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ABSTRACT: We study the fermionic sector of a probe D8-brane in the supergravity back-
ground made of D4-branes compactified on a circle with supersymmetry broken explicitly
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dimensional and has proved surprisingly successful in recovering qualitative and quantita-
tive properties of QCD. We investigate fluctuations of the fermionic fields on the probe
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interactions with ordinary mesons are not suppressed.
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1. Introduction

Since the discovery of the AdS/CFT correspondence [[[-f], there has been a lot of interest
in trying to find a gravity dual of QCD. Important progress was made with the realisation [4]
that flavour degrees of freedom can be incorporated by adding N; D-branes in the probe
approximation where their back-reaction is ignored. This is an approximation, which is
valid only if the number of flavours is much less than the number of colours, Ny < N..

Chiral symmetry breaking in holography was studied in a D3/D7-brane model in [f].
An interesting D4/D6-brane model was presented in ref. [f] where N, D4-branes compact-
ified on a circle make a supergravity background, in which N; flavour branes are put in
as probes. On scales smaller than the Kaluza-Klein scale associated with the compact
direction, the dual gauge theory is effectively four-dimensional and exhibits many of the
qualitative features of QCD.

Based on this model, Sakai and Sugimoto presented a similar D4/D8-brane model [, §,
which comes surprisingly close to recover the meson spectrum as found experimentally. In
particular, the spectrum contains a massless pion, associated with a spontaneously broken
chiral symmetry. Moreover, the effective theory for the pions was found to contain the
Skyrme model. It has been argued that baryons can be constructed in the supergravity
description by introducing a baryon vertex [§f|, which in the D4/D8 context is a D4-brane
wrapped on a four-sphere. This object is interpreted as the Skyrmion on the probe DS8-
brane. Several investigations of the baryons from this point of view have been performed

recently in e.g. refs. [[[0]-[L6].



As a holographic description of QCD there are some fundamental difficulties with the
D4/D8 model. One problem is that on scales small compared to the radius of the compact
direction (i.e. in the UV) the gauge theory is inherently five-dimensional. Moreover, the
mass scale of the scalar and vector mesons is the same as the mass scale My, of the Kaluza-
Klein modes arising from the compact direction. That is, the model predicts a tower of
non-observed Kaluza-Klein modes with similar masses to the observed mesons. Another
problem is that the D4/D8-brane configuration is non-supersymmetric and unstable, the
unstable modes being the scalar fields corresponding to the radius of the circle and to the
asymptotic brane-anti-brane separation. However, in the supergravity limit these modes

become non-normalisable and as such cause no worry.

The addressed problems in the D4/D8-brane holographic model of QCD might well be
related to the fact that we are only working in the probe approximation. Ideally, the flavour
D8-brane back-reaction should be taken into account, but how to do this is only partly

understood at the moment. For some attempts to go beyond the probe approximation, see

e.g. refs. [[[4-R1].

In this paper, we investigate an implication to the Sakai-Sugimoto model of string
theory having a supersymmetric spectrum. Although the supersymmetry of the D4 back-
ground is explicitly broken by the boundary conditions, there is still a supersymmetric
spectrum. In particular, the D8-brane probe action has a fermionic part in addition to the
bosonic Dirac-Born-Infeld and Chern-Simons parts. The fluctuations of these fermionic
modes should be interpreted as the supersymmetric partners of the mesons, so we refer to
them as mesinos. Being aware of their presence in the full spectrum, a natural question
is therefore what their masses are. Since mesinos are not found experimentally, nor in
the QCD, these masses ought to be very large. However, due to the absence of different
scales it seems unlikely that this is so. A priori, we therefore expect mesino masses to be
comparable to the meson masses, of order My;. We compute these masses explicitly and
conclude that the expectation is true: Mesinos appear on the same scale as mesons.

The question then arises how this “unwanted” (from the phenomenological point of
view) mesino sector affects the “good” meson sector. To get a partial answer to this ques-
tion, we investigate mesino interaction terms, in particular, we compute trilinear meson-
mesino-mesino couplings. One could be tempted to speculate that these interactions are
somehow suppressed and that the mesino sector therefore would not interact with the me-
son sector. However, we shall find that this is not the case. The mesinos do indeed interact
with the mesons.

The paper is organised as follows. Section 1 contains a review of the Sakai-Sugimoto
model, introducing the notation used throughout the paper. Moreover, the spectrum of
the mesons in this model is re-derived. Section 2 displays the computation of the spectrum
of the fermionic fluctuations of the D8-brane, which are identified as mesinos. Section 3
describes how these mesinos interact with bosonic fields. The effective four-dimensional
interaction vertices are given explicitly. Section 4 is dedicated to a discussion of our results

and concludes the paper.



