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Abstract

In the two previous papers of this series we defined a new combinatorial
approach to quantum gravity, algebraic quantum gravity (AQG). We showed
that AQG reproduces the correct infinitesimal dynamics in the semiclassical
limit, provided one incorrectly substitutes the non-Abelian group SU (2) by
the Abelian group U(1)? in the calculations. The mere reason why that
substitution was performed at all is that in the non-Abelian case the volume
operator, pivotal for the definition of the dynamics, is not diagonizable by
analytical methods. This, in contrast to the Abelian case, so far prohibited
semiclassical computations. In this paper, we show why this unjustified
substitution nevertheless reproduces the correct physical result. Namely, we
introduce for the first time semiclassical perturbation theory within AQG (and
LQG) which allows us to compute expectation values of interesting operators
such as the master constraint as a power series in /i with error control. That is,
in particular, matrix elements of fractional powers of the volume operator can
be computed with extremely high precision for sufficiently large power of %
in the 7 expansion. With this new tool, the non-Abelian calculation, although
technically more involved, is then exactly analogous to the Abelian calculation,
thus justifying the Abelian analysis in retrospect. The results of this paper turn
AQG into a calculational discipline.

PACS number: 04.60.Pp

1. Introduction

In the two previous companion papers of this series [1, 2], we introduced a new combinatorial
approach to quantum gravity, called algebraic quantum gravity (AQG) which uses ideas
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from loop quantum gravity (LQG) [3, 4]. One of the advantages of AQG over LQG is that
semiclassical tools for background independent quantum field theories already available in the
literature [5—8] can also be applied to operators encoding the quantum dynamics while in LQG
this has so far been possible only for kinematical operators. The difficulty, as explained in
detail in [1], has to do with the fact that in LQG the Hamiltonian or master constraint operator
[9-12] necessarily changes the number of degrees of freedom on which the semiclassical state,
that it acts on, depends. The fluctuations of the degrees of freedom added by the operator
are therefore not suppressed by the semiclassical state and their semiclassical behaviour is
correspondingly bad. In AQG, on the other hand, the dynamics never changes the number of
degrees of freedom and the just mentioned problem disappears. Furthermore, the annoying
graph dependence of the normalizable coherent states of LQG disappears in AQG.

In the companion paper [2], we have displayed a non-trivial semiclassical calculation
which shows that the Euclidean part of the master constraint for pure gravity in AQG reduces
to its classical counterpart in the 7 — O limit. The same calculation demonstrates that its
fluctuations and quantum corrections are small. It is trivially extendable to arbitrary matter
coupling and the Lorentzian constraint. However, the calculation was done using an a priori
physically unjustified, technical modification of the master constraint: namely we substituted
the correct non-Abelian gauge group SU (2) of the canonical formulation of general relativity
by the incorrect Abelian gauge group U (1)3. The reason why this was done is that the U (1)?
analogue of the volume operator [13], without which none of the pieces of the master constraint
(geometry and matter) can even be defined, can be diagonalized analytically. This is crucial
in order that semiclassical calculations can be carried out.

For the non-Abelian case on the other hand, except in special cases, the volume
operator cannot be diagonalized analytically?, which prohibited so far any explicit calculations
involving the quantum dynamics. This is one of the many criticisms that have been spelled
out recently in [17].

In the present paper we show that this criticism, as many others, is unjustified, thereby
introducing semiclassical perturbation theory for AQG and LQG. Basically, what we are
interested in are expectation values or matrix elements of (powers of) the master constraint
operator in semiclassical states. We will show how to compute those as a power series in &
with error control! Note that in usual perturbative QFT there is no error control. In fact, there
the perturbation series is known to be only asymptotic for all realistic theories.

As we will see, and as should be expected from [1, 2], the non-trivial part of the
corresponding 7 expansion consists in the evaluation of the matrix elements of fractional
powers of the volume operator. The basic mathematical physics tools that we employ
here are the spectral theorem for self-adjoint operators and the directed set structure of
the cone of positive operators. More is not needed in order to define the series. The fact
that makes the errors small on the other hand relies on the fantastically good semiclassical
properties of the semiclassical states developed in [5]. For instance, if we are interested in
cosmological questions, the power series is typically in terms of the classicality parameter
t = AhG ~ 107'2° where A is the cosmological constant and G is Newton’s constant. This
should be contrasted with the Feinstrukturkonstante « ~ 1/137 of QED. Here, the extreme
weakness of the gravitational interaction comes to help. Note that our power expansion, for
cosmological settings, is as fast converging as for the new spin foam model introduced in [15].

This paper is organized as follows. In section 2, we develop systematically semiclassical
perturbation theory for AQG. For the benefit of the reader not interested in the detailed proofs,

3 The matrix elements of its fourth power are known in closed form [13]; however, the associated matrices on the
invariant subspaces, while finite dimensional, are not diagonizable by quadratures.
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let us just state that if we are interested in the matrix elements (i, VU2 T4y of the volume
operator V,, associated with a given vertex v which is not calculable analytically, then we can

replace VUZ" within the matrix element, up to 15! corrections, by the calculable quantity
2k+1 n
gl —q)---(2k —q) 0:
(W, Q)| 1+ ) (=)™ -1 (1.1)
; ! W, Qu¥)?

where Q, is related to the volume by V, = @ . The operator Q, is a polynomial in flux
operators and its matrix elements are known in closed form.

In section 3, we show how the results of [5] can be used in order to perform concrete
calculations (numbers!) using the tools of section 2. This will show semiclassical perturbation
theory at work!

Insection 4, we conclude and explain why the Abelian results of [2] carry over qualitatively
and quantitatively to the non-Abelian case as far as the zeroth order in 7 is concerned while
there are finite differences in the first and higher order corrections. This justifies the calculation
of [2] and demonstrates that AQG is a calculational discipline.

2. Semiclassical perturbation theory

2.1. The idea

In semiclassical applications of AQG we are interested, in particular, in expectation values
of (finite powers of) the master constraint with respect to coherent states ¥. As displayed
explicitly in [1], the operators of which we have to take expectation values are then linear
combinations of expressions of the form (symbolically)

(v, P FL (Vo) p2 (W) Fa (Vi) - - Fn (Vi) vt () 2.1
where p; are certain polynomials in the holonomies along edges or loops adjacent to the
vertices vy, ..., vy and F; are certain functions of the volume operator V,, of the form

FI(VU,) = (Q%I)q'. Here 0 < q; = my;/n; < 1/4 is a rational number and m;, n; are
relatively prime. The self-adjoint operator Q, is explicitly given by*

J J k k 1 1
Xy = Xep i X Xer oy X X

-3 () T P () Vo) T Ces (v)
=1it’¢; 2.2
0y ki > > > (2.2)
where we have used the notation from [1, 2]: by e;,(v) we mean the edge of a cubic algebraic
graph outgoing from vertex v into the positive (¢ = +) or negative (0 = —) direction,

respectively, and X/ denotes the corresponding right invariant vector field of SU(2). Note
that e, (v) = e;(v), e;_(v) = [e; (v — [)]~'. The classicality parameter is 1 = €% [a* where
a is some length scale that enters the definition of the coherent states.
The naive idea to compute expectation values of (2.2) is as follows: consider
2
[ = Lz — 1. (2.3)
(v, Qu,¥)

The operator x; is bounded from below, x; > —1 and the quantity (1&, 0y, 1#) can be computed
exactly by the methods of [5]. We have

Fi(Vo) = (v, Quv) fixn,  fiGe) = (1+x)7" 2.4)

4 For convenience we are working here with the dimensionless volume operator that results from the actual one by
dividing it by a>, where « is the length scale parameter that enters the definition of the coherent states.
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The idea is now to use the power expansion of the function r — f(t) = (1+1)?, —1 < t < 00,
given by

f(l) :=1+Z<Z>tn’ <Z>:(_1)n+1q(1_Q)"'(n_1+Q) (25)
n=1

n!

and to use the spectral theorem in order to get an expansion of F; (Vv,) in terms of x; of which
coherent state matrix elements are computable by the methods of [5], specifically

fl(x1>=/1 fz(t)dEz(t)=/1 [HZ(Z) r"}d&(r)

n=1

_ [Hni‘ (Z) x;’i| 2.6)

where E; is the projection-valued measure associated with x;. However, the second equality
is wrong because the power expansion (2.6) does not converge outside the open interval
t € (—1, 1). Hence, this naive idea is false and must be substituted by a rigorous argument.

