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Abstract

We consider the relativistic Vlasov-Maxwell and Vlasov-Nordstrom systems which describe
large particle ensembles interacting by either electromagnetic fields or a relativistic scalar
gravity model. For both systems we derive a radiation formula analogous to the Einstein
quadrupole formula in general relativity.
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1 Introduction and Main Results

This paper is an investigation of the mathematical properties of certain models for the interaction
of matter, described by a kinetic equation, with radiation, described by hyperbolic equations. The
first model, the relativistic Vlasov-Maxwell system, plays an important role in plasma physics. The
motivation for studying the second model, the Vlasov-Nordstrom system, comes from the theory
of gravitation. On a mathematical level the Vlasov-Maxwell system can also give insights into
gravity.

The most precise existing theory of gravitation, general relativity, predicts that certain as-
trophysical systems, such as colliding black holes or neutron stars, will give rise to gravitational
radiation. There is a major international effort under way to detect these gravitational waves [5].
In order to relate the general theory to predictions of what the detectors will see it is necessary
to use approximation methods - the exact theory is too complicated. The mathematical status of
these approximations remains unclear although partial results exist. This paper is intended as a
contribution to understanding the mathematical structures involved.
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Since the solutions of the equations of general relativity are so difficult to analyze rigorously it is
useful to start with model problems. One possibility is the scalar theory of gravitation considered
here, the Vlasov-Nordstrom theory [6]. It has already been used as a model problem for numerical
relativity in [21].

Among the approximation methods used to study gravitational radiation those which are most
accessible mathematically are the post-Newtonian approximations. Some information on these has
been obtained in [I7] and [I8]. Results which are analogous to these but go much further have
been obtained for the Vlasov-Maxwell and Vlasov-Nordstrom systems in [4] and [2] respectively.
None of these results include radiation explicitly. Here we take a first step in doing so. On the
other hand, for the case of finite particle systems interacting with their self-induced fields there
are several rigorous results concerning radiation; see [22] for an up-to-date review.

Our main results (Theorem [ and Theorem below) are relations between the motion of
matter and the radiation flux at infinity for the Vlasov-Maxwell and Vlasov-Nordstrom systems
respectively. They are analogues of the Einstein quadrupole formula [23, (4.5.13)] which is a basic
tool in computing the flux of gravitational waves from a given source. In the case of the Einstein
and Maxwell equations a spherically symmetric system does not radiate. For the Vlasov-Nordstrom
system a spherical system can radiate and the specialization of the general formula to that case is
computed. In [21] a difference between the spherically symmetric and the general case was claimed
but we have not succeeded in connecting this to our results. The main theorems are obtained under
plausible assumptions on the behavior of global solutions of the relevant system (Assumption []]
and Assumption [ below). The former can be proved to hold in the case of small data.

For the systems we are going to consider the (scalar) energy density e and the (vector) momen-
tum density P are related by the conservation law

8t€+v7320

Defining the local energy in the ball of radius » >0 as
E-(t) :/ e(t,r)dz,
|| <r
this conservation law and the divergence theorem imply that

d E(t)= 8te(t,x)dm:—/

dt je|<r je|<r

V~P(t,x)dmz—/ z-P(t,x)do(z), (1.1)

|x|=r

where T == denotes the outer unit normal. More specifically, for the relativistic Vlasov-Maxwell
system with two particle species,

ervm (t,x) = 02/\/ T4+ 2p2(fT+f7)(t,z,p)dp+ 8i7r (\E(t,x)|2+ |B(t,x)|2), (1.2)
Prvm(t,z) = 02/p(f++f_)(t,x,p)dp+%E(t,x) X B(t,z), (1.3)
T
whereas for the Vlasov-Nordstrom system,
2
evs(tr) = & [ VTR fltap)dp+ £ (Qota) P+ ATo0R), (1)
4
Pexta) = ¢ [ pf(ta.p)dp= -010(0.0) Volt.a)
T
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Our assumptions on the support of the distribution function will be such that the contributions of
[p(f*+f7)dp to Prym and [pfdp to Pyx vanish for |z| =r large. Hence we arrive at

d gvm,,_ C _
G =1 [ #Bxma

for the relativistic Vlasov-Maxwell system, and

4
d yn,,\ €

& (=" /| lzr:f-(é@%)(t,x)ddx)

for the Vlasov-Nordstrom system.
The main results of this paper are concerned with the expansion of these energy fluxes for
r,c— oo and |t —c71r| <const. Under suitable assumptions we will prove that, to leading order,

d 2
L eRVM () 192D () 2
dt T () 3C3|t (U)|,
where u=t¢—c~'r denotes the retarded time and D(u) = [z po(u,z)dx is the dipole moment asso-
ciated to the Newtonian limit of the relativistic Vlasov-Maxwell system. Similarly,

d VN 1 2
% g?“ (t) ~ _FCE’ ((%R(w,u)) dO’((U),

|w|=1

with a more complicated radiation term R associated to the Newtonian limit of the Vlasov-
Nordstrom system. In the spherically symmetric case, J;R(w,u) is found to be proportional
to 0;&n(u), the change of kinetic energy of the Newtonian system. The exact statements are
contained in Theorems [ and [CY below.

