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Abstract

In this paper, we provide the techniques and proofs for the results presented in

our companion paper concerning the consistency check on volume and
operator quantization in loop quantum gravity.
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1. Introduction

In this paper, we deliver the necessary techniques and proofs for the results discussed in our
companion paper [20]. The consistency check on the method of quantizing triads by means of
the so-called Poisson bracket identity is performed. This identity allows us to replace triads by
the Poisson brackets between the Ashtekar connection and the classical volume and places a
prominent role in the dynamics of LQG [3]. The consistency check is made by constructing an
alternative flux operator based on the Poisson bracket identity whose action is then compared
with the action of the usual flux operator, quantized in a standard way as a differential operator.

In particular, we show that one must consider the electric field of LQG as a pseudo-
2-form, since otherwise no consistent alternative flux operator can be obtained. Note that,
classically, the electric field can be considered either as a 2-form or as a pseudo 2-form; the
symplectic structure is insensitive to that when simultaneously changing the relation between
the extrinsic curvature and the connection appropriately. Furthermore, a consistent alternative
flux operator can only be achieved if one uses the volume operator introduced by Ashtekar
and Lewandowski /VAL [6]. The Rovelli-Smolin volume operator /VRS [5] is inconsistent with
the usual flux operator. The ambiguity of VaL caused by regularization can be uniquely fixed
by this consistency check. Moreover, since we apply the formula for matrix elements of the
volume operator developed in [16], this formula is tested independently through our analysis
here. Additionally, we could demonstrate that when considering higher representation weights
than the fundamental one of SU (2) for the holonomies involved in the alternative flux operator
the results stay invariant. Hence, we get no ambiguities in the quantization process. Finally,
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the factor ordering of the alternative flux operator is unique if one insists on the principle of
minimality.

These results show that instead of taking holonomies and fluxes as fundamental operators
one could instead use holonomies and volumes as fundamental operators. It also confirms that
the method to quantize the triad developed in [3] is mathematically consistent.

This paper is organized as follows. In section 2 we review the regularization and definition
of the fundamental flux operator for the benefit of the reader and in order to make the
comparison with the alternative quantization easier. In section 3 we derive the classical
expression for the alternative flux operator. In section 4 we describe in detail the regularization
of the alternative flux operator and arrive at its explicit action on spin network functions. In
section 5 we draw first conclusions about and determine general properties of the expression
obtained in section 4. In section 6 we compute the full matrix elements of the alternative flux
operator. In section 7 we show that the chosen factor ordering is unique within the minimalistic
class of factor orderings mentioned above. In section 8 we compute the matrix elements of the
fundamental flux operator. In section 9 we compare the two flux operators and discover that
there is a perfect match for any value of £ if and only if C., = 1/48, if and only if the electric
field is a pseudo-2-form and if and only if we use the AL volume operator. In section 10 we
rule out the RS volume operator explicitly. In particular, we stress that the fact that the RS
volume operator is inconsistent could not have been guessed from the outset. The consistency
check performed in this paper is non-trivial and should not be taken as criticism of the RS
volume but rather as a mechanism to tighten the mathematical structure of LQG. In section 11
we summarize and conclude. Finally, in appendices A—E we supply the detailed calculations
and proofs for the claims that we have made in the main text.

2. Review of the usual flux operator in LQG

The classical electric flux Ej(S) through a surface S in LQG is given by the integral of the
densitized triad E{ over a 2-surface S

Ew(S) = / E¢nS, 2.1
N

where 15 is the conormal vector with respect to the surface S. In order to define a corresponding
flux operator in the quantum theory, we have to consider the Poisson brackets between the
classical electric flux and an arbitrary cylindrical function f, : G'EM! — C, where G is the
corresponding gauge group, namely SU (2) in our case:

b
(E(S). fy (hehecri) = 3 (EL Bodaa) 50— 22)
ecE(y) e)AB

We experience that the Poisson brackets between E} and f, can be calculated whenever the
Poisson brackets between E} and the holonomy (/.)4p are known. As the latter cannot
be calculated on the manifold directly because terms including distributions would appear,
we have to regularize our electric flux and also the holonomy. Then we will investigate the
regularized Poisson brackets, remove the regulator afterwards and hope that at the end of
the day we will obtain a well-defined operator. The regularization can be implemented by
smearing the 2-surface S into the third dimension, shown in figure 1, so that we get an array
of surfaces S;. The surface associated with ¢+ = 0 is our original surface S.
We define our regularized classical flux as

1 +€
E (S) := Z/ dt Ex(S:). (2.3)

€
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Figure 1. Smearing of the surface S into the third dimension. We obtain an array of surfaces S;
labelled by the parameter ¢ with ¢ € {—¢, +€}. The original surface S is associated with t = 0.

up

down

Figure 2. Edges of type up, down, in and out with respect to the surface S.

The corresponding operator E, «(S) in the quantum theory is then defined as
Ex(S)f, =i lim LEES), £} (2.4)

We have to derive the Poisson brackets between E; (S) and any possible cylindrical function
fy. For this purpose, we can reduce the problem to investigating the Poisson brackets for
any possible edge that is contained in the graph labelling the cylindrical function. The edges
appearing can be classified as (i) up, (ii) down, (iii) in and (iv) out. Therefore, if we know the
Poisson brackets for any of these types of edges, we will be able to derive the Poisson brackets
between E} and any arbitrary f,. The calculation of the regularized Poisson brackets can be
found, for example, in the second paper of [1]. After having removed the regulator we end up
with the following action of the flux operator on an arbitrary cylindrical function f,,

8f)/ (he’)e’EE(y)

-~ i Tk
ES)f, == Y €S [—] , 2.5
K8 fy =56 2 €| 5| U as 2.5)
ecE(y)
where 7} is related to the Pauli matrices by 1, := —ioy. The sum is taken over all edges of the

graph y associated with f,. The function €(e, S) can take the values {—1, 0, +1} depending
on the type of edge that is considered. It is +1 for edges of type up, —1 one for down
and O for edges of type in or out (see figure 2).

If we introduce right invariant vector fields X¢, defined by (X f)(h) := (% fe™n) |r:0,
we can express the action of the flux operator by

E«S)f, = ief) Y ee. HXLf,. (2.6)

ecE(y)
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The right invariant vector fields fulfil the following commutator relations:
[XI, X3] = =26, XL 2.7

By means of introducing the self-adjoint right invariant vector field Y* := —%X k. we achieve
commutator relations for Y which are similar to that of the angular momentum operators in
quantum mechanics

(Y. Y] =ien Y. (2.8)

Consequently, we can describe the action of E(S) by the action of the self-adjoint right
invariant vector field Y. gk on f,,

. 1
Ex(S)f, = —Eef, D ele. Y S, (2.9)

ecE(y)

3. Idea and motivation of the alternative quantization of the flux operator

Recall the definition of the regularized classical flux E(S) in equation (2.3). We take the
Poisson brackets of the Ashtekar connection A} and the densitized triad E ,f given by

{AL(), Ef(0)} = 8 (x, )8, 3.1
as our fundamental starting point. If we use a canonical transformation in order to go from the
ADM formalism to the formulation in terms of Ashtekar variables, we have two possibilities in

choosing such a canonical transformation that both lead to the Poisson brackets above. These
two possibilities are

| Ai = F({ + ysgn(det(e))K({, E} = %ek”e“bceZeé
3.2)

I A, =TJ+yKl, E{ = Leg e ejel sgn(det(e)).

Here I" Z, is the SU(2)-spin connection, KL{ is the extrinsic curvature, and y is the Immirzi
parameter. Due to the two possible canonical transformations, we also have two possibilities
in defining an alternative densitized triad

det(e)ef = Lex e eel al
Ef = | Jdet(@)e! = Lerse? sgn(det(e)) eje’. = {Eak,n (-3)
— k>
=S

where eﬁ is the cotriad related to the intrinsic metric as g, = eé ei. From now on, we will use
E,‘f’l and E,‘:’H, respectively, for the two cases.
Now the idea of defining an alternative regularized flux

+€
EZN(S) = % / a BN BN = / E M ng 34
—€ '

is to express the densitized triad £ in terms of the triads as above. So instead of quantizing
the densitized triad directly, we could use the above classical identities, quantize them via the
Poisson bracket identity, and check whether both quantization procedures are consistent. The
main difference between these two definitions is basically a sign factor which we will denote
by S. From the mathematical point of view, both definitions in equation (3.4) are equally
viable, thus we will keep both possibilities and emphasize the differences that occur when
we choose one or the other definition. However, note that case I leads to the anholonomic
constraint det(E) > 0 emphasized also in [13], which already seems unlikely to be reproduced
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by quantizing E as a vector field on some space of connections. Note that the precise distinction
between case I and case II is often forgotten in the LQG literature where one treats *E as a
2-form (I) when convenient and *E as a vector density (II) when convenient. While this is
classically immaterial as long as X is orientable, we will see that in the quantum theory this
becomes crucial.

If we parametrize the surface integral over S;, we obtain for the alternative flux

P e[y (X @) X5, )][eL(X @) XE, )], Ef' = det(e)ef

I/II(SZ) _ ) 3.5)

/ du e[ (X @) X5, )]S[eL(X @)X, )], EP = det(@et,

t

where we used the expression of the conormal vector n 5’ = €4qr X 7, X ", (u) associated with
»U3 JUy

the surface S, in terms of an arbitrary embedding X : (—1, +%)2 — S: (uz, usg) — X (u3, uq).

Our strategy in quantizing the alternative expression of the electric flux will be as follows.
First of all, we express the triads such as ¢} in equation (3.5) in terms of the Poisson brackets
between the components of the connection Aj and the volume V (R), given by {Ai, V(R) }
Here V(R) = [, d>x./detq is the volume of the region R. This kind of quantization procedure
was first introduced in [3] in order to derive a well-defined expression for the Hamiltonian
constraint in the quantum theory and is used in various applications in LQG nowadays. By
comparing the action of the alternative flux operator with that for the usual flux operator later
on, we are able to verify whether this particular way of quantizing leads to the correct and
expected result. Therefore, this can be seen as an independent check of this particular method
of quantization. As the second step, we replace the connection by holonomies, for which
well-defined operators exist. For this reason, we will have to partition each surface S; and
consider the limit where the partition gets finer and finer. This will be explained in more
detail later. Before we apply canonical quantization and replace the Poisson brackets by the
corresponding commutators, we want to get various issues out of the way.

3.1. Replacement of the triads by means of the Poisson brackets

As before we derive the relation between the Poisson brackets {Aj, V(R)} and the cotriads
for both expressions of E} in equation (3.5). The explicit definition of the densitized triad
E} in terms of the e} enters the calculation. Thus it is not surprising that the final result is
different for the two cases:

KS s Ea,I _ 1 abc s t
—=38e, 0 = Eek”e eye,
(A}, V(R)} = h Lo (3.6)
—Eef,, E} = S €ksi€ ecSele!.

By using the above identity and inserting it into equation (3.5) we get
= du e { A (X @) X5, (), VR HALX W) X6, (), V(R)},
5,

~ EST = det(e)e?
EMsn=1," (el 3.7)

: du e { A (X @) X5, (), V(R }S{ALX ) X, (), V(R)},

E} I = Jdet(g)ef.

Here V(R) is any region containing US;,t € [—¢, €], and we used SS € {0, +1} and thus
could completely neglect the sign factor in the case of E] = det(e)ef, because classically

K2
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Figure 3. Partition P, of the surface S; into small squares with a parameter edge length €’.

the 3-metric is non-degenerate, hence S*> = 1. At this stage, we already see that the main
difference between the two expressions of E} is whether we will have a sign factor in the
final (classical) expression or not. Exactly this feature will be very important in the quantum
expression, because the action of the corresponding operator differs remarkably if the operator
contains a corresponding sign operator or if it does not.

3.2. Replacement of the connections by holonomies

Our main aim is to express the components of the connections Aj(Xgs(u)) in terms of
holonomies for which well-defined operators on the quantum level are known. For this
reason, we partition each surface S; into small squares with an parameter edge length €’ as
shown in figure 3. We can therefore express the integral over S; as the sum over the integrals
over all small squares in the limit where the partition gets infinitesimally small. Consequently,
we can rewrite equation (3.5) as

. 4 s
lim ) e {ASD), V(Ryo) {ALDD), V(Ra}
t t P, K
- E*! = det(e)e?
Esy— | T e (38)
Pligg ;em{Aé(D), V(Ryo) }S{ALD), V(R },
e Oep,
EST = (/det(g)ed,

where we introduced the notation Aj(0J) = fe O A%, I = 3,4 for the integral over the
connection along the edge er(LJ) of [J. Here R, is any region containing the point
e3(0J) N e4(0) and in the limit €’ — 0 also R, — v(0)).

If we choose €’ small enough, we can use the following approximation:

{AD). V(RU(D))}% +o(€?) = +h {h;', V(R,@)}- (3.9)

The above equation holds for holonomies in the spin-% representation. We would like to
generalize this relation to the case of holonomies with an arbitrary weight ¢ in order to
construct an operator that could contain arbitrary spin representations. This could be useful
in the sense that we are then able to analyse whether the result of our alternative flux operator
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is sensitive to the chosen weight. That is, we investigate the effect of this particular kind
of factor ordering ambiguity in the classical limit. The generalization of equation (3.9) is
straightforward and leads to

{A7@), V(Ry) }37e(ts) + 0(?) = +7¢ (he,) {7 (h,"). V(Ryy).  (3.10)

where we denote a representation with weight £ by m,. By choosing ¢ small enough,
we are allowed to replace the Poisson brackets {A3(0), V (Rymy)} and {AL (D), V(R,))},
respectively, by Poisson brackets including holonomies. Thus the basis of the alternative flux
operator will be the following classical identity:

~ . 4

OENS) = Jim Y e {450, VRy@)} S {440, V(R
"7 Oep,

16 1

= li Sk —
) Xe: Cernee+
x (1) S |70 (hey) {7 (1)) V (R }). (3.11)

The box around the sign factor S indicates that it is not contained in the equation if we choose
E%I but occurs when we use E,f’H. If one wants to show the correctness of the above identity,
one has to use the following identity, tr (¢ (zs) e (t2) 7w (77)) = —%E(ﬁ +1)(2€ + 1)€eg; which
is derived in appendix B.

Hence, we managed to derive an alternative expression for the flux operator on the classical
level which we are able to quantize by means of well-known operators

- 16 1
(Z)E;‘/H(S’)thf% s neirn
=5 A U+ DL+

x (T[S |70 (hes) {7 (1)) V (Ru)}). (3.12)

From now on, we will neglect the dependence of the edges e;(LJ) on the particular point Pr([J)
in order to keep the expressions clearer.

(7‘[@ (hez(D)) {nf (h;hj))a V(Rv(IZI))}

(T[( (hez(D)) {7.[5 (h;]([]))’ V(Rv(l:l))}

3.3. Notion of convergence and factor ordering

Let us now discuss in which sense the limit e — 0 is to be understood. First of all, we formally
have for any spin network state 7

A 1 [ =~
VELT, = Z/ > (Tl VE(S)IT) T (3.13)
e

where we sum over all spin network labels s” (resolution of unity). Note that the sum ), must
be taken under the integral as otherwise the result would automatically be zero. Moreover,
note that for each ¢ the number of s” contributing is finite. Next we have

=4 e~
(ToAVES)IT,) = Jim > (T VEx@)IT:). (3.14)
(e IDEP/

In order to simplify the notation, let us assume that for all 7 the limit ¢’ — 0 implies P; — §;
while the parameter area of the squares within the partitions decays to zero as (¢')>. Then we
can combine the two formulae and write

& 1 € o~
OB = o [ @ Y B (3.15)

s Oep,
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It is easy to see that the Hilbert norm of this object vanishes with respect to the Hilbert
space Hgin = Ly(A, duuar) of LQG where A is the Ashtekar—Isham space of generalized
connections and 4y, is the Ashtekar—Lewandowski measure. Basically, this happens because
the norm squared involves a double integral over ¢, ¢' while the integrand has support only on
the measure zero subset r = ¢’. Hence, we cannot use the strong operator topology as a notion
of convergence. The same applies to the weak operator topology. Rather, we will use the same
notion of convergence as that which has been used for the fundamental flux operator: given a
point A € A in the space of smooth connections, we may evaluate the above expression at A
and obtain a function on A4:

2. 1 ¢ =
[VEL T = o [ dt Y Ty VE(OD)T) T (A). (3.16)
€ s Oep,

We now take the limit €’ — 0 before the limit € — 0 in the following sense: we say that

lim lim ©OE5€ (S) = “@(S) (3.17)
e—>0€'—0

provided that for any A € A and any spin network label s
lim lim [[OE7 (9T ](4) - [VEL($)T1(4)| =0. (3.18)

Note that the limit is pointwise in A, s and not uniform. Note also that this is a limit from the
space of operators on the space of functions of smooth connections to operators on Hgi, and
not a convergence of operators on Hgin.

With these preparations out of the way we may now draw some first conclusions about
the action of the final operator OF k(S). We may assume without loss of generality that both
graphs y = y(s), ¥’ = y(s’) underlying (T |“)E «()|T) are adapted to S in the sense that
each of their edges has well-defined type with respect to S. If an edge e is of type up or down,
respectively, then S; Ne % @ only for r > 0 or # < O respectively. If e is of type in or out,
respectively, then for sufficiently small € we have S; N'e # ¥ only for ¢ = 0 or for no 7 at all

respectively. Now consider (7 |(£)E «(O)|T;) at finite €. Since E,(0) involves the volume
operator which has non-trivial action only when the state on which it acts has at least one
trivalent vertex, no matter whether we use the RS or AL volume operator, it easily follows
that [h;l(m), VU(D)], I = 3, 4 annihilates 7 unless e¢;(0J), y intersect each other. Hence, in
order to obtain a non-vanishing contribution, we must refine P; in such a way that each edge
e € E(y) intersecting S, completely does so by intersecting with at least one of the e;((J)
for some / € {3, 4} and at least one [ € PP,. Making use of the fact that classically the limit
P, — S; is independent of the refinement, we refine P, graph by demanding that eventually
e N S; coincide with precisely one of the v([J) if e is of type up ordown and ¢t > Oorz < 0
respectively. This is motivated by the fact that otherwise no such edge would contribute if
we use the AL version. If e is of type in and ¢+ = O then the number of intersections of e
with the e; (OJ) necessarily diverges as ¢’ — 0. However, if we use the AL volume, all these
contributions vanish because, in order that its action be non-trivial, it needs non-coplanar
vertices, except if v({J) coincides with an endpoint of e where there might be additional edges
of adjacent e which are transversal to S. If we use the RS volume then all these intersections
contribute and the sum over [ diverges for suitable s’ as €’ — 0. However, since we perform
the integral over ¢ before taking ¢’ — 0 and the support of the integrand for type in edges
consists of the measure zero set r = 0, the contribution vanishes, again no matter whether we
use the RS or AL volume.

We conclude that for both versions of the volume operator only edges of type up or down
will contribute, exactly as for the fundamental flux operator. However, for the AL volume the
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required ordering is more restrictive because there must be terms with both edges e3 (1), e4(0)
to the right of V,,. For the RS volume there are more possibilities available which we will
discuss in a later part of the paper. R

Now let us derive which s’ contribute to (TY/|(Z)Z~? ()| T;) for given s and I € S;.
We may restrict ourselves to edges of type up or down as just discussed. The factors

7o (he, ). e (hg,(g))_] involved could a priori change the graph y by adding the edge
e;(d) with spin J = 0, 1, ..., 2¢. However, the operator (Df’gk(g) is invariant under gauge
transformations at the endpoints of the e; (L) bl construction, hence we must necessarily have
J = 0. Thus, even at finite ¢’ the operator OF(0) does not change the range of the graph
v. Hence, the only difference between s’, s is that ' = y but the edge e € E(y’) appears
split into ¢}, ¢, with e = (¢4) ™' o (¢}) and ¢, N ¢, = v(D) = e N S;. Note also that with dr
measure 1 the point S; N e is an interior point of e. This is important because the contribution
of (Ty | VE(O)|T,) for O € § differs from that for O € S,, ¢ # 0 because in the former case
v(0J) may be a vertex of higher valence than 4.

Finally, note that OF (O)|T;) transforms in the spin-1 representation at v([J) because T
is gauge invariant there. Hence Ty must have a spin-1 intertwiner at v(J).

What happens now when we take the limit as discussed is as follows. For each value of
t the sum over [J can be replaced by a finite number of terms, one for each e € E(y) of type
up or down and taking the limit ¢’ — 0 becomes trivial. Next, for each value of ¢ and each
edge e € E(y) there will be a finite number of states Ty, which contribute to the sum over s’

and which are mutually orthogonal for different e, 7. The numbers (7}, |“)E «(D)|T;) do not
depend on ¢ (thanks to the diffeomorphism invariance of the measure); however, the states 7
do. Fortunately, considered as functions of smooth connections, the limit € — 0 converges
and results in states 7, where y (s,) = y not only have the same range but also the same edge
sets. Then s, s, differ only by the intertwiner at the point v = b(e).

3.4. Classical identity

Collecting all the arguments of the discussion of the last section, we end up with the following

ordering of the classical terms?,

~ 16 1
OFM gy = — lim — mi(w)epme(h.
e (50 P,es,% K2 200+ 1)(20+1) vmeamehe) ey

x{me(h)'). V(Ru(D))}AB{V(Ru(D)), mo(hy)} ppmeChe) e, (3.19)
where the indices {A, B, C, D, E} € {—¢, ..., +{}.

4. Construction of the alternative flux operator

The Poisson brackets in equation (3.19) includes the classical volume function V (Ry)),
therefore the corresponding alternative flux operator will contain the volume operator V. As
mentioned in the introduction, in LQG there exist two different volume operators, VRS and
VaL. Thus for each case I and II we have two different alternative flux operators depending
on the choice of VRS and VAL respectively. Hence, after canonical quantization, we end up
with four different versions of the alternative flux operator. For these four operators, we use

3 In the case of VRS there exists more than this symmetric factor ordering. We will discuss this aspect later in the
paper.
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Figure 4. A non-vanishing contribution to (7 |(‘7')1~E «(O)|Ts) can only be achieved if Ty contains
edges of type up and/or down, respectively, with respect to the surface S;. Moreover, the edges
e3(0), e4(0) have to be attached to 7Ty in this specific way.

the following notation:

EL(S) — EPNN(S)), ELRS(s) (4.1)
ENS) — EFAN(S), EFRS(S). (4.2)

Before we apply canonical quantization on the classical identity in equation (3.19) we will
discuss the two volume operators Vgs, VarL in more detail.
4.1. The two volume operators of LOG

4.1.1. The volume operator VRS of Rovelli and Smolin. The idea that the volume operator
acts only on the vertices of a given graph was first mentioned in [17]. The first version of a
volume operator can be found in [5] and is given by

V(R), = / &pV(p),
R

Vi, =6, 3 8900V, 4.3)
veV(y)
s i Do
ny = Z \/}gCregei,-kXelXin’gK .
1.J,K

Here we sum over all triples of edges at the vertex v € V(y) of a given graph y. VRS is
not sensitive to the orientation of the edges, thus also linearly dependent triples have to be
considered in the sum. Moreover, we introduced a constant Cr; € R that we will keep
arbitrary for the moment and that is basically fixed by the particular regularization scheme
one chooses. As for the usual flux operator, we express V in terms of self-adjoint vector fields
Y¥ := —1x*. Hence, we have

e XL X Xt = —8ieu Y. Y/ vl 4.4)
and thus
Vvks = Z \/ |iCregeiji ¥ Y2, YE |. 4.5)

1,J,K
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In order to select the gauge invariant states properly, we have to express our abstract angular
momentum states in terms of the recoupling basis. The following identity [12] holds,

sein XL XD XE = 1[Y1. Yik] = a0« (4.6)

where Y;; := Y1+ Y;. Consequently, we get

VIRISIM: MYy =6, >~ > 3 ‘ CregQl | |IM; M), (4.7)

veV(y)NR I<J<K

VRS
Vtuy

The additional factor of 3! is due to the fact that we sum only over ordered triples I < J < K
now. The way to calculate eigenstates and eigenvalues of V is as follows. Let us introduce
the operator Q,{’,l}i as

~ 3l
Ok =ty Creallisg- (4.8)

As the first step, we have to calculate the eigenvalues and corresponding eigenstates for Q ,{ F,i

If, for example, |¢) is an eigenstate of Q\f,l}f( with corresponding eigenvalue X, then we obtain
qub) = J/]A]|¢). Consequently, we see that while /Q\f,lﬁ( can have positive and negative
eigenvalues, V has only positive ones. Furthermore, if we consider the eigenvalues £A of
Q{;,‘}i and the corresponding eigenstate |¢., ), |[¢_,), we note that these eigenvalues will be

degenerate in the case of the operator ’\7, as /| + A = /| — Al

4.1.2. The volume operator VAL of Ashtekar and Lewandowski. Another version of the
volume operator which differs by the chosen regularization scheme was defined in [6]

~ 3'1
VIR IM M) =6 Y Crg Y €ler ey, ex)qu| |JM: M'). (4.9)

veV(y)NR I1<J<K

VAL

The major difference between VAL and /‘7RS is the factor €(ey, ey, ex) that is sensitive to the
orientation of the tangent vectors of the edges {er, e;, ex}. €(er, ey, ex) is +1 for right-
handed, —1 for left-handed and O for linearly dependent triples of edges. In the case of VaL
it is convenient to introduce an operator Q Y.AL that is defined as the expression that appears

inside the absolute value under the square root in VUA)E,

31
QUM =65 Cry ) eleres ex)q (4.10)
I1<J<K

By comparing equation (4.7) with (4.9) we note that another difference between Vis
and i/\AL is the fact that for the first one, we have to sum over the triples of edges outside
the square root, while for the latter one, we sum inside the absolute value under the square
root. In addition to the difference of the sign factor, the difference in the summation will
play an important role later on. Note that one arrives at (4.9) also from a usual point splitting
regularization [12].
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4.2. Canonical quantization

Usually the densitized triads, appearing in the classical flux Ey(S) are quantized as differential
operators, while holonomies are quantized as multiplication operators. If we choose the
altematlve expression Ek(S) we will instead get the scalar volume V and the so-called sign
S operator into our quantized expression. The properties of this S will be explained in more
detail below. Moreover, we have to replace Poisson brackets by commutators, following
the replacement rule {-,-} — (1/i7)[-, -]. In order to simplify the following calculations,
we achieve a form of the operator such that on the left-hand side only inverses of the
holonomies appear while right beneath the product of operators V’V only holonomies
appear. Thus, we make use of the identities 7, (k") ,, = 7e(€)acme(€) ppTe(he,) - and
Te(he) .y = 7e(€)came(€)ppTe(h,") o Where mi(€) stands for the €ap of SU(2) in a
higher representation with weight £. The explicit form can be derived from equation (B.1) in
appendix B and is given by m,(€)ap = (—1) t=Ag A+B.0- Clearly, we want the total operator
to be self-adjoint, so we will calculate the adjoint of OF, «(S;) and define the total and final

operator to be OF, kaot(S1) = 3 (E (S, + ETL(S))) that is self- adjoint by construction. Hence,
the final operator for VRS which we will use through the calculation of this paper is given by

4( 1)213 %
OF k/fItRS(S,) = ,»S, Z Wne(fk)CBﬂl(e)EI{+7TZ(€)FC[7T£(hE4)FG]T

X [[ﬁe(h“)BA] ’ VRS][/‘;RS’ e (he4)10]ﬁf (he3)EA_ 7 (€)rp [ﬁ‘f (hea)m]l
X [[ﬁf (he‘l)EA]T’ vRS][VRS’ 7 (hL)s)FG]ﬁK(hM)CA}’ “.11)

whereby we used the identity 7 (h, "), , = [7e(he) 4 ]T the definition of the Planck length
E ~4 .= (hk)~?, and add1t10nally, we(€)gpme(€)py = (— l)”SG H-

C0n51der1ng the operator VAL, we know that for each commutator only one term will
contribute, because otherwise we cannot construct linearly independent triples of edges since
{e1, ez, e3,4} are linearly dependent. Therefore in the case of ?AL we obtain the following final
expression:

4( 1)22 R ;
Or k/lltAL(Sl) = ,*)S, Z Wﬂe(fk)cgﬂg(e))gl{+7Tg(6)pc[7'[g(he4)FG]

x [Felher) o] Vatl VAL (her) , oo (her) . — (@ pn[Fe(her) ]

X [ﬁl (hes ) E,Lx]l,VAL/‘;ALﬁZ (hm) FG e (hes)CA } : (4.12)

Here again for case II the sign operator is included, whereas in case I it is not.