Much of the effort that follows will be devoted to showing that the power expansion (2.5)
can nevertheless be used in order to get reliable numerical results for the intended expectation
value calculations including error estimates. More precisely, the power expansion up to order
2k+1 gives reliable values for the matrix elements including 2* corrections while the remainder
can be estimated to be finite and of order #**!. The proof of this fact is somewhat involved
and we therefore split it into several subsections. The reader not interested in the proof can
jump directly to section 3.

2.2. Some basic tools

In this subsection, we will state and prove some basic lemmas which will be employed over
and over again in the core part of the proof.

Lemma 2.1. For each k > 0 there exists 0 < B < 0o such that

frn1 () = Bt < f(0) < forn (1) 2.7)
where fi(t) denotes the partial Taylor series of f(t) = (1+1)9,0 < g < 1/4, up to order t*.

Proof. By Taylor’s theorem we have

k t (k+1)
FO) = fil)+ R, fuln) = 1+2:;<Z> ", Rk(t)=f0 ds%(t—s)k

(2.8)

forany —1 < t < oo.

Since f@*(s) = —g(1 —¢q)--- Rk +1 —g)(1 +5)9 %2 L 0forall s > —1 and
(t — 5)**1 is positive (negative) fort > s > 0 (—1 < t < s < 0) it follows that Ry, () < 0
forall + > —1, hence for1(t) = f(t) forall # > —1 and also for # = —1 by continuity.

On the other hand, f®**3(s) = g(1—¢q) --- 2k+2—¢q)(1+5)9723 > Oforall s > —1.
Since (t — s)%**% > 0 for all s we certainly have fo2(¢) < f(¢) fort > 0and forn(t) = f(t)
for —1 <t < 0. Now forn(t) = fiu1(t) + (qu+2)tk+2. Then for any B, > —(213+2) we still
have foe1(2) — Bit?*? < f(¢) for t > 0. Moreover, since 0 < fore1 (t) — f(¢) is bounded
from above for —1 < ¢ < 0 there exists a finite 8 such that also for (t) — B> < £ ()
for —1 <t <0. U
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The optimal (lowest) value of Sy is not easy to obtain by analytical methods but certainly by
numerical methods. As an example, let us determine it analytically for the case k = 0.

Lemma 2.2.
l+gt —(1—g@)> < 1+ < 1+gqt (2.9)
forallt > —1 andall0 < q < 1.

Proof. Consider f(t) =1+ ¢t — (1+1)7. We have f'(t) = q(1 — (1 +1)9 Y sothat f' >0
forr > 0and f' < 0for —1 <t < 0. Thus, f(0) = 0 is the absolute minimum of f. Let
now g(t) = f(t) — Bt>. In order that g < 0 we certainly need g(=1) =1 —¢g — 8 < 0so
B >1—¢q. We have

1

==
g/=f’—2ﬂr=q[yj1 —p}(y—l) (2.10)

where y =1+ > 0and p =28/q > 2(1 —q)/q > 1 — g. Consider
1

== 1
A e

k) =0 =gy =1 =y "+y.
It follows that & = (2 — ¢)(1 — y' %) hence y = 1 is the maximum of k at which k(1) = 0.
Hence k£ < 0 and thus 4" < 0 is strictly monotonically decreasing. Since 4(1) = 1 — ¢ and
p > 1—gq itfollows that g’ is strictly monotonically decreasing for y > 1. The equation g’ = 0
or i = p has one more solution0 < y, , < 1because h(0) = oo and & is decreasing. Itfollows
that g’ <O0for0O <y < y;p,andy > 1landg > 0fory,, <y < 1. Hence y, , is a local

k@), 2.11)

minimum of g and y = 0, 1 are local maximaat whichg(x = —1) = 1—¢—8, g(x =0) = 0.
Thus, in order that g < 0 it is necessary and sufficient that 8 > 1 — g where f = 1 — ¢ is the
sharpest bound. g

To see what lemma 2.1 is good for we state the following simple lemma.

Lemma 2.3. Let B < B < B, be self-adjoint operators and set B:=[B; + B_1/2, AB :=
[By — B_1/4. Then for any states {r\, V¥ in the common domain of all three operators we
have

[Re((Y1, [B — Blyo))|, IIm((Y1, [B — Bly))| < (Y1, [ABIY1) + (Y1, [ABIYn) (2.12)
Proof. Consider the polarization identity for any self-adjoint operator B:

1
(W, Byn) = 3 3 1, BY) 2.13)

=1

where ¥, = | + (ti/». By assumption the operators B, — B, B — B_ are positive. Thus,

(B-)+1 ; (By)-1 < Re((y1. By)) = (B)1 —4(3)—1 < (B:)1 —4(B—>—1 -
(B-)—i ; (Bi)+i < Im((01. BY)) = (B)_i 4— (B)+i < (Bi)—i ; (B_)+i '
where (B), := (Y, By,), etc. We conclude

IRe((¥1, [B — Blyn)| < (Y1, [ABIY1) + (Y2, [ABlYn) 2.15)

[Im((y1, [B = Blya))| < (Y1, [ABIY1) + (Y2, [ABly)

as claimed. O
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The idea behind this lemma is that, even if we cannot compute the matrix elements of B,
provided we can compute the matrix elements of B and AB, formula (2.15) shows that
the matrix element of B is a good approximation to that of B provided that the respective
expectation values of AB are small.

As an example, consider B = (0*)7 with Q as in (2.2) polynomial in the elementary
operators (flux operators for GR) so that matrix elements can be computed by the methods of
[5]. We have forany A > Othat B = A9[1+(Q?—1)/A]? and obviously x = (X —1)/A > —1.
Then we may apply the above lemma and set B, = A9[1 +x], B_ = A9[1 +gx — (1 — q)x*].
Given a coherent state 1/; we could set A = (Y, Q%¢) so that (¢, Byyy) = AY and
(Y1, B_yry) = A1 — (1 — q)(w“f# — 1)]. Hence, the expectation value of B = (Q%)? is
approximately given by (Q?)? up to a correction which is controlled by the fluctuation of Q>

as one would expect. Note that it has been established [5] that (0% agrees with the classical
value to lowest order in 7.

2.3. The expansion

Turning to the general matrix element of interest (2.1) we expand

(v, pr () F1 (Vo)) p2 (W) Fa (Vi) -+« Fx (Vo) vt (W)

= [TF . pill+ Alpall + 2] - 11+ fylpnath)

J=1

= [[F (. pip2--- pyvai¥) + R] (2.16)

j=1

where FJQ = (¥, Oy, ¥)249 and the remainder R is a linear combination of terms of the form

(. pLf - [ipia V) (2.17)

with/ =1,..., N and p_’]- are products of p; while each f ]’ coincides with one of the f;.
Hence we are left with computing (2.17). To do this, we use lemma 2.1 and find optimal
B;k such that

I (@) = fjae(t) — Bixt? P < (1) < fioun (1) = I (2.18)
for all r > —1. We will now iterate lemma 2.3 frequently. In what follows we just consider
the real part of (2.17), the imaginary part works analogously as displayed in (2.12).