1.1 Dipole Radiation in the Relativistic Vlasov-Maxwell System

The relativistic Vlasov-Maxwell system describes a large ensemble of particles which move at pos-
sibly relativistic speeds and interact only by the electromagnetic fields which the ensemble creates
collectively. Collisions among the particles are assumed to be sufficiently rare to be neglected [I3].
In order to see effects due to radiation damping it is necessary that there are at least two species
of particles with different charge-to-mass ratios. For the sake of simplicity we assume that there
are exactly two species with their masses normalized to unity and their charges normalized to
plus and minus unity, respectively. The density of the positively and negatively charged particles
in phase space is given by the non-negative distribution functions f*= f*(t,z,p), depending on
time t € R, position x € R?, and momentum p € R3. Their dynamics is governed by the relativistic
Vlasov-Maxwell system

Of*+p-Vof*£(E+c ' px B)-V,f£=0,
cVxXxE=—-0,B, ¢VxB=0,F+4njy,
V-E=4mp, V-B=0, (RVMc)

o= [ = dn, =[5+ 1 ).

J

where
p=vp, y=(1+c?p*)72 p’=[p/>, and /:/3' (1.5)
R
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The electric field E= E(t,r) € R® and the magnetic field B = B(t,x) € R? satisfy the wave equations

(=02 + AV E=47(c>Vp+0,5) and (=07 +c*A)B=—4mcV x j. (1.6)

In order to determine the radiation of the system at infinity, we have to consider solutions that
are isolated from incoming radiation. For the wave equations in ([CH), this means that we need to
restrict ourselves to the retarded part of the solutions. Accordingly, (RVMd) is replaced by

O ff+p-VufT£(E+c'px B)-V,fF=0, )

. _ d
Blta) == [ (Ve 0i)(t=c ly—al) -
d (retRVMc)

B(t,x :c_I/ij t—c Yy—=z|y 7y7
(t,2) (= y—al) 2

o= [ = dn. =[5t 1 ).

J

which we call the retarded relativistic Vlasov-Maxwell system. We prescribe initial data

fH0,2,p)=f"°(x,p), zpeR’, (1.7)

for the densities at t=0; these data do not depend on ¢. However, the corresponding solution
(f*,f~,E,B) does depend on ¢, but we do not make explicit this dependence through our notation.
We refer to Remark[LH(c) below for the case of initial data varying with ¢. Our standing assumption
is that the initial data are non-negative, smooth, and compactly supported,

fFPeCR (R} xR?),  f5°>0, (1.8)
and we fix positive constants Ry, Py, Sy such that
f5°(z,p)=0 for |z|>Ry or |p|>Py, and | f5°|psee < So- (1.9)
Every solution of (fefRVMd) satisfies the identity
fE(ta,p) = f22(XF(0,t,2,p), P(0,t,2.p)), (1.10)
where s+ (X*(s,t,2,p), P (s,t,2,p)) solves the characteristic system
it=p, p=+(E+c 'pxB), (1.11)

with data X*(¢,t,2,p) =2 and P=(¢,t,z,p) =p. Hence 0< f*(¢,z,p) <||f*°||.. In order to derive
our results on radiation, we have to assume certain a priori bounds on the corresponding solutions
of (LefRVMd). In particular, the latter have to exist globally in time.

Assumption 1.1  (a) For each ¢>1 the system (elBYMd) has a unique solution f* € C*(R x
R3xR3), E€ C*(RxR%R3), Be C*(RxR3;R3), satisfying the initial condition (I.7).

(b) There exists P, >0 such that f*(t,x,p) =0 for |p| > P\ and allc>1. In particular, f=(t,z,p) =
0 for |z|> Ro+ P1|t| by (L11).



(c) For every T>0, R>0, and P >0 there exists a constant M,(T,R,P) >0 such that
|07 (2, p) |+ 107 Vo f 5 (t,2,p)| < My (T, R, P)
for |t| <T, |z| <R, |p| <P, and a=0,1, uniformly in ¢>1.
Note that none of the constants in Assumption [LT may depend on ¢. The constants
Ro, Py, S0, P1, My

from (CY) and Assumption [Tl are considered to be the “basic” ones. Any other constant which
appears in an estimate is only allowed to depend on these. Checking the arguments from [7, §], it
can be shown that Assumption [T holds at least for sufficiently “small” initial data f*°. A more
precise investigation of the set of initial data leading to solutions which satisfy Assumption [l is
not part of this paper. The main point we want to make here is that whenever Assumption [Tl is
verified, then the technique described below can be employed.

We will need estimates relating the solutions of (LefRVMd) to the corresponding Newtonian
problem obtained in the limit ¢— oo. This sort of information usually goes under the name of
post-Newtonian approximation; see [I9, 4]. For this, one formally expands the solutions in powers
of ¢t as

fE=fi4+c e+,
E=FEy+c¢ 'Ei+c2Ey+...,
B = BO+C_IBl+C_2B2+...,

with coefficient functions fji, E;, and B; independent of ¢. Moreover, by (CH),
p=p—(c2/2)p’p+..., v=1-(c*/2)p*+

These expansions can be substituted into (LefBRVMd), and comparing coefficients at every order
gives a sequence of equations for the coefficients. The Newtonian limit of (efRVMd) is given by
the plasma physics case of the Vlasov-Poisson system:

8tf6t+pvxf0ij:E0fo0i:0a )
o(t, ) /| |3poty)dy,

o= / (i f5)dp,
f57(0,2,p) = f°(,p). )

The following proposition addresses the well-known solvability properties of (VPpl). Clearly,
(fo, fo , Eo) is independent of ¢, and we refer to e.g. 20, [T6] for the regularity of the solution.

