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Abstract

We consider the Einstein-Maxwell equations in space-dimension n.
We point out that the Lindblad-Rodnianski stability proof applies to
those equations whatever the space-dimension n > 3. In even space-
time dimension n + 1 > 6 we use the standard conformal method on a
Minkowski background to give a simple proof that the maximal globally
hyperbolic development of initial data sets which are sufficiently close
to the data for Minkowski space-time and which are Schwarzschildian
outside of a compact set lead to geodesically complete space-times,
with a complete Scri, with smooth conformal structure, and with the
gravitational field approaching the Minkowski metric along null direc-
tions at least as fast as r—(7—1)/2,

1 Introduction

There is increasing interest in asymptotically flat solutions of Einstein equa-
tions in higher dimensions, see e.g. [2,10,13,14]. The pioneering work of
Christodoulou and Klainerman [4] proving the nonlinear stability of four-
dimensional Minkowski spacetime uses the Bianchi equations, and therefore
does not extend to dimensions larger than four in any obvious way. Now,
global existence on R™! with n > 4 for small initial data of solutions of
quasi-linear wave equations of the type of Einstein’s equations in wave co-



ordinates has been proved in [15,19]!, see also [3] for odd n > 5, but the
analysis there assumes fall-off of initial data near spatial infinity incompat-
ible with the Einstein constraints?.

In this note we point out that the Lindblad-Rodnianski stability argu-
ment [20,21] in space-dimension n = 3 can be repeated for all n > 3 for
the Einstein-Maxwell system. Thus, Minkowski space-time is indeed stable
against electro-vacuum non-linear perturbations in all dimensions n+1 > 4.

Next, we point out that non-linear electro-vacuum stability, for initial
data which are Schwarzschildian outside of a compact set, can be proved
by the standard conformal method on Minkowski space-time for odd n > 5.
As usual, the method gives detailed information on the asymptotic behavior
of the gravitational field, not directly available in the Lindblad-Rodnianski
method. In retrospect, this result is a simple consequence of the work of
Christodoulou [3], though our implementation of Christodoulou’s argument
does not seem to have been considered in the literature so far.

It should be mentioned that in vacuum, and in even space-time dimen-
sions n+ 1 > 4, existence of smooth conformal completions has been proved
in [1] using the Fefferman-Graham obstruction tensor, for initial data which
are stationary outside of a compact set. The argument there is simpler than
the Lindblad-Rodnianski method, but less elementary than the standard
conformal method presented here. Moreover, the direct conformal method
here provides more information about the asymptotics of the fields; how-
ever, for hyperboloidal initial data our conditions are more restrictive. In
any case, it is not clear whether the argument of [1] generalizes to Einstein-
Maxwell equations. (Compare [11,12] for a completely different approach
when n = 3.)

2 Nonlinear stability in higher dimensions

Consider the Einstein-Maxwell equations, in space-time dimension n + 1,

R, — %gwR =811,y ;
D,F*" =0,

!Those works build upon [17, 18]; however the structure conditions in [17, 18] are not
compatible with the Einstein equations.

*In [15,19] compactly supported data are considered. In [3] the initial data are in
a Sobolev space which requires fall-off at infinity faster than r~"73/2. This should be
compared with a fall-off of g, — nu not faster than r~"%2 required by the positive
energy theorem.

(2.1)




with Ty = = (FnF> — 29w FFy,) and F = 0,4, — 9,4, 1t is
assumed throughout that n > 3.

We assume that we are given an n—dimensional Riemannian manifold
(.7, §), together with a symmetric tensor K, and initial data (A = A;dx', E =
E;dz?) for the Maxwell field. (Throughout this work, quantities decorated
with a bar are pull-backs to the initial data surface .#.) For the stability
results we will assume that . = R"”, but this will not be needed for the local
existence results. We seek a Lorentzian manifold (.# = R x ., g) with a
one-form field A, satisfying (2.1), such that g is the pull-back of g, K is the
extrinsic curvature tensor of {0} x ., while (4, E) are the pull-backs to .7
of the vector potential A,dz" and of the electric field F,, dx#n", where n*
is the field of unit normals to ..