By looking at the equation above, we see that the operator contains a lot of sums, so it does
not seem to be that trivial to actually compute expectation values. However, we will show in
the next section how we can use the given structure of the operator and derive some properties
from it that will simplify the summation and therefore the calculation of expectation values.

5. General properties of the operator VE}, 1i(S;)

In this section, we will discuss some general properties of the alternative flux operator. Since
these properties are valid independent of the choice of Var or Vgs we will drop this labelling
of the volume operator here. If not explicitly mentioned otherwise these properties also hold
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independently of the fact whether we are considering case I or case II. Thus, we will only talk
about the operator VE ((S)).

5.1. Correspondence between the AL and the abstract angular momentum system
Hilbert space

Going back to the action of the usual flux operator in equation (2.9) we see that the action of
the flux operator can be expressed in terms of self-adjoint right invariant vector fields Y*. The
same is true for the volume operator appearing in the new alternative flux operator. Since we
would like to utilize the technology of Clebsch—Gordan coefficients (CGC), 6 j-symbols and
the like in order to calculate matrix elements of these operators with respect to spin network
states, we will discuss in detail how the AL-Hilbert space and the abstract angular momentum
system Hilbert space are related.

Consider the explicit expression for the matrix elements of the unitary transformation
matrix [7;(g)]n, for the components ¥, of a totally symmetric spinor of rank 2j under
SU(2) gauge transformations reviewed in appendix E, that is, v, = ,ﬁ:_ j[T[j (@) mn V.
By elementary linear algebra, the unitary representation g +— U(g) of SU(2) on the
linear span of the standard angular momentum states |jm) is obtained by transposition, i.e.
U(g)ljm) = ,]1:_]. [7;(&)]nm|jn). To see this, it is enough to check that the standard angular
momentum operators J* when written in terms of ladder operators have the same action as
the infinitesimal generators of the one-parameter groups ¢ — U (exp(iftx/2)). (Recall that
ity = oy are the Pauli matrices.) Explicitly, we find

JHjmy =+ Y Sl (@b in)

where 7 (1) are the matrices derived in appendix E.
Now consider the functions

(he|jm>m’ = 2] + l[nj(he)]mm’v G.1

where h, denotes the holonomy along some edge e. For fixed m’ they are orthonormal just
as the | jm). Moreover, the operators Y* := —iX* /2, where X* are the right invariant vector
fields on SU (2), satisfy the same algebra as the J¥. Let us drop the label e for the purpose of
this paragraph. From the explicit representation of the gauge transformation on the (h|jm),,
given by V(g)(h|jm), = (ghljm),y = [7j(g)lmn(hljn), we can explicitly calculate that
the Y* are the infinitesimal generators of the one-parameter groups ¢ > V (exp(itti/2)),
explicitly

YA jm = = 2 S0 @0 bl i (5.2)

n

It is instructive to verify the angular momentum algebra for J*, Y.

The fluxes are expressed in terms of the Y* and the spin network states are expressed
in terms of the |jm);, (the superscript e reminds us of the edge which the state |jm),, is
associated with). In order to write these in terms of J* and |jm) we must determine the
unitary operator

WeH™ M Wljm:m') =" Wimnljnw (5.3)

such that WJ*W~-! = Y Here H/™ is the linear span of abstract angular momentum
eigenstates | jm; m’) which for fixedm’ € {—j, —j+1, ..., j} are just the | jm) with additional
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label ' while

- 1s the linear span of the spin network states | jm),,, and Wj,, is a unitary

matrix.

It is not difficult to see from the above formulae that W;,,,, = [;(€)],n, Where € = —15.
Therefore
Wijm;m'y = [, Ol jnyw & W' jm)w = [m;(€ Nl jn; m') (5.4

1 1

and we will make frequent use of the identities e 7! = €7 = —¢, egTe” = g~
geSLQ2,C)suchasg =grand 7' = —14 ="

Now in order to use these identities, consider some spin network states Ty A

valid for any

Ty G

and some operator Oy which we think of as a function in the operators Ye" . Then by unitarity

<Tv?r71n% OY}T}/,},WL%’)SNF = Z 1_[ (7). (€ e
7 PeE()
X l_[ [”je(6_])]menE(T;§}H§1f OJ|T}:’}ﬁﬂ>ABS (5.5)

ecE(y)

where SNF stands for the spin network Hilbert space and ABS for the abstract angular
momentum system Hilbert space. We use the following notation. Whenever we address
SNF we call them T and express them in terms of | jm),,. In contrast, if we refer to states
in the abstract angular momentum system Hilbert space, we use the notation 7’ for the
abstract angular momentum system functions which result from 7 upon substituting | jm),,
by |jm; m'). The operator O is the same as Oy except that Yek is everywhere replaced by J, e"

The discussion above shows that we have to map the holonomies 77, (%) 4 g in the alternative
flux operator in equation (4.12) into the abstract angular momentum system Hilbert space
via the unitary map W in equation (5.4) in order to apply technical tools of usual angular
momentum recoupling theory. Thus, if we apply the unitary map W (summation convention
is assumed)

(€ N ac

We(h)ap = ———(h|¢C;B), 5.6)
¢e(h)aB N (h] ) (
use the fact that 77, (7)) e = —[¢(€) e (ti) 7w (€ ") ] 5 and the following properties of 77, (€ hH
me(€ Nap = (—=D*m(€)an 70 (€) apme(€) e = (—1)*8ac

(5.7)
me(€)ap = (=¥ (e)pa

that can easily be derived from the explicit expression of 7z, (€) o5, we end up with
<~ 8¢ 4 (—1)* 1

OEia(S) =— lim Y —7

PioS A= e+ 1DQ2eL+1) 26+ 1)

5T (T cTe(€) Er

X (+74(€) rc(® (e, LB; A| ® (o L F; GO |L1;G),, ® |LE;A) o, ®)
—70(€) FB(Q (e, LE; Al @ (e, £1;G|O2|LF;G),, ® |£C;A)33®)}. (5.8)

The definitions of the operators 51 and 52 in the four different cases are shown in
equation (5.9). We introduced the notation V,yx in the RS case meaning that only the
contribution of the triple {ey, e;, ex} is taken into account. Why 19) 1.2 have this particular
structure in the case of RS will be explained in more detail in appendix E. Basically, the
structure displayed is due to the various contributions from the four terms involved in the
product of two commutators in equation (4.11):

LAL _ 752
0" =Vi

RS 52 .o o ~~ o~ ~~ o~
01 = VRS + V(1124 VfI123 - VfI124 Vks — VRSqu
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01 AL _ /‘71314

LRS _ 552
02 = VRS + V<1173 Vf1124
O{LAL VALS VL
O™ = VisSVis + Vi SVys — VS Vs — VesS Vs
011 AL _ 9 8V

OEI’RS — ?ngvRs + ﬁqm:ﬁ? — V SV RS — VRSSqu

q124

Vf{123 VRS — Wks Vl{124

N

N

5.9)

Recall from the discussion in section 3.3 that the action of both operators E, «(S), “)Ek(S) on
any SNF was totally determined by its action on single edges of type up, down, in and out,
and that the latter two were annihilated by this operator. The surface L[] which intersects an
edge e of type up or down necessarily transversally splits e as e = e,(00)~! o e;((J) where
e1(0), e2(0J) is of type up or down with respect to [J (or S;) if e is of type up with respect to
S and conversely if e is of type down. Note that e;([J), / = 1, 2 inherit from e the same spin
label j coupling to total spm 112 at the point v(IJ) = e;(J) N ex(0D).

As the operators 01 and 02 in equation (5.8) contain the volume operator V(RU(D))
at some point we will have to calculate matrix elements of V. With this in mind, it is
advisable to work in the so-called recoupling basis right from the beginning, because the
formula for matrix elements of V derived in [16] applies only to states in that particular
basis*. The particular SNF we want to work with can be characterized in the recoupling
basis by its total angular momentum jj, and its magnetic quantum number ni; (and two
additional labels m, m}) since the first intermediate coupling a; is equivalent to the spin
label of the first edge which is fixed and j in our case. Therefore, we will call those states
1B/, 12wty = a1 = jaz = j1an12)mm, Where niz € {—ji, ..., j12} and m}, m), can be
treated as additional indices unimportant for the recoupling procedure. This means that to a
fixed choice of ji» we have (21, +1)(2n1, + 1) orthogonal states |8/, n12)m!,m;, being a basis
of the Hilbert space for this particular value of ji,. This SNF is also shown in ﬁgure 5.

As before we map the SNF |8/12, n 12)m) m, and the operators o 12 into the abstract angular
momentum system Hilbert space

W™, miahmmy = D 7 (€7 D | B2, maas m)y, mb). (5.10)

miy

Consequently, the map W has the following effect on the matrix element of VE; ((S)),

kd ~ ¢ 2 . -1 1
i iy (B2 T2 VEY o SOIB™ 2wy = Y 75, (€ i T (€ Dnpam

mip, i

o~ ¢
X (B2, s iy )Ejktm(St)LBm mig; mym)

where for reasons of clarity we denoted by superscripts Y, J the same algebraic expression
in terms of the Y, J operators respectively. In what follows, we will drop this label and

4 Recall that in the tensor basis a state is characterized by the spin labels j; and the magnetic quantum numbers nz;
and an additional label m; that are attached to the edges e; of a particular vertex of the corresponding graph y. We
express a given SNF in this basis by tensor products between states | jm; )fn{ multiplied by corresponding intertwiners.

In contrast, in the recoupling basis states are characterized by the total 'angular momentum J, the total magnetic
quantum number M to which the edges couple at a particular vertex of the graph y and the value of the intermediate
couplings. In order to know what kind of intermediate couplings are possible, we have to fix an order in which we
want to couple the edges associated at one particular vertex from the very beginning. Then the intermediate couplings
a; are successively defined by a;+1 := {la; — ji+1l, ..., ai + jiv1} with a; := ji. If we choose a different order of
coupling, we will end up with a different recoupling scheme, where these two recoupling schemes are related by
so-called 3nj-symbols. (For a brief introduction to recoupling theory see, for example, [12, 16].)
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‘ﬁ.hz Tz >

Figure 5. SNF |8/12, n5) that consists of two edges, whereby one is of type up and the other of
type down with respect to the surface S;. These two edges carry both a spin label j and couple at
the vertex v([J) to an resulting angular momentum j5.

it will be understood that we will be working in the abstract angular momentum space
only. The same transformation applies to the matrix element of the usual flux operator.
Since the inverse of the matrices 7;,(¢ ') exists, we can conclude that in order to show

that the matrix element of the usual flux operator and that of VE, (S;) are identical, we
only havg\ to show that after taking the limits lim._, ¢ lim¢ ¢ the matrix element (,Bi 2 My,
m’lm’2|(‘)l~5k,ml(S,)|ﬂj”, mya; m\m}) agrees with the matrix element of the usual flux operator
(B2, iyo; m’lm’2|fk(5)|,31'2, m1p; mymj) for every possible value of 715, my,. Thus, we do
not have to consider the two additional 7, (¢ 7").

Note that also the explicit value of the matrix element of the usual flux operator will be
contracted by these 7 (e71). Considering gauge invariant states (j = 0) only, mo(e™!) =1
is only a single number. Thus, if one would work with gauge invariant operators only, all
7;(e~") would drop out in equation (5.11). R

For the further calculation of (ﬁi”,l%lz; Wzﬁir‘zél(aﬁk'tm(&)wm,m12; m\ym}) we will
introduce the following abbreviations:

(B2, g mymy| = (B, ol 1B/, mio; mimy) = |B72, miz). (5.11)

5.2. The explicit action of (‘Z)gk,m[(&)

If the operator acts on such a state |8/, n 12)m, m, it Will basically add two additional edges e3
and ey4 to the SNF. These edges lie in the surface S; as can be seen in figure 6. Consequently,
applying the operator to the states |8/2,n1,) means nothing else than coupling the two
additional edges e3, e4 to the already existing edges e, e; and constructing a new SNF with
four edges that we will call }aij M ) We label these new states |aiJ M ) again by their resulting
total angular momentum J and their corresponding magnetic quantum number M. The two
additional edges both carry a spin label £. These states ’aij M ) include three intermediate
couplings a;, ay, a3, and a4 is equal to the total angular momentum J. In contrastto |87/12, m )
we need an additional index i here for distinguishing all possible states |aiJ .M > because it
will be the case that for a particular value of J several values of intermediate couplings ay, a3
exist. (This becomes clearer when we explicitly describe the set of states that belong to a
particular total angular momentum J and that build a basis of the corresponding Hilbert space.)
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(()Elsx/u/ (Sf)

. ~
Figure 6. The SNF |8/12, n15) is transformed into a new SNF |/ M) by the action of VEj 14(S)).

Therefore the action of ©F k.ot (S¢) can be expressed in terms of the recoupling basis states
|aiJ , M ), where the expansion coefficients are the corresponding CGC.

Therefore the action and consequently the matrix element of OF .10t (Sy) can be described
by the following expression:

-4 20
, (=D 1
ji2 ﬁl (K)E S Ji2 .m — lim
(B 121" E kot (S)B?, mi2) A, 2 Z 4£(£+ Dee+ D) L+
+0 3+ az+t T+l Jia+t
X Z () cpme(€)E—E Z Z Z Z 87,
A,B.C.E,F,G=—( T=las—t) J=las—€ Gy=|],—¢) a3=|j12—

x [+70(€) pe{Jrafiino; LBldsii, + B)(@siiiry + B; €F|Tiiiy + B + F)
X (jumiz; LE|azmiz + E)(azmip+E; € — E|Jm2)85,,+F+8,m

X <0671, M =mp+B+F; 171/1’71/2AG|61}°‘1‘J’ M =my; m/lm/zAG>

— 710(€) pp(J 12t 1o; LE|@siiiyy + E)(@3fiing + E: € — E|Tiiyo)

X (Jizmi2; £Clazmiz + C)lasmiz + C; LF |Imip + C + F)dypyecer iy

><<067-7vM = ;A G AG| Oole! . M = miy + C + F3 mimy AG)]

(5.12)

Here (jim; jomy|J M) denotes the CGC that describes the coupling of the angular momentum
Jj1 and j, with magnetic quantum numbers m |, m, to a resulting angular momentum J with
magnetic quantum number M.

Since the states |a M ) for different angular momenta and different magnetic quantum
numbers are orthogonal to each other, meaning <a~ M |a M ) = 35 641, M(a~ M |a >
and the operator O leaves J and M invariant, we replaced J and M by J and M and added the
necessary §-function 85 7.;- Furthermore, we used the definition 7w, (€) g; = (—1)*£8 E+1,0 and
substituted / by —FE in the whole equation. This restriction of / together with the constraint
that |aij , M ) and (alf , M ] must have the same magnetic quantum number leads to two other
3-functions including m, and niy,. Although the §-functions above will surely simplify the
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summation, we still have 11 sums in total and some even depend on each other. Especially,
the summation over J and J contains many terms. But fortunately due to the structure of the
operator we can reduce these sums.

Theorem 5.1. The resulting angular momenta J and 7 of the states |ozij , M > and (alj , M |
that do contribute to the matrix element (ﬂilz, 17112|“)§k,l0t(5[) |8712, m12) are only ji, and flz
of the incoming states, respectively. R

More precisely, the onl/y\com‘ribution to (E)E‘k(S,) is the angular momentum J = ji,, while
the only contribution to OFt(S,) is | = T2 _

(Recall that the first term of the sum in equation (5.12) is caused by (Z)Ek (S;) and the
second and negative part belongs to ‘YET(S,).)

Proof 5.1. First of all we will prove the following lemma. Afterwards, we will use it so as

to be able to prove the theorem just stated. ]
Lemma 5.2.
+0
Z we(€)e—g(jromio;lElazmiy + E){azmiz + E; € — E|Jmyy)
E=—t
i —t—3a »,/2a3+1
= (=1 LS 3—81,}‘12 (8"112’—]‘12 + 5m12ﬁj12+1 +-t Smlzfjlz)' (5.13)

«/2j12+1

The proof of lemma 5.2 is shown in appendix A.

We use lemma 5.2 for performing the sum over E in equation (5.12). The summation over
7 and J contains only one term now, so we can easily carry out these two sums. Moreover,
since the operator O does not change the m’-indices, we can trivially sum over the indices
A, G. This leads to an additional factor of (2¢ + 1)2. Accordingly, the final version of the

matrix element of the operator E; o(S;) with which we will start in the next section is
(B72, i) VE ki (S B2, m)

gp—4 + Jia+t Jio+e
p,ﬁs,D; Lernee+ { (OIS

C,F=—¢ a=|j 12| B3=lj12—¢|
_F —j12—3a3 «/2a3 +1
X | +(=D""ép+co(=1) —m—=Oh 4 F+B.m1>
2]12 +1

x (1o 12;€ B|@sii1p + B)(Gsiigs + BiLF | jiamin + B + F)

x (0, M =iy + B + Fii\ ity | O |}, M = myp;mym})

_ _F Wi A/ 2613 + 1
— (=) S papo(=1) T S8 i
2]12 +1

x (jiom12;€Clasmyp + C)lazmyy + F;LC|j1amin + C + F)
x (ed”, M = mp i iy| O |od™, M = mpz +C + F;mﬁm&)] } (5.14)

where we used 8; 78, ,, = 87 ;, and (—1)* = +1. We omitted the sum over the §-function

acting on the magnetic quantum number m, and 71y, respectively (see lemma 5.2). This is



5712 K Giesel and T Thiemann

possible as long as we keep in mind that the action of the operator OF .ot (Sy) 1s identical for
each fixed m, and 11, of the states |8/, m ) and (,31712 mis|.

However, by 51mply looklng at equation (5.14) we see that only the resulting angular
momentum J = J = ji», j1» contributes to the matrix element (8712, mlzl(Z)Ek w0t (S8,
mia).

Consequently, we have proven theorem (5.1).

We can read off from equation (5.14) that we have already managed to reduce the number

of summations down to 5 just by investigating the physical properties of (E%\ «(S).

5.3. Behaviour of “)Ek,mt(S) under gauge transformations

Now we will take a closer look at the behaviour of “E(S) under gauge transformations and
see that this will constrain the possible values of jj,. Applying a gauge transformation on
equation (3.11) under which &, transforms as hfl — g(b(e)g " (f(er)) with b(ep) and f (ey)
being the beginning and the final point of the edge e respectively, we obtain

~ 16 1
[YEc(Ske]’ = lim >~
€

s 2 T L) Tr (e (hes) {e (h,). V Ry}

X g l(b(e))ﬂe(fk)g(b(e))ﬂz ) {me(hy)), V(Ru@)}). (5.15)

Thus the classical expression transforms in the spin-1 representation, due to the term
g ' (b(e)me(tr)g(b(e)). Consequently, we know thatA if we applied the corresponding
operator on an incoming state |87/2, m,), the action of “)INZk(S) would change the intertwiner
at the vertex v(y) by 0,+1. Therefore, if we consider matrix elements of the kind
(,3“2 rr112|(‘3)Ek(S)|ﬁ“2 my;) the only non-vanishing values for ]12 are ]12 = ji, jizx 1. In
the specific case where ji; = 0, ji, can only take the value ] 12 = ji2 + 1. Of course, we only
want to consider incoming states that are physically relevant. Therefore we have to choose an
incoming state |72, m») with a total angular momentum j, = 9 in order to ensure that this
state is gauge invariant. Hence, the transformation property of CF (S) leads to the restriction
of j1» = 1. Therefore, by means of theorem (5.1), the only total angular momentum J of
the states |aiJ , M > that contribute to the matrix element of OF kot(Sy) is J = 0, 1. Therefore
equation (5.14) can be rewritten, according to our particular choices of jj, = Oand jj, = 1, as

- gr—4 +¢
1~ ) 0 — £
,m Er o (S ,mp) =

(B, ol OE o ($)1B%, m12) %S,E 4e<z+1><26+1>3,;:_@

1+¢ +¢
x{m(rk)CB Yo Y FHED T Srco(= D) 2a3 + 185, p48.m,

@=|1—-L| a3=|-¢|
X (177112;EB|5377112+B)(5377112+B;£F|077112+B+F)
x(alg,M=r7112+B+F;171’1171’2‘01\a?,M=m12;m’1m’2>

_ 133V 203 +1
_(_1) F8F+B,0(_1) =3 ST(Smlz+C+Fﬁnz

X (Omlz; EC|a3m12 + C)(a3m12 + C; €F|1m12 +C + F)

x (ol M = fiiya; ity 0o}, M = myz + C + Fy mym})] ¢, (5.16)
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where m; = {—1,0, 1} and mj, = 0 is the only possible value of the magnetic quantum
number for |8°, m o).
In the next section, we will calculate the matrix elements (8, 71212| O E 1o1(S:)|8°, m12)

of all four versions OE} % (S,), VE; R (S), CE AU (S), CENRS(S,) of the new flux operator.

6. Matrix elements of the new flux operator ©E}, 1o(S;)

Before we explicitly calculate the necessary matrix elements of %) 1, 52, the question arises:
what are the matrix elements that we need, or rather what kind of matrix elements will appear
in the recoupling procedure of equation (5.16)? As the action of V and accordingly also the
action of gk leave the total angular momentum J of a state }aij M ) invariant, the whole matrix
that includes the elements of all possible values of J belonging to a particular choice of j;, and
712 would be divided into orthogonal submatrices for each fixed total angular momentum J.
Consequently, we can actually calculate the eigenvalues and eigenstates separately for every
possible value of J. Hence, in our case we should take a detailed look at the corresponding
Hilbert spaces of J = 0, 1. Similarly to |82, m,) the spin labels of e; and e, of |e/, M) are
identical (j; = j, = j). Therefore, we already know thata, = j® j € {0, +1,...,2j} = ji»
can only be an integer. Hence, a basis of the Hilbert space belonging to J = 0 is given by

|a?,M):: lay=jay=0a3=4£J =0)
), M) :=la; = ja=1az=1¢€J =0)
e, M) :=la; = jay=20a3=€J =0) (6.1)

|a(2)j+1’M) =lag=ja=2jaz=4£J =0).

Here, the only possible value for a3 is a3 = ¢, because otherwise a3 and j; = £ could not
couple to a resulting angular momentum J = 0. Furthermore, we have assumed that the
condition a; < 2¢ has to be fulfilled to ensure that a resulting total angular momentum of
J = 0 can be achieved. If this is not the case, the number of states reduces down to the
number of states where the condition a, < 2¢ is still true’. Fortunately, we will not have to
calculate matrix elements of all possible combinations of states. In our case, we already know
that j;» = 1 and j;» = 0. This is equivalent to @, = 1 and a» = 0 and we realize that we only
have to calculate the matrix element (o3, M |7134|e, M) here.

