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On surface-symmetric spacetimes with collisionless
and charged matter

Sophonie Blaise Tchapnda

Abstract

Some future global properties of cosmological solutions for the Einstein-
Vlasov-Maxwell system with surface symmetry are presented. Global exis-
tence is proved, the homogeneous spacetimes are future complete, and the
same is true for inhomogeneous plane-symmetric solutions with small initial
data. In the latter case some decay properties are also obtained at late times.
Similar but slightly weaker results hold for hyperbolic symmetry.

1 Introduction and main results

In general relativity the time evolution of self-gravitating collisionless particles
can be modelled by the Einstein-Vlasov system. For surveys of results on that
system see [I]. Cosmological spacetimes are those admitting a compact Cauchy
hypersurface. In this case the particles are galaxies or even clusters of galaxies.

Results on expanding cosmological models with collisionless matter, a posi-
tive cosmological constant and surface symmetry have been obtained in [12, [T3]. In
the present paper we want to examine what happens when the particles in the self-
gravitating collisionless gas under consideration are charged. The Einstein-Vlasov
system is then coupled to the Maxwell equations determining the electromagnetic
field created by the charged particles. Considering this particular problem extends
the knowledge on global dynamical properties of solutions of the Einstein equa-
tions. Adding the Maxwell equations could also help to answer the question why
in the cosmology literature people usually talk about the magnetic field more than
the electric field. If the accelerated expansion, which here is due to the positive
cosmological constant, could let the latter decay faster than the former then this
could be an explanation. This might also have some connection with the so-called
Landau damping effect [15].

As known results related to the Einstein-Vlasov-Maxwell system we can men-
tion a small data global existence theorem in the spherically symmetric asymptot-
ically flat setting obtained in [B]. In the absence of Vlasov matter the asymptotic
behaviour of solutions of that system with T3-Gowdy symmetry was studied re-
cently in [T1].



Let us now formulate our system. We suppose there are two species of charged
particles, one of positive charge +1 and the other of negative charge —1. All the
particles are supposed to have the same rest mass equal to 1, and to move forward
in time so that the number densities f™ and f~ for positive and negative charge
species respectively, are non-negative functions supported on the mass shell

PM := {gapp®p’ = —1, p° > 0},

a submanifold of the tangent bundle T'M of the space-time manifold M with metric
g of signature —+++. We use coordinates (¢, 2%) with zero shift and corresponding
canonical momenta p® ; Greek indices always run from 0 to 3, and Latin ones from
1 to 3. On the mass shell PM the variable p° becomes a function of the remaining
variables (t, 2%, p®) :

P’ = /=9g"V/1 + gapppt.

The Einstein-Vlasov-Maxwell system now reads

p* 1 a
B, f+ + Eamaf—i_ _ F(Fmpﬁpw + F5 pP)0pa fT =0 (1.1)
b I a _
Ouf ™ + 50 f ™ = F(ngpﬁp” — F5 “p?)8pa [~ =0 (1.2)
Gap + ANgap = 8m(Tap + Tap) (1.3)
VaFsy +VFya + V. Fos =0 (1.4)
Vo Fof = Jb (1.5)
_ dp" dp*dp®
Top = —/ (f* + f)papslgl/* ——— (1.6)
]R3 pO
Tap = FayFs 7 — gj“TBFWFw; (1.7)
1 2 7.3
7= [ (= gplg (18)
]R3 pO

where po, = gasp”, I'§,, are the Christoffel symbols, |g| denotes the determinant of
the metric g, G the Einstein tensor, A the cosmological constant, F' the electro-
magnetic field created by the charged particles, J? the total particle current den-
sity generated by the charged particles and Ti,3 and 7,3 are the energy-momentum
tensor for Vlasov and Maxwell matter respectively.



A computation in normal coordinates shows that V,J¢ = 0. This equation
is an expression of the conservation of charge. It can be shown as in [10] that T,
satisfies the dominant energy condition i.e. T,zVeW?# > 0 for any two future-
pointing timelike vectors V' and W. Let us show that the same is true for the
Maxwell tensor 7,5. Proving this is equivalent to show the weak-energy condition
TQBV"VB > 0 for all timelike vector V¢, together with the property that TaﬁVﬁ is
non-spacelike for any future-pointing timelike vector V%. The proof of the latter
can be deduced from the following identities which hold since F' is antisymmetric

1 é
TavT§ = (77 730)90p,  Tap™™ 20

Contracting the first of these identities twice with V¢ implies the following, using
the second identity and the fact that V¢ is timelike :

(Vo) (5V?) = 1 70)gasV V2 <0
and setting P, = V%7,,, this means that P,P* < 0, that is P, is non-spacelike
as desired. Now proving the weak-energy condition is equivalent to show that g
is non-negative since we can choose an orthonormal frame such that V¢ is the
timelike vector of the frame. In such a frame ggo = —1 so that 79 = %g“bFOGFOb +
%F abFr» > 0 as the sum of spatial lengths of a vector and a tensor respectively.

In the present paper we adopt the definition of spacetimes with surface sym-
metry, i.e., spherical, plane or hyperbolic symmetry given in [8]. We write the
system in areal coordinates, i.e. coordinates are chosen such that R = ¢, where
R is the area radius function on a surface of symmetry. The circumstances under
which coordinates of this type exist are discussed in [2] for the Einstein-Vlasov
system with vanishing A, and in [[3] for the case with A. The analysis there can
be extended to the situation under consideration here since the Maxwell tensor
Tap satisfies the dominant energy condition. In such coordinates the metric takes
the form

ds? = —e2HEn) g2 4 22T g2 4 42 (d6? + sin Odp?) (1.9)
where
sinf ifk=1
sing 0 := 1 ifk=0

sinhf if k= -1

Here t > 0, the functions A and p are periodic in r with period 1. It can be
shown as in [6] and [2Z] that due to the symmetry f™ and f~ can be written as a
function of

t,rw = e pt and L := t*(p?)? + t*sin} 0(p*)?, with r,w € R ; L € [0, +ool.

In these variables we have p® = e=#/1 +w? + L/t2.

In surface symmetry the only non-zero components of F' are Fy; and Fbs.
d

Indeed setting h := g+ eo ® eg — €1 ® €1, with eg = e™#5; and e; = e*)‘%, the



mapping X? +— hZ X is the orthogonal projection on the tangent space of the
orbit, and since the vector Y, := F,g(eq)*h? is invariant under the symmetry
group, it vanishes. This implies that Fiz = Fy3 = 0. Similarly, replacing ey by e;
in the expression of Y, yields Fjo = Fi3 = 0.

Now we can calculate the Maxwell equations in a coordinate frame. Equation
(L) then implies the following, where (9y, 01,02, 03) = (0, Oy, 0, 0y) :

0o Fo3 = O1Fa3 = 02Fp1 = 03Fp1 = 0. (1.10)

Using the fact that the mapping (p', p?,p®) — (w, L, p3) is one-to-one from R x]0, oo[ xR
to Rx]0,00[xR and from Rx] — 0o, 0[xR to Rx]0,00[xR, one can compute the
J%’s and obtain J? = J3 =0,

= ——e_“/ / )(t,r,w, L)dLdw

and

J1 — f)(t,r,w, L)dLdw.