1.1 The Sakai-Sugimoto Model

The Sakai-Sugimoto model [ff] is a D4/D8-brane configuration with N, D4-branes wrapping
a circle and Ny flavour D8-D8-branes. Schematically, the brane configuration is as follows:

01 2 3 4 5 6 7 8 9
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D]D] * * * % * ok x %k ok

The 4-direction is the circle, and anti-periodic boundary conditions for the fermions on this
circle break the supersymmetry explicitly.
This D4-brane supergravity background is given by [f]
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3
U\+4 3R3 U3
¢ — - Fy=dCs = U)=1— —kk
e gs <R> ) 4 3 s €4, f( ) U3 )
where p,v =0,...,3 and 7 is the compact direction, which the D4-branes wrap. V; = %

is the volume, €4 is the volume form and df2? is the line element of a unit S%, respectively.
R and Uy, are constant parameters and R® = 7rgSNcl;S where gs is the string coupling,
I, = V' is the string length and N, is the number of D4-branes. The coordinate U
satisfies U > Uy, and to avoid a conical singularity, the coordinate 7 must have a period

1 3 1
o= S RU,E =, Myo= SURR 2, (1.2)

where we have defined the Kaluza-Klein mass My;. Below this energy scale, the field theory
is effectively four-dimensional. In the limit Uy, — 0, the 7 direction uncompactifies and
we recover the background built out of flat D4-branes.

We are going to study a particular embedding of the D8-D8-branes, in which the D8
and D8 are antipodal in the (U, 7) coordinates and smoothly join together at U = Uyy,. For
this purpose, it is useful to make the change of coordinates (U, 7) — (v, 2), defined through

2 2m
U = U (1+—), 6="2 1.3
kk( +Ul§k>7 5. (1.3)
y =rcosf, z=rsinb. (1.4)

In the (y, z) coordinates, the probe D8-D8-branes are extended along the z direction and
located at y = 0. This configuration corresponds to massless quarks in the gauge field
theory and was demonstrated in the original paper [ to be a stable solution of the probe
action.

1.2 Meson spectroscopy

In this section, we review the computation of the meson spectrum in the D4/D8-model.
The bosonic part of the action for a D-brane probe is

S = Sppr+Scs + Sy, (1.5)



where the Abelian Dirac-Born-Infeld action is

Sppr = T/dp+1 6_¢\/— det(gap + Fap), (1.6)

where gog = 0, XM 93 XN Gy is the induced metric, Fog = 2ma’ (Fap + Bag), and Bag =
0a XM XN By is the induced B-field and F,p is the world-volume gauge field. The
constant 7T is related to the string length I by T = ((27)%12)~L.

The Chern-Simons part Scg is important e.g. to achieve the correct chiral anomaly of
QCD as well as the Wess-Zumino-Witten term in the chiral Lagrangian, but will not be
relevant for us. Our focus is on the fermionic part, Sy, which we will return to after a very
brief summary of meson spectroscopy.

Recall that the gauge sector of the field theory is associated with open strings ending
on the D4-branes, giving rise to a U(N,) colour gauge symmetry, where N, is the number
of D4-branes. Introducing a probe brane means introducing a flavour sector associated
with strings stretched between the D4 and the D8 or D8 branes, giving rise to a U(Ny)
global flavour symmetry, where Ny is the number of probe branes.

The basic idea of the holographic description of mesons in this setup is that they can
be identified with fluctuations of the probe D-branes. This works straightforwardly for
scalar and vector mesons, which are associated with fluctuations of the probe D-brane
collective coordinates and world-volume gauge field. For higher spin mesons, alternative
approaches have to be applied. In general, the situation is complicated, but ultra-high
spin mesons have been studied in refs. [23—R5] using a semi-classical macroscopic spinning
string description.

Returning to the low-spin case, in order to study the fluctuations it is necessary to fix
the coordinate invariance. This is done with a static gauge, which in our case is

=X fora#5  XU(E) = (), (L.7)

where the £ are the nine-dimensional world-volume coordinates and XM are ten-
dimensional space-time coordinates.
The induced metric on the D8-brane in this case is

3 3
U\2 v A (R\? Uk 31
obs = <E> e (ﬁ) 7 42+ R2U A0, (18)
where U should now be viewed as a function of z given by
52 1/3
U(Z) = Ur (1 + —2> . (1.9)
Ukk

We will henceforth work with dimensionless quantities

3 3
Ugr \ * 2 2
w = Uikk7 V(w)=(1+ wQ)%, a= <%> = <§MkkR> , (1.10)
such that the induced metric g, reads
2 a3 2v,3 Wov (12 _5 2 9 042 1 2
dspg = gapdr®dz” = a”V2n,, dx"dx" + M—ZV 2dw” + ZM—2V2dQ4. (1.11)
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The D8-brane degrees of freedom that remain after this gauge fixing is the scalar
field y (fluctuating around the value y = 0) and the world-volume gauge fields A,. The
nine-dimensional world-volume naturally splits up in a four-dimensional part z*, an extra
dimension w and an S* part. Considering only singlets under the SO(5) of S*, the gauge
field degrees of freedom are A, (z*,w) and A, (z*,w).