We start with
(U, pLfie - fvpnadr) = (Priven 21 fiven 211 - iviv ],
Siven 2l prven -1 fivenamn - - fnpya )
= (V1. fivsn¥2)- (2.19)
Here, [#] denotes the Gauss bracket of the real number 7. Application of (2.15) reveals that
IR — Ri| < Ry + R3 where

R =Re((Y, p1fi-- fnpna¥))

Ri = Re((Yr1, frwvsna¥2)

Ry = (Y, Afiv+ny2191)

Ry = (Y2, Afiveny¥2)

where f; = (ff + f;)/2and Af; = (f} — f;7)/4 are positive operators of which matrix
elements can indeed be computed using the techniques of [5].

(2.20)
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Note that in R; we have achieved a reduction from N operator insertions fi, ..., fy
of which matrix elements cannot be computed to N — 1 insertions fi,..., fiw+1)/21-1
Siw+n 21415 - - -, fn. However, in R we still have N — 2 (N — 1) insertions if N is even

(odd) while in R, we still have N (N — 1) insertions if N is odd. It follows that by iterating
(2.20) we can never achieve that all occurring expressions only contain operator insertions
of which matrix elements are computable analytically. Note that judiciously we started the
iteration with the ‘middle’ operator, otherwise we would create even more than N operator
insertions of which matrix elements cannot be computed. By choosing the middle, the number
of those insertions at least does not increase.

While the above procedure therefore never stops at a stage at which everything is exactly
computable, we will show that after finitely many steps one reaches a stage at which the
non-computable terms can be estimated from above by computable terms and those estimates
are of higher order in 7 than the order of the power expansion that we wanted to achieve.
More precisely, we will show that after finitely many steps we obtain one expression which
only involves f; and thus the associated expectation value can be computed by the methods
of [5] and contains 7 corrections up to order 7*. In addition, there are a finite number of terms
each of which still contains at most N operator insertions of which matrix elements cannot be
computed plus at least 2/ + 1 insertions of operators of the form A f // These terms appear in
the manifestly positive form, say for N even

(P{[AF[1P; - P/[AF/1P\F\ Py Fyp Py o V|

X [AF/ 1|P{[AF{1P; - P/[AF/1P\F\ Py Fyn/yPyjpi V). (2.21)
Here, F Jf, F; are elements of the original set fi,..., fy. Likewise ij, P, are elements of
the original set py, ..., py+1. Instead of N /2 insertions of type Fj we might also have some

insertions of type F; but since the latter have computable matrix elements their estimate is of
an even higher order in 7 than (2.21) as we will see so that (2.21) provides the type of term
whose estimate gives the lowest power of /.. Hence, we will show that for / sufficiently large
(2.21) can be estimated by a computable expression of order at least #**!.

2.4. Resolutions of unity

To estimate (2.21) we use the overcompleteness property of our coherent states [5] and insert
resolutions of unity to cast (2.21) into the form

/dvl,l . -~/‘dv1,N/2 /‘dvz,l . -~/va,N/2+1 /dvi’1 . ~-/dvi,l /dvé’l . ~-/‘dvé’,
X /d\)3,1 ---/dv3,N/2 /dl)4,1 ---/dv4,N/2+1 /dvgql N '/d\)il /dvfm e
-1

x / vy, [Tt LAFS o)W 10 P ) Wh s POUE )W TAF 1)
j=1

N/2

X l_[(iﬁl,k, Fira st (o et i) (Waonyaets Pajoat ) (W10 [AF 15 1)

k=1

I-1

X H(Wé,j, [AF g o) (g s Pivs (Wi PIvs ) (Vs [AF 1Y 1)
j=1
N2

X H(W&,k, Fia o) (Vaks Pers i) (Wanj2ets Pyt ). (2.22)
k=1
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Here the measures v; x, vi” j are basically Liouville measures [5] over as many copies of
the cotangent bundle 7*(SU (2)) as there are edges involved in the expectation value under
consideration and each of the integrals is over the entire corresponding phase space. The states
Vi, ¥ ; are labelled by the points in that phase space, see [5] for details.

2.5. Sketch of the estimate

Before we give the rigorous argument, let us give its heuristic form in order to understand
what we are driving at: in order to estimate (2.22) we make use of the following fact that has
been proved in [5]:

(Y1, Pyra) = (Y1, Y2) [Eo (Y1, ¥r2) + RE (Y1, ¥2)] (2.23)

where V1, ¥, are arbitrary coherent states whose overlap function (v, 1) is sharply peaked
(Gaussian) at the point in phase space by which they are labelled. The functions Ey, E; are
absolutely integrable against that Gaussian over both resolution measures vy, v, and are of
zeroth order in 7.

Since (2.23) is sharply peaked at {; = ¥, we can basically set Eog({, ¥n) =
Eo(Yr1, Y1) = (Y1, Py1) in the essential support of the overlap function, the corrections
being of higher order in 7, just like the E contribution. This is what results after integrating
over the measure corresponding to . Thus by integrating with respect to the measures
Vaks vé’ jo Vaks vg’ j wecan simplify (2.22) up to i corrections to

/dvl,l-~-/dv1,N/2/dvi’1-~-/dvi,,/dV3,1-~-/dV3,N/2/dv§,1-~-/dv§’l
-1

[Tt LAFIW )W 0PI Y0 BI04 LA T 0)

j=1

Nj2—1
< [T @ i) Wik Pt
k=1
X (Uiny2 Fnp W) (Wi Pupin2) (s Pupa ) (U] [AF 195 )
-1
X n(lﬁé,j, [AFYS 00 (W3 s Pivs (s PIvs ) (s, [AF 1Y 1)
=1
Nj2—1
< [T s Fewrsin) (Vs ks Petpa)
k=1
X AY3np2, EnpW) (W3 nyos PV n2) (W, Prjpa V).

In order to estimate (2.24) further we will prove that for arbitrary coherent states ¥, ¥, we
have

(W1, [AF W) = 1N (Y, Y) [Go (Y, ¥2) + G (Y1, ¥2)] (2.24)

where G|, G| are absolutely integrable with respect to both vy, v, and of zeroth order in 7.
Similarly, we will show that

(W1, Fya)l BT, 40) [Go(Wn, ¥2) +RG 1 (Y1, ¥)] (2.25)

where Gy, G are both of zeroth order in 72 and both terms are separately absolutely integrable
with respect to both vy, v,. Note that while (2.23) and (2.24) are equalities, (2.25) is an
inequality. It is due to this inequality, which provides the key part of the proof, that a negative
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power of /i appears in (2.25) which is the price to pay for the estimate. The estimate is
necessary to carry out because the left-hand side is not calculable analytically. We conjecture
that the matrix element (2.25) admits a sharper bound which does not involve the i > power;
however, the estimate presented below is not able to deliver such a result.

Note also the prime at the overlap function (1, 1) in (2.25). This prime is in order to
indicate that (Y1, ¥») is a Gaussian only with respect to the momentum variables of the phase
space but not with respect to the position variables of six copies of SU (2) corresponding to the
six edges adjacent to a vertex in the definition of the volume operator. This is unproblematic
as far as integrability is concerned because the configuration space is a compact group and the
Haar measure involved in v is normalized. However, the missing damping factor leads to an
additional negative /1 power that comes from the measures v as we will see momentarily.

