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Abstract: We consider the relativistic Vlasov-Maxwell and Vlasov-Nordstrom systems
which describe large particle ensembles interacting by either electromagnetic fields or
arelativistic scalar gravity model. For both systems we derive a radiation formula anal-
ogous to the Einstein quadrupole formula in general relativity.

1. Introduction and Main Results

This paper is an investigation of the mathematical properties of certain models for
the interaction of matter, described by a kinetic equation, with radiation, described by
hyperbolic equations. The first model, the relativistic Vlasov-Maxwell system, plays an
important role in plasma physics. The motivation for studying the second model, the
Vlasov-Nordstrom system, comes from the theory of gravitation. On a mathematical
level the Vlasov-Maxwell system can also give insights into gravity.

The most precise existing theory of gravitation, general relativity, predicts that certain
astrophysical systems, such as colliding black holes or neutron stars, will give rise to
gravitational radiation. There is a major international effort under way to detect these
gravitational waves [5]. In order to relate the general theory to predictions of what
the detectors will see it is necessary to use approximation methods - the exact theory
is too complicated. The mathematical status of these approximations remains unclear
although partial results exist. This paper is intended as a contribution to understanding
the mathematical structures involved.

Since the solutions of the equations of general relativity are so difficult to analyze
rigorously it is useful to start with model problems. One possibility is the scalar theory
of gravitation considered here, the Vlasov-Nordstrom theory [6]. It has already been
used as a model problem for numerical relativity in [21].

* Supported in parts by DFG priority research program SPP 1095



268 S. Bauer, M. Kunze, G. Rein, A. D. Rendall

Among the approximation methods used to study gravitational radiation those which
are most accessible mathematically are the post-Newtonian approximations. Some infor-
mation on these has been obtained in [17] and [18]. Results which are analogous to these
but go much further have been obtained for the Vlasov-Maxwell and Vlasov-Nordstrom
systems in [4] and [2] respectively. None of these results include radiation explicitly.
Here we take a first step in doing so. On the other hand, for the case of finite parti-
cle systems interacting with their self-induced fields there are several rigorous results
concerning radiation; see [22] for an up-to-date review.

Our main results (Theorem 1.4 and Theorem 1.9 below) are relations between the
motion of matter and the radiation flux at infinity for the Vlasov-Maxwell and Vlasov-
Nordstrom systems respectively. They are analogues of the Einstein quadrupole formula
[23, (4.5.13)] which is a basic tool in computing the flux of gravitational waves from a
given source. In the case of the Einstein and Maxwell equations a spherically symmet-
ric system does not radiate. For the Vlasov-Nordstrom system a spherical system can
radiate and the specialization of the general formula to that case is computed. In [21] a
difference between the spherically symmetric and the general case was claimed but we
have not succeeded in connecting this to our results. The main theorems are obtained
under plausible assumptions on the behavior of global solutions of the relevant system
(Assumption 1.1 and Assumption 1.6 below). The former can be proved to hold in the
case of small data.

For the systems we are going to consider the (scalar) energy density e and the (vector)
momentum density P are related by the conservation law

de+V-P=0.

Defining the local energy in the ball of radius r > 0 as
&0 =[ et
lx|<r
this conservation law and the divergence theorem imply that

i E (@) = / ore(t,x)dx = —/ V-P(t, x)dx
dt Jx|<r lxl<r

_ _/ £ P x) do (), (1.1)
|x|=r

where x = %I denotes the outer unit normal. More specifically, for the relativistic
Vlasov-Maxwell system with two particle species,

ervan(t, ) = ¢ / JU+c2p2 (F* + £ 0ox, p) dp

1 2 2
e (|E(t,x)| +1B(, x)| ) (1.2)

Prvm(t, x) = 62/P(f++f_)(t,x,P)dp+%E(I,x) X B(t,x), (L3)
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whereas for the Vlasov-Nordstrom system,

evn(t, x) = & / L+c=2p2 f(1.x, p)dp
C2

+_

8

Pun(t.x) = ¢ / pf (. p)dp —

(@0 + Vg, 0)P). (14)

C4

1 op(t, x) Vo(t, x).
o4

Our assumptions on the support of the distribution function will be such that the con-
tributions of [ p(f*+ f7)dp to Prym and [ pf dp to Pyn vanish for |x| = r large.
Hence we arrive at

d

dt

ERVM (1) = 41/ % (B x E)(t, x)do (x)
T J|x|=r

for the relativistic Vlasov-Maxwell system, and

if:VN(n—i X (0VP)(t, x)do(x)

for the Vlasov-Nordstrom system.

The main results of this paper are concerned with the expansion of these energy fluxes
for r,c — oo and |t — c_1r| < const. Under suitable assumptions we will prove that,
to leading order,

d

2
MO~ 5 107 D),

where u = r — ¢—1r denotes the retarded time and D (1) = f x po(u, x) dx is the dipole
moment associated to the Newtonian limit of the relativistic Vlasov-Maxwell system.
Similarly,

d 1
—EN@) ~ ——— O R(w,u))* d ,
7 & ) I lw‘=l(t (0, u))* do(w)

with a more complicated radiation term R associated to the Newtonian limit of the
Vlasov-Nordstrom system. In the spherically symmetric case, 9; R (w, u) is found to be
proportional to 9;Ein (#), the change of kinetic energy of the Newtonian system. The
exact statements are contained in Theorems 1.4 and 1.9 below.

