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1. Introduction

The AdS/CFT correspondence [l has uncovered a deep and still somewhat mysterious
relationship between fields propagating in (d + 1)-dimensional anti-de Sitter (AdS) space
and correlators in a d-dimensional Conformal Field Theory (CFT). Scalars, vectors, spinors
and tensor fields on AdS have been studied (see [fl, ] for reviews) and the expected results
are obtained in all cases.

One of the most studied examples of this correspondence has been the gravitational
field. This bulk field is dual to the CFT’s energy momentum tensor, and solving the bulk
Einstein equations in the presence of a cosmological term allows the computation of energy
momentum tensor correlators. The calculation of the holographic anomalies performed
in [f] has provided strong support for the validity of the correspondence.

In this paper we shall analyze the holographic structure of two unrelated, although
similar, systems. In section P, we study Abelian and non-Abelian Chern-Simons theories
in three dimensions and work out the 1-point functions and anomalies associated to gauge
symmetries of a dual theory on the boundary. The aim of section [ is to put a simple Chern-
Simons system in the AdS/CFT language and use this example as a warm-up exercise to
deal with the more complicated case of five-dimensional first order Chern-Simons gravity,
discussed in Sec. 3. Five dimensional Chern-Simons gravity has more degrees of freedom
than standard gravity due to the fact that the spin connection is dynamical [[f]. We carry
out the holographic AdS/CFT prescription associated to this system and extract the vevs
and corresponding Ward identities associated to the metric and spin connection degrees of
freedom.



The systems discussed in sections f and [§ both have finite Fefferman-Graham (FG) [§
expansions. The first example of a finite FG expansions appeared in [fJ] in the context of
three-dimensional gravity (see also [I(], [] for a Chern-Simons formulation). Incidentally,
in three dimensions, the connection between anti-de Sitter space and the full 2d conformal
group has been known for a long time [[J]. This correspondence was later reformulated
in terms of the Chern-Simons formulation [L3, [4] of gravity, and associated WZW theo-
ries [T§—[I7]]. For a recent complete review of these issues and their applications, see [[§.

2. Chiral anomaly in two dimensions

Before going into the more complicated case of first order gravity in five dimensions, let us
review here the holographic description of the chiral anomaly in two dimensions, which is
perhaps the simplest application of the AdS/CFT ideas. It also provides a simple example
in which the FG expansion is finite. Most of the material of this section is well-known in
different contexts.
In even dimensions, gauge fields can be coupled to a vector current or axial current.
It is well known that only one of these gauge symmetries can be preserved at the quantum
level. In the particular case of two dimensions, the vector (J%) and axial (J) currents are
related by
Ji=eJ;. (2.1)
In the presence of a non-zero U(1) gauge field A;, it follows that
<31JZ> =0, <82J§> =F, (2'2)

where F' is the field strength associated to A.

Chern-Simons theory in three dimensions provides a natural arena to describe (P.J)
holographically. Since the AdS/CFT dual of a conserved current is a gauge field, one
may naively think that a single Abelian Chern-Simons theory may be the right description
leading to (2.9). This is not the case, and one needs two Abelian fields. We first explain
why a single Chern-Simons theory is not enough to represent the chiral anomaly.

Consider an Abelian Chern-Simons action I[B] = k[ v, BdB. (In the whole text
we omit the wedge product symbol.) This action is not gauge invariant for parameters
with non-zero support at the boundary 0M3 = M,. In fact, under §B = d\, the action
changes as 6] = 2k [ Mo AF with F' = dB. Naively, one may conclude that this simple
calculation represents the holographic version of the chiral anomaly, in analogy with the
five-dimensional case discussed in [§]. This is however not correct because there is a mis-
match between the number of sources.

According to AdS/CFT, the bulk fields boundary data (independent fields at the
boundary) plays the role of sources in the CFT. For a single Chern-Simons theory, the
boundary data is parameterized by only one component of the gauge field. In fact, let
us choose local coordinates on M3 as z* = (p,xi), where the light-cone coordinates z! =
(zF,27) parameterize the boundary Ms placed at p = 0. The gauge field has components
B, = (B,,B4,B_). In the gauge B, = 0, for example, the fields B,, B_ become p-
independent. The remaining equation of motion Fy_ = 0 allows to solve B_ as a function



of By. The field By is thus the only “source”. On the other hand, for a fermion coupled
to a gauge field, the source is a vector A; with two components, thus it is clear that we
need to double the number of degrees of freedom.!