We assume the following fall-off behaviors as r = |z| tends to infinity,
for some constants a > 0, m:

o — {(1 Y5, 4 O, forn =3,

Y 6+ O(T_%_a) , forn >4,
VZ,j = 17 cey N AZ = O(’r'_nTil_a) s (22)
Kij = O(T’_?_a) ,

B = 0"
We will, of course, assume that the constraint equations hold:
R— K!K! + KIK] = 2Fo, Fy' + Fi; FI
Vij=1..n DiK;; — DiKj = Fo; F;) (2:3)
ViF%=0.

\

where R is the scalar curvature of g, D is the covariant derivative operator
associated with g while V is the space-time covariant derivative.

The following result can be proved by a repetition of the arguments
in [20, 21]. We refer the reader to [22, 23] for details and for some information
on the asymptotic behavior of the fields:

THEOREM 2.1 Let (¥ = R",g,K, A, E), n > 3, be initial data for the
Einstein-Mazwell equations (2.1) satisfying (2.2) and (2.3), with ADM mass
m, set

(2.4)

Nn:6+2[n+2} .
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Write § = 6 4+ hi + hy with

W X(T)%@'j forn =3,
%0 forn >4,



for a function x € C™ equal to 1 for r > 3/4 and to 0 for r < 1/2. Define?

Erun©@) = 3 (1104021097 Rd| 2, 4 |14 )20 I K 2,
0<|I|<Nn
(2.5)

HI+ ) EHIGLA, 4|1+ ) VI B, )

There ezist constants g > 0 and ~o(go), with vo(e0) — 0 as g9 — 0, such
that, for all initial data satisfying

En, 4(0) +m < e, (2.6)

for a certain v > g, the Cauchy problem described above has a global so-
lution (g, A) defined on R"*1 with (R"*! g) — geodesically complete. The
solution is smooth if the initial data are.

The threshold value N, in (2.4) arises, essentially, from the n-dimensional
Klainerman-Sobolev inequalities [16].

For initial data which are polyhomogeneous, or conformally smooth, at
%, one expects that the solutions will have a polyhomogeneous conformal
completion at .# (smooth, for conformally smooth initial data, in even space-
time dimensions). Unfortunately, the information about the asymptotic
behavior of the fields obtained in the course of the proof of Theorem 2.1 does
not establish this. In the remainder of our work we address this question, in
odd space-dimension n > 5, for a restricted class of initial data. We will use
a simple conformal transformation to both prove global existence for small
data, and obtain information on the asymptotic behavior.

3 Cauchy problem for the vacuum Einstein equa-
tions in wave coordinates

We first recall some well known facts. We start with the Finstein equations
without sources, the Einstein-Maxwell equations are considered in Section 7
below.

The vacuum Einstein equations in wave coordinates on R™! constitute
a set of quasi-diagonal quasi-linear wave equations for the components g,
of the spacetime metric g, which we write symbolically as

0?g dg
o2 = F(g)(=2)? 3.1
0z 0zb ( )(833) ’ (3.1)
3We take this opportunity to note a misprint in the norm in [22, Eq. (9)].




where the right-hand-side is a quadratic form in the first derivatives of the
g’s with coefficients polynomials in the ¢’s and their contravariant associates.
We take R™ as an initial manifold. The spacetime manifold will be a subset
V of R, The geometric initial data on R™ are a metric § and a symmetric
2-tensor K.

We suppose also given on R™ the lapse N, shift 3 as well as their time
derivatives, chosen so that the corresponding spacetime metric and its first
derivatives satisfy on R™ the harmonicity conditions F# = 0. If the initial
data g, K satisfy the constraints, a solution of the Einstein equations in
wave coordinates on V' is such that the harmonicity functions F* := Oga*
satisfy an homogeneous linear system of wave equations on (V, g), with also
0;FF = 0, hence F* = 0 if (V, g) is globally hyperbolic.