™ A © ° w +
_T, v
£ ~/foo~/0 VIt uw?+ L2 Y

Equation ((CH) then implies

WVEIF) = IVl G = -PVE
oa(VGIF®) =0, 05(/lglF) =0 '

The non-zero components of the electric and magnetic parts of F are E! = et F0!
and By = e™# \/EF 23 respectively. Using these identities and recalling that
Vgl = t2errsing 0, equations ([CIH) and (CII) lead to the following, where
c is an arbitrary constant and E' is denoted by E:

Or(t2 E(t,r)) = Te / / (ft — f)(t,r,w, L)dLdw,

Ot E(t,r)) = — ), r,w, L)dLdw,

s W“ '

B (t,r) = ct=2eM7),

After calculating the Vlasov equations in the variables (¢,r,w, L), the non-
trivial components of the Einstein tensor, and the energy-momentum tensor and
denoting by an upper dot or by prime the derivation with respect to ¢ or r respec-
tively, the complete Einstein-Vlasov-Maxwell system then reads as follows

n—A

ISt + e O — (w+ A/ T 0 § L — P E)D, =0
Tt ! Qe v -
(1.12)



hf +———— O f = Awte" N1+ w2+ L/ 2+ TR, f~ =0
(1.13)

e 22AN+1) + k — At? = 8nt?p (1.14)

(2t — 1) — k + At? = 8xt?p (1.15)

p = —dmtertHj (1.16)

e (W (p = N)) — e (/\ + A=)+ %)) + A = 47q (1.17)
0.(t?e E) = t?e¢*a (1.18)

Oi(t?e E) = —t%e"b (1.19)

where

p(t,r) = ;2/_00 /OOO VI+w? + LE(f* + f7)(trw, L)dLdw

1
+ —(ePE? fet™) = e*Q#(TOO + 700) (t,7), (1.20)

5 (
(f* + ), r,w, L)dLdw

p(t,r) = / /
2 \/1+w2+L/t2

- §(€2>\E2 +et ) = e PMTu + 1)t 7), (1.21)

Jjlt,r) = ;2/00 /OO w(fT + f7)(t,r,w, L)dLdw = —e 1Ty (t,7),  (1.22)
—oo J0
B 1 o) o) L N B
q(t,r) = /_OO/O —\/m(f + f)(t,r,w, L)dLdw
+ (P E2 4t = 3(T22 + To2) (L, 7), (1.23)

alt,r) == / / “)(t,r,w, L)dLdw, (1.24)

— /7)), r,w, L)dLdw. (1.25)

ﬁ/_oo/o mw—zww



We prescribe initial data at some time ¢t =ty > 0,

f+(t0,7“,w,L) = fo+(r7w7L)7 f_(tf)uruwuL) = fo_(ruwuL)u

[e]

Ato,r) = A(r), pulto,r) = lr), Elto,r) = B(r)

and want to study the existence and behaviour of the corresponding solution for
t e [to, +OO)

To this end we maintain the notation in [7, [2, [[3], and follow their work
wherever possible. The first step consists on generalizing the local existence result
in [@ theorem 3.1] to the case of charge particles under study:

Theorem 1.1 Let f* € CY(R? x [0,00]) with f¥(r + 1,w,L) = f*(r,w,L) for
(r,w, L) € R? x [0,00[, f¥ >0, and wo := wi +wy , Lo := L§ + Ly with

o
woi := sup{|w||(r,w, L) € suppfi} < 00

L(jf = sup{F|(r,w, L) € suppf*} < oo
Let A, E € C'(R), i € C*(R) with A(r) = A(r + 1), 4(r) = a(r + 1), BE(r) =

)

E(r+1) forr € R, and

o ° oo 4 2 o 0 e8] o o
w(r) = —47rtoe’\+“j(r) = —tie’\"’”/ / w(fT + f7)(r,w, L)YdLdw, 7 €R,
0 —00 JO

O, (2 E) = tieta = weA/ / (ff = f7)(r,w, L)dLdw, r €R.
—o0 J0

Then there exists a unique, right mazimal, regular solution (f*,f~,\ u, E) of

(C13)-@13) with (f+, f~, A\ 1, E)(to) = (f*, f~, A\, [, E) on a time interval [to, Tmax]|
with Tmax €]to, 00].

The regularity concept used in this statement is defined below.
The next theorem provides a continuation criterion used to prove that the
solution exists on the whole time interval [to, oo].

Theorem 1.2 Let (fT,f~, A\ u, E) be a right mazimal regular solution obtained
in Theorem [Tl If one has

sup{|w||(r,w, L) € suppfT} < oo, sup{|w||(r,w, L) € suppf~} < oo,
sup{u(t,r)|r € R, t € [to, Tmaz[} < 00, sup{(e’\E)(t,T)|r eR, t € [to, Tmaz]} <

then Tz = 00.



In the following we claim that among the conditions given in the previous theorem
there is one which implies the others.

Proposition 1.3 The condition
sup{u(t,r)|r € R, t € [to, Tmaz[} < 00
is sufficient in order to conclude that Tye, = 0.

We can then state

Theorem 1.4 For initial data as in Theorem [l with t3 > 1/A in the case of
spherical symmetry, the solution of the surface-symmetric Einstein- Vlasov-Mazwell
system with positive cosmological constant, written in areal coordinates, exist for
all t € [to, 00] where t denotes the area radius of the surfaces of symmetry of the
induced spacetime.

Once the existence of solutions is proven, one would like to study their asymp-
totic behaviour at late times. In particular an important point is to know whether
the spacetime obtained is future complete or not. This seems not to be easily
achieved by a direct argument for the generic data case of the inhomogeneous
Einstein-Vlasov-Maxwell system. Nevertheless it works out in the spatially ho-
mogeneous case, as well as in the inhomogeneous plane-symmetric case under an
additional assumption on the initial data.

Let us examine spatially homogeneous solutions. These correspond to LRS
(locally rotationally symmetric) models of Bianchi type I and type IIT and Kantowski-
Sachs type for plane, hyperbolic and spherical symmetry respectively. We refer to
[9) for a detailed discussion on these models. We use the same notation as in [4],
where the case of uncharged particles has been studied. Most of the results ob-
tained in that case apply also if the particles are charged, the exception being those
for which the proof involves matter terms. We will also use results from [I4] in
which the only requirement for the energy-momentm tensor is to satisfy the domi-
nant and strong energy conditions, these are valid in the case under investigation.
Let us formulate our system in Bianchi symmetry.

The spacetime is considered as a manifold G x I, I being an open interval
and G a simply connected three-dimensional Lie group. The metric has the form

ds® = —dr* + gije' @ €,

where {e;} is a left invariant frame and {e’} the dual coframe.
The Einstein constraint equations are

R — kigkV + (kijg")* = 16m(Too + 700) + 2A (1.26)
Vikij = —87TTO]'. (127)



The evolution equations are

8tgij = _2kij (128)
6,5/% = Rij—l—(klmglm)kij - 2kilké‘ — 87T(Tij + Tij)
— 47 (Too + 700) + 47 (Thm + Tim ) 9" ™ 955 — Ngis, (1.29)

where
Too 0 = [ (£ 1), 01+ g0 (et g) 2o
+ Fo, Fo 7 + %FW;FV‘; (1.30)
Toi = /(f+ + f7)(7,v)vi(det g) 2 dv (1.31)
Tij +Tij = /(f+ + ) (mv)vv (1 + GrsV"0%) T2 (det g)Y2dv
+FFy 7 — %FW;F”‘S, (1.32)

with v := (v, v?,0%) and dv := dv'dv?dv3.
The Vlasov equations are

. . . v
o-ft + [2k;-v3 -1+ grsvrvs)_lmfﬁnnvmv" — (Fy "+ F; ZZ—O)]anfJF =0

(1.33)
o ) ) ol
Or [~ + [2ki07 — (14 grovv®) V250 ™0™ 4+ (Fy P+ F 1;’_0)]avif* =0,
(1.34)

where v}, = 39 (=C}, . gmi + Chpgni + Clogit), Cly, are the structure constants
of the Lie algebra of G.

Note that in LRS Bianchi symmetry the only non-zero components of F
are FO and F?3. The Maxwell equations () allow us to obtain an explicit
expression for the magnetic part F'?3 of F. Thus the remaining unknown for the
Maxwell equations is the electric part F°! of F. For a Bianchi model the Maxwell

equations ([CH) take the following form
0 [(det g)'/*FOP) + C F7P (det g)'/2 = J(det g)/?
which yields for 8 = 0 and 3 = 7 respectively

ClF0=J° (1.35)
0. F% — (trk)F” + Cf; F' = J°, (1.36)



here
P = [ = 1) et g) e
Jt = /(f+ — ), )0 (1 + gprsv" ) "2 (det g) 2 d.