The transformation properties of the operator “)l:“k(S), discussed in section 5.3, led us to
this restriction j~ 12 = 1. Even if we have not at all been worried about any transformation
properties of the operator before, we see at this point by simply looking at equation (6.6)
that all other possible matrix elements (), M|g134|, M) where i > 2 will vanish anyway.
This is due to the fact that for i > 2 Aay := |a» — a»| > 1. In this case, the 6j-symbols
in equation (6.6) in the last brackets will be zero and this makes the whole matrix element
vanish. Summarizing, if we start with a gauge invariant state |8°, 0) there exists only one
non-vanishing matrix element for the case J = 0 which is (ag , M |Z]\ 134 Ia(l’, M ) in our notation.

Let us analyse the case of a total angular momentum J = 1 now. In this case, we have
three different values of the intermediate coupling as = {£ — 1, £, £ + 1} to ensure that a total
angular momentum of J = 1 can be achieved. Hence, a basis of the corresponding Hilbert

3 Consequently, only for large enough £ the Hilbert space belonging to a zero total angular momentum will be (2 +1)
dimensional; for example, for the simplest case £ = % it is only two dimensional.



5714 K Giesel and T Thiemann

space is given by

|al, ) lai=jar=0a3;=4€J =1)
g, M):=lay=jar=1a3=0—1J] =1)
e, M) :=la;=jar=1as=10J =1)
lej. M):=lai=jar=1laz=£+1J = 1)

6.2)

|O‘éj—1’M> =lag=ja=2ja=¢0-1]=1)
’aéj7M>:=|al=j02=2ja3=£‘]:1>

|a61»j+1’M) = |ay :ja2=2j a=L+1J =1).

Here the condition on a; and £ is a; < 2¢ + 1. Note that in the special and simplest case
where £ = l the intermediate coupling a3 = £ — % is not sensible, therefore this state has
to be dropped here and the Hilbert space includes only 5 x 3 = 15 states. Again, due to

the construction of the operator “)Ek (S), we only have to consider the matrix elements with
d, = 1,a; = 0 and these are precisely (al , M|q134|a1, ) where i = 2, 3,4. Hence, we
see that for J = 1 three different matrix elements will contribute to the final result. As
in the case J = 0 all matrix elements (ozil, M|§134|a}, M) for i > 4 vanish, because then
Aaz = I?iz —(12| > 1.

We will now go back to equation (5.16) and apply our new results. Furthermore, the
discussion above showed that in the first term of equation (5.16) the only possible value for
as, a3 is £ (case J = 0). In the second term a3 = £ is still valid, but here @3 can take the values
a3 = {£ — 1, £, £ + 1}. Therefore equation (5.16) simplifies to

4( 1)32 +¢
() ____p - 7
(8" il OE or(5)1°. 0) 195/2 44(“1)(2“1) B,c;:_@{m(fk)“

X |:+(_1)F8F+C,0V 20 + 185,,+8+r,0(1M12; €B|Lm 15 + B)(€m s + B; £F|00)

o

x (a, M =17112+B+F'r71’r71'2|5 |oc(1), =0 m’m&)
(- 1) 5F+Boac+pm,z<00 LCILCY(EC: LF|1C + F)

1 ~
~ o~~~y 1 . 1o
az,M = mlz,m1m2|02|a1, M = C+F,m1m2)

l—l
L».)

o
[
+

[

(ad, M = fitya; it Os |, M = C + F; m/ymb)

TS

£+3
V3

+

(ah, M = fitya; it Os |, M = C + F; mgm;)] } (6.3)

6.1. Matrix elements of Q5 and QRS

In order to calculate the matrix elements of O 1 52 we have to calculate the matrix elements
of QAL and Q "k as an intermediate step. Thus, we will discuss this calculation first before
we talk about the four different cases separately.
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6.1.1. Matrix elements of QﬁL. First, we have to apply the map W in equation (5.4) to 0 Y,AL
since we need the corresponding operator in the abstract angular momentum system Hilbert
space depending on J,
~ 3l ~
QUM = 45— Crx Y, €leres, ex)T (6.4)
I<J<K

whereby G} results from g}, upon replacing Y* everywhere by J¥. From now on, we will
neglect the explicit label J for Q7-AL and keep in mind that we are working in the abstract
angular momentum system Hilbert space. Our SNF under consideration |aiJ M > contains two
linearly independent triples constructed from the edges {e, e3, e4} and {ey, e3, e4} for which
the sign factor is non-vanishing. Here we split an edge of type up ordown as e = e; "oy and

then €(ey, e3, e4) = —€(ey, e3, e4) = %1 for edges of type up and down respectively. Hence,
we have

~ 3l - N

oAt = Kf,TCreg (@134 — T934)- (6.5)

We note that the matrix elements of QAL apart from the constant pre-factor €53 Crey are
basically equal to the matrix elements of g},,. In [16] a general formula for the matrix element
(Olij , M |Z1\,‘,K |alf , M > for an arbitrary n-valent vertex was derived (equation (47) in [16]). We
can use this result in order to get the desired matrix element of ¢34 and ¢234. We obtain

(o . M|G13s]e! . M) = %(—1)””‘”\/2]' 2j + D(2] +2)[26(2¢ + 1)(2€ +2)]2

><\/(2a2+1)(252+1)\/(2a3+1)(2?i3+1){{ a{ “?}{] N ”3}
2

j 1 a3 ¢
_ {\G3+d0s 52 53 14 as ¥4 52
X[( D {1 ¢ a3}{1 a ¢
o 1\@ta a; as 14 53 ¥4 ar
=1 {1 ¢ 53“1 % 0 (6.6)

(o], M|qozs|e! , M) = +%(—1)+21+’-’”\/2j(2j T DHQ2j + 212020+ D (2L +2)]:

x /(2 + 1)2az + 1)y/2(az + )20 + 1)

% ] ;] d? J f as (—1)a2+53 as f ay az f as
1 a j] |1 a3 ¢ 1 a )1 a5 ¢

w3 @] [ O oa
b { 1 a ¢ } { 1 @ ¢ 6.7)
The explicit derivation can be found in appendix C. Here we already used that j, = j, =

ace

j.ja=js=tandas=J and {} { f} are the 6 j-symbols defined in equation (120) in [16].

6.1.2. Matrix elements of /Q\EE_,K. If we consider the operator /Q\Ei,,( we also have to consider
linearly dependent triples. Therefore also the triples {e, e,, e3} and {ey, e», e4} will contribute.
Since the sum over the triples is positioned outside the square root and the absolute value in
the case of RS (see equation (4.7) for details), we moreover have to deal with four separated
operators, namely O, ORS,,, ORS,;, ORS,,. From equation (4.8) we can read off that the
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matrix element of ’Q\[;SI 1k is derived from the matrix element of gy;x multiplied by the constant
E([’, %Creg. Thus, here we also need the matrix elements of ¢123 and ¢124 which are presented
below,

_ 1 . . _
(o M|Giaslof . M) =+ (=1 ()X (L0 Ay, B)

j i a a ¢ a o~
s a2 (@ — 1) — @@ — D,z (6.8)
1 a | 1 a ¢

and

_ 1 v ol i _
(o M|Giaalof . M) = +2 (= 1) X (j. )2 Az, @) Alas, @)

X{j J a?}{ﬂ @ a3}{a4 14 ‘23}[a2(a2—1)—52(52+1)]'

1 52 ] 1 ay 53 1 53
(6.9)

6.2. Case (l)gi’foL[(S,), ie. E,f’I = det(e)ef and VaL
If we consider the case of “)Zn,c’f:)];(&), the operators O, O, in equation (6.3) are O = 0, =
V2, . Going back to equations (4.7) and (6.4), we see that V2 = Q‘U*L|. Consequently, the
task of calculating matrix elements of VKL can be treated in the following way. As the first
step we compute the eigenvalues AJQ and eigenstates {¢,} of /Q\ﬁ'“. Afterwards, we expand the

matrix elements of vﬁL in terms of the eigenvectors of @ﬁL,
(o] (V3 Ja? 11) = 3 (12 B2, e ), 6.10)
J
wherein we took VKL and /Q\‘;“L to have the same eigenvectors, and if AJQ is an eigenvalue of
0L, so is 9] an eigenvalue of V2.

The four matrix elements of V2 that occur in equation (6.3) are (a3, 0|VZ |a?, 0) and
(!, M|V |a}, M) where i = 2,3, 4. As the operator V does not change the total angular
momentum J and magnetic quantum number M of the states |aiJ M > and, moreover, the
Hilbert spaces belonging to different J are orthogonal to each other, we can calculate the cases
of J = 0 and J = 1 separately. Since these Hilbert spaces for arbitrary spin ¢ of the edges
e3, eq in general are (27 + 1) and (6 + 1) x 3 dimensional for J = 0 and J = 1, respectively
(see also equation (6.1) and (6.2) for this) there is much work to do. The diagonalization of
éﬁL for the two easiest cases £ = 0.5, 1, where the dimension of the Hilbert spaces in these
cases is so small that we were still able to calculate the eigensystems of QﬁL analytically, can
be found in appendix D. Applying the eigenvector expansion, we obtain the following matrix
elements® for V2 :

__ Surprisingly, all matrix elements turned out to be identical to zero. Therefore the operator
OF }{’ﬁ)];(S,), at least for the spin labels £ = 0.5, 1, becomes the zero operator! Consequently, it
is not consistent with the usual flux operator E «(S:), which is definitely not the zero operator.

6.3. Case (Z)Ei’fj(&), ie. EZ’I = det(e)e] and VRS

As pointed out before, we have to take into account the linearly dependent triples. The total
VRs is then given by
Vis =V,

q134 + V4234 + VQm + V111247

(6.11)

6 Note that in the case £ = 1/2 the state |“11 M) does not exist (see equation (6.2) for the definition of |ot11M }). That
is the reason why we do not have to consider this particular matrix element.
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=05 =1

(2.0 72, Jad. 0) = 0

(e}, M| V3L o}, M) =
(e}, M| V3, |}, M) =

whereby for each Vq,_,K the operator identity /\7,1,_,,( =,/ | Qlj’SUK| holds. If we consider the

expression of Vis in equation (6.11) together with the definition of the operators 0., 0, in
equation (5.9), we can rewrite the operators O, O, in the following way:

OI e Vq2134 + quzm + qu Vﬂhu + Vﬂhu VCIHA + Vq1‘44 VCIlzz + V9124 Vq134

+ qu qu + qu V¢1234 + V4124V q123 (6 12)
OI = V¢12134 + Vt]2234 + V‘lzm Vf/m + Vf/mACI?m + V V¢1134 + VQ134 Vl]124 '

+ Vﬂ]m V61234 + Vq234 VCIm + VCIlzs VQm

Similar to VAL we are restricted to the spin labels E = 0.5, 1 of the additional edges e3, e,
because for higher spin labels the matrices of Q yx cannot be diagonalized analytlcally

anymore. Using the operator identity qu< =./[0%], we can, as before, expand each qum i
terms of the eigenvectors of Qv 77k and use that if AJQ is an eigenvalue of Qu,m(’ then /|x§~’| is

also an eigenvalue of Vq,JK,

(o, M| W\a{,M)=Z,/\xﬂ(ag,M]é,-><zj|a{,M). (6.13)
J

The detailed calculations of the matrix elements of O 1 52 can be found in appgndix E.
Here we will list only the final results. The matrix elements that are included in (“VE 2,‘35(50
are precisely (Olz, 0|OIRS|a1, > and <ai1, M|512‘Rs|a}, M) where i = 3,4 for £ = 0.5 and
i =2,3,4if £ = 1, respectively. We get

=05 =1
(02.0[ 5% la?.0) =0 [ad.0] 5 [af. 0) =0
fak. M| O} fo. ) =0
o] 01 ot ) =0 fuk | O o ] =0
. M| 05 al M) =0 o, 3| 055 ). 1) = 0

Consequently, similar to our previous calculations with VKL, we obtain only vanishing

matrix elements of O, O5*%. Thus the matrix element (8", ;5| OE i’f(i(S,)wO, 0) is zero
as well. Consequently, analogous to the case of VAL, OF }c lfost(S,) becomes the zero operator.

It is true that due to the absence of the factor €(ey, ey, ek ), other orderings for the RS
volume operator are available in which not VRZS but rather two factors of Virs sandwiched
between holonomies appear and such orderings could potentially lead to non-vanishing matrix
elements. Unfortunately, all these orderings also lead to identically vanishing matrix elements
as we prove explicitly in appendix E.
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6.4. Summarizing the results of case |

The analysis of the last two sections showed that either the operator (VE i"gj(S,) or the operator

(Z)Ei’ﬁi(&) are consistent with the usual flux operator, because both of them are the zero
operators. This is due to the fact that all matrix elements of the operators O, O, that occur
in equation (6.3) vanish. Since the action on an arbitrary SNF can be determined from the

matrix element (ﬂl,ﬁqlﬂ(@fl AL/RS (6,187, 0), we know that the vanishing of this matrix

k,tot
element is equivalent to the fact that “)af‘]{/ RS(S,) becomes the zero operator. For this

reason we can conclude, at least in the cases where we choose £ = 0.5, 1, that the choice of
E,’:’I (S;) = det(e)ef does not lead to an alternative flux operator that is consistent with the usual
one. To rule out the choice E} (S;) = det(e)e} completely, we need to investigate the matrix
element for arbitrary representation weights £. For higher values of £ the calculation cannot be
done analytically anymore simply due to the fact that the roots of the characteristic polynomial
of Hermitian matrices of the form Q =iA, AT = — A can be found by quadratures in general
only up to rank 9. However, the results for £ = 0.5, 1 indicate that there is an abstract reason
which leads to the vanishing of the matrix elements for any £. We were not able to find such
an abstract argument yet. However, even if that was not the case and there was a range of
values for £ for which not all of the matrix elements would vanish, it would be awkward that
the classical theory is independent of £ while the quantum theory strongly depends on £ even
in the correspondence limit of large j.

6.5. Case (Z)EE’S[L(S,), ie. E"’H = Sdet(e)e] and VaL

Considering the case of the operator OF ,l(l ;;L (S;), we can read off from equation (5.9) the
expressions 01 VALS VaL = 02 Hence, agam we have to compute special matrix elements
of the operators 01, O0>. Since the sign operator S that corresponds to the classical expression
S := sgn(det(e)) does not exist in the literature so far, we will explain in detail how the
operator S has to be understood.

6.5.1. The sign operator S. We are dealing now with case II meaning that the densitized
triad is given by E}° T=s det(e)ef, where S := det(e). Applying the determinant onto E}" n
we get

det(E) = sgn(det(e)) det(g) with det(q) = [det(e)]* > 0. (6.14)
Therefore, we obtain
sgn(det(E)) = sgn(det(e)) = S. (6.15)

In the following, we show that S = sgn(det(E)) can be identified with the sign of the
expression inside the absolute value under the square roots in the definition of the volume. For
this purpose, let us first discuss this issue on the classical level and afterwards go back into
the quantum theory and see how the corresponding operator S is connected with the operator
QAL in equation (6.4).

In order to do this let us consider equation (3.19). This equation contains the classical
volume V (R,)) where R, denotes a region centred around the vertex v(L]).

The volume of such a cube is given by

V(RyDy) :/ Vdet(q) d*x :/ V|det(E)| dx, (6.16)
R,

Ru(D)
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where we used det(q) = |det(E) from equation (6.14). Introducing a parametrization of the

cube now, we end up with
X ()
V(Ry) = / - ‘ Vdet(E) (w)|d*u = / 1det(X)1/1det(E) )| .
[~ 5 +5) [ ¥
(6.17)

o
In order to be able to carry out the integral, we choose the cube R,y small enough and thus
the volume can be approximated by

det (%) )| V]det(E)(v)]. (6.18)

Using the definition of det(E) = %eabcej ki E]“ E ,’j E}, we can rewrite equation (6.16) as

V(R = /D \/

If we again choose R, small enough and define the square surfaces of the cube as S, we
can re-express the volume integral over the densitized triads in terms of their corresponding
electric fluxes through the surfaces S,

V(R,o)) ~ €

1 .
ae[,,,ceﬂd EYEQE;|dx. (6.19)

1 jki 1 J K
V(Rymy) &~ 56111(6" E;(SHEW(ST)E(S%)). (6.20)
The flux through a particular surfaces S! is defined as
1 :
E;(Sh = /S [ E;nf nd' = EGUKGach,bu‘,Xqu |- (6.21)

Heren 51 denotes the conormal vector associated with the surface S'. Regarding equation (6.20)
we realize that inside the absolute value in equation (6.20) appears exactly the definition of
det(E;(S")). Therefore we get

V(Rymy) ~ /|det(E;(SH)]. (6.22)

On the other hand, by taking advantage of the fact that the surfaces S! are small enough so
that the integral can be approximated by the value at the vertex times the size of the surface
itself, we obtain for det(E;(S"))

det(E;(Sh) ~ det (E4(v)n] (v)€?)
= det (E%(v)) det (n] (v))€’®
= det (E(v)) det (n5 (v))€’°. (6.23)
If we consider the definition of the normal vector in equation (6.21), we can show the following
identity:
nd' = det(X) x5

det(X)? (6.24)
(X))
det (%) = det(X) det(X 1) = & = det(X)2.
et (n; ) = det(X)* det(X ") det(X) et(X)
Inserting equation (6.24) back into equation (6.23) we have
det(E; (") ~ det(E (v))[det(X (v))]*€® (6.25)

and can conclude that equation (6.22) is consistent with the usual definition of the volume in
equation (6.18).

Since we want to identify S := sgn(det(£)) with the sign that appears inside the
absolute value under the square root in the definition of the volume, we can read off from
equation (6.22) that we still have to show sgn(det(E)) = sgn(det(E; (S1))). However, this can
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be done by means of equation (6.25),
sgn(det(E;(S")) ~ sgn(det(E (v))[det(X (v))]*€®)
= sgn(det(E (v)))sgn([det(X (v))]*)sgn(e’®)
= sgn(det(E (v))). (6.26)

Consequently, we can identify S with the sign that appears inside the absolute value under the
square root in the definition of the volume V in the classical theory, because it was precisely
the expression det(£;(S;)) that was used in the construction of the volume operator, defined
as the square root of absolute value of det(E). In the quantum theory, we introduced the
operator Q in equation (6.4), which is basically the expression inside the absolute value in
the definition of the volume operator. Hence, it can be seen as the squared version of the
volume operator that additionally contains information about the sign of the expression inside
the absolute values. Consequently, we can identify the operator QAL with QAL VALS VAL.
Now we will be left with the task to calculate particular matrix elements for QAL which can
be done by means of the formula derived in [16].

In order to apply operator S onto states expressed in terms of abstract angular momentum
states, we have to use the W map defined in equation (5.4). Classically, it is the sign of det(E)
which is quantized by smearing the Ej‘ with surfaces upon which we obtain fluxes. Using that
det((E;(8"))) ~ [det((3X“/du’))]* det (E}) as the surfaces shrink to a point v as we saw
above, the sign of det(E) is the sign of the determinant of the fluxes which in turn gives the

operator 0, which is related to V, by V, = v/|0,|. Now QAL is given by

Qv = Crg Y €ler. ey ex)en(iC2X]) (12 X] ) (62 XL,
1,J,K
= —8Crgls Y €ler, ey k)Y YL YL (6.27)
1,J,K

because I:f i(S) = iéf, > .ole, S)X! . Applying the map W then simply transforms Y into J.
Due to the global minus sign in the above equation, we will obtain a global minus sign in front
of the whole operator (VF gtﬁ} (S;). Thus, the minus sign in equation (6.3) gets cancelled.

6.5.2. Matrix elements of 51, 52 in the case of (Z)EE[/;L(S ). For (OEESKL(S,) the operators
01, 02 = VALS VAL We showed in the last section, where S was introduced, the followmg
operator identity: QAL = VALS VaL. Therefore calculating matrix elements of 01 Rt
equivalent to calculatmg matrix elements of QAL Hence, in order to get the matrix

element for (QE}i&L (S,), we need to compute the matrix elements (a3, 0|0A"|a?, 0) and
(o}, M|OA% |}, M) with i = 2,3,4. And now one big advantage of the occurrence of the

sign operator S can be observed. In case I, when we were forced to compute particular matrix
elements of VjL, we had to calculate the whole eigensystem of QﬁL as the first step in order to
use an eigenstate expansion for the matrix elements of V/EL' Here, since VF ,I(IStL (S;) includes
matrix elements of O, we can use the formula derived in [16] to get (a3, 0| 04" |a?, 0) and
(otil, M | ’Q\ﬁ‘Lia} M ) and no involved diagonalization of /Q\ﬁL is needed anymore.

Moreover, we are only considering matrix elements with |a11, M > as an incoming state
|a]1, M ) This state has the property that the intermediate coupling a, of the edges ey, e; is
zero. Thus, we have J,, = —J,, and therefore obtain in these cases ¢33 = —g234. Hence we
only have to deal with one of the triples. So, in our special case we get

y

3 .
—Cregq 134, (6.28)

3l
SAL _ 6
=4{,—

o, 5

~ ~ 6
p g Cree(€(er, €3, €4)q134 + €(e2, €3, €4)G234) = 0L,
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where we introduced o = +1 for edges of type up and 0 = —1 for edges of type down.
Moreover, we have chosen to take g 34 without loss of generality. In the following calculation,
we will consider the case of an up edge, so we choose 0 = +1. The whole calculation is
analogous for an edge of type down with the only difference that all subsequent formulae have
to be multiplied by a factor of —1. Taking the formulae’ for the matrix elements of §134, G234
in equations (6.6), (6.7) we obtain the following result:

_ 4 —
(03, M|Giaala?, M) = —w (Jj+DVee+1

1 ~ \/(K +1)32¢-1)
oa,, M o, \/
o2, M{isaly, M) = T2t+ D)
L oagl~ | (13 €+ -1
o, M o, w/
( 3 |4134| 1 > @+
1 — 1 Ve (2E +3)
o, M o, \/
(s, M|isalerf, M) = N (FS Ve TES Y
The matrix elements do not depend on the magnetic quantum number M and are therefore
identical for any chosen value of M. From equation (6.28) we can read off that the matrix
elements of QAL are given by equation (6.29) multiplied by a factor of (iﬁi%Creg). Quite
promising at this stage is the fact that the j and £ dependence of the matrix elements factorizes,

because it might be a slight indication that the whole ¢ dependence will cancel exactly in the
end. With the result of the matrix elements we can go ahead in computing the matrix element

(6.29)

of OF E‘&L (S;) by inserting the matrix elements above into equation (6.3).

6.5.3. Explicit calculation of the matrix elements of “)E}i’tﬁf (S,A). Multiplying the matrix
elements in equation (6.29) by the necessary factor of (i£$3!Cg), inserting them into

equation (6.3) and taking into account the global factor of —1 due to the W map of S,
we obtain

82 Cre (—1)3312i
OF _ 2
(B el OBk (SDIA, 0) = Jimy Z 4@(@+1)(2€+1) s VU

x [Jr Z {700 (1) B+ (— D P20+ 1/ 0 + 1)

B——t¢
X (1my2; £B | £ 12+B) (€m ,+B; £—(m»+B)|00)}
+¢
- Z {nf(fk)(Cﬁlz)C(_l)C_mlz(OO; Lo C | € C) (€ Cs L —Cl1iyo)
Cc=—1¢

V2E=T1,/(+1)32C—-1) ¢2z+1(z(z+1)—1)
(f VERE+T) V3 JEE+T)
+J2€+3 V(20 +3) )”

V3 Jae+nee+n /)

where we put a global factor of (Zz%cmg)( \1} /7(G +1) in front of the summation. In

order to get rid of the §-functions, we performed the sum over the indices C, F in the first term

(6.30)

7 This formula was originally derived for gauge invariant SNF only, but can easily be extended to gauge variant states
with a total angular momentum different from zero [19].
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and the sum over B, F, in the last term. Hence, only one summation is left. Compared to our
starting point equation (6.30), equation (5.12) has become effectively simplified. Nevertheless,
for carrying out the last sum, we have to insert the explicit expressions for the remaining CGC.
They are given by

1 — 5 VUC+T) = B(B = D, -

(112, B | iy + B) = —— — Bdg,,.0
VEE+T) + L VEC+T) = BB+ Doy

(_l)lfBﬂ?llz

Ly + B; £ — (Mz + B)|00) = ————
< 12 12 | ) m

(00; £C1LC) =1

—LJE+1) = C(C+ Dds,, 1
_ ﬁ miz,
(_l)e C\/§ +C8rﬁp 0

(G tmiz = C 1 Im) =~ =

+ 5 VIC+TD) = C(C = Dy 1
(6.31)

If we insert these CGC into equation (6.30), we will get an additional factor of (—1)¢ which,
combined with the already existing factor of (—1)3, leads to a total of (—1)* = +1 and
can therefore be neglected. Furthermore, the factors (—1)% and (—1)€ are cancelled by the
corresponding inverse factors included in the CGC in equation (6.31). Hence, we get

802C, 312i
1 ~ (O 0n_ 1 preg ! —
,m E S, ,0= lim E -_ +1
(B 12l kot (S)1B ) 4—16(€+1)(25+ ) \/g J{ )
|:|e7?/ 3
1 ~
) ~ L JE@H D = BB~ Do

X +Z 7¢(Tk) B n+b)  —BBsin,0

B——¢ +%§\/£(g +1) — B(B + 1), +1
) +%\/ﬁ(£ +1) — C(C+ Dy -1

- Z {70 (T) (c=rn)e |+ Chipn0
Cc=—¢
~ L VI D = C(C — Dby

X[(%—l)(ul)_(l ! )+(2“3) ¢ } . (632

Qe+1) ¢ T+ D) e e+

Here we have used (—1)%™2 = +1 in the first term, absorbed the factor of (—1)"2 in a change
of sign in the CGC for 1> = %1 and combined and cancelled square roots where appropriate.
Fortunately, the expression in the square brackets in the second sum is identical to one, so
equation (6.32) simplifies to

e o 0 3116062 Creg /T (G + 1)
(B, mia| Ek,lot(Sl)|,8 ,0) = lim 2
P8 A V33 + D2e+1)
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1 ~
. —E\/z(e +1)— B(B— D&y 1
X Z 70 (Tk) B o+B) § — B0
B=—¢
+%¢e(z +1) — B(B+ D)&p41
» —JLT/E(H 1) — C(C + Dy, -1
+ Z 7o (tk) (c =i c § —Cdiinns0 )

Cc=—t +%\/w +1) = C(C — D)8 01

(6.33)

where we absorbed the minus sign in front of the second sum into the GCG. The 7-matrices
for an arbitrary SU (2) representation with weight £ are derived in appendix B

() = —iVEE +1) —m(m — D)8yt — i/ LE+1) —m(m + 1)8p_p_

T (T2)mn = VEE+ 1) —m(m + D1 — JLE+1) —m(m — 1)1 (6.34)

7711(‘[3)mn = _Zimamfn,O-

Taking a closer look at the structure of these t-matrices, we realize that a different choice
of my, in equation (6.33) projects onto different t-matrices; for example, only 7,(z3) will
contribute to the case m1, = 0, while in the case n11, = %1 only 7, (11) and 7, (72) have to be
considered. Formulating this fact in terms of §-functions and using the explicit expressions
for the T-matrices in equation (6.34), we obtain

3116if> creg

(B, 12 VE i (S)1. 0) Jim Z —2—iG+1

—%5%2,—1 {—i8k,1 + 5k.2}

X 1 +185,,.00,3 , (6.35)
+ %55r7112,1{—i5k,1 — 80}

whereby we used Zgz_g B? = %6(6 +1)2¢+1).