(VPpl)

Proposition 1.2 There are constants Ry, P, >0, and for every T'>0, R>0, and P >0, there is a
constant Mo(T,R,P) >0, with the following properties. For initial data f+° as above, there exists

a unique global solution (i, Ey) of (VPpl) so that
(a) ff€CO®(RxR?xR3) and Fy€ O (R x R*R3),
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(b) if [t| <1, then fq(t,x,p)=0 for || > Ry or |p| = P,
(c) if [t|<T, [z <R, |p| < P, and a=0,1, then

102 f5E(t,2,p)| + |02 By (t,2)| < My(T, R, P).

For the approximation of solutions of (EefBVMd) by solutions of (VPpl)), we state the following
result without proof; the result follows like the analogous one for (RVMd), cf. [19, 4].

Proposition 1.3 Choose the constants Py >0 and M,(T,R,P)>0 according to Assumption [T
Then for every T>0, R>0, and P>0 there are constants Ms(T,R,P)>0 and My(T,R)>0
with the following property. If ¢>2Py, let (f*,E,B) and (fi,FE,) denote the global solutions of
(efBYMA) and (VPpl) provided by Assumption [L1 and Proposition [L3, respectively, with initial
data as above. Then

() |f*(t,2.p) = f5- (t.2,p)| < Ms(T, R, P)c™ for [t| <T, |o| <R, and [p| <P,
(b) |E(t,x)— Eo(t,x)| < My(T,R)c™2 for |t| <T and |x| <R,
(c) |B(t,x)| < My(T,R)c™" for |t| <T and |z| < R.

It is important to note that all the “derived” constants Ry, Ps, My, M3, M, appearing above do only
depend on the basic constants Ry, Py, S, P1,M;. We are now ready to state our first main result.

Theorem 1.4 (Radiation for (tetRVMd)) Put r,=max{2(Ro+ P;),Ry} and
Mpym={(t,r,c):7>2r,,c>2P, [t—c 'r|<1,r>c}.

If (t,r,c) € Mrym, then with r=|x|, T=-=%, and u=t—c ||,

||

7-(Bx E)(t,2)+c 2|7 x 82D(w)|?| < A(c™5r 2+ 23 ), (1.12)

for a constant A>0 depending only on Ry, Py,So, Py,My. In particular,
grmiy _ © / (B x E)(t,7)do(x)
dt 4T ) |g)=r
_ —% 02D(w)[2+ O(c= 4 ¢~ 47-2) (1.13)

for (t,r,c) € Mgyn. Here E,BVM(t):f‘wKreR\/M(t,x)dx, see (LA), and

D(u):/xpo(u,:c)dx
denotes the dipole moment associated to the Viasov-Poisson system (VPpl).

Remark 1.5 (a) The condition r >¢* in Mgyy is not needed for the proof of (L) and ([TCI3).
It just guarantees that ¢ 273 <c®r=2 and ¢ lr ' <c™%.

(b) The same estimate ([LI2) can be derived, possibly with a different constant A, if the condition
|u| <1 is replaced by |u| <ug for some constant ug > 0.
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(c) As long as the constants Ry, Py, Sy, P1,M; remain independent of ¢, one can also allow for c-
dependent initial data fZ°, both for (elBVMd) and (VPpl). However, in this case the functions
( foi,Eo) become c-dependent, too. For instance, in the particular case

+ +,0 —1 p£,0 —2 4,
fot=fo e i e ’

rc

with fojE ° 1i ' and f£° satisfying suitable bounds (independently of ¢ for f£;°), Theorem [CA

remains valid, if fpjE and Fjy are replaced by the approximations ng +c71 fli and EQ +cLEy, re-
spectively. Here (fg, Ep) is the solution of (VPpl) for the initial data fee, and (fi", E1) solves the
Vlasov-Poisson system linearized about (f;", Ey), under the initial condition fi(0)= fi°.

(d) In the case of one species only, say f—°=0, there is no dipole radiation, since then 9D =0,

cf. (ZI3) below.

(e) For spherically symmetric solutions there is again no dipole radiation. In fact, if po(t,—x)=
po(t,x) for z€R3, then D=0 by symmetry.