4 Conformal mapping

4.1 Definition

To prove our global existence result we use a mapping ¢ : = — y from
the future timelike cone with vertex 0, I;f ,(0), of a Minkowski spacetime,
which we denote (R”*1 7,), into the past timelike cone with vertex 0 of
another Minkowski spacetime, (R’y”rl,ny). This map is defined by, with n
the diagonal quadratic form (—1,1,...,1),

l,Oé

¢: L5, (0) =Ry by 2%y = (4.1)

Mpx Tt
It is easy to check that ¢ is a bijection from L (0) onto I, (0) with inverse

_ Yy
6 tiy—ax by a%i=—2—— | (4.2)
My y*
Moreover ¢ is a conformal mapping between Minkowski metrics, it holds
that

Napdrdz’ = Q~2n,5dy°* dy” (4.3)
where €2 is a function defined on all RZH, given by
Q= napyy” . (4.4)

This conformal mapping appears to be better adapted to the context of the
Einstein equations, which involve constraints, than the Penrose transform
used in [3] for general quasi-linear wave equations.



4.2 Transformed equations

We set
f;w = Guv — N - (45)
We consider f := (fu ) as a set of scalar functions on R?*!. The Einstein
equations in wave coordinates, for the unknowns f := (f,,), are then a
quasi-diagonal set of quasi-linear wave equations of the form
0% f _Pf f
o — (g8 — pob . 4.6

The general relation between the wave operator on scalar functions in two
conformal metrics transforms the left-hand-side of (4.6) into the following
partial differential operator (compare Remark 4.1 below)

POT o) | aws s 0
af af
7 Dy°DyP @ g )

o L. (4.7)
We introduce the following new set of scalar functions on RZ“

-1 . n .
op ", ie.  fu:
With this notation, the system (4.7) reads

(4.8)

82f  nt3 82f 8f ~
af 5 af _ af . 9 o 1
ayaoyp — L P W g s — F (G e (49)

We note that ¢g®% —n®? is a rational function of f = ( fur) with numerator a
linear function of f and with denominator bounded away from zero as long
as gap is non degenerate. Therefore we have

(gaﬁ _ 77045) ol = Q"7 hos , (4.10)

with A a rational function of f and QnTﬂ, with denominator bounded
away from zero as long as g, is non degenerate. Now,

*f A O
af — _O2p
Oy*oyP @h {833/\8 2z

Joo! +Q‘*{F(n+f>( )} ot

(4.11)
We use the definitions of (2 and of the mapping ¢ to compute the right-
hand-side of (4.9). It holds that:

o0
8 — = 277a5y = 2Ya , (4.12)



and
« aya -1 _ o o

We see that Afj is bounded on any bounded set of RZH.

Elementary calculus gives for an arbitrary function f on R?*! the iden-

tities of o(f ¢_1)
—1 «@ ©
it o = A“W , (4.14)
and o 5 .
/ (foo )y (4.15)

0
-1 _ B @
D Dk ¢ A5 oyP (4L oy~

Hence, by straightforward calculation,

0% f 1 pap®(fod™h) | o O(fooh)
ax)‘axﬂ O(b —BA“W—FC)\“T (416)
where the coefficients B and C are bounded on any bounded subset of RZH.
They are given by
BY = A AY (4.17)
i.e.
B;ﬁ = 925&653) — ZQ(y(By)ﬁZ‘) + y(o‘yu5f)) + 4y°‘yﬁy)\yu (4.18)
and
Cf = —2Qyady; +yudf + v ) + 8Y*yayu) - (4.19)
If we now set f o ¢t = QF f, we find:
d(foo™h) _ a(Q*f) r Of k-1, 7
= =Q 2kQ o 4.2
e o oy Yof (4.20)
and
P(foop™h) r 0%f k1, Of of k—2 ¢
=0 2kQ Yo =s Q" “Dugf, (421
with
Dop = 4(k — 1)yays + 2150 - (4.22)
The second term on the right-hand-side of (4.9) is
_ni3 ﬁ2 —1 _ 2k—2—nk3 ol A g 8_f NG
08 { P+ DGR foort = 0228 s ) [Ap g L2k )]
(4.23)