The Abelian Dirac-Born-Infeld action can be expanded up to second order in the field
strength as

Sppr = T/dgge_¢\/— det(gag + .7:0{5)
To 1 s oo
= W/d4xdw v? (1—|— (2770/)2@1/ S O
M2
+(2m’)22—’fvnﬂ"Fme) + O(F?), (1.12)
o)
where

(1.13)
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is a dimensionless constant.
We are interested in finding a four-dimensional effective action for the gauge field
fluctuations with a canonical normalisation. To achieve this we expand the gauge fields

and y in terms of complete sets {p,(w)}, {gn(w)} and {p,(w)},

A“(:C“, w) = Z V;Sn)pn(w), (1.14)
Ay (@, w) = Mg, (w), (1.15)
y(a#,w) = > U™ (@) po(w). (1.16)

In the following we will focus on the vector fields and assume N; = 1. The expansions
of the field strengths then take the form

Fu(a,w) = Y (9087 @) - 9,V @) ) pu(w)
=3 F @paw) (1.17)

Fuw(@,w) =Y 0up™ (2)gn(w) = Vi (2)p}, (w). (1.18)

In order to have canonically normalised kinetic terms in the effective four-dimensional
action, we impose the normalisation conditions

%/mvﬂmmmeb%m (1.19)
T 2
L [ dw V) w)an () =B, (1.20)



and choose the p,(w) to be eigenfunctions of the equation
- Vaw(vgawpn(w)) - )‘npn(w) (121)

This equation together with eq. ([l.19) implies

5 [ dw V@ @)l (0) = M. (1.22)

Comparing eqs. ([.L19) and ([L.23), we notice that we can choose the eigenfunctions g, to
be proportional to p!:

qn = (lemn)fl/2 Ph- (1.23)

The fields ¢ () can be absorbed into the vector meson field by the gauge transformation

n n —1/2
V) () = VO (2) + (Ao MZ) "

p 0™ (), (1.24)

(n)

such that the action for the vector meson field V,,’(z) takes the canonical form
1 n vn 1 n n
S = /d4x > <ZF§W)F“ ) 4 iAnM,fkvﬁ Jpm )) (1.25)
n>1
for the massive vector fields V. The field strength mode expansion is given by
Fuo(,w) = =Y, Vi (@)p),(w) = 32, B ()9, (w). (1.26)

Note that the eigenfunctions p,, are chosen to be either odd or even functions

Pm(—w) = ()" p(w), (1.27)

such that the odd numbered modes are vectors whilst the even ones are axial vectors.

In addition to the above massive modes, there are non-normalisable solutions to the

eq. ([L.21)) with eigenvalue zero:
po(w) = C arctan(w). (1.28)

This reflects the fact that there exist a function gy = CV =3, which is orthogonal to all
other g,

/dw V3q0qn x /dw p, =0. (1.29)

The normalisation constant is determined easily to be

a2, \
C:( k’fw> : (1.30)

a3



Taking the zero mode into account, the effective action becomes

S = /d4 a L0V 0) +Z<4 i m) puvin) 4 1 5 WME Y He >> . (1.31)

n>1

where the massless scalar field ¢(©) is interpreted as the pion.

The masses of the vector mesons were found in ref. [ff] using a numerical shooting
technique. These masses can be matched with the observed values amazingly well. It is
surprising because we have no really good understanding of why this particular D-brane
setup should be a good approximation of the holographic dual of QCD.

So far, we have tacitly assumed that the gauge potential vanishes as w — +oo. The
field strength should vanish as w — #oo for the effective action to be normalisable. Then it
is always possible to choose a gauge where the potential vanishes for large |w|. In section B.1]
we shall study couplings to an external gauge field, and for that it is useful to employ the
gauge where A, = 0. At first look the pion field ¢(©) seems to be gauged away in this
gauge but this is impossible. There exists no gauge, which sets A,, = 0 and lets A, vanish
for large |w| at the same time.

The A, = 0 constraint can be accomplished by the gauge transformation

Aq — Aq — OuA (1.32)
with the gauge function A given by

1/2

Az, w) = o +ng ) (MEAn) " pa(w). (1.33)

After the gauge transformation eq. ([[.39), the gauge potential reads

Aa0) = =0, @m(w) + 3 (V@) — 3 =0 @) ) ()

n>1

Ay (z,w) =0. (1.34)

The contribution from the massive scalar modes p(™ can again be absorbed into the massive
vectors V;(Ln) by a field redefinition. The asymptotic values of the gauge potential for large

values of |w| are
Az, —00) = C’g@ﬂgo(o) (x), (1.35)
Ay(x,00) = —Cg@ugp(o) (). (1.36)

Taking an external gauge field into account, the gauge potential in A4,, = 0 gauge may

be written as

A, w) =V + Aupo(w) + > v pan—1(w) + > alpon (w (1.37)
n>1 n>1

Ay(z,w) =0, (1.38)



where the fields v!(tn) and afln) are the massive vector and axial vector mesons, respectively.
The zero modes are given by

1
Au = 5 (Ar, = Apy) + Lo, (1.39)

fx
- 1
VN = 5 (ALM + ARM) ) (140)

where Ay, A, are the asymptotic values of the external gauge field for w — £oo and the
pion field p(©) = i7 with its decay constant f, = 2/(x C). In particular, the electromagnetic
photon field can be extracted by setting Ay, = Ag, = eQAEM for the electric charge Q.
The field strengths read

Fu(,w) = 8,V() = 0, V(@) + (00As(2) = 0, Au() ) po(w)
Z( o (x) — 0 v;(L ) (z )) Pan—1(w)

£ (0,0 (@) - 8,0 (@) pan(w)
n>1

= 3" ED @)pa(w). (1.41)

= Fm (z)pl (w), (1.42)

where we indicated the split into vector and axial components. Equipped with these
expansions we can aim for effective couplings of mesinos to gauge fields.