Now we take the limit lim¢_, ¢ lim./_,g. The discussion in section 3.3 showed that taking
the lim¢', ¢ (that is equivalent to limp,_, 5, ) is trivial and taking the lim._,( leads to an additional
overall factor of 1/2. So, when calculating the action of the alternative flux operator on the
state |8°, 0), we use the expansion

+1

OF 1B 0) = 3 (B 2 VEan($)IB%. 0)|B ira) (6.36)

ﬁ]z:-l

and end up with the final result

- 31802 Cye
OETAL(S)IB°,0) = —#gmma —1) = 1B, +1))

3 Cre
(@)Elzltx;\tL(SNﬂO’ 0> — p g\/ﬁﬂﬂ + |ﬂ +1>} (637)

o 318¢ ,Cr
OFTAL($)|8°,0) = ’ T JiG+ DI 0).

Remarkably, in the final result the ¢ dependence drops out completely.
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6.6. Case VE™RS(S,) ie. EST = Sdet(e)e? and Vis

k,tot

In this case, the operators 0 1, 52 have the following form:

;
)
i
)
3
)
%

$

P o~ A~ o~

01 = +V¢]|348V£1134 + 612248‘/5]234 + 6]134SV£]234 + Vt]z%ASqut + VC11%4SV£]|23
+

Vf/124SV(Il34 + V17234‘SV£1121 + V(I1248V(1224 + quSqu (6 38)
02 = +VQ|348VC1134 + VCI234SV6]234 + VLPMSVQM + VQHASVCDM + VCIWSVLIM
+ Vf/lz4SVq124 + V17123‘3V61234 + V(I2348V(1124 + Vf/123SVqlz4

But, before continuing we want to discuss some difficulties that occur if one uses the volume
operator Vgs in this case.

6.6.1. Problems with the sign operator S in the case of RS.  When we introduced the
quantization of & — S in sectlon 6.5.1, we realized that S has a precise relation to the
operator Q‘v““, ie. Q‘U*L = VALS VaL. However, this was possible because VAL sums over
the triples inside the absolute value under the square root (see equation (4.9)). In contrast,
WRS, defined in equation (4.7) consists of a sum of single square roots. Consequently, we
are not able to repeat the calculations done in section 6.5.1 if we choose VRS, because there
is no possible origin for a sign. This means that there exists no sign operator S that is
quantized in the same way as Vis is quantized. Accordingly, in a strict sense the operator

OF gf;s (S,) does not exist, because S cannot be implemented in the quantum theory just using

the regularization that leads to VRs The conclusion is that “)EE ll;ts (S;) is inconsistent with

the usual flux operator. In retrospect there is a simple argument why the only possibility

(’Z)E}( lfost(S,) (since ([)E}(I gts (S;) does not exist) is ruled out 17RS without further calculation:
namely, the lack of a factor of orientation in VRS ,likee(ey, ey, ex)in VAL, leads to the following
basic disagreement with the usual flux operator. Suppose we had chosen the orientation of
the surface S in the opposite way. Then the type of the edge e switches between up and
down and similarly for e, e;. Then, the result of the usual flux operator would differ by a
minus sign. In the case of VAL we would get this minus sign as well due to e(ey, ey, ex),
whereas a change of the orientation of e, e; would not modify the result of the alternative
flux operator if we used VRS instead, because it is not sensitive to the orientation of the
edges.

A way out would be to use the somehow ‘artificial’ construction Vng ALVRS, where S
denotes the sign operator S introduced in section 6.5.1. We attached the label AL to it in order
to emphasize that its quantization is in agreement with VaL. This is artificial for the following
reason. Suppose we have a classical quantity A := det(E) and two different functions
f1:=+/]A] and f> := sgn(A). If we want to quantize the functions f; and f>, we do this with
the help of the corresponding operator A and oobtain due to the spectral theorem f | = \/rAT
and f 2= sgn(A) The product of operators VRSS AL VRS rather corresponds to g = A/ and
& = sgn(A) because Vs is quantized with a different regularization scheme than S is.
This would only be justified if \/rAj and A’ would agree semi-classically. However they do
not: if we compare the expressions for Vap and Vys then, schematically, they are related in
the following way when restricted to a vertex, ’VU,AL = |%Creg Dok €ler ey, ek)fl\md 172

o i ~ (172 . .
while V,rs = Z[<J<K |%Cregq[./[(| /! . It is clear that apart from the sign €(ey, e, ex)
the two operators can agree at most on states where only one of the gk is non-vanishing
(3- or 4-valent graphs) simply because +/|a + b| # +/|a] + +/|b| for generic real numbers
a,b.
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6.6.2. Matrix elements of 0., O, in the case of (E)E ?[];S (S;). Nevertheless, we can analyse
whether (“E}i’gf (S,) including VrsSar Vs is consistent with the usual flux operator Ex(S).

In the case of OF E’S}(SZ), no diagonalization of the Q" matrices was necessary because
of the operator identification Q\f}]‘ = VAL:S\V 'AL- Since this is not possible for (Z)E ?t];ts (S;) we
have to diagonalize the /Q\Ei,,( in order to get the eigenvalues and eigenvectors. Then we can
compute the matrix elements, for instance, (o, M| 0, |9, M) by an eigenvector expansion
for each operator contained in O,

(@3, M|V, SV, |ad, M) = Z (@, M|V, la) (1Sl ) (@ [V, [, M)

'), le”)
Z Z az,M| Vi |€x) (€xle’) Yo' |S|ew) (@r o)
) kKK
X (Ol |Vq,‘jk|ek” (Ek//‘oll,M), (639)
whereby |é;) are the eigenvectors of the corresponding operators and |o’) are all
states belonging to the Hilbert space . We calculated the matrix elements

(0[3, M| 51 |a(1), M), (a%, M|62|a}, M), <ai, M|52|a}, M) that occur in equation (6.3) for
£ = 0.5. The details can be found in appendix E. The results are shown below:

(08, M[0%]af, M) = C1(0(a, |0 [a, 1)
(e}, M|OSS|al, M) = C3(j, O)[a}, M| 04 |al, M) (6.40)

(ah, M|OSS|al, M) = Cu(j, O}, M| 05" |al, M).
Here C(€), C;(j, £) € R and the explicit expression can be found in equations (E.82) and
(E.105). Furthermore, we expressed the matrix elements in terms of thE associated AL-matrix
elements, because the whole calculation has already been done for OF }{I[‘;L (S;) and therefore
in this way of writing we can easily note where differences occur. C;(j, £) are real constants
whose values depend on the explicit value of the spin labels j and £. In the case of VE}" AN (S))
we could see that the whole dependence on the spin label £ drops out in the final result. Hence,
if in the case of “F E:;S (S;) we obtain not exactly the same matrix elements as for OF ,ICI[/;L Sn),
we already know that the £ dependence will not be cancelled in the final result here. The
j dependence is basically caused by terms proportional to (v/j(j + 1) +¢)(/j(G + 1))},
whereby ¢ € N. Thus semi-classically, i.e. in the limit of large j, the numerator and the
denominator become equal and accordingly the j dependence vanishes, C;(j, £) — C;({).
By reinserting the matrix elements from equation (6.40) into equation (6.3) and repeating all

the steps of the former (Z)E Ikl’tl;s (S;) calculation for £ = 0.5, we end up with

OFIRS (5)18°, 0) = fpco 0)Creg/j (j + DA — 1B, +1)}
OEIRS (5)]80, 0) = 5 C(j, OCrey/j (i + DU, —1) + 18, +1)} (6.41)

f

OFIRS (5)18°,0) = —7”30(1, O)Creg/j(j + DB, 0).

Here, C(j, £) € R with C(j, £) — C(£) semi-classically and

2 (G)-oG) (@) 6) (Gem)
co=|c(z)-G(z)(1-—)+C|= . (6.42)
2 2 e+ 2)\@e+) €+ ], s
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The functions C;(£), C»(£), C5(£), C4(£) can be computed analytically only for £ = 0.5, 1.
Note that C,(£) is zero for £ = 1/2 since the state |a2', M > does not exist for £ = 0.5 (see
equation (D.4)). For this reason it does not occur in equation (6.42). However, if we know
these constants the precise £ dependence of C(£) would be

- QC—1)(L+1) 1
Cl)=Ci(&)+Cr(0) <m ; ) - C3(¢) (1 - £+ 1))
Y4

Call 2¢+3)
a( )<(2z+1) (z+1)>‘

Since the £ dependence of C;(£) should result from the £ dependence of QE%K which is
non-trivial in general, it is very unlikely that the whole ¢ dependence is cancelled for arbitrary
£ as in the case of “E}}{Q}(S,) where C;(¢) = 1fori = 1,2, 3, 4.

Thus, we conclude that the volume operator introduced by Rovelli and Smolin is not
appropriate to reproduce the result of the usual flux operator E, «(S;) and therefore cannot be
used to construct the alternative flux operator. In other words, the RS operator is inconsistent
with the fundamental flux operator on which it is based.

(6.43)

6.7. Summarizing the results of case Il

Considering the operator “)Eg"‘gtL (S;), the operators %) 1, 52 whose matrix elements are
included in equation (6.3) are given by 0, = 1 = 52 = VAL§/\7AL Thus we have to implement
the sign operator S = sgn(det(e)) — S on the quantum level. In section 6.5.1 we showed in
detail that S has a well-defined relation with Q , in particular S = sgn(QAL) This relation
is equivalent to the operator identity QAL VAL§VAL Consequently, it remarkably turns out
that the operators O, O, are identical to the operator Q" in the case of (O }(1 AL (S,). Along
with this comes the nice side effect that a diagonalization of the operator QAL is no longer
necessary since now the matrix elements of QAL instead of matrix elements of VAL contribute
to the calculation. Therefore, we can apply the general formula for matrix elements of QAL
derived in [16], even for arbitrary spin labels ¢, and we are done. The expression for the
matrix elements of Q{}L is given in equation (6.29). By reinserting these matrix elements into
equation (6.3) and following the intermediate steps discussed in section 6.5.3, we end up with
the final result in equation (6.37). For E;"2"(S,) the whole dependence on the spin label
£ that is associated with the two additional edges e3, e4 drops out in the final result. Hence,
the result is independent of the chosen representation of the holonomies in the alternative flux
operator OEMAL(S)).

In the case of VE E’:;S (S;) the operators O, O, have quite lengthly expressions that

can be found in equatlon (6. 38) %) 1, 52 are both given by a sum of operators that have
the form Vq”KS Viirz» Whereby anK denotes the operator Vks when only the contribution of
the triple {e;, e ey, e k } s considered. In contrast to Q ,for ),k O A'; 7k Do relation with the
sign operator S can be derived. This fact is dealt with in section 6.6.1. Consequently, it is
impossible to quantize Sin an analogous way as VRS is quantized. This is a big difference
to VAL where S and VAL could be quantized in the same manner. Therefore, the operator

(‘Z)E}{I&S (S;) cannot be defined rigorously since S does not exist for VRs- Thus, the operator
“)E}i’gts (S,) is inconsistent with the usual flux operator Ex(S;).

Nevertheless, we analysed the artificial construction VrsSVar for (Z)E?’:;S (Sy). Itis
artificial because the operator Vxs and the operator S are quantized with respect to different
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regularization schemes and are not semi-classically consistent with each other. The results are
shown in equation (6.41).

In the next section, we will calculate the matrix element of the usual flux operator E «(S)
in order to compare it with the results in equations (6.37) and (6.41) afterwards.

7. Matrix elements of the usual flux operator Ek(S)

In this section, we will calculate the action of the usual flux operator on our SNF |/30, 0) that
was used through all the calculations of the alternative flux operator before®. If we want to
use the technical tools of angular momentum recoupling theory (e.g. CGC) we have to apply
the W map in equation (5.4) to all states in the SNF Hilbert space in order to justify to work
in the angular momentum system Hilbert space. Therefore a matrix element of the usual flux
operator is given by

my,mh <‘3j|2’ %12|E]§ (S) |‘Bj12’ n12>m/l,m’2 = Z T[flz (671)7112%1277]12 (671)1112m12
levﬁqIZ
X (B2, ia; mymy | EY (S)|B72, myo; mimb).

As has been pointed out before, this mapping is similar for the alternative and the usual
flux operator. Therefore, we will only consider the matrix elements of E,  in the abstract
angular momentum system Hilbert space here. Since the inverse of 7, (e ') exists, a possible
difference between the usual and the alternative flux operator can only occur in the matrix
element in the abstract angular momentum Hilbert space. Throughout this section, we will
neglect the additional indices m, m} of the states | ,lel, myz) as we did in the calculation of
the alternative flux operator. Working in the abstract angular momentum system Hilbert space
now, we can re-express the action of E; (S) in terms of angular momentum operators the
actions of which, on the other hand, are well known for states expressed in the tensor basis.
Thus, it is suggestive to transform the recoupling states |8°, 0) back into the tensor basis and
apply the operator E, «(S) onto it afterwards. Thereafter, we have to reformulate the result
again in terms of the recoupling basis in order to be able to compare this result of the usual
flux operator with the calculations of E «(S) in the last sections.

The state |8°, 0) transforms into the tensor basis according to the following linear
combination,

+J
18°,0) = Y (jm, j —ml00)|jm; m), )e, ® | jm; mip)e, (7.1)
m=—j

= Zj O s e @ 1 — i, Yo (7.2)

N2 “ “
where we have used the explicit expression for the CGC (jm, j — m|00) = (j/;)j%
Furthermore, the two edges e; and e, of our graph y couple to a resulting angular momentum
ji2 = 0. Therefore, we have .77; = —?;2. Additionally, the tangent vectors ¢é;(¢) and

8 Note that it so happens that for 0=VSsV = Q an explicit diagonalization of @ is not necessary so we may refrain
from using the recoupling basis and can work directly in the tensor basis. The associated calculations are of a similar
length but sidestep the use of CGCs and hence may be used as an independent check of our result. We did this and
the result completely agrees with the recoupling basis calculation. However, for 0=V # 0 it is necessary to
diagonalize Q and the use of the recoupling basis becomes calculationally mandatory, which is why we have done all
calculations in this paper in the recoupling basis.
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é>(¢) have opposite orientations with respect to the surface S, from which it follows that
€(e1, S) = —€(ey, S) = o, where 0 = +1 for edges of type up and o = —1 for type down
edges. Hence, we obtain

~ 1
Ex($)18°,0) =—§€ [eer. $)TE, +€(ea, $)TE,]18°. 0)

1, & (—pim . ,
= __ef,mzj e(er, $)TE +e(ea, S)Jez]ﬁUm;mel)el ® |j —m;m) ).,
EZ +j
_W Z( DI (T Ljms m), )e,) ® 1 —msm), e, (7.3)

By applying equation (7.3), we calculate the action of E(S) on our SNF foreach k = 1,2, 3
separately with the case k = 1 being the first one. From elementary quantum mechanics
we know that we can introduce ladder angular momentum operators J* and J~ defined
by Tt = JT'+il%and T~ = J' —iJ?% respectively. Hence, we can express J! as
7= %(7 Y4 T 7). The action of the ladder operators on a state in the abstract spin system
| jm; m’) with spin j and magnetic quantum number m is given by

THjmsm'y = /j(j+1) —m(m+ V)| jm +1; m')

. (7.4)
Joljmym'y = /j(j+ 1) —m(m — D]jm — I;m').

Iherefore, by means of equation (7.3) we obtain for the k = 1 component of the flux operator
E | (S) acting on the SNF |8°, 0) the following result:

2 +Jj
Ei(85)18°,0) = —ﬁ DT msm)e) @ 1 — mim)e,

m=—j

2¢2—+Z

®1j —miml)e, +y/j(j+ 1) —m(m — D|jm = Lim) )e, ® |j —m;m])e, }.
(7.5)

(=D)J— +\/](]+1)—m(m+1)|]m+1 mm)‘fl

We wish to express the final result in terms of recoupling states. Consequently, we have to
transform the tensor product |jm + 1; mél Yo, @] —m; m’ez)e2 back into the recoupling basis,

JG+D2j+1)

+ Z Jiafity = 1]jm +1; j — m)| 72, 1)
To=2

_ o —m JG+D) —mm—-1)
ljm = L), ® |j —m; —m')e, = (1) f\/ TG+D2i D 18", —1)

(7.6)

+ Z (ofity = 1] jm + 1; j — m)| 72, 1),
Jo=2
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where we used the definition |8/, m2) := |a = jar = jiomiz; m;]mgz) as we did during
the whole calculation of the new flux operator. We want to expand the action of E;(S) on
18°, 0) in terms of the states |8, m12),

+1

E($)I%,0)= Y (B nlE(SIB, 0B, fin). (7.7)

Mip=—1

As the next step, we insert equation (7.6) into equation (7.7). As jj denotes the total angular
momentum of the state |72, m,), we know that two states with different values of jj» and
my are orthogonal to each other, meaning (B2, | B2, myp) = 8+ 8fip.my,- Taking this
into account, we obtain

j 2
E S 0,0 12(/ m)[ (JG+1D) —m@m+1)) 1’1
O = 3 e Z { oY \/ jGroejen Y

. 3 /GG+1D) —m@m—1))2
_1\2(j—m) |2 1
* =D \/;\/ JG+DQRj+1) 6. =D

Ji2sJ12

52
=—7% j<j+1>{|ﬁ‘,—1>—|ﬂ1,1>}. (7.8)
Here we used (—1)20~™ = 41, as (j —m) € Zand ¥’ _ym*=(1/3)j(+DEj+1).

Analogous to fl, we can formulate J?2

Hence, the action of the k = 2 component of the flux operator E. »(8) acting on | 8°, 0) is given
by

in terms of ladder operators J? = %(7 r—J0).

2
J_ Z( DI (T2 Ljm:mh)e,) ® |j — msmb).,
m=—j

¢z—+z

® |j —m;mh)e, = (j + 1) —m(m — D] jm —1;m})e, ® |j —m;mh)e,}.
(7.9)

Ex(8)18°,0) =

(D™ G+ D —m@m+ D jm+1;m)).,

Again, we want to transform the tensor product |jm % 1;m))., ® |j — m;m}),, into the
recoupling basis by means of the necessary CGC that can be found in equation (7.6). Inserting
equation (7.6) into the equation above and taking advantage of the orthogonality relation
concerning different m's and j{zs, we get

- e GG+ 1) —m(m+ 1)
E»(9)]8°,0 § 120~ m>[ 1
(S0 = =5 e 2 { v \/ jGrnaj+n P

. 3 /GG+1) —m@m—1))2
— (=D "”\/t -1 }
b \/ JU+DEj+1) 16 >
= ——\/J(J"'l (18", —1)+ 8", 1)}, (7.10)

where we againused (—1)20~™ = +1,as (j—m) € Zand ¥’ iy m? = (1/3)j(j+1)(2j+1).
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It remains to calculate the k = 3 component of E «(S). This case is easier than the other
two components as 72] does not change the magnetic quantum number m. Rather |jm; m’) is

already an eigenstate of 7‘21:
T jm) = m|jm). (7.11)

Using the eigenvalue above, we can evaluate the action of E 3(S) on the SNF |89, 0):

2
E5(5)|8°,0) = J_ Z( D (T3 ims mi)e,) ® 1 — m; mb).,
42 .
= «/ﬁ Z (=D m|jm;m))e, @ |j — m;mb)e,. (7.12)

m=—j

As we have a different tensor product |jm; m}),, ® |j — m;m}),, than in the k = 1,2
component case, we will consequently have a different expansion in terms of the recoupling
basis states, in particular different in terms of the CGG appearing:

S : GO D" my3
m; my)e, @ |j —m;my),, = +———=18",0) + ,0
2j ~
+ > (ufita = 0ljm; j —m)|/, 0). (7.13)
Jo=2
Here, we can neglect the first two summands in equation (7.13). As for the k = 1,2

component, we will expand the final result in terms of the states |,31,m12) (see also
equation (7.7) for this). Because |8°, 0) and |B',m ;) are orthogonal to each other, the
scalar product (8!, m5|B°, 0) vanishes. Additionally, the first summand in equation (7.13)
leads to an expression proportional to Z;’:_ ;m = 0 when inserting it into equation (7.12).
Therefore, we will just consider the second summand of equation (7.13) as all the other terms
of the remaining sum vanish as well, because of the orthogonality relation concerning 712.
Hence, we get

E 0 o (_1\]—m E (J(]+1)—I’I1(m—1))2 1
PO =D \/;\/ Ginajen A0

62
=——L2/i(+ 1B, 0), 7.14
NG JG+DIB,0) (7.14)

where we have taken advantage of the fact that (—1)*V~ = +1, as (j — m) € Z and used
£1=7j m? = (1/3)j(j + D(2j +1). Summarizing, the results of this section we can extract

from equationi (7.8), (7.10) and (7.14) the following results for the three components of the
flux operator E;(S):

ZZ
E\(8)18%0) = =L/ + DI, 1) — |8, +1)}
NG
— 102
E(8)18°.0) = —;—%WU DB — 1)+ +1)) (7.15)

2

L
E;(S 0)=—-—-L,/ DAL, 0).
318, NG i+ DIB',
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8. Comparison of the two flux operators

By compa.ring equation (7.15) with the results of (“F E ‘AL (S,) in equation (6.37) and the results

of OF E [R ts (S,) shown in equation (6.41), we can judge whether our newly constructed flux

operators (@)E“ ALS), “)E}ftl;s (S,) are consistent with the action of the usual one E;(S).2

Let us first discuss the operator E tﬁ[]“ (Sy). It transpires that
OELAS)IB%, 0) = 318Crg Ex(9)16°, 0). @.1)

Therefore the two operators differ only by a positive integer constant. As there is still the
regularization constant C, in the above equation, we can now fix it by requiring that both
operators do exactly agree with each other. In fact, there is no other choice than exact agreement
because the difference would be a global constant which does not decrease as we take the
corresponding limit of large quantum numbers j. Thus, we can remove the regularization
ambiguity of the volume operator in this way and choose Cre, to be Creg 1= ﬁ = ﬁ.

This is exactly the value of Cy, that was obtained in [6] by a completely different
argument. Thus the geometrical interpretation of the value we have to choose for Crg is
perfectly provided'”.

Note that the consistency check holds in the full theory and not only in the semi-classical

sector. Consequently, the operator E'{;L (Sy) is consistent with the usual flux operator.

Now, considering the operator (Z)E}(I RS (S things look differently. Here, a quantization

that is consistent with Vgs of the sign operator 8 cannot be found. Accordlngly, we should

FILRS

stop here and draw the conclusion that VF kot

(S;) is not consistent with Ek(S). A way out

of this problem is to use artificially VrsSar Vis for OF gl RS (S,). In doing so, we obtain

k,tot
OELR($)IB°,0) = C(j, O)Cra E(S)IB’, 0), 82)
whereby C(j, £) € R is a constant depending on the spin labels j, £ in general. Precisely, the

dependence on the spin label j causes a discrepancy of (‘))Elkl tRlS (S;) with respect to E, (S).