Setting k;; = %(k[mglm)gij + 045, 04; being the trace free part of the second
fundamental form k;;, and using the Hamiltonian constraint (C28) we obtain

1, ., —-R 1
g(kijg J)Q =5 + Egijo' T+ 8mp+ A,
then using the fact that R < 0 (cf. [4]), it follows by the Proposition 1 in [4] that
the matter energy density is bounded by

p< Ce 7, (1.37)
We can prove the following
Theorem 1.5 Let f¥(0,v) be a nonnegative C' function with compact support.
Let (gi;(0), k;;(0), f(0,v), f~(0,v), F*(0)) be an initial data set for the evolu-
tion equations (LZ23), (LZ9), the Viasov equations (LI33), [I-34) and the Mazwell

equation [L3A), which has Bianchi symmetry and satisfies the constraint equations
(CZ4), (IZZ7), and [L3A). Then the corresponding solution of the Finstein- Viasov-
Mazwell system is a future complete spacetime for causal trajectories.

In the inhomogeneous case the result in the latter theorem can be proved in plane
symmetry for small initial data. We have the following

Theorem 1.6 Consider any solution of Einstein- Viasov-Maxwell system with pos-
itive cosmological constant in surface symmetry written in areal coordinates, with
initial data as in theorem[I4} Let § be a positive constant and suppose the following
inequalities hold:

[toA(to) — 1] <6, [(e 1) (to)| < 6, [(*E)(to)| <6 (1.38)

|At2e2r(to) 3 _ 3pe21(to)| < 5 w(ty) < 3, ¢ <6, (1.39)

where w(t) denotes the mazimum of w over the support of f+(t) or f~(t). Then
if 0 is sufficiently small, the following properties hold at late times:

tA—1=0@t"2), e/ =0@72), SE=0(72), (1.40)

At?e?t —3 —3ke* = O(t™?), w = O(t™ ). (1.41)
Furthermore the spacetime is future complete for causal trajectories.

The rest of the paper is organized as follows. In section 2 we present some pre-
liminary results that we use to prove Theorem [l in section 3. The proof for the
other results is also given in section 3.



2 Preliminaries

The regularity properties required for a solution are as in [7.

Definition 2.1 Let I C]0,00[ be an interval

(a) f¥ € CY(I x R? x [0,00[) is regular, if f*(t,r + 1,w,L) = f*(t,r,w, L) for
(t,r,w,L) € I x R? x [0,00][, f* >0, and suppf*(t,r,.,.) is compact, uniformly
in r and locally uniformly in t.

(b) p (orp, j, q, a, b)e CH(I xR) is regular, if p(t,r+1) = p(t,r) for (t,r) € IxR

(¢c) A € CY(I x R) is regular, if \ € CY(I x R) and \(t,r + 1) = A(t,7) for
(t,r) eI xR
(d) p € CHI x R) is regular, if y/ € CY(I x R) and p(t,r +1) = p(t,r) for
(t,r) € I xR.

(e) E (or ii) € CY(I x R) is reqular, if E(t,m + 1) = E(t,r) for (t,r) € [ x R.

It is possible to solve each equation of the system (CI2)-(CIH), (CI9), when the
other unknowns are given. This is the content of the following

Proposition 2.2 Let f*, f=, X\, i, E be regular for (t,r) €I xR, I C]0,00[ an
interval with tg € I. Replace f*, f=, A\, u, E respectively by f+, f=, A\, i, E in p,

b, p to define p, b and p. Suppose that f+, f~ € C*(R2x[0,0[), A, 1, E € C1(R)
and are periodic of period 1 in r. Assume that

tole—20(r) 1 L &r [to A
M —k+— [ $Bls,r)ds + (P~ 1) > 0, (tr) € T xR (21)
t

Then the system

ﬂ—Xw B o T, -
0, ++e—8r T Qw1+ w2+ L/t2— PR OwfT =0

(2.2)
X . . .
Onf ™+ eu—warf‘ — w1+ w2+ L2+ MPE)D, f~ =0
1+ w2+ L/t?
(2.3)
eTH(2AN+ 1) + k — At? = 87?5 (2.4)
e (2t — 1) — k + At* = 8nt*p (2.5)
Oi(t?e E) = —t%e"b (2.6)

10



has a unique, regular solution (f*,f=, A u, E) on I x R with fT(ty) = fT,
F(t0) = f=, Mto) = X\, p(to) = jv and E(tg) = E. The solution is given by

fi(t,r,w,L) :fi((RiuWi)(t(Jvt?w?L)vL) (2'7)
—2(r) to
e-2nter) _ (e +K) - Ry + 8% s°p(s,r)ds + %(t‘q‘ —t3) (2.8)
t

14 ke2nr) A

At r) = amte® 0 p(t, r) T (2.9)
o to |
At ) = A(r) —/ A(s,7)ds (2.10)
¢
o o t B
E(t,r) =t 2eAE") (t%eA(T)E(T) —/ 526”(S’T)b(s,r)ds> (2.11)
to

where (RT, W) is the solution of the characteristic system

d ef = w

L) = (=

ds V3i+w?+ L/t
satisfying (RT, WH)(t,t,r,w, L) = (r,w). If I = [to, T[ with T €]ty, 00| then there

exists some T* €to, T| such that condition (ZI) holds on [to, T*[xR. T™* depends
on p.

“w — P AT w? + L2 £ EE) (2.12)

Proof Integrating [Z0) with respect to ¢ over [tg,t] gives [ITl). The rest of the
proof is similar to those of propositions 2.2 and 2.3, 1) in [12]. O
In order to solve the system ([CT2)-([CIY), it will be enough to concentrate

on the subsystem ([CI2)-(CIH), (CIJ), as can be seen in

Proposition 2.3 The subsystem (LIA)-L1A), (LI3) is equivalent to the full sys-
tem (LIA)-(LI3), provided the initial data satisfy (LIA) and (LI3) at t = to.

Proof Under the assumption that the subsystem (CI2)-([CIH), ([CIY) is satisfied

as well as equations ([CIH) and [CIX) for ¢ = ¢, we should prove that ([CIH)-(CIY)
hold for all ¢. Integrating ([[LIH) over [to, t] with respect to t and differentiating the

resulting equation with respect to r yields
o to
O, E) = t2e’a + / s2et (b + u'b)ds. (2.13)
t

Using equations (LI2) and (CI3)) and integration by parts with respect to ¢ and
w leads to an expression for [ :0 s2etbds so that ([ZI3)) implies

to [e%s) [e%s)
O, (e E) = tPera+ T / / / HE(fT 4+ f7) (s, w, L)dLdwds. (2.14)
t —o0 JO

11



Computing the conservation law V,J* = 0 in coordinates (¢, r, w, L) and integrat-
ing the resulting equation with respect to t yields

to [e'e] [e%e]
7T/ / / ATE (Y 4 f7) (s, 7w, L)dLdwds = 0
t —oo J0

and so (ZI4)) becomes 9, (t?e*E) = t2e*a that is (CIX) holds for all t. Using the
latter and the same argument of the proof in [7, Prop. 2.2] we can show that ([CTG)
and (CI7) hold for all ¢ as well. O

The latter proposition shows that equations (CIH) and (CIX) are invariant
under evolution. So they will be considered as constraint equations on initial data
(at t =tp). They can be solved :

/ 9 o0
Proposition 2.4 The constraint equations i (r) = —Axtoe® i (r) and
0, (12e*E) = t2e*a are solvable.
Proof To solve these equations we need to impose the following conditions, because

(e*E)(r) and e~ are periodic in r with period 1 :

/ / / - )(rw L)dLdwdr = 0,
fi // / ewfier)dewdr_o

Choosing A freely, and f*, f~ non negative functions, the argument of the proof
in [TZ, Remark 2.4] applies. (J

and

Remark Note that considering a model with more than one species of particles is
important in order to prove the solvability of the second constraint equation above.