2.1 Abelian chiral anomaly

Consider then two Abelian Chern-Simons actions with fields B and B,
I[B,B]:n/BdB—n/BdBJrQ[B,B], (2.3)

where €2 is a boundary term to be fixed. The boundary data of this action contains two
fields, as desired.

The bulk local symmetries of this action are U(1) x U(1) gauge transformations acting
independently on each field. Of course, these symmetries are broken at the boundary. The
interesting point is that the boundary term € can be chosen such that half of the gauge
symmetries of (R.3) are extended to the boundary. The unbroken part of the symmetries
will be related to the vector current, and the broken half represents the axial current. Let
us see how this is implemented in the language of AdS/CFT.

The crucial point is the choice of the boundary term 2. We choose

Q[B,B] =2 / iz (B,B_ + B_B, —2B,B_). (2.4)

Mo

The action I in (R.3), with this choice of boundary term, has the following properties.

First, consider the variation of (.J) under gauge transformations §B = d\ and 6B =
d\. One obtains

5T = dr / (A= X) (0,B- —0_B,). (2.5)
Mo
The action becomes strictly invariant — even at the boundary — under the diagonal

subgroup with A = X\. Redefining A+ X = o, and A — A = o_, we conclude that half of the
gauge symmetries, o, of the action (R.3) are preserved at the boundary, as desired.

Second, under generic variations of the fields, the action (R.3) varies as

0l =4k / d*x 6By (B — B_) +0B_ (By — By)| +e.om., (2.6)
Mo

where e.o0.m. represents terms proportional to the equations of motion dB = 0 and dB = 0.
This shows that the bulk action has an extremum, provided B, and B_ are fixed at the

boundary. The boundary fields (B, B_) are thus the two “sources” in this theory. We

n fact, the U(1) Chern-Simons action is dual to a single chiral fermion on the boundary and it repro-
duces the chiral anomaly. However, in this case the boundary theory does not have (preserved) symmetries
and we are not interested in these cases here.



identify them with the 2d gauge field?

(Ay,A) = (B4,B-). (2.7)

Note now that the variation of the action under the broken symmetry, eq. (R.5), becomes
proportional to the gauge field curvature since 9, B_ —0_B, =9, A_ —0_A, = F. This
is consistent with the chiral anomaly.

Third, we can now write the on-shell action as a function of the sources, and compute
vacuum expectation values of the currents. We can compute directly the vector current
expectation value

o oI

51 61
_ . 2.
<5B+ ’ 6B> (28)

=4k (B- —B_,By — B),

where I is the on-shell value of the action. Here, the first line is the AdS/CFT definition
of the expectation value for the current. The second line follows from (R.7), and the last
line from (R-§). B_ and B, are not independent of the sources By and B_. From the
Chern-Simons bulk equations of motion, dB = 0 and dB = 0, one finds the non-local
relations

_ . _
B_. =B, B+:a—+B,. (2.9)
The final expression for the expectation value of the vector current in the presence of the

source A; is
i - Iy
<J > =4k EA+ — A, s 8—_147 — A+ . (210)

The corresponding formula for the axial current follows from (.1)),

(Ji) = 4k <g—_A+ A, —g—+A_ + A+> . (2.11)
+ -

We can finally check explicitly the two relations

0; (J*) =0, (2.12)
0; (Ji) = —8k (04 A_ — 0_AL) = —4ke" Fy; (2.13)

in full consistency with the Dirac fermion expectation values. Note that the Chern-Simons
coupling then becomes related to the electric charge as ¢/2m = 4k.