1.1. Dipole radiation in the relativistic Viasov-Maxwell system. The relativistic Vla-
sov-Maxwell system describes a large ensemble of particles which move at possibly
relativistic speeds and interact only by the electromagnetic fields which the ensemble
creates collectively. Collisions among the particles are assumed to be sufficiently rare
to be neglected [13]. In order to see effects due to radiation damping it is necessary
that there are at least two species of particles with different charge-to-mass ratios. For
the sake of simplicity we assume that there are exactly two species with their masses
normalized to unity and their charges normalized to plus and minus unity, respectively.
The density of the positively and negatively charged particles in phase space is given by



270 S. Bauer, M. Kunze, G. Rein, A. D. Rendall

the non-negative distribution functions f = = f i(t, x, p), depending on time € R,
position x € R?, and momentum p € R3. Their dynamics is governed by the relativistic
Vlasov-Maxwell system

WfE+p - VofEFE(E+c'pxB)-V,fEf=0,
cVXE=—-0B, ¢cVxB=0E+4nj,
V-E=4np, V-B=0, (RVMc)

p:/<f+—f—>dp, j=/ﬁ(f+—f‘)dp,
where

P=yp. y=(+c2p) 2 P> = pP and /=/R (1.5)

The electric field E = E(r, x) € R3 and the magnetic field B = B(¢, x) € R3 satisfy
the wave equations

(=02 +2A)E =4 (*Vp+8,j) and (=8> +c*A)B = —4ncV x j.  (1.6)

In order to determine the radiation of the system at infinity, we have to consider solutions
that are isolated from incoming radiation. For the wave equations in (1.6), this means that
we need to restrict ourselves to the retarded part of the solutions. Accordingly, (RVMc)
is replaced by

WfE+p - VefEFE(E+c'pxB)-V,fE=0,
E(t, x) = _/(V,O"'C_zatj)(t —c 7y —xly)

y—x|’
(retRVMc)

B(t,x):c*‘/vXj(r—c*‘|y—x|,y) y
ly — x|

p=/(f+—f_)dp, j=/ﬁ(f+—f_)dp,

which we call the retarded relativistic Vlasov-Maxwell system. The motivation for con-
sidering this system is as follows. In physics situations are often important where radia-
tion impinging on the matter from far away has a negligible effect on the dynamics and it
is therefore an appropriate idealization to use the retarded solution of the field equations.
When this is done the specification of a solution requires only data for the matter, in
contrast to what happens in the usual initial value problem for the corresponding system
of equations. We prescribe initial data

fE0,x, p) = fF°(x, p), x,peR’, (1.7)

for the densities at t = 0; these data do not depend on c. However, the corresponding
solution (f*, f~, E, B) does depend on c, but we do not make explicit this dependence
through our notation. We refer to Remark 1.5(c) below for the case of initial data varying
with c¢. Our standing assumption is that the initial data are non-negative, smooth, and
compactly supported,

fEe e CP®I xRY, fHo >0, (1.8)
and we fix positive constants Ry, Py, So such that

FE p)=0 for x| =Ry or [p|= Py, and [f5°[ysm < So. (19
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Every solution of (retRVMc) satisfies the identity
[E@x, p) = fEXFO, 1,x, p), PEO, 1, x, ), (1.10)
where s > (X*(s, t, x, ), PE(s, ¢, x, p)) solves the characteristic system
x=p, p=+(E+c'pxB), (1.11)

with data Xi(t,t,x,p) = x and Pi(t,t,x,p) = p. Hence 0 < fi(t,x,p) <
I FEe - In order to derive our results on radiation, we have to assume certain a priori
bounds on the corresponding solutions of (retRVMc). In particular, the latter have to
exist globally in time.

Assumption 1.1. (a) For each ¢ > 1 the system (retRVMc) has a unique solution
fE e C?R xR xR, E € C2(R x R R3), B € C2(R x R3; R3), satisfy-
ing the initial condition (1.7).

(b) There exists Py > 0 such that f*(t,x, p) = 0 for |p| = Py and all ¢ > 1. In
particular, f¥(t, x, p) =0 for |x| = Ro + Py|t| by (1.11).

(c) Forevery T > 0, R > 0, and P > 0 there exists a constant M\ (T, R, P) > 0 such
that

07 FE @ x, P+ 197 Ve f5 (0, x, p)| < MI(T. R, P)
for|t| < T, |x| <R, |p| < P,anda =0, 1, uniformly in c > 1.
Note that none of the constants in Assumption 1.1 may depend on c. The constants
Ro, Po, So, P1, My

from (1.9) and Assumption 1.1 are considered to be the “basic” ones. Any other con-
stant which appears in an estimate is only allowed to depend on these. Checking the
arguments from [7, 8], it can be shown that Assumption 1.1 holds at least for sufficiently
“small” initial data £°. A more precise investigation of the set of initial data leading to
solutions which satisfy Assumption 1.1 is not part of this paper. The main point we want
to make here is that whenever Assumption 1.1 is verified, then the technique described
below can be employed.

We will need estimates relating the solutions of (retRVMc) to the corresponding
Newtonian problem obtained in the limit ¢ — oo. This sort of information usually goes
under the name of post-Newtonian approximation; see [19, 4]. For this, one formally
expands the solutions in powers of ¢! as

+ + —1 p+ -2 ot

fT=fg v fi v+,
E=Eq+c 'Ey+c 2Ey+---,
B=By+c 'Bi+c¢ ?By+---,

with coefficient functions f ji, E, and B; independent of c. Moreover, by (1.5),

p=p— (PP pte, y=1=(p 4
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These expansions can be substituted into (retRVMc), and comparing coefficients at
every order gives a sequence of equations for the coefficients. The Newtonian limit of
(retRVMc) is given by the plasma physics case of the Vlasov-Poisson system:

ofy +p-Vefy £Eo-Vpfy =0,

X =Yy
Eo(t,x) = [N po(t, y)dy,

po = / i — f)dp,
550, x, p) = f5o(x, p).