The proof of Theorem [ is given in Section 1

1.2 Monopole Radiation in the Vlasov-Nordstrom System

If we set all physical constants (except the speed of light ¢) equal to unity, then the Vlasov-
Nordstrom system is given by

O +5-Vof = [(SO)p+ V0| -V, =4(56) .
(0% + )6 = dmp (VNe)

uz/vfdp,

where we continue to use the notation from ([LH), and where S =0, 4 p-V. The matter distribution
is modeled through the nonnegative density function f= f(¢,z,p), whereas the scalar function
¢=0(t,x) describes the gravitational field. We refer to [6, [T} [, @] for the global existence of

smooth solutions to (VNd). In analogy to the passage from (BYMd) to (refRVMd), the solutions
of (VNd) that are isolated from incoming radiation are the solutions of the retarded system

Ol +-Vof = [(SO)p+ V0| -V, =4(56) .
d

o(t,x)= —0_2/u(t—c_1\y—x\,y) ﬁv ’ (retVNc)

uz/vfdp,
Vs

which we call the retarded Vlasov-Nordstrom system. We continue to make the standing hypotheses

(CH) and (L) for the initial data f(0,z,p) = f°(z,p) of [elVNd). A solution of (LefVNd) satisfies

the relation

f(t7x7p> = fO(X((]?t?x?p)?P(O7t7x7p)>e4¢(t7x)7 (1'14)
where s+ (X (s,t,x,p), P(s,t,z,p)) denotes the solution of the characteristic system
i=p, p=—(S¢)p—c*Vo, (1.15)
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with X (¢,t,z,p) =x and P(t,t,x,p) =p. This implies that as long as the solution exists

0< ft,2,p) <N1F Nl

note that ¢ <0. Concerning solutions of (efVNd), we make the following

Assumption 1.6 (a) For each c>1 the system [efVNd) has a unique solution f € C?*(R x R? x
R3), ¢ € C?(R xR?3), satisfying the initial condition f(0,z,p)= f°(z,p).

(b) There exists Py >0 such that f(t,x,p)=0 for |p|> Py and all ¢>1; by ([.I4), (LI3) this
implies that f(t,x,p)=0 for |x|> Ry+ Py|t|.

(¢) For every T>0, R>0, and P >0 there exists a constant M,(T,R,P) >0 such that
07 f(t,2,p)| <My (T, R, P)

for |t|<T, |x| <R, |p| <P, and a=1,2. In addition, for every T'>0 and R >0 there exists
a constant My(T,R) >0 such that

for [t| <T and |x| <R, uniformly in ¢>1.

Again Ry, Py, Sy, P1, M, are considered to be the “basic” constants, all other constants being derived
from these. We remark that for “small” initial data the existence of global-in-time solutions is
shown in [T2], where also bounds on the solutions are obtained. It is reasonable to expect that these
solutions have the required regularity for smooth initial data, cf. [I6], and that on compact time
intervals estimates as in Assumption (c) can be derived uniformly in ¢. The crucial assumption
is the bound on the momentum support in part (b), which needs to be uniform in ¢ as well.

The Newtonian approximation for ¢ — oo of (efVNd) is found by means of the formal expansion

f = f0+C_1f1 +C_2f2+...,
¢=go+c 'p1+c 2ot g+ pat. .,

see [10, 2. Thereby it is verified that this (lowest order) Newtonian approximation of (FefVNd) is
given by the gravitational case of the Vlasov-Poisson system

Oifo+p-Vafo—V2-V,fo=0, )
¢2(t,$)=— pO(tay)d 7
|z —y| \ (VPgr)
POI/fod]%
fo(O,x,p):fo(x,p). )

The analogue of Proposition [C2 is valid for (VPgi). Note that (fo,¢2) is independent of c.

Proposition 1.7 There are constants Ry, P, >0, and for every T'>0, R>0, and P >0, there is
a constant Ms(T, R, P) >0, with the following properties. For initial data f° as above, there exists

a unique global solution (fo,¢2) of (VPgl) so that
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(a) fo€ C®(RxR3xR3) and ¢y € C°(RxR3),
(b) Zf |t| Sl} then fO(tazap):O fOT |ZI§'| ZR2 or |p| 2P2;
(c) if t|<T, |z|<R, |p|<P, and «=0,1,2, then

\8f‘f0(t,x,p)\ +‘a?+1¢2(t7x)‘ +‘afv¢2(tvx)‘ SM?(TvRvp)

By [], we also have the following rigorous result concerning the Newtonian limit of (LefVNd).

Proposition 1.8 Choose the constants Py >0 and M,(T,R,P)>0 according to Assumption [L0.
Then for every T >0, R>0, and P >0 there are constants M3(T,R,P)>0 and My(T,R) >0 with
the following properties. If ¢>2Py, let (f,¢) and (fo,¢2) denote the global solutions of (reflV/Nd)
and (VPgl) provided by Assumption [LA and Proposition [I.7], respectively, with initial data as
above. Then

(a) 1f(t.z,p) = folt,x,p)| <Ms(T,R,P)c™® for [t| <T, |2[ <R, and |p| < P,
(b) |[Vo(t,x)| < My(T,R)c™? for |t| <T and |x| <R,
(c) |0ip(t,x) —c 200 (t, )| + |V (t,x) —c 2V o (t,x)| < My(T,R)c™* for |t| <T and |z| <R.
After these preparations we can state our second main result.
Theorem 1.9 (Radiation for (retVINd)) Put r.=max{2(Ro+ P;),R2} and
Myn={(t,r,c):7>2r,, c>2P, [t—c'r| <17 >}

If (t,r,c) € My, then with r=|z|, 2=, and u=t—c"}|z],

z-(0,6V ) (t,x)+c r? (8ﬂ€(9?,u))2’ <A(cTVr2 4T, (1.16)

for a constant A>0 depending only on Ry, Py, Py, My,Sy. In particular,

4

d .yN _c _
Lo =< /| _ T (00Ve)(ta)do(a)

[ (0R@w) o) + O (1.17)

4cd |w|=1
for (t.r,c) € Myx. Here EXN(t)= [, evx(t.x)dz, see ([[F), and

Riz.u)=—- [1o-Voutun)Py- [ [ @02 fwypdpdy+18a(w, (119

where )
gkin(t):5//P2fo(t,$,29)dpd$ (1.19)
denotes the kinetic energy associated to the Viasov-Poisson system (VPgi]).