Indeed if we had only one species of particles the integral fol 755 et fr,w, L)dLdwdr

o
would never vanish, except if f is identically zero.

3 Proofs

3.1 Proof of Theorem [I.1]

Instead of considering the subsystem ([CI2)-(CIH), (CI9), an idea used in [1, that
we follow here, is to consider an auxiliary system consisting of

-

oft e ot Gt P /T F R F LI - MEE)D, [ =0
V1+w?+ L/t 7
(3.1)

12



el Aw

hf +—————— 0. f = Qw+e a1+ w2 + L/2+ e MHE)I, f~ =0,
(3.2)

together with (CId), (CIH), (CT9) and
i = —AmteMH, (3.3)

Next by proving that ' = ji it is easy to show that if (f*, f~, A\ u, i, E) is a

regular solution of &1, B2), (CI4), (CIT), B3), (LI on some time interval
I CJ0, oo[ with tg € I, and with initial data satisfying ([LI8) and ([CI) for ¢ = to,

then (fT, f=, A\, u, E) solves (CI2A)-([CI).
As in [, the solution of the auxiliary system above is used to construct a
sequence of iterative solutions.

Let fi = i1, Mo(t,r) i= A(), po(t.r) = fr), fiolt,r) == ji(r), Eo(t,r) :=

E(r) for t €]0,to], r € R ; Ty = 00. If Ap—1, fhn—1, fin—1, En—1 are already defined
and regular on [tg, Tj,—1[XR with T,,_1 > 0 then let

wekn—-1=An—1

Jitwr+ L2

. 6“7“1_)\"71/171—1 14+ w2+ L/t2 4 eAn—1tHn—1 En—l) (34)

Gf_l(t,r,w,L) = (

)\n_lw

for t € [to, Tn_1[ and denote by (R, W)(s,t,,w, L) the solution of the charac-
teristic system

dii(Ri,Wi) =G (s,R,W,L)

with initial data
(RE,WE)(t,t,r,w, L) = (r,w), (t,r,w,L) € [to, T_1[xR? x [0, 00[.

Define

[e]

f(trw, L) o= = ((BE:, W) (to, 7w, L), L)
that is, f is the solution of

weln—1=An—1

VI+w?+ L2

efn=1= Mg T4 w2 + L2 F et T B )0, fE =0 (3.5)

O fE+ Onfif — Anorwt
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with f(to) = f*, and define pn, pn, jn, Gn, Gn, by by the integrals ([C20)-(C25)
with f*, E, X replaced by fF, E,_1, \,_1 respectively. Define

M_k_ig_w t52p (s,7)ds

T, := sup {t' €lto, Tn-1] |
t to

A
+§(t3—t3) >0,reR,t e [to,t’]}.

Using Proposition Z2 let

(e k) sr b A
e 2un(br) = b+ K) _ il $*pn(s,r)ds + —(t> —13),  (3.6)
! t ), 3t
. L4 ketinen) A
An(t,7) == dmte? ) p (t 1) — +627t + EtGQ“"(t’T), (3.7)
o to .
An(t,7) = A(r) —/ An(s,7)ds, (3.8)
t
fin(t,7) = —dmte g, (¢, 1), (3.9)
o o t
Ep(t,r) :=t"2e ntr) (tge)‘(r)E(r) —/ 526“"(S’T)bn(s,r)ds) . (3.10)
to

Subtracting equation H) corresponding to fT by the one corresponding to f~,
integrating the resulting equation with respect to w and L and integrating by parts
with respect to w yield

ar(th,un bn) _ ()\n _ An_l)eAn717#n71+#n t2an — eMn—17An—Hn—1tHn (9t(t26A" an),
so that multiplying I0) by t2e* and differentiating the resulting equation with

respect to r lead to

t
8T(t2e’\”En) =t%q, e’ 1" Hn-1 —/ sz(uiL — fin—1)e’" by, ds

to
t
+/ 8% (fin — fin—1)apern o=t TAn1 g, (3.11)
to
We split the proof of theorem [l into several lemmas. From now on || - || denotes

the L*°-norm on the function space in question, the numerical constant C' may
change from line to line and does not depend on n or ¢ or the initial data. Firstly
we prove:

Lemma 3.1 The sequences Hn ;s Ans /.\n: Pns Pns En, Jn, an, by, ﬂne,uan

uniformly bounded in n.

moare
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Proof Define P, (t) := (P} + P;)(t) with

P (1) := sup{|wl|(r,w, L) € suppf; (t)}, t € [to,Tul, and
Qn(t) == sup{se?>"|r e Rty < s < t},
Sn(t) := sup{|En e |r € R, tg < s < t},

we have the following estimate on supp f. (t)

VIFWE F LR <1+ (PEW) + LE/3 < C(L+ L)1 + PE(D),

so that

o @) Il o (@) ) < g(l +Lg)*(1+ || FE DA+ PED? L+ Sua (1) (3.12)
1Em 1< S+ s /£ e+ PRy, (3.13)
and then using B) and &)

e M i (t) |+ | A7) |< OO+ AYL+ LER(LH || £5 )1+ PE()?
L4 Qu()A+Sua(0)?  (3.14)

This inequality is used to obtain an estimate on supp ff+1(t) for |Wni+1| which
implies

Pia) < uif +0° [ (14 PE@P0+ PR ()14 Qu0)¥(1+ 5,1(9)°

to

(14 Sn(s)) ds,

with C* = C(1+ A)(1+ Lg)?(1+ || f* ||). Setting P, == sup{ P, (t)|m < n}, it
follows that

t
Py (t) < wy +C* /t (1+ PE(s)(1 4+ Qn(5))*2(1 + Su(s))?ds,
whence

Poya(t) < wo + C* / (14 P ()P4 Quls)P2( 4 Suls))Pds. (315)

Taking the derivative of &) with respect to ¢ leads to

k 1
t(2f1n ) = 8m(te* ) *p, + t—z(te2“")2 + ¥t62#" — A(te?tn)?,
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integrating this over [to,t] and using integration by parts for the left hand side
yields

Qn(t) < ||t062ﬁ|| +C* / (14 Po(8))(1 + Qn(5)(1 4 Sn_1(s))%ds. (3.16)

to

Next [BI0) implies that

Su(t) < | B + C* /t(l + Po(s))2(1+ Qu(s))/2ds. (3.17)

to

Adding BT3), BI6) and BI7) implies that
o ° o t - -
(Pr1+Qn+5n)(t) < wo+||t062“||+||6AE||+O*/ [14+(Pog1+Qn+5,)(5)] /2 ds.
to
Thus P, @Qn, S, are estimated by 21 (), the right maximal solution of the equation

o o t
() < wo+ toe ] + [ B+ [ (14 21(9)! /2,

to

which exists on [tg, T}, we have T,, > T(}). Therefore there exists a continuous
function Cy (t) which depends only on z; as an increasing function such that iy,
My Ans Py Prs By Gny Gy by fine?» = are bounded in the L>-norm by C(t).
|

Next we prove :

Lemma 3.2 The sequences pl,, Al, )\;l, Oy Doy EL gl al, bl [l are uniformly
bounded in n.

Proof Let us start from equation BIT). Given Lemma Bl most of the quantities
on the right hand side of BIIl) can be estimated. The exception is u!, which is
obtained after differentiating (B with respect to r :

e2hn

o to
n (toﬁ/(r)e2“ - 47r/ szp;(s,r)ds> ,
¢

/1':1 (tv T‘) =
again most of the terms are unproblematic with one exception that is p!, :

o) 00 2
(7 :1/ / Y .(ff + f)(t,r,w, L)dLdw
it =5 [ [T e i+ S )
—eAnflEn,lar(e)‘”*l nfl).