The following proposition addresses the well-known solvability properties of (VPpl).
Clearly, ( f(;r , fo » Eo) is independent of ¢, and we refer to e.g. [20, 16] for the regularity
of the solution.

(VPpl)

Proposition 1.2. There are constants Ry, P» > 0, and for every T > 0, R > 0, and
P > 0, there is a constant My(T, R, P) > 0, with the following properties. For initial
data f*° as above, there exists a unique global solution ( foi, Eo) of (VPpl) so that

(@) fif € C®(R x R3 x R3) and Eg € C®(R x R R?),
(b) if 11| < 1, then f(t, x, p) = O for |x| = Ry or |p| = Py,
(c)iflt| <T,|x| <R, |p| < P,anda =0, 1, then

0% f5E(t, x, p)| + 18 Eo(t, x)| < Ma(T, R, P).

For the approximation of solutions of (retRVMc) by solutions of (VPpl), we state the
following result without proof; the result is derived like the analogous one for (RVMc),
cf. [19, 4].

Proposition 1.3. Under Assumption 1.1 there exist for every T > 0, R > 0, and P > 0
constants M3(T, R, P) > 0 and M4(T, R) > O with the following property. If c > 2 P;
and if (f*, E, B) and (foi, Eg) denote the global solutions of (retRVMc) and (VPpl)
provided by Assumption 1.1 and Proposition 1.2, respectively, with initial data as above,
then

(@) | f*(t,x, p)— f55(t, x, p)| < M3(T, R, Pyc™2 for|t| < T, |x| < R, and|p| < P,
(b) |E(t,x) — Eo(t, x)| < My(T, R)c_zfor |t] < T and |x| < R,
(c) |B(t, x)| < Ma(T, R)c™! for |t| < T and |x| < R.

It is important to note that all the “derived” constants Ry, P>, M>, M3, M4 appearing
above do only depend on the basic constants Ry, Py, So, P1, M1. In order to determine
the constants M3(T, R, P) and M4(T, R) for given parameters 7 > 0, R > 0, and
P > 0 the constant M{(T’, R’, P") from Assumption 1.1 is needed for certain parame-
tersT' > T, R' > R, P’ > P. We are now ready to state our first main result.

Theorem 1.4 (Radiation for (retRVMc)). Put r, = max{2(Ry + P), Ry} and
Mrym = {(t,r,¢c) : r >2ry, c > 2Py, |t — c_lr| <1,r> c3}.

If (t,r, c) € Mgrym, then withr = |x|, x = ﬁ andu =t — ¢~ Vx|,

- (BXE)t, x)+¢ 2 i x 2D < A r 2+ e, (112)
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for a constant A > 0 depending only on Ry, Py, So, P1, M1. In particular,
d

— M) = 41/ % (B x E)(1,x)do(x)
T J|x|=r

2
=—33 102D))? + O+ 4172 (1.13)
C

for (t,r,c) € Mrym. Here SrRVM(t) = ﬁ ervM (t, x) dx, see (1.2), and

x|<r

D(u) :/xpo(u,x)dx

denotes the dipole moment associated to the Vlasov-Poisson system (VPpl).

Remark 1.5. (a) The condition r > cin Mgrym is not needed for the proof of (1.12)
and (1.13). It just guarantees that ¢ 2r > < ¢ r 2 and ¢~ 1r~! < ¢

(b) The same estimate (1.12) can be derived, possibly with a different constant A, if the
condition |u| < 1 is replaced by |u| < ug for some ug > 0.

(c) As long as the constants Ry, Py, So, P1, M remain independent of ¢, one can also
allow for c-dependent initial data fci’ °, both for (retRVMc) and (VPpl). However,
in this case the functions ( foi, Ey) become c-dependent, too. For instance, in the
particular case

Ee =Lt T T
with foi’ °, f li *°,and £, ° satisfying suitable bounds (independently of ¢ for f7= ©),
Theorem 1.4 remains valid, if fojE and E are replaced by the approximations foi +
¢! f~1jE and Eo +cE 1, respectively. Here ( foi, Eo) is the solution of (VPpl) for the
initial data foi’ °,and ( f]i, E 1) solves the Vlasov-Poisson system linearized about
(f&, Eo), under the initial condition fi(0) = f7°.

(d) In the case of one species only, say f~'° = 0, there is no dipole radiation, since
then 3?D = 0, cf. (2.13) below.

(e) For spherically symmetric solutions there is again no dipole radiation. In fact, if
po(t, —x) = po(t, x) forx € R3,then D =0 by symmetry.

The proof of Theorem 1.4 is given in Sect. 2.1.