But since C(j, £) — C(¢) semi-classically, i.e. in the limit of large j, which is shown in

appendix E and discussed in section 6.6.2 of [20], “)E}ftl;s(S,) including that the artificial
operator /VRS:S: AL/VRS is consistent with E, ¢ (S) within the semi-classical regime of the theory
if we choose Crey = 1/C(£). Unfortunately, C(£) has a non-trivial £ dependence which is not
acceptable because it is absent in the classical theory. Moreover, we do not see any geometrical
interpretation available for the chosen value of Cy, in this case. One could possibly get rid of
the ¢ dependence by simply cancelling the linearly dependent triples by hand from the definition
of VRS But then the so-modified VRS and VAL would practically become identical on 3- and

4-valent vertices, and moreover VRS would now depend on the differentiable structure of X.

9. Uniqueness of the chosen factor ordering

Since the analysis here holds for Vav as well as for Vg we neglect the explicit labelling in
this section. Now, we discuss to which extent the factor ordering chosen by us in section 3.3
is unique. For this purpose let us go back to equation (3.11). Instead of using the classical
identity shown in that equation we could have used the following identity,

9 The operators (Z)E (S ) and “@k lot(ST) have been ruled out before since they are the zero operator and not

consistent with the usual flux operator E x(S).
10 The factor 8 = 23 comes from the fact that during the regularization one integrates a product of 3 -distributions
on R over R* only. The factor 6 = 3! is due to the fact that one should sum over ordered triples of edges only.
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~ ) 4 ;
OFE(S) = Pl/l_r)nst Z €t {45, V(Ry)} S {AL V(R } 9.1)
16 1 1
= lim —€ Tr(me(ts)me(hey ) (T h,
Pos A= K2 ""-‘z(z+1)(2£+1) Qe+1) (e o)e (e, ) e (1, )
V(Ryo) })Tr( 11(25+1) ) tr(me () e (hey) {me(hy)), V(Ru@) }), 9.2)
where we used Tr(m,(z,)m,(z))) = —%ZZ(E + DL + 1)8;¢. Surely, the operator

corresponding to equation (3.11) would lead to a flux operator with a trivial action so far, for
the reason that only one edge is added to | 8°, 0) before V acts. Nevertheless, as the holonomies
commute classically, and additionally the trace is invariant under cyclic permutations, we are
allowed to insert a well-chosen unitary matrix in every trace:

Tr(me (v) e (hey) {mel (1)), V(Ru) })
:Tr(nz(r,)n'g( ){n'g( ) V(Ru(D))}”Z( ez)”l(hil))
= Tr(me (h, ) e (r)me (e ){nz( . VR,@ Jre(hey))- 9.3)

Considering the trace that includes the sign factor S, we note that we have to insert two unitary
matrices here, in order to avoid a trivial action of the corresponding operator. Accordingly,
we end up with

4
“OEL(S) = lim Zek” S VRS (AL VRE))

Pr— S

16 1 1
- _263‘/(1 4
PSR r e+ ) QEF D)

XTI'(ﬂg(h;I)ﬂe(Ts)nl( ){7'[13( ) V(Ryoy) Je(he,))
X Tr(A@ (he4)7rg(he_31)ﬂ(2£+l)ﬂz (heg)ﬂe (hal))

x Tr(me (k) e (t)me (he,) e (h2)). V(Ru@) Jre (hey ) 9.4)

When we apply the formalism of canonical quantization now, we get an operator with a
different factor ordering than the one we used before,

—404 1
O _
ELS) = lm, 2 e e @eeD
x Tr (T (h, ) 7o (0T (hey) [V (R Te (B, ) 17 (he,))
x Tr (¢ (he,) e (h;I)ﬂ<25+1)ﬁe (he,)7e(hZ))

x Tr(7e (h, )T (t)Te (he,) [V (Ruy. T (h))) [T (Bey)). 9.5

Hence, the matrix element of (O 1 (S1) can be calculated in the following way:

- —16¢; 1
Ll VEL(S)18%,0) = lim s
(B, il VEL(SDIB", 0) %SKDX; M D D) @D

X Z (B', | (7 (h, )ﬂz(f )7e (e )[V(Ru(m)),ﬁe(hgl)]

12_71

x 7 (he,)) 1B, 0)(B°, Ol tr (¢ (he, ) e (h;l)ﬂ(zm)ﬁé (he))e(h)'))
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x |B, ) (B, | (e (k) Te () e (he,)
x [V(Rue), e (h;))|7e (e,) ) 1B, 0). (9.6)

In order to show why this factor ordering is not appropriate to construct an alternative flux
operator, we take a closer look at the trace terms, for instance the one on the rightmost side.
Carrying out this trace leads to

(B, m'| (7 (h, DEACAEAS )[V(RU(EI)),fz(hal)]ﬁz(he3))|,30’0>
~ 16¢;4(— 1)
= Jim, Z 4z(e+ Daes ) " wes

x(B', m12|7Te (€ p1me(€) pee(hl,) o T (hl) ., V7 (he,) o Te(hes) g 418°.0).

0.7
However, this is exactly the expression of the former operator in equation (4.12) with the
small but important difference that in this case the operator 0 = {V/SV\7 V2} is replaced by
the volume operator V itself. As V2 and the operator V have the same eigenvectors, we can
conclude from the discussion about the case where O = V? in sections 6.2 and appendix D
that the matrix element is zero. Consequently, the whole flux operator “)E «(S¢) has a trivial
action. Therefore this factor ordering cannot be used. Moreover, one can show that the
other trace terms vanish as well, so that the trivial action of OF" 7.(S;) is not only due to the
disappearing of the matrix element which we took as an example.

Another idea could be to put an additional trace including additional holonomies around
the already existing traces. We did this for a trace including one more holonomy and calculated
the case where all three edges that are added to |B°, 0) carry a spin label of £ = %, and it
turned out that the result is zero, too.

10. Conclusion

In contrast to our companion paper [20], we focused in this paper on the technical and
mathematical aspects of the consistency check. By following the technical details step by
step we hope to have provided a possibility to present, among other things, the robustness of
this consistency check. For instance, the fact that case I where the densitized triad is given
by E} = det(e)e} leads to an alternative flux operator for VAL as well as VRs, that is, the
zero operator could not have been guessed from the outset. This seems to be caused by an
abstract symmetry of the volume operator that we were not aware of until now. We would
like to be able to understand this issue from a more abstract perspective. Nevertheless, since
the quantization of the momentum operator ih% on L,(R™, dx) is also not possible, the result
that E}} cannot be considered as a 2-form fits perfectly well.

Quite unexpectedly, the quantization of the sign operator becomes necessary in order to
perform the consistency check. Furthermore, the explicit relation to the operator L namely,
S= sgn(QAL) which is equivalent to the operator identity QAL VALSVaL, pr0v1des us with
(i) the possibility of performing the check for arbitrary spin labels ¢, thanks to the techniques
developed in [16], and (ii) conclusion that ?RS is not consistent with the usual flux operator,
because there is no way to quantize a sign operator by using the regularization that was
employed when VRS was defined. Even the artificial construction where one uses VRSS AL VRS
leads to an alternative flux operator that also differs from the usual one semi-classically since
it contains a regularization constant still dependent on the spin label £.

By comparing the detailed calculation of cases I and II one realizes that the sign operator
S, roughly speaking, acts like a ‘switch’ which either leads to cancellation or survival of terms
in the eigenvector expansions.
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The regularization of the alternative and the usual flux operator is based on the same
method and it turns out that the classification of edges in types up, down, in and out that is
sensible for the usual flux operator is also meaningful for the alternative one. Moreover, the
meaning of the limit as we remove the regulator and define the alternative flux operator has
to be understood in the same way as for the usual flux operator, otherwise the alternative flux
operator is identical to zero. Moreover, without the additional smearing we would be missing
a crucial factor of 1/2 and our Cr,, would be off the value found in [6].

The correspondence between the Ashtekar—Lewandowski (1) and the abstract angular
momentum system Hilbert space has to be taken into account and has a large impact on the final
result. If we had not introduced the unitary map W that allows us to transform between Har
and the abstract angular momentum Hilbert space the result of the alternative flux operator
would differ from the result for the usual one.

Finally, all the ¢ dependence cancels at the end. Since many ¢-dependent terms are
involved in the calculation as, for instance, Clebsch—Gordan coefficients, T-matrices and the
matrix elements of AﬁL, this is rather astonishing and demonstrates that all the ingredients of
this consistency check fit together harmonically.

This paper along with our companion paper [20] is one of the first papers that tightens
the mathematical structure of full LQG by using the kind of consistency argument used here.
Many more such checks should be performed in the future to remove ambiguities of LQG and
to make the theory more rigid, in particular those connected with quantum dynamics.
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Appendix A. Proof of lemma 5.2 in section 5.2

In order to keep the proof comprehensible, we express the CGC in equation (5.13) in terms of
Wigner 3 j-symbols, because the symmetry properties of the Wigner 3j-symbols are easier to
handle than those of the CGC itself'!. The relation between the CGC and the corresponding
3j-symbol is given by

- ) — (yma+Etin—t Jiz £ a3
(Jrzmiz; LElazmiz + E) = (—1) V2az +1 <m12 E —(np+ E)) . (A.1)

Replacing the first CGC in equation (5.2) by the corresponding 3 j-symbol and using the
definition of 7y (€) g_g, we get

+¢

Z me(€)p—g{jrzmiz; LE|asmy + E){asmpp + E; £ — E|Jmyy)

E=—¢
+0 ] ) a
i 12 3
= (—1)’”‘2“12\/2a3+1 ( ) (a3m12+E;Z—E|Jm|2).
E;[ mp E  —(mp+E)
(A.2)
' Note that we have already used the replacement I = —E in the lemma. We could have left both indices E, I

independent, but due to 7y (€) g = (—I)Z_EBE”,O all terms in which I # —E will vanish anyway.
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With the help of the symmetry properties of the 3j-symbol, we are able to show that
(/'2 ¢ ) is proportional to the CGC (azm; + E; £ — E|jiomy2)

mio E 7(m|2+E)

. Miz+3as42) . PR a:
(asmiz + E; € — E| jramyp) = (=1 3+“2112¢2Ju+1<,jjfz E _(ml;E)). (A3)

Hence, rearranging the equation above leads to the desired proportionality

Jn ¢ a3 (—1)~m—3as—E=2jio
(m12 E —(m12+E)> - NoTES
The next step will be to insert equation (A.4) into equation (A.2) in order to use the

orthogonality relation of the CGC for the remaining two CGC of the rewritten version of
equation (A.2),

(azmip + E; £ — E|jiamia). (A4)

+0
Y ml€)p-g{jrmiz; LE|azmyy + E)asmiz + E; £ — E|Jm1y)
E=—¢
«/2613 +1
= (=P I (Jizmizlazmyz + E; € — E)
V2jin+1 Z
x(a3m12+E,€—E|Jm12), (A.5)

where we utilized that the CGC are real by convention in the last step. Now, we can take
advantage of the orthogonality relation of the CGC which is given by

4
Z (Jumplasm + E; L—E){asmiz + E; £ — E[Jmya)
E=—¢
= 8J,j12 (8m12w_j12 + 8m12»—.712+1 Tt 8m12~,.i12)' (A.6)

Replacing the sum in equation (A.5) by the means of equation (A.6), we are able to show that
lemma (5.2) is true

+¢

Z me(€)p—g{jrzmiz; LE|lasmy + E){(asmpp + E; £ — E|Jmyy)

E=—¢
)—j|2—5—3a3 v2a; +1

= (-1 R ki
«/2]12+1

8J»j12 (8m12w_j12 + 87"12,—]'12+1 +o-t 8m12w.i12) . (A7)

Appendix B. 7-matrices in arbitrary representation with weight ¢

In order to be able to define the alternative flux ©E,(S) on the classical level, we need to
derive the matrix elements 7, (tx ), for the three T-matrices in an arbitrary representation with
weight £. For this purpose we will use a formula for the matrix elements suitable for general
SL(2, C) matrices h = ( ) where a, b, ¢, d € C and det(h) = ad — bc = 1, given in [18].

Let m;(h) be the (2¢ + 1)-dimensional matrix for £ in a particular representation with
weight £. It is the transformation matrix between totally symmetric spinors of rank 2¢. The
e (h)yun, where m, n = {—£, ..., £}, are given by

— \/(£+m)'(€—m)'(£+n)'(ﬁ—n)' l+n—s pm—n+s s 3{—m—s
W(h)mn_Z(E—m—s)!(€+n—s)!(m—n+s)!s!a P A (B.1)
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Here the sum has to be taken over all integers s that do not cause negative factorials. Using the
definition of the matrix element of the T-matrices in a particular representation with weight ¢

d
nZ(Tk)mn = 7 n[(e“k)mn’ (Bz)
dr,_,
where 1, := —ioy, and we can write down the three matrices e’™ for k = 1, 2, 3 that are shown

in equation (B.3),
e'™ =cos(t)1; +sin(?) 1
e'™ = cos(t)1, + sin(t) (B.3)
e'™ = cos(t)1, + sin(t) 13.

Inserting the above matrices into the formula in equation (B.1) and taking the derivative at the
point ¢t = 0, we achieve a general expression for the matrix elements of the three t-matrices
m¢(7x) in a particular representation with weight €,

T (T = —IVEE+ 1) —m@m — 1D)8p_py — i/ €L+ 1) — m(m + 1)y 1
(T mn = VUL + 1) —m(m + D1 — VL +1) — m(m — D8y_n.1 (B.4)

Ty (rS)mn = _2im8m—n,0-

During the derivation of the alternative flux “)I:fk(S ), we will need the following property of
the t-matrices 7, (ty).

Lemma B.1. Let my(t) be the (2€ + 1)-dimensional matrix for 1, := —ioy in a particular
representation with weight £, then the following identity holds:
tr(e (T) T (1) (T5)) = — L + D(2€ + Dy (B.5)

We desist from writing the proof of lemma B.1 here, since the lemma can be easily proven by
using basic algebraic tools and explicitly calculating the identity for the various cases.

Appendix C. Derivation of the formulae for the matrix elements of g%

In this section, we will derive the explicit formulae for the matrix elements of gk, namely
equations (6.6)—(6.9), because it turned out [19] that these are two special cases in which the
general formula in [16] is not applicable. Therefore we have to start from the very beginning
and use the definition of gjjx in equation (4.6). In the following, we will adopt the notation
introduced in [16] and denote different recoupling schemes by g(/J) where I, J label the
momenta that are coupled together at first. Therefore, often g(12) is called the standard
recoupling scheme. The intermediate couplings of particular scheme g(IJ) will be called
gi» while the intermediate couplings of our states |o;, M) and ]alf , M) are still a; and @,
respectively. Using equation (4.6) for the case of I = 1, J = 3, K = 4, we obtain

(o] s M|qi3s]e!, M) = (o], M|[(J13)%, (J34)2]‘°‘71’ M)
= (o M|(112)* s . M) — (e . M|(J34)*(J13)°1 e M)

=31 Y 20303+ a6 + DEF13)(F"(12)

27(12) | 8(13),5(34)
x (2"(12)[g34)[(2(13) | . M)(g(34)|e! . M)
—(8GHo]. M)g(13)|e! . M)]
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= > 1Y 2(13)(e(13) + D(E(3)3"(12)(3(13)]e/ , M)

g’(12) | 2(13)

x> 82(34)(2234) + (GBI (12)(2 34| , M)
g2(34)

—[lei. M) < |, M)] § . (C.1)

where the last term has to be understood as the analogue of the first term when the states
|/, M) and |o;, M) are interchanged. It was demonstrated in [16] that by means of the
Elliot-Biedenharn identity, one can actually carry out the sum over g(13) and g(34) in the
above equation. Hence, we will take the result from [16, 19],

> £2(13)((13) + DEI3)(E 12)(EF13)]e . M)
8(13)
1 T 1 ” } j 4 a3
= [5<—1>—f‘—ﬂ*ﬂ“xul,j3)2A<g2,a2>{’f " ff}(—ly

X{a3 3 &

Do j3}+C(j1, j3)5g5,a2}5g;,a35g;{,a4. (C.2)

Y 2203422034 + D3I (12)(234)|o] , M)
34

B [l<—1)—2<f1+f2>+f4—f3(—1)“2*‘ (=D X (s, )2 A}, as)

2
% @ J3 gg/ (—1)™ asg Ja gg/ +C(j ')ﬁSu 8o 0,047
1 a3 j3 1 a3 Ja 304 s Btk [T mse
(C.3)

In order to keep the equation comprehensible, we introduced the following abbreviations:
C(a,b):=a(a+1)+bb+1)
X(a,b) :=2aa+1)2a+2)2b(2b+ 1)(2b +2) (C4)

Aa,b) i=+/(Qa+ 1)(2b +1).

The next step is to insert equations (C.2) and (C.3) back into equation (C.1). By doing so, we
recognize that the term containing C (a, b) is symmetric under the interchange of a; <> @; and
accordingly will be cancelled, because we subtract the terms where |ai1 M ) and Ialf M ) are
interchanged from each other. Consequently, only the first term of (C.2) and (C.3) survives
and we end up with

1 o ~ ~ ~
(Olij, M|q134}a11, M) = Z {+_(—1)_3(./1+]2)+j4+1(_1)<l2+1(_l)as—g3 (—l)a3+a4X(j1, 13)%

g"(12)
. N " 7o~ j2 jl gé/ as j3 gé/
x X (J3, ja)2A(g,, a2)A(g3, a3) | @ 1 @ s

a j3 gy fas ja & e
X{l a i)l @ s O3 2201105 ar O
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1 L. P ~
— (=) U @t ) ()X () X (s, ja)?

4
« A(gl. T A(g! a3){j2 J1 gé/} {53 J3 gé/} {az J3 gé/}
o 3 L @ jpf|ll @ p)ll a j3
as  ja &%

1 L ~ ~ 1 1
=+ (=D R )BT ()X G, ja) 2 X (s )

xA(Ez,az)A(a3,53){J2 " ".2}{"3 73 @Haz 73 ‘1.3}

1 an J1 1 a 3 1 as J3

x as 14 61‘3 _l(_1)*3(j1+j2)+j4+1(_1)az+1(_1)03*53(_1)53%4
1 az Js 4

N | ~ h 51 a)[az j3 a
XX(Jl»]3)2X(J3,J4)2A(612,612)A(a3,a3){j J] }{ J: 2}

1 ay jl 1 an j3
{612 3 @ } {a4 Ja @3 }
X ) .
1 a3 j3) |1 a3 s

= 4 ()X G, )X G, )}

XA(Hg,ag)A(a3,'d3){jl J2 az}{a4 Ja a3}|:(_1)a2+53{a3 J3 az}

1 a p)l1l a j 1 a
« {52 I3 “.3} — (pye {53 e “.2} {“2 I3 “.3H . C5)
1 as Jj3 1 a 3 1 as Jj3
In the last line we used the symmetry properties of the 6 j-symbols, in particular the fact that
a b c| _Ja b e
d e bl |d ¢ b|’
Recalling that for our SNF |Oll~], M) we have j; = j» = j, j3 = js = £ and a4 = J, the matrix
element of ¢34 can be expressed as

(o], Mquaale!, M) = +§(—1)+2f'+“’\/2j Q)+ D@j +2D)[26Q2E+1) (2L +2)]?

X¢<252+1><2a2+1>J2<as+1><2a3+1>H ajz ?}{{ ai 6?}

~ ¢ a a L a
_1\atas as 2 2 3 _(_1\%ta3
X[( D {1 % E}{l & e} =D

53 b4 ay as 14 as
~ ~ , C.6
x { 1 ay Y4 } { 1 as L }:| ( )
where we used additionally that 2j € Z and therefore (—1)7% = (=1)"% = (—=1)**/. Now
we have to repeat the whole calculation for the case I = 2, J = 3, K = 4 in order to derive

the formula for g,34. Since the intermediate steps in the calculation are analogous to ¢34 not
all details will be given. Here equation (4.6) leads to

(Otij, M|61234}0571’ M) = (aij’ M‘[(Jz,%)z, (134)2]’0‘7]’ M)

=y {Zgz(23>(gz<23>+1)<§(23>|§”<12>><§<23)|a,f,M)

g'(12) © g(23)
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X Y 82(34)(82(34) + D(Z(34)|2"(12))(3(34) |, M)}
§(34)
—[|aiJ,M) <« |al~.J,M)]. (C.7)

Thus, we need to know the result of the summation over g(23) in this case. It is given by
[16, 19]

Y 2(23)(22023) + D(E(23)[3"(12)(3(23)]e], M)
£(23)

1 . . . " . . 1 7
— |:§(_1)]1Jz+]3+1(_1)azng(]2’ JS);A(gz, (lz)

o & ol g o
X { 1 a ]2} (_1) 3 { 1 a j3 + C(]27 JS)agé’,az ag%’,a38g_ﬁ(,a4~ (CS)

Reinserting the equation above and the result of the summation over g(34) from
equation (C.3) into equation (C.7), we get

<ai]’ M‘q234iaij’ M) = Z {.,.l(_l)3(j|+j2)+j4+1(_1)tlzg/2'+52+1(_1)538§/(_1)113+54
g"(12)

N R , ~ i o &l s &
X X A(g! A(g?
x X (j2, 3)2 X (J3, ja)2 A(gy, a2)A(g3, a3) { 1 a jz} { | j3}

a j3 g5\ [as js+ & e 1 30+ ) jatl
X{l B onl V1 @ | deathadiade e — g (DT

x (—1)Rgiratl (a8 (B X (32 X (s, ja)? A(g), G2) Agl, as)
><{j1 J2 gé’} {53 J3 gé’} {az J3 gé’} {04 Ja gé’}
1 52 j2 1 52 j3 1 as j3 1 as j4
X 8g1.a,0¢7 a8 g iy Og) iy }
1 L
=+ (1) UK ()2 X (s o)

xA(az,m)A(aa,aa){" /2 “2}{“4 4 "3}

1 @ p)|l a s
X |:(_1)02+53 {03 i% (12} {52 13 613} _ (_1)52+a3
1 a j3 1 a J3
el b
I a js 1 a 3

In the first step, we used again the symmetry of the term containing C(a, b) in equations (C.3)
and (C.8) under the interchange of a; <> @;. Furthermore, as before, we took advantage of
the symmetry properties of the 6j-symbols in order to be able to write the equation more
compactly in the last line. Let us as a last step implement the spin labels of our states |al/ M ),
namely ji = j, = j, js = js = £ and a4 = J. Moreover, as before, we rewrite (—1)~% as
(_ 1)+2 J .
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Considering all this we have our final result in equation (C.10),

(o] s M|qozs|e! , M) = +%(—1)+2f+‘+’\/2j (2] + D(2] +2)[20(2¢ + 1)(2€ +2)]>

><\/(252+1)(2a2+1)\/2(a3+1)(2?1'3+1){{ a{z a?}{{ f a;}

J as
_ {\ax+as |93 { @ 52 L as
) |:( b { 1 @ ¢ } { 1 @ ¢

_(_1yarta3 53 V4 an an b4 as
) {1 . e}{l . 5” (C.10)

In the case of §1»3 the matrix element can be expressed as

(Otij» M|61123}Ot,fj, M) = (O‘ijﬁ M}[(Jn)z, (123)2”“?]’ M)

= > 1D 2012)(202) + DE12)F()E12)|o , M)

g'(12) 812

X Y 22(23)(82(23) + D (2(23)18"(12))(323)|of , M)
2(23)
[l M) < |a. ). e
In order to perform the sums appearing in the equation above, we use equation (C.8) and take
advantage of

4
Z $2(12)(2(12) + D(2(12)|8"(12))(2(12)| ] , M) = az(az + 1) ]_[ Ogl ar- (C.12)
g(12) k=2

Hence, we obtain

1 o ~ ~

(. Mlgislo). M) = {+5(—1>hﬁ*““(—l)“zgz*“*xuz, ) A(g3. @)
g"(12)

o &\ |a g

1M @ plll @ s laz(az — 1)]8ya,0¢; 0,8 g7.a,0¢7 a5 8} a4

1 _— )
= S (DI )X (i, j3)? (g, )
i ik &l i &gl ~
11 a 11w ] @@= DI adeadymde ade.a

T .
=+5(—1>—fl—h+ﬂ+‘(—1)“2‘“2”—*){(1’2,j3>iA<a2,52){’1' L “2}

a o
a 3 a ~ o~
X { = } [ax(ar — 1) —ax(az — 1)184, 3, (C.13)
I a j
where we used again that the term proportional to C(a, b) in equation (C.8) is cancelled in
the first step. As we did before, we omitted the §-function é,, z,, because a4 is equal to the
total angular momentum J of our states |ozij M ) and therefore we consider only cases where
a4 = d4 anyway. However, this is different for the intermediate coupling a3, a3. For this
reason, we have to consider §,, 7, in the above equation. Applying the above equation to our
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particular case where j; = j, = j and j3 = £ yields

o ) o
(a,/,M|q123|a,!,M)=+§(—1)+2f+‘“<—1)“2“2+“SX<j,e>5A<az,az){{ Z ‘;2}

a L a ~ o~
x 1% = T ag(ay — 1) — @@ — 1184, 2 (C.14)
1 an l

Again, we rewrote (—1)72/ as (—1)*?/ that is allowed due to 2 € Z and used the symmetry
properties of the 6 j-symbol where appropriate. Now, we consider the last triple gj24. The
corresponding matrix element is given by

(o], Mlgiaa|e! . M) = (o M[[(J12), (J2)°1]et} . M)

= Y 1D 202)(e02)+ DE(12)2"(12)(E(12)|o], M)

g'(12) | 212

X Z £224) (8224 + 1)(g24)18"(12))(g 24|/ , M)
e
—[|e] . M) «— |, M)]. (C.15)
The summation including g(24) can be performed and leads to [19]

Y 20242024 + DEEHI"12)(EH]e] , M)
g4

1 . , "
= [5(—1)_"—“+‘”(—1)”2_g2 (= D)**2 X(ja, j4)? A8h. @) A(g4. a3)

o {jl ) gé/} {j3 g gé’} {614 Ja gé’}
1 [2%) jz 1 [25) as 1 as j4
+ C(jZ’ j4)8g£',u28g%',a3i|Sg_’{,u4~ (C 16)

Inserting equations (C.12) and (C.8) into equation (C.15) and using again that the term
proportional to C(a, b) is antisymmetric under the interchange of ‘aiJ , M ) <~ |ocl! M > we get

1 e v
o Mqroalef M) = ) {+5(—1) IR ()BT ()X (o, i)
8"(12)
. . " . " " ~ . "
A 1o~ A //’~ J1 12 82 J3 52 (53 aq 14 g3
x A(gy,a2)A(gy 613){1 b w1 @ @)1 @ g

1 . . ,
X [az(az — 1)18gy.a,847.a:8,a: 857,00 — 5(—1)7"7””“(—1)“2*2(—1)+g2+“2

. oo &l & &l|a ji &
X 2A 4 A 14
x X (j2, ja)2 A(g,, a2) A(g3, 613){ 1 jz} { 1w a1 @ e

x [a2 (@ — 1)18g;.3,041.284).7.84).as
1 o
= 45 (1)K (. o)t
xA(az,az>A<a3,53){" 2 ".2}{” 2 f’?”““ 4 “.3}
1 a j 1 a a3 1 a3 Ja

X [(=1)"ay(ay — 1) — (=1)*?%% @ + D). (C.17)
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In the last line, we took advantage of the symmetry properties of the 6j-symbol and,
moreover, used that (—1)2~% = (=1)2"® as @, — a, € Z. In our special situation where
J1 = j» = j the value of the intermediate coupling a, and @, can only be an integer and thus
(—=1)*® = (—1)**2 = +1. Accordingly, we can completely neglect these factors and obtain

1 : .ol ~ ~ i J all|ft a a
(o, M|quaa|e , M) = +§(—1)+ZJ+JX(J, €)% A(az, @) A(as, as)“ J ZH oy ~3}
i a j)|l a2 a3
a L a ~ o~
x {1“ 7 ;}[az(az— D) = @@+ D), (C.18)

where we additionally inserted j3 = j4 = £ and a4 = J in the equation above.