Defining E,o(t) = —5= [ [V (t,2)[*dx, the total energy E(f)=Exin(t) +Epot(t) is conserved along

solutions of (VPgi).



Remark 1.10 (a) Once again the condition 7 >c% in Myy is not needed for the proof of (CIG).
It only has to be included in order that the second error term O(c™*r=3) is at least as good as the
first one, which is O(c™19772).

(b) In the sense of Remark (b) and (c), one could allow for |u| <wuy and/or c-dependent initial
data.

For spherically symmetric solutions, Theorem [CLH simplifies as follows.

Corollary 1.11 (Radiation for spherically symmetric solutions to (refVNd))
Define r,=max{2(Ry+ P1),Ry} and

MVN:{(t,r,c):r22r*,022P1,\t—c_1r|§1,r206}.
If (t,r,c) € My, then with r=|z| and u=t—c'r,
64 -9 —2 2 -10,.—2 | —4_.-3
‘(at¢a,¢)(t,x)+§c S CIN0) ‘gA(c P24,

for a constant A>0 depending only on Ry, Py,So, Py,My. In particular,

4
iVN ¢

9 g3 (1) = / _ (@006)t,0)do(x) =

64
 Ar 9¢d

2 6 1
. <0t€kin(u)> +O(E S+
for (t,r,c) € Myn.

The proofs of Theorem [LY and Corollary [LTT] are carried out in Section 22

2 Proofs

2.1 Proof of Theorem [I.4

To expand E(t,z) and B(t,x) as given by (£efRVMd), we recall from Assumption [Tl (b) that
fE(t,2,p)=0 for |z| > Ry+ Pi|t|. Tt follows that p(t,x)=0 and j(t,x)=0 for |z| > Ro+ P|t|. If
(t,x,¢) € Mgym, then |u|=|t—c7tz|| <1 and ¢>2P,. Thus if |y| >2(Ry+ P;), then

Ro+Pi|t—c |y —|| = Ro+ Pilu+c tao| -y —a|
< Ro+ Pi(Jul+c7[y[) < Ro+ Pi(1+(2P) " [y|) <yl
Hence F(t—c tly—x|,y) =0 for both F'=—(Vp+c28;j) or F=c"'V x j. Thus for the y-integrals
defining E and B in (LetRVMd), it is sufficient to extend these over the ball |y| <max{2(Ry+

Pl),Rg} = Tx.
In what follows g=O(c"*r~!) denotes a function such that

lgt,x)| < Ac™Fr7t forall |x|=r>2r,, ¢>2P;, and |t—c z||<1,
with A only depending on the basic constants. The following lemma states a representation for

and B similar to the Friedlander radiation field; see [I5, p. 91/92] and [R].
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Lemma 2.1 The fields can be written as

E(t,x)=E"(t,2)+O(r?) and B(t,x)=B"(t,x)+O(c 'r7?),

where
E™(t,x) = _7"_1/ (Vp+c720)) (u+c™" T y,y) dy, (2.1)
|y‘§7"*
B™(t,x) = c_lr_I/ Vxijlut+ctzyy)dy. (2.2)
‘y|§7’*

Proof: Consider F first, and let F =—(Vp+c20,j). According to Assumption [T (c), we have
|F(..)| <AM;(1+47,,7.,ps) =O(1) for some constant A >0, where p, =max{P;, P>} and

()=(t—cy—aly)=(utca|—c |y —aly).

If |z| =7>2r, and |y| <r., then —Z 2l <9 Tt follows that

ly—a| = |z|—rs =

1 1 —ly—
— ‘SL’| |y I‘ — _1—|—O(’l“_2)
ly—zl ol ly—zllz]

for all |y| <r,. Therefore by (etRVMd),

E(t,z) :/F(...) |yd_yx| :/ylmF(...)‘yd_yx‘ =/|y<mF(,,,) <r—1+(’)(r—2))dy

:7’_1/|< F(..)dy+0(r™2).

Next we note that for |y| <r, and |z|=r>2r,,

o~ || = Ja| || T= 25y ol + 1P
= ol ol (14 5 (~20-9/lal+ s/ laf) + 06~ )
=7-y+0(r ). (2.3)

Since

[F() = Flutc Ty ) [0 F || e o] = ly =2 =2yl = O(cr ™)
by Assumption [T (c) and Z3), we get £=E"™4+O(r=2?). The proof for the magnetic field is
analogous, using F'=c"'V x j. 0

Now we need to investigate the relation between £ and B™4. For this, we recall the continuity
equation d;p+V-j=0 and calculate

V() = Vylp(x)]+ 2V, [j(4)] = ¢ (2- 0, (+)) 7,
V% j(x) = Vy x[(x)] =T x Oyj(+),

where
(*)=(utc"'Z-y,y)

11



is the argument. This follows just from evaluating the total derivatives. Since f‘y| o dy= [dy in
(7)) and (ZZ) by Assumption [ (b), integration by parts shows that all V,-terms drop out.