1.2. Monopole radiation in the Vlasov-Nordstrom system. If we set all physical con-
stants (except the speed of light ¢) equal to unity, then the Vlasov-Nordstrom system is
given by

Wf+p -Vof —[SP)p+PyVe]-V,f =4S,

(=87 + 2 A)¢p = drp, (VNo)

u=/yfdp,

where we continue to use the notation from (1.5), and where S = 9; + p - V. The mat-
ter distribution is modeled through the nonnegative density function f = f(¢, x, p),
whereas the scalar function ¢ = ¢ (t, x) describes the gravitational field. We refer to
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[6, 11, 1, 9] for the global existence of smooth solutions to (VNc). In analogy to the pas-
sage from (RVMc) to (retRVMc), the solutions of (VNc) that are isolated from incoming
radiation are the solutions of the retarded system

Wf+p-Vof —[Sp)p+32yVe]-V,f =3(S¢)f,
d(t.x) = —c2 [t —cy —xl,y) —2

ly — x|’ (retVNc)
M z/yfdp,

which we call the retarded Vlasov-Nordstrom system. We continue to make the standing
hypotheses (1.8) and (1.9) for the initial data f(0, x, p) = f°(x, p) of (retVNc). At
this point it should be noted that the “physical” particle density on the mass shell in the
metric e2¢diag(— 1, 1,1, 1)isnot f but e_4¢(”x)f(t, X, e¢’p). In particular, the density
f used in the formulation above is not constant along solutions of the characteristic
system

X=p, p=—(Sp)p—cyVe, (1.14)
but satisfies the relation
ft,x, p) = f(X(0,1,x, p), P(0, 1, x, p))e*PE-0)=40O.XOLx.00) = (] 15)

where s +— (X(s,t,x,p), P(s,t,x,p)) denotes the solution of (1.14) with
X(t,t,x,p) = x, P(t,t,x, p) = p. For technical reasons we prefer to work with
the above formulation of the system in terms of the ‘unphysical’ density f, and we
make the following assumptions on the solutions of (retVNc).

Assumption 1.6. (a) For each ¢ > 1 the system (retVNc) has a unique solution [ €
C?(R x R?® x R%), ¢ € C*(R x R?), satisfying the initial condition f(0, x, p) =
o, p).

(b) There exists Py > 0 such that f(t,x, p) = 0 for |p| > Py and all c > 1; by (1.15),
(1.14) this implies that f(t, x, p) = 0 for |x| > Ro + P|t|.

(c) For every T > 0, R > 0, and P > O there exists a constant Mi(T, R, P) > 0 such
that

107 f(t,x, p)| < Mi(T, R, P)

for|t| <T,|x| <R, |p| < P,and x = 0,1, 2. In addition, for every T > 0 and
R > 0 there exists a constant M (T, R) > 0 such that

o, x)|+ VP, x)| +10:9 (1, x)| < M (T, R)
for|t| < T and |x| < R, uniformly in ¢ > 1.

Again Ry, Py, So, P1, M are considered to be the “basic” constants, all other con-
stants being derived from these. We remark that for “small” initial data the existence
of global-in-time solutions is shown in [12], where also bounds on the solutions are
obtained. It is reasonable to expect that these solutions have the required regularity for
smooth initial data, cf. [16], and that on compact time intervals estimates as in Assump-
tion 1.6 (c) can be derived uniformly in c. The crucial assumption is the bound on the
momentum support in part (b), which needs to be uniform in ¢ as well.
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The Newtonian approximation for ¢ — oo of (retVNc) is found by means of the
formal expansion

f=forc fite 2ot
-1 -2 -3 —4
¢ =¢o+c pr+c “Ppr+c TPz +c s+,

see [10, 2]. Thereby it is verified that this (lowest order) Newtonian approximation of
(retVNCc) is given by the gravitational case of the Vlasov-Poisson system

O fo+p-Vifo—Ve2-V,fo=0,

haitv == [ 200 ay,
f|xd— y (VPgr)
PO = oap,

fo(0,x, p) = f°(x, p).

The analogue of Proposition 1.2 is valid for (VPgr). Note that (fp, ¢») is independent
of c.

Proposition 1.7. There are constants Ry, P» > 0, and for every T > 0, R > 0, and
P > 0, there is a constant M>(T, R, P) > 0, with the following properties. For initial
data f° as above, there exists a unique global solution ( fy, ¢2) of (VPgr) so that

(a) fo € C°MR x R3 x R?) and ¢» € C®(R x RY),
(b) if |t] < 1, then fo(t,x, p) =0 for|x| = Ry or |p| = P,
(c)iflt| <T,|x| <R |p| < P,anda =0,1,2, then

102 fo(t, x, p)| + 187 ga(t, x)| + |89 Vepa(t, x)| < Ma(T, R, P).

By [3], we also have the following rigorous result concerning the Newtonian limit of
(retVNc).

Proposition 1.8. Choose the constants Py > 0 and M (T, R, P) > 0 according to
Assumption 1.6. Then for every T > 0, R > 0, and P > 0 there are constants
M3(T, R, P) > 0 and M4(T, R) > 0 with the following properties. If c > 2Py, let
(f, ¢) and (fo, ¢2) denote the global solutions of (retVNc) and (VPgr) provided by
Assumption 1.6 and Proposition 1.7, respectively, with initial data as above. Then

(a) | f(t,x, p) = folt,x, p)| < M3(T, R, P)c™2 for |t| < T, |x| < R, and |p| < P,
(b) IV (1, x)| < Ma(T, R)c™? for |t] < T and |x| < R,
(€) 13 (1, 1) =23 (t, )| +IV (1, 1) = *Veo(t, x)| < Ma(T, R) ¢~ * for|t| < T
and |x| < R.
After these preparations we can state our second main result.
Theorem 1.9 (Radiation for (retVNc)). Putr, = max{2(Ro + P1), R2} and

Myn ={,r,¢) i r>2r,, c>2P, |t —c*]r| <1, r> c6}.