Appendlx D. Case <4>E};§0Lt(st) detailed calculation of the matrix elements of

0:=0,=V}

The aim of this section is to calculate the four matrix elements (ag, O|V§L|a?, O) and
(o, M |V§L]al, M) with i = 2,3,4. As has been mentioned before, in order to calculate
the matrix elements of VAL we first have to calculate the matrix elements of QAL and derive
the eigenvalues and eigenvectors for QAL If Ao is an eigenvalue of QAL with a corresponding
eigenvector |@), then |Ao| is an eigenvalue of V2 with the same eigenvector. Consequently, we
have to calculate all possible matrix elements of QAL for each fixed total angular momentum
J. For this reason, we are not able to evaluate matrix elements for the case of arbitrary spin
representation, as we could do in the case of 01 = 02 = VALS VAL = QAL In that case, we
needed only particular matrix elements of QAL but not the knowledge of the spectrum of QAL
itself. However, we will calculate the matrix elements of VAL for the case of £ = 5, 1 here.
Fortunately, they already show the major difference between the case of 0, = 02 QAL
and 0) = 0, = V.

When we calculated the five necessary matrix elements (a3, 0| Q\ﬁ\Lla?, 0),
<a21, M|Qﬁ‘L’a%, ) and <oc M|QAL|a1, ) in the case of 0] = 0, = QﬁL with i being
2,3, 4 in section 6.5, we took advantage of the fact that the intermediate coupling a; of |Ol11 M >
is identical to zero and therefore we have J,, = —J,,. Furthermore, the orientations of the
two triples {eq, e3, e4}, {€2, €3, e4} were exactly opposite to each other. Accordingly, we only
needed to consider one triple, e.g. 134, and multiply the result by a factor of 2, because the
second triple had exactly the same contribution as the first one. Now, in contrast, we will
also have to consider matrix elements where the incoming state has intermediate couplings a;
different from zero. Consequently, in these cases we will have to consider the contribution of
the second triple exactly, as it might not just be a trivial factor of 2.

By comparing the formulae for general matrix elements of ¢34 in equation (6.6) and
of g»34 in equation (6.7), respectively, we note that the only difference between these two
formulae is due to different pre-factors in the square brackets in front of the 6j-symbols.
Before we can actually calculate the matrix elements, we have to know how the corresponding
Hilbert space looks like.

. N S .
D.1. Matrix elements for the case of a spin-5 representation

Let us begin with the case £ = % and a total angular momentum J = 0. From equation (6.1)
we can easily extract the basis states of this Hilbert space

|a?,0) = |a1 :ja2:Oa3:%J:O> D.1)
|ag,0) = |a1 =ja2=la3=%J=O>. ’
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With the Hilbert space being only two dimensional and the fact that QAL and consequently
Q134> {234 are antisymmetric, we know that <a2, OIQAL|011, > = (a1,0|QAL|a2, ) are the
only non-vanishing matrix elements. Moreover, we have €(ey, e3, e4) ag, O!qm‘al, ) =
€(ea, e3, e4)(0), 0|@34|a), 0), because the intermediate coupling a, of |af,0) is zero.
Therefore, we obtain the following matrix structure for Qv

i’ = (i(; (;a), (D.2)
where a := (£53 Creg) 34/7 (J + 1). We labelled the rows of 077" by |/, M) and columns
by |/, M). The eigenvalues of Q7L are given by A, = —a, A, = +a with corresponding
eigenvectors v; = (i, 1), v = (—i, 1). Hence, for VKL we have one degenerated eigenvalue
A = |a| and the two corresponding eigenvector components vy, U, in the basis { |a(1), 0), 9 O)}
The matrix element (@3, 0| V2 |&?, 0) is thus given by

2

(09, 0[V3L|af. 0) = " (o, 0| VRLIZk) (@ |t 0) = 0. (D.3)
k=1

Here the vectors ¢; denote the corresponding normed eigenvectors of VAL The surpr1s1ng
issue is that in contrast to the matrix element of Q the analogous matrix element of VAL
vanishes. In this special situation where we chose ¢ = 5 and the total angular momentum J
to be zero, we realize that QAL purely consists of off- dlagonal entries, while V/f]_ is a diagonal
matrix. In order to calculate the remaining matrix elements, we have to consider the Hilbert
space for a total angular momentum of J = 1 in the case of £ = % Because we consider the
special case of ¢ = % the intermediate coupling a; = ¢ — 1 is not sensible here. Therefore
the matrix element (e}, M| V2, |}, M) does not exist. Thus, we will only have two remaining
matrix elements. Using equation (6.2) for this purpose, we end up with a 4 x 3-dimensional
Hilbert space,

o}, M) i=ar = jar=0a; = }J = 1)

|0‘3’ ) |‘11—Jaz—1a3=%1=1) D4
oy, a=jam=1la=3J=1 )
g M) = | 3y =1)

’OlS,M):z |a1:]a2=2a3=%‘]=1>7

where we skipped number 2 in labelling the states in order to keep our notation consistent
with the former calculations. With the states |0111, M > being orthogonal for different values of
the magnetic quantum number M and the knowledge that QﬁL does not change the magnetic
quantum number, we can treat the calculation separately for each value of M = {—1, 0, 1}.
Furthermore, we know that the result is equal for each value of M.

Thus, we have a 4 x 4 matrix, but as QAL is antisymmetric, its diagonal entries are
zero and (QAL) AR = (QAL) BA* Hence, we only have to calculate six different matrix
elements. Two out of these six matrix elements have already been calculated before
and can be extracted from equation (6.29) if we set { = % For both matrix elements,
we have e(eq, €3, e4)q134 = €(ea, €3, €4)q234, SO that the contribution coming from the
second triple is again only a factor of 2. So, we are left with four matrix elements that
have to be evaluated, namely <(x51, M|O5 e, M), <oci, M|O8 e, M), <oz51, M|O5 e, M)
and (a;, M|§f}]‘|ai, M). By simply looking at equations (6.7) and (6.6) we see that
(od, M |§’U\L}a}, M) vanishes, because @, — a; = 2 here and therefore the 6;-symbols
in the corresponding square brackets will be zero. Consequently, the matrix elements
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of ¢34 and ¢»34 are zero and thus the correspondmg matrix elements of QAL disappear.

In the case of (a4, M |QAL|013, ) we have @, = a,. Implementing this condition into
equations (6.7) and (6.6), we realize that both equations become identical. Accordingly, we
get€(ey, e3, e4)q134 = —€(e, €3, €4)q234 Which leads to a vanishing matrix element for QAL
With all this in mind, we end up with the following expression for AL
0 +ia —iv2a O
: ib
~7_ _ —1la 0 0 +ﬁ (DS)
AL iv2a 0 0o —ip|’
ib :
0 - +ib 0

where we defined a := (€53 Creg) 3+/j(J + 1) and b := (€53 Creg) 3/4j(j + 1) — 3. In this
case, the eigenvalues of /Q\’U*L areA; = Ay =0and A3 = =Xy = —\/;\/ 2a? + b? =: —A. The
corresponding eigenvectors are given by

b
=(—=.0,0,1 33 = (0,+/2,0,1
(’_2a ) 3 = ( )

(D.6)
o1 2 .1 N2
V4 = 5 (—ﬁa, —i\/T_)», +iA, b) Us = B (—«/za, +1\/T_/\, —iA, b) .

<l

With the first two eigenvalues being identical to zero, we do not have to consider them when
we calculate the matrix element of V2. Hence, we obtain

4

o M| T2, ol 01} = 3 (ad, M|V o) ol ) = 0 ®.7)
k=3
-~ 4 -~
o [Tl M) = 3 (k. M V3 o)l M) = 0. 08
k=3

As in the case of J = 0 all matrix elements that occur in the action of the operator SE i‘ﬁ)];(St)
vanish. Consequently, the whole matrix element (,3“2 mia|2 E,I( ﬁ)Lt(St) |72, m1,) vanishes.
In order to see whether the vanishing of (,81'2, e E}cﬁﬁ)];(Sr) |87, my5) is somehow

connected with the fact that we chose the most easiest case where £ = %, we will investigate
the matrix elements for the case of £ = 1 as well.

D.2. Matrix elements for the case of a spin-1 representation

In the case when both additional edges carry a spin-1 representation (¢ = 1), the Hilbert space
belonging to a total angular momentum J = 0 is three dimensional,

), 0):=|a; = ja, =0a3; =1J =0)
|g )=|a1:]’a2=1a3=1]:0) (D.9)
’g )=|a1=ja2=2a3=1J=0).

Again, the matrix element (a2,0|§|a?,0) vanishes, because Aa, = |y — ap| > 1.
Consequently, the 6j-symbols including @, and a, become zero. Thus the whole matrix
element is zero. Considering the matrix element (a3, O|Q\ﬁL‘ag, 0) we see that we have
a3 = a3z and @y = ap + 1 here. Inserting this into equations (6.7) and (6.6), we get
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(0[2, 0|c§]34|a(1), O) = —<a§’, 0\(}\234|a?, 0), so that we only have to calculate one of the triples
and multiply it by 2. Hence, the operator Q2" can be described by the following matrix,
0 —ia O
0'=°=[+a 0 -—ib], (D.10)
0 —-ib O

where a = (£33 Creg) V27 +D) and b = (€55 Creg) 5v/A(G+1) = 3. The
eigenvalues are given by A; = 0, A, = —+v/a? + b2, A3 = ++/a? + b* =: A. The corresponding
eigenvectors can be found in the equation below:

By = (%,0, 1) By = (—%,%A,l) By = (—%,—%A,l). (D.11)
With the eigenvectors again having only purely real and purely imaginary entries, we can
again guess that the matrix elements of VKL will vanish. This is indeed the case, as can be
seen in the following lines:
3
(09, 0[VRL]e? 0) = " (o, 0| VAL Iék) (Ek |t 0) = 0. (D.12)
k=2

Thus, as long as we have eigenvectors that do have only purely imaginary and purely real
components and we are furthermore forced to consider matrix element of (o, M|V |e], M)
such that one of the states has an imaginary expansion coefficient in terms of the eigenvectors,
while the other has a real expansion coefficient, we will obtain a vanishing matrix element
for VKL. Note that this is not the case for the operator /Q\f}L, because there the eigenvectors
have different eigenvalues +A and —A. Accordingly, the corresponding terms would not be
cancelled by each other, but would just be added up.

Let us consider a total angular momentum of J = 1 now and investigate whether we will
get the same behaviour of the eigenvectors as well. For J = 1 the associated Hilbert space is
already (7 x 3) dimensional:

|a11,M) =laj=ja=0a

1 . .
’az,M =lai=ja=1a

|a31,M =lai=ja=1a
(D.13)

=lag=ja=2a;
|a6,M =lag=ja=2a

Il
NN == O =

NSNS SN SN S S S
Il
e e e

)
)
|a}t,M> =lai=ja=1a
)
)
)

’Ol7,M =lai=ja=3a

In order to minimize the amount of computation, we will discuss some particular matrix
elements in advance, especially those for which we can read off the result easily from
equations (6.7) and (6.6). With a, being zero for |a11, M ), we know that for all matrix
elements

eler, e3, ex)or}, M|Giss|ar), M) = €(er, €2, e3)(at}, M|Qoaal}, M), i=2,....,7. (D.14)
Furthermore, we have (o, M|@34]a}, M) = 0 for i > 4, because then Aa, = [d> — as| > 1.
For the same reason the matrix elements (a1, M| Q\f}““a}, M)=0withi =1,...,4 vanish.
As Aaz = |d3 — a3| > 1 for (Olil, M|’Q\ﬁ‘L|a§, M) = (0 for i = 4, 6,7 these matrix elements
are zero as well. Then we can find several matrix elements where d, = a; and a3 = a3+ 1. In
this case we get €(ey, €3, es)(a}, M|Gisale), ;. M) = —€(er, 2, €3)(er), 1. M|@234|e)}, M) with
i = 2, 3, 5 and consequently the matrix element of Q\f}L is zero for this particular combination
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of states \cxil, M ) Considering these arguments, we obtain the following kind of matrix for
QﬁL’

0 -idV2a —i2/2a -iVila 0 0 0
+i84/2a 0 0 0 +ih 0 0
+iz\/§a 0 0 0 ~iZb 0 0
07! = | +5v10a 0 0 0 iyzb  —i2,/3b 0 ,
0 —i%b +Jl§b +1347 0 0 +2,/%c
0 0 0 +i2,/2b 0 0 —i6,/%c
0 0 0 0 —i2,/%c  +i6,/3c 0
(D.15)

where we introduced

a:= <Z?’£Creg>\/].(j+l) b= (Kégcreg)\/4']‘(]""1)_:S

2 Py
63! _
¢:= (67 Cr JiG+1D —2.

The seven eigenvalues of Q4! are

A =0

3!
Ay =2 <eggcreg> VA4j(G+1) =3 =—2;

by == (fi%creg) 247G+ 1) =211+ V2T 8] G+ DG+ 1) —3)) = —s

(D.16)

3!
Ao = — <£;3c}eg) «/E\/IZj(j + 1) —11+/121+8(+ D)Q2j(j+1) —5) = —A7.
D.17)

The corresponding eigenvectors can be given in the following form:

v; =(0,0,¥,61,0,0, 1)

?}2 = (07 _iﬁ25 +i7 +i82’ €2, 17 O)

U3 = (0, +if2, —i, —i62, €2, 1, 0)

54 = (+i0l3, /33, V3, 83, —ie3, +i¢, 1) (D.18)

Us = (—ias, B3, ¥3, 83, Hes, —ig, 1)

T)ﬁ = (+ia4a ﬂ47 ]/4, 84’ _1645 +1¢’ 1)

U7 = (—iow, B, va, 84, Hea, —igp, 1).
All Greek letters appearing in the equation above represent real numbers. Our aim is to
calculate the matrix elements <ozi1, M | V§L|a11, M > where i = 2, 3,4. Hence, similar to the
calculations before we have to expand the states |ai1 M ) in terms of the eigenvectors ¢, that are
the normed versions of the vectors v;. But only by looking at the structure of the eigenvectors

¢, we can already read off that the three matrix elements will vanish for the following reasons.
First of all, the first three eigenvectors do not contribute to the matrix elements at all, because
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their expansion coefficient for |oz}, M ) is zero. Additionally, we have €; = és and ¢} = é;.
As the expansion coefficient for |0l11, M ) is purely imaginary, while the one for ) with
i = 2,3, 4 is real and, moreover, the two eigenvectors have the same eigenvalue, namely |13|
and |As| respectively, the contribution of e4 cancels the contribution of 5. The same is true
for e and ;. Accordingly, we get

o M (V2. 1) = [}, M|V e). M) = . 019, ] M) = 0. (0.19)

Unfortunately, we are not able to repeat the analysis for arbitrary spin representation ¢,
because the matrices representing Q cannot be solved analytically anymore. Nevertheless,
as the structure of the basis states in the Hilbert spaces stays the same, only the amount
of states is changed, we would guess that the eigenvalues and eigenvectors look analogous
also in the general case. Hence, we would expect a vanishing of the matrix elements of

AKL that are contained in (B/12, mpl'E }(”ﬁ)Lt(S[)lﬁj 12 my) and therefore expect that the result

of (,8112 misl! Ek tot(St)|,3j12, m1,) is zero. In any case since the choice of £ should not be

important in the semi-classical limit of large j, we can rule out the choice VKL already based
on the result of the present section.

Appendix E. Detailed calculation in the case of the volume operator VRS introduced
by Rovelli and Smolin

As the first step, we will derive the explicit expressions of the operators 0, and O in the case
of ([)E El RS o(S¢) and OF E tl:ls (Sy), shown in equation (6.12) and in equation (6.38), respectively.
Let us begm with OF ,l( R%(Sy). Apart from some pre-factors including numbers, which are not

important for our argument, the precise expression of (VO kii(st) is given by a sum consisting
of eight terms,

(Z)E}{li,st(sz) o 7y (i) peme (€) g [+7e(€) e (+70e (h,) o o T (h;)BAVRsVRsﬁz (hey), e
X (hea)EA + 70 (h;)FG/VRS;T\Z (hjzs)BAﬁf (he4)IGvRSﬁ[ (heS)EA
_ﬁ’f(hT ) VRSﬁl (hlz)BAvRsﬁe(h@)lGﬁe (h"G)EA
_ﬁf(m )FG”‘Z (hzs)BAVRSﬁf(h&)leRsﬁf (hes)EA)
—m(€)rp (*'W(hT ) i (hT )EAVRSvRSﬁe(h%)FGﬁZ (hes)CA
470 (1), VasTe (1) o Te (her) g ViesTe(he,) .
_”E(he4)IGVR57T€(hia)EAVRSW(h )FGW(h€3)CA

-7 (hjm)mﬁ@ (h; ) EA vRSﬁf (he4)FG Vs Tl (h€3)CA)]' E.1
As mentioned before, the volume operator "7Rs is the sum of the contributing triples
Vrs = qu + Vlizm + qu V- (E.2)

Recall that the SNF |87, m ) consists of two edges e1, e, only. Therefore if ’VRS acts before,
for instance T (he 4) acts, the only non-vanishing contribution in VRS is due to qu, because
for qu, 4 and qu the edge e, is missing. Analogously, only qu contributes to Vis
when the latter is applied to |8/12, m ) before 7, (he3) has acted. Consequently, equation (E.1)

reduces to

(E)E}(]?ost(sz) o 7o (ti) peme(€) g1 [+ (€) pe (+7T (hl4)FGﬁe (h;)BAVRSVRSﬁz (hey), 600

~

x (heS)EA + 7T (hl4)FG quﬁ@ (hzs)BAﬁ‘i (hezx)qumf@ (hes)EA
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—ﬁ((l’l ) Vmu”f(hz )BA RS Z(he“)lGﬁK(hQ)EA
h

_7[5( ) ”f(ht) "7 7?( ),Gl\;qufg( ES)EA)

—ﬂz(G)FB(HTz(h' )67 (h Z) i/\Rszsﬁe(he;)pcﬁe(he4)CA

+7e (h! Jic V (hT)EA;T\K(hQ) V T (he) ¢ o

_ﬁ’i(h ) qu (hl4)EA§RSﬁ‘3( ) Gﬁ‘f(h&)c/a

— T (hjzs)lGW (h;)EAVRSﬁf (he ) ?qmﬁf (he4)CA)]' (E.3)

Furthermore, /\7(1123 commutes with 77 (h.,) as well as Vq124 commutes with 7 (he,). Using
this, we get
(E)E}{?;(Sz) o 7o (i) Beme(€) g1 [+7e (€) re (+7Tzz(hT ) T (hT )5 VRSVRSﬁ(Z(heA;)IG?T\E
X(he_x)EA"'mf(hT )FGW(h ) ququ (h )1G”f(h€3)EA
_ﬁe(hL)FGﬁ@(h-) V4124VR57T‘5(h )IGjTe(he3)EA
_ﬁf(m )FGAf(h ) VRS qu (h )IG (h"S)EA)
—me(e) s (+70e(hl,), W(h e Vis Vis 7 (hes) p e (hes) ¢
+”K(h13)1GAf hl )EAVQIZ%VQIM t(hes) po
_ﬁ@(his)lcﬁf(h ) qu VRSW( )
_ﬁl(hls)lGﬁe(hm)EAVRSv‘IIZA ( ) ¢ )]
= 7o (%) peme(€) g1 [+7e (€) pe T (hz4)FG7Tz( i ) (Vis Vs + qu qu
— Vo Vis — vRqulz%)ﬁf( ) i6Te(hes) gy — Te(€)paTe (h;)]G”‘f(hL)EA
X (Ves Vs + Vou Vi = Vs Vs = Vs Vo) e (hey) e (hey) g 4]
:”Z(fk)BCﬂ'(Z(E)EI[‘HTZ(G)FCT[Z(hl4)FGﬁ£(hl3)BA/O\IfRSﬁl(h D167 (Pes) g

— @ rpRe(h)), e (1)) g, 05 Fe(hey) po e (ey) o) (E.4)

y

1:(

Jé

§l)

>

:l

(her) e
(he)c n
(her) e

whereby we used the definition of 5 MRS and 0 RS from equatlon (6.12) as well as the definition
of Vis in equation (E.2) in the last step. The calculation for OF }f RS(S;) is similar to the small

difference that the sign operator S is sandwiched between the two volume operators VRS.
Hence, we end up with

(E)E}{I,}l;s(sr) o< o (Ti) pemre (€) pr [+ (€) e () ﬁe(hT )5 511’Rsﬁe(h D167 (Pes) g4

—JTK(G)FBﬁg(hL) J?K(hi) ’O\IZIRS}?@(}I )FGne(he“)CA]‘ (ES)

Here we used the expressions for 0II RS and 5121’RS in equation (6.38).

E.1. Case (Z)EL?;(S,): detailed calculation of the matrix elements of 511’RS and
OLRS ’

2
As in section appendix D we will investigate the case of a spin representation ¢ = %, 1 for
the reason that these are the two easiest cases where the matrices of QRS can still be solved
analytically. Here, we keep the discussion succinct and mainly present our results, for the

reason that section appendix D already explains in a quite detailed way how matrix elements
of the volume operator are actually calculated.
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E.1.1. Matrix elements for the case of a spin-% representation. With £ = % the matrix

elements (ot?,,, 0|6I‘Rsia?, 0) and <ai', M|612’RS|0511, M), where i = 3,4, contribute to the

ZLRS

k. ot (S1). The matrix elements are given by

matrix element of OE

(Olg, M|6{!RS’O{?’ > - +<O[2’ M| 41134’“ ’ M> (Olz, M’ (”34}“] ’

! M)
<a2’ M| q134 4234|a1’ )+ <a2’ M| q234 qn4|a1’ )
+<ot2, M‘qu uns |0[1, )+ <0£2, M| q124 4134|a1’ )
+<O‘2’ M‘qum V11123 ‘O‘?’ M) + <a2, M‘ q124 11734‘051’ )
+(ad, M|V, Vol M) (E.6)
and withi = 3, 4,
(o], M) 03" e}, M) = Hel, M|V o], M) + (o], MIVE [}, M)
< M| 4234 ﬂm4|a1’ M) < M| q134 qzz4|a1’ )
+ <Ot M| Vlms qu |0[1 ’ ) < | q134 4124 |a1 ’ )
+< ‘ q123 61“34‘051’ ) < ‘ q234 qlz4|°‘1’ )
+< ‘ q123 11124‘051’ ) (E7)

SILRS AILRS
oy, 0y

Here we used the deﬁmtlons of the operators in equation (6.12). These matrix

elements for 01 $ consist of the sum of the matrix elements with the following structure,
(3, M|V, lod, M) = (ol M|Vl N1V, f, M) (E.8)
2> quk qIJK I 2> quk qarjk 171 ’ .
')

where we expanded the matrix element in terms of basis vectors |«’) of the Hilbert space
HI=0.
Now each (ozg, M | Vq,_,K |’y can be calculated through an eigenvector expansion

(Olg, M|V41m< |Ol/> = Z <Olg, M‘v(ﬂ]l( |Ek><zk|a/>

: (E.9)
<°‘/|{/\qiﬁ< |(x(l), M> = Z(allv‘ﬁ]k |_ék>(zk|0‘(l)’ M)
k

where ey denotes the normed eigenvectors of qu( As in section appendix D, the eigenvectors
of Vq”K are equal to the eigenvectors of QU k- and /[A[ is an eigenvalue of un;( assuming
that the corresponding eigenvalue of QU. 7k 18 A. (See also the discussion in section 4.1.)
The states |, M) that have to be taken into account in order to derive the matrix of ORS¢
can be found in equation (D.1). Using equations (6.6)—(6.9) we get the following matrices,

eigenvalues and eigenvectors for a total angular momentum J = 0,
0 —2a - . - .
QRS 134 — (+2la O ) ) )"l =—-2a = _)"25 V1 = (= +1, 1)7 Uy = (_17 1)

- 0 +2ia - .
QRS 234 = Qquzs = QRS 124 = (—Zia 0 ) s M ="2a=-k, v=(E=-11),

?)2 = (+iv 1)7
(E.10)
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where we defined a = (ég%Creg)«/j(j + 1) and labelled the rows by |ozl.J, M), whereas
columns are labelled by |alf , M). Inserting these eigenvectors above into equation (E.9),

yields to vanishing off-diagonal matrix elements of Vql -

(Ol2,0| Q134|a(1)’ ) (a2’0| Q234|a?’ ) <O[2,0| l]m|a?’ ) <0[2,0| 11124|a?70>=0

(@2, 0|V, |03, 0) = (@), 0| Ve, [0, 0) = (@), 0] V00 [, 0) = (e, O]V, @3, 0) = 0

(E.11)

for the reason that the expansion coefficient of ]al , ) is purely imaginary, whereas the one of
|a2, M ) is real and therefore the terms appearing in the sum of the expansion will cancel each
other (see also the explicit calculations done in section appendix D for this).