Defining

D (t) = sup{[| - £ (s) | + | 0rfyr (5) || [to < s <2},
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and
An(t) = sup{]| 9, (e En)(s) || Ito < s < t},
we deduce the following estimates

129}, (8) || < Ca(#)(

Do) + Ay (1)
| i (t) || < Cu(t)(er + D

n 1(
n(t) + Anfl(t))a
oo/ of
where ¢1 :=|| e u ||+ || A || +14 | A |, and so equation (BIT) implies

| Or-(eMEL)(t) [|< CL(t) +/ Ci(s) (1 + Dp(s) + Ap—1(s)) ds

thus
An(t) < C1 (1) /c1 (c1 + Du(s) + Ap_1(s)) ds. (3.18)

Now differentiating (B) and B3F) yields
k
N (t,r) = e (87rtun(t r)pn(t,r) + 4mtpl (t, 1) — —un(t r)+ Atun>

N (t,r) = ;\ (r) + /t N (s,7)ds,
to
and using the expression for p!, we obtain
Itp5 () || < CL(t)(Dn(t) + An-a(t))
AL 1L XL | < CLt) (e + Da(t) + An-a(2)).
On the other hand it follows from (BH) that
e'“"fA"ﬂn = —47rt62'“"jn,

and
[ (€72 i) (6,7) [ < Ca(B)(er + Dalt) + Anoa (1),

We can now estimate the derivatives of G;& with respect to r and w :

OrGE(t, ryw, L) = ((ftn — An) el S ,
( )= ) 1+w? 4 L/t?
— ("2 1T+ w2 + L2 = Now =+ (p et B, + et 0, (eM Ey))),
_ 1+ L/t?
DwGE(t L) = (etn=n
n(vrvwv ) (e (1+w2+L/t2)3/25
_e#annﬂn w _ Xn)v
V1+w?+ L/t?
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and thus
| &L?f(t, r,w, L) | < Cl(t)(cl + Dn(t) + Anfl(t) + An(t))v
| 0wGE(t,r,w, L) | < C1(t),

for t € [to, TW[,r € R, L € [0, Lg] and | w |< 2 (t). Differentiating the character-
istic system with respect to r, we obtain

d
E&“(Rii-l’ Wni-',-l)(sa tv r,w, L) = 8TG7:|L: (Sv Rf—i—l? Wni-i-lv L)'aT(Rii-lv Wni-',-l)(sv ta r,w, L)
it follows that

d
_6T(R7ﬂz:+17 szzt-',-l)(sa t,rw, L) | < Cl (S)(Cl + Dn(s) + An—l(s) + An(s))

| ds
| 6T(R7T+17 Wni-',-l)(sv tv r,w, L) |
therefore by Gronwall’s inequality we obtain,
for (r,w, L) € suppf,1, 1 (t) Usuppf,F (t) Usuppf, (t) Usuppf, (t)
to
| 8T(Rf+l, Wf+1)(to,t, r,w, L) |< exp [ Ci(s)(c1 + Dn(s) + Ap—1(8) + An(s))ds

t

The definition of £ implies that

” arfr%(t) ”SH 8(T,w)fi ” Sup{| BT(Rngst)(tOvthvw?L) | |(rkuL) € Suppf:(f) U suppfg(t)}.

Combining this with the previous inequality and using the definition of D,, we
obtain the following :

o to

Dy (t) < (]l 3(r,w)fo+ |+ 1l Opryw)f™ II) exp { t Ci(s)(er + Dn(s) + An—1(s) + An(s))ds|(3.19)

Let Dy (t) := sup{ D, (t)|m < n} and An(t) := sup{A,,(t)|m < n}. Then (Dn)n
and (A,,), are increasing, therefore adding [BI8) and I implies

Dn-i-l(t) + An(t) < Cl(t) + (1+ || a(r,w)f+ || + || a(r,w)f_ ||)
to N ~
exp [ [ e+ Duns) + An<s>>ds} ,
t
hence
Dni1(t) + Bn(t) < 2a(t), t € [to, T?[, n €N, [to, TP [C [to, TV

where 25 is the right maximal solution of

2a(t) = Co(8) + (14 || By | + | By £~ 1) ex0 [ / () + z2<s>>ds} ,
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which exists on [tg, T(?[. Therefore there exists a continuous function Cy(t) which
depends only on z; as an increasing function such that all the quantities estimated
against D,, and A,, are bounded in the L>°-norm by Ca(t). O

The following lemma deals with convergence of iterates.

Lemma 3.3 The Sequences f;l'l‘7 fn_7 )\ni Hn s E’ﬂ7 ).‘ni /.J'n7 ﬁn7 Pn;s Pn; jn; Ap,, bn
converge uniformly on an arbitrary compact subset [to, T®)] C [to, T®)] on which
the previous estimates hold.

Proof Define for ¢ € [tg, )]

an(t) = sup {|| (f1 = £ () | + | ( 1 S )@ T+ 1 Qngr = An)(s) |
| (s = ) (8) | + || (¥ B — X1 Eny)(s) |5 to < 5 <t}

and let C' denote a constant which may depend on the functions z; and zs intro-
duced previously. Then using LemmaB1l we have

[ prt1(t) = pn@) I Nl prtr(t) = pu() [l Nl Prtr(t) = pou(D) |,
[ Gn1(t) = dn(®) II, ” an+1(t) — an(t) I, H bnt1(t) — bn(t) [|< Can(t)'

Using mean value theorem to estimate differences ern+1t#n+1 _eAntin gnd etnt1 —
etr we deduce from [B) and ([B0) that

I }‘n+1 (t) — )‘n(t) I I 1 (t) = fin(t) [|< Can(l),
B3) thus implies

I Ant1 — X)) @) IS C | an(s)ds. (3.20)

to
By mean value theorem (B8] implies

| (tnss — ) (8) [[< © / o (s)ds. (3.21)

to
Following step 3 in the proof of [6, thm 3.1] we have
t
|(Ra W):;Ll_(Rv W);H(t()v ta r,w, L)a |(R7 W);Jrl_(Ra W)r:|(t0a tv T, w, L) < C/ anfl(s)ds
to

which implies, using the fact that f was defined in terms of the characteristics,
and by mean value theorem

I (Fy = £ @ M (faa = £ @) N1 C/ an1(s)ds. (3.22)

to

From BI0) we deduce that

| (M E, —e 1B, 1)(t) ||< C/ an—1(s)ds. (3.23)

to
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Adding BZ0)-B23) gives
an(t) < C’/ (n(8) + an-1(s))ds,

to

then by Gromwall’s inequality

t
an(t) <C | ap_1(s)ds,

and by induction

On-i—l

an(t) < —— forneN, te [to, T®)].
n!

We then conclude the uniform convergence of the iterates. In L°°-norm, A\, — A,
fin = ft, fin = fi, ff — f7, fo = [, By — E.O

In order to prove that the latter limits are regular in the sense of Definition
B we need to show the uniform convergence of the derivatives of the iterates
above.

Lemma 3.4 The sequences O, f;5, Ouwfif, Orfr s Owfr s oy i, il Or(e? Ey) are
uniformly convergent.