If (t,r, ¢) € Myn, then withr = |x|, X = ﬁ, andu =t — ¢ Vx|,

T80V, x) +c r 2 (ORE, )| < A2+ 747, (1.16)
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for a constant A > 0 depending only on Ry, Py, P1, M1, So. In particular,

ing(,) = < / X (3,9VP)(t, x)do(x)
dt " 4 x|=r ! ’
== 15/ (O R(w, u)? do(w) + O +r~"  (1.17)
dme? Jiwl=1

for (t,r,c) € Myn. Here S,VN(I) = ﬁ evN(t, x) dx, see (1.4), and

x|<r

1

R(Z, u) = —4—/|£-V¢z(u,y)|2dy

T

—// - P folu, y. p)dp dy + 4 Ein(u). (118)
where
1

Ein (1) = 5// p* fo(t, x, p)dxdp (1.19)

denotes the kinetic energy associated to the Viasov-Poisson system (VPgr).

Defining Epo (1) = —% [ IV, x)|? dx, the total energy £(1) = Exin (1) + Epor (1)
is conserved along solutions of (VPgr).

Remark 1.10. (a) Once again the condition r > ¢® in Myy is not needed for the proof
of (1.16). It only has to be included in order that the second error term O(c™4r=3)
is at least as good as the first one, which is O(c 10772y,

(b) In the sense of Remark 1.5 (b) and (c), one could allow for |u| < ug and/or c-depen-
dent initial data.

For spherically symmetric solutions, Theorem 1.9 simplifies as follows.

Corollary 1.11 (Radiation for spherically symmetric solutions to (retVNc)). Define
r« = max{2(Ro + P1), Ry} and

Muyx = {(r,r, Q)i r =2 c2 2P t—c <1 > cﬁ}.

If (t,r,c) € My, then withr = |x| andu =t — ¢ 'r,

4
‘(atqb dP)(t, x) + % ¢ (B Einw)?| < A2 4 T,

for a constant A > 0 depending only on Ry, Py, So, P1, My. In particular,

6‘4

d
— &N =
dr " @) 4

64
/ | (0,9 9r9) (1, ¥)do(x) = =5 (O Ein(@))? + O(c ™0 +r7h

for (t,r,c) € Myn.

The proofs of Theorem 1.9 and Corollary 1.11 are carried out in Sect. 2.2.
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2. Proofs

2.1. Proof of Theorem 1.4. To expand E (¢, x) and B(z, x) as given by (retRVMc), we
recall from Assumption 1.1 (b) that f*(z, x, p) = 0 for |x| > Rg + P1]t]. It follows
that p(f,x) = O and j(t,x) = O for |x| > Ro + Pi|t|. If (t,x,c) € Mrywm, then
lul = |t —c Vx| < 1 and ¢ > 2P;. Thus if |y| > 2(Ro + P1), then

Ro+ Pilt —c ™'y —xll = Ro+ Pilu+c™ x| — ™'y — x|
< Ro+ Pi(lul +¢'yD) < Ro+ Py(1+ 2P~ IyD) < Iyl.
Hence F(t — ¢ '|y — x|, y) = 0forboth F = —(Vp +c29,j)or F = ¢'V x j.
Thus for the y-integrals defining E and B in (retRVMoc), it is sufficient to extend these

over the ball |y| < max{2(Ro + P1), Rz} = 7.
In what follows g = O(c*r=1) denotes a function such that

lg(t, x)| < Ac™*r~! forall |x|=r>2r., c¢>2P;, and |r—c '|x|| <1,

with A only depending on the basic constants. The following lemma states a repre-
sentation for E and B similar to the Friedlander radiation field; see [15, p. 91/92] and
[8].

Lemma 2.1. The fields can be written as

E(t,x) = E™, x)+O¢™%) and B(t,x) = B™(t, x) + O(c™'r™?),

where
E?™¢, x) = —r7! / (Vo+c 20, )u+c ' %y, y)dy, (2.1
[y|<rs«
B, x) = c_lr_l/ Vxju+c "%y, y)dy. (2.2)
[y[<rs

Proof. Consider E first,andlet F = —(V,o+c’28t J). According to Assumption 1.1 (c),
we have |F(...)] < AM{(1 + ry, ry, px) = O(1) for some constant A > 0, where
ps« = max{ Py, P>} and

(o=@—cy—xl,y)=@+c x| =My — x|, ).

If |x| = r > 2ry and |y| < ry, then Iyli_‘x\ < lx'li‘r* < 2.1t follows that

1 1 — |y —
= —+ —lxl [y = x| =] +(9(r_2)
ly —x[  |x] ly — xIlx]

for all |y| < ry. Therefore by (retRVMc),

d d
E(t,x):/F(...) Y =/ F(.)—2
|y —X| [y|<rs« |y —)C|
=/ F(..) (r—1+(9(r—2)) dy
|y|§r*

:f‘/ F(..)dy+0O@r™?).
|y‘Sr*
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Next we note that for |y| < ry and [x]| = r > 2r,,

x| = [x — y| = |x| — |x|/1 — 25 - y/Ix| + |12/ 1x|?
1 _ _
= Ix] = I (1 45 (=28 y/x+ P /) + O 2))
=X-y+00¢h. (2.3)
Since
|F(..)=Fu+c 'y, 0| < 18 F | lx| = [y —x| =% -y = O™ 'r™1)

by Assumption 1.1 (c) and (2.3), we get E = E™ 4+ O(r~2). The proof for the magnetic
field is analogous, using F = ¢~V x j. O

Now we need to investigate the relation between E rad 4nq Brad | For this, we recall
the continuity equation 9,0 + V - j = 0 and calculate

