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Abstract

In this article, we investigate the possibility of approximating the physical inner
product of constrained quantum theories. In particular, we calculate the physical
inner product of a simple cosmological model in two ways: Firstly, we compute it
analytically via a trick, secondly, we use the complexifier coherent states to approx-
imate the physical inner product defined by the master constraint of the system.
We will find that the approximation is able to recover the analytic solution of the
problem, which solidifies hopes that coherent states will help to approximate solu-
tions of more complicated theories, like loop quantum gravity.

1 Introduction

Loop Quantum Gravity is an attempt to quantize General Relativity to obtain a
quantum theory of gravity (see [19] and references therein). In order to do so, one
first has to rewrite GR as a Hamiltonian theory, which leads to a constrained sys-
tem. The question how to quantize a Hamiltonian theory with constraints exists
for a long time [10, 6, 4]. The technical issues are, in fact, not too complicated.
The constraint functions C;, which are phase space functions in the classical the-
ory, become operators C; on an auxiliary, or kinematical Hilbert space Hp;,. The
classical issue of solving the constraints is, on the quantum side, transformed into
the task of computing the common zero of the constraint operators éﬂ/} = 0. Un-
fortunately, since the point zero is generically in the continuous parts of the spectra
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of the C’i, the space of solutions to the constraints will in general be no subspace
of the Hilbert space. Rather, the set of solutions will contain distributions, which
will not be normalizable in the inner product on Hy;,. So, even when the space of
solutions of é’ﬁ!) = 0 is known, it has no structure of a Hilbert space yet. In fact,
from various examples it is known that the choice of a ”physical” inner product is a
quite nontrivial task, and the resulting theory will crucially depend on this choice.
Generically, a lot of choices are possible which result in trivial theories, or nontrivial
theories that in no way resemble the features of the classical theories one started
with.

In Loop Quantum Gravity this issue is even more complicated, since the alge-
bra of constraints is tremendously difficult. Although it is possible to define the
Hamiltonian constraints [13, 14] (which then still contain a lot of freedom), the
diffeomorphism constraints cannot be implemented as operators on Hy;, [19]. Fur-
thermore, there are arguments that even if such operators could be constructed,
they could not be self-adjoint, which makes spectral analysis quite difficult (see, e.g.
remarks in [19, 12]). Nevertheless, a diffeomorphism invariant Hilbert space Hgiff
could be defined, which contained vectors invariant under the exponentiated diffeo-
morphism operators [3]. But since the Hamiltonian constraints do not even weakly
commute with the diffeomorphism constraints, there was no way of defining the
Hamiltonian constraints on Hg;rr, so the search for the solutions to the constraints
could not continue.

In 2003, a solution to this set of problems was suggested [12]. It is mainly mo-
tivated by the observation that a classical constrained system with an arbitrary
number of constraints C; can be replaced by an equivalent system with only one
constraint, the so-called master constraint M. Solving for all the C; simultaneously
or solving for M then leads to identical solutions. In the corresponding quantum
theories the constraint operators C; can be replaced by the master constraint oper-
ator M. Unfortunately, while on the classical side these two sets of constraints lead
to equivalent classical theories, this equivalence is not that obvious in the quantum
theory. In generical situations, there are a lot more solutions to M 1 = 0 than to
C’W = 0 for all 2. On the other hand, in generic models, even not all of the solutions
to the constraint, whenever one was able to compute them, had non-vanishing phys-
ical norm, electromagnetism being the first example. In many tested models, many
of the formal solutions of M = 0 also turned out to have zero norm in the physi-
cal inner product [5]. This reinforced the hope that the master constraint could be
used to define the physical inner product and lead to sensible results: There was the
possibility that the additional solutions were all spurious, i.e. had all zero physical
norm.

Still, even with the master constraint, the task of computing the physical inner
product is, for the case of Loop Quantum Gravity, technically very hard [16]. The
operator M is quite complicated and hence a spectral analysis is presumably not
possible analytically. On the other hand, this is nothing to be severely concerned
about, since the knowledge of the physical inner product would be equivalent to a
complete solution of the theory, i.e. a quantum theory which, in its semiclassical
sector, is believed to contain classical general relativity. But even of classical GR
one does not know all solutions (in fact, one does not even know how many solutions
one doesn’t know). So solving the complete theory is not something we can expect
at all. On the other hand, this is also not something that is necessary in order to do



physics. The situation is similar to the case of condensed matter physics, where the
Hamiltonian operator for a crystal with roughly 10?% particles can be written down,
but not one solution is known. And this is not necessary in order to do physics, since
no exact solutions are needed to make predictions about conductivity, magnetization
or the shear module of a crystal.

So what one needs in order to extract physics from the equations of LQG, are
approximation schemes for the physical inner product defined by M. In this paper,
we will investigate a simple cosmological model with only one constraint C and
try to approximate the physical inner product defined by the corresponding master
constraint M with the help of complexifier coherent states. These states have been
introduced by Hall [7, 8, 9] and investigated in [17, 20, 21]. They have properties
that make them useful tools for semiclassical analysis, in particular, they will allow
for an approximation for the physical inner product of our toy model.

There are, with some tricks, other possibilities to calculate the physical inner
product in this model analytically [11], without the need to employ the master
constraint M , and we will see that the approximation provided by the coherent
states in fact works. Furthermore, the solutions to the master constraint M that
are no solutions to the constraint C' turn out not to be in the physical Hilbert space,
as one hopes.

2 Preliminaries

2.1 The master constraint

Consider a phase space M and a set of first class constraints C;. This means that
the Poisson brackets between two constraint functions {Cj, C;} vanish at the phase
space points where all the constraints C; vanish. Then the space of all points m € M
with C;(m) = 0 for all 7 is called reduced phase space. The Hamiltonian vector fields
of the constraints X¢, generate flows that leave this reduced phase space invariant,
and the orbit space is called the physical phase space. All phase space functions
weakly commuting with the constraints, called weak Dirac observables, can then be
made into functions on the physical phase space, and will serve as observables.

Instead of solving all the (possibly infinitely many) equations Cj(m) = 0, one
can also define the so-called master constraint [12, 16]

Here K;; is a symmetric, positive definite matrix in the case of ¢ being a discrete
set. Otherwise, K;; has to be a positive definite operator kernel and the summation
over ¢ turns into an integration. It is straightforward to see that

M(m) =0 & C;(m) = 0 for all 1. (2.2)
Furthermore, for any phase space function f weakly commuting with the constraints:
{{M, f}, f} =0, = {C;, f} = Ofor all . (2.3)

So M enables us to derive the complete set of observables on the physical pase
space. This means that the physical phase space itself can be constructed from the



knowledge of M, so one does not lose any information if one goes over to M from
the C;. The final classical systems defined by both are in fact equivalent. This is
in fact independent of the actual choice of Kjj, so there are a priori many possible
master constraints. One can choose the one that is most useful, makes the sum
(2.2) converge and is the most convenient to compute. This freedom is quite useful
in the quantized theories [5].

2.2 Quantizing constrained systems

Consider a Hilbert space Hy;,, and a set of constraint operators C;. Let furthermore
Drin C Hiin be a dense subspace which is invariant under the action of the C; and
their adjoints C;r . A solution to the constraints is a linear form

l: Dyin — C (2.4)

with
loCl =0  foralli (2.5)
The space of all such linear forms ;hy . is a subspace of the algebraic dual of Z,:
Dohys  Dhein- (2.6)
In general, 7, . N0 Hyin = {0}, so the solutions to the constraints will not be

normalizable in the inner product on Hgs,. Furthermore, not only can ;hy s not
inherit the inner product from Hy;,, experience also shows that not all elements in
Qghy . are acceptable as solutions for generical models. Generally, is "too big”
to admit a positive definite inner product.

The task is now to find a Hilbert space H,4ys that is a subspace of Qghys. In
general, there will be a lot of them, and the issue of finding the ”"right” one is a
nontrivial question. One necessary condition for this Hilbert space would for in-
stance be that it supports the quantizations of observables weakly commuting with

the constraints C; as self-adjoint operators.

*
phys

The idea is now to replace the set of constraint operators C; by the quantization of
(2.1), the master constraint operator

Here the freedom to choose Kj;; has in fact to be exploited in order to arrive at a
well-defined operator.

