03), (3.31)
with
Q-2a
bQ 2 b T (O)TNS(2041)TR(2042)TR(2(13)
CR(ey :( ™ (—)bl b) NS - £ . 3.32
(i) = ({5 Thd — O)Tn (20 Tas @i Taa285) 002
Q-2a
~ b T (O)TNS(2@1)TR(2a2)TR(2a3)
C¥a; :( x (—Q>b1 b2> NS - - — . (333
( ) Hy 2 TNS(QOc — Q)TNS(zal)TR(QOQ)TR(Qa?)) ( )
The three-point function involving the fields V. are then given by
NSt Ry/R R ~R
<V Va2Va3> C (Oél) +C (Oéz) . (3.34)

Let us now analyse the limit b — 4. The necessary formulae for the asymptotic behaviour
of Txs and Yg are given in (B.13). In the limit, the structure constants C® and C® behave
as

Q—2a 9 1 1
CR(ar) ~ (um(%) P OAT (BB o gt et )i (3.35)

Y(5 - pINYE —pINY(G —puD)Y(E — pi )T — p2l1)2T (1 — psf1)?
(11 )2T(1 —plll)QT(% p2|D)Y (2 — po|1)Y (3 — p3| )Y (2 — p3|1)
— 2 _1 1
CR(ay) ~ (uﬂ7<b§>> g ﬁe*%F(%vmg 22522 )ein(m,pzf%,pﬁ%) (3.36)
€

X“f(l—ﬁll)2 (1 —p11)*Y(5 = B2V T(5 — 52| )Y (5 — B3| Y (5 — Bs[1)
T(1)2Y( = pr )P (5 = p2AD)T (S — p2l)T(5 = psl))T(5 - ps1)

Again we have to rescale the fields to obtain a finite limit. Choosing the rescaling

ot _, gt — € <mw<@>>ip/b Lp——J@ii (3.37)
@ p 27 2 ’
and similarly VR — v;{, we obtain for b — 4 the normalised two-point function
(0 (20)0y (22)) = |2 715 (30 + p2) + 61 —p2)) - (3.38)
The limit of the three-point functions is then given by
(WNSGEEGFF) = %P<%, b2 ; %,]”’TJF%> (3.39)
y T(z —AIVYE )Y (5 —m)YE — A1) T —F2[1)*T(1-ps[1)?
T TA-p1[1)2T (3 —p2| )Y(3 = p2|1)T (5 — ps[1)Y (5 — pa1)
pL P23 P3t s
( gsaiieiﬂ _ P( 7 2 5 2> (3.40)
T(1=p1)*T(A=p[1)*T(5 — p2|)Y(§ — P2l Y (5531 T (5 —ps]1)
T(A[1)2T(L-pi[1)2T(5 = p2|1)T(5 — p2|1)T(5 — p3|1)T(5 — p3]1)

Note that the correlators (B.39) and (B.4(]) transform into each other when p3 — —ps3.
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3.4 One-point functions on the upper half plane

Boundary conditions for supersymmetric Liouville theory have been analysed in [27, [[§].
There is a discrete family (the analogue of the ZZ-branes [f] in bosonic Liouville theory) and
a continuous family (corresponding to the FZZT-branes [I(], [(1]]). We shall concentrate on
the discrete family here and try to reproduce the results that we obtained from the minimal
models. These boundary conditions are labelled by two integers (u,v) where the sign of
the gluing condition for the supercurrent depends on u + v being even or odd. Similarly to
the analysis for the minimal models we focus on the case u 4+ v even. Then there are two
boundary conditions (u,v)y+ for each tuple, differing in the sign of one-point functions for

RR-fields.
The one-point functions (omitting the z-dependence) are [[[§]

NS 2 bOQN\ P .
(Vo D uw)e = —2 | 5 ip'(ipb)I'(ip/b) sinh mpub sinh wpv /b (3.41)

and

ip
R — 2 bQ\Y) ° I 1 ip
V — 493/4 v [ =2 (= r
Valtuns = £2 \/771<M 7( 2 >> <2 +zpb> (2 + b> %

x sinh (ﬂpub + @) sinh (Wﬁfv - ’L7T2U’U> . (3.42)

When we take the limit b — i we have to rescale the sphere correlators by the factor
z—’; (see (B-21))). According to the discussion in section 2.6 the scaling factor for the disc
correlators should be the square-root of it. To match the results of the minimal models we
have to choose the root with negative sign, so