Vo) = Vy [p®) ]+ ' FVy - [[(#)] — ¢ 2T - 8, () ¥,
V X j(x) = Vy x [[(0)] = 7% x 3 (%),
where
) =@+c "%,y

is the argument. This follows just from evaluating the total derivatives. Since ﬁ yl<r dy =

f dyin(2.1)and (2.2) by Assumption 1.1 (b), integration by parts shows that all V,-terms
drop out. Consequently, due to u =t — ¢~ 'r the relations

E™(t, x) = —r! / (Vo) +e 23, (0] dy

[yI<r«

- / [e72G -0 ) 5420 dy
[yI<rs
:—c_zr_lat/ s 5= (@i 5 )y, @4
[yl=rs

Brad(r,x)zc”r”/ V x j(x)dy

[yI=<rs

— ey, / o jut e %y, ydy
|)7|§r*

are obtained. Note that in particular E™ and B™ are of the same order in ¢~ ! and r !,
i.e.,

E™ ¢ x) = B¢, x) = O 2 (2.5)

by Assumption 1.1 (c). Observing

ix/l [J () = (x - j())X] dy:/ X x j(x)dy,
VI=ry

[yl=rs
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differentiation w.r. to ¢ yields the important formula
x x E™(, x) = B, x). (2.6)

Also
i-/ll [j(x) — (x-j(x)x] dy =0,
VI=r«

so that
¥ E™, x) =% B™(, x)=0. (2.7)

Collecting the results from Lemma 2.1 and (2.5), it follows that

%o (B x E) =% (1B + 0 )] x [E™+ 0 7))
=5 (B x E™ 4 0 ) + O + 0 )
= —IF x EMP+ O + 0, 2.8)

since by (2.6) and (2.7),

)E . (Brad X Erad) — )E . ([)E X Erad] X Erad) — )E . (()E . Erad)Erad _ |Erad|2)—c)

Erad|2 — _|X, X Erad|2.

Equations (2.8) and (2.4) imply

2
X (BxE)=—c*r?

)Exat/ Jju+c -y, y)dy
|y|§r*

+OC )+ 0. (2.9)

To expand the square as ¢ — 0o, we note that |p| > p, > Pj implies f¥ (¢, y, p) =0
for all # € R and all y € R? by Assumption 1.1 (b). Therefore we can always replace

the average over momentum space | dp by fl »i<p, AP-For |p| < ps,

V,p = yidps — ¢ 2y? p® p = idps + O(c™?)
by (1.5). Furthermore, using Assumption 1.1,

Ve(f* = ) = Vy[(fY = )] — Ry — )
= Vy[(f" = FOET+ Ljy<n. pl=pa Oc).
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Utilizing this, (retRVMc), and Proposition 1.3, we get, writing (%, p) = (4 + clx.

Y ¥, D)
/|| Btj(*)dy=//ﬁ8t(f+—f‘)(*,p)dpdy
VI=Srs

=//ﬁ(—ﬁ-vx(f+—f—>(*,p>

—(E+cT px B)-V,(f*+ f )k p)) dpdy

=0 +/ / Vop(E+c™'px B)
[yI<rse JIpI<p«

x(f"+ f)(x, p)dpdy
= O(c—1)+/ / idps + O™ ) (Eo + O(c™?)
|7|Sr* |P\SP*( R )( 0 )
x (f5 + fo +OC™) G, prdpdy
_ / / Eo(fif + f) 6 p)dpdy + O™, (2.10)
‘ylfr* |P|§P*
Also

|Eo(fo + fo )+, p) — Eo(fg + fo ), y, p)l
<119 (Eo(fg + fo)) oo™ 1% -y = O™
by Proposition 1.2 (c). Thus (2.9) and (2.10) yield

i (BxE)=—c*? )Ex/ ) / ) Eo(fg+f0—)(u,y,p)dpdy+0(c*1)2
+ O(c_zr_3) + l(DIE:illrpl_:‘;*
= - | x // Eo(fy + fg ), y, p)dpdy 2
+OCr )+ 0 )+ 00, (2.11)

since by Proposition 1.2 (b), foi(u, y,p) =0for |yl >r, > Ryor|p| > ps > P>.
Defining the dipole moment

D(t) = /x,oo(t,x) dx
with pg from (VPpl), we obtain by the Vlasov equation in (VPpl) that
oD = [[ s~ s dpa
_ —//x (p-Vilfg = o)+ Eo- Vo (ff + f)) dpdx

- //p(fJ — fiy)dpdx
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and

afl)://pa,(fg—fo—)dpdx
= —//P (p-Ve(fg = fo)+Eo-Vp(fi + fy)) dpdx

:// Eo(f§ + fy)dpdx. 2.12)

Due to (2.11) it follows that
- BXE)=——c i x D)+ 0 r ) + O r )+ O r ™),
which completes the proof of (1.12). Concerning (1.13), we have

d

RVM, .y _ ¢ -
T ETNN() = yp /Ix:rx (B x E)(t,x)do(x)

[ JEnute e papdo

by (1.1) and (1.3). For |x| = r and (¢, r,c) € MRgrvMm, We can estimate Ry + Pi|t| =
Ro + Pi|u + c’lrl < Ry+ P} + % <r = |x|,since r > 2ry > 2(Ro + Py). Therefore
f*(t, x, p) = 0 by Assumption 1.1 (b), and this yields

d

P ERVM (1) = i/l _ - (B x E)t,x)do(x), (1,71 ¢)€ MruM.