One can immediately see that Dy, is left invariant by M, and for any linear
form I € 9;,,:

A~

loC; =0 foralli = loM =0. (2.8)
If 0 is only contained in the discrete (point) spectrum of all the Cj, then (2.8) is

an equivalence relation. But if 0 is in the continuous part of the spectrum, then
the converse of then (2.8) need not be true. So the space of solutions of M is
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potentially larger than the space of solutions to the constraints C;. On the other
hand, M provides a natural way to define the physical Hilbert space. In all models
checked so far, this Hilbert space turned out to contain no solutions of M that were
no solutions to the C;. Although there are no hard proofs available at the moment,
there are high hopes that this is the case generally.

2.3 The physical Hilbert space and rigging maps

Since M is formally symmetric and non-negative by construction, one can always
extend it to a self-adjoint operator. Of course, this has to be checked from case
to case, and we assume it to be true here. Then M is also positive and hence its
spectrum is a subset of [0,00). We furthermore assume that 0 is in fact in the
spectrum of M. Then, for each A € spec(M ) there is a Hilbert space H,, equipped
with inner product (-|-),. Furthermore there is a measure p on spec(M ) such that
each vector of Hy;, can be decomposed into

o= [y e (2.9)
spec(M)

and the inner product in Hy;, via

el = [ duy (5|60, (2.10)
spec(M)
These facts can be abbreviated by
D
Hiin = / ~dp(X) Hy (2.11)
spec(M)

which is called the direct integral decomposition of Hy;,. We neglect all discussions
about the mathematical subtleties of this construction and just state the fact that
the Hilbert space H) for A = 0 shall serve as physical Hilbert space.

Hphys = Ho, (1 )phys = (1o (2.12)

This procedure can in principle be applied to every system with constraints. In
particular, in the case of 0 being in the discrete part of the spectrum only, this is
just the definition of zero eigenspace of M. In the case of a mixed spectrum of M,
one has to decompose Hy;, into a ”discrete” and ”continuous” part and perform
this analysis for each part separately:

& &
Hkin = Hifn ©® szcn = / N d/jfpp()‘) HI)]\p D / N d:uac()‘) Hic'
specpp(M) specac(M)
(2.13)

Here "pp” and "ac” denote the pure-point- and the absolutely continuous part of
the spectrum of M. In the end, the physical solutions from each separate part
constitute the whole physical Hilbert space, in particular

Hpnys = HE' @ HGC (2.14)



Note that HE? C Hyp consists of the zero eigenvectors of M. For both cases "pp”
and ”ac” the Hilbert space Hy is a subspace of Qghys in the following sense: In
the direct integral decomposition ¢ € Hy;, corresponds to a map A — t(\) with
¥(A) € Hy. Denote the evaluation of this map at A = 0 as ¥(0). Then define for
each 1 € Hy;, the following linear functional:

ny] = ¢ — ($(0)]6(0)), (2.15)

So n provides a "projection” of Hy;, in Ho (which is a proper projection for the
pure-point case). On the other hand, since the decomposition of M¢ is given by
the map A — Ap()), it is immediately clear that 7 as defined in (2.15) maps 1) into
a solution of the constraint M, i.e. n[y]o M = 0. In the literature one also finds for
1 the name rigging map.

Although conceptually quite clear, the decomposition (2.11) is in general nontrivial,
as the spectral analysis for an arbitrary self-adjoint operator can be highly compli-
cated. This is also the fact for the master constraint operator of LQG. Although
the operator has been constructed explicitly [16], its complete spectral analysis is
currently out of reach.

2.4 The operator §(M)

We now would like to find a way of approximating the solutions of M, i.e. the linear
functionals (2.15) for all v € Hy,y,. For this we observe

nwle = (¥(0)]¢(0)),
=/ 1 ) EOTN o), (2.16)

M)
= (|6(M)]|9),

where 6(M) depends on du(\). The "operator” §(M) is, of course, no operator but
a quadratic form which will not exist for all ¥, ¢ € Hy;y,, but only for those vectors,
whose decomposition into A — () is regular at A = 0.

Equation (2.16) now enables us to express the linear form 7] without directly
computing the direct integral decomposition. All we need is the construction of a
S-function for the measure p on the spectrum of M. For this, the knowledge of the
measure p is, of course, sufficient, but not necessary. All one needs to know is the
rate at which the measure ”diverges” or ”"goes to zero” at A = 0.

If 0 is in the discrete part of the spectrum, the measure p is a Dirac-measure
there, and the delta-function is just a usual Kronecker-delta. In this case the integral
(2.11) is just a sum over A = 0 and hence 5(M) is a proper projection operator which
maps Hpi, onto its subspace ng .

If 0 is in the continuous part of the spectrum, the measure y can behave very
singularly at A = 0. This is supported by the following observation: Consider the
didirect integral decomposition of a self-adjoint operator fl, whose spectrum is the



real line, and whose spectral measure p ; is the Lebesgue measure dA. Then the
operator A? has [0,00) as spectrum, and its measure j 4, is then ﬁd)\, which
diverges as A tends to zero. So by taking powers of operators, one changes the
behavior of the spectral measure at A = 0.

So, an educated guess for a delta-sequence are the functions

2

A e (2.17)

If the parameter a € R is chosen correctly, so as to match the degree of divergence
of the measure p at A = 0, then this diverges to a multiple of the §-distribution at
A =0, as t tends to 0. Determining « can be nontrivial. On the other hand, there is
a different way of calculating the physical inner product without the need to know «
explicitly: Choose a vector 1 € Hy;y, such that in its direct integral decomposition
one has

0 < [[o0), < oo (2.18)
Then one has
lim 6_7]; = lim - e_MT = lim e v
O lem [y T e le T [y Y e [dp(A) ((N)]e” T w(A)a
- lim; o #7° 6_%2 = (2.19)
limg o s7@ [ du(A){(N)]e™ 5 [(A)a
1 ~
= ——— §(M).
o, "

Here, the equalities have to be understood in the sense of quadratic forms. This
shows that, by employing a ”reference vector” i one can save oneself from the need
to explicitly calculating . The resulting physical inner product is then rescaled
such that n[y)] has unit norm in the physical inner product. One now has shifted
the problem of finding a to finding a reference vector that satisfies (2.18). But
since the set of vectors satisfying (2.18) is dense in Hy;, for A = 0 being in the the
continuous spectrum of M , one would think that finding such a vector is not too
complicated.

3 The model

As a test of full LQG one can focus attention to symmetry truncations of LQG,
in the hope to get technical insight in soluable situations which are still valid in
the full theory. A particular class of truncations modelling cosmological situations,
called Loop Quantum Cosmology (LQC), has received a lot of interest recently
[2]. We will apply the approximation scheme we have in mind to the easiest LQC-
model possible: that of a spatially homogenous and isotropic universe without any
matter fields. For the case of a nonzero cosmological constant, the physical Hilbert
space has been constructed in [11]. The case for vanishing cosmological constant is
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different, since then the zero is not in the discrete part of the spectrum any longer.
It is this case that we will investigate in this article.
The metric the model describes is

ds® = —dt* + a(t)? (da? + dy® + d2?). (3.1)
The canonical variables that resemble the Ashtekar variables in full LQC are
p = a’, c =— (3.2)

which have

{ep} =1 (3.3)

In the case of Loop Quantum Cosmology, p is allowed to actually take values in R,
so as to allow for a change in orientation. Note that this normalization differs from
the literature by a factor of 81mvGn /3 [2].

The constraint of the system is given by

3
C = —24sgn(p) - /Iplc? + 3Av/|p|?. (3.4)

The kinematical Hilbert space Hy;, of LQC is the space of almost periodic functions
in ¢, which has the functions

V) = ¢ — €'3° veR (3.5)

as a basis. So Hy;, is not separable, since it has an uncountable basis, a feature that
it shares with the Hilbert space of full Loop Quantum Gravity. The quantization of
p acts on Hy, via differentiation by c:

plv) = 51w, (3.6)

whereas ¢ is not definable as an operator. Rather, one has to employ exp(i\¢) for
all A € R as multiplication with the corresponding function of ¢, via:

M)y = [N+ 2v), (3.7

which shows that the failing weak continuity of A\ +— exp(iAé) is the reason why
one cannot define ¢ without the exponential. This amounts to a problem when
attempting to define the quantization of (3.4), since it explicitly contains c. This
problem occurs in a similar fashion in the full theory, and it is resolved in LQC by
introducing a parameter po and approximating ¢ by o 2 sin?(poc).