Accordmgly, if we sum over |¢’) in equation (E.8) elther the first or the second matrix
element of V,,, in the product is zero. Thus each (&, M|V, V... |a?, M) = 0 and therefore
the whole sum in equation (E.6) is equivalent to zero and we have

(3, M|O}®¥|a, M) = 0. (E.12)
Let us discuss the matrix element (o, M ‘ 0! Rs‘a}, M) from equation (E.6) now. The four

states |a'i M) that are included in the Hllbert space belonging to a total angular momentum
of J = 1 are written down in equation (D.4). Inserting them into equation (6.6) leads to

0 +i2a —i3V2a 0
~ | —iZa 0 —iv2  +iiV2b 00—
RS, 134 — +12\/_a +1«/§ 0 —l%b ’ 1 =Y =A2, _—
0  —iiv2p  +idb 0 E1

2
—\/g«/3 +2a2 +b? = —)y4,

with @ 1= (€53 Creg) TG+ D). b := (€53 Creg)/4j(j+ 1) — 3, while the corresponding

eigenvectors are given by

B = 0,0, 1
! ( x/_a )
U= —-——,v2,1,0
’ ( \/_a )
3 ( V3d -3V —i3V3T 22+ —3+iVev3 1 2a 1 b2 1) (E.14)
Vg = | — s s )
b 3b 3b

R V2a —3v2+iV3V/3+2a2 +b? -3 —iJ/6+/3 +2a% + b2 |
BTy 3b ’ 3b )

In contrast to the case of a total angular momentum J = 0 the expansion coefficients of
|ai1, M ), where i = 3, 4, have a real and an imaginary part, while the one of |a1', M ) is real.
Consequently, we get a result different from zero here. Additionally, we show the result of
(ail, M |Vql34 ]asl, M) with i = 3,4, because we need these matrix elements later when we
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expand (ail, M|5§'Rs|a}, M) in terms of |Oli1, M),

_ ~ . . 12
<a31’ M|Vq134|0111, M) = Z(a%, M|Vql34|€k)<€k|0lll, M) = +\/®ﬁ
k
R o 6+/2
(0&{’ M| qu |Ol}» M) = Z(ai, M| qu|ek)<ek|all’ M> %3] |)L |;Z
k 6v2b (E.15)
(a;, M|Vq,34|a;7 M) = Z(O{;, M|Vq134|zk)<2k|0l;, M> = —m |)L3|2
k
_ ~ . 6b
ok M Vo M) = 3o M| Pl M) = =l .
k

whereby ¢, are the normed eigenvectors of /Q\I{SZIIM. The same is true for the triple g»34 in
which case we have the following matrix and eigenvalues,

0 —i%a  +i3v2a 0
QR5234 ?'-21361 .0 V2 13.;/_[9 , M =0= Ay,
—1§ﬁa +1\/§ 0 +1§b (E.16)
0 +ijv2b  —idb 0 '

2
—\/;«/3+2a2+b2 =—

and the corresponding eigenvectors

b = 0,0, 1
l ( \/_11 )
U5 =(+—.,+2,1,0
( V2a’ )
. V2a 3V2+iV3V3+2a 4 3 iVEV3r2a +b? (E.17)
Vg = | — . ) )
4 b 3b 3b
R ( V2a 3V2 —i3V3+2a2 + b2 3 +ivo3 +2a% + b2 1)
Vs = | — s s N .
b 3b 3b

Accordingly, these eigenvectors yield a non-vanishing matrix element for the states |ai1, M )
where i = 3, 4 as well,

~ o 12
(0531’ M|VQ234 |Ol%, M) = Z(O@l, M|Vq234|ek)<ek|all’ M> - MM cllz
k
R o 6+/2
o M T o ) = Y M Tyl M) = = Tl e
p oo (E.18)
ek M [Ty M) = 3 ok M Ty o d, M) = 4Tl
k
~ o 6b
(od, M|V |ed, M) =" (og, M|V, [é0) (Ex|ed, M) = +/125] TR

k
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The situation is different if we consider the triple g123. In this case the matrix obtained from
equation (6.8) includes more entries that are zero due to the &z, ., in equation (6.8),

0 —i2a 0 0

~ +2a 0 0 0

Qess=| o o 0 -]
0 0 -i2b 0

)»1 = —2a = )»2, )\3 =-2b= —)»4. (E19)

Therefore, the eigenvectors look much simpler

-

v =(—-1,1,0,0), ¥3=(+,1,0,0), U4=1(0,0,—i,1), ¥s5s=(0,0,+i,1) (E.20)
and we can easily extract from them

(!, M|V, |l M) = Xk:(a}, M|V lén) (et M) =0
ad. M) = 3 e} [T, 00k M) = 0
k
(o3, M|V, lod, M) =" (e}, M|V, |60 (6o}, M) = ++/2a
k
(a;, M|v11123 |O‘4117 M) = ;(a;, M|’V4123|2k)<2k|a}1’ M> =0

(al-l, M|Vq

123

(E21)

(aia M|vqm |Ol3ly M) = Z(Oli, M|Vq123|zk)<2k|a;, M> =0
k

Oli, M) = Z(a‘{’ M|vfI123|gk)<zk|ai, M> = ++/2b.
k

(ai, M|qu

Here i = 3,4. The matrix of the last triple can be evaluated by using equation (6.9). The
matrix itself and its eigenvalues can be found in the equation below:

0 —ifa —i{v2a 0
ot +iZa 0 0 —i3v/2b 03
RSI4T 1420 0 0 +i2p | R E2)
0 +{V2b  —idb 0 '
2
Az = — 3«/3+2az+b2 = —\4.
The corresponding eigenvectors are given by
. 3 1 . 3 1
vy=(+t—=,——=,1,0], in=—-——=,——%,1,0]),
' ( 2v2' 242 ) ’ ( 242" 242 > s
- 2V2 i B, 2V2 i (E-23)
u=10,+i—,—=,1], vs =10, —1i—,+=,1].
3 3 3 3

In this case, either the eigenvalues or the expansion coefficients of |a11, M ) and |a51, M ) are
zero, so that we also end up with only trivial matrix elements. Only the diagonal matrix
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elements of |a31, M ) |otj, M ) are non-vanishing:

(ail’ M|v11124|a117 M) = Z(ail’ M|/‘74124|2k)<2k|a11’ M> =0

(!, M|V, |, M) = Xk:(a}, M|V, 160)(é]ed, M) =0
(o, M|V, |, M) = Zk:(a;, M|V, 1é0(E]as, M) = +4/2a
k
(5. M|V lei. M) = 3 oz, M|V [én) @i M) = 0 (E.24)
o Bl )= 3 o W[y 1) =
(d, M|V, |eh, M) = Xk:(aj, M|V, e (e ad, M) = +v2b
(d, M|V, |t M) = Xk:(as‘, M|V, e (E]at, M) = 0.
k

After having calculated all the necessary matrix elements of Vq,‘,K , we will expand each matrix

|a1 > M) included in (ail, M| 5§’RS |a} , M> in terms of the basis states

element <05 | quK ‘I[IK

jorj- M),
( M| quk ‘Iuk }al’ M) = Z (ai] ’ M|v¢1m(|a/) (a/lvlﬁik |Ol11, M> (E'25)

la’)
Considering the operator qu qu(, where IJK € {134, 234}. The expansion is given by
|(¥1,M>—+(Ol M|qu|(¥1, )(all’M|Vf1UK}all’M>

( i’M’V‘/123|a3’ )(OI%’M’VCIIJK}QI’ )

( | q123 ‘II/K

+(ai1’M|v4123|ai’ )( 4 M|Vq1u<’al’M>
+{a), M|V, |ed, M)ad, M|V, |l M). (E.26)

We can read off from equation (E.21)
<ail’ M|V11123 all’ M) = < 1 M‘Vl]123|a51’ M> = (Ol;, M|V4123}a411’ M)
= (ad, M|V, |}, M) = 0. (E.27)
Therefore the expansmn reduces to
(ol M|V Vi e M>_+(O‘31 M|V,
(Ol4, M| Vlh?s
If we choose I[JK = 124 we see due to (a M|Vq

wlods M), M|V, |ed, M)
oy, Moy, M|V |e, )- (E.28)

14 ) = 0 (see equation (E.24))
that the matrix element of qu qu vanishes. In the case of IJK = 134,234 by comparlng

equation (E.15) with equation (E.18) we realize (o), M ]qu}a], M) =
—<a[1, M | Vq234|a1, > 0. Thus, the two contributions cancel each other. Consequently,

123 " 41K 1K

( M|Vﬂhzz ( q134 + Vlhu 5hz4) |C{1, ) =0. (E29)
In the case of operator unK qu, where IJK € {134, 234}, the expansion in terms of the basis

states |a1 M ) can be written as
(Ol M| quk Vi |Ol1 M) = +(Oli1, M|\7q,.,,(|a%, )(al M|V
< a;, M|\7q,_,,(|a§, M><Ol§, M|Vq124|a1, >
+<Oti1, M‘/\;q,_,,(|ai, M)(ozi, M|/\7q124|a11, M)
+o!, M|V, |od, M)ad, M|V, |l M). (E.30)

q124

oy, M)
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The matrix elements (ajl., M |qu |0111, M > with j = 3, 4, 5 are identical to zero, as can be seen
from equation (E.24). Hence, only the first term in the expansion survives. Moreover, if we
choose for IJK = {134,234}, we have (o], M|qu |}, M) = —(o], M‘qu |}, M), as can
be seen in equations (E.15) and (E.18), so that the non-vanishing contributions get cancelled
by each other. Accordingly, we obtain

3 = V. .
( M|( lI14+VlI2%4) 4124|a1’ ) 0 (E 31)

Analysing the operator Vq with IJK € {134, 234}, we get

134 " qUK
(el M| Vi Vi lert. M) = + (o} M|V |oed M, M|V, ot} M)
+o!, M|V, |}, M)ed, M|V, |al, M)
+<ai1,M|/\7q134|oci,M><ai,M|/\7qlm|all,M>
+a!, M|V, |ed, M)l M|V, |l M). (E.32)
From equations (E.15) and (E.I18) we can extract for i = 3,4(ai‘,M|qu|a11, M) =

~(et}, M|V,,,, |}, M). Hence, the expansion above yields

( M|V11134 ( q134 ) |O[%, M) = +(C¥ M| qu |Oll ’ >(O[%, M|(V4134 + Vt]234)|a}’ M>

+o!, M|V, |k, M)ad, M|V, + Voo |l M), (E.33)

+V,

q234

The same argument applies to the operator v,V

una Vaux With IJK € {134,234}, Therefore we
obtain here

( M| v‘]zu ( q134 + V

q234

) |0111,M) - +(O[ M|V4234|a1’ ><011,M| ( q134 + VCDM) |O[11,M)

<ai ’ M| qu |Ol;, ><O[5, M| ( qm 11234) |a11 M) (E'34)

Usmg the fact that (o}, M|V, |el, M) = (o}, M|V,,,,|@}, M) and (&}, M|V, |}, M) =
< a, M | Vi |oc5, ), which can be seen by comparing equation (E.15) with equation (E.18),
we get

( M| ( q134 + Vl]zm) (VIIHA + VQBA) |O[11, M) = O (E35)

Now, we add equations (E.29), (E.31) and (E.35) and note that the sum is precisely the operator
OIZ’RS. Accordingly,

(o), M|OS|al, M) =0  i=34. (E.36)

ALRS

Since the matrix element of O as well as the matrix element of 52’RS vanishes and exactly

these matrix elements are the only ones that contribute to E ]I(’,lfost(S,), the operator E i’fost(S;)
becomes the zero operator.

E.1.2. Matrix elements for the case of a spin-1 representation. In this subsection we will
repeat the calculation of the last subsection for the case of a spin representation £ = 1. The

matrix elements that are included in the calculations of the alternative flux operator 'E };E;(St)
are (az, M|OIRS|051, M) and (o], M‘OIRS| af, M) where i = 2,3, 4. The definition of 5II‘RS
and 0 S can be found in equation (6.12), whereas we have to, as before, derive the value of
the matrlx element of each single triple.

A basis of the Hilbert space associated with a total angular momentum J = 0 can be
found in equation (D.9) and consists of four states. Hence, for every single triple Q\v,m( we
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obtain a 4 x 4 matrix. Starting with /Q\ég({y we have

0 -i4f2a 0
0150, = +14f 0 —i4\ﬁb M=0, =2 A D = i
’ V3
o +ieflb 0
(E.37)
where we used equation (6.6) in order to obtain the matrix. The corresponding four
eigenvectors are given by

- b - V2a N2a%+b?
vy =(+i——,0,1]), v =\— , +H , 1
\/§a

b b

(E.38)
. 2a  N2a+ b2
v3 =1\ — , —1 s 1].
b b
As in the situation of £ = l for J = 0 the remaining three triples are identical and, moreover,
just the negative of the matrlx of QRS 234>
0 +i4\/§a 0
Osos = Okslz = Oksitas = —14\/%1 0 +i4\@b ; A =0,
N (E.39)
—14\/;b
Ay = —i 2a% +b? = —A3,
V3
while the corresponding eigenvectors are
B, b . V2a  N2a*+b?
v = —17,0,1 , V) = | — b , —1 b ,1 s
“ (E.40)

V3 = b , +H1 b

. (_«/za ~2a?+b? 1)

Now, we expand each operator V,,, V, . included in (o, M| 6II’RS |, M) with the help of

0 quk "4ijk
the states ‘oz M)

(Olg, Mﬁ/\flm( qijk ‘Ot M) = +<Ot21, M}/‘;‘]L/K|all’ M><a11’ M|/‘Ziiik ’all’ M)
o, M|Voe|az. Mz, M|V, for, M)
+{as, M|Vl M)ag, M|V, |t M). (E41)

From the eigenvector expansion, we get

(@2, M|V, |at, M) = Z(ag, M|V, lé0)(E]al, M) =0
k
(0. M|V |od. M) =" (0. M|V, &0) (@]}, M) =0,
k
where by 1, é, €3 result from ¥y, v, U3 by just dividing each vector by its norm. Consequently,

each term in the expansion in equation (E.41) vanishes separately and we obtain, as in the case
of £ =0.5,

(E.42)

(3, M|O}®¥|al, M) = 0. (E.43)
If we consider a total angular momentum of J = 1 equation (D.13) tells us that we already
have to deal with seven states and consequently get a 7 x 7 matrix for each triple k. Again
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we have to discuss the matrix elements (ail, M | 512’RS |0111, M > with i = 2, 3, 4. Starting with
0%, and using equation (6.6) yields

0 -idvaa —i2ffa -iVia 0 0 0
+i3+/2a 0 i 0 +i3h 0 0
+2\/3a  +i 0 -2,/ —i%b 0 0
-2 ~ . 5 .4 7 . 37
QRS 134 = +l§\/ 10a 0 +12 3 0 —lvgb —12 gb 0 s
47 2 - 4 7 6~
0 —lgb +17§b +lm 0 —12\/5 +i2 gC
0 0 0 +2,/3b  +i2V3 0  —i6/%¢
0 0 0 0 —i2,/% +i6,/2¢ 0
(E.44)
where we introduced
3! — . 3! —
a:= (z;zc,.eg> ViG+1 b= (z‘;zcreg) VajG+1) =3
(E.45)

) ViGeD =2
Py reg J (.] + ) <~
The seven eigenvalues of ’Q\fsl 34 Are

A =0
=—4 <z 1' creg) ViG=1=-2
— 4 <z i‘ Creg> ViGG+2) = —2s (£:46)
——4(t03 Ce) VEIGFD T =

The corresponding eigenvectors can be written in the following form:
31 = (0,0, —/15a", +3a”, —/3b", —b", 1)

Uy = (tic,a —ib,d +ie, f +ig.h —il.m +in, 1)

U3 = (—ic,a +ib, d — ie, f—ig,h+i€ m—in, 1)

Uy = (Hc,a' +ib', d' —ie, f' —ig/, —il, —m' +in’, 1) (E.47)
U5 = (—ic’,a’ —ib',d +ie, f +1g ,—h +i€/ —m’ —in’, 1)
U = (—ic”, —a" +ib",d" —ie", — f" —ig", —h" —it", —m" +in", 1)
= (+ic”, —a" —ib",d" +ie”, —f +ig”, —h” +il", —m” —in”, 1).
Here all letters {a, ..., n”} denote real numbers which depend on the chosen value for the

spin label j that is attached to the edges e;, ;. Using the expansion in terms of eigenvectors
in equation (E.9), we get

4
(o3, M|f/\q134 |}, M) = Z(azl, M|Vql34|2k)<2k|all, M) = —2c2bc +2¢4b'c’ — 2c6b" "
k=1
4

(o3, M|f/\q134 |}, M) = Z(a%, M|Vq134|2k)<2k|all, M) = +2cyce — 2c4c’e’ +2c6c”e”
k=1
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4
(oti, MWM |a}, M) = Z(ai, M|/\7ql34|2k)<2k|otll, M) = +2cycg — 2c4¢’'g’ — 2c6c” 8"
k=1
4
(o, M|V, |l M) = Z(asl, M|V le0(edal, M) = —2cact — 2¢4c' +2¢6c"C"
k=1
o~ 4 o~
(g M|V |l M) = Z(aé, M|V, le(éx|at, M) = +2crcn + 2cac'n’ — 2¢6c”n”
k=1
—~ 4 —~
o7, M|V, et M) =" (o, M|V, [é0) (Ex|ed. M) =0
k=1
—~~ 4 —~
o3, M|V, |ed. M) =" (g, M|V, [é0) (Ex|ed. M)
k=1
= +2c2(ah + b)) — 2c4(@’h’ +b'0) +2c6(a”’h” — b"¢")
4
e M [Ty M) = 3 s M[ Ty )l )
k=1
= +2c(dh — el) — 2cq(d'h’ — €'8")y — 2¢c6(d"h" — €"2")
4
(os. M|V, |ad M) = oy, M|V, 160 (@]t M)
k=1
=+202(fh — g0) — 2e4(f'h — '0) +2c6(f"h" +8"")
4
<0(21, M|qu |Ol61, M) = Z(aé, M|Vql34|2k)<2k|aé, M)
k=1
= +2cy(am — bn) — 2ca(@’m’ —b'n’) + 2ce(a’m” +b"'n")
4
(o}, M|V, |og. M) = (o}, M|V, 160 (@ | M)
k=1
= +2c2(dm — en) — 2c4(d'm’ +e'n’) — 2c(d'm” + e’'n’)
4
(og. M|V, Jog. M) =" (), M|V, 160) (@ |otg. M)
k=1

=+2c(fm — gn) — 2c4(f'm’ — g'n’) + 2c(f'm"” + g'n").
(E.48)

Here we introduced the constants ¢, ¢, c3 that are defined by

Vil

l+a?+b>+c2+d>+e>+ f2+ g2+ h2 + 2 + m? +n?

4= VIl (E.49)

1+a/2+b/2+C’2+d’2+e’2+f’2+g’2+h’2+£’2+m’2+n’2

Vel

1+a//2 +b//2+c//2 +d//2 +€”2+ f//z +g//2+h//2+£//2+mu2 +n//2'

Cy) =

Co =

The non-vanishing of these matrix elements is as in the case of £ = % caused by the fact that
the expansion coefficients of |ozl.1, M ), where i = 2, 3, 4, have real as well as imaginary parts.
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When we apply equation (6.7) to the states in equation (D.13) we obtain the following matrix,

0 +i3v2a +i2\/3a +i3v10a 0 0 0
—i8v/2a 0 —i 0 —i%h 0 0
2/l +iL 0o -2/3 +Zb o0 0
Ot = |-i2vita o +iz/s 0 4 42/ 0 |
0 +H3b  —iZb  —islzh 0 —-i2¢/3  —i2,/%¢
0 0 0 —i2fib V3 0«62
0 0 0 0 +2,/%¢ —i6 /3¢ 0
(E.50)

where we used the abbreviations

3!
= <£?,Zcreg) ViG+1D

a

S (63 __

b= EPZCreg VAj(j+1)—3 (E.51)
¢

3! —
= (eggcmg) ViG+1) —2.
The eigenvalues are similar to those of 7134
A =0

3!
Ay = —4 (ei,zcmg) Vi =1 =2

31 — (E.52)
Ay = — <E?,ZCreg) v J(J +2) = —2s

ho= 4 (zg;%cmg) VG 1=
and can be used to derive the corresponding eigenvectors
5= (0,0, —v15a", +3a", —/3b", =", 1)
Uy = (—ic,a —ib,d +ie, f +ig, —h +il, —m —in, 1)
U3 = (+ic,a +ib,d —ie, f —ig, —h —il, —m +in, 1)
Uy = (—ic',a’ +ib',d' —ie, f'—ig', W +1il',m' —in’, 1) (E.53)
U5 = (+Hic',a' —ib',d +ie', f' +ig',h' —il',m' +in’, 1)
U = (+ic”, —a" +ib",d" —ie”, — f" —ig", k" +il", m" —in", 1)
U7 = (—ic”, —a" —ib",d" +ie", — f" +ig", h" — ", m" +in", 1)
where we again suppose that {a, ..., n”} denote real numbers. Thus the desired matrix
elements are

4
(o3, M|qu |}, M) = Z (o3, M|qu|2k)<2k|all, M) = +2c2bc — 2c4b'c’ + 2¢6b"c”

k=1

4

(o3, M|f/\q234 |}, M) = Z(a%, M|Vq234|2k)<2k|all, M) = —2cyce +2c4c’e’ — 2cec’’e”
k=1
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4
(oti, M|’\7q234 af, M) = Z(ai, M|/\7q234|2k)<2k|ot11, M) = —2cycg +2c4c' g +2c6c” 8"
k=1
4
ok, MV, o, MY =S ok, M|V, e (Er]at, M) = —2¢ac8 — 2c4c' € + 2c6c'C
(o, M|V Jarf, M) =) a5, M|Vl (x]rf, M) v 4
k=1
4
af, MV, |a), M) = al, M|V, [e)Er]al, M) = +2caen + 2cac'n’ — 2¢6¢"n
< 61’ | qm’ ll’ ) Z( 61’ | g2 | k)< k| ll’ > 2 ac'n’ 6c’'n”
k=1
-~ 4 —~~
o7, M|V |ed, M) =" (g, M|V, [éc) (Ex|e, M) =0
k=1
—~ 4 —~
(o3, M|V, |ad, M) = "o}, M|V, [é0) (@ |t M)
k=1
— —2¢y(ah +bt) + 2c4(a'h + b8 — 2ce(a’h" — b'e")
4
(o3, M|f/\q234 |, M) = Z(a_gl, M|Vq234|2k)<2k|a51, M)
k=1
= —2cy(dh — el) +2c4(d'h’ — €'0) +2ce(d"h’ — "l
4
(os M|qu34’a51, M) = Z(ai, M|Vq234|2k)<2k|a51, M)
k=1
= 26, (fh— gb) +2ea(fH — g'0) — 2c6(f'H" + g"€")
4
ke M| Py M) = (o M [T . M)
k=1
= —2cr(am — bn) +2c4(a’'m’ — b'n’") — 2c6(a’m” +b"'n")
4
(o}, M|V, |ag. M) = (o}, M|V 160) (@ | M)
k=1
= —2cy(dm — en) +2c4(d'm’ + e'n') + 2c6(d"m” + e’n”)
4
(o, M|V, |t M) = Z(ai, M|V, e (e, M)
k=1

" 4 "1

= —2c3(fm — gn) +2c4(f'm" — g'n") — 2c6(f"'m" + g"n").

(E.54)
In the case of @ism equation (6.8) leads to a matrix that looks less complicated,
0 0 =if2a 0 0 0 0
0 0 0 0 0 0 0
- /2 . 4
~if2a 00 0 +itb 0 0
05l = 0 0 0 0 0 +id,/2b 0 . (E.55)
.4
0 0 —17§b 0 0 0 0
0o 0 0 —i4\/3b 0 0 +12,/3c
0 0 0 0 0 —il2/%c 0
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with
3!
a = <£2 Creg) \/](.]—+1)
b= <ggz'creg> Vaj(G+1) =3 (E.56)
3!
= (66 _Creg> V J(J +1) =2,

and the corresponding eigenvalues

A =0=2i =23

3!
Ay =—4 <z§;zcmg> V3V2j(+ 1) =3 =—1s (E.57)
63! —
e = — epzcreg 2j(j+1D) —1=—A7.