2A similar phenomenon occurs in three-dimensional gravity and the corresponding AdS/CFT inter-
pretation. In the Chern-Simons formulation, there are two SO(2,1) gauge fields A and A. The induced
2-dimensional vielbein in the FG expansion is constructed with one leg in A and the other in A. For more
details in this construction, see [@, El]



2.2 Non-abelian anomaly

The above result can be generalized to a non-Abelian CS theory invariant under G x G,
with G semi-simple for simplicity. Each of two sets of generators G, and G, forms a Lie
algebra with structure constants f,;°. The two isomorphic algebras commute with each
other. The action with the fundamental fields B = B*G,, B = B*G, and the Cartan

metric g, = (GoGp) (that raises and lowers group indices), is

I[B,B] = Ics B] - Ios [B) + 2« / Px (BB, + BB, —2BB.,),  (2.14)
Mo

where the CS action is

2
Ics[B] =k / (B“Fa -3 Fabe B“BbBC> , (2.15)
M3

and the boundary term is a covariant generalization of (R.4)) [[9]. The asymptotic conditions

are
BY|,_,=A4%, B _ =A%, (2.16)

and A% = B¢ dxt + B® dx~ is a fixed vector field on M. The equations of motion
1 _ _ 1 L
F%=dB% + 3 foe? BB =0, F%=dB* + 3 foe* BPB¢ =0, (2.17)

give B% and Bi as non-local functions of A®. Similarly to the Abelian case, the ac-
tion (R.14) is asymptotically invariant under the diagonal subgroup Gp C G x G generated
by Gq + G, , while the other half of symmetries, generated by G, — G4, are broken on
the boundary. This asymptotic structure of the gauge theory maps holographically to the
quantum structure of a field theory at the boundary, leading to one preserved quantum
current and another current possessing a non-Abelian anomaly. Varying the action (B.14)
on-shell, we find these currents as

. OI[A y _
(Ja) = &gq] = 2K gap €7 (Bf - B?) : (2.18)

where I is evaluated on-shell and J! = £ J;,. Using the field equations (R.17), the covariant
derivatives of these currents are

) =0, (2.19)
DT = —dk gy eTFOP (2.20)

where here D and F(O¢ = g4 + % fre® APAC are associated to the boundary field A.
We conclude that J! is covariantly preserved, while .J¢ exhibits a covariant non-Abelian
anomaly [Rd].

To end, note that the choice of the boundary term in (R.14) can be understood from the
point of view of asymptotic symmetries. It was shown in [[[J] that, for a three-dimensional

CS theory I [B,B} = algs[B] + Blcs [B] + Q [B,B], the surface integral in (R.14)



is the unique boundary term (up to the chirality ¥ < 27) quadratic in gauge fields
which preserves the maximal number of asymptotic symmetries Gp, and it exists only
for « + 8 = 0. In consequence, the asymptotic symmetry of three-dimensional gravity
with torsion (which implies a + 8 # 0) and gauge group SO(1,2) x SO(1,2) R1] is always
smaller than SO(1,2). Therefore, in this case the Lorentz symmetry cannot be preserved
asymptotically, resulting in a Lorentz anomaly in the dual quantum theory.

3. First order gravitational theories

The motivation for this section is twofold. On the one hand, we are interested in studying
the holographic renormalization method for a gravitational theory (Chern-Simons gravity
in five dimensions [R2]) which is quadratic in the curvature and has non-trivial torsional de-
grees of freedom. We would like to uncover the role of the spin connection in the AdS/CFT
correspondence as the source for the spin current.

A different motivation to carry out this study follows by an analogy with three-
dimensional Chern-Simons theory. It is well known that flat connections in three dimensions
give rise to conformal structures in two dimensions [[[§]. The 3d Chern-Simons equations
gap F' b — 0 are extended to five dimensions as GJabe FPFc¢ = (. In three dimensions on a
manifold & x Mo, it is direct to see that F = 0 projected to My give rise to conformal
Ward identities [R3] (for recent discussions see [[[1, P4].) It is a natural question to ask
whether the five-dimensional theory on R x My gives rise to conformal structures on Mjy.
(See [BF] and [R6] for earlier discussions of these issues.) We shall analyze these questions
in the particular case of Chern-Simons gravity in five dimensions, and conclude that the
correct Ward identities expected for a Lorentz and diff invariant theory on My can in fact
be derived from it.