2. Mesino spectroscopy

As promised in the introduction, we shall now turn to the fermionic sector of the probe
D-branes and compute the masses of these fluctuations. A similar calculation has been
partly done in the appendix of ref. []. The same ideas have been applied also in ref. 2§
for computing the masses of the meson superpartners in the D3/D7 setup. In that model,
N = 2 supersymmetry is preserved and the masses can be calculated analytically. As
expected, there is a match between fermion and boson masses.

The fermionic part of the D8-brane action is given by [R7-R9]

S = /d9 &/ —(g+ Fe % (1 —T'pg)(I"Dy — A + Lpg) ¥, (2.1)



where

- —Ithe
V=9 P(o>rnz((ﬂ7)ral_mqfala2___j:a2qmq, (2.2)
q

V=9 L0 (=T s g
Los = —= === o D (et T e Fange "Day - (23)
q=1
€Q1---09
P([?E)S - mral---ag = _FHI@? (2'4)
1 11 4 NPQR
A= 51‘ oMo — g@e FNPQRF ) (2-5)
11
DM - VM - §I€¢FNPQRFNPQRFM, (2.6)
1
Vv =0m+ ZQ%FM (2.7)

The ’s are the spin connections, V; = Oy + %I‘AB Q4w is the usual covariant derivative
and TNPQE — PINDPPQIEl Latin indices M = 0,...,9 refer to space-time and Greek
indices a = 0,...,4,6,...9 refer to the D8-brane world-volume. Quantities are pulled back
onto the D8-brane in the usual way, e.g. Vo = 9o XM Vj;. Transformations between curved
indices a, M and flat (local Lorentz frame) indices a;, M are done with the vielbeins, so we
have e.g. T = g 95 XM E, Ty

The field ¥ is a 32-component Majorana spinor in ten dimensions and

P_= %(1 — FDS) (28)

is a projection operator necessary for kappa invariance. The I'pg matrix is in the case of
vanishing gauge field (Fng = 0)

FDS = Galmagral...agrll = Fi' (29)

9 V=g
We are dealing with Majorana spinors in ten dimensions. These spinors obey a reality
condition. For the product of two Majorana spinors with an arbitrary number of I' matrices,

we have
)ZFMan\If _ (—)n(n+1)/2\I’FM1"'M"X (210)

so that these expression vanish if the spinors are the same and n = 1,2,5,6,9, 10. Moreover,
choosing as the x symmetry fixing condition the chirality condition T''W = W, then the
only non-vanishing products are

grMiMeMsy g Mi-Mrg (2.11)

since the chirality matrix I'*! transforms products of four and eight I matrices into six and
two, which vanish.

As mentioned before, setting y = 0 is equivalent to setting the quark mass to zero.
This is an assumption we are making throughout this paper. Since we are now not in-
terested in the fluctuations of the bosonic fields, we set F,3 = 0 in the calculation of the



mesino spectrum and also set dy = 0. We will include the gauge field contributions when
considering mesino interactions with vector mesons in the next section. We find that the
contributions from the flux Fy cancel in the action (B.1). The measure and dilaton factors
together give

Tv/—ge™® = T(Vy(2ra’)?) LaV? (2.12)

With the definitions given above and some rather straightforward manipulations, we find
S = iT(Vy(2ma')?) ™1 / drdwdQ, V3L, (2.13)
where

_ 2 1 4 _3
L=UP_ [ngkv ITVS VAT,

13 (2.14)
+ My, ViT40, + EMMwV—%Fé v,
where m = 6,7,8,9 and vagf is the Dirac operator on a unit four-sphere.
We rescale the spinor
U — U=V BBy (2.15)

This rescaling removes the last term in eq. (B.14). Moreover, it leads to an action where
the term with the w derivative has no weighting factor V'

T _ 12
S = m / d*zdwdQ, UP_ ngkv—%rmvﬁ + V7ITLY, + My T40y | U. (2.16)
2.1 Spinor decomposition

We want to decompose our spinor ¥ into an S* part x, a 3 4+ 1-dimensional part ¢ and a
remaining two-dimensional part u, i.e.