Note that the polynomials P are bounded operators so that |(y, Pir)| < || P|| where || P]|
is the sup norm on the Abelian C*-algebra of functions of connections. Let us assume for
simplicity that || P|| < 1 which is typically the case because in our application P is a matrix
element of a holonomy in some representation of SU (2). Hence, we can estimate (2.24) by

/dl)],l'-'/dl)l,N/z/‘dl);,l"'/dl)h/dl)\;,]~-‘/dV3$N/2/dl)§yl--~/d\)§’l

-1

< [T1wt j IAF I o) 11 o TAF Y1)
j=1
N/2—1

X l_[ Wik Feiaen) (w2, Enp W) (0 10 TAF 195 )]
k=1
-1

[T 1wh - IAF IS ;o) 105 [AF 1yr3.0)|
j=1
N/2—1

[ W3k Fevrsin)

k=1

<h(21+1)(k+1)_3N/dV1,1 "'/dVI,N/Z/dvi,l"'/dvi,l
X/d\)&l-~-/dV3,N/2/dV§’1-~-/dvé’l

-1

< [T 101 ¥ o) Gy W DLW 1.1) Gy (W)

Jj=1

X (Y3872, Fnp2 )

X Nﬁl W1k Yias1) Gok (Wi s DI (W12, W) Gonj2 (W)
k=1
X (1 5.1 Gl (V3,1
x ll_i |(1//é,j’ wé,ﬂl)Gé)j (wg.jﬂ)”(l/féy], ¥3.1) G (¥3.1)]
/;1/2_1

X 1_[ W3k V3001) Gok (W3, 50D | 13,82, W) Gon 2 (W) (2.26)

k=1
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where Gy (V) = Gor (¥, V), etc. Basically, the remaining integral has as many Gaussians
in the momentum variables as there are measures. However, there are N factors of the form
(W1, ¥2)', hence there are 6N Gaussians in the configuration variables missing. Since the
associated 6N resolution measures come with a factor of 23 for each of which only 7~/ gets
absorbed into the integration measure of the momentum Gaussian integral, the final integral
in (2.26) is of order 2~/?N) = =N Hence, the overall estimate is of order ?/*D*+D=12N
at most times a phase space point (defined by the state 1) depending factor whose value is of
the same order of magnitude as the leading order of 71 coefficient of the calculable quantity:

(V. Ff - Fy pl AR [AF, 1), 2.27)

From this heuristic reasoning we conclude that in order that the correction terms be of order
1! we must have I > Iy := 6N/(k + 1). The actual value is slightly lower and is given
by Iyx = (12N — 9)/(2(k + 1)). This holds for N > 2, for N = 0 there is nothing to
do and the case N = 1 can be reduced to the case N = 0 by the expansion displayed in
section 3. This means that the polarization identity must be invoked at least /y ; times. The
number of correction terms that are produced in each iteration triples the number of terms,
hence the number of correction terms is of the order of 3/¥+ and they are all of the same order
of magnitude as the lowest order in /i coefficient of (2.27).

What all of this means is of course that up to a controllable error of order
of (2.19) is given by

(W, pifi Fapnad) =W, pifi - fupnav)+ 0@ (2.28)

which is calculable and involves the fluctuations of Q up to order ¥ (we do not even have to
calculate the constants f;). In other words, we have shown that up to a controllable error of
higher order in 7 it is allowed to use the power expansion of f(#) = (1+17)? up to order 2k + 1
in order to get a reliable value of (2.19).

151 the value

2.6. Rigorous estimate

2.6.1. Step I: proof of (2.24). We want to prove (2.24) and begin with the following
observation’: since (Q*—(0)*)***" = (0 —(0))***V(Q+(Q))*** where (Q) = (¥, QV)

for our given coherent state iy we insert resolutions of unity for the matrix element of
(0 — (0)?**D between coherent states and can reduce our attention to the matrix element

3 3
(V1,10 = (Q) 1Y) = i€j, o, []‘[(w”, i) = [ [ v (v v} Im}

=1 =1
= i€jnn{ [V Y7 021) = W va (v, V2w )(vs, i)
W ) (Y [(Via, Y3 0m) = iz ¥ (2 Y00 (Vs ¥ 35)
W V) Y V) Wiz Ui (V2S00
x [{is, Y W35) = Wiz ) (v Y ws)] ). (2.29)
Here |, ¥/, are any coherent states and the operators Y 1] for a given vertex v are defined by

Y/ (v) = t[XL(v) - Xf_(v)]/Z, see (2.2), where t = % /a? is the classicality parameter for
some length scale a. Here, we have made use of the tensor product structure of the coherent

5 The factor HW is of zeroth order in 72 and thus is immaterial for the power counting. We will therefore understand
that a suitable power of it has been factored out right from the beginning and neglect it in the following discussion.



Algebraic quantum gravity (AQG): III. Semiclassical perturbation theory 2575

states. It follows that
(e, Y, = W 0 ¥i ) = (e, X = (e X P Wses 2]

X (Y11= Varm) — (Wi Vo) (V11— X7 ¥0-)
— (Wi, X7 )W Y2 )]) (2.30)

We now have reduced the computation to matrix elements of right invariant vector fields on a
single copy of SU (2) and can refer to [5] where we find

2z 1 } Tr(g]g27))

ir(yrg, . X wgz)—rwgl,t/fgz)[ + — — coth(z12) hze) +0(1™) (2.31)

212
where z;5 is defined by ch(z,) := Tr(g'g’)/2 for g1, g2 € SL(2, C). Thus,

it[<wg1 ? ijgz) - (wgl ’ wgz)h”g’ Xj¢g>
_ T
- (wé’l ’ I»//gz> |:Sh(Z12)

where ch(z) := Tr(g'g)/2.
Thus, using resolutions of unity we have

(¥, (Q* —(@))** Dy "y = /dvl s dvagny (Y, [Q — (O W) (W1, [Q — (O) 1Y) - - -

X (Yarats [Q — (O Wagesy) (Vg [Q + (0)1PF V) (2.33)
Now consider fora = 1, ..., 2k + 1 with g := ¢

[ @110 = (@)1 1 10 — Q) t) = 181‘[ / & pato /S o Vi)

Tf(gingj) - Sh%Tr(g"gfj) + O(t)] (2.32)

X exp(_[”pa,la - pafl,IG” + ”pa,lcr - pa+1,la” + ||9a,1(r - a71,10”2

+ ||9a,lu - 0a+1,1<7 ||2]/t)P014(Za,a—1,IUa Za,a+1,1u) POIZ(Za,a—l,Ia)

_Zplav Za,a+1,lo _Zpla)‘ (234)
Here, we have explicitly written out the resolution measures dv = ¢ d3 pdug(U)[1 +
O (R™)]/t3 where g = exp(pjo)U,U = exp(—iojej), ¢ is a positive constant of order unity
(essentially 7 —3) and have used the form of the overlap function (Yg, gﬁé) = exp(—[llp —
Pz + 116 — 6'1171/D)[1 + O(R™)] close to g’ = g where it is sharply peaked. Moreover,
close to g = g’ we have z = p + p’ +1(6’ — 0). The notation Pol,, denotes a homogeneous
polynomial of degree n. In order to evaluate (2 34) we use translation invariance of the Haar
measure diu g (U, 16) = A (Uy 16 Ug—1, 16) ! and note that close to & = 0 the Haar measure
duy = sin®(9) sin(0) do d¢ dp with 6% = 92 9/9 = (sin(¢) cos(<p) sin(¢) sin(¢), cos(¢))
approaches the Lebesgue measure d%. Let us introduce x! ,, = (p.,, — p/)/s and
yaqw = (Ou.10 — Bu—1.10)/s where s = /1. Note that 0/s < m/s but we can estimate the
integral from above by extending the integral over € to infinity and in any case this just gives
an error of higher order in /2. Then we can perform the Gaussian integrals and find to leading
orderint « h

fdva(llfaq, [Q = (D) (V. [Q — ()] War1)

= tl_[exp(_3[”pa+l,10 - pa—l,lo”2 + ||9a+1,10 - a 1, 10” /(4t))
lo

’
X P014(P, SXa—1,105SXa+1,I05SYa—1,10>» Sya+l,10)

X POIIQ(xa—],IU’ Xa+l,10s Ya—1,10> ya+l,la) (235)
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where Pol/, is not necessarily a homogeneous polynomial of degree n. Hence, after carrying
out all 2(k + 1) integrals we arrive to leading order in 7 at an expression of the form

(Y1, (Q% = (@) V) = 1 (Y1, ) Pollpry (p) Polyy ) (P1s P2, 01, 6) (2.36)

as claimed.

2.6.2. Step II: proof of (2.25). In order to prove (2.25) we must estimate |({, f1»)|. The
method of estimation displayed below is not contained in [5] so we must be more detailed
here. In fact, the estimate (2.25) provides the key part of the proof, all the manipulations with
Gaussian integrals that follow later are fairly standard.