3.1 First order gravitational sources and their Ward identities

In this section we consider CFT deformations defined by first order theories of gravity with
non-trivial torsional degrees of freedom.
To fix the ideas, consider the example of a Dirac spinor field in four dimensions coupled
to an external gravitational field. The action is
L= {
Loftl = [ o i id (04

5 w? ’yab> P +c.c., (3.1)

where |e| = \/m is the determinant of the vielbein field, and w® is the spin connection.
This action depends on both gravitational fields e* and w?.

In the standard situation of Riemannian geometry, the spin connection is regarded to be
a function of the vielbein, w = w(e), determined by solving the torsion equation. However,
from the point of view of the action (B.1]), these fields are not subject to variations and it
is not mandatory to link them. In fact, if one could compute the effective action

eiW[e,w} :/Dweife,w[w]’ (3.2)

for arbitrary values of e® and w®, the functional We,w] would carry more information as
it would have two independent arguments.



This is the calculation we attempt to do using holography. We shall consider a five-
dimensional gravitational action having spin connection degrees of freedom. This means
that its solutions are characterized by independent values of the (boundary) vielbein and
spin connection, and the on-shell renormalized action is a four-dimensional functional
Irenle,w]. Applying the rules of AdS/CFT correspondence in a classical gravity approxi-
mation, we shall identify® I,..,[e,w] = W/e,w] and prove that the bulk constraints in the
gravitational theory lead to the correct Ward identities for the 1-point functions derived

from Wie,w].
More concretely, we are interested in the 1-point functions
1 6Wle,w] ; 1 dWle,w]
) - ? 4 = 07 3.3
T a(x) ‘6’ (56?(1‘) ’ o ab(x) ‘e’ 5waib($) ( )

The tensor 7, is related to the energy momentum tensor of the theory.* The tensor o, will
be called “spin current”. Note that 7, is not equal to the second order energy-momentum
tensor in which w = w(e).

The Ward identities we expect to find are the following. First consider the invariance
of the action (B.J) under Lorentz transformations

Sred = =\ el

3
b b
@ = DA

(5)\(,() i

If the measure is also Lorentz invariant then W must be invariant as well. This implies

. 1 .
0= / diz el <—Aabﬂaeib + 50w DM‘“’) (3.6)
1 )
=5 /d4x b [2 le| Tap — D; (|e| O'Zab)] , (3.7)

where 7, = emTib. After antisymmetrization in [ab], we arrive at the conservation law
(Ward identity) for the Lorentz transformations

Dz‘ (\e[ O’iab) = ’6‘ (Tab — Tba) . (3.8)

When ¢ vanishes, the energy momentum tensor is symmetric, as expected in the torsionless
case.
Next, we consider diffeomorphisms. The action (B.1]) coupled to e and w is also invariant
under diffeomorphisms® with parameter &7,
e = D; (€e}) + 6T, (3.9)
Sew?? = ETR™,. (3.10)

30f course, we do not claim that the dual of Chern-Simons gravity is a Dirac field. We have used the
action (@) only to exhibit the structure of Ward identities we aim to derive.

4The energy momentum tensor is a Hodge dual to the 3-form 7., and it has the components 7%, =
1 ki
3le]

5This form of diff transformations is called improved diffeomorphisms @] and it differs from a Lie

6ij

Ta ikt (and similarly for oap).

derivative by a Lorentz transformation with parameter A*° = £'w?.



Again assuming invariance of the measure, this symmetry gives rise to the equation

, , , 1,
0= /ddaz & [—Di (lel 7',) €f + el <T’aTaij + 3 O'ZabRabij>:| , (3.11)
or, eliminating the vector &%, we get
i a i a 1 i ab
Dz‘ (’e‘ T a) ej = ’e‘ T aT ij + 5 g abR ij . (312)
The meaning of this equation is clear after rewriting it in the form <\e[ Tij)_ = % ot abR“bl-j.

3

When ¢ vanishes, the energy momentum tensor is covariantly preserved, as known in the
torsionless case.

Equations (B.§) and (B.13) are the two Ward identities that we expect to derive by an
AdS/CFT interpretation of five-dimensional Chern-Simons gravity.

3.2 First order actions

Our first goal is to find a gravitational action which has spin connection (or torsional)
degrees of freedom. In other words, we seek a gravitational action whose equations of

motion leave w®

as an independent field.