Ver

€

(V) - (3.43)

¢ Vumyy = —

By going to the rescaled NSNS bulk fields vaS (B.20) we find

1 .
(UES>(u V) = —e' Pl (1 — p)T(p) sin wpu sin mpv
’ ™

_ sin wpu sin wpv ’ (3.44)

| sin 7p|

which coincides with the expression (R.31]) we found from the minimal models. For the RR
fields we obtain similarly

U Tuv )

sin(mpu + T%) sin(mpv + 55
| cos p|

<UR>(U,'U):|: = iQ% s (3.45)

and we find again complete agreement with the minimal model result (.34).

- 14 —



4. Summary and outlook

In this paper we have analysed the limit of supersymmetric minimal models at central
charge ¢ = % We computed the three-point correlation functions for the limiting theory
and showed that it is possible to get the same correlators from a limit of supersymmetric
Liouville theory. In addition we obtained the one-point functions in the presence of a
boundary for a discrete family of boundary conditions.

The computation of the three-point correlators cannot be seen as a rigorous construc-
tion of the theory. The two ways of taking limits both are singular: the transition from
a discrete to a continuous spectrum in the minimal model limit, and the loss of analyt-
icity in the limit of the Liouville correlators. Although the fact that we can obtain the
same correlators on two different paths makes it plausible that the resulting theory is a
healthy conformal field theory, this is not guaranteed. Further checks on the theory should
be performed, in particular one should analyse whether the theory is crossing symmetric.
For the bosonic counterpart of the theory, this has been analysed in [[], on the one hand
analytically for specific four-point correlators, and on the other hand numerically for the
generic case. Similar checks could also be performed in the supersymmetric case, numerical
checks could use the recently found recursion relations for superconformal blocks [R§, B9
Instead of directly testing the crossing symmetry, one would expect that it can be derived
from the crossing symmetry valid for the Liouville four-point correlators.

In this work we concentrated mostly on the Neveu-Schwarz sector of the theory. In
super Liouville theory, three-point functions involving Ramond-Ramond fields have been
determined and we used this result to obtain their limit at ¢ = % On the other hand,
in the case of super minimal models the corresponding structure constants have not been
determined explicitly (see however [B(, Bl|| for some results), so before comparing the two
limits it would be necessary to compute theses quantities first.

We discussed a discrete family of boundary conditions and computed the bulk one-
point function. In addition there is another discrete family (to which the RR fields do not
couple) and also a continuous family. It should be straightforward to determine the limits
of one-point functions for those. Further data, like bulk-boundary operator expansion and
boundary operator product expansion, however, will be much more difficult to determine
(for the bosonic case, the limit of the bulk-boundary operator expansion for the continuous
family of branes was determined in [§], the limit of the boundary OPE is still unknown).

One might now try to perform a similar analysis for the N = 2 minimal models and the
N = 2 Liouville theory. The N = 2 minimal models can be built as supersymmetric cosets
su(2)/u(1), and their structure constants are known [BJ-[B4]. They differ significantly
from the bosonic or N = 1 case, but it is still possible to find analytic expressions that
interpolate the three-point functions to continuous su(2) spins [Bj], and it is conceivable
that there exist a non-trivial limit at ¢ = 3.3 On the other hand, also the Liouville structure
constants are known in the N = 2 case [B7], by a coset construction they are related
to those of the H; model [BY]. They are again built from Barnes’ double gamma function,

3 Aspects of the asymptotic behaviour of the su(2) structure constants have been analysed in a different
context in @]
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but the limit that leads to central charge ¢ = 3 now corresponds to taking b — 0 instead
of b — i. Again, a non-trivial limit might exist, but the asymptotics will be completely
different from the bosonic or N =1 case.

The limit of Virasoro minimal models can be viewed as a limit of su(2) coset models;
analogously it should be possible to take such a limit for all diagonal coset models of the

type
gk X 91

Ok+1

with some simply laced Lie algebra g. The limiting central charge is ¢ = ¢(g1) = rankg.
On the other hand, one can study the Toda conformal field theory with Lie algebra g whose
central charge approaches the same value ¢ = rank g in the limit b — 4. One might suspect
that the limits again lead to the same conformal field theory, but as only a few explicit
results on the structure constants are available (see e.g. [[id] for the conformal Toda theories
and [[H] for the minimal models), we leave this analysis for future research.