Consequently, due to u=t—c~!r the relations

Ed(g ) _T—l/l [V p(x)+c 20,5 (x)] dy
y|<rs
- / | =@ 0() T+ 20,5(+) | dy
ly|<r«
_ _c—2r—18t/ [J'(u+c‘1i'-y,y) —(f'j(quC_lf'y’y))f] 4.
ly|<rs

B (t,x) =cr! V X j(x)dy

= —c 71y, Txj(utctzyy)dy

‘ylgr*

(2.4)

are obtained. Note that in particular E'd and B™9 are of the same order in ¢! and 7', i.e.,

E?(t, ) =B (t,2) =O(c*r™)

by Assumption [Tl (¢). Observing

/| 56— (@ g2 dy = / 7 () dy,

‘ylgr*

differentiation w.r. to ¢ yields the important formula
T x E™(t,0) = B"™(t,x).
Also
v [ @ iea=o

so that
z- Bt 2)=7-B™(t,2) =0.

Collecting the results from Lemma Bl and ([Z3), it follows that
- (BxE) =z ([B*+0(c™r )] x [E™ + O(r2)])
=I- (Brad x B4 O(c )+ O(cr3) + O(c_lr_4)>
= —[Zx B+ 0 r )+ O(c ™),
since by (Z8) and (Z1),
7 (B x B = 3. ([7 x B x B = 7. (3 B4 Ered — | gred|2)

— _|Erad|2:_|:i, % Erad|2‘
Eqns. (Z8) and Z4) imply

T-(BxE)=—c 2

12

2
T X 8t/ jutc Ty y)dy| O r H+0(c ).
ly|<r«

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)



To expand the square as ¢— 0o, we note that |p| >p, > P, implies f*(¢,5,p) =0 for all t€R and
all y€R? by Assumption [Tl (b). Therefore we can always replace the average over momentum

space [ dp by flplSp* dp. For |p| <p.,
Vb ="idgs —c >y’ p@p=idgs + O(c™?)
by (CH). Furthermore, using Assumption [[T],

Ve(fF =)0 = V(Y = )] =20 (f* = f7)(%)
= Vy[(f "= )]+ Lgl<rapl<pr O,
Utilizing this, (eEBRVMd), and Proposition [L3, we get, writing (x,p) = (u+c1Z-y,y,p),

[ astn= [ a5 e
:// ( -Vl T =f7)(*.p)

—(E+c‘1ﬁ><B)-Vp(f++f‘)(*,p)) dpdy

—0(c )+ / L S E R B ) ey
y|<r« J|p|<p«

+/ / (idrs +O(c?)) (Eo + O(c™) (fo + fo +O(c™?)) (x,p) dpdy
ly|<r. J |p|<p«

-/ | /| B S )y + O (2.10)
y|<rs J |p|<p«
Also
|Eo(fo" + 1) (%,0) = Eo(fs + fo ) (w,0,0)| < 10:(Eo (S + fo) | e -y = O(c™)
by Proposition [ (¢). Thus (Z9) and (ZI0) yield
p(BxE) =~ 2fox [ [ B+ ) dpdy+ O]
ly|<rs J |p|<p
+ 0 )+0(cr
2
=—cr? :EX// Eo(fo + fo ) (u,y,p)dpdy
+O(c 5 r ) +0(c*r3) +O0(cr ™), (2.11)

since by Proposition (), fif(u,y,p)=0 for |y|>r.> Ry or |p|>p,>P;. Defining the dipole
moment

D(t):/xpo(t,x)dx
with po from (VPpl), we obtain by the Vlasov equation in (VPpl) that

9D = //x@t — f7)dpdr=— // (p-Vaulfd = fo)+ Eo- Vo (f + f5)) dpda

// — fo )dpdx

13



and
D= [ [v0n(f ~ 5 )apda = [ [ o096 = i)+ Bor Vi + fi)) dpi
:// Eolfi + f; ) dpd. (2.12)
Due to [T it follows that
7+ (Bx B) =72z x 92D (u) 24 O(c ™ r2) + O(c 2r4) + O(c™'r ™),

which completes the proof of (LIZ). Concerning (CIF), we have

d c
%5§VM(t):E/|m| T-(Bx E)(t,x)do(x)—c /|m| / Yt + ) (t,x,p)dpdo(z)

by () and ([L3). For |z| =1 and (¢,7,¢) € Mgyu, we can estimate Ry+ Py|t| = Ro+ Pilu+c 'r| <

Ro+ Py +% <r=|z|, since r>2r,>2(Ry+P;). Therefore f*(t,2,p)=0 by Assumption [T (b),
and this yields

d
G O= g [ w BB i), (Eree M

Hence for (LI3) it suffices to use ((LIZ) and to note that

32 i ) ,
- /x:r |2 0} D(u)|*do(z) = 3 - w x D (u)|*do(w) = ~25 12D (u)|?
by integration. _

Proof of Remark [[Hl (d): If f;(t=0)=f"°=0, then also f; =0 by (LI0). Thus defining
dult,z)= [f [e—y|~ fF (t.y.p)dpdy = [ |z =yl po(t.y)dy. we get Eg=—Voy and Agy=—dmpy,
Consequently, by ([ZT2),

1

Hence there is no dipole radiation in this case. O

2.2 Proof of Theorem
By (etVNd), 0;¢ and V¢ are given by

Db(t,z) = —c 2 / oun(t =y =al.)

ly—x|

In full analogy to Lemma 2], we obtain the following representation.