Now, A%yo = —€y,, and recalling that k = "T_l, the right-hand-side of the
last equation can be rewritten as
of 2

QT F(n+ QT f) Args —(n— 1)yuf] . (4.24)

This shows that this term extends smoothly, as long as the metric 7]—1—9%1 f
is non degenerate, to a smooth system on RZH if n > 5 and n is odd.
The first term at the right-hand-side of (4.9) is

ap @ (foo™) (foop™)
Ap 8y0‘8y5 Ay

af 82f
Ap ayaayﬁ

—Q72pMB

}

+ C3

of
oy™

QMM O2B + [4kBY Oy + Q2CF, )2 + (B kDop + 2kQCS, yal f -
A similar analysis shows that this again extends smoothly if the metric

n+ Qanlf is non degenerate, if n > 5, and if n is odd.

Remark 4.1 The particular case of the conformal covariance of the wave
equation that we have used, the identity (4.7), results by a straightforward

computation, when k = "51, from the obtained identities, together with
o0 00 %9
B 2 =40 d n*? =2(n+1). 4.25

We have proved

Proposition 4.2 The bijection ¢ transforms the Einstein equations in wave
coordinates on I,7.(0) into a quasi-diagonal, quasi-linear system on I, (0)

which extends smoothly to RZH, as long as the metric n + Q' f, is non
degenerate, n is odd and satisfies n > 5.

Proposition 4.2 immediately shows propagation of the decay rate 0"
near .# for hyperboloidal initial data with this decay rate. Further, hyper-
boloidal initial data in this class which are sufficiently close to the Minkowskian
ones lead to solutions which are global to the future of a hyperboloidal sur-
face by the usual stability results. In the remainder of this paper we will
show that Proposition 4.2 can also be used to construct solutions which are
global both to the future and to the past.



5 The local Cauchy problem in R"*!

5.1 Initial data

We consider the Cauchy problem on R?*! for the Einstein equations in
wave coordinates with initial data (g, K) on a manifold R” embedded as a
submanifold

M, = {20 = 2)\}

of R"*!. We suppose these initial data satisfy the Einstein constraints, and
we choose the initial lapse and shift so that the harmonicity conditions are
everywhere initially zero. Any globally hyperbolic solution (V, C R?*! g)
of the Einstein equations in wave coordinates taking these initial data is
then a solution of the full Einstein equations. Such a solution exists if the
initial data belong to HI%¢ x H¢, s > 2.

For our global existence theorem we suppose that the initial data coin-
cide with a time-symmetric Schwarzschild initial data set outside a ball B,
of radius r = R,. Large families of such initial data sets have been con-
structed in [6, 8], arbitrarily close to those for Minkowski space-time. (The
construction of such data there is done for time-symmetric initial data sets,
but there is no a priori reason known why all such initial data sets should
have vanishing K.*) We will use this fact as in previous works [1,5,9], but
here with the Schwarzschild metric in wave coordinates.

By the general uniqueness theorem for quasi-linear wave equations, the
solution (V,, g) coincides with the Schwarzschild spacetime, in wave coordi-
nates, in the domain of dependence of the Schwarzschild region, M,\Bg, .

5.2 The (n + 1)-dimensional Schwarzschild metric in wave
coordinates

The Schwarzschild metric g,, with mass parameter m, in any dimension
n > 3 is in standard coordinates

2m di? ~
G = — (1 — F”_2> dt* + Tt F2d0? (5.1)

Fn—2

4A trivial example of initial data set with non-zero K is obtained by moving the initial
data surface in a time-symmetric space-time, Schwarzschildian outside of a compact set.
This example raises the interesting question: is it true that vacuum, maximal globally hy-
perbolic space-times which contain a Cauchy surface which is Schwarzschildian at infinity
necessarily contain a totally geodesic Cauchy surface?