When we continue the expressions from bosonic Liouville theory to ¢ = 1, one might
wonder whether it is also possible to continue them to ¢ < 1. This is in fact straightforward
for rational central charges of the form ¢ =1 — 6%. The corresponding conformal field
theories would not be unitary and would have a continuous spectrum. Again the limit of
the structure constants is the product of an analytic part which coincides with the analytic
interpolation of the minimal model structure constants and a step function. Recently this
limit was investigated in [E], and it was argued that only for p = 1 a physically sensible
three-point function is obtained. The relation of the resulting theory to minimal models
or generalised minimal models [, i) is unclear until now. The continuation of Liouville
theory to other, non-rational central charges ¢ < 1 is more singular, and it is clear that the
structure constants do not have a well-defined limit as functions of the field parameters,
though it might be that one can find a sensible limit in terms of distributions.
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A. Structure constants in terms of Barnes’ double gamma functions

A.1 Virasoro minimal models

The unitary minimal models are labelled by an integer p; the central charge is given by
c=1-— ﬁ. The set of primary fields ¢,; is specified by the Kac table, which consists

of pairs of integers (r,s) with 1 <r <p—1and 1 < s < p. The conformal weight of a
primary field ¢,s is given by

(p+1)r—ps)* -1

hrs =
Ap(p +1)

(A1)
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The pairs (r,s) and (p — r,p + 1 — s) label the same field.
The operator product expansion for two primary fields is given by

D (r3s3)
(p+1)s (r1s1)(ras2)
Prisi (21)Prasz (22) Z ermmst)SQ ’212‘2(;T1151+2hr2282*hr353) Pross (22) - (A-2)
73,83
Here, N®) NP+ implements the fusion constraints, and N ®) is defined as
Nr@;g _ 1)y —re]+1<rg<min(ri+rp2—1,2p—r1 —rg —1), > .r;odd (A3)
0 otherwise .

The structure constants D have been determined originally by Dotsenko and Fateev [ -
). We want them to be normalised such that D(rs)(rs)(n) = 1. It is convenient to express
them by structure constants C' in a different normalisation of the fields,

k—1 1—-1
C(T’1S1)(7’282)(r383) ¢k 101 H H mn mn_dl)(dmn_d2)(dmn+d3))72
m=1n=1
1:[ D()T (g ) (myd)r ()
=1 —%)F(l— AP (1 - myRr(l - midy)
-1

) (nt + dl)P(nt + dg)l“(nt — d3)
INQE nt (1—=nt—d)I(1 —nt—dy)T(1 —nt+ds)

(A.4)

‘ IZI

Here k = r1+r22—7"3+1’ l= 81+822_S3+17 dmn = m—nt, dz = dmsia t=

structure constants can be recovered as

CT‘ S 38 38
D(rlsl)(mSQ)(rasa) — \/C( - (r3 zlai( 353) 5 C(rlsl)(mSQ)( 353) (A.5)
181

and the normalised

P
p+17

(11)

r151)( )C(T282)(7"252) !

The expression for the structure constants is also valid for the non-unitary minimal models
where t = g is any rational number. All results that will be obtained in this appendix will
only involve this parameter ¢, and therefore apply to all minimal models.

Dotsenko made the observation that the structure constants only depend on a linear
combination d,,s, of the Kac labels (r;,s;), and that they are analytic in the variables
dr,s;- From the expression ([A.4) this is not obvious because the Kac labels enter the range
of products via k and [. Although the result seems to be well known, there is, to our
knowledge, no explicit proof of this statement in the literature. We therefore felt it could
be useful to give a detailed derivation of this fact here. In the following we shall re-express
the structure constants in terms of special functions, such that its analyticity in d,, is
manifest. The expression we derive has been given recently in [[[J for the three-point
function in generalised minimal models without explicitly showing that it reproduces the
Dotsenko-Fateev structure constants.

Let us briefly describe the general strategy. Suppose you are given a finite product
of functions with equally spaced arguments, Hi;ll f(m), and you would like to obtain

an expression that is analytic in the range k of the product and that interpolates between
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integer values of k. If one can find an analytic function F' with the shift property F(x+1) =
f(x)F(x), one can rewrite the product as a quotient,

I1 7tm) =24 (A.6)

which provides a manifestly analytic expression in k. This expression is of course not
unique and depends on the choice of F'.