Unsurprisingly, the eigenvectors are simpler as well and are shown below:

- 6 - 1 -
v = (070507\/__5070’1)’ U2+(_5070’0117050>7 U3:(0, 1705070’030)
o

V2B
v 0.0.0, - .0 \/g 1 0] 0.0.0, - .0 +'\/§ 1
Vg4 = UL U, ——=a, U, —14/ =V, . Vs = ,U U, ———=a, U, +1,/ =V,
4 NG 61/ 5 NG 6V
%6 = (—v2B,0, —i8,0, 1,0, 0), U7 = (=28, 0, 48,0, 1,0, 0). (E.58)

Here, the dependence on j of the components of Uy is less tricky and therefore we mention
them explicitly for those interested,

a 2a% -3 7a? -3
. p=2 y=Y4 2 5= Y2 (E.59)
b c b

o =

b
c

These eigenvectors demonstrate that all matrix elements (ozil, M |/\7q2123|a11, M ), where i =
2,3, 4, are zero,

4
(o}, M|V lod. M) = (o} M|V, 160 Ek ey, M) = 0
k=1
o~ 4 o~
(o], M|Vyuled, M) =" (o}, M|V, [é0) (Ec|ed. M) =0 (E.60)
k=1
—~~ 4 —~~
(o], M|V |ed, M) =" (o], M|V [80) (€|}, M) = 0,

k=1

as we have either an expansion coefficient equal to zero or the combination of a real and
a purely imaginary expansion coefficient. The last triple that has to be discussed is lez’sm_
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Considering equation (6.9) we get

0 +itvaa 42/ -i2VT0a 0 0 0
—i$v/2a 0 0 0 —i%p 0 0
—i2,/%a 0 0 0 +H=b o —2ib 0
045ty = | #i3V10a 0 0 0 +HiZzb  +i2,/3b 0 ,
.8 .2 .4 . 6
0 +i3b _lﬁb —i35 0 0 —i6,/2c
0 0 +2ib —i2,/3b 0 0 +6,/2c
: 2
0 0 0 0 46/t —i6 /2 0
(E.61)
where we introduced
31
a:= <£ ZCT ),/](1+1)
!
bim (z e )\/4j(j+1)—3 (E62)
3! —
ci= (zf,4creg)\/1(1+1)—2.
The seven eigenvalues of g1o4 are
M=0=1y =13
—-4(56 reg) V3J/2j(+ 1) =3 = (E.63)
63! —
6 =—4(¢ 4Creg V2jiG+D) —1=—x
and the corresponding eigenvectors can be expressed as
03,/ 3\/310001 v \/51000110
= —_, — Uy = 1A LYY /1, )
’ 3p V3
v3 =10, — f 1,0,0,0
V5 )
51 5
- f f el
—1 6)/
(E.64)
T
1,/ =V,
4
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with the following abbreviations:

b p = a . 2a%> -3 § 2a%2 — 1 (E.65)
o= = y = P = 5 . )

For this particular triple the matrix elements disappear as well, because the first three
eigenvalues are zero, the elgenvectors ¥4, Us have an expansion coefficient for |a}, M ) which
is zero, and the vectors Vs, U7 have a real expansion coefficient for |Ol1 > while the one for
the states |a M ) with i being 2, 3, 4 is purely imaginary. Consequently, we have

4
(ail’ M‘qu’%lv M) = Z(O{il’ M‘Vqlz4|zk><zk|all’ M> =0

"j‘ (E.66)
(o7, M|Vqlz4’all, M) = Z(aé, M|vq124|2k)<2k|all, M) =0.

k=1

The expansion of each operator V.. V. that occurs in the operator 62‘Rs is given by

quk " 4ijk

7

( | quk quk ’al ’ Z M’qu(’ali’ M)(Ol,l, M’V‘Hik ’all’ M> (E67)
k=1
Considering the operator qu Vq,,,( where IVK € {134, 234, 124}, the expansion above leads
to
(Ol M| q123 qle| > —+(Oll M|‘7q123|a}’M)(a}’MﬁZ]IJK\a%’M)
+<Ot M| VQm |O[2, ><O[;, M|Vl]1/1( |Ol11, >
+<Otl M‘mes |O(3, ><O{;, M‘ank |Ol1 ’ >
+<azl’ M‘VQ123|O[4’ >< 4’ M‘V‘IHK|(X1’ >
+<0[1 M|Vflm 065, ><0[5, M|V¢]m<|al’ >
<Ot M|V¢]|2%|a6’ ><a6’ M|Vf]IJK|all M>
+o!, M|V, |t M)ad, M|V, |al, M) (E.68)
(o] M) =

We can read off from equation (E.60) M|’\7qm |Ol1 =0withi =2,3,4and j = 1,5, 6.

Consequently, the expansion reduces to
(el M|V Vi et M) = + e}, M| Vi |y, Moy, M|Vt M)
o M|V, |z, Mz, M|V, |ey. M)
< M| q123|01)1,M><O[4,M| lIlJK|a;’M>
+o!, M|V, |od, M)ad, M|V, |al, M). (E.69)

123 " 41K

Since (ct7, M|Vq,,,( o}, M) = 0 for IJK € {134,234, 124} as can be seen in equations (E.48),
(E.54) and (E.66), the last term in the sum drops out. Furthermore, (o}, M ] Vi |l M) =0,
whereas <a M | Vs |oc1, > = (0‘, M | Vi |a1 M ) Accordingly, the non-vanishing
contributions of the triples {e;, e3, e4} and {e;, e3, e4} cancel each other. Hence, we get

( M|V¢I1zz ( q134 + qu) |Oé11, M) =0. (E.70)
v,

In the case of the operator V, d1oa

Gk with IJK € {134, 234}, we can expand the matrix elements
as

( | quk (1124’al7M>_+(a M’qu(}al’ )(()lll,M’qu’Ot]l,M)
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+<ozl , M|Vq,m|ot21, M)(oz%, M|Vq,24|otll, M)
+<al1, M|qu( |Ol31, M><a31, MWq124 |Ol11, M)
+<oz,1, M|\74,Jk|ai, M)(ozi, M|Vq124|af, M)
+<ot, M‘/\;q,,,(|a51, M)(ozsl, M‘/\;q124|a11, M)
(oz M‘qu(|oz6 M)(ozé, M‘vq124|a11, M)
+or!, M|V, |od, M)ad, M|V, |l M). (E.71)

In equation (E.66) is shown (ajl., M|’\7ql24 |a}, M) = 0 with j = 2, 3,4, 7. Therefore, we can
neglect four terms in the sum above and get

(O( M| quk 11124|a1’ M> = +(ai]’ M|v¢1m(}all’ M)(Od’ M|v11124|a11’ M)
+<ai1’ M‘V‘I[/K|a51’ M><O[51’ M|Vl]124|all’ M>

+o!, M|V, b, M)ad, M|V, |el, M). (E.72)
By comparirfl\g the results in equatiqr\l (E.48) with that in equation (E.48), we note
that (o}, M| Vg, |a}, M) = —(a, M|V, |}, M) whereby i = 2,3,4 and j = 1,5,6.
Accordingly, this yields

(Ot M| ( q134 + VCI234) QI24|al ) =0. (E73)

The expansion in terms of |ak, ) of the operator qu qux Whereby IJK € {134, 234} can be
found below:

(oz M| di q,,K|Ol1], M) = +(ail, M|Vql34|ot]1, M)(Olll, M|Vq”,(}ot]1, M)
+<a<1, M‘vq134|a21, M)(ozé, M‘vq,,K|a}, M)
<a1, M|/\7q134|a31, M><a31, M|Vq,JK |a11, M)
(), M|V, |k, M){ak, M|V, |al, M)
<oz41, M|V4134|a;, M)(asl, M|qu(|a}, M)
(el M|V g, M)ferg. M|V, [or}, M)
+otg, M|V g, Moz, M|V, |erf, M) (E.74)
If we compare equation (E.48) with equation (E.54), we realize that (o, M |Vq]34 ’a}, M) =
—<ai1, M|/\7q234|a11, M) with i = 2,3,4 and |a71, M><<x71, M|/\7q,m|a11, M) = 0 Therefore, we
have
(s M|V (Vs + Vi) etk M) = + ek, M|V, el M){ad, M| (Vi + Vi) o, M)
<O‘i ’ M|V4134|a;’ ><a5 M| ( g ¥ Aflzu) |a1 M)
+o!, M|V, b, M)ad, M| (Vi + Vi) |, M) (E.75)

The same argument applies to the operator qu Vq,,K whereby IJK € {134,234}, so that its
expansion is given by
<O{ M|V6m4 ( q134 + qu) |0511, M) - +<0[1 M|/‘7qzz4|all M><051 M| ( q134 + qu) |allv M)
<ai ’ M| V4234 |0l51, ><0[5 M| ( q134 + qu) |0[1 M)

+<ail’ M| V4234 |Olé, ><a6 M| ( 11134 qzu) |0[1 M) (E76)
By using (o], M|f/\q134|a]1.,M) = —(ai,M}Vql34|aj, M) where i = 2,3,4and j = 1,5,6
which can be easily extracted from equations (E.48) and (E.54), we obtain

(s M| (Vs + Vi) (Vs + Vi + Vi) el M) = 0. (E.77)

q134



5764 K Giesel and T Thiemann

If we add up equations (E.70), (E.73) and (E.77) the operators Vq, - Vq 17z add up to the operator
OI RS Hence, we can conclude
(!, M|OYS|al, M)=0  i=2,3,4. (E.78)

Since, the matrix elements of 511’RS and 512’RS also vanish in the case of a spin label £ = 1,

the operator 'E i’lsosl(S,) is the zero operator as well.

E.2. Case VE"R3(S,): detailed calculation of the matrix elements of O\"*® and

AILRS
02

In this section, we discuss the matrix elements (a9, M |01 |?, M)and (a3, M|0}"%|a?, M)
that contribute to the matrix element of the alternative flux operator VE}"% (S;). As discussed

in section 6.6.1, from our point of view the operator “)Eg’tﬁs (S;) including the combination

vng ALVRS is highly artificial. Nevertheless, we investigate this operator in detail for a spin
label £ = 0.5 here.

E.2.1. Matrix elements for the case of a spin—— representation. In order to calculate the
matrix element of “)E?tlzls (S;), we have to know the matrix elements (az, M | 0H RS Ol?, M >

and (Ol M | 0H RS |a1, > This can be seen in equation (6.3). The explicit definition of the

operators OlI & Oll RS are shown in equation (6.38). Here, the calculation for OII RS 0121’RS

differs from the discussion of 0I RS 012RS in the last section, because now additionally the
sign operator S oceurs sandw1ched between the two volume operators Vis. Since the matrices
of the operators Q‘ﬁm and their corresponding eigenvectors and eigenvalues are already given
in the last section, we will not show them here again, but only refer to the results of the last
section.

The expansion of each operator Vq,,KS Ve

that contributes to 5£I’RS is given by

2

(aZ’ M| q1k qul( |O[1, M) :Z(Olg, M|vqm< |(X?, M)(al(')’ M|§]Ol?, M)(“?’ M|ti.7k |O[(1), M)
i,j=1
= (a3, M|V, |ad, M)S, M|S|ad, M), M|V, . |, M), (E.79)

because Vqu is diagonal in this case.

The matrix elements of the sign operator S can be calculated by

(. M|S|a. M) = "o, M|Siée) (@c|af. M) =" sgn(A2) (e, M|ei)Ec|al, M),
k k
(E.80)

whereby XQ denotes the eigenvalue of the operator QU ~1, associated with the eigenvector ¢.
Using the results of QRS i in equation (E.10), we end up with

(a2’ M|V‘IHK |0[2, ) <Ot?, M}V‘II./K |a(1)’ M> =+2a

LK € (134,234,123, 124} (3, M|S]al, M) = +i.
6II,RS

(E.81)

Considering the definition of
(ag, M|5H’Rs|oz‘l), M) = +i18a = +i9axL = 9<a2, M’OII Al M)
= C,(O)ad, M|OT |, M). (E.82)

in equation (6.38) and the results above, we obtain
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Here we used a = laa that can be found by comparing the matrix entries of op QijOL with

2
the one of Ql{?} ;x- We want to express everything in terms of the AL parameters here in order

to compare the results of (V' ? tl;[S (S,) and OF ?&L (S,) directly.

SILRS
For the operator O,

The expansion of Vq, w Varre

, we have to consider the case of a total angular momentum J = 1.
in terms of the basis states |a,i, ) of H’=! is shown below:

<ai1’ M|Vq

K " 4diik

|a1,M>=Z<ail,M|Vq,_,K‘a M(x , M
Jjk

A]ock, (xk,M|/\7q

jert, M),

17k

(E.83)
In this case the matrix elements of the sign operator S are given by
o M1t M) = 3 ek, [Vl 1) = 3 sen() o M el ),
K K
(E.84)

By using the results shown in section 6.5, we obtain

). M[SJerh M) = 3 (e} (S0}, M) =0
k

o [ ) = 3 (et (ST et M) = (. Sl b
k

o ST )= 3 S . ) = i

(e M|Sler. M) = 3 (o}, M|STeu) (el ) = ~i2
k

o (S b1) = 3 fad M ST ol 1) = 0
k

(E.85)

bar

o S ) = 3 o TR e )= 2

o (S 20) = 3 fad M ST ok 1) = 0
k

(ks (S M) = 3 . M|Vl M) = i,
Z L
Here we explicitly labelleg the constants aar, bar by AL, because they differ from the constants
a, b used in the case of Vgs. The relation between these two constants is for J/ = 1 only a
factor of 2/3, namely aAL = (g)a and bAL = ( )b This can be easily seen by comparing the
matrix entries of QJ AL with the one of Q RS: , k- Additionally, we labelled the eigenvalue Aar
by AL, because QU AL and Q RS.L [ ,x have different eigenvalues.
Starting with the operator Vq,,K qu with IJK € {134,234, 123} and taking into account
the vanishing of certain matrix elements of S shown in equation (E.85), we get the following
expansion:

( | V‘[m( V

q124 Oll,M>—+<Ol M|qu(‘a3’ a?lS’M|§|(XII’M)<OKII’M‘/‘;Q124|O[11’M>
< M‘Vfim(|a4’ a4’M‘A‘al’ )(all,M’qu}(x]l,M)

ot M|V ot M)l |Sad. e M|, e M)
+ey

Q; M‘VqIJK|(X5’ ;,M‘/S\‘O@l,MXOl;,M’qu}(x]l,M)
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+lotg s M|V e, Moy, MSleg, Moy, M|V e, M)
+<ot M| ‘1m<|a5 ><a51 M|A]ai )(ai M| 61124ia%’M>
+lotfs M|V, Mo, M{[S]erg, Mg, M|V [, M)
<°‘5’M|qu<|0‘4vM 0‘4’M|A]0‘5» )(ag,M|?q,24|a},M). (E.86)

From equation (E.24) we can read off o/, M!qu |}, M) = 0 with i = 3,4, 5. Hence, only
the first two terms of the sum are not zero,

(Ol M| quk 11124|a1 M> - +(Ol M| q17K|a31’ M)(Ol31, M|§]O(11, 1‘4)<O‘11 M| 4124|a11’ M>
= Ha!, M|V, |t M)at, M|S|a), M)a!, M|V,,,|al, M). (E.87)

The matrix elements that are necessary to know in order to calculate the matrix element of

/K

Vq,_,,( f/\qm explicitly are given below:
(Olll, M|vq]24|a}, M) = Z(all, M|/\7qlz4|2k)<2k|a11, M) = V2a

k
(o}, M|V, |od. M) = (od, M|V, |ad. M) ed, M|V, 80(6 o). M)
k

(o M| Vi leri. M) = (e}, M|V, orf. M) ka%l’ M| Vy.ile)(Ex]e. M)
- <6/\L2§ — 3J§> VA

ek M| Vi, |es. M) = (ers. M|V, o5, M) ;M’ M|V, 161) (@] ot3. M)
<W— 3f> VA

(g, M|V ori, M) = (o, M|V,

= (6+%>x/)_»

<O(;, M|V¢I123 |Ol§, M) = Z(Ol;, M|V(I124lzk)<zk|a?}’ M> = m

234|O‘i’M ai’M|"7q124|zk)<zk|ai’M>

v
»M
Py

k
<O(i, M|Vﬂ1123 |Oli, M) = Z(O{i, M|"77124|2k)<2k|ai’ M> = \/E
k

(o3, M|V, oy, M) = (og, M|V, |og, M) =" (of, M|V, [é0)(é] ey M) = 0.

k
(E.88)
Thus, we obtain
. \/X\/ 2a . a
<O(3 M| ( qia T VCI?34 + VCI123) (/124|a11’ M) = —il2axL - lzaALr
AL AL (E.89)
~ , Vav2a 2 ab
(s M| (Vs + Vs + Vi) Vs [}, M) = +iv/218a,1 +iv2aaL )

AL
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The operator qu e where IJK € {134,234} can be expanded as

<O( M| q123 qm(yal’M>=+<ai’M’V4123‘a37 a% M’A‘(xl’ all’M’{/\(IIJK|O{11’M>

+<ai1’ M|/‘7q'23|ai’ M><C(i, M|§]al ’ )( ’ M|v17m<’all’ M)
Hlotg, M|Vo e, My, MSles, Mo, M|V e, M)
+<O‘il’ M|Vqlzz|a51’ M)(“SI’ M|ﬂa3, M (o 5 M|Vq,(,,(|a1, M)
+<Oti], M|qu|a11, M)(Ol{, M|:ﬂa4, )(a}l, M|Vq,.,,(}oe1, )
+o!, M|V, |d, M)ad, M|S|a), M)at, M|V, |al, M)
+<“i1’ M‘Vq123|“31’ M)(“Sl’ M‘ﬂai’ M (o 5 M’V(MK}O‘I’ M)
+(o!, M|V, |ed, Mo}, M|S|al, M), M|V, |al, M). (E.90)
The results in equation (E.21) show (o}, M|V, |}, M) = (o}, M|V,,, ‘oz4 M) = 0.
Moreover, by comparing equation (E.15) with equation (E.18), we note <oz1 M | Vs |oc1 M > =
<a M |qu|0l1 )Wherel = 3, 4. Consequently, we have
(O( M|V11m ( q134 + Vlhu) |O[{, M)
= +(ai ’ M|V4123|a;’ M)(a3l’ M|§]all’ Otl M‘ ( q134 + quu) ‘all’ M)
+<ail’ M‘VQ123|O[4{’ M)(“i’ M‘/S\‘ail’ 015 M| ( q134 + V11734) |Oll17 M>
(E.91)
The particular matrix elements that contribute to the expansion above are
(o3, M|qu |y, M) = Z(O@l, M|Vqlz3|2k)<2k|a3l, M) = V2a
k
(ors. M|V, |og, M) = (s, M|V, [60) 6|ty M) = /2D
k
1 1 1 - 124’
<al | Q134|al’M) <0[1 M| q224|a1’M> Z<051 M| qlz4|ek>(gk|a1’M>=+ 22 ﬁ
k
- - PO 6+2ab
fod M [Py M) = (e}, MV [l M) =D ek, M [V, )] M) == =52
k
(E.92)
Using the results above, we obtain
= . (2a* + b*)v2a/x
<Ol3 M|Vf1123 ( q134 + 4234) |C(1 M) = —11261AL : )\AL)\,z -
(E.93)
(2a* +0°)v/2bv/
(Ol4 M|Vq 11134 + Vq234) |C¥1 ) = +1\/—12 aAL 4 e s
AL
whereby we used a = (3/2)aar. and ba;, = (2/3)b. Expanding the operator qu Vq/m where

IJK € {134, 234} yields

7 MWIJ . M) = +o, M|Vq,34|a3l, M a3, M|§]a}, M e, M|/‘7flm<|all’ M)
et M|k, MYt [l Mol [Ty o )

+<ai1, M|vq134|a11, M)(ozll, M|/S\](x31, M)(O{;, M|Vq”,(’oell, M)

+<ozi1, M‘/\;q134|a51, M)(oz;, M‘/S\]aé, M)(Ol;, M’Vq,m}oe,l, M)

134 " 4K
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+<ozi1, M|Vq,34 |Ot11, M)(oz%, M|ﬂa4 )(ai, M|’\7quk \oz}, M)
+<oci1, M|Vql34|a51, M)(ocsl, M|A](x4 )(O[i, MW;UK ia}, M)
+< 1 M|/‘7fI134|0‘31’ ><0{31 IW|A]O[57 )(WSI’M|quJKiO‘11’M)
= +<a M|qu|oc4, >(x4, M|A|oz5, )(xs, M|qu<’ocll, M) (E.94)
As before by using (ai,M|qu|a1,M) = —<ai,M|qu|all,M) where i = 3,4, the
expansion reduces to
( M|V41134 ( q134 + V(lz34) ‘all’ M)
—+<a M}qu‘ag, oel M’A]otll, (otl,M’(i/\(m4 Vi |otl,M)
< ‘ f1134|a4’ >a4{’M‘A‘a]’ )(all7M|( qm qzm)‘al’M)
< s M‘Vqls4|a3l’ ><O{;, M‘A‘aS’ )(a;’M|(Vf1134 q234)|a]’M>
< 1 M‘/‘;qm |O(i, ><Ol4, M|A]a5’ )(a5l M|(Vf1134 q234)|a1’ ) (E'95)
The same is true for qu quw thus
(Ol M|VLI234 ( q134 + VCI234) |O[1, M)
= +<ai ’ Miquu |O[31, 0[3 Mi/\]al (all M| (VQIM + "7@34) |0[11’ M>
+<ail’ M|qu34 |Oli, ><0[4 M|A]al ’ ]u)(()lll7 M| (VQIM + vﬁ]zsz:) |Ol117 M>
+<ai1’ M|V¢]z34 |Ot31, ><O[3, M|A]a5’ M)((XSI’ M| (/‘711134 + /‘Z]zu) |Olll’ M>
+<ai1’ M|/‘74234|ai’ ><Oé4, M|A]a5’ M)(“SI’ M| (/‘74134 + /‘74234) |Olll’ M>
(E.96)
Inserting the explicit results of the matrix elements of qu and qu, we get
~ ~ ~ ) 2a% + b?
((131 M| ( q134 quz4) (qu + 4234) |O[1, M) = —1l2ax.18 <6)l\.—)\.>
AL
(E.97)

AaLA
where for the latter matrix element we used a = (3/2)aar and bar, = (2/3)b. By summlng
the results in equations (E.89), (E 93) and (E.97), we obtain the result of the operator 0 LRS
because the separated operators Vq, » Vq 17 €xactly add up to OH RS,

«/X«/Za a
+ 12—

AL AAL

242 + b2
od, M| (Vi + Vi) (Vs + Vi) |, M) = +i12/2a5.18 (L> ,

(o, M|OY |, M) = —iaas <12

2 2 2
(2a + b)) 2a/n 12.18(2(1 +b ))

AaLA?

(ai, M|5121‘Rs|a11, M) = +ix/§aAL <l8ﬁm + 2ab

AL AAL

AALA
(E.98)

(2a +b2)/2b/A 2a% + b?
+12-18 .
)»AL)\Z )&AL}\

Since the eigenvalues

3 2
haL = \/;/ 223, +b%,  and A= \/;\/Zaz +b2+3, (E.99)
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the matrix elements of 5121’“ will depend on the spin label j in general. The relation between
the matrix elements of OH‘RS and 0121‘AL is given by

o 1] O3S . ) = €. 1) fed. M| D24l )

(E.100)
(0‘4’M|012LRS|0‘;’ M) = Cq(J, )(“4»M|0HAL| ar, M),
whereby
W2 2a% + b2 2a/x 2a% + b2
12‘/_ ST P )2 “‘/_+12-18<L>
AL AALA AALA
18\/_\/2(1 2«/ab (Za + b2 2b/% L1218 242 + b?
AAL AALAZ AaLA )
(E.101)

In order to see whether this dependence vanishes in the semi-classical regime of the theory,
i.e. in the limit of large j, we will analyse this limit now.

E22. Semi-classical limit of the matrix elements of 5121’RS. First, let us investigate the
semi-classical behaviour of the eigenvalues Aar, and A,

3 /5 2

AaL = 5 ZaAL+bAL
/2 3/ 4
A= 3«/2a2+b2+ =\/; 2aiL+bf\L+§,

whereby we used aap, = (2/3)a and by, = (2/3)b. Hence, semi-classically, we get A — tar.
The constants aay, bay, are given by
3! 2 — 3! P
aaL = (zf, 5 creg> 3,/1 (+1) baL = <zf, 5 Creg) 5,/41 (G+1)—3. (E.103)
Accordingly, in the semi-classical limit ba;, — 2aar.
Summarizing, in the semi-classical sector of the theory, we have

(E.102)

A — AAL, baL — 2AL = AaL — 3aaL. (E104)

If we express all a, b occurring in C3 (j, %) Cy (j, %) in terms of aar, and by, and afterwards
take the semi-classical limit, we end up with

Cs3(j,3) > C5(3) =942 Ca(j, 1) = Ca() = 18+ D (18 + V2). (E.105)

It is precisely due to the linearly dependent triples that the awkward +/2 term appears which
certainly lacks any combinatorial or geometrical interpretation.
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