Proof Fix TW € [ty, TP, t € [to, TW], |w| < U, L < min(L, Ly ), to < s < t.
For 0 € {0,,0,} and s +— (R (s), W£(s)) the solution of the characteristic system
associated to equation ([EH) in fF, define

f,f(s) = e(A"f“")(S’Rf)BRf(s,t,r,w,L), (3.24)

n,jf(s) = 8Wf(s, t,r,w, L)

+ (V1w + L/ M) (it wiy st OB (51750, L),
(3.25)

Reasoning as in step 4 for the proof of theorem 3.1 in [6] it can be proved with
minor changes that for all positive real number €, there is a non negative integer
N such that forn > N,

(€1 — € |+ | %0y — 0 )(s) < Ce
e / (€0 — €5 |+ |50 — 7t ) (r)dr,
(3.26)

the coefficients a,, ; being as in [6] except a, 3 which is replaced here by

1 . L/s? .
V14+w?+ L/s?2(Ay — fin + L)\n)

+ —
ams(s,r,w,L) E _g 1 4+ w2 —I—L/S2

+ e (u) B, 4 e 0, (eM Ey)).
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By Gronwall’s lemma it follows that the sequences &+ and 0 converge uniformly.
The transformation from (OR;, OW,F) to (€5, 1) being invertible with convergent
coefﬁcients, we deduce the convergence of 8,%] (R, WF) and thus the convergence
of 0, f* and 9, ff, using the fact that f¥ was defined in terms of characteristics.
Let us prove the convergence of X, p!,, i’,, 0, (e*" E,,). Define

Ya(t) = sup{| &y — & 1 ()4 | & — & | (8)+ [y — iy | (5)
F My = L)+ (gr = 1)(8) [T+ 11 (N = A5) () |l
+ | 8n(X 4 o) = 8p(eM Ey) || (s),t0 < s <t} (3.27)

The sequences fin, fin, fin, }\n, e By, Pns jns G, by converge uniformly, we then
take the above integer N large enough so that we have for n > N,

(e Bn — e Byt) (8) Il | (s = 1) (8) 1 | (B = fin-1)(s) |l

I (An+1 Aa)(8) [ I (pasr = pu)(8) 1 | Gt = ) () |,
| Ginr = i) (8) |5 | (@nga = an)(s) [, | (bna = bn)(s) [I< €. (3.28)

Taking 0 = 0., it follows from B2Z4)-@Z5) that

ORE(5) := elbn=An) (SR e (g (3.29)

OWE(s) — (V1+w? + L/s2\,)EE (s). (3.30)

Using these equations and since fﬂf was defined in terms of characteristics we
obtain

==
1O fin = 0 fa)(s) || < Brwf I (10, Ry = 0r Ry | + 10, Wiy — 0, W, |)(s)
<|l Brwf | (Jermsr=Antrglr ) — et Ang]
+ |nn+1 — My | + |)‘"+1§n+1 - ngg')(s) (331)
this implies, using [B2ZX) and the fact that A, fin, An, & are bounded:
1O frn = 0nf ) (8) IS Cet Cllrt = &l + I — ma 1)(s). (3.32)
Using B21), B2X), B32) and the expressions of py,, pn, jn, we deduce that
I (Prga = £ (8) 1 Py = P (8) Il (g = Gn)(s) 1< Ce+ Clym +”Ynf(1)(8)j
3.33

Now taking the derivative of [BH) with respect to r, using (B28)), (B33) and the
fact that u,, p), are bounded we deduce an estimate for p:

I (1 — 1) (s) 1< Ce+ C/S(”yn + Y1) (T)dT. (3.34)

to
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For X/, we first take the derivative of ) with respect to r and obtain
N = (8ntpl p, + dmtpl,)e* ™ + (At — k/t)ul, e, (3.35)

this shows that A/ is bounded. Subtracting 3H) written for n + 1 and n, we
obtain the following, using the fact that p,, p,, 4, are bounded and BZ1), [F23)

and (B32): . .
(A1 = A0)(s) (1< Ce+ Clyn +m-1)(s), (3.36)

and integrating this over [tg, t] it follows from ) that

| (X = XL)(5) || Ce+C / (i + ) (7). (3.37)

For fil,, we take the derivative of ([B) with respect to r, subtract the expressions
written for n + 1 and n, and use (B27), B2]) and B32) to obtain

I (i1 = Fi)(8) 1< Ce+ Clym + vn-1)(s). (3.38)

Now for an estimate for 9,.(e*" E,,), we subtract the expressions written for n + 1

and n from B, use B20), B2]), B32) and the fact that A,, pn, g, an, by,

i, are bounded to obtain

[ (8T(BA"+1EH+1) - ar(eA"En))(S) < Ce+ O/ (Vo + Yn—1)(T)dr. (3.39)

to
Now we can add (B20), B34), B31) and B39) to obtain, after taking the supre-
mum over s € [to, t]:

() < Ce+C | (vn + vn-1)(s)ds, (3.40)

to

and setting 4, (t) = sup{ym, m < n}, we deduce by Gronwall’s lemma that
An(t) < Ce, m > N, t € [to, TW)].

Thus the sequence 7,, converges uniformly to 0. By (B34), B310), B3) and B39),
the sequences ji,, i/, A, and 9,(e* E,) then converge uniformly on [to, T™®]. O

The regularity of f*, f=, A, u, i and E follows. Using the convergence of the
derivatives, it can be prove as in [6] that (f*, f~, A, u, i1, F) is a regular solution

of @), @2), (LT, (CI5), B3), (CID) and then (f7, f7, A, p, E) solves ([LTA)-

(CTT). To end the proof of Theorem [Tl we prove the uniqueness of the solution.
Let (fit, fi, Nis i, Ei), i = 1,2 be two regular solutions of the Cauchy problem

o o o 5 ©
for the same initial data (f*, f=,\, i, E) at t = to. Setting

a(t) =sup {|| (fi" = f2)) | + 11 (= F2)() [T+ 1 (A = A2)(s) ||
1 (1 = p2)(s) | + | (€M By — M Ea)(s) [ls to < s <t}
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and proceeding similarly as to prove the convergence of iterates leads to

at) < C/t: a(s)ds,

which implies that a(t) = 0 for ¢ € [tg, oo[. This proves uniqueness and completes
the proof of Theorem [Tl

3.2 Proof of Theorem
Let (f*, f~, A\ u, i, ) be a right maximal solution of the auxiliary system (BI),

B2, (1), (C1I7), B3), (CIA) with existence interval [to, Tiaz[- Then we have
seen that (fT, f~, A\, u, E) solves (LI2)-(CIJ). By assumption

Q. = sup{te2“(t’r)|r ER,tp <t < Tz} < 00,
S, == sup{|E[**|r € R,tg <t < Tyaz} < 00,

and P, < oo where P, := P + P with

P = sup{|w|, (r,w, L) € suppf=(t),t € [to, Tmas[}-

We assume that T4, < 0o and take t1 €]tg, Trnas[- We will show that the system
has a solution with initial data (f*(t1), f~(t1), A(t1), u(t1), E(t1)) prescribed at
t = t; which exists on an interval [t1,t1 + 6] with 6 > 0 independent of ¢;. By
moving t1 close enough to T4, this would extend the initial solution beyond
Tinaz, a contradiction to the initial solution being right maximal. We have proved
previously that such a solution exists at least on the right maximal existence
interval of the solutions z1, zo of

t
21(t) = W(ty) + |t || 4 [|X O E(ty)]| + C* / (14 21(s))"/?ds,

to

22(t) = C1(t) + (14 | Oy £ (t1) | + 11 Oy S~ (1) 1) exp Ut 0 Ci(s)(cr + z2(s))ds| ,

where W (t1) := Wt (t1) + W (t1),

Wi(tl) = sup{|w|, (T‘, w,L) € Suppfi(tl)},
C* = C+ A1+ Lo)*(L+ [ FH )+ £~ @)D,
cr =14 A+ [N ()| + [le D/ (1)),

A Bt < Sa, [l £E ()] = | fE]], Lo is unchanged. Thus we have uniform

and C) is an increasing function of z;. Now W(t;) < Pi, [tie®*()] < Q.,
[e]
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bounds W (t1) + |[t;e2#®)|| 4 [|*IE(t)|| < My, C* < My. On the other hand
we can use the expressions for X\, p/, N , some estimates proved in lemmas 3.1,
3.2, and 3.3 to obtain uniform bounds ¢; < Ms, C1(t) + (1+ || 9wy f 1 (t1) || + ||
Otru) [~ (1) ||) £ My. Let y1 and y2 be the right maximal solution of

t
i(t) = My + M, / (14 y1(s))"*/2ds,

yalt) = My exp [ / O7 (5)(Ms + ya(s))ds] .

respectively, where C} depends on y; in the same way as C; depends on z;. Then
y1 and yo exist on an interval [t1,t1 + ] with § > 0 independent of ¢1. If we choose
t1 such that Ti,q. < t1 + 6 then z1 < y1, 22 < s, in particular z; and 29 exist on
[t1,t1 + ¢]. This completes the proof of theorem

3.3 Proof of Proposition 1.3

We start by proving that the boundedness of the lapse function p implies that of
e E. This follows by integrating (CIM) with respect to ¢, and using the fact that
|b| < @, a@ being similar to a with fT — f~ replaced by f™+ f~, and a is bounded.