The Einstein-Hilbert action (with or without cosmological term and in any dimension)
does not satisfy this condition because the torsion vanishes and spin connection is related
to the vielbein. The Palatini formalism does not change this conclusion because one of
the equations of motion of the Einstein-Hilbert action implies, precisely, that the torsion
is zero.

There exist, however, gravitational actions for which the spin connection is an inde-
pendent field. In fact, generically, all gravitational actions containing quadratic or higher
powers of the curvature tensor will have this property. For actions of the form R™ (n > 1
and R represents the scalar, Ricci or Riemann curvature tensor with indices properly
contracted), the equations of motion that follow by varying the metric and connection in-
dependently are not equivalent to those in which the torsion is assumed to vanish from the
start. In other words, the Palatini and second order formalisms are not equivalent for these
actions. To our knowledge, this phenomenon was first discussed in [{f], in the context of
Chern-Simons gravities. Within AdS/CFT, actions with quadratic powers in the curvature
tensor and Ricci scalar have been considered in [2§, R].

The family of Lovelock actions of gravity is of particular interest because the equations
of motion remain of second order (two derivatives) and that makes the analysis simpler. A
particular case of the Lovelock action, which simplifies the analysis even further, is given
by the Chern-Simons gravity action in five dimensions

R 2 . 1
Ie,w] = K / €ABCDE <RABRCDéE +3 RABeCePel 4 - et éE> , (3.13)
Ms

where hatted fields are five-dimensional objects. Here RAB s the curvature two form and
the AdS radius ¢ is set to 1. Apart from diffeomorphism invariance, the action is also
invariant under the gauge group AdSs, or SO(2,4). Varying I with respect to e? and w45,



we obtain the equations of motion
eapopp (RAP +e46P) (ROP +e%eP) = o, (3.14)
EABCDE (RAB + éAéB> ¢ =0. (3.15)

Equation (B.1§), associated to the variation of wAB can be solved by the torsion condition
T4 = 0. However, this is not the most general solution. In fact, equation (B.15) possesses
a much larger space of solutions. See [fi] for a detailed analysis of its dynamical structure.

For our purposes here, we only recall that the induced boundary values of the spin
connection, ef and waib , can be taken as fully independent, and will be identified with the
CFT sources discussed above.

The holographic description of dual anomalies for Chern-Simons gravity with no torsion
has been studied in [B0, B1]. The role of gravitational Chern-Simons forms for AdS3/CFTy

has recently been analyzed in [BJ], assuming also that the torsion vanishes.

3.3 Chern-Simons theories and finite FG expansions

We now use the AdS/CFT prescription. The first goal is to solve the equations of mo-

tion (B.14) and (B.13) order by order in an asymptotic expansion near the boundary.

This analysis is actually remarkably simple, given the Chern-Simons structure of these
equations. Recall that the action (B.13) belongs to the general set of five-dimensional
Chern-Simons actions [ AFF + ---, for the particular case in which the Lie algebra is
chosen as SO(4,2) [B3, B3. The equations of motion (B.14) and (B.15) can be combined in
the form

Gabe a‘“”\p"FbW % =0, (3.16)

where F'* is the SO(4,2) curvature, and the invariant tensor gg. is related to the Levi-
Cevita form. (The components of the SO(4,2) curvature F® are RAP + ¢4¢B and TC.)
Note that the content of this paragraph is valid for any Lie algebra G. Lower case Latin
indices a, b, c, ... refer to the corresponding adjoint representation. This notation should
not be confused with that of next section in which Latin indices refer to 4-dimensional
Lorentz indices.

We assume that the manifold has the asymptotic structure R x My and that it is
parameterized by the local coordinates ## = (r,z%). Here r is related to the FG radial
coordinate and My is where the CFT lives. The gauge field is expanded as A, = (A,, 4;)
and the equations (B.16) split as

abe €M F FGy =0, (3.17)
abe €M FY FG, = 0. (3.18)

Note that (B.17) contains only derivatives with respect to z* and in that sense it is a
“constraint” that must hold at all values of r. The Ward identities of the holographic

6 «“Gravitational Chern-Simons terms” are Chern-Simon forms for the Lorentz group SO(D — 1,1) and
they depend only on the spin connection. They differ from “Chern-Simons Gravities” @, @] which are
Chern-Simons forms for the AdS group SO(D — 1,2) and depend on both the vielbein and spin connection.