If ¢ < 1/, the two functions are quite similar, thus, if ug is sufficiently small,
the function will be a good substitute for a large part of phase space. The lat-
ter function, however, can be quantized on Hpg;,, which results in the following
constraint operator:

. AN 2 — 3
N sin pocC ~ 2
¢ = —24< m ) sgnp \/Ip| + 3AVIp| , (3.8)

n full LQG the parameter 1 is not necessary, because spatial diffeomorphism invariance ”swallows
it up” there. In LQC the spatial diffeomorphism group has been gauge-fixed so that one has to deal with
Lo as an artifact of the model



where

3 3
L v+ pol2 — v — po|?
sgnp /|pl |v) = o V) (3.9)

is the quantization of sgnp +/|p|, that results from the attempt to keep the quanti-
zation scheme as close as possible to the ones employed in Loop Quantum Gravity.
The introduction of the scale pg induces a splitting:

M = P Hs (3.10)

56[074“0)

where each Hs = span{|v), v € § + 4p0Z} is separable and left invariant by the
constraint. Thus, one can calculate the rigging map for each sector & € [0,4uq)
separately.

3.1 Solutions to the Constraint

We attempt to calculate the physical inner product for the above cosmological model
with A = 0. For this, we first use a trick that has been employed in [11] to compute
the physical inner product for the case with A # 0 of Riemannian cosmology.
For this case the 0 is in the pure point spectrum of the constraint, and hence the
eigenvalue problem could be solved explicitly. It was reasoned that this stays true
for the case of Lorentzian cosmology with nonzero cosmological constant. If A is
set to zero, then Riemannian and Lorentzian cosmology become indistinguishable,
and then 0 is not any longer in the pure point spectrum of C. Still, the trick used
in [11] will make it possible to compute the physical Hilbert space analytically.

Since the trick is in principle not applicable in full Loop Quantum Gravity, we
will also try to calculate the physical inner product without using it. Furthermore,
since without the trick the constraint operator is no longer symmetric, we work
with the master constraint operator M = CtC instead. In this setting, the master
constraint operator will be too complicated to derive the physical inner product
analytically, but the coherent states will enable us to approximate it well enough.
This is precisely what one expects also in full LQG In particular, we will find the
approximate solutions being close to the solutions previously obtained analytically,
which will show that the coherent states are in principle useful to approximate phys-
ical inner products. It will also demonstrate that, although the original constraint
operator C has been replaced by M , which has potentially many more solutions,
the physical Hilbert space computed from M consists of solutions of C only.

3.2 Riemannian cosmology with and without cosmolog-
ical constant

We shortly repeat the results of [11]: There, the Hilbert space was the same that
the one used in the Lorentzian case we are looking at, but the constraint looked
differently. In particular, it was given classically by

3
CRiemann = 24Sgnp : |p C + 3A\/ |p 2 (311)



The trick is to modify this constraint by multiplication with ]p\_%, to arrive at the
(up to the points p = 0) classically equivalent function

CRiomann = 24¢* + 3Ap. (3.12)

By introducing a length parameter 1, as shown in section (3), this function can be
quantized on Hy;, as

sin pgoc
Ho

from which the physical inner product was computed in [11]. The only solution to
(3.12), which has nonzero physical norm, was calculated to be

3
| = J — | (A 3.14
Z ﬁ_zfig <2A,u8> Al ( )

,\e—ﬁgﬂpoz

2
CA’Riemann =24 < > + 3Aﬁ7 (313)

where J,,(x) is the n—th Bessel function of first kind. In particular, although there

exist solutions to the constraint in every sector ¢ € [0, 4ug), only the solution in the

sector 0 = 4pup[l — mod (ﬁg, 1)] has nonzero physical norm. Here, mod (z, y)
0

denotes the remainder of x/y. So by the constraint, one sector is allowed, and the
resulting physical Hilbert space is one-dimensional, as assumed for a theory with
zero degrees of freedom.

If one lets A — 0, neither does the solution (3.14) converge, nor does the sector
6 in which it is defined. So, in order to investigate the case A = 0, we have to
calculate the physical inner product explicitly, instead of taking the limit A — 0 of
the already known solutions. Classically, this amounts to

C = 24c% (3.15)
Since the quantized constraint
. 2 A~
¢ =24 2 10C (3.16)
Ho

is self-adjoint, we do not gmploy the master constraint, but calculate the rigging
map (2.19) directly with C. We have to compute (2.19)

where |vg) is a reference vector for correct normalization.
Since C' is bounded, we have

e = S U Lomy)

n=0

00 n 2n
=S EE (2L st o).
n: /‘0\/%

n=0
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With definition of e*0¢ one can see that

1 v—u 4n ) v
. X L (—1) %o _ for €z
(ulsin® (o)) = § T 1 < 2n + (3.17)
0 else
So in what follows, assume % to be integer. Then we have
c? vou SN (—1)" < 6 )2"< 4n >
vie 't = (—1)o —F —
_ L i (1" < 6 >2" I'(4n +1)
— nl p3V't P2n+ 14+ 75T 2 +1 - TF)
[e.e]
—1)" T'(4n +1)
A el n 3.18
(=1) nz::o nl ¢ T@n+1+N)T2n+1-N) (3.18)
with the abbreviations
v—pu 6
N — 5 a =
dpo PVt
Now we use the identity
o .
—1)" 1 100
S EW py = L [ ds s 00, (3.19)
=0 n: ™ ) _ico
(see e.g. [1], p.559), for f being as in (3.18). A coordinate transformation s = —Z41
yields
S D" o Dn +1)
— nl 'n+14+N)T'(2n+1—-N)
I I(4s+1
= — ds T'(—s) a* Us+1)
270 ) _ino '2s+1+N)I'2s+1—N)
e )
BT ST o ¢ ey sy
icot+l 27 14 2 1
Using again (3.19), we get
S D" o P(n +1)
2l T2n+1+N)T(2n+1-N)
1
_ 1 1 f: =)™ —n I (=) '
S FG-4+N)T(E-1-N)
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So, finally:

ey = ED (ugg/ff S v <u3ﬁ>’5 r (2

we get

nllv)][p) = lim e dw (3.20)

2
=0 (e T o)

if % is an integer, 0 else for any |vg) € Hgin. Since the result does not depend in
the choice of |vy), we might take any one.

From this we see the following: The physical Hilbert space is not separable, it
consists of the linear forms

=Y (AL, d€(0,4p)
AES+4ApoZ

with the physical inner product

(lé ‘ la >phys - 556'

So it decomposes into uncountably many one-dimensional, orthogonal subspaces:

Honys = € C.

d€[0,4p0)

This shows an important fact: Although the classical system under consideration
has zero degrees of freedom, the corresponding physical Hilbert space Hppys of
the quantum theory has uncountably many dimensions. Also, the theory is not
superselected, since the operators

Oy :=sin(\é), A>0 (3.21)

are self-adjoint (with respect to the physical inner product) and commute with the
constraint, hence turn into Dirac observables on the physical Hilbert space. These
observables act irreducibly in H,pys, hence the physical Hilbert space is not super-
selected.

The fact that the quantum theory behaves so significantly different from the
classical one can be traced back to the quantization procedure. Since the constraint,
the phase space function ¢?, has no quantization on Hy;,, one has to come up with
a different operator and chooses 2 sin2 ¢ for some fixed jup. This pg introduces a
scale into the theory that has not been there before. Had one chosen the uncountable
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set of constraints A~2sin? Aé for A > 0, which is classically equivalent to ¢ = 0, then
the only solution for this system would have been the linear form

L= (vl (3.22)

veR

In this case the space of solutions to the constraints had been one-dimensional right
from the beginning, but the definition of the physical inner product would have
been harder (though unnecessary in this simple case).