where d2? is the round unit metric on S”~!. Introduce a new coordinate
system z¢ = r(7)n’, with n® € S™; the requirement that z# = (¢, 2°) be wave
coordinates, [ z# = 0, is equivalent to the equation
d 2m dr
= ]
Setting p = 1/7, one obtains an equation with a Fuchsian singularity at
p =0

L — = (n—1)"3r.

d. s, _gydr 1-

— 1-2mp" *)—]=(n—-1 "

a5 (0" ( p"7) dp] (n—1)p

The characteristic exponents are —1 and n — 1 so that, after matching a few
leading coefficients, the standard theory of such equations provides solutions

with the behavior

I m M3 InF 4+ O(F P InF), n=4
B (n —2)rn—3 O(r°~2), n>5

Somewhat surprisingly, we find logarithms of 7 in an asymptotic expansion
of r in dimension n = 4. However, for n > 5 there is a complete expansion
of r — 7 in terms of inverse powers of 7, without any logarithmic terms: if
we write g, in the coordinates z‘, then

(9m) = Npv + (frn) v (5.2)
with the functions (fy,),. of the form
1 1z

), #:=(z'), (5.3)

with hy, (s, %) analytic functions of their arguments near s = 0. In fact,

(fm);w = m uu(;y ;
there exist functions hgo(s), h(s), and h(s), analytic near s = 0, such that

1 r1 h r ) 2zl

As R"™ is spin, we will necessarily have m > 0 for the initial data that we
consider.

dx'da’ .

5.3 Domain of dependence of the Schwarzschild initial data

The boundary D; (M, \ Bg, ) of the future domain of dependence D (M, \Bg,)
is threaded by null radial outgoing geodesics of the Schwarzschild metric is-
sued from Bp,, solutions the differential equation

dt _(M>% (5.4)

dr 9mitt

10



such that ¢(R;) = 2, i.e.

T 1
xozt:2)\+/ M>2dr. (5.5)
Ry N9mitt
For the Schwarzschild metric we have
1
gm,rr) 2 ‘ B 2m 4m
—1| = 5.6
‘(gm,tt rn=2(1 — 2| T pn—2 (56)
for r > R, provided that
2m
— < 1/2; (5.7)

X
at fixed R, this can be achieved by requiring m to be sufficiently small;
alternatively at given m we can increase ;. For n > 5 we deduce from
(5.5) that on D} (M, \Bg,) we have

b>t—r>a. (5.8)

with

4m 4m

bi=2\—Ry+ —— q=2\-Ry — ———— .
n—3r> " (n—3) RS

(5.9)

We can always choose A large enough so that a > 0, requiring e.g. 2A >
R, + 1 for R, > 1 (assuming (5.7)), which implies that D" (M,\Bg,) is
interior to .7, (0).

6 The global Cauchy problem

The local Cauchy problem for the system (4.9) on M, = {y° = —55}, with
initial data in Hsy1 X Hs, s > 5 in a ball of radius R, > %, and 1+ f|My a
non degenerate Lorentzian metric, has a solution f in a neighborhood of
_ 0 1
Dy :=1,,0)Nn{y" > o0 (6.1)

if the initial data are small enough. The Einstein equations in wave coordi-
nates on R?*! have then a solution on

D, = 67 (D,) = [L,(0) Na® = A+ VA2 12, (62)

D, is the whole future of the hyperboloid 2° = X\ + v/A2 + r2, which is the

image by gb‘l of the hyperplane yO = —%-

11



The initial data on M, are deduced by the mapping ¢ from the values

on the hyperboloid
Hy = {2 =X+ V12 + 2}

of the local solution in R?*! and its first derivative, if H, is included in the
domain V, of its existence.
The hyperboloid H, is the union of two subsets

Sy :=H,N{z" —r>a} and Sy:=H,N{z’—r<a}. (6.3)

The subset Sy is included in the Schwarzschild spacetime region. On the
subset Sp it holds that

A+ Vr2+X2>r+a (6.4)

A simple computation shows that r is bounded on Sy if A > R, and m is
small, because, using the value of a, one finds that:

Ro(2)\ — Ry) + O(m?)
"=TO0 "R, —O(m))

(6.5)
then 29 is also bounded on S;. This subset is therefore included in the
existence domain V, of the local solution with Cauchy data on M,, for
small enough Cauchy data.