CFT are contained in this set of equations. Equation (B.1§) depends on F;, which does
contain derivatives with respect to r. The structure of the FG expansion is controlled by
this component of the curvature.

Equations (B.17) and (B.1§) are entangled; the space of solutions of (B.1§) depends
on the solution of (B.I7). To give just one example suppose we solve (B.I7) by F%; = 0.
Then, (B.1§) would imply that F%. is fully arbitrary. Of course (B.17) has other more
interesting solutions for which Fj. becomes constrained. A careful analysis of this point
can be found in [d. Conditions ensuring that all equations in (B.17.18) are functionally
independent, have been discussed in [B4, Bg.

For our AdS/CFT applications, in which boundary fields play the role of sources, we
need the most general solution of (B.17). For a generic solution of (B.17), it is shown in
that (B.1§) implies

where N7 are arbitrary functions.
Now, recalling that F¢, = 0, A} — D;A?, where D; is the covariant derivative in the

connection A;, equation (B.19) can be written as
O A} = D; A% + F%; N, (3.20)

The role of the functions A, and N* should now be clear. The first term on the r.h.s.
of (B.20) represents a gauge transformation, while the second is a (improved) diffeomor-
phism with parameter N’. This means that the value of A;(r + Jr) is obtained from A;(r)
by means of a gauge transformation plus a diffeomorphism. The functions A, and N are
the corresponding parameters of these transformations, and we can choose them at will.

The simplest gauge choice A, = 0 and N? = 0 would led to a trivial FG expansion
in which the fields are independent of r. In the applications to Chern-Simons gravity,
however, this is not allowed because setting A, = 0 would lead to a degenerate vielbein
and metric.

The simplest non-degenerate choice is

A, = constant Lie algebra element , Ni=0. (3.21)
Equation (B-20) then becomes 9, A4; = [4;, A,], whose general solution is
Ai(r,2?) = e ™A A;(0,27) e (3.22)

where A(0,z) does not depend on r.

The field A;(r,x) is therefore completely fixed once we give the initial condition
A;(0,z). However, we must recall that the initial conditions are not all arbitrary be-
cause they must satisfy the constraints (B.17). These constraints can be easily translated
into equations for A;(0,z) as follows. Since the r-dependence of A;(r,z) is a pure gauge
transformation, we find F;(r,z) = e ™" F};(0,x) "4, where F;;(0, ) is constructed with
A;(0,z). The constraint on A;(0,z) is thus simply

Gabe €M FY (0, ) F5,(0,2) = 0. (3.23)

As we shall see in the next subsection, these constraints contain the Ward identities (B.§)

and (B.19) discussed above.

,10,



The expansion (B.29) can be put in a more explicit form by going to the Cartan-
Weyl basis of the Lie algebra. Let H,, E, be this basis with the root system «,, so that
[Hy, Eo] = ay E,. Without loss of generality, we assume that A, lies along the Cartan
subalgebra, A, =) ¢"Hy,, where the coefficients ¢ are constant. The initial condition has
the most general form A;(0,2) =Y. A%(z) H,+ >, A%(z) E,. The expression (B.22) can
be computed by means of the identity e“» E e~¢» = ec®n E,, . and we find the expansion

Ai(rz) =Y AMa)H, + Y e "2 AX(2)E, . (3.24)

Defining 1/p = €?”, one obtains a finite FG expansion with powers determined by the
roots a. For 241 gravity this analysis was performed in detail in [[[d]. An expansion
of this type was used in [R4] in a derivation of W-algebras from SL(2, N) Chern-Simons
theories. We compute (B.24) for the particular case of 5d Chern-Simons gravity in the next
paragraph.

We end this section with two comments. First, note that even though our FG expan-
sions are finite, the solutions cannot be extended to the whole manifold. The reason is
that the gauge choice (B.21]) may not be extendible beyond the asymptotic region. Several
patches may be necessary and this depends on global properties on the manifold and Lie
group under consideration. In this manuscript, we restrict ourselves to the asymptotic
analysis and relevant Ward identities. The global analysis is important to find the non-
local dependence of the vevs (subleading terms in a FG expansion) on the sources. We
hope to came back to this problem elsewhere.