Note that the unphysically large size of Hy,s should be considered as an artifact
of the model, resulting from the introduction of the scale pg to a formerly scale-
invariant theory, i.e. going over from (3.15) to (3.16). This feature does not occur,
if the model already containes scales, i.e. determined by massive matter fields or the
cosmological constant A (as, for instance in [11], where the physical Hilbert space
is onedimensional, as expected). Still, the results, of course, depend on the relation
of the scales from the theory and the scale from pg, as one can see i.e. in (3.14).

3.3 The Lorentzian case

The computation of the physical inner product in the case of vanishing cosmological
constant has been possible explicitly, because the constraint (3.11) had been changed
into the classically equivalent (3.12). Unfortunately, this trick is not available for
the full theory, for some important reason: To become an honest operator in full
Loop Quantum Gravity, the density weight of a phase space function has to be +1!
But multiplying with a nonzero power of the triads E{ (which correspond to p in
the cosmological case) changes the density weight, hence destroys the quantization
scheme. The honest constraint is therefore

. AN 2 /\
A sin poc .
C = < m > sgnp v/ |pl, (3.23)

We would like to consider this constraint instead of (3.16). In this form, the physi-
cal inner product can no longer be calculated explicitly, but we will show how the
complexifier coherent states will be able to provide an approximation scheme for it.

We start by giving all solutions of the constraint equation
loCT =0. (3.24)

In particular, the solutions are, for § € (0,4pu0):

lap) = > §+M S\, abeC, (3.25)
Aeotapoz IA T+ o2 — [A = pol2

whereas the solutions in the sector § = 0 are the following:
a

l(a,b) = 3 3 (A + (0], a,beC. (3.26)
etz | A+ o2 — [A = pol?

Notice that the space of solutions is two-dimensional in each case, consisting of one
bounded and one unbounded solution. This means that the set of coefficients I(, 3)|))
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in (3.25) and (3.26) are either bounded or unbounded. The bounded solutions are
normalizable in the kinematical inner product for the case § = 0 only!
The Master constraint is quite simple, since there is only one constraint:

M = C'C, (3.27)

i.e.

— : A\ 4 —
. . [ sin pgé .
M = /|plsgnp ( > sgnp \/[p| (3.28)
Ho
From this form it is immediately clear that the solutions (3.25) and (3.26) satisfy
lap) 0 M =0. (3.29)

Still, there are more solutions to (3.29). These are, in particular, for 6 € (0, 4p):

Z C)\2 + d)\3

3 s (A, ¢ deC. (3.30)
estapoz A+ 102 — | — pol 2

lN(cvd) -

The linear forms (3.30) solve (3.29), but not (3.24). So, as one would have guessed
from the outset, there are more solutions to the Master Constraint than to the
original constraint, and it is common belief that the additional solutions will turn
out to be spurious, that is, have zero norm in the physical inner product yet to
compute.

The form of the master constraint (3.28) is too complicated to give a closed
expression for (v| M2 |p), which is needed in order to compute the rigging map
(2.19). It is at this point, where the coherent states come into play, since they allow
for an approximation of (3.28), as will be shown in the following.

3.4 Coherent states

The complexifier coherent states have been defined in [7, 8, 9] and their properties
have been investigated in [17, 20, 21, 18], where their particular use for approxima-
tions has been pointed out. We will use the simplest of these states, in particular
the ones for the gauge group U(1). They are defined on each Hs = span {|\), A €
0+ 4upZ}, with § € [0,4u0), by

32 .
) = > eI M, (3.31)

AES+4p0Z

The complex number u = ¢ — ip that labels the coherent states resemble the phase-
space coordinates. With our conventions here, the states are peaked in phase-space
around the points (—2¢, p/s?) with width s. Hence, s plays the role of a ”classicality
parameter”.

The coherent states have a number of properties that make them useful for
approximations. In particular, they provide a resolution of unity via

14



Ho % de
Vrt J_= 2w
)

Furthermore, the coherent states approximate classical states in the following sense:
Given a phase space function f(c, p), the expectation value of the operator f :=
f(¢, p) in a coherent state |c — ip) is, up to corrections in ¢, given by

2
/dp e 2 lc —ip)(c —ip| = idy,. (3.32)
R

(c—ip| f |c — ip)
(¢ —iplc —ip)

~ f(=2c, p/s?), (3.33)

where the quality of the approximation depends on f, and will in general not be
equally good for all phase space functions [18].

To calculate the rigging map corresponding to the Master constraint M accord-
ing to (2.19), we need to calculate

o0

Wl = Y () eI, (3:34)

n=0

which exists, since the basis vectors can be shown to be analytic vectors for M.
Because of (3.34) we need to know matrix elements of even powers of M in arbitrary
basis states |v), |u). This cannot be done analytically, due to the inconvenient
structure of (3.9) in the operator M , but the coherent states will provide a way of
approximating (v|M?2"|u), in the following way:

With f = M?, M being the master constraint of our model, we will find a
generalization of (3.33), in particular

(= ip [ Fle=ip) _ 5( iy, PP File—C)
<C'—Z'p'|c—ip> ~ f( ( + )+ (p p)7 952 >, (3.35)

where f is the analytical continuation of f in both variables. This continuation is
possible for f = M?, since M? is in fact real analytic in both variables. Hence,
to approximate (v/|M2|j), we first compute the matrix elements of M? in coherent
states <u|M2|v>, with u = ¢; — ip1, v = cg — ip2, and then use (3.32) to write

2
- p
(| N1 ) = 0

Tt 2 21 2

Ko 1O

dc dc _P2+p2 N
/[ s 1_2/Rgdp1dp2e T (o) (o] M fu) {ul ).

This will enable us to develop an approximation of (v|M?2|u). After that, we will
employ the completeness of the |v)-basis on Hs to compute

(VM) = > WINP I OV A2) - - et [V ). (3.36)
A1, A2, An—1€6+4p07Z

Since there is no closed expression for the result available, we will use another ap-
proximation in order to arrive at a tangible expression for (V]M 2n| ), the quality
of which will depend on v, u, making the approximation phase-space dependent.
Afterwards, we will plug these approximations for (v|M?2"|p) into (3.34) and inves-
tigate the limit ¢ — 0, in order to arrive at a final expression for the rigging map
(2.19).

15



4 Computation of (v|M?2|u)

4.1 Expectation value of the Master constraint in co-
herent states

With

3 3
L= v+ po|2 — v — pol?
sgnp /|p| [v) = o V)

= Pv |V>7

the action of the squared Master constraint on a vector |v) is, via (3.28) given by

- 1
Mz’”> ~ 956 Pupz+8uopv+16uo v+ 16p0)

—4 pupy+12u, (p12/+8u0 + p3+4,m) v+ 12p0)

+ pupvisuo (607184, + 160514, + 607) |V + 8po)

— Pubvsane (4P0isue + 280514, + 2405 + 405 _4pg) v+ Apo)
+ 05 (0580 + 169740 + 3605 + 1600 40 + Pisyy) V)
— Pubv—apo (405 —spuo + 24001y + 2405 + 4P} 1 ay,) |V — 4po)
+ pupv—8uo (605 sy + 16p5_1,, + 6p3) |V — 8p10)

2 2
—4 puPu—lZ;m (Py_guo + p,/_4u0) ’V - 12/,LO>
+ PuPy—sug Pr—16u0 |V — 16110} | . (4.1)

The coherent states in the sector § € [0,4u) are given by
82 N
)y = 3 e T ey,
AES+4poZ

As shown in [11], this state, labelled by the complex number u = ¢ — ip, is (in our
notation) sharply peaked around the point (—2c, p/s?) in phase space with width s.
One gets, for two coherent states |u), |v) :

(| M? Ju) = (4.2)

2
—W+p2) s i(vu—po
E : E : e~ ()T gilrun )Pu+auopu+buopu+cuopu+duo Ov,+2ep10
terms v,u€d+4poZ

with integer numbers a,b, ..., e. In order to evaluate this, we write

2
Px+apo Pr+buo Pr+cpo Pr+dug = (w + m/:“()) + :ugA + R(z) (4'3)

16



where

, a+bdc+d 1 1 a? + 2+ d?
S N e A= = _ —
m 1 , 5 16(a+b+c+d) 1

(4.4)

and limjg|_,o, zR(x) < oo. If we neglect R(z), we get

(U’ M2 ’u> ~ Z Ze_)@sz e_(em0)2s2 eiA(u—T)) ei(e,uo)(u—i-ﬁ) [()\ +mMO)2 +M3A]

terms )\
N2 5\ 2 s 2
-y () () () (45)
terms
N\ 2
—(A—jy=2 2
< Y O (o) 4 3A]
AES+4poZ
with m = m/ — e. Applying the Poisson summation formula we get
)\ s U—U 2 2
S O 0 g?
AESHL0Z
1 2mndi _s27mn 5)2 .2
= —>» e /d:ne Yo Te (x Z%?) [(x +mpo)” + oA (4.6)
Ko nez
_ 1z (1;;26)282 (5~ 7”;2>252 Yu-v._;m™m ; ! 2A
—% 8—26 S e H0 ZQ—.Sz_ZW—FmMO +2—82+,u0 .

