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We present a compact diagnostic breadboard that is based on an optical ring resonator for measuring
beam quality and pointing of single-frequency continuous wave lasers at a wavelength of 1064 nm.
To determine the beam quality of the coherent test beam, this optical resonator is used to perform
a mode decomposition into Hermite-Gaussian modes. For our laser system, a power fraction in the
fundamental Gaussian mode of 97.2% ±0.2% was measured. Residual misalignment and
mis-mode-matching to the resonator as well as the astigmatism and/or ellipticity of the test beam
have been determined. Numerical simulations showed that measurements of the M2 factor and
transversal intensity distribution are not suitable for determining this power fraction. To measure the
beam pointing, the fundamental mode of the optical resonator was used as a stable reference. The
pointing of the test beam was measured with the differential wave front sensing technique up to
Fourier frequencies of 1 kHz with a sensitivity to relative pointing of ���=1�10−6 /�Hz. Pointing
measurements with an alternative method were performed and showed good agreement. © 2007
American Institute of Physics. �DOI: 10.1063/1.2754400�

I. INTRODUCTION

Many optical experiments need light sources of high
beam quality. However, it is very difficult to define a general
criterion for the beam quality. Often the deviation of the test
beam from an ideal Gaussian fundamental mode �TEM00� is
used to characterize the beam quality. Different definitions
have been established for the various fields of application in
order to quantify the beam quality. If, for example, the beam
propagation is important for the application, then the M2

factor1 is often used. This factor primarily compares the di-
vergence of the test beam with the divergence of an ideal
TEM00 beam. In this field of applications, measurement
methods have been established that accordingly measure the
beam propagation.2

In other fields of applications, the power in the funda-
mental mode TEM00 compared with the overall power is a
better criterion for the beam quality. This ratio will be called
the fundamental power in this article. That fundamental
power directly specifies the power fraction that can be
coupled into an ideal optical resonator that is resonant to the
TEM00 mode. This quantity can therefore be determined by
measuring the coupling efficiency of the laser beam to a
resonator.3,4

The fundamental power can also be determined by de-
composing the beam into Hermite-Gaussian modes. The ad-
vantage of such a modal analysis is that significantly more
information about the beam is gathered. There are several
ideas and methods for a modal analysis of partially coherent
beams.5–9 For fully coherent beams, which are considered
here, other methods were developed that use spatial filters10

or the measurement of the transverse intensity distribution
along the beam axis.11

We have developed a so-called diagnostic breadboard to

characterize the beam quality of single-frequency continuous
wave �cw� lasers by performing a high resolution modal
analysis of the fully coherent test beam.

The measurement method, which we call Modescan, de-
composes the test beam with the aid of an optical ring reso-
nator into an expansion of Hermite-Gaussian modes �with
the exception of certain degeneracies�. A program automati-
cally analyzes the measurement and determines the funda-
mental power, among other parameters. Similar experiments
are already described in the literature. However, only the
fundamental power was determined in a manual evaluation
of the measurement data3,4 or the data were used to optimize
the alignment and the mode matching of the resonator.12

The sensitivity of the Modescan was experimentally in-
vestigated. In our case a fundamental power of 97.2% with
an uncertainty of ±0.2% of the laser beam used had been
measured. Higher-order modes with relative powers of down
to 2�10−4 were detected.

An important application area for lasers is the interfero-
metric gravitational wave detection. Since in these experi-
ments the laser light is coupled into several optical resona-
tors, the fundamental power is the appropriate quantity for
measuring the beam quality. We have analyzed the feasibility
of determining the fundamental power from M2 measure-
ments and from single transverse intensity measurements.
Numerical simulations showed that only the Modescan
among the methods analyzed can be used to measure the
fundamental power with the desired accuracy.

Besides the beam quality, the pointing of the laser beam
is of interest in a number of experiments. Pointing of a laser
beam is described by a transverse shift as well as an angular
tilt of the beam axis with respect to a reference axis at a
specified position along the beam axis. Usually, position sen-
sitive detectors �PSDs� are used to measure the transverse
shift of the beam at one position along the beam axis.13–16
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The angular tilt has to be transformed by a lens into a trans-
verse shift in order to be measured. This transverse shift can
then be detected with a second PSD at the focal plane of the
lens.

The reference for this kind of pointing measurement is
given by the positions of the PSDs. Since at least two PSDs
are required to measure shift and tilt, a relative movement of
the PSD with respect to each other or even movements of the
optical components after the splitting point of the beam will
lead to measurement errors.

We use the above-mentioned diagnostic breadboard to
measure the pointing of the beam as well. Compared with
other methods, our measurement method uses a real laser
beam as the reference and measures the shift and tilt between
the test beam and the reference beam by analyzing the inter-
ference of the test and the reference beam. The reference
beam is the fundamental mode of a quasimonolithic ring
resonator, which is excited by the test beam itself. To mea-
sure the relative shift and tilt, we use the differential wave
front sensing �DWS� method.17 As an interferometric mea-
surement method, it allows a very accurate measurement of
relative shift and tilt of the beams.