U =u®(x,z) @ x(Sh. (2.17)

A convenient choice for the decomposition of the 10-dimensional gamma matrices is

ME=o, @21, uw=0,1,2,3; (2.18a)
M=o, @701, (2.18b)
MM=0,217, (2.18c¢)
M=g,@14%  m=6,17,8,09; (2.18d)

where v = i7%y1y243 is the chiral matrix in 341 dimensions and 7 = 78573832 is the chiral
matrix on the tangent space of S%. In this decomposition, the ten-dimensional chirality
matrix takes a particularly simple form: I''' = ¢, ® 1 ® 1. If we further decompose the u
into o, eigenstates ur, we get

O Ut = Uy, O+ = U, oyut = FiuL. (2.19)

,10,



The kappa symmetry fixing condition T'''W = W is then equivalent to u = uy = |1).
The general solution for the Dirac equation on the four sphere is well-known [B(],

Voo X0 = iNE xE N =+24+10); 1=0,1,..., (2.20)

where the quantum number s = 0,1,...,d; and d; = 4(3 +1)!/(3! I!) is the degeneracy
of the eigenvalue )\li. With the above splitting and ¥ = (1|0, ® ¢ ® x!, the Lagrangian
becomes

L~ X x Y. ] (2.21)

Normalising the fields according to
(111) [ o () = mal P1ag 5o (2.22)
we arrive at the action
S =iT / d*zdw ¢ {-%Mkkw—% + V2L, + MygyOu | 9. (2.23)

2.2 Four-dimensional action in canonical form

In order to read off the mass of the four-dimensional fluctuations, we need to rewrite the
action (B.23) in canonical form. We do this by working with two-spinors 9.,

Yy
Y= ; 2.24
o (224)
and choose the Weyl basis where

0 ot 1 0
u_
. <5u 0) 7 (0 —11) ’ (2.25)

where o# = (1,—0%) and 6# = (1,0%). Then we expand the fermion fields in terms of
complete sets { f1'(w)} and {f"(w)},

i@t w) = Y@ w), vt w) = Y e @ ), (2.26)
where the functions f}' and f" are real eigenfunctions of the coupled first-order differential
equations

_?V_%fﬁ(w) + Oy f1H(w) =M,V 2 ™ (w),
30 ] (2.27)
~SVTRM(w) = 0" (w) =MLV R (w),

where M,, = ]\]\/;[k’;

. With the normalisations

7 / dw V=2(w) £ (w) f(w) = 57, (2.28)

— 11 —



the action takes the canonical form
S=— / diay {0 o0, + ool + b, [pTe 4 o™ (2.20)

which is the action, written in the Weyl basis, for a set of Dirac spinors

(n)
p™ = <w+ ) (2.30)

with masses M,. With these Dirac spinors, the action takes the familiar form
S—i / a3 [3050,00 + Mg (2.31)

In order to compute the masses M,, we have to solve the eigenvalue problem (P.27). We
will do this numerically in the next section.

The coupled first order differential equations (.27) can be rewritten as two decoupled
second order differential equations in Sturm-Liouville form,

0, [V?00 f1 ()] + g (w) £ () = V2V 2 £ (w), (2.32)

where

2

We therefore know that the eigenvalues M, are real and well-ordered and that the eigen-
functions are real and unique. At this point we note that A — — A\ is equivalent to swapping
JE — f3, so we can therefore assume A > 0 without loss of generality.

Inspecting the equations, we note that f"(—w) satisfies the same equation as f7(w).
The uniqueness of the eigenfunctions then implies that they are the same up to a sign, i.e.
we have

f(—w) = frw), ™ =+l (2.34)
For the special case M = 0, the equations (.27) can be solved analytically, giving
fr=Cr(w+ Va2 +1)*5, (2.35)
However, this is a non-normalisable solution.

2.3 Numerical results

The asymptotic behaviour of the eigenfunctions is found by investigating the differential
equations (R.27) for w — oo and yields

o~ (-A‘Mir w4+ B w?%,) ,
301

(2.36)

- 12 —



where A and B are undetermined constants. As we have already noted, it is sufficient to
consider the A = (I 4+ 2) > 2 case. Then we have

fefe ~B2wS, [~ B3 (2.37)

This expression is not normalisable according to equation (R.2§) unless we require B = 0.
It is this regularity condition, which produces a discrete mass spectrum.

Let us now turn to the initial conditions. Evaluating the equations (R.27) at w = 0
gives

£1(0) ~ 22 F1(0) = W, £200). (2.3%)
From equation (R.34) we get
f=(0) = cf+(0),  fL(0) = —cf}(0). (2.39)
Equations (R.34) and (P.39) together give
f+(0) = fo; f1(0) = (% - CM)fo;

£ =chi 110) = (5 - el ) o (2.40)

so that the only choice we have in initial conditions is in fy and the sign of c.

The aim when solving the eigenvalue problem numerically is to identify the mass
eigenvalues M, corresponding to regular eigenfunctions. In doing this we apply a shooting
method. The actual value of fj is not important and can always be set to fo = 1. The
recipe is then to choose either ¢ = +1 or ¢ = —1 and guess a value of M. Then we
integrate the equations numerically up to very large w and compute the coefficient B in

A

the asymptotic behaviour (R.36) according to

B= lim w3 t3f (w). (2.41)
w—00
Different M give different values for B, and as we have argued above, only those giving
B = 0 are regular mass eigenstates, see figure [I. In order to determine all the eigenvalues,
we scan through a range of M for ¢ = +1 and for various [ > 0. It turns out that the
lightest masses are found for ¢ = —1. In general, odd (even) n corresponds to ¢ = —1
(c=+1):
f#(mw) = (=)" i (w). (2.42)
Numerical values for M are presented in table [I.
We can determine the parity of the eigenstates in the same way as in ref. [ff]. Consider
a transformation L : (¢,Z,w) — (t, —&, —w), which is a proper Lorentz transformation in
five dimensions. The four-dimensional interpretation is that of a parity transformation.
Acting on a spinor, the transformation is