Reinserting this into (4.5) we thus obtain

~ 2tndi __Tn 22
CIE ) ~ [ Ty S () (4.7)

nel

iepo u+v —(euo . . 2 01 o u—v
X Z e )%s {(Z_Q_ZS 2ty ) +?(5+22(%SU—£—52 >mp0)+p(2)(m2+A):|.
terms

Calculating the sum over the different terms explicitly, taking the prefactors in (4.1)

17



into account, we obtain

Z ieto(ut) ,—(epo)?s®  _ 652 6652 sin® z
t z=i(u+v)po
erms
Z eze,u,o(u—l—v —(eup)?s =0
terms
Z pieto(ut+v) ,—(epo)*s (m2 + A)
terms
_ 1 632:—2 19 cos 8ugz —i—lOQCOS 6oz
~ 16 |z=i(u+o)0 48 Ho 6 Ho
— 487(308 40z +55cos 2002 —35
12 Ho 6 #o 48
1 202
. )
=: 166 E mi(ut D)o ¢(2)
So
. 2mndi “75 T 2 2
(v] M |u) \/ Ze moe (52 - “O_Sg> ’ (4.8)
nez

2 2 2

205 . 8 ( 2 ) Uy 227
X e’ 022 sin” z j U0 _;_1n 1 —e 2922 z
|: 8 z:i(u—‘,—f})uo (Z 252 MO‘5 > + 252 + 16 ® Z:Z(u‘i"f))uog( )

4.2 Matrix elements of M? with respect to the basis
vectors
We use the result from the last section to calculate now arbitrary matrix elements

of M2. For this, we need the resolution of unity provided by the coherent states
(3.32):

. % dpe £ e —ip)(c —ip| = idy,. (4.9)

so we have:

2 2 2
R 1 dcl d02 _pitpy ~
(V| M?|u) = W—S% S dpydpy e (v|v)(v] M? |u)(ulp)
uo > o

(4.10)

with u = ¢ — ipy, v = ¢; — ip;. To make life simpler, we will split (4.8) up into
several parts before inserting and perform the integrations separately. Expanding

18



the first exponential derivative in (4.8) into a power series, we obtain

~ 2mndi
(| M? |u) = 1/ Ze "o e
Ho

neL

RS
Ho 82m

2mndi  _
X E e Ho e

2m a2m

m! §z2m |

_ 2
(ufv_ ™ ) 52 9
252 M()S2 ((iu—i i ‘rrn2) + 1 >

n

2
_ 2
U 335) i (o + ) ((58-rm) + 1)

nos?

sin® 2
(po(u+2))

2s nos 252
neL
2 2
2mndt  _ __Tn ) 82 Zi
E e H e 252 Hos? Moo, ¢(2).
= 16 z=i(u+0)po
n

We insert now term by term of (4.11) into (4.10). We start with the zeroth order
term of the derivative expansion:

2 2 2 s2 2 2
Mo d61 dC2 V_TLI) il _( 2) . _pit+p3
Vrs6 27 21 dPl dpy e \"2) 2 T \WTWE) o giver gminez o T T
w88 Jj—m ez 2m 2w

x sin® [,uo(cl Yo —i(ps — pl))} (4.12)

; 2
2mind P2+P1*1(62*C1)+Z~ n ) §2
X g e ko 252 1o s2

. 2
+p1—1lca —c L™ 1
b2 T p1 2(2 1)—1—1 . + S|

2s HoS 2s

Since the exponentials and the sine function are all invariant under the substitution
c1—c+ i—’g, this integral has the following form:

uo dCl 2mn 2ming dcl
— = — 4.1
/ i Z f<01+ ) e Ho /]R 5 f(e1) x(e1), (4.13)
where
> 2mind
x(er) = D Xz xy(er) e o (4.14)
n=0

is a sum over characteristic functions. This gives us

2 2 2 2 2
_Pp sZ _ __ P2 P1+P2
v ?) T ¢ (“ Zf) T giver pincs T o0

dCl uo d62

dpy dpy e (

RQ

x sin® [,ug(cl Yo —i(ps — pl))] (4.15)

. 2
+p —i(cyg — ¢ 1
<p2 p1—i(co 1)) N

P2+p17i(627c1)>282
potpy—ilea—cy)

x x(c1) e( 2s

252
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Now consider the integration over c¢;. Notice that the modulus of the integrand is
dominated by a Gaussian times a polynomial, where the width of the Gaussian is
proportional to s. So, for small semiclassicality parameter s, the main contribution
of the integral over ¢; will come from the point where the gaussian is peaked, that
is —cg € [- X, Z]. At this point, x(—cz) = 1. Therefore we have for the integral:

1o Juo
2 2 2 2 2,2

P1 s 2 . pi+p

dcl “O dc? V_ 52> 2 e_(“ 2) 7 giver p—ipcs e__Q_lzs 2

x sin® |:,u0(Cl +c2 —i(pa — pl))]

<p2 + o —iles — 01)>2 I L] (4.16)

(P2+P1*i(02*01) ) 252
2
X e 2s

252 252

X (14 0(s™))

We omit the (14 O(s*°)) in the following calculations. Shifting the integration of
c1 by ¢ and rescaling the integration of ¢y by g, we obtain

de dc o232 (%2 uev. o pi4ed
/ 1 2 dp1 dp2 1/ 52) 2 . (,u Sg) 3 ewc1 Z#O e Lo

x sin® [262 + po(er — i(p2 — pl))] (4.17)
< o - (a=tizytea) 2221“’2)) 1 (o —ilp1+p2) ?
252 252

Note that the integrand is analytic in ¢;. We now make a shift of the contour of
integration of c¢o by i(p1 + p2). When doing this, one has to take care about the
convergence of the integral. As one can check, no problem arises in our case. We

obtain
2 2 2.2 e 2, 2
/dq/ C;@/ dpy dps e_(y_zs%> ) e_(ﬂ_%z> 2 v(P1tp2) eiuq—z“uo c2 e_p_12:1’2
_x 4T JR2
c% 1 C2
x sin® (2¢2 + po(cr + 2ips)) e 32 (@ — ﬁ) (4.18)

It is now convenient to carry out the integration over co. We notice that

W . 1 j
/ % sin®(2cy + a) eN? = %(—1)% < 4Ef¥ > it 19

g 2m
when N is divisible by four. We get:
v 232 2 2 2 2
%(—1)@? 1 6 ( 4+8u7u >/ %dm dpp o ) % () et -
s R3

4p

Ltng, —<t (1 c
X e "2 Ve n? | — — —|. (4.20)



Integration over c; gives:

1 | 8 (y_r1\’2 _(_p2)\’s2 _ pi+03
1) 40 dpy dps e (V ;2_) 2 e (,u ;2_> 2 VP2HPL o7 g2
RQ

a6 D" e | 4y v

)

x e () <”+“>2 (4.21)

1 y_p 8 v+p 2 2
— _— (12 vus
256 “°<4+”“>< 2 > “

dpg

We now reinsert the correction that we have omitted since formula (4.17) and are
left with

ﬁﬁl)ﬂ < ‘ot ) <V;M>2 e (14 0(5)). (4.22)