Similar methods were already used to automatically op-
timize the alignment of a laser beam with respect to a reso-
nator. In these experiments phase modulation techniques18,19

different from ours or even multiple phase modulations were
used.20 The aim of those experiments was to stabilize the
laser beam to suspended resonators or to improve the fre-
quency stability of the resonator by an active pointing sup-
pression.

The measurement method and the experiment presented
here were developed to measure the pointing of laser systems
for interferometric gravitational wave detectors. Strict
requirements21 for the allowed pointing of the laser system
are set in this application area in order to reach the design
sensitivity of the detectors.

The pointing of a single-frequency cw laser system with
an output wavelength of 1064 nm is presented up to a Fou-
rier frequency of 1 kHz. Measurements with an alternative
method were performed with good agreement. A sensitivity
to relative pointing of ���=1�10−6 /�Hz was achieved �for
definition of �, see Eq. �19��. Since transverse shift and an-
gular tilt were measured simultaneously, other parameters
that are used to quantify beam pointing can be calculated.

With the compact diagnostic unit presented in this ar-
ticle, it will be possible to optimize the fundamental power
of lasers by performing adjustments, to monitor the short and
long term performance of laser systems, and to further inves-
tigate the causes of pointing fluctuations in order to possibly
reduce them.

II. MODESCAN

Every laser beam in the paraxial approximation can be
expanded into a series of Hermite-Gaussian modes.22 They
form an orthogonal complete set of functions. Therefore, the
complex amplitude U�r� of a single-frequency laser beam
can be expressed as

U�r� = �
l,m�0

cl,m�l,m�r� , �1�

where �l,m is the complex amplitude of the TEMlm mode and
cl,m are the complex expansion coefficients, which are also
called modal weights. With this representation, the funda-
mental power Pfund/ Ptot is given by

Pfund/Ptot =
�c0,0�2

Ptot
with Ptot = �

l,m
�cl,m�2. �2�

With the aid of an optical resonator, this expansion into
TEMlm modes can be partly measured because the resonance
frequencies of TEMlm resonator eigenmodes are generally
different. The resonance frequencies of modes with the same
order g= l+m are, however, degenerated in a linear resonator.
The power pg of the modes with order g is given by

pg = �
l=0

g

�cl,g−l�2. �3�

With this definition, the power buildup in a resonator can be
calculated dependent on the round trip length L of the reso-
nator. It is expressed by a superposition of terms with Airy
denominators,

P�L� � �
g

pg

1 + �2F/��2 sin2�− �L/� + �0�1 + g�/2�
, �4�

where F is the finesse of the resonator, � the wavelength of
the laser, and �0 the Gouy phase of one round trip in the
resonator.23

The idea of our measurement method is to couple the
test beam into a resonator and to measure the transmitted
power of the resonator with a photodiode dependent on the
length L. Afterward, P�L� is fitted in a multistage procedure
to the measurement. Thus, one receives the parameters pg,
which can be used to easily calculate the fundamental power,

Pfund/Ptot =
p0

Ptot
. �5�

Besides this quantity, significantly more information about
the modal composition of the beam can be gathered com-
pared with measurement methods that determine only the
fundamental power. So it is possible, as will be described
later on �see Eq. �11��, to determine the astigmatism and
ellipticity of the beam or to precisely calculate the spatial
filter effect of a resonator concerning the overall higher-
mode power.

This measurement method works best for single-
frequency lasers, since then no distinction between different
longitudinal modes is needed. The frequency of the laser has
to be sufficiently stable, so that an identification of the modes
by their resonance frequency is possible.

The influence of intensity noise can be estimated assum-
ing that the relative intensity noise of the beam that is
coupled into the resonator and that is transmitted by the reso-
nator are equal �this is not generally true but a valid assump-
tion for noise frequencies much smaller than the resonator
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bandwidth�. Using the following approximation for the
power fraction of higher modes, the error by intensity noise
can be roughly estimated:

1 − Pfund/Ptot � �
g	0

pg/p0. �6�

Thus, the relative error of this power fraction is about twice
as high as the relative intensity noise of the beam in the
measurement bandwidth, assuming the worst case where the
sums over the pg’s and p0 have the same relative error as the
power of the beam.

In principle, it is also possible to determine the modal
weights by measuring the power reflected by the resonator.
However, this has the disadvantage that the error of the
modal weights is proportional to the absolute intensity noise
and is thus large for very weak modes.

A. Setup

The experiment was set up on a transportable breadboard
�60�45 cm2� �Fig. 1�. A ring resonator similar to
Refs. 3 and 24 with two plane 45° mirrors, 1 in. wide, with a
power transmission of 1.5% �all quantities are given for
p-polarized light� and one curved high-reflectivity mirror
with a curvature of R=−1 m was used. The round trip length
is L=420 mm, which can be changed by about 1.3 
m with
a piezoelectric element at the curved mirror. The free spectral
range �FSR� is 715 MHz. The finesse was measured as
F�200 at a wavelength of 1064 nm. The waist radius of the
fundamental mode is w0=372 
m with a half divergence
angle of �D=910 
rad. The Gouy phase of the fundamental
mode for one round trip is �0=0.95 rad �=0.15 FSR�.