Next we show how to obtain the bound on w. Since we are in the non-vacuum
case one has wT > 0 and L > 0. For t > t, define

Pf(t) := max{0, max{w|(r,w, L) € suppf=(t)}},
PE(t) := min{0, min{w|(r,w, L) € suppf=(t)}}.

Let (r(s),w(s),L) be a characteristic curve in the support of f*. Assume that
PE(t) > 0 for some t € [tg, Trmaz[, and let w(t) > 0. We have

w(s) = —dw — e '\ /T+ w2 + L/s2 F A MHE

2 [ [T (o TR T @ L) 4 gk

1 k— As?)e2n
g Ly BT AS)

7% 5 w — 27se** (2 E? 4 cs™Hw. (3.41)

As long as w(s) > 0 we have the following estimates: if w < 0 then

/1 +w? 4 L/s% —wy/1 402+ L/s? < 0; if @ > 0 then we drop the last two

terms of the right hand side in [BZIl) since they are negative, and then obtain

) c oW gy, o w
w(s)gg/o /0 T(f +f )dew—l—g—FC'
£0a))2
< g 7(P;((;))) +w(s)+s (3.42)
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that is p o
Ew(sﬁ < ;(Pf(s))2 +CPE(s).

Letting t1 € [to, t[ be defined minimal such that w(s) > 0 for s € [t1,¢[, we obtain

w?(t) < w?(t) +C t [s71(Pi(s))* + Pi(s)] ds.

t1
If t1 = to then w(t1) < wp, otherwise w(t;) = 0. In any case it follows that

w?(t) <wd +C t [s71(PF(s))* + Pi(s)] ds.

t1

Thus
t
(PE(#))? < (w3 + Ct) +C | (s7! + 1)(PE(s))%ds, for t € [to, Tmax-

t1

By Gronwall’s inequality it follows that Pf is bounded on [to, Tiaz|-
Estimating w(s) from below in the case w(s) < 0 along the same lines shows that
P* is bounded as well.

3.4 Proof of Theorem [I.4

We prove that p is bounded on [tg, Traz)-
A lengthy computation leads to

d [! 1!
E/o et p(t,rYdr = —;/0 et [2p +q- %[1 + (k — At?)e?]| dr
2 [ 1t
< —;/0 P pdr + i /0 e‘““\#[l + (k — At?)e?)dr,
(3.43)

since ¢ is nonnegative. Using the fact that p+p > 0, p > p and k — At? < 0 it
follows that

d (1 s L[
— [ et r)dr < ——/ et pdr,
dt/o tJo

and by Gronwall’s inequality
1
/ M p(t,rydr < Ct 1 t € [to, Trmaz)- (3.44)
0

On the other hand using the equation p/ = —4nte#**j, ([EZ4) and the fact that
|7] < p we find

1
ntt.r) = [ alt.)do| < C. t€ lto, Toas), 7€ 0.1 (3.45)
0
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Next using (CIH), p — p < 0 and k — At? < 0, we have

0 1+ ke2#

oM A  oH—A 2p (o _ 2
5:¢ e |:47Tt6 (p—p)+ " Ate
1 k— A

< eh=A|Z 2

S e

< 16#7>\

— t )
so that

e NEN < Ot t € [to, Timaw, T € [0,1]. (3.46)

Now using p — p < 0 and k — At? < 0, it follows that

/01 p(t,r)dr = /01 a(r)dr + /t: /01 L(s,r)drds

t 1
1
< c+/ _/ [e*(87s%p + k — As®) + 1]drds
to 28 0
< C+/ —/ (8ms%et et A p + 1)drds
to 25 Jo

1 t 1
< C+ = In(t/ty) + C/ 52/ " pdrds
2 to 0
1
<C+3 In(t/to) + Ct?,
and using ([BZH) we obtain

p(t,r) < C(1+t2+1nt), t € [to, Trmaz) T € [0,1].

& is then bounded on [tg, Timas) and by proposition 1.3 the proof of theorem [
is complete.

3.5 Proof of Theorem

The equation of motion for charged particles is given by the following differential
system for a path v — (7,0°%,v")(v):

dr dv® o dv
= ’UO, —_— = kij’UZ’UJ, E

== - = 2k% 070" — ) 00" F (Fy 0 + Fy ).

For a particle with rest mass m moving forward in time, v* = (m? + g;;v'v?)"/2.
Then the relation between coordinate time 7 and proper time v is

d o
d—T = (m? + gijv'v?)Y2. (3.47)
v
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In order to prove the completeness of trajectories it is useful to control g;;v'v’ as
a function of 7. As in M), we can define, from the Vlasov equations (C33)-(34),
the characteristic curve V*(7) satisfying

d‘/l TY/S\— i m . qn i ) Im TY/S\—
= (g VTV T2 Vo Vag " g™ 01 035 [Fo T+ FL T g Vi (149 VT V) 1),

Using this we obtain

d .. y y
—(g7ViVy) = 2KIVLV; F 20T ViRy,

< (~2y + CeT)GIVY; F 20V ;. (3.48)

We have used (3.22) in [4]. From the latter inequality on v := (A/3)Y/? and C
is an arbitrary positive constant which may change from line to line. The second
term in the right hand side of B48)) can be estimated using the Cauchy-Schwarz
inequality and the elementary inequality ry < ex?/2 + y?/2¢ :

gV Fy,

IN

(gZJ‘/;,Vj)l/Q(g”FOZFO])l/Q

IN

. 1.
(g“ViV;) + 5 (9" FoiFoj), (3.49)

€
2 €
where ¢ is such that 0 < & < 27. On the other hand from the definition of 7y it
follows that

9" FoiFoj < To0- (3.50)
and using ([C37) g% Foi Fo; < Ce 7. Thus we deduce from BZ3) and ) the

following

d . o o
E(QZ]ViV})S(—ZY'FE-FCG TGP ViV 4 Ce 7.