4p

For all higher orders of the exponentiated derivative in (4.11) we obtain similar but
more complicated expressions, that have in common the fact that they stay finite, as
s tends to 0. The integration over the term containing ¢ in (4.11) is easily performed
and yields, up to terms of order O(s?):

s2

M% dCl d02 dpl dp2 e_(,/_i%)Q7 e—(u—57>2 522

16V 76 [_%7%]2 %g R2

2, 2
pi+py 2 92

X eVl e ¢ a2 e 0: z=i(u+D) o ¢)
ping  (P2tp1-iler—er) L mn )2
X E e2uo5 e(%#ﬂuo_sg) s (4.23)
neZ
2 1193 109
— @ R v—p + —51/7#
32 | 48 Ing 4 6 4ro "3
487 55 35
20, 2, 18 OJznfo| AHOG):
T e T Pl T as o) O

We now go back to the formula for the resolution of unity in (3.32) and notice that
the right hand side does not depend on s, so

idy, = lim idy, (4.24)

L 1o 77:)@ RV
—21_1)% \/@/_ﬂ%T/dees]c ip)(c —ip|.

o

This allows us to drop all terms of order O(s) in our approximation, and we are left
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with

- 1 v=p 8 v+ p 2
2 ~ _— (_1)\1

4pg
2
P2, veu [193 109
— —(=1)%™0 |—§),_ — 0| 4.25
32( ) 0 |:48 4;1,: 74 + 6 4#:‘,3 ( )
NS SO
12 |52 6 |mhr 0 48 R0

Note that the approximation now comes from the neglection of the R(x) - term in
formula (4.3), but not any more from s-corrections, since we have gone over to the
limit s — 0, in which all these terms vanish.

5 Computation of <V\M2”\,u> for n > 1 and rig-
ging map

5.1 Expectation values of M2

The approximate formula for the matrix elements of M? have been calculated in
the last section. As demanded the approximation vanishes if % is not an integer.
If it is, the matrix elements can be approximated by

(V| M? ) ~
(—1)N 8 v+ )
256 4+ N 2
193 436 974 220 35
+ —#(2)5|N\,4 + —#(2)5|N\,3 + —#(2)5|N\,2 + —#(2)5|N\,1 + —#(2)5|N\,0
6 3 3 3 6
with N = ’:l;é‘ So
2
2 (=Y 8 vtp

with R being correction terms that we neglect for the time being.

Since the |v) with v € § 4+ 4ugZ provide a basis of Hg, we can easily compute the
matrix elements of M?":

com o (DY 8 8 8
(V’M ’M> ~ 2567 Z < 44+ Vz;j)l 4 + A1—A2 4+ An—1—H

A1 € 6 + 4uoZ 4p0 a0

)\nfl € + 4/.1,02

" v+ A\ A+ A 2'“ An—1+p 2
2 2 2 '
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It is very difficult to give a closed expression for this formula. Still, we want to show
a way of calculating these matrix elements in principle. For this, we first rewrite
the summation:

v—p

e ~ oy T, 25)] 62)

ll,.. AnGZ k=1 "
Zklk 4H0

n
<11
k=1

B 2

—l-/le

j=k+1

Note that, whenever 2 1 é‘ is not an integer, the sum is empty and thus, by convention,
0, as demanded. Because of

2
2
i+ Mo Z lj = d— ea’“(yﬂ po o521 + 1o Xk )
daj |, _g
Jj=k+1 ap=
(5.3)
and
2
_ db ib(’f“— lk>
521&%,% _/0 %e Ho ) (54)
We can rewrite (5.2) in the following way, after shifting each of the sums over [; by
—4:
<V|M2n| > ~ (_1)% Z /27r lk+4n> ﬁ 8
HE 56 I
117 77L€Z k=1
n 2
% H d_2 e (55 = o SEZ1 G + o i U + 4po(n—2k+1))
k=1 k |ap=0
v—p
(—1) 0 > /27r db (-, betan) [ﬁ( 8 >]
= n (5.5)
256 LT e et Ui
% ﬁ _2 ﬁ d_2 64%#0("—%4‘1) lkMO(ZJ 11% =kt aj)
da?| da?2|
k=1 k|ap=0 | k=1 k |ap=0
By the binomial formula, this is
_ 2w v
W] M2 |p) ~ ﬂ/ db iv( ‘g tan)
256" 2w
n 2 n
4a n—2k+1 8
X H@ By [T e*eo=20 (1 4 Gi(an, ... an, b)) (5.6)
k=1 ai= k=1
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with

Ck(aly sy Qp, b) — 6“0(2?;11 aj_Z}L:k+l aj) _ib- (57)

It is now straightforward, though tedious, do perform the 2n differentiations. Since
d ~ \m ~ n = n—

di(l +G(@0)" = nsgn(l-k) (1+G@Eb)" = (1+G@ED)), (58

it is predictable that the differentiations and setting of @ = 0 afterwards will yield
the result

H 9.2 H e4akuo(n—2k+l) (1 + (k(al, e G, b))8 (5‘9)
da?
k=1 k |a=0 el
8n | |
- Z anm(V7 :u)(l + 6_2b)8”—mezbm7
m=0

where the P, ,,,(v, t) are polynomials in v and p. Since

21 o v— . . -
/ @ezb( 4H(l; +47l> (1 + e—zb)8n—melbm — < SHMm > (510)
0

2T

v— vV—
sn - m _ () (s Y (5.11)
4n+%—m 8n 8n—1 ’

dn+ B —m+1 ( N )
v ),
qn—m+41 4Tl+ﬁ

and

the form of the result is known:

N -1 G0 8n

phar ) ~ S Quan (4, o ) (5.12)
where @, (v, 1) is another polynomial in v and pu, consisting of linear combinations
of the P, ., (v, ). However, it is a considerable computational task to obtain the
polynomials P, ,,,(v, 1) for higher m, and, to the best of the authors’ knowledge,
no closed formula for them exists. So, although one can compute the approximate
matrix elements of (v| M2 |u) explicitly order by order, no closed formula for them
is known.

5.2 Further approximations

In order to compute the rigging map approximatively, we start again from formula
(5.2)

v—

r2n —~ (—1)% ol 3
e ~ S0 S T, 5] (5.13)
ll,---JnEZ k=1~
Eklk:%
n [ 2
v+ =
X < 2M —Ak(l)> ]
k=1L
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with

Ak(f) = Uo lj — Mo Z lj. (5.14)
j=1 j=k+1

Now assume that v — p is small compared to v + . Then the summation of the
i ranges over —4,...,4, and since the binomial prefactors are nearly Gaussian
distributions in the [, it is safe to assume that the largest contribution to the sum

will be made by products, where all the [;, are close to 0, compared to 4, hence the

Ak(f) are much smaller that "JQF“ . So, as a test, we could expand formula (5.13)

—

into powers of the sums over the Ag(l):

v—

(V| MP" ) ~ % > kﬁ{[(ﬁljlk ﬂ

l1,...,ln €Z
Dl =g

<V§”>zn 2y A <”§’“‘>2n_1 (5.15)

k=1

X

n 2 n V+M 2n—2

7 72

+ |2 (ZA,@) =) A(D) < 5 ) + ..
k=1 k=1

For what follows, we assume n > 1, since only then are the Ak(f) # 0. The cases

n =0 and n = 1 are trivial and already known respectively.

Now first we observe that

Soosh= Y Y ), (5.16)

L,oosln €7 li,...,ln€7  o€Sym,
Cile = Tog Yl = Ty

where Sym,, is the permutation group in n elements and J(f) means the vector,
of which the n entries in the vector [ are permuted according to o. Our second
observation is that

S D Ale(l)) =0, (5.17)

0€Sym,, k=1

so the "linear” term in (5.15) vanishes, and, keeping only the first two terms of our
expansion, we are left with

v—

(V| M |y = % > f[ K 4‘flk >] (5.18)

li,...,ln €Z k=1
Lle = Ty




B (—1)% 8n v+ )"
- 2567 4dn 4+ Z=£ 2

40

(_1)1;—(’; v+ p 2n—2
* 256™n! 2

- (2] S sy

l1,...,ln €Z k=1 oeSym,, k=1

e
Dile = dpo

Let us consider the middle term in formula (5.19). First we note that

1 & . n—0,—UL)+(n—3)Ip_1—1l2)+ - +2({n13 —Iln1) nodd

Ly = {0 D) ) (Ings —1os)

Ho = (=1 =)+ =3)lp1— )+ +(lzg1 —lz) n even
(5.20)