Since the phase shift and the reflectivity of the resonator
mirror coating depends on the polarization of the light, the
resonance frequencies are different for s- and p-polarized
light. Therefore, the test beam should be p-polarized with
ratios of 1:100 to 1:1000 to avoid misinterpretations. The

resonator is very close to being impedance matched, since
the input and the output coupler mirrors were coated in the
same coating run.

The eigenmodes of the resonator were in good approxi-
mation to the Hermite-Gaussian modes, because the smallest
aperture was about ten times larger than the beam width at
this point. Since the beam in the resonator had an incidence
angle of about 3° at the curved mirror, the effective radius of
curvature is different for the horizontal and vertical direc-
tions. This leads to small differences of �w0�0.3 
m be-
tween the horizontal and vertical beam waist radii. The
eigenmodes of the resonator therefore have a small elliptic-
ity. This further causes a small difference in the Gouy phase
for TEMl0 and TEM0m modes that in turn causes a splitting
of the resonance frequencies for modes of the same order.
This splitting cannot, however, be resolved with the low fi-
nesse of 200. Since the test beam is coupled into the resona-
tor by a 45° mirror, an astigmatism of �z=1.6 mm is added
to the test beam, caused by transmission through the sub-
strate of d=6.35 mm thickness.

The transmitted beam of the resonator is focused with a
lens onto an InGaAs photodiode with an active area diameter
of 1 mm. The fundamental mode beam has a radius of
100 
m at the photodiode. A transimpedance amplifier was
used to read out the photodiode, which had a bandwidth of
several megahertz, so that the sharp peaks due to the Airy
denominators were completely resolved for the scanning fre-
quency chosen �see Sec. II B�. The maximum power on the
photodiode was 15 mW, which was within the linear range
of the detector.

B. Measurement and analysis

The measurement was performed as follows. First of all,
the test beam was aligned and mode matched to the resona-
tor. Two lenses in front of the resonator were used to match
the waist radius and position of the test beam to the waist of
the resonator. The alignment of the test beam was adjusted
with two mirrors, which could be tilted manually as well as
electronically by piezoelectric elements. The alignment was
automatically optimized by feedback loops, so that the de-
gree of freedom was reduced from six �four times alignment,
two times mode matching� to two manual degrees. This led
to an acceleration of the mode-matching procedure. The
sensing technique for the alignment of the test beam will be
described later in Sec. III. A good alignment and mode
matching is crucial for this measurement method, since
higher TEMlm modes are excited by a misalignment or mis-
mode-matching and will therefore reduce the fundamental
power determined. The quality of the alignment and mode
matching can, however, be determined from the measure-
ment data, as will be described later in this section.

In the next step, a high voltage ramp signal at 12 Hz was
applied to the piezo of the resonator. Thus, a microscopic
length change of the resonator caused a periodic shift of the
resonance frequencies of about 2.5 FSR. The transmitted
power was sampled together with the ramp signal at the pi-
ezo for one FSR. According to this the measurement duration
was about 17 ms. About 4000 data points were sampled per
FSR. The sampling rate was about 240 ksamples/s which is

FIG. 1. �Color online� Schematic overview of the experimental setup. De-
tails of the purpose of the components are given in the text.
PMC=pre-mode cleaner=optical resonator; QPD=quadrant photodiode;
PD=photodiode; ND=neutral density filter; CCD=CCD camera;
PZT=mirror with piezoelectric elements.
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slower than the storage time of the resonator, which is about
90 ns. Hence, a stationary state in the resonator can be as-
sumed, which is the precondition for Eq. �4�. The frequency
fluctuations of the test beam should not exceed a root-mean-
square �rms� value of about 350 kHz in a Fourier frequency
band from 59 Hz up to 240 kHz in order to determine the
resonance frequencies of the modes within 1/10 of the line-
width of the resonator.

Since the expansion of the piezo at the resonator de-
pended nonlinearly on the applied voltage and showed a hys-
teresis, a calibration of the piezo was necessary. After the
calibration, we were able to calculate the length change of
the resonator from the sampled ramp signal.

The model P�L� given by Eq. �4� was now fitted to the
measurement in order to determine the parameters pg. The
measured data was filtered by a convolution with a Gauss
function to reduce measurement noise. Then the positions of
the resonance peaks were determined.

Next, the order of the modes for each peak was assigned.
If only the fundamental power is to be determined, this step
can be skipped. The determined peaks were assigned to the
closest TEMlm mode with l+m not exceeding a predefined
upper limit. Twice as many modes were considered as peaks
were found in the measurement. The theoretical positions of
the modes were calculated, where one has to consider that
the resonance frequencies of the TEMlm modes did not only
depend on the order g= l+m but also on whether l is even or
odd for the resonator used. The field distribution is mirrored
at the vertical axis at each mirror. For modes with an asym-
metric field distribution to the vertical axis �modes with odd
l�, this corresponds to an additional phase shift of 180° for
three reflections per round trip.

After this identification of the peaks based on their reso-
nance frequency, the parameters pg were calculated. A sys-
tem of linear equations was solved, such that the model P�L�
matched the peaks of the actual measurement. This fit pro-
cedure was automated by a program and solely one param-
eter for the filtering has to be adjusted manually depending
on the measurement noise.