The first product in the expression ([A.4) of the structure constants is a double product
in the variables m,n over numbers depending linearly on m and n. A product over equally

spaced numbers can be replaced by a ratio of gamma functions in two ways,

I'(—z)

- Iz +k _
gfmem) - r§x+1§ = (1" 1F(—x—k+ 1) (A1)

By this means we can transform the double product into a single product of quotients of

gamma functions. The numbers in the double product come as squares, so we can use both
ways in (A7) to rewrite the double product as

k—1 1—
HHx—i-m—nt = (-1 (klll

where x stands for the possible values = 0, —dy, —ds2, d3. Using this result we can write

Hl (x—nt+1)T(—z+nt —k+1)
['(x —nt+k) ['(—xz + nt) ’

l
(A.8)
n=1

the structure constants C' as

k—1 -1
[(Ztm) M(—xz+nt—k+1)
r3s 4(k—1)(I—1
C(hSl)(TzSz)( w09) = A=Y H ( H (1 _2@) H I(z —nt+ k) '
da,ds n=1

r=0,—d;,— m=1
(A.9)

Now we only have to deal with products of gamma functions. The crucial step in rewriting

the structure constants consists in realising that a product over gamma functions with
equally spaced entries can be expressed as a quotient of Barnes’ double gamma functions,

k—1
I1 r<m+x> = (2m)' T s 5T z)t
m=1 t ( t )

This can be easily verified using the shift property (B.2) of the double gamma function I's.
With the help of identity ([A.1() we replace the first product of gamma functions
in ((A.4) and obtain

(A.10)

lol»—‘ MI»—‘
lol»—‘ lol»—‘

|t~
[t~

k-1 mtx 1,1
r(mt w ek T((z+ k)t f‘t ?), (A11)
et D= #55) T ((z+ 1)t 5|t 3)
where the function T is defined by (see (B.4))
T(oft4) = [Da(ult3)Da(ed 4173~y 3)] (A12)
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We can apply the same procedure to the second product in ([A.9), bearing in mind that
Iy (:c{tfé) =1 (:U{t%) We find

-1 _1y,_1
i I'(z —nt+ k) T((&U+k)t_5|t_§)
Putting the results together we get
1,1
Clrronyirasn)"8%) = 00T ] T((ce—dut DE72fE72) )

0 ddnas  T((@+1)t73]73)

Except for the exponent of ¢ in the factor in front, the structure constant is expressed
entirely in the variables d; (note that dy; = %). The (r, s)-dependent part of
the power of ¢ will drop out in the normalised structure constants D. To determine them
via ([A.H) we first observe that

— . (A.15)

_1, 1 1, 1
C(rs)(rs)(ll) = tf(lft)(%Jr(Sfl)) T((drs + 11)t 2 {t Q)T(t 2 {t 2)
2

The normalised structure constants D then only depend on the variables d; and we obtain

10 Y ((—2 — dy + 1)t [t72)

D(nSl)(mSz)(msa) = Do 11 THENEE (A.16)
2=0,~d1,—da,ds [T((m + 1)tz |t E) Y ((w+ )t e \t—i)]
with the normalisation constant
| _1 _%
Dy=t""7 [y1 —t"")y(2—t)] (A.17)

Note that our derivation is also valid for the non-unitary minimal models where ¢t = g

is any rational number. The expression ([A.16) coincides with the formula given in [£3].
The normalised structure constants D are invariant under permutation of the variables d;.
Furthermore, they do not change if one performs field identifications in two field labels
(e.g. di — —dy and dy — —ds) at the same time.

Let us discuss the uniqueness of our result. For a fixed minimal model there are only
a finite number of fields, and the analytic interpolation of the structure constants is of
course not unique. As already stated above, the Dotsenko-Fateev expressions apply to any
rational ¢. If we require the interpolation to be continuous in the parameter ¢, then it is

uniquely fixed: any given d and ¢ can be obtained as a limit of rational d,,s, and ;.

A.2 Superconformal minimal models

The N = 1 supersymmetric minimal models are labelled by an integer p, and they have

. ———) e

central charge

,19,



The primary fields ¢, are labelled by pairs of integers (r, s) in the range 1 < r < p—1 and
1 <s<p+1. Two pairs (r,s) and (p—r,p+2— s) label the same field. Depending on the
sum 7+ s being even or odd, the corresponding primary field belongs to the Neveu-Schwarz
or Ramond sector, respectively.