So, squaring this, one obtains a sum over two different types of terms, in particular
(lo—1,)> and (o — ) (I — L), (5.21)

where in the first term a and b are different and in the second term all a, b, ¢ d are
different. Just because of this, terms of the last kind cancel when summing over
Sym,,:

> lot@) = lo)lo(e) = lo@)) = 0. (5.22)

oE€Sym,,

So we can only keep the terms of the first kind and, with (5.20), we obtain:

n 2
> (Z Ak(G(D)) = ud > (=12 oy = lo)® + (0= 3)2(Ugtno1) — lo@)* + - ..
k=1

o€Sym,, oc€Sym,,

— (- 2D Yl ) (5.23)

k=1m=1

where

12+32+...+(n—1)2 n even
. (5.24)

224+ 42+ ...+ (n—1)? nodd

26



A short analysis reveals that k, = %(n — 1)n(n+ 1), independently of whether n is

even or odd. So, combining the results from (5.19) and (5.23), we get

rv—p 2m
~om N (—1) 3o 8n v+
WIM™ |p) ~ <4n+ o 5 (5.25)
(—1)% n+1 (v4p\>"? - 8
2u3 l
T e 3 ( 2 > 2. [H<4+lk>z(k
117-- 7lneZ k=1 k,
Zklk =k

>3 Aol

l1,...,ln € oc€Sym,, k=1
Eklk = Z;O
Now
n n 2
Sk —1m)? =nd I} - <Zlk> (5.26)
k,m k=1 k=1
and thus
(- (8 + )"
[2n ~ ) n vtTp
(W[ M p) =~ 256" (4”"‘2;5 >< 2 > (5.27)

B 2(—1)ﬁn—|—1 8n v\ (v —p\?
256" 3\ dn+ Tk 2 4

v—p
—1) %0 n(n+1) (v+p\"? e 8
2!
N

_ lm)2

lly" yin € k=1 k=
Ll = T
(D)0 (14 p\ 22 n g n .
= S5l > (U ais )] 2 2 A
l1,...,ln €7 Lk=1 oeSym,, k=1
Eklk = Z;g

Let us now evaluate the last line in this expression. With a bit of algebra one can
show (for n > 1):

b5 fer - (§) 3 ()

" 0€Sym,, k=1 k<j

(5.28)

of which we only keep the first term, because the second one is small compared to
it for large n.
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=t 2n
~om _(=1) %m0 8n v+ u
WM™ |p) ~ e <4n+ Lo 5 (5.29)

2(—1)ﬁn—|—1 8n v\ (v =2
2567 3\ 4n+ 4k 2 1

e 2n—2 n n
o (=)0 202 —n+3 (v+u 9
T Mg 3 2 2. I1( , +z k-
l,... lnGZ k=1 k=1
Dl = 4#0
The constrained sum can be evaluated by means of the same trick that has been
applied to calculate the constrained sum (5.2). Without showing all the steps again,
one obtains:
> (.0, )] 2
117 .. ln E Z k=1
Zk lk 4H0
= - 8 5.30
- n Z H 441 (5.30)
L,...,lnez Lk=1
el = 4#(,:
d2 2 db A i)\ 2\ 8(n=1)  _jpr—n
— Y —4a a+i 7 1
nda2‘a:0/0 o € (1+ ) <1+e ) ¢
8n 8n —1 8&n — 2
=10 (i ) <00 (S ) ¢ 50 (0 e )
With formula (5.11) one can calculate
8n 8n —1 8n — 2
16< - >_56< . ) +56< - ) (5.31)
4n—|—4m’; 4n—1—|—wé‘ 4n—2—|—4m’;
_ (16— 112n i 7 vV— 2 8n
8n—1  (Bn—1)n \ 4uo dn + % ’
Inserting (5.30) and (5.31) into (5.27) gives:
(—1) o 8 + o\
r2n ~ N n VvVt p
(V| M7 p) ~ 256" ( dn + ok ) < 2 ) (5.32)
. (—1)22—5 8n o (V+ 1 772 (pn—1) 2n? —n+3
2567 \ dn+ 45 ) Mo\ 8n — 1 3
ﬂ
(—1) %o 8n G (v 2 (v—p\? 1 n—
- L 1 1 21
T amer \dne g JH0\ T 410 38n—1(6n 16n+21).
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In our calculations we have assumed n > 1, but formula (5.32) also produces the
right result for n = 1, as one can readily see. Note that the binomial coefficient
for n = 0 produces a 0 for v # u. For v = u and n = 0 the binomial coefficient
gives a 1, as does the whole expression (5.32). So for n = 0 the expression (5.32)
equals d,,,, as expected. Hence, the approximation formula is valid even for all n > 0.

5.3 The physical inner product

We see that, considering v — p being small compared to v + u, the first term in
(5.32) is large compared to the second and the third, although not uniformly for
all n. Since, to compute the rigging map, one has to sum over all the orders of n,
the contribution of the two correction terms could be considerable, if v + u is too
small. So we see that for small v + p, the major contribution might not come from
the zeroth order term, but from the corrections. Fortunately, one can calculate the
corrections to the rigging map order by order, which we will do now. The zeroth
order term is

v—

T 2n
~ on _ (=1)%m0 8n v+u

The rigging map is given by :

S0 o ERL | NP )

nllv)] 1) = lim ZE= : (5.34)
=0y (n!tzl (vo| M2 |vg)
where |1g) is a reference vector. With the abbreviations
v+ u V—U
= , N = . 5.35
3200Vt 4po (5.35)
we can make use of the integral (3.19)
— (—1)" I'(8n+1
= 2nl I'4n+1+4+ N)I'(4n+1—N)
1 fioo=e I'(8s+1)
- (- 2s
omi ) T T N T s s T V)

where the integration contour is chosen to pass slightly left from the pole at 0. We

now apply a coordinate transformation 8s 4+ 1 = —r, so we get
1 floome I'(8s+1)
— ds T'(—s) a® 5.37
Sl P SO AL v 7 Py e o P (5:37)
1 —too—1+e . T (rtl
= - / dr T(—r)a™ & —p— (5 )1 _
1670 Jico—1+4< F(3-§+N)T(3-5-N)
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Observing that the integrand has no poles in [—1 + ¢, —¢] X iR, we can shift the
integration curve and obtain

1 100—€ el P(%l)
wm/_m_g“(‘”“ TG MIGoE ) (0:3%)
Lot s (=)
P IR e e e

This means that, reinserting a and N from (5.35), only the n = 0-Term survives in
the limit:

fim ¢ i (-y" <V+u>2” - (8n+ 1)

t—0 — nl \32ut dn + 1+ TE)T( k)
_ L3207 (5) (5.40)
8 v+ v—U 1 _ v—p ’ :
() (a5
Together with
1 1 r—p
1 = 2 (-1 (5.41)
v— T
F( * 4MO>F(5_ 4m§b>
and (5.34) we arrive at the result
21/0
v ~ 5.42
il ~ = (5.42)

The above calculation can be carried through likewise with the correction terms in
(5.32), which yields, after some careful analysis:

NI

2V()
~ 5.43
i = |22 (543
2 1 (1) 2
po [} (m\B (21, 303 (v
v+ pu o 64 256 \ 4uo
20 |1 <@>(%) r(g° 1 E_E(V—uf
v+ 10 mesc (§) - (1:1—_#)2 4 16\ 4pu ’
HO

For the calculations with the corrections, the choice of vy results in a choice of
normalization of the rigging map. However, the dependence of the normalization
on vy is complicated. In (5.43) a particular normalization has been chosen, to make
the formula comparable to (5.42).

5.4 Discussion

First note that the choice of the reference vector |vg) is only a choice of normalization
of our rigging map. It does not even have to be from the same sector ¢ € [0, 4pg)
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than v and p. Note further that in our approximation (5.15) we assumed that v+
is large compared to v — p. In particular, the zeroth order approximation (5.42)
cannot be trusted if this condition is violated and, as one can see, it even diverges if
w approaches —v. We will now discuss this formula for the sectors d =0 and 6 # 0
separately.