If the test beam has a high fraction of its power in the
TEM00 mode, then the excitation of TEM10 and TEM01

modes in the resonator can be reduced arbitrarily by align-
ment. If the test beam is transverse shifted by �x and angular
tilted by � in the x or y direction with respect to the fun-
damental mode of the resonator, then the power of the
TEM10 or, respectively, TEM01 mode can be calculated to
first order.25 From the power in the TEM10 and TEM01

modes, the quality of the alignment of the test beam can be
determined conversely,

�x = w0� p1

Ptot
sin��� , �7�

� = �D� p1

Ptot
cos��� . �8�

The angle � cannot be determined from the Modescan mea-
surement, since the phases of c1,0 and c0,1 cannot be mea-
sured with this method.

Using this principle, the quality of the mode matching
can be determined as well, by investigating the power p2 of
the modes with order 2 and even l. These are the TEM20 and
the TEM02 modes. They indicate a mismatch of the waist
radius or the waist size.

Since two spherical lenses instead of four cylinder lenses
were used for the mode matching, the waist radius and posi-
tion cannot be altered independently for the x and y direc-
tions. Therefore, it is in general not possible to reduce the
excitation of theses modes arbitrarily. By expressing the sub-
space that is spanned by the TEM20 and TEM02 modes in
another basis using the Laguerre-Gaussian modes,26 the
modes that can and that cannot be altered by the two spheri-
cal lenses can be separated,

�2,0 =
1
�2

��0,2 − �1,0�, �0,2 = −
1
�2

��0,2 + �1,0� , �9�

where �p,l is the complex amplitude of the Laguerre-
Gaussian mode Lagpl. The power fraction of the Lag10 mode
can be reduced arbitrarily by optimizing the lens positions.
The power of the Lag02 mode originates, however, from an
astigmatism and/or an ellipticity of the test beam,

	�w0 = w0� p2

Ptot
sin���sin���

�z = z0� p2

Ptot
cos���sin��� 
 Lag10 fraction, �10�

�w0x − w0y =
w0

2
� p2

Ptot
sin���cos���

zx − zy =
z0

2
� p2

Ptot
cos���cos��� 
 Lag02 fraction,

�11�

where zx and zy are the positions of the waist in the x and y
directions. The three angles �, �, and � cannot be determined
from the measurement, since the phases of c2,0 and c0,2 as
well as the power ratio �c2,0�2 / �c0,2�2 cannot be measured with
the Modescan. With an additional measurement of the spatial
intensity distribution, the angle � can be calculated, as will
be explained later �Sec. II D�.

The fundamental mode of the resonator also has, as al-
ready mentioned, an ellipticity and an astigmatism outside of
the resonator. This corresponds in first order to a Lag02 mode
with a relative power of 6�10−5. This deviation from an
ideal TEM00 mode can be neglected since it is almost below
the detection limit. A mode can only be detected if the mode
power is larger than the background created by all other
modes. The background of the TEM00 mode at the position
of the Lag02 mode is 9�10−5.

C. Alternative measurement methods

For our experiments in the area of the interferometric
detection of gravitational waves, the fundamental power is
the crucial quantity to characterize the beam quality. We
have compared the Modescan with two alternative measure-
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ment methods conventionally used to measure the beam
quality in the aspect of determining the fundamental power
of a beam.

A fast and easily performed measurement method is the
measurement of the transverse intensity distribution of the
beam at one position along the beam axis using a charge-
coupled device �CCD� camera. With this measured intensity
distribution I�x ,y�, the following quantity H can be
calculated:

H = 1 −
� dxdy�I�x,y� − Ifit�x,y��

� dxdyIfit�x,y�
, �12�

where Ifit�x ,y� is a fit of a Gaussian distribution to the mea-
sured data I�x ,y� with the constraint that the power and cen-
troid of the two distributions are identical. The quantity H is
calculated by the readout software of our CCD camera and is
called Gaussian fit.27 The correlation between the fundamen-
tal power of a beam and H was determined in a numerical
simulation. To simplify matters, the simulation was per-
formed on unidimensional beams. The following complex
amplitudes Ut were used as test beams:

Ut = ���0,0 + �1 − �ei� � 	
�3,0

�4,0

�5,0

�1/�2���3,0 + �5,0� .

 �13�

As can be seen from the definition, the fundamental power of
these beams is �. The phase � between the TEM00 mode and
the higher modes was altered in the simulation.

Another common measurement method is the determina-
tion of the M2 factor. The correlation between the fundamen-
tal power and the M2 factor was calculated for the beams just
mentioned, using the definition of the M2 factor given in
Ref. 1 �since coherent beams are investigated, the simple
formula given in Ref. 1 cannot be used to calculate the M2

factor from the modal weights�.
For comparison the M2 factor of the real test beam was

measured with a CCD camera. Therefore, the beam width
was measured at 31 equidistant positions up- and down-
stream of the beam waist. The second moment of the trans-
verse intensity distribution was used to calculate the beam
width. A fit to the measured beam propagation was then used
to calculate the cylindrical M2 factor.