14



Lemma 2.2 We can write

2o(t,x) = (0,0)™(t,2) +O(c2r™?) and Vo(t,z)= (Vo)™ (t,x)+O(c?r7?),

where
(0e)™(t,) = —0‘27"1/ Op(u+cz-y,y)dy, (2.14)
|y‘ST*
(Vo)™i(t,z) = —c ! Viulu+e ' z-y,y)dy. (2.15)
|y‘ST*

Let again (x)=(u+c 'Z-y,y) denote the argument. Then V,[u(x)]=c 2 u(x)+ Vu(x). Since
f\y&,* dy= [ dy in [ZIH), it follows that

:E-(V¢)rad(t,x):—c_zr_lzi~/V,u(*)dy:c_?’r_lﬁ/f&g,u(*)dy:—c_l(atgb)rad(t,x).

The same argument shows that (V¢)™d=0O(c™3r1), and also (9;¢)*1=0(c"2r=1) by EI).
Hence we find from Lemma 22 that
2| [ty

In order to expand the square we use, following [14], the differential operators

2

z-(0ipVo)(t,x)= +O0(c ™). (2.16)

T=c1'20,+V and S=0,+p V.

Then
Oh=01—-c"'p-2)"(S—p-T)

and V,[u(x)] =T p(*) is a total derivative. Hence the corresponding term drops out upon integra-
tion with respect to y. Observing the relation

V- [(S@)p+c*7V el =3(S9),
the Vlasov equation in (fefVNd) yields

/8tu(*)dy= //Wtf(*,p)dpdy
= [[ra=c a7 (o + 1 9e- Vs +a(50)7 ) ) oy
~ [ [9a0=ce2)) (S0)p+ V6 f(x.p) dpdy
+//7(1—C‘lﬁ-f)_l(%)f(*,p)dpdy, (2.17)
where (*,p)=(u+c 'Z-y,y,p). A direct calculation shows that
Vo(v(1=¢'p-2) ") =V, (V1+p/E = p-2) ) =7 (1= 'p-2) (¢ 'z — 7).

15



If |p| >p.«> Py, then f(x,p)=0 by Assumption (b). Furthermore, if |u| <1 and |z| >2r,, then
ly| >r. enforces f(x,p)=0 as before. Therefore we can replace [[ dpdy by f|y‘<m f‘pr* dydp in
the integrals occurring in (ZZI7). In other words, we may always assume that both |y| and |p| are
bounded, with a bound depending only on the basic constants. Accordingly,

1=1+0(c?), ¥=1+0(c"?), p=yp=p+0(c?), (2.18)
(1—c'p-2) '=14+0(c"), (1—-c'p-2)?=1+2¢""p-24+0(c?). (2.19)

This results in
Vo(v(1=cp-2) ) =c'z+c*(2(p-7)T—p) + O(c7?). (2.20)

Furthermore, since |u+c 'z y| <1+, also

f(*7p> = fO(*7?>+O(0_2)7
(S¢)(+,p) = ¢*(S¢a) (+,p) + O(cH) = O(c?),
V() = ¢ ?Va(x) +0(c™),

by Proposition and (ZI8), where Sy = dy¢o +p- Vs Observe that here the constants Ms(1+
Te,Tw,D«) and My(1+r,,7,) enter the bounds on O(c™2) and O(c™*). Hence from ZI7), [ZIX),

(Z19), and Z20) we get

/&u(* /|y<r /,,<p ¢ 2(p-7)T—p)+O(c” ))

[O(c )+ (1+0(c ) (Vo + O ) | (fol.p) +0(c) ) dpdy
/|y<r /p<p <1 )<1+O( >) <0_2(5¢2)+O(c‘4>)
(fO(*vp)+O(C_2)) dpdy

'z -1 =
x /y|<r*/|p|<p*(1+2c p-2)V(dafo)(x,p)dpdy
+c_2/ / (S¢2+p-V¢2)f0(*,p)dpdy+o(c_3)' (2‘21)
‘y|<7‘* |P|<p*

Let v denote either Vg or 0y¢9. Then by Proposition [ (c),

(W fo)(x,p) = (W fo) (u+c ' Z-y,y,p)
= (¥ fo) (u,y,p) + ¢ (Z-y) 0¥ fo) (u,y,p) + O(c™?)
= (¢ fo)(u,y,p) +O(c™H).
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Hence (Z21]) yields
Jontay=-cz- [ [ ((Vosh)uwp) e @00)aTéahi) ) + O )
ly|<rs J|p|<ps
+2c7(zp) Vcbzfo(u,y,p)) dpdy

+c? / (Sta+p-Vn) folu,y,p)dpdy+O(c™?)
|y‘<r ‘p‘Sp*

=0(c?)—c! (Z-Vo)po(u,y)dy

ly| <rs

%, / _ ED) Vo) plu)dy

+C_2/| / (§¢2+p'v¢2‘2(53'29)(f'Wﬁz))fo(u,y,p)dpdy, (2.22)
Y|<r« J |p|<p«

recalling that u=t—c¢!