5 € (0, 4up):

The rigging map we have produced suggests, as a zeroth order approximation,
that

)~ Y —— L (5.44)

1
Aevtauoz 1A T V|1

where the result should only be trusted, where A =~ v, and both A and v are large.
We know that by construction (2.19), n[|v)] solves the master constraint, i.e.

nv)] o M = 0. (5.45)

In chapter 3.1 we calculated the solutions to the constraint C explicitly. There we
saw that in each sector 6 € (0, 4p) there are two solutions (3.25), one of which
is bounded and one of which is unbounded. For all sectors § # 0, the unbounded
solution goes like |)\|%, whereas the bounded one goes like |/\|_% for |A| — oo.
Furthermore, the master constraint M has two further solutions in each sector,
given by (3.30), which behave asymptotically like |)\|% and |/\|%, respectively.

For fixed |v), the approximation stays bounded in the regime where it is supposed
to be a good approximation to the real n[|v)], and goes asymptotically like ])\]_%.
Although this is not quite the right asymptotical behaviour, it is safe to assume
that the true n[|v)] is the bounded solution

1
)] = Y 3 7 (Al (5.46)
NES+4p0Z A+ pol2 — |X — pol2

i.e. the one going like \)\\_%. So, although the approximation (5.44) does not recover
the exact asymptotical behaviour of the physical solution (5.46), it is good enough
to identify the right solution (5.46) among the four possible ones (3.25) and (3.30)
in each sector § € (0, 4p0).

Numerical comparison of the different approximations (5.2) and (5.32) with the
real values for (v|M2"|p) for different n indicates that the approximation provided
solely by the coherent states (5.2) is quite good, whereas (5.32) is not quite that
accurate. This shows that the reason for the slightly different asymptotic behaviour
of the final approximation of the physical solution compared to the one expected is
caused by further simplifying the formula in chapter 5.2, in particular by by going
over from (5.13) to (5.18). This was necessary in order to bring the expressions
into a form such that further calculations were possible, but it happened at the
cost of accuracy. Still, the approximation formula can in principle be improved by
computing and adding further corrections, such as happened with the first order
corrections in (5.43).
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Note that in particular, although the rigging map was defined by the direct inte-
gral decomposition of M (2.19), the physical Hilbert space contains only solutions
of M that are also solutions of C. This shows that, although one had replaced C
by M, no information is lost, and hence the master constraint programme proved
to be the right tool to define the physical Hilbert space in the presence of a non-
self-adjoint constraint.

Note further that since, analogously to the case of chapter 3.2, in each sector
0 € (0, 4pup) there is exactly one solution of nonzero physical norm (hence all other
solutions in the same sector are spurious), the Hilbert space is again non-separable,
in particular it contains

P C c Hpnys (5.47)
66(0741"0)

Hence, in the sectors § € (0, 4u0), the result for the physical Hilbert space provided
by the master constraint is the same as for the simplified self-adjoint constraint
(3.16), which in fact is classically equivalent to (3.23) apart from p = 0. So the
more complicated, non-self-adjoint constraint (3.23), together with the master con-
straint leads to the same physical Hilbert space as the simplified constraint (3.16).

6=0:

The case of 0 = 0 has to be treated differently than the case § € (0, 4u0). The
reason for this is that the vector |0) is contained in Hs—g, which corresponds by
(3.6) to the classical singularity p = 0, defining the points in phase space where the
two constraints (3.16) and (3.23) differ classically. Indeed, |0) is an eigenvector with
eigenvalue 0 of (3.23)

. AN 2 e~
. sin poc R
&0 = ( e ) senp v/Ipl[0) = O, (5.48)

but not of (3.16). Hence the solutions of (3.23), given by (3.26), have a different
structure than (3.25): There is no bounded solution with asymptotical behaviour

|/\|_%, instead there is the eigenvector |0). This eigenvector constitutes Hj’ and
has to be excluded from the following discussion, which deals with H§ only (see
chapter 2.3).

Although there is no analogue of (5.46) in the sector with § = 0, the approxi-
mation that has been calculated gives

)l ~ S — L

1
Nevtauoz 1A T V[

even for v € 4ugZ, i.e. in the sector 6 = 0. So the approximation scheme treats
all 6 € [0, 4p0) equally. In the case for § # 0, (5.44) has been interpreted as an
approximation to the solution (5.46), which, as we have seen, does not exist in this
sector. Thus, it is not clear which solution the rigging map approximates, if any.
We attempt to interpret this as follows:

The disappearance of an analogue to the solution (5.46) for 6 = 0 can be traced

back to the appearance of sgnp+/|p| in the constraint (3.23), which results in an
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eigenvector of C (hence M ) with eigenvalue 0. The eigenvector |0) of C has to
be removed from the analysis, since discrete and continuous spectrum have to be
treated separately in the direct integral decomposition®. Hence, the Hilbert space
Ho has to be replaced by span{|v) | v € 4ugZ\{0}}, which is a sub-Hilbert space
in Hy of codimension 1. The coherent states, however, are defined on all of Hj,
in particular the projection to |0) is nonzero for all coherent states in Hp, i.e.
states (3.31) with 6 = 0. So, by using the coherent states for the semiclassical
approximation on the sector § = 0, one is extending the space one is allowed to
look for solutions. So we have to conclude that the approximation provided by the
coherent states are not appropriate for the sector § = 0, since, strictly speaking,
there are no coherent states living on this sector. Thus, the approximation cannot
be trusted at all, and we conclude that there is no physical solution in the sector
6 = 0. Hence, the whole physical Hilbert space is

Honys = HP O HE = span{[0)} & € C. = P C (5.49)
0€(0, 4p0) 5€[0, 4p10)

6 Summary and conclusion

In this article, we computed the physical inner product of a simple cosmological
model. We did so in two different ways: Firstly, we rewrote the classical side before
quantization, in order to arrive at a much simpler constraint on the quantum side,
the physical inner product of which could be computed easily. In each Hilbert space
‘Hs, there are a bounded and an unbounded solution to the constraint, and the
bounded one was constituting the physical Hilbert space H,uys, while the other
solution was ”spurious”, i.e. not contained in it. In the model calculated Hpyy, is
non-separable. This unphysical feature is a result of the quantization procedure,
which brakes scale-invariance of the classical theory. Still, this was no particular
problem for our calculations.

Secondly, we attempted to compute the physical inner product directly, with-
out rewriting of the classical side. This resulted in a system which is classically
equivalent up to points with p = 0 on the phase space. The constraint of the new
system is non-symmetric, which is why we employed the master constraint method
to arrive at a self-adjoint constraint. Since the formulae for this operator were too
complicated to compute exactly, we relied on the complexifier coherent states to
approximate the physical inner product. This has led to interesting results:

Similarly to the case already observed, on each sector 6 € (0,4p9) there are a
bounded and an unbounded solution, showing that rewriting on the classical side did
not change the quantum theory significantly on the parts of the phase space where
the two classical theories are equivalent. The sector § = 0 contained the eigenvector
of p belonging to vanishing momentum p = 0, which defines the phase-space points
where the two classical theories do not agree, and indeed the solution structure of
the quantum constraints changed significantly. What did not change is the physical
Hilbert space. Although now containing an eigenvector, |0), the resulting physical
Hilbert space H,xys Was isomorphic to the one computed from the simpler model.

2In particular, one has to perform the direct integral decomposition separately for each part of the
spectrum, leading to a different choice of normalization vector |vg) in (2.19)
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So rewriting the classical theory changed the structure of the solution space in
quantum theory at the particular points, where the classical theories disagree, but,
after going over to the physical Hilbert space, leading to the right result.

The approximation of the physical inner product with the help of the complexifier
coherent states was good enough to indicate that for each sector § € (0,4p0) the
bounded solution was chosen to constitute the physical inner product, while all
the unbounded solutions turned out to be spurious. This demonstrated firstly that
going over to the master constraint did not change the quantum behaviour. In
particular, although there are many more solutions to the master constraint M
than to the original constraint C, computing the physical inner product with M
still resulted in a physical Hilbert space consisting of solutions to C only. Hence
the additional solutions provided by the master constraint did not contribute to the
physical Hilbert space, showing the strength of the master constraint programme.

This demonstrates that the complexifier coherent states provide a way to approx-
imate physical inner products. Furthermore, the corrections to the approximated
rigging map can in principle be calculated order by order (the ”perturbation pa-
rameter” in our case being the distance to the region of phase space where the
approximation was to hold best) and be added to the previously obtained result,
granting a way to improve the approximation by adding more and more correction
terms.
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