D. Results

The Modescan was used to measure the fundamental
power of several laser systems. Among them were Nd:YAG
�yttrium aluminum garnet� solid state ring lasers, Nd:YVO4

solid state amplifiers, and ytterbium doped photonic crystal
fiber amplifiers.28

The measurements presented here were performed with
a three-head Nd:YVO4 amplifier. The amplifier was a pro-
totype system which was seeded by a ring laser29 with 12 W
output power. The output power of the amplifier was 35 W at
1064 nm. 120 mW was used from the main beam to measure

the beam quality. The rms frequency noise of the laser was
about 1.3 kHz in the measurement frequency band. This is
far below the estimated requirement of 350 kHz.

The fit program identified 37 higher transversal modes in
the Modescan of the laser �see Figs. 2 and 3�. A fundamental
power of 91.5% was calculated and the fit to the data is very
good in a qualitative way. Higher modes with relative powers
ranging from 2.3�10−2 down to 1.6�10−4 were detected.

With a power of 0.14%, each of the TEM10 and TEM01

modes contributes to the 8.5% of the overall power in higher
modes �Fig. 3�. This corresponds to the following deviations
from the optimal alignment of the test beam in the x as well
as in the y direction:

�x = 14 
m � sin��� , �14�

� = 34 
rad � cos��� . �15�

The power of the modes with order 2 and even l is 2.3% of
the total beam power �Fig. 3, label b�. This correlates to the
following deviation from the optimal mode matching and/or
the following ellipticity and astigmatism, respectively:

�w0 = 57 
m � sin���sin���
�z = 124 mm � cos���sin��� � Lag10 fraction, �16�

FIG. 2. �Color online� Modescan of a test beam. The measurement and fit of
P�L� are shown. Further details of the marked modes are given in Figs. 3
and 4.

FIG. 3. �Color online� Relative power of the identified higher modes. A fit
was calculated to estimate the power of unidentified modes with order
greater than 24. At the right border the sum powers in the indicated intervals
are given.
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w0x − w0y = 29 
m � sin���cos���
zx − zy = 62 mm � cos���cos��� � Lag02 fraction.

�17�

From the observed spatial intensity distribution of these
modes �see Fig. 4, label b�, one can recognize that most of
the power is caused by the Lag02 mode. This corresponds to
a small value of �. The intensity in the center of the distri-
bution is proportional to the Lag10 mode power since the
field amplitude of the Lag02 vanishes at this point. The center
of the measured intensity distribution was below the detec-
tion limit of the CCD camera. Therefore, the power of the
Lag10 was below the detection limit and the mode matching
was good compared with the astigmatism and the ellipticity
of the beam. �The astigmatism and ellipticity of the test beam
could have been compensated by using cylindrical lenses.�

Several experiments were performed in order to estimate
the precision of the Modescan. The identification of the
modes by their resonance frequency was checked by measur-
ing the transversal intensity distribution of the six most pow-
erful modes in the transmission of the resonator with a CCD
camera. In each case the corresponding TEMlm mode order
was determined correctly �see Figs. 3 and 4�.

To estimate the statistical error of the measurement
method, 20 measurements were performed within half an
hour. A fundamental power of 97.2% ±0.2% was determined
�since the laser system had been optimized in the meantime,
the value for the fundamental power differs from the one
already presented�. However, this statistical error includes
the fluctuations of the modal composition of the laser system
during the measurement time.

A consistency test was performed by measuring the light
power that is reflected off the resonator when it is resonant to
the fundamental mode. This can be easily calculated with the
information of a Modescan in the case of an impedance-
matched resonator,

Prefl�L� = Ptot − P�L� . �18�

The ratio Prefl�L� / Prefl�L+� /2� was once calculated from a
Modescan and was afterward measured with a photodiode.
The calculated ratio was 2.5% ±0.2% and the measured
value was 4.2% ±0.3%. The difference of 1.7% cannot be

explained by statistical errors and must therefore originate
from systematic errors. One error was made by using a quad-
rant photodiode to measure the ratio. Since the quadrant pho-
todiode has a gap, the signal does not only depend on the
power but also on the mode of the beam.

The overall power content of unidentified modes with an
order greater than 24 was roughly estimated to be around
0.13%. This number is based on a fit of the function
p�g�=a exp�−dg� to the measurement data with a and d as
free parameters �see Fig. 3�, where the form of the fit func-
tion has no special physical motivation. Then the sum
�g=25

� 2p�g� was calculated.
For comparison, the M2 factor was measured with a

CCD camera. A factor M2 of 1.12±0.04 was determined,
where the error is only due to statistical errors.

As can be seen from the numerical simulation
�see Fig. 5�, it is impossible to determine the fundamental
power from the knowledge of only the Gaussian fit value.
The Gaussian fit strongly depends on the mode order and
even on the phase between the TEM00 mode and the higher-
order mode. Therefore, the Gaussian fit is not suitable to
quantify the beam quality for our purposes.

The calculation of the M2 factor for different coherent
beams �see Fig. 6� shows that the fundamental power cannot
be determined from this factor. The M2 factor depends as
well, however, in a simpler way than in the case of the
Gaussian fit, on the mode order and on the phase between
higher modes.