Y(t, 2, w) — (—iy)(t, —Z, —w), (2.43)
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1.5
(M?+1)B

1

0.5

0.5 M

Figure 1: The coefficient B plotted as a function of M for A = 2 and ¢ = +1. The intersection
points B = 0 give the mass eigenvalues.

n=1 n=2 n=3 n=4 n=5 n==6
l=0|160" 2117 259~ 3.06% 3.51° 3.96"
l=11]227" 280t 3.29~ 3.77F 4.24= 4.70"
1=21294 348"t 398~ 447t 495~ 541"
l=3|361" 4157 467 517" 565° 6.13"

Table 1: Mesino masses in units of My with parity indicated.

which, using the expansion (.2() gives

<¢+> . (Zn 9, —f)f“(—w)) . <zn<—>w<_"> @ —f)fﬁ(w)> (2.48)
V- S W (t —2) 1 (~w) S () (2 fr(w))

where we have used the relation (R-43). In terms of the mesino field ©)(*) defined in equa-
tion (R.3(), we see that this has the effect

~ (n) (n) (n)
¢(n) — <zz_rn)> — (=) <z—(’—n)> _ (_)n(_mg) <¢@)> . (2.45)

From this result we see that even-numbered modes correspond to mesinos with even parity,
while odd-numbered ones have odd mesino parity. The parity of the lowest mass eigenstates
is indicated with a sign in table [l

For comparison, the massless scalar meson (the pion) has negative parity, as does the
lightest vector meson (p), whilst the lightest scalar meson, ay(1450), has positive parity.
See ref. [f].

It is interesting to compare the mass spectrum to that of the ordinary mesons. The
mass square ratio between the lightest massive mesino and the lightest massive meson (the
p meson, see ref. [f]]) is

M?  1.60°MZ,

m2  0.6TM2,

—3.8. (2.46)
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In comparison, the mass square ratio of the second lightest and the lightest meson is 2.4
(from this D4/D8-brane model) / 2.51 (experimentally). What we have found is that the
mesino masses are comparable to the meson masses.

3. Mesino interactions

We have found that the model predicts fermionic partners to the mesons, which we have
called mesinos. Their masses are of the same order as meson masses, yet they have no
counterpart in QCD or in experiments. This by itself presents a problem for this model as
a holographic dual of QCD. However, there is still the possibility that these mesinos do not
interact with other particles. If this is the case, we would be able to view this fermionic
sector as irrelevant since it does not affect the meson sector. This section is devoted to the
question of whether this is in fact the case. Specifically, we will investigate the coupling of
the mesinos to vector mesons as well as to an external gauge field.

As in previous sections, we shall consider only SO(5) singlet states. Thus we set
Apn =0, m = 6,7,8,9 and choose the other five components of the gauge field to be
independent of the coordinates of the S part.

If a gauge field is switched on the physics on the D8-brane is described by the Dirac-
Born-Infeld action, eq. ([L.f). We are interested in trilinear Yukawa-like couplings containing
just one boson. The commutator in a non-Abelian field strength necessarily introduces a
second boson. This would only be relevant if we would also consider two boson — two
fermion couplings. For this reason there is no loss of generality by considering an Abelian
gauge field.

3.1 Trilinear couplings

Trilinear Yukawa-like couplings arise from terms of first order in the field strength in the
fermionic D8-brane action (R.1). Both I'pg and Lpg contain a piece linear in F

1
I'ps r5<1 - 5r”raﬁfaﬁ + (’)(]—“2)>, (3.1)

Lps = —T2THUTYF, PDg + O(F?) (3.2)
Inserting the expressions into the action, we obtain the Yukawa-like coupling terms as
Sy = 2% / d%\/—_ge**i’@%rirﬂraﬁfaﬁ(WDV — AU
—z% / A%/ —ge ?U(1 — T[5)TTHTF, P Dy (3.3)

This vertex is simplified by imposing the Majorana and Weyl condition, i.e. just keep terms
with derivatives or three or seven I' matrices. The first piece just contributes

s§) = —ig / dgﬁx/—ge’d"f’%réraﬁ FapT0,¥ (3.4)
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Decomposing the spinor in the same way as in the determination of the spectrum eq. (2.17),
we see that this term vanishes. Expanding the second piece gives the following

S = —iT / d%y/=ge | U= (1 -T2)

1
2

1
—a (P T 0p + MgV T F 0 0y + My VAT Foy)0,) U
o 4

_ M,
o S VIBAE,, DIy
(6%

)

- e

-
1602

Farso (V—?’/Qr&fw + 2Mka1/2Pﬂ.7-"W> TS6789 | (3.5)

From now on, the raising and lowering of indices is understood to be performed by 7,
and 0. We also rescale W — V~=13/80. This has no effect except changing the overall
weighting function. The term arising from the w derivative can be dropped since it comes
with either one or two I' and does not contribute due to the Majorana property of the
spinors:

~

) T
e
a?Vy(2ra’)?