We deduce from these results that, for small enough Cauchy data (in-
cluding small m) on M, the domain V, of the solution contains the future
of 20 = 2\, up to and including H,.

On ¢(H,NS7) the initial data fg for f is deduced from the Schwarzschild

metric in wave coordinates, which is static, we have

A n—1
L) =197 (fmod W’ =—5.7), (6.6)
with, using the expression of f,,

Y AT _Ehi

We see that fg is a smooth function of y, except at the origin Y =0,ifn > 3.
A simple calculation shows that the same is true of g—gj; on ¢(H, N Sy) as
soon as n > 5.

On ¢(H, N S1), the initial data f, are deduced from the values on
the uniformly spacelike submanifold H; N S; of the solution in V, and its
derivative, by the restriction of ¢ to a neighborhood of H, N S, where ¢ is
a smooth diffeomorphism.

12



6.1 Conclusions

We have proved the following theorem.

Theorem 6.1 Let n be odd and n > 5. Let be given on R™ gravitational
data, perturbation of the Minkowski data given by sets of functions f,,, and

% fuw- Suppose that these data satisfy the Einstein constraints and the ini-
tial harmonicity conditions and coincide with the Schwarzschild data of mass
m in the wave coordinates of Section 5.2 outside a ball of finite Fuclidean ra-
dius R,. Then, if these functions are small enough in (HS+1 X HS) (B(Rx))
norm, s > n/2, and if m is small enough, then the data admit a complete
Einsteinian development (R"*1 g).

The smoothness of f as a function of y immediately provides a full
asymptotic expansion of g in terms of inverse powers of r = |Z|. In fact, we
obtain an asymptotic behavior of the gravitational field as assumed in [13].

7 Einstein Maxwell equations

Let us show that the conformal method extends easily to the electro-vacuum
case.

7.1 The equations

The Einstein equations with electromagnetic sources (2.1) for the unknowns
f := g — n take in wave coordinates the form

% f of 9A
04,67 = _ —

where the right-hand-side is a quadratic form in df and 9A, with coeffi-
cients polynomials in g and its contravariant associate. In the Lorenz gauge,
V,A* = 0, the Maxwell equations take also in wave coordinates the form

0?A of 0A
af — - 7.2
g 91018 M(g)(axv 63:) ) ( )
where the right-hand-side is bilinear in % and in ‘g—‘;‘, with coefficients poly-
nomials in g and its contravariant associate. In fact, (7.2) reads in detail
o 0?A,

920928 —(059"") A0 — 9u0g"*(0,9"")(0aAp — 05Aa) 3 (7.3)

13



this uses both the harmonic coordinates condition and the Lorenz gauge
condition. One thus has a system of equations for (f, A) for which the
previous analysis applies. Note that it has been proved by Corvino [7]
that the existence of a large set of initial data Schwarzschildian® outside a
compact set is also valid for the Einstein-Maxwell constraints, compare [9].

7.2 Conclusions
We have obtained the following theorem:

Theorem 7.1 Letn be odd andn > 5. Let be given on R™ Einstein-]\ﬂmwell
data, perturbation of the Minkowski data given by sets of functions f,,, and

%fw, Ay and %A)\, Suppose that these data satisfy the Finstein-Mazwell
constraints and the initial harmonicity and Lorenz gauge conditions, and
coincide with the Schwarzschild data with mass m in the wave coordinates
of Section 5.2 outside a ball of finite Fuclidean radius R,. Then, if these
functions are small enough in (HS+1 ><HS) (B(Rx)) norm, s > 3, and if m is
sufficiently small, then the data admit a complete electro-vacuum Finsteinian
development (R"*1 g, A).

Similarly to Theorem 6.1, one obtains a full asymptotic expansion both
of the metric and of the Maxwell field in terms of inverse powers of r near
Scri.
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