whole space again. Now

r. In view of Proposition [ (b) we may extend all integrals over the

/ Voo (u,y) dy = / / Va(t,y) folu,y,p) dpdy =0

by Lemma below, whence the lowest order term drops out. In addition, Lemma also shows
that

[ [ (3600 o)y = 20,8001
as well as
/ / (p-V¢2)(u,y) folu,y,p) dpdy = —0;Eiin (1)
and
@i vorwpntuydpts=-30 [ [ @02 fiwppdoay
Finally, we can also write

1

J@ie Vo upmu)dy=Euin) - - [ la-Vostup)Pdy

by Lemma and since |z| =1. Using this and 0;Ep0t = —0:Ein (see the remarks following (CLIJ))
in (Z22), and collecting all the terms, it follows that

/8t/,b(*)dy:—0_28t72(i',u>+0(c_3>, (2.23)

with R(z,u) as in (CIF). Inserting [(Z23)) into (ZIH), we see that
T-(0pV ) (t,x) = —cr?| —c2OR(Z,u) + O(c?) }2 +0O(c*r™3)
= ¢ 2 (8t72(i“,u))2 + 0 r )+ 0> r™?).
Therefore (LI6) is proved. Concerning (CI), the fact that
i VN c!

G 0= [ 0eve o)
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is due to (t,7,¢) € My, analogously to the argument in the proof of Theorem [[L4. Hence ([LIT) is
a direct consequence of ([LI6), changing variables as = =rw. O

We still need to give the proof of

Lemma 2.3 For the Viasov-Poisson system (VPq),
//V¢2(t,x)f0(t,x,p)dpdx:O,
[ [Bo0.0)fo(t.0.0) dpds = ~20,n0)
[ [p ot ot dpdo=-0i8iant)
/ <5-p)(f-v¢z><t,x>fo<t,x,p>dpdx:—%at [ [€orattandpts cew),
[ [ (€06 Voontap dpde=—Ie gl - 1 [ 16 Vot s (€er)

where Ean(t) =3 [[P*fo(t,x,p)dpdx, see (LI3), and Epi(t) = —5= [|Va(t,x)|* du.

Proof: Firstly, since A¢py=4mpy,
1
[ [vottonitapdpds = [Vortopita)do= 1 [ Goslt) Soutr)do
— 1 2 —
= 87r/v |Vo(t,z)|* dz=0.

For the remaining assertions we define the mass current density as jo= [pfodp. Integration of the
Vlasov equation with respect to p implies the continuity equation d;pg+ V- jo=0. Hence

//S@fodpdff = /(at@f?o + V- jo)dr= /(at¢2p0 — 2V jo)dz
= 8t /(bgpo dr = 28tgpot (t) = —Qatgkm(t)
by conservation of energy, and

//p-nggfodpdx:/jo-qugdx:/@tpoqbgdx

/ / ‘ Oupu(ta)poty) drdy
- at pot - _atgkln( )

Furthermore, by (VPgi),
// £-p) fodpd:r—/ (&-p)*V,- (Vo fo)dpda
2 [ [(€-p)¢- V6 fodpd

18



For the last assertion, using A¢y = 4mpo,

3
Jeaevomis= -3 [€0600000d

-y / ((€-2)6:0:0,6+,6:0:62) 0,61
ij=1

1 1
— —5/(5-93)5'V|V¢2|2d93_E/|5'V¢2|2d5”
2 1
:E—L/W@de—ﬂ/\awzlzdw
1
- —|§I2€pot—5/|€-wzl2dx-

This completes the proof of the lemma. O

2.3 Proof of Corollary [I.TT

In this section we verify Corollary [LTIl by specializing Theorem to spherically symmetric
functions. We recall that initial data f° are said to be spherically symmetric, if

f°(Az,Ap) = f°(x,p)

for any matrix A € SO(3). Then the solution (fy,¢2) of (VPgi) provided by Proposition [l remains
spherically symmetric for all times. Therefore

fO(tquvAp):fO(tvxvp>v pO(thx):pO(tvx)v and ¢2(t,x)2¢2(t,A$> (224)
holds for all A€ SO(3).

Firstly, this implies Vo =Z0,¢, as well as |Vs|? = |0,02|%, 9, denoting the radial derivative.
By choosing A € SO(3) such that Az =e; (the j’s unit vector in R?), ([Z2Z4) yields

ST 2y = 2 [0 2qy= = [| % ’
i [l Vot Pas = = [10,0atwnPay= - [[ oot ay

1 2
= m/\a@z(uayﬂzd@/:—g pot (1)-
Similarly, Z24) and |Z|>=1 implies that

//(f-pffo(u,y,p)dpdy://pﬁfo(uay,p)dpdyz%//pzfo(u,y,p)dpdy

_ ggkm(u).

Therefore by (CIX),

R(z,u) :—ﬁ/|E~V¢2(u,y)|2dy—//(:E-p)2f0(u,y,p)dpdy+45kin(u)

2 10
= g gpot (u) + E gkin (u)
Since 0;€pot = —0iEkin by conservation of energy, we get 8t7€(j,u):§8t5kin(u). Hence Corol-
lary [LTT follows from (LI6) and (1) O
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