In the end only the Modescan can be used from these
three measurement methods to accurately determine the fun-
damental power. A simplified method can be used as well,
where the power is measured that is reflected from the reso-
nator locked to the TEM00 mode. In this case it is required
that the resonator is impedance matched and one cannot
gather further information about the mode composition of
the beam compared to the Modescan.

FIG. 4. Measured transversal intensity distributions of the six most powerful
higher modes from Figs. 2 and 3. The scale is arbitrary for each distribution.

FIG. 5. �Color online� Numerical simulation of the dependence of the
Gaussian fit value on the fundamental power for beams with different higher
modes. For example, 95% fundamental power on the x axis means that 5%
of the power is in the higher mode�s� named in the legend. The y axis shows
then the value of the Gaussian fit. Two different curves are shown for each
legend entry which correspond to two different phases between the higher
mode�s� and the fundamental mode.
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E. Discussion

The measurement method presented here, the Modescan,
is suited to characterize the beam quality and to determine
the mode composition of laser beams. The fundamental
power, which is the suitable quantity to measure the beam
quality for many experiments, can be determined from the
measurement data with small errors. Since the measurement
duration is very short, this method lends itself to optimizing
the beam quality of lasers, for example, by performing ad-
justments during the measurements.

The working principle has been confirmed in an experi-
ment, and statistical and systematic errors were estimated.
The statistical errors were within fractions of a percent and
consistency checks with the reflected power of the resonator
yielded an agreement within a few percent.

With our experiment it is possible to measure the funda-
mental power of single-frequency cw lasers at a wavelength
of 1064 nm. Since the only requirement for the laser is that it
is a single-frequency cw laser, this method can be adapted to
any other wavelength.

It is possible to replace the three-mirror ring resonator
with a two-mirror linear resonator to avoid the ellipticity and
the astigmatism of the fundamental mode, even though these
deviations from an ideal TEM00 mode are negligible in our
configuration. A linear resonator has the disadvantage that
modes with even and odd l cannot be distinguished and so
less information about the beam is gathered.

In order to measure the fundamental power of a beam,
the Modescan should be preferred to conventional M2 factor
measurements or Gaussian fit measurements, since the
Modescan can deliver a substantially more accurate value.

III. POINTING

The pointing of a TEM00 beam can be expressed in first
order by fluctuations of the TEM10 and TEM01 modes.22,25 If
a TEM00 beam is shifted by �x and tilted by � in the x
direction, the complex amplitude U��x ,�� of the beam can
be expanded in Hermite-Gauss modes �l,m,

U��x,�� � �0,0 + ��1,0 with � =
�x

w0
+ i

�

�D
, �19�

where � is a complex number that describes the beam posi-
tion, w0 is the radius of the beam waist, and �D is the half

divergence angle of the TEM00 beam. The squared magni-
tude ���2 is the relative power of the TEM10 mode and is thus
invariant under propagation through ideal optical systems.

This expansion corresponds to a transverse shift and an-
gular tilt in the x direction �horizontal�. For a shift and tilt in
the y direction �vertical�, the same expression is valid, if the
TEM10 mode �1,0 is exchanged with the TEM01 mode �0,1.

The idea of our measurement method is to detect the
complex quantity ��t� by comparing the test beam with the
fundamental mode of an optical resonator, which is used as a
reference beam. The fundamental mode of a resonator can
serve as a very stable beam pointing reference, as will be
explained later �Sec. III A�. The test beam, which impinges
on the resonator, is superimposed at the input coupler of the
resonator with the fundamental mode of the resonator. The
fundamental mode is excited by the test beam itself. With the
DWS the relative shift and tilt of the test beam in respect to
the reference beam is measured. The DWS is explained in
more detail in Ref. 17.

After the test beam is superimposed with the reference
beam, the movement of optical components downstream to-
ward the detection with quadrant photodiodes is irrelevant in
first order. Therefore, the pointing of the test beam is mea-
sured at the superposition point.

The quantity ��t� can be used to calculate different quan-
tities that are used to describe the pointing of a laser beam.
There is a direct relation between ��t� and the pointing
stability30 Ps. The pointing stability is the time-averaged
overlap ��m�2 between the test beam and the reference beam.
If we use the expression from Eq. �19� as the complex am-
plitude for the test beam, we get

Ps =
1

T
�

0

T

��m�t��2dt, ��m�t��2

= �� Uref
* U��x,��dxdy

� �Uref�2dxdy �
2

= 1 − ���t��2. �20�

The quantities Ps and ��m�2 are, like ���2, invariant under
propagation through ideal optical systems.

With the standard deviations �x and � of �x and �, we
can calculate the relative beam positional stability �x and the
relative beam angular stability � which are defined in
Ref. 13,

�x =
4�x

2w0
, � =

2�

2�D
. �21�

From the time series of �, we can thus calculate Ps, �x, and
� as well as the linear spectral density of ���. This linear
spectral density is often used in the field of interferometric
gravitational wave detectors to characterize the pointing of a
laser beam.