Second, note that the solutions considered here, defined by the expansion (B.29), cannot
be seen as fluctuations of AdS space, F},, = 0. Our solutions have F,.; = 0, but F;; must be
different from zero. This component of the curvature cannot be deformed continuously to
zero keeping the expansion (B.22) valid. As we mentioned before, F;; = 0 is a degenerate
solution of (B.17) that trivializes (B.1§).

3.4 Explicit FG structure of Chern-Simons gravity

We now go back to the particular case of Chern-Simons Gravity in five dimensions, for
which the Lie algebra is SO(4,2), and the gauge field is expanded in terms of the SO(4,2)
generators Py = Jag, Jap as (A, B=1,...,5)

1
Ay =éelPa+ 5 oM Jap . (3.25)

The fields @4P and é4 satisfy the set of five-dimensional equations (B.14) and (B.1). As
we have mentioned before, these equations are of the form F' A F = 0, and all the results
of last paragraph apply to this case.

We start by imposing the analogues of (B.21)) for this particular Lie algebra. This
means fixing é2 and @4B. Splitting the Lorentz indices as A = (a, 5), we set A, = Ps or

=1, e =0, o8 =0, (3.26)
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Having fixed the radial components of the gauge field, the radial dependence of the tangent
components é(r,z) and @48 (r, x) becomes completely determined by (B:23). Next, we
shall impose one extra condition on the boundary vielbein, namely,

&2 =0. (3.27)

This condition breaks the five-dimensional Lorentz symmetry down to a four-dimensional
one. It also leaves a four-dimensional tetrad as a gravitational source.

The calculation of (8.29) for the SO(4, 2) algebra is a simple exercise. In four-dimensio-
nal notation the SO(4,2) generators P4, Jap are split as Ps, P, Ju5, Jup. It will be

convenient to define the combinations 7

JE =P+ Jgs. (3.29)

Expanding the initial condition A (0,z) in (B.29) as

1
A0,2) = e (z) JF + k% (z) J, + 3 w® (z) Jap (3.30)
(from now on all forms are four-dimensional) and using the identity e =5 J i @5 = eFa j*
we obtain

1 1
A(p,x) = —= e I+ /pk® (x) I, + = w®(2) Jup, (3.31)
NG 2
where we have returned to the usual FG radial coordinate 1/p = e
From (B.25) and (B.29) we can also write the explicit relationship between the five-
dimensional fields ¢4, 047 and the components of (B.3(),

2r

e? -1 e*(x (z
e (p, ) = \/,5[ (z) + pk*(z)] , (3.32)
@(15 ) = i e (x) — a(r .
(p,x) \/ﬁ[ () = pk*(z)] , (3.33)
W™ (p,x) = w(x). (3.34)

These expansions can be seen as a finite FG expansion. The five-dimensional line element
éHA €Ay dxtdzr” has the finite FG form

1 o
Yoo + ; gij + p(k‘ij + k‘ji) + kailk‘lj dztdx? | (3.35)

where g;; = €;% ej, and k;; = e;q k;”.

"The non-zero commutators of the full SO(4, 2) algebra are

[Jab, Jed] = Nad Joe — Mbd Jac — Nac Jba + Moe Jad [J;7 ij =2 (—Nap Ps + Jab) ,

[Jab, JE] = e JTE — Nac I, [, Ps] = 7% (3.28)
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So far we have solved the equations (B.1§) for the particular case of the SO(4,2) Lie
algebra. We now write the constraints (B.17) in terms of the basic fields e?, k%, w®. To this
end, it is useful to have T4 and FAB = RAB 4 ¢4¢B in terms of the fields e, k, w,

. 1
T° (p) = —2 €%k, F® (p) = — (T* — pDk*)

) . VP (3.36)
T4(p) = = (T4 pDRY) ,  F(p) = R +2 (2" — ek |

Nz

where R and T® are four-dimensional curvature and torsion, respectively, and D = D(w).
Note that these are also finite series in p.