Hence, we need the explicit form of our coherent states [S] which for a single copy of
SU(2) are given by

Vo(h)
RO

where the sum is over all spin quantum numbers j = 0,1/2,1, ..., whiled; = 2j + 1 and
x; 1s the character of the jth irreducible representation 7; of SU(2). Relevant for a given
function f of the volume operator located at a vertex v are only the states ¥, with/ =1,2,3
and 0 = = associated with the six outgoing edges adjacent to v. Here, we use the notation
of [1, 2], that is, the edges of the algebraic graphs are labelled as e;(v) =: e¢;.(v) denoting
an edge outgoing from v into the /th direction. The other three edges are ingoing but we can
define the outgoing edges ¢;_(v) = [e; (v — 1)]~'. This has the consequence that

Ve, (A) i= Ve, 0-n(A) = Zdj e U (g1 (v — D)l (Aler v — 1) Dlam
J

=Y Jdje (210 = D) Lun Tjmn (Aler - (1))
J

Yo (h) = Folh) = dje U2y (gh™") (2.37)
J

Ve (A) = Te,)(A) = Y dj eIV (1 ()l (Aer (v)) ™) lam
j

=" Jd; eI (81 )i Timn (Alers (v)) (2.38)
J
where h + Tj,,(h) = 4/2] + 17,,,(h) denotes a spin network function and we have used
unitarity in the second step. Let g7, := g;(v), g/— := [g;(v — I)]” then we obtain
Wi ) [T 100 1200 ll = Y T 12410 + 1171000 retD) >
Lo {iio} 1o Imio |, Imy, el 1< e

X 1_[ T jromignis (gl,la)njlam’lon}g (gZ,IU)

lo

X <®I[Tj1+,m1+,n,+ ® le,,mI,,n[,]a f ®7 [ijr,m},r,n’,+ & le,,m',f,n’,f])

_ Z l_[[zjla +1] eftjlo(jla“’l) Z l_[JTj,am/mm,g (gz,lgg;,a)

{jio} 1o Imig | m, |<jis 10

XAQ [l jres mys) @ ljr—smi=), f Q1 [jr+. my,) & |ji—, my_)1) (2.39)

where in the first step it was crucially exploited that the volume operator preserves the mutually
orthogonal subspaces of the Hilbert space labelled by fixed spin quantum numbers. In the
second step we exploited that the spin network matrix element in the third line is non-vanishing
only when n;, = n), and in that case it is actually independent of n;,. The calculation then
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equals that in an abstract spin system so that we dropped the dependence on n, of the matrix
element, thereby replacing 7,,, by | jm). The latter fact follows for instance from the detailed
analysis in [16].

Denote the factor in the fifth line of (2.39) by Ay, and the factor in the sixth line by
By, vy then (2.39) can be estimated by using the Schwarz inequality

[, FU [ I a0 1126 |

1,0

< Y T 2de + 110D PN A P [ By 2
{jie} 1o {m,m’} {m,m’}

= Z l_[[zjlo + 1] e e UrexD 1_[ Xjro (gl.lag;,lagzvlﬂg;]a)
{jio} 1o Io

X Z<®1[|j1+, mpe) @ | ji—,mi), £ & Ujre,mis) @ |ji—,my_1) (2.40)
{m}

where in the second step we used the completeness relation of the states | jm) on the fixed j
subspace of the abstract spin system.

We will now estimate the second square root in (2.40). Since certainly f(z) = (1+1)7—1 <
1+(1+t)—1=1+¢forallt > —1 we have f < Q?/(Q)? and therefore have

Z(®I[|j1+, mpy) Q jr—,mi)], f &1 [ljre, mpy) @ 1jr—, my_1)
{m}

1
< Z@IIQ ®10 Lt mio)|? (2.41)
{m}

where we exploited that in the angular momentum representation | j, m) = |j, —m) and that we
sum over all m. Now we just have to evaluate the norm squared in (2.41) by using elementary
angular momentum calculus, we do not need to work in the recoupling basis [13].

Since Y 1] Y }C mutually commute for / # J we have

0F = 1% KeynpY | YIYLY,) YRV}

= =3UY/YIYRY Y]V},

Y A - iy ]+ i)
1#J.K;J#K
AR A - ) e

When we take the expectation value of (2.42) with respect t0 ®js|jio, Mis), only
the first and fourth terms survive because all other terms contain factors of the form
Y 11 YI3 , Y,3Y 11, YIZY 13 Y ; le of which YI3 is diagonal but Y!, Y12 is a linear combination of
raising and lowering operators. ' 4
Since i¥; = i(X{, — X7_)/2 is represented on the abstract spin system as J;, — J;_
where J /0 are the usual angular momentum operators we can now evaluate (2.42) further

. 16 2 _ _ _
10 ®1o ljtormic) > == Y (mpeomy |[JF] + P+ TH I+ J7 T Impe,my )
1#J,K;J#K

X Amye,my-| = S = Uy P+ J5T + 5  Imys,my)mgs —mg )
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16 2 _ _

+o Y e [T = WP [0 Y mi)
I#J,K;J#K

2 — —

X m s, my |[J7) =17 P+ (I, T JImye,my Ymgy —mg

1 o o

=7 2 e —me (il + D+ ji-Gre+ D) = mi, —mj_)
I#J,K;J#K

X (jreGret D+ ju-Gro+ D) —=mi, —m5_) = (mpe+m;_)(my, +my_)}
(2.43)

where J;F = J} £iJ? = J;5 — J;% is a linear combination of the usual ladder operators and
we have used the algebra [J], J5 ] = i81,850:€uJ},.

The second term in (2.43) vanishes when summing over {m} while the first can be
evaluated using the relation

S m = é(j+1)(2j+ 1) (2.44)
[m|<j

resulting in the compact formula

2 5
> 10 ®ro ljto muo)I? = (g) ° [H(zjmn] [l_[ [Zﬁa(ﬁo”)ﬂ- (2.43)
lo 1 o

{m}

As we wish to apply the Poisson resummation formula in order to evaluate the estimate
(2.40), we should estimate (2.45) in terms of the integers n;, = 2j;, + 1. We have

<2> []‘[(2]10 : lj []‘[ [Z Jio G + 1)“
([ lnlea -]

5t6
(g) El_[ n,+n1,+n1 l’l1+]

1
< ( ) 16 U[n1++n1 1 (2.46)

where we used v/mm' < (m +m’)/2 and m? + (m’)> < (m +m’)? for non- negative integers
m,m’.
Next we evaluate the characters

N

i Sh(”l(rzla)
; s pu )= —- 2.47
X (81.1083.1582.1581.15) sh(z0) (2.47)
where
ch(zjs) :i= > (gl Iagz 16821581, Ia) (2.48)

Since the argument of the trace in (2.48) is a positive definite, Hermitian, unimodular matrix,
it is clear that z;, is positive. Since (2.47) appears under a square root which would make the
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application of the Poisson resummation formula cumbersome, we use the elementary estimate

V2sh(z) < 2¢h(z/2) (2.49)
which holds for all z > 0. Putting everythmg together we find
_ - 2 —1yah(ieZi6/2)
[ SY ] ]I 1o 1200 1| < Hoa =D 2
[ HZ_” [Te NeTam)
20 & > ch(ns216/2)
X npang—(n.+n;2)% | < —Hn, =/ R Ig T
|:1_[ 1+ 1+ 1 ] nz_l |:1_[ /Sh(Zla)

2t3 e3[/2 1

V3 VT, shzio) m%;@

”1++”1 ):| =

—t 4
T X b e eha,2100/2
1 n,UI_l

i iy B f3 e3[/2 1 Z
“Mi-a " ch(ng o271 —0,/2) =
S 2593 [1;5 sh(z1o) 01,02,03

oo
% nlale ’”1,1,/4 Moo /2
nlal_
332 1

1
e —inj n,/4 nr—o;21-0; /2 E
5 /
Ny g =—00 2 9\/§ Hla Sh(z[“ 01,02,03
00

2
1_[ E n‘[t,ol eitnl,a, /4 enl,ul 20, /2
1

nyg=—00

X

oo

% Z e*’”%ﬁ,, /4 oMoy 2r-0p /2 (2.50)