In addition to the DWS measurements, the quantity ���2
was measured directly by detecting the power fluctuations of
the TEM10 and TEM01 modes. These power fluctuations nor-
malized to the power of the TEM00 mode are equal to ���2
�see. Eq. �19��. An optical resonator was used to separate the

FIG. 6. �Color online� Dependence of the M2 factor on the fundamental
power for beams with different higher modes. The composition of the
TEM30 and TEM50 modes was calculated once for zero phase angle between
the fields and once with a phase angle of 45°.
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TEM10 and TEM01 modes from the remaining modes of the
test beam. The power of the TEM10 and TEM01 modes were
then measured with a photodiode.

A. Setup

An extended experimental setup �Fig. 1� compared to the
Modescan setup was used in order to stabilize the resonator
to the fundamental mode by using a dither lock and also to
detect the DWS signals. The beam that is reflected off the
resonator is split by a polarization independent beam splitter
into two parts of equal power. These beams are detected by
two quadrant photodiodes �QPDs�. The QPDs were oriented
in such a way that a set of top and bottom halves as well as
left and right halves were available.

A lens system was calculated for the reflection path of
the resonator, such that the beam widths at both QPDs are
equal and that the Gouy phases of the TEM10 as well as of
the TEM01 mode had a difference of 90° between the loca-
tions of the two diodes. The beam width had a radius of
730 
m and the difference of the Gouy phase between the
superposition point at the input coupler of the resonator and
the first QPD was �1=165° and accordingly for the second
QPD �2=�1+90° =255°. The QPDs had an active area with
a diameter of d=8 mm and were read out with transimped-
ance amplifiers.

The piezo at the curved mirror of the resonator was
modulated with a small sinusoidal signal at fd=50 kHz in
order to generate phase modulation sidebands for the dither
lock. The dither lock, which is described as transmission
lock in Ref. 31, can be understood as a variant of the well
known Pound-Drever-Hall lock32,33 but with the phase
modulation sidebands being generated in the resonator by
length modulation.

The signals of the four quadrants of the QPDs were de-
modulated at the dithering frequency fd. The bandwidth of
the demodulated signal was restricted to 2 kHz during this
demodulation. The sum of the demodulated quadrant signals
of one QPD was used as an error signal for stabilizing the
resonator to the test beam. Therefore, the resonance fre-
quency of the TEM00 mode was controlled by changing the
resonator length with the piezo to match the frequency of the
test beam.

The differences of the demodulated signals of the left
and right halves �dx1/2� and the top and bottom halves �dy1/2�
were calculated by analog electronics. These signals are, ac-
cording to the DWS, proportional to I��ei�1/2�. By measuring
the signal of two QPDs with ��1−�2�=90°, the quantity �
can be reconstructed.

Two mirrors in front of the resonator, which could be
electronically tilted by piezo elements, were used to calibrate
the DWS signals. The dependence of the tilt angle from the
electronic signal was known and was used as a reference for
the calibration.

The complete setup, including the laser system, was
mounted on a vibration isolated optical table. The fundamen-
tal mode of the resonator is used as a reference beam and is
defined by the positions of the three mirrors of the resonator.
The mirrors were glued on an Invar spacer, which in turn

was mounted on a rigid aluminum mount, which then was
mounted on the breadboard.

Since the light field in the resonator is driven by the test
beam itself, the pointing of the reference beam that leaves
the resonator is also wiggling. This fluctuation of the point-
ing is, however, strongly suppressed by the mode-cleaning
feature of the resonator and can therefore be neglected as
shown in the following: Assume that a beam with a complex
amplitude given by Eq. �19� is coupled into the resonator and
that the resonator is locked to the TEM00 mode. Since the
field �1,0 is then not resonant, it will be suppressed by a
factor G in the corresponding field that leaves the resonator,
with

G =
1 − r

1 − re−i� . �22�

This factor depends on the reduction factor r for the field
amplitude for one round trip in the resonator and on the
resonance phase � of the TEM10 mode and TEM01 mode,
respectively. The beam that leaves the resonator is now su-
perimposed with the reflected part of the test beam. This
yields for an impedance-matched resonator,

Urefl � �0,0 + ��1,0 − ��0,0 + �G�1,0� = ��1 − G��0,1.

�23�

The pointing fluctuations of the beam that leaves the resona-
tor and is used as reference beam are suppressed by �G�.
For the resonator that is used for our measurements with
F=200 and a resonance phase of �x=0.95+� and
�y =0.95, respectively, the factors Gx=8.8�10−3e−0.47i

and Gy =1.7�10−2e1.1i, respectively, are evaluated.
The magnitude �1−G� is taken into account in the cali-

bration procedure which is described in Sec. III B. The phase
rotation of � which is introduced by 1−G is neglected. This
phase rotation is 0.2° for �x and 0.9° for �y.

B. Measurement and analysis

The test beam was coupled into the resonator and the
alignment as well as the mode matching were optimized as
already described in the context of the Modescan. The reso-
nator was locked with a feedback loop to the fundamental
mode with a bandwidth of 1.6 kHz.

The demodulated difference signals �dx1, dx2, dy1, and
dy2� were sampled with a 16 bit analog/digital �A/D� con-
verter card at a sampling frequency of 20 kHz for 60 s. With
these, the time series ��t� was calculated,

�x � �dx1 + idx2�e−i�1, �y � �dy1 + idy2�e−i�1. �24�

To eliminate laser power fluctuations the laser power was
simultaneously sampled with another photodiode �not shown
in Fig. 1� in front of the resonator.