(VoETAFL 0" + MEVATEF,, 0" + MV "3 TF,, 0" ) @

_1
Sy = / d*zdwdQy b (1-19)

M
+ Uy VR, Ty

8
—@gi—fFﬁmg (VT2 TEF,, + 2 M THY T, ) D209y | (3.6)
We would also like to add a total derivative term to the interaction
+\I/% (1-19) v%rﬁfuwaw\p> (3.7)

in order to make the action more symmetric regarding the w derivative. The terms where
the derivative hits the function V or F),,, vanish due to the Majorana condition.

Now we employ the splitting (R.17) we used for the spectrum, perform the integration
over the four-sphere and use the normalisation for the v and x spinors

7 _
Sy = ~i5— / dizdw |4 (V‘7/27ﬁ}'w,8” + M,V =32y F 0

1 1
+§M5kvl/27ﬁfuw3w - 5‘9leka1/27“7:“‘“> v

- M,
—Hﬁ%w V_g/quyfyﬂ’yw

~ My,

—ip = (V37“”f;w+2MkaWWFWWI- (3.8)
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We also re-express the flux

Forsg = — (5 (3.9)

3 —4
3R <3 « Vi> . 2 Mkkv
gs \2 My

Js a?

As next step we go to the Weyl basis according to egs. (2.24) and (P.25) and expand
the fermions and bosons in terms of complete sets. The effective four-dimensional action

is then

Sy = M2 S / 412 [ F) (0702 + (<) uighery®)

™m,n,p
+tm7n7pM]ng}g7£) (w n)Tw.uw(P) ( )kw(,n)uauw(f)>
oy Mg FG) (w00 (= Fg gy P)) (3.10)
+Sm,n,pMk‘k;F;E:/n) (wi")Ta-Muqbg?) + (—)k¢£n)TU“V¢Sf))} ’

where kK = m + n + p + 1 determines the parity properties of the effective vertex and
M2 = 2nd (T)~/2/2 is a dimensionful quantity setting the scale for the interactions.

The purely numerical coefficients are given by

o = [ dw V) )7 w0 (3.11)
manp = [ dw SV (P22 = S 2+ VL), (3.12)
tnp = [ dw V2 ) 2 0) 2 ), (3.13)
s = [ dw 5 (V7 4 V) ) £ w) £ ), (3.14)

The coefficients have been simplified by using the parity properties of the eigenfunctions
£ cq. @39) and py, eq. (20
Written in terms of the Dirac spinors (R.30), this gives

= —iM 2 Y / diz (3.15)

m,n,p
[F‘ST) (jm’”’pqz)(nwﬂ(wkay&(p) - Sm,n,pMkki(n)VW(—V)klz)(p)>
+MkkF;S7£) <lm,n,p1/~1(n) (_,Y)kaul/j(p) + tm,n,pMkkiz(n)’Yu(’Y)klﬁ(p)>] .

Since this action is effective, the non-renormalisability of the first three terms is not a
problem. The last term is a marginal term, which minimally couples the (axial) vector
mesons to the (axial) vector current depending on the value of k.

Due to the properties eq. ([L.27) and eq. (R-43) the coupling constants satisfy the
following symmetry properties

jmpn = jmnpa lmpn = _(_)klmnpa

* _ * _ k
757711071 - _tmnpa Smpn - _(_) Smnp-
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m, ", P | Jmnp tnp lnnp Smn.p
1,1,1 0.42 0.0+ 0.0267 0.0 0.0 —0.117
1,1,2 0.073 0.029 — 0.0644 0.11  —0.039 — 0.042:
1,2,2 0.26 0.0 —0.00617 0.0 0.0 — 0.0514
2,1,1 | —0.068 0.0+ 0.177 —-0.33  —0.028

2,1,2 0.16  0.24 4+ 0.052i 0.13 0.011 — 0.049:¢
2,2,2 0.029 0.0 + 0.056% —0.040 —0.041

Table 2: The numerical values of the coupling coefficients for the interactions of mesinos with
(axial) vector mesons.

The integrals in these expressions can be computed numerically and generically produce
numbers of order 1. Table J lists these numerical values for some interactions. What is
important for our purpose is not the exact values of these coeflicients, but the fact that
they are non-zero and not very small.