Setting V := e(QV_E)TgijViV}, it follows that

W < cermv 4 Cer,
dr

V' is thus bounded by Gronwall inequality and then
gIV;V; < Celm2teoT, (3.51)

Therefore g V;V; is bounded. This is enough to deduce from (BZ1) that for m > 0,
we have p
v
—~ >,
dr —
so that v goes to infinity as does 7. The completeness of causal trajectories is then
proved.
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3.6 Proof of Theorem

The proof is based on a bootstrap argument.
By hypothesis

ltoA(to) — 1] <6, [(e™ i) (ko) < 6, [(*E)(to)] <6
|At2e2r(to) 3 _ 3pe2n(to)| < G w(ty) < 4,
and by continuity, this implies that
[EA(E) — 1] < 26, [(e™ ) ()] < 26, (€ E)(D)] < 26

|At2e200) — 3 — 3k (| < 26, w(t) < 20,

with ¢ close to tg.
Let C; and € be constants with 0 < C; < 1 and 0 < € < 2/3. We can reduce
§ if necessary so that 25 < Cyt; . Then there exists some time interval on which

the following bootstrap assumption is satisfied

[tA — 1] < Cit= 2, |e /| < Cit~2Fe, |2 B| < Oyt~ (3.52)

|At2e?" — 3 — 3ke?!| < Ot 73T, w(t) < Ot~ e, (3.53)

Consider the maximal interval [tg, t.) on which ([B52)-(E353) hold and suppose t.
is finite.
Let us continue with the following set of equations:

e AN+ 1) + k — At? = 8nt?p (3.54)
e Ml = —dmtet (3.55)
Ot E) = —t%e"b (3.56)
e 2 (2tp — 1) — k + At? = 8rt’p (3.57)
W= —\w— e '\/1+w? + L/t2F S M1E. (3.58)
From ([B324) we have
: 1
th—1= 5(Ae%? — 3 — 3ke*) + ket + 4dmt?e?tp, (3.59)
from (BE1)
1
8t[—§te_2“(At2eQ” — 3 — 3ke*)] = —8nt?p, (3.60)
and from ([B0Y)

Oy (tw) = —t7L(tA — 1) (tw) — tet (e ') /1 + w? + L/2 F te*(*E).  (3.61)
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Consider a solution of these equations on the interval [to,t.) which satisfies the
bootstrap assumption ([F52)-EE3). Putting inequalities (ER2)-EB23) into equa-
tions (B00)-EB324H), BEI)-BE) allows new estimates to be derived. For this pur-

pose it is important to have estimates for the matter quantities p, 7 and b.
Let F':= max{|| f* ||z, || f~ [lz=}.

s oo oo w2 n B
PR )y iTwegml TT

< ATLFC3513¢) (3.62)

. T [ [ _
=15 [ [ w4 Lol
—oo JO
AgrLF
12
< AnLFC3t—4T2¢ (3.63)

152

IN

T [ [ w
b =|= —(f" — f7)dLd
=1z /_oo/o \/1+w2+L/t2(f J)dLdv]
< ArLFCit—412, (3.64)

An estimate for e?* is also required.

e = A_lt_z(Atzez“)
< AT [(AP e — 3 — 3ke) + 3 + ke
< ATHTEC T 4 3+ Bke?].

If £ < 0 the last term in the latter inequality can be discarded. If £ > 0 then we
need 3A~1¢t72 < 1 i.e. At? > 3. Assume for the moment that k& < 0. Then

62;L < A71t72[01t73+5 _|_3]
<BATHTE O AT (3.65)

It follows that

[dtet j| < Amt[3A12 + CL AT 02  An LFC2 42
< 16m2LECH T2 [V3A—Tt O/ P A=1/2475/24/?),

keeping the worst powers and using ([BEH) implies

le /| < 1672 LEC2(VBA—T + Cl/2A1/2)p 442 —; Oy 442, (3.66)
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Note that here there is no dependence on the initial data except for the conserved
quantities L and F. Moreover Cy = O(C?).

From (B64)-B5H) we have
0, (12 E)| = |t2e"b|
< [BATYUT2 4 Oy AT T2 x Ar LF O 22

keeping the worst powers gives
3 _
0, E)| < () +C1PAT2) s ArLFCR

and integrating this in time yields

1 i
(*B)(t) < t5eX | B(to) [t + 5—-(4 /% + CVPAY2) w 4r LF O 142
— %€

2 3 ,
< 22| B(tg)| + 1—1(’/K +OYPAULRC? | 72 = Ot 2.

(3.67)

The constant C5 in the last inequality depends in a transparent way on the initial
data. We have

8mt?p < 32n° LEC3t313¢,

so that using B60) and integration gives

1 1
| — gte_Q”(At2e2“ —3 - 3ke?)| < gtoe_Q”(t°)|At362“(t°) — 3 — 3ke2r(t)]

3272

LFc3t—2+3e )
_2 _|_ 36 1 |

+|

At this point the assumption e < 2/3 is needed. Then

1 2 2 2 1 2 —2u(to) 327 - 3
| — —te™“H(At*e™* — 3 — 3ke™H)| < —to|Atg — 3e™ M) — 3k| + | LFCy.
3 3 2 — 3¢
Using (B60) and keeping the worst powers, it follows that
2
|At2e2* — 3 — 3ke?| < [BAT 4+ CLATY] [to| At — 3e™24(t0) — 3k| + 2967T3 LFC} |t
— 3¢
=: C4t_3. (368)

Now let us examine the evolution of w.
Using B0H), B64), B57), the bootstrap assumption, the fact that C; < 1 and
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then keeping the worst powers gives

| —tel (e ' )\/1 + w2 + L/t2 £ te' (e E)|
{3152 Ato)| E(to)| 4+ 18T LFA™ 1/202( -+ 8TA” 12(2 + V) }

and using ([BEHI), the bootstrap assumption and integration it follows that

t
tw(t) < tow(to) +/ C1s 3 sw(s)ds

to

t
+/ [3# M| B(t)] + 187 LFA~ 1/202( - +8mA” 12(2 1 V) ] ds
to

_ 1 -
< tow(to) + 612N | E(ty)| + 36m LEA~Y/2C? (1— +8TATY2(2 4 \/Z))
—€
Ct
1—¢
An estimate on the matter quantity p is needed. Using [BEJ) gives

Pl = ;2/ / V1+w2+ L/2(fT + f7)dLdw
—oo J0
- L [,
§—2/7/ V1+ w2+ L/t22FdLdw
4rLF
< T o1+ @2+ L)

12
47TLF
<

+ =: Cs. (3.69)

Cst™ 1\/1+02t 24 [t2

< 47TLFC5t_3(1 + st 4 VI, (3.70)

1 1
pi=put 5 ( )\E) 2Ct_4
_ = 1 1
<ArLFCst 31+ 05t + VIt ) + SCRE 2 et (3.71)
In the case of plane symmetry k = 0 equations (B8H), LX) and @) imply that

1
|§(A62“t2 — 3 — 3ke*) + ke 4 4nt?e* |

[y

< —Cut ™3 + 47t [BA 2 4+ CL AT x

[\

_ = 1 1
ArLFCst=3(1 + st~ + VIt 1) + —Cft*‘*”f + 5czt‘*]

[C4+167r2LFA 1Cs(3+ )1+ Cs + VL) + = 02 Q}t— (3.72)
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For the latter inequality we only kept the worst powers. We have
[th —1] < Cst™2, (3.73)

where Cp is the constant written out in [BZ2) above.

The constants C3-Cs appearing in equations ([B69)-(B73) are all less than or
equal to C' x (g(8) + C?), with C' a positive constant and g(d) a positive function
of § tending to 0 as 0 tends to 0. Therefore it is always possible to choose C;
and ¢ small enough in such a way that CC; < 1/2 and Cg(§) < C1/2, and so
the constants C3-Cy are all less than C7. This closes the bootstrap argument as it
implies that 22)-EB53) hold on an interval [to, ¢1), with ¢; > t,. This contradicts
the maximality of the interval [tg,t.). Therefore ¢, = co. To complete the proof
of theorem [CH it remains to show that the spacetime is complete. In fact recall
that as in [T2] the relation between coordinate time ¢ and proper time 7 along the
trajectory is given by

dr et

dt Pt L

The decay estimate on e*E can be used to obtain the inequalities

t
e > ~ for k<0,
C+(C—k)t+ 5t
and ;
et > o, for k=1
C+Ct+ 413

The following estimate follows
et > Ot >t

Thus

dr Ct!

_ 2 e

dt = vVm2+C+L
and so T goes to infinity as does ¢. Theorem [[6l is then proved.
Remark In the case of hyperbolic symmetry k¥ = —1, the same argument works
provided A is sufficiently large. Indeed in that case A=1(3 4+ C;)t~2 appears as an
adding term in the right hand side of equation [B72).

Acknowledgement : The author thanks A.D. Rendall for fruitful suggestions.
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