In order to calibrate the measurement, a calibration sig-
nal was added to the piezo mirrors. The expected � signal
was calculated from the position of the piezo mirror relative
to the resonator and compared with the actual measurement.

To verify the measurement method and its calibration,
the beam pointing was further measured in a different way.
For these purposes the resonator was locked to the TEM10

mode by introducing a small misalignment in the x direction.
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Again the dither lock was used to stabilize the resonator to
this mode with a bandwidth of 1.6 kHz. If a complex ampli-
tude given by Eq. �19� is coupled into such a stabilized reso-
nator, then the following field will be transmitted:

Utrans � G�0,0 + ��1,0. �25�

Now the fundamental mode TEM00 is suppressed by the fac-
tor G, which was already calculated for our setup. The power
of the transmitted beam essentially consists of the power of
the TEM10 mode which is proportional to ���2. The part of the
transmitted power of the TEM00 mode is only a constant
offset.

The transmitted power was measured with a photodiode
and sampled with the A/D card. With another photodiode the
power of the test beam was sampled to take its power fluc-
tuations into account. Afterward, the resonator was locked to
the TEM00 mode to measure the power of the transmitted
TEM00 mode power to determine the relative transmitted
power in the TEM10 mode which is used to calculate ���2.

Two measurements are necessary in order to measure the
pointing in the x and y directions. This is due to the fact that
the resonance frequencies of the TEM10 and TEM01 modes
differ.

C. Results

The measurements that are presented here were obtained
with a Nd:YAG solid state ring laser �Innolight Mephisto�, a
so-called nonplanar ring oscillator �NPRO�.34 The output
power was 800 mW at a wavelength of 1064 nm. The power
of the TEM00 mode was 	96% and the laser oscillated only

in one longitudinal mode. About 200–250 mW was splitted
from the main beam to measure the beam pointing.

The linear spectral density of ��� �see Fig. 7� for the x
and y directions differs only barely. Below 100 Hz the point-
ing fluctuations are increasing. A hypothesis, namely, that the
pointing between 1 and 100 Hz is produced by acoustic
noise from a flow box, was ruled out. Above 100 Hz many
sharp peaks can be identified in the spectrum. We assume
that among harmonics of the mains frequency of 50 Hz,
these peaks are produced by mechanical resonances of the
optical components.

The electronic noise of the measurement was equivalent
to approximately ���=1�10−6 /�Hz. It was measured with
dark QPDs. This corresponds to a pure angular tilt sensitivity
of 1 nrad/�Hz or a pure transverse shift sensitivity of
0.4 nm/�Hz. The fundamental sensitivity limit is given by
the shot noise of the light at the QPDs.17 This fundamental
limit was, however, far below the electronic noise limit.

A part of the time series of ��� is shown in Fig. 8. Several
statistical quantities were calculated from the time series of �
for a frequency band from 1 Hz to 1 kHz �see Table I�. The
measurements of � using the DWS method were compared
with the measurements of ���, where the transmitted powers
of the TEM10 and TEM01 modes were detected. The com-
parison of the linear spectral density of ��� shows a good
agreement �see Fig. 9�. The calibration of the DWS signals
was hereby verified.

D. Discussion

The measurement of pointing fluctuations with the
method presented here has been successfully demonstrated
on a laser system. A good agreement with an alternative mea-
surement method was achieved. The sensitivity was approxi-
mately ���=1�10−6 /�Hz.

TABLE I. Quantities calculated from the complex � time series in a fre-
quency band from 1 Hz to 1 kHz.

Horizontal Vertical

Standard deviation ��x � =18�10−3 ��y � =15�10−3

Pointing stability Ps=1−324�10−6 Ps=1−225�10−6

Relative beam positional stability �x=31�10−3 �y=31�10−3

Relative beam angular stability �x=11�10−3 �y =11�10−3

FIG. 7. �Color online� Linear spectral density of relative pointing ��� in the
x and y directions.

FIG. 8. �Color online� Time series of the relative pointing ��� in the x and y
directions. �see Eq. �19� for the definition of ��.

FIG. 9. �Color online� Comparison of the linear spectral densities of the
relative pointing ��� in the y direction for two different measurement
methods.
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The advantage of this measurement method is that a real
laser beam is used as reference and therefore the transverse
shift as well as the angular tilt can be measured at one point
along the beam axis. Compared with conventional methods,
which need, for example, two PSDs, those measurement er-
rors that are caused by a relative movement of the PSDs are
avoided.

This measurement method can be offhand transferred to
any single-frequency cw laser that has a high fraction of its
power in the TEM00 mode. In principle, there is no problem
to measure the pointing fluctuations below 1 Hz or above
1 kHz.

This compact diagnostic unit is used as a tool for devel-
oping lasers for interferometric gravitational wave detectors,
where a quick and reliable measurement of the beam quality
is necessary to optimize the laser. The methods described
will be used to monitor the short and long term performance
of such laser systems in operation.
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