We shall only consider the Neveu-Schwarz sector. The operator product expansion of
two primary fields is given by

+2) s
¢7’181 (Zl ¢7’282 Z2 Zerrgrst(fsz

73,53

O2(k+1) o ns s
) <W (r1s1)(ras2) ’ 3)¢r353(22)

Sa(k +1+1) =ng -
[;I;]ﬁflﬁéijzg1?(r131)oa32)(s D oryss(22) ) (A.19)

where k = ftr2—ratl 1y = sidbsoosatl - YWe used the notation da(m) for a function that
is 1 if m is even, and 0 if it is odd. The conformal weights of the fields are denoted by
h; = hTNZi with

NS _ ((p +2)r —ps)2 —4
8p(p +2) '

(A.20)

The field ¢, denotes the superpartner to the field ¢,s with conformal weight ﬁyss

As in the case of Virasoro minimal models, it is more convenient to state the struc-
ture constants C,C for a different normalisation of the fields. The normalised structure
constants are recovered again by ([A.§). These constants have been determined in [[[4] and

can be written as

-1 k-1
C%\;?Sl)(mw)(msg) - H <H H dmn-i—a:

n=1m= 1
m+n even

k—1 P(I+m+t52(m+1)) -1 i :1:+52(n+1))
% a:+m24ft62(m+1) H nt—a:2+62(n+1) > , (A2
me1 11— ——5—) ;5 'l - —5—)
and
2
—= ., keven, [ odd
ANS (rss3) _ ONS (rsss) . ) (50 =557
C(Tlsl)(TQSQ) Y= C(T1S1)(T232) o > 2 ° . kodd, I even . (A22)
tg(m_m)
2t 2
Here, dp,y, = m —nt, d; = d,,;s, and t = m

Let us now try to find an expression for the structure constants that only depends on
the variables d;. The strategy is similar to the one pursued in the case of Virasoro minimal
models in the previous section. Let us first rewrite the double product in the first line
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1T ﬁ _ plallle L)1)

H F . m; :v+22(1:r1)) F(l _ :vnt+l;+;52(k+n))
t 1 t— 1
F T—nt+k+1-55( +n)) F(n x+22(n+ ))

(A.23)

The structure constants then become

O E T IE T |
x=0,—d1,—d2,d3
) (k—l F(%&)(mﬂ)) -1 r(1 - mnt+k+§5g(k+n))>

C(Tlsl)(r2s2)

2t
nl;ll I‘(l — %2(7”*1)) ook I‘W(fl’*ntﬁ»k«‘r;—éQ(kJ’»n))

2t
(A.24)

Now we replace the products of gamma functions by ratios of Barnes’ double gamma
functions. Take the first product over m. We split it up into two products, one over even
m and one over odd m. Employing the formula (A.11]) for the separate products then
yields

k

1 r ( x+m+t(52 (m+1) )

r (1 _ x+m+t62(m+1) )

I
A

m

Doing the same with the product over n leads to

l—

[

n=1

—

F(l _ m—nt+k+;—52(k+n))

F x—nt+k+1—62 (k4+n) )

(1 (5] el B (E (B =St
(=g (e T + (B H )

When we combine the results, we obtain

C(NT’§81)(7’252)(T383) = t_(l_t)(kQ__tl+l_Tl)+62(l)_52(k)
8 H (Tt taz(k2+1+1))t—%|t %)T((mmt;rdkz _ t52(k;rl+1))t_%‘t_%)
Y (=Rt 5 (2 e )

(A.27)

Except for the exponent of ¢ we get a result that only depends on the variables d; and on
k + [ being even or odd, corresponding to even or odd fusion.

— 21 —



To obtain the normalised structure constants DN we first determine
1, 1 1, 1
CNS 1) _ t—(l—t)(*;tlﬁ;;) Y (=t ) Y (2] 2) .
e X (222 T (33 |e2)

(A.28)

The normalised structure constants are then given by

()Y (2t

DNS r353) DNS -,
e - H T (=) (e e T (e e )
- 27 3
(A.29)
with the normalisation constant
11 t+1. ¢t 1—1.1
DFF =71 [y (= () (A.30)

The structure constants (JA.29) are invariant under permutation of the field labels, and do
not change if one applies a field identification to two of the field labels, e.g. d; — —d; and
ds — —ds. The structure constants for the OPE involving superdescendants are given by

R Y(em byt )
(r1s1)(r2s2) (ds+1—t)? - 1, x+21+tt_%‘t_%) [T(%—i—?t—%|t—%)—r(%2tt_%|t_%)]%
—da,ds

(A.31)
Similar to the discussion at the end of appendix A.1, given the structure constants for all
superconformal minimal models with rational ¢, the provided expressions (A.29), (A.31)
give the unique interpolation that is continuous both in d and in ¢.