Ny g =—00

where we have used 2mn < m? + n? in the second step.
Note that
ez/4 o

o0
2 1/4 —rn2/45h(”yj,10) _ —tn2/4 nyj.1e)
; =e ne = ne e 2.51
1.1 ; By = Zh0r ) 2 (2.51)

where ch(y; o) = Tr(g}ylggj,l(,)/Z, j =1, 2. Using the Poisson resummation formula [5]
we can now evaluate

Z e " 2t/4 e — 2\/_ e /ty

(2.52)
Ze—nzr/zt en/2 — Zﬁ ezz/(4t)
s

2 2 3,
Zn4e_” 14 en/2 — \/_ S <2s + e 25242 /16) (2.53)
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where s = /f and we have neglected O(¢*°) terms. We obtain the final formula

1 — Sh(yl IU)Sh(yZ la) 2 _9y2 _2y2 4
(Y1, fa)] < i~ ’ : eléto =2Vise =220 /(1)
2593 1;[ V1,16 Y2,168h(215) 11_(7[

3, 3
x Y H[§s4+zz%ms2+z;‘al/l6:|. (2.54)

01,02,03 [

We want to show that (2.54) is sharply peaked at H ;, = H> j, where g; 1o = U} 1o Hj 15 1S
a polar decomposition into unitary and positive definite Hermitian matrices of the SL(2, C)
matrices. Parametrizing H = exp(p;o;) = ch(p) +o;p;sh(p)/p where pr= pjpjand o;
are the Pauli matrices we easily find y; ;; = 2p; ;, and

J J
_ pl,[apz,la

ch(zrs) = ch(y1,10) ch(y2,10) + 16 sh(y1,15) sh(¥2,15), Clog = ————. (2.55)
PlioP2,10
Since ¢;, € [—1, 1] we find from basic hyperbolic identities
V110 — Y200 < 210 < V110 + Y2.10)- (2.56)
Hence the argument of the exponent in (2.54) satisfies the following relation:
Z%a - zyila - 2y§,la < _(yl,la - y2,10)2 <0 (2.57)

where equality is reached if and only if ¢;, = 1 and y1. ;6o = Y2.16, thatis, Hy ;o = Ha 1o
as claimed. This property of (2.54) will be crucial for what follows, because otherwise in
the resolutions of unity that will follow below, if we did not have the Gaussian decay just
established, the corresponding integrals would blow up.

2.6.3. Step IlI: proof of (2.23). Next we prove (2.23). From [5] we recall that the measure
v involved in the resolution of unity is given, up to an O (¢*°) correction, by

C .
dv(g) = 3 EpduyU), g =exp(p/opU (2.58)

where ¢ is a numerical constant of order unity. Hence, the resolution measure is up to the
important factor 1/¢° essentially given by the Liouville measure on T*(SU (2)). Also recall
[5] that the overlap function is essentially (i.e. up to O () corrections) given by

2 _ |zIsh(p) sh(p) (_4A2 +202 +262>
(W, Ye)” = T d G —

A* = p*+(p)? - p*/2

PP}
ch(2p) = (1 +c)ch*(p+ p') + (1 — c)ch’*(p — p') — 1, c=—1 (2.59)
pp
B - 5.0
ch(z) = ch(p) cos(A) +ish(p) sin(@) cos(a), cos@) = 2 jé’
p
FP=p*—5+¢ — 0% F=5+i¢
where the notation is as follows: we set ¢ = exp(pjo))U, g = exp(p;.aj)U’ and

exp(p;o;) exp(p’o;) = exp(p,;o;)U" and finally U=U"'U'U")" = exp(—if;o;). Here,

6> =0 jé ; and all angles B, &, # lie in [0, 7]. All quantities are uniquely determined by the

above formulae. Moreover one can show

(1) A% > 0 where equality is reached if and only if p; = p_’]-;

(2) 8% > 0 where equality is reached if and only if either (a) ¢ =0,|s|=p,|cos(@)| =1or
b)ys=p=0or(c)p =60=0,m.
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Since 8% > 0, in order that the exponent in the first line of (2.59) vanishes we must have at
least A> = #> = 0. Since A? = 0 is equivalent to pj = p] this means that U” = 1 and
therefore # = 0 means U = U’, that is, g = g’ altogether. Clearly, then z = p = 2p, hence
¢ = 0 = 0 so we are in case (c) and thus §% = 0.

What all of this means is that the overlap function essentially takes the form of a Gaussian
peaked at g = g’. The more complicated structure is due to the fact that we are dealing with
a non-Abelian group rather than a vector space. Since the overlap function vanishes rapidly
when g # g, let us expand (2.59) in terms of Ap; = p;, — p; and A9; = 6 — 6; where
U =exp(—if;o;), U’ = exp(—i@}o_i). Then it is not difficult to see that

[Ap]* + [A9]2>
t

(2.60)
627 [A (7]2
(Y1, fa) |\? “exp <—Z ptz >|: 1 P?++P?—:|

1,0

[(We, Vo) |* = exp <—

where Ap;o = p{,]d - pé,lo“
A further result that we need from [5] is the following. The polynomials P are typically
just (products of) holonomy operators in the spin 1/2 representation for which holds

/ . Tr(gle'r)
(Vg hagtre) = (Vg Urg)) {[gABch(z/z) +(g r,->ABr2§h—fZ§’sh(z/2)}
_1
r [Sh(;/ 2 4 (ch(g' — g1 (g)2)ap 2RO IED — 5 b/ 2)] " [0<r°°>]}.
Z zsh(z)
2.61)

Here g'g’ = ch(z) — it;z;/zsh(z). Due to the Gaussian prefactor (4, V) the first term of
order O(t°) contributes only at g = g’ and there it is given by U3 where g = HU, g’ = H'U’
are the polar decompositions of g, g’ with H = exp(ip;1;), U = exp(0;7;). At g # g this
term as well as the one of order ¢! and ™ is exponentially bounded in p, p’ which is suppressed
by the Gaussian. More precisely, in the vicinity of g’ = g where the main contribution to the
integral that we are interested in comes from, the term of zeroth order (in ¢) in (2.23) becomes
approximately

1
(Ve hap¥ry) =exp (—;[(p_; — P+ (6] - 0_,->2]) exp(i(p) = p;)7;/2) exp((6] +6),7,/2)
(2.62)

as claimed.

2.6.4. Step 1V: performance of the resolution integrals. The way to extract the leading 7
power of the correction terms is now as follows: recalling (2.22), the final integrals to be
computed are of the form

/dvl"'/dVN/zdei“-/dv]’v/Q/d\71--~/d171fdf)i~-~/d\7}/dv00--~/dv(w/2
/d"oo /dVoN/zde01 /de/dvm /df){)l

x [(r, Prroo)|1{¥o0, frvo)lI{¥1, Pabon) [ {Wor, fav2)] -+
X [(Won 21 v UN2) N2, Pr et Yony2) |
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X (¥, Prdroo) 1 (Wroo. i)W, Padron) | (Frors fatra)] -+ -

X [(§ N1 o N2 1 v 20 P ot Fow o)

X [(Won 2, [ASTIYDIT, Pigon (o ALV (W5, Pawrgs)| - -

X (Wl ys LA TUD I Fon 2. [

X W PLgon 1o, [ALIT) IS, Padrg)| -

X o LA P 160 PIro 160G TAf o)1 (2.63)

As we have seen, factors of the form | (1, f2)] are to leading order in /1 essentially estimated
by products of Gaussians in pj ;, — p3 ,, times a homogeneous polynomial in py ;. p2 o of
order twelve. On the other hand, factors of the form (v, [A F]y,) could be written to leading
order in 72 as Gaussians in pj ;. — p{ ;, and 6; ;. — 6], times a homogeneous polynomial

of order 5(2k +2) in zfa times a homogeneous polynomial of order 2k +2 in Z;'a — p-lfa where
for g1.75 ~ g2.10 We have

2y A [Pato + Prio) + 0210 — 01,161 (2.64)

as follows from the explicit formulae proved in [5]. Here p{a =i(y, X {U ) is the expectation
value of the right invariant vector fields with respect to the state ¥ under consideration.
Finally, factors of the form (v, Pyr) could be written, to leading order in 7, as Gaussians
in pJ ;, — p{,, and 03, — 6/, times sums of products of matrix elements of the SL(2, C)
clements exp (=i(p3 1, — p11,)7,/2)-exp (61, +61 1,)7,/2).