4

Hence for (1.13) it suffices to use (1.12) and to note that

—3,-2

4

1
473

Cc

/ X x 82D(u)|* do (x) / lw x 0°D(u)|* do (w)
|x|=r |w|=1

2
= =33 15 D@P

by integration. 0O

Proof of Remark 1.5 (d). 1f f, (t =0) = f7° = 0,thenalso f, = 0by (1.10). Thus

defining ¢o(r,x) = [[|lx — y|7' £ (t, v, p)dpdy = [|x — |7 po(t, y) dy, we get
Ey = —V¢o and Ay = —4mpg. Consequently, by (2.12),

1
3319:// Eofgdpdxz/Eopodxz 4—/V¢OA¢0dx =0. (2.13)
T

Hence there is no dipole radiation in this case. O
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2.2. Proof of Theorem 1.9. By (retVNc), d;¢ and V¢ are given by

dy
ly — x|

dy
ly — x|’

’

0p(t,x) = —c_z/aru(t —c My —xl,y)

V(t,x) = —c*z/wa —c My —xl,y)

In full analogy to Lemma 2.1, we obtain the following representation.

Lemma 2.2. We can write

QP (t, x)=(3,0)™(t, X)+O(c™>r™%) and Vo (t,x)=(V$)™(t, x)+O(c*r7?),

where
@)™, x) = —c 2! / duw+c '3y, y)dy, (2.14)
IyISr*
(v¢)rad(z,x)=—c*2r*‘/ Vuw+c "%y, y)dy. (2.15)
|y|§r*
Let again (x) = (u + ¢ '% - y,y) denote the argument. Then

Vylu(x)] = clx o () + V(). Since fIyISr* dy = f dy in (2.15), it follows that

3 (V) x)

—c_2r_li~/Vu(>k)dy
=31 /x d () dy
— _c—l (8[¢)rad(t, x)'

The same argument shows that (V¢)™d = O(c=3r~1), and also (8,¢)™ = O(c=2r~ 1)
by (2.14). Hence we find from Lemma 2.2 that

/ B 1u(%) dy

In order to expand the square we use, following [14], the differential operators

2

X0 VP)(t,x) = —c 2 + O 4. (2.16)

T=c'%9,+V and S=09,+p-V.
Then
d=U—c'p-0(S—p-T)

and Vy[u(*)] = T () is a total derivative. Hence the corresponding term drops out
upon integration with respect to y. Observing the relation

Vp - [(Sp)p + 7y Vel = 3(S9),
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the Vlasov equation in (retVNc) yields

/@u(*)dy =//yatf<*,p)dpdy

~ [[#( 1—c*ﬁ-i)”([<S¢>p+c2yw]-vpf+4(S¢)f)(*, p)dpdy
=~ [[w (- p-i)‘l) [56)+y 8] £ prdpay

// “1(S¢) f(x, p)dpdy, (2.17)

where (%, p) = (u+c~'% -y, y, p). A direct calculation shows that

—1
2 (y A—c1p -)E)_l) =V, ((,/ 1+ p2/c2—c'p- X) )
=y2A=c'p- 072 'k = c2p).

If |[p| = p« = P1, then f(x, p) = 0 by Assumption 1.6 (b). Furthermore, if |u| < 1
and |x| > 2r,, then |y| > r, enforces f(x, p) = 0 as before. Therefore we can replace
[ dpdy by f|y|<r* flﬂ\<17* dy dp in the integrals occurring in (2.17). In other words,
we may always assume that both |y| and | p| are bounded, with a bound depending only
on the basic constants. Accordingly,

y=1+0(™?), y*=1+0c™?), p=yp=p+0(c?), (2.18)
S\ 7! —1 2\ 72 -1 = -2
(1 ¢ x) — 140D, (1 ¢ x) —1+2¢7 pE+OE?).  (2.19)
This results in
v, (y (1—c1p .f)—l) — 2 DI - P+ O, (2.20)
Furthermore, since |u + clx. y| < 1471y, also

F, p) = folx, p)+0O(c™),
(S¢)(*, p) = ¢ 2(Sg) (%, p) + O(c™H) = O(c™),
V() = ¢ 2Va(x) + O(c ™),

by Proposition 1.8 and (2.18), where S’q&z = 0:¢p + p - V. Observe that here the
constants M3 (1+ry, ry, pyx) and M4(1+r,, ry) enter the bounds on O(C_Z) and O(c_4).
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Hence from (2.17), (2.18), (2.19), and (2.20) we get

/a,u(*) dy = _/| /| | (c_li +e2Q2p - D)E — p)+ 0(c—3))
VISrs JIpl=p«
x [O(C—Z) + (1 + O(c‘z)) (v¢2 + 0((;—2))]

x (fotx p) + O™ dpdy

yi= =Px

=_c*1)z./ / (1427 p - V(o fo) (. p)dp dy
[y|<re JIpI<ps

e [ GoarpVenfie pdpdy + O
[y|=rs J1pl=ps«
(2.21)
Let ¢ denote either V¢, or 9,¢,. Then by Proposition 1.7 (c),

W) (x, p) = Wf)u+c %y, v, p)
= (Wfo)u, y, p) +c L F - y) & (Wfo)(u, y, p) + O(c™?)
= (W fo)u, y, p)+ 0.