The value of the coupling constants are determined by these coefficients as well as by
the factors Mi; and Myi. The string coupling ¢gs; and the constant a can be expressed in
terms of gauge theory quantities gyn and N, [[i):

3
1 9\2{'M Ukk 4 2 2 1
_ L . = (2R 2 (20N E M 3.16
o= o ml,, ¢ \UR 375 TN 2 Ml (3.16)

in the regime 1 < g2N. < gyay [ giving

My = o (R NePNoM, (317)
Notice that the only adjustable scale here is M. The coupling constants are therefore
given by a fixed numerical factor times the appropriate power of My,. Note that according
to eq. (B.17) the interaction scale My is proportional to the fourth root of the number of
colours so that the interaction terms scale with N, 1/ 2,

To fix the numerical factors, we can use the condition that the rho meson mass and
the pion decay constant should match experimental values. The experimental rho meson
mass is 776 MeV, which gives My, = 949 MeV. The pion decay constant f, is related to
the normalisation constant C in eq. ([.30), giving
9 1

17 = 37 (9 Ne) Ne M. (3.18)

Using N, = 3 and matching this to the experimental value f; = 92 MeV gives A = g%(MNc =
8.2. With these values we find M = 173 MeV = 0.18 My. The ’t Hooft coupling satisfies
the requirement to be larger than one, which is necessary for using classical supergravity
only. This restricts to small curvatures as usual in the AdS/CFT correspondence. On the
other hand, the requirement \ < g{,f\l/l is not met. It arises from the requirement that
the string coupling g; = e? ought to be small, which can only be satisfied up to a critical
radius Uit [ﬂ] The main reason for this failure is that we are using N, = 3 while the
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n,p | JVnp SY,n,p trnp  lanp
1,1 {079 —0.20¢ 0.21: —-0.38
1,2 | 0.096 0.089 — 0.0807 0.031z 0.15
2,2 | 0.58 0.137 0.14¢ —0.17

Table 3: The numerical values of the coupling coefficients for the coupling of the mesinos to the
electromagnetic field and the pion, respectively.

N, — oo and gyy — 0 in the 't Hooft limit. If we go to the 't Hooft limit with finite A\ the
interaction scale goes off to infinity and the interactions are suppressed.

Since the cross section for a particular interaction is proportional to the coupling
constant and we have found the coupling constants to be non-zero and non-suppressed, we
conclude that these interaction are not suppressed.

Other interesting quantities are the couplings of the mesinos to the external electro-
magnetic field and to the pion. We use the zero modes in the expansions egs. ([L.41)
and ([[.49). The mesinos couple to the external electromagnetic gauge field through

= —szfZ/d4 (9 V (x) — 61,1)“(33)> <J'v,n,p1,z(")7“(7)"+p6"1&(7’)

—Sv,n,pMkkT/;(")VW(—7)n+p¢(”))] : (3.19)
with the coefficients given by
P = [ dw VTR0, (3.20)
1 n
SVnp = Z/dw (wV*‘)/2 +z’V’3> £ ) (3.21)

The mesino interaction with the pion field is described by

S, — Mkk /d4 B <Mkktwn,p¢) iy (7))
Mg, np
Hag Bt (s
with the coefficients given by
lrinp = / dw V2 p) (3.23)
T %/dw (fi")fl(p)—fl(")fi Ly o )v 5/2 (3.24)

The numerical values for the lowest mesino excitations are displayed in table §.

As in the case of the massive modes the couplings are less than unity but still signifi-
cantly large such that they are not suppressed and have to be taken into account. Mesinos
couple in the Sakai-Sugimoto model to the photon and the pion. The couplings fall off as

N, Y2 and 1 /N, for the photon and for the pion, respectively.
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4. Discussion

In this paper, we have investigated the fermionic sector of the flavour brane in the Sakai-
Sugimoto model in the case of massless quarks and only one quark flavour, Ny = 1. We
found that there is a spectrum of mesinos (fermionic mesons) with masses on the same
scale as the bosonic mesons, set by the compactification scale My,. The presence of this
fermionic sector itself is a problem for this model as a holographic descriptions of QCD
as it is not part of QCD nor seen experimentally. However, one could have hoped that
the fermionic sector drops out in the low energy physics because of very high masses.
Our result shows that this is not the case — mesinos appear on the same energy scale as
mesons. This follows from the fact that the supersymmetry breaking scale is the same as
the compactification scale or meson mass scale, M.

Having found mesinos of similar mass as the mesons, we asked whether their interaction
with the mesons is suppressed. If that had been the case, we could have argued that the
fermionic mesinos represent harmless junk in the model, not affecting the meson physics.
We found explicitly that this is not so for finite V.. The interactions between the mesinos
and the mesons are not suppressed and cannot be ignored. The existence of mesinos that
interact with the mesons is a serious problem for the Sakai-Sugimoto model. This should
in fact not come as a surprise, as there is only one energy scale, My, in the model.

Most treatments of the D4/D8-brane model consider only the bosonic part of the probe
brane action and therefore do not encounter the mesinos. If the aim with the holographic
model simply were to reproduce QCD-like physics that would be justified. However, one
of the main motivations for studying this model is that it is a superstring theory model
where the D-branes are equipped with a supermultiplet of fields. We have in principle no
choice but to include the fermionic sector of the D-brane probe action.

The explicit breaking of the supersymmetry due to boundary conditions on the D4-
branes does not affect this point. The number of degrees of freedom in the particle spectrum
is still that of a supersymmetric theory but the mass degeneracy is lifted as we saw in our
calculation.

As said already, the problems exhibited in this paper stem from the fact that the
supersymmetry breaking scale is the same as the meson mass scale. One solution to it
could therefore be to disassociate these scales, i.e. have a supersymmetry breaking scale
different from Mj,. Then we could achieve a separation of mesino masses and meson

masses.
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