B. Special functions

Barnes’ double gamma function I'y(x|b,b~!) is defined for z € C and complex b with
Reb # 0 (see [i9)), and can be written as

8 [e.e]
log Dy (x|b,b™1) = (a Z (x +mnb+ nzbl)t> . (B.1)
t=0

n1,n2=0

We shall work with a different normalisation, I's(z|b) := Ta(z]b,b=1)/T2(Q/2|b,b71). The
logarithm of 'y can be represented by an integral,

% g —Qt/2 _ —at 92— )2 2 —
log To(x|b) = —/0 %((1—eebt)(1iet/b) + (Q/ ; x) et + Q/ t x>’

where Q = b+ b~!. The integral converges for x with Rez > 0.
The double gamma function satisfies the functional relations
Ty(z + bjb) = b= 1/2H0r D, (2|b) (B.2)

Do(z + 1/bb) = ———b~ /412Dy (2b) . (B.3)

INC /b)
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Further properties of the double gamma function can be found in the literature (see
e.g. [b0]). We also need the combination

Y(z|b) =Ty (z[b)I5H(Q — [b) - (B.4)

The function Y also has a simple behaviour under shifts of the argument by b or b=!,
Y(z + b|b) = (bx)b ==Y (2|b) (B.5)
Y(z + b1 b) =y (b )b T Y (gb) (B.6)

where y(z) = %

C. Fusion rules from Liouville

In the b — i limit of Liouville theory, the fusion rules of the limiting theory at ¢ = % arise

from the term e~ <75 in the limit ¢ — 0, with the function F (see (B17)) given by

. 3 T
F(2) =S 00) = M) = () +

2
3) =2 5 (C.1)

The function A is given after (B.19). Here we want to prove that F' is always greater or
equal to zero (so the limit of e~ <F s well defined), in particular

(0 [p1] + p2) + [p3] even

and  [{p1} — {p2}| < {ps} <min({p1} + {p2},2 — {p1} — {p2})
F(%)=30 L)+ lp)+1ps) odd

and  [{p1} —{p2}| <1 —{ps} < min({p1} + {p2},2 — {p1} — {p2})

| positive otherwise.

(C.2)
To study the function F' we have to relate the fractional part of p and p; to the fractional
parts {p;}. We first look at the case when |pi| + [p2]| + |p3] is even. We find

(e ey [ PEEEEEL g <oy - ()
7} { > } {M;HW—L{pg}za—{pl}—{m} ()
(A 2 ZoWAZ20D  gp) < Y s
(B} = § =2 - o it (C.4)
g { 2 } { 2200 4y ofp) > Y )
Evaluating A(p), A\(p;) we get
Ap) = { E(Zj{pj}—l)za 2 {ps} <2—{p1} —{p2} (C.5)
(e}~ D2 =202 pi) —2), {ps} > 2~ {p1} — {p2)
A = { E(Zj{pj} —2{p;} — 1)2, 2 2{pi} < X {ps} ©6)
= (0 {pi) - 20p} — 12 - 2022{pi) - S Ap)). 2(pi) > Y imi) -
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Let us consider the case when the first lines of ([C.§) and ([C.6) apply. A straightforward
calculation shows that F' = 0. This corresponds to the first case in ([C.9). It is easy to see
that in any other case, the function F obtains an additional term that makes it positive.
This concludes the case > _;[p;] even.

If > ; |pj] is odd, we can still use the analysis above if we replace p; — —p;. The
function F' is invariant under this replacement, and for non-integer p; we have |—p;| =
—|pi] — 1, so for generic numbers p; the sum ) .| —p;] is again even and we are back to
the case we considered before. The fractional parts are then related by {—p;} =1 — {p;},
and in this way we obtain the second line of the result for F in (C.9) from the first line. If
one or more labels p; are integer, the same arguments apply: we can still replace {p;} by
1 — {pi} (which maps 0 to 1) to relate the problem to the old analysis (we there did not
use the fact that the fractional parts were strictly less than 1).
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