We now carry out the various integrals to leading order in 2. We will drop the indices
I, o, j in the following power counting argument, hence for instance dv, means an integral
over all p), .6), and by p, we mean the 18 variables p; , . etc and correspondingly
IPall® = 316 (P4 15)°. Further dp, :=[1;,;dp; 1, dir (Ua) := [ 1, ditrr (Ua,10). Also,
for simplicity we assume that, as happens in our application, all volume operators are with
respect to same vertex v, otherwise we just have to introduce more notation which however
does not change the argument. Also for simplicity we assume that we just have to consider
holonomies along the edges e;,(v), for loops we would otherwise just have to use more
resolution integrals but they do not change the 7 power.

The first type of integral we consider is (fora =0, ..., N/2 — 1 with ¢y := )

L[ dpu dpn (U
[ vttt Prst 0 P < 5 [ PR

x exp(—[ll poa = Pall* + 1 Poa = Pasi > + 1600 — 0alI*1/1)
x |Poli2(Poas Pas1) Poli (exp([ poa — Pal/2), exp(ilboq +641/2)] (2.65)

where Pol,, denotes a homogeneous polynomial of degree n of the variables indicated and we
have only kept the leading order in /i. Here exp([pos — pal/2) stands for the collection of
group elements exp (0 (p{, 1o — Ph.15)/2)- etc.

Using translation invariance of the Haar measure, we get duy (Up,) = dup(UoaU, h
and since the Gaussian in (2.64) receives its essential support at Uy, = U, the Haar measure
can be replaced by the Lebesgue measure, that is, for small 6/ the Haar measure duy (U) =
sin?(0) sin(¢) d6 d¢ de with 5/9 = (sin(¢) cos(¢), sin(¢) sin(¢), cos(¢)) approaches d>@
with integration domain of a ball of radius 7. The polynomial involving exp((6y, +6,)/2) can
be estimated from above by a polynomial in exp((po. — p.)/2) alone because matrix elements
of SU(2) group elements are bounded by 1.
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Let us introduce xo, := (poa — pP) /S, Xa := (Ppa—P) /S, Yoa := (Boa —6,)/s where s = Jt
then (2.64) can be further estimated by

/ Voa (Vs Paston) | (Yoas fast Vs

1
<o [dm [ dnexpC- e — P+ Lo, = g + el
= Jre Iyoall <
% [Pol1s(p + 5304, P +5Xas1) Poly (exp(sDxaa — xa1), exp(6a + 60|
1
<o [0 [ dvowexp(ilbos =l o = I+ D7D
= Jre Iyoa < /s

x [Polia(p + $Xx0a, P + $Xa41) Poly(exp(s[xoq — X41))]
18

= % Polys(p) exp(=3([lxg — Xas || +)7/4) (2.66)

where we have used basic properties of Gaussian integrals, used fo”/ TdoI < fO°° dolI for
positive integrand / and dropped subleading orders of s. We will also drop the factor
exp(—3s|lx, — x4+11]) in (2.66) in what follows as it just leads to higher order corrections.

We can now perform the integrals corresponding to the measures vy, ..., vy, —;. Since
the integrand no longer depends on Uy, ..., Uy/—; the Haar measure part of those measures
just integrates to one and we are left with an integral of the form

¢

3N/2 SI8(N/2-1) Poley (p)

« / dx, - f Ao exp(=3lx — x1[P/4) - - exp(=3lxn 2t — xx2)

C/

= 7 v POl () exp(=3 1 — xx I /2N) 2.67)
where ¢, ¢’ are numerical constants and we have made use of the Markov property
fdyKS(x, VK (v, z) = cKyi(x, 2) with K, (x, y) = exp(—(x — y)z/t. The negative power
of s = 4/t comes from the fact that dv = dp duy (U)/t'® but only 1/5s'® was absorbed by the
Gaussian integral in p.

Next we perform the integral corresponding to voy /2 which is of the form

/dvozv/2|(1ﬂN/2, Py a1 Won2) 1{Won 2. [AF{ 1Y) |

dpon/2din (Uon 2)
C/ . 18 22 exp(—Ill pons2 — pwsall* + llpons2 — I

VAN

+[160n /2 = Onp2lI* + 1602 — O111°1/1)

x |Poly (exp((pony2 — Pny2)/2), exp(i(Bony2 — Ony2)/2)

X Polyggs1y (pon 2 + py +1(0) — Oon2)

X Polys1y (Pony2 + py — 2p +1(6] — bon2)|. (2.68)
We introduce new integration variables xon,2 = (ponj2 — p)/s, x{ = (p] — P)/S, Yony2 =
(Bon 2 — 61)/s, replace the Haar measure by the Lebesgue measure after an appropriate shift

in SU(2) as above, extend the integration domain from a ball to all of R?, estimate entries of
SU (2) group elements from above by 1 and can estimate (2.68) further by

fdvozv/2|(1/f1v/2, Py 2e1Won2) || (Won 2, [AF{ 1Y)

< /dXON/deON/z) exp(—[llxon2 — Xn/2l* + lxon/2 — x| 112
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+[llyons2 + O] — On2)/sII” + lyon 2 lI°D)
x |Poly (exp(s (xon /2 — Xn/2)/2) Poligw+1) (2p + s[xon 2 + x| — 1yon/2])
X Poly1) (s[xon 2 + X1 — iyon /2]
= 1" Pol ket () Poly gy (x1) exp([=3LIIx] — xu2ll” + 0] — Ow21I*/11/4)
(2.69)

where we again used basic properties of Gaussian integrals and dropped subleading orders
in . We used the notation Pol/, for a generic inhomogeneous polynomial of degree n and
performed estimates of the form | Pyg41)(x +1iy)| = Pret (x? + y?).

Combining (2.67) and (2.69) we can perform the integral over vy, using the same
manipulations and end up with an error estimate so far given by

1 / /
= Ctk+l_3N/2m Polen-100c+1) (P) Poly i,y (x]) exp(=3lx — x{[I*/(2N +4))  (2.70)

where x = p/s and p corresponds to the external state y». Next consider the integral for
(a=1,....1—-1)

[ @il PN T o) 1)

which can be estimated just like (2.68) with the obvious changes in the integration variables,
resulting in

/dv(/)al(%, P 1 (Wogs [AF¥a,0) | < et Poliggesn (p) Polyg, ) (x04)

x exp([=3[llx.,; — x, 1> + 116, — 6,117 /11/4). (2.72)

a+l

We can now combine (2.70) and (2.72) and perform the integrals corresponding to the measures
Vi, ..., v_,. We use translation invariance of duy (U.) = duy(U.(U!,,)~") and introduce
v, = (0, —0..,)/s and arrive at the estimate so far

- 1 )
ct!**D SN/zm Polgy+10k+1) (P) Polyyy (57) exp(=3llx — x/I17/ 2N +41))  (2.73)

where we absorbed the constants corresponding to Gaussian integrals over polynomials
into c.