Hence (2.21) yields
Jaueady ==z | /| _ (o e G0 8V o )
YVISrs J|pI=psx
+0ED) +27 F - p) V2 fow, v, p)) dp dy
+c‘2/ / (S¢o +p - Vo) folu, y, p)dpdy + O(c™?)
[yI<r« JIpI<ps«
— O — ! /| Ve dy
YISrs

—e%, /| ) GV o)y
VISrs

w2 [ (Seep V20 (V0
[y|<rs JpI<ps
x fo(u, y, p)dpdy, (2.22)

recalling that u = t — ¢~ 'r. In view of Proposition 1.7 (b) we may extend all integrals
over the whole space again. Now

/V¢2;00(M, Vdy = // V(. y) folut, v, p)dpdy = 0

by Lemma 2.3 below, whence the lowest order term drops out. In addition, Lemma 2.3
also shows that
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] o200 oy, prdpdy = <28 80nw)
as well as
/ / (- Vo), ) folu, v, p)dp dy =~ Eign(a)
and
//(x-p)(x-V¢2>(u,y>fo<u,y,p)dpdy = —%az/ G- ) folu, v, p)dpdy.

Finally, we can also write

1
/(i Y& V@), y)po(u, y) dy = —Epot(u) — E/ % - Vo (u, y)|> dy

by Lemma 2.3 and since |x| = 1. Using this and 9;&y0t = —0;&kin (see the remarks
following (1.19)) in (2.22), and collecting all the terms, it follows that
/ ) dy = —c 29, R, u) + O(c ™), (2.23)

with R(x, u) as in (1.18). Inserting (2.23) into (2.16), we see that
2
- (VP (t,x) = —cr 2 ‘—c—zaﬂz(x, W +0C | +0*r3)
== ?ORE W) +0 0 + O .
Therefore (1.16) is proved. Concerning (1.17), the fact that
A
4

is due to (¢, r,¢) € Myn, analogously to the argument in the proof of Theorem 1.4.
Hence (1.17) is a direct consequence of (1.16), changing variables as x = rw. O
We still need to give the proof of

%&VNm = / X (B¢VP)(t, x)do(x)
|x|=r

Lemma 2.3. For the Viasov-Poisson system (VPgr),
// Va(t, x) fo(t, x, p)dpdx =0,
[ G0 e, x. prdpdx = 28,8000,
[ peverenpot.x prdpdx =~
[ € me-vonuxne.x. paps
=30 [[ € pPacrpdpax ¢ e,
[ €06 Vo0 o x. prdpax

1
= — & &) — E/ € Véa(t, x)Pdx (€ € RY),

where Ein(t) =1 [[ P fo(t, x. p) dp dx, see(1.19), and Epo (1) = — 5= [ |V o (£, x)|dx.
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Proof. Firstly, since A¢r = 4mpo,
// Va(t, x) fo(t, x, p)dp dx =/V¢2(I,X)po(l,X)dx
= i/V(]ﬁz(t,)c) Apy(t, x)dx
47

1
= —/V-|V¢2(t,x)|2dx = 0.
8

For the remaining assertions we define the mass current density as jo = [ pfodp.
Integration of the Vlasov equation with respect to p implies the continuity equation
d:po +V - jo = 0. Hence

/ / S fodp dx = / (3162 po + Vb - Jo) dx
= /(3r¢2 po—$2 V- jo)dx

= 3;/¢2/00 dx = 20;Epo (1) = —20;Ekin (1)

by conservation of energy, and

//P'V¢2fodpdx=/jo~V¢de=/3zpo¢2dx

1
= —// drpo(t, x)po(t, y)dxdy
lx — ¥l
= atgpot(t) = _atgkin(t)~

Furthermore, by (VPgr),
5 / / & p)fodpdx = / - PPV, - (Vés fo) dpdx
_ —2/ - p)(E- Vo) fodpdr.

For the last assertion, using A¢, = 4w po,

3
1
[ 06 voumar = = 3 [€ vsas006d

i,j=1

3
1
= / (& - 200& ;902 + 56 8¢p2) ;¢ dx

i,j=1

1 2 1 2
:_8_/(g.x)§.V|V¢2| dx——/lé'v¢2| dx
T 4
&P > ! 2
=== IVo|“dx — — [ |- V| dx
T 4

1
= P o — E/@-V@de.

This completes the proof of the lemma. O
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2.3. Proof of Corollary 1.11. In this section we verify Corollary 1.11 by specializing
Theorem 1.9 to spherically symmetric functions. We recall that initial data f° are said
to be spherically symmetric, if

f°(Ax, Ap) = f°(x, p)
for any matrix A € SO(3). Then the solution ( fo, ¢») of (VPgr) provided by Proposi-

tion 1.7 remains spherically symmetric for all times. Therefore

Jo(t, Ax, Ap) = fo(t, x, p), po(t, Ax) = po(t,x), and ¢o(r, x) = ¢a(t, Ax)
(2.24)

holds for all A € SO(3).

Firstly, this implies V¢, = x 9,¢, as well as |V(])2|2 = |8,q)2|2, d, denoting the radial
derivative. By choosing A € SO(3) such that Ax = ¢; (the j’s unit vector in R3), (2.24)
yields

2
dy

1 _ 1 1 Vi
—/|x-V¢z<u,y>|2dy = —/|a,-¢z<u,y)|2dy= —/ L8 da(u, y)
an 4 ar J |yl
1 ) 2
= E/|ar¢2(u9y)| dy = —3 pot (14).

Similarly, (2.24) and |X|> = 1 implies that

/(i-p)zfo(u,y,p)dpdy //pﬁfo(u,y,p)dpdy

1
3 // p* folu,y, p)dpdy

2
=3 Exin(u).

Therefore by (1.18),

_ 1 - _
R == [ 18- Vaatu )Py = [ [ G- p7 fotw v, prdpdy 44 8n
2 10
= § gpot(u) + ? Ekin ().
Since 9;Epot = —0;&kin by conservation of energy, we get 9, R(X,u) = §a,5kin(u).

Hence Corollary 1.11 follows from (1.16) and (1.17). O
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