All we did so far can also be done to the corresponding integrals involving the measures
with a tilde resulting in the estimate

1 /
ctl(k”)_SNﬂm Polgn+10eet) () Pl yp) () exp(=3llx — %/I°/(2N +41)).  (2.74)

It remains to perform the integral

— 1 / ~/ / ~/ / !
Ct2l(k+1) 3Nm P0112N+201(k+1)(p)/dvl/dvl/dUOZ/dUOIPOIZ(k+I)(xl)
x exp(—3|x — xl/||2/(2N +41)) P01/2(k+l)(7~cl/) exp(—3|x — )?[’||2/(2N +41))
X WL, PLUod 1 PLgop | [ (Wg [AFL 1901 (2.75)

We perform first the integral corresponding to v, using the same manipulations as in (2.69)
leading to an estimate of (2.75) given by

_ 1 - -
Ct(2]+l)(k+]) SNmP0112N+10(21+1)(k+1)(p)/dv;/dvl//dVOIPOI/Z(k+1)(xl/)

x exp(—3lx — x/[12/ (2N +41)) Poly 1, (F)) exp(—3lx — %>/ (2N +41)
x Polyy (x7,1) exp([=3Lllx; — %o, 17 + 116] — 8, 17/ 11/ 15, P/ry)|
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1
< ct(21+1)(k+l)—3N m P0112N+10(2I+1)(k+1)(p) / dUl/ / df)l/ / d\~161

x Poly 1, (x)) exp(=3llx — x]|I*/(2N +41)) Poly ., (%))

x exp(=3lx = /1*/(2N +41)) Poly 1, (x),,) exp([=3[lx] — %, II°

+116 — By 117/ 11/4) exp( =[] — Fo, 11 + 1] — 8 117/1])

x Poly (exp((p; — Por)/2). exp(il0] + 64,1/2). (2.76)
Using translation invariance duy (U]) = dpy (U/(Uf)™") and dpy (U)) = dpuy (U5~
we can perform the Gaussians in 6, — 6], 6, — 6,. After this, nothing depends on 6, any
more and the corresponding Haar measure integrates to unity. Finally, the remaining three
momentum Gaussian integrals can also be performed and give a constant of order unity times
578 from one missing Gaussian factor in the angle variables. Thus, the final estimate is given
by

et GHDED NSV Pol 4 yoarety ety (P)- 2.77)
The constant c is of order unity because the resolution measures contain the right power of 7,
see [5]. The bound depends on the point in phase space as expected. In order that the power
of ¢ equals at least k + 1 we should have [ > (12N —9)/(2(k + 1)). Thus we see that we need,
for given N, fewer terms in order to arrive at corrections of order **! the higher is the power
of 0 — (Q)? in terms of which we expand the operator.

Note that the power counting argument outlined here can be supplemented by an analytical
calculation in order to obtain the actual value of the integral because after the estimate of
(Y1, fn) everything is computable [14]. However, the leading power in ¢ of the integral will
be at least the one we stated. Such an analytical calculation would also reveal all the finite,
higher order (in /1) corrections that we have dropped in the power counting argument.

3. Explicit example: the case N =2

Note that for standard matter for the terms appearing in the master constraint we have 2 <
N < 12. We will exemplify the procedure for N = 2 and consider arbitrary k. This means
that in order to obtain a computable error bound of order k£ + 1 we must have ! > 15/(2(k+1)).

We will work out only the real part, the imaginary part works completely analogously.

We have with R = (, p1 fip2fap3y) and ¥y := p1, Y2 := pa fapsyy

IRe(R) — Ri| < Ry + R (3.1)
where

Ry =Re((¢, p1 f1p2fap3 )

Ry = (Y, pi[AfTip1Y) (3.2)

Ry = (¥, p3 fLp2[ Afilpa fapsvr).

The term R; is already computable by the methods of [5]. The first term involves the non-
polynomial expression f, only linearly. Thus we can get rid of it by iterating the steps (2.18)
and (2.19). Hence we set | := ﬁzf_lﬁlw, Yo := p3y¥ and find

[Ri — R4l < Rs + Rs (3.3)
where
Ry =Re((Y, p1f1p2fap3v))
Rs = (Y, p1 fipa [ Af2 ]2 f1P1) 3.4
Re := (¥, p3[Af2lpsip).
All terms R4, Rs, Rg are computable by the methods of [5].
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The term R; contains f, quadratically and iterating the steps (2.18) and (2.19) will
not change that. However, we will iterate to generate terms of higher order. We set

V1 = p3¥, Y2 = palAfilp2 f2psy and get
[R3; — R7| < Rg + Ry (3.5)
where
R; =Re((Y, p3 f2p2[Afilp2 fapsr))
Rg = (¢, ps[Af2lp3y) (3.6)
Ry = (Y, p3 ap2[ A1l p2A Af2] P2 Afilp2 faps ).

The term Rg is computable by the methods of [5] while R; involves f, only linearly and
thus can be gotten rid of by performing once more steps (2.20) and (2.21). Hence we set

V1 = pa[Afilpa f2ps and ¥, = p3y and find
[R7 — Riol < R+ Rz 3.7)

where
Rio =Re((y, p3 f2palAfilpa fapsvr))
Ry = (¢, ps[Afalpsvr) (3.8)
Ry := (Y, p3 [2 D2 AfL p2 AL Pal A filpa fapsth).

All terms Rjo, Ri1, R are computable by the methods of [5].
Note that we have shown so far that

|R—R4|gR2+R5+R6+R8+R10+R11+R|2+R9 (39)

where only the last term Ry is not computable. Since it contains three factors of the form A f
meaning / = 1, given that it already leads to order k + 1 corrections we must take k = 7. For
lower values of k the procedure must be iterated again in order to generate more factors of the
form Af in the non-computable expressions. We will not do that as the general pattern should
be clear by now. Note that Ry, Rs, R, Rs, Rjg, Ry are of order B5*1 while Ri> is of order
73® D and thus is subleading.

We finish this section by noting that in the special case N = 2 we actually do not need
to use the iteration process in order to arrive at a calculable bound because we can use the
Cauchy—Schwarz inequality to obtain

K, prhfipafaps) | < I fib1vllll p2 faps3 |l

<
< Al fapsvll
<A PG psvll (3.10)

where in the second step we used that p; is a bounded operator with bound || p,|| < 1 and in
the third we used || fy¥ 1> = (¥, f2y) < (¥, (fH)2Y) < || fT¥>. Both factors in the last
line of (3.10) are computable by the methods of [5]. This will suffice to get a bound of order
7 but unfortunately not better than that.

4. Conclusion

In this paper, we established that semiclassical calculations within AQG and LQG can be
done analytically as a perturbation expansion in /2. The errors can be controlled, i.e. they are
finite and can be estimated from above and are of higher order in 7 than the order that one
is interested in. This is despite the fact that the spectrum of the volume operator of AQG is
not known analytically, hence disproving the negative claims made in [17] ‘that nothing is
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calculable in LQG’. All one has to do in order to compute expectation values, correct to the
order 7i*, with respect to coherent states which involve the volume operator for a vertex v in
the form (Q,Z))q, is to replace this operator within the matrix element by its power expansion
up to order 2k + 1 that is

2k+1

1—q) (2 — 2 n
(. Q¥ 14 Y (—pym 1= q><< A )2—1) . @1
n=1

n! v, QY

The exact matrix elements of the operator Q, are known in closed form. The error term can
be estimated from above and is of order #**!. Hence we are in a situation similar to ordinary
QFT, in fact the situation is even better because we have error control.

Formula (4.1) is what one would naively do anyway in order to do semiclassical
calculations; however, since the operator Q, is unbounded, one cannot use the spectral
theorem to show that (4.1) really approximates the actual operator. In this paper, we showed
that the naive guess is nevertheless correct by using methods from functional analysis and
properties of our coherent states.

Note that while we have done perturbation theory within AQG for cubic algebraic graphs,
everything goes through also in LQG for arbitrary graphs. Hence, the present paper turns
AQG and LQG into a calculational discipline.
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