Inserting these expansions into the constraint equations (B.17), namely, the components
of (B.14) and (B.1) tangent to the boundary, we obtain

C = egpeq FPFC =0,
C, = caped F*T =0,
Cy = eaped F*DE? =0,
Cb = Eabed (ch ek, + 2T0Dkd) —0,

where F® = R%® 4 2¢2kb — 2¢bk°.

This set of 1 +4 4+ 4 + 6 = 15 equations gives relations between the fields €%, k* and
w®. We would like to argue now that ([3.37)-(B-40) leave the fields e¢ and w@® arbitrary.
They can then be interpreted as sources. Furthermore, the field k will be associated to the
vevs or 1-point functions, and equations (B.37)(B.4Q) imply the correct Ward identities for
them.

3.5 1-point functions and Ward identities

For orientation, it is useful at this point to recall the standard gravitational analysis of
holographic renormalization [§, fl, Bf], and compare it with our analysis. For the Einstein-
Hilbert action, the asymptotic solution has the expansion

dp® 1
_2 + —
4p? - p
where the coeflicients are determined by the Einstein equations. In a 441 decomposition,

ds® = (900)ij + PIyij + P° (925 +1og phzyij) + -+ ) dada?, (3.41)

with p playing the role of “time”, these equations are separated into 10 “dynamical” (ra-
dial derivatives) equations plus 5 constraints. The 10 dynamical Einstein equations are of
second order in the radial derivative and they require two initial conditions for their inte-
gration. In fact, plugging the series (B.41]) into the dynamical equations one finds that 9(0)ij
and g();; are left completely arbitrary while all other coefficients in the expansion (B-41)
are fixed in terms of them. g(g);; and g(z);; are in that sense “conjugate” variables and,
in fact, the variation of the (renormalized) action can be written as 6., = 2 [ T 09(0yij s

where 7% is linear in g2)ij- The tensor 7% is identified with the holographic energy mo-

ij-
mentum tensor. Now, besides the dynamical equations, there are also 5 constraints which
impose conditions on g(a);j, or 7. These constraints turn out to be exactly the Ward
identities on the trace and divergence of 79 [f, fi]. (See [B7 for a generic analysis of these

relations.)
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Our analysis follows a similar structure but with more fields. The initial conditions
A;i(0,z) appearing in (B.29) are the analogue of g(g);; and g(a);;. The “dynamical” equa-
tions (B.1§) impose no conditions on them. The constraints (B.17), on the other hand,
impose conditions on A;(0, z), which should be related to the holographic Ward identities.
For the particular Lie algebra SO(4,2), these constraints are given by equations (B.37)-
(B-40), where A;(0,z) has been expanded in terms of €2, k;* and w® in (B.30).

The rest of the program proceeds just like for standard gravity, with minor variations.
We shall prove that the variation of the renormalized bulk action can be expressed as
(My = OM5)

1
0lyen, = / <56a Ta+ = &Uab Jab) . (342)
My 2

The coefficients 7, and o4, both depend on k and will be interpreted as the holographic
energy momentum tensor and spin current. Finally, we show that the constraints (B.37)-
(B.40) imply the Ward identities (B.§) and (B.13) for these tensors, in full analogy with the
pure gravity case.

We start with the action (B.13) which yields the equations (B.14) and (B.1§). This
action will need boundary terms to be well defined for fixed e* and w?, and will also need

to be renormalized to make it finite.
Varying (B.13) on-shell and keeping all boundary terms on-shell, one finds

oI = =2k / €ABCDE (RAB + é éAéB> eCs0PE. (3.43)
My
Next, we evaluate this variation on the asymptotic solution described above. By a
direct calculation this can be written as
5T = 4 / atea [ (R + 2R ) (—keGet 4 e“0k?) + (Dek? — Diee”) aw?] + 4V,
My
(3.44)

where
V= 2K / Eapege’eleCed — 2r Eabed <R“b + ée“kb> kce®. (3.45)
3p2 p 3
My My
(We have omitted terms with positive powers of p because they cancel in the limit p — 0.)
Note that V' is divergent as p — 0, while all other terms in (B.44) are finite (and
p-independent). The divergencies thus appear in the form of a total variation which can
be subtracted from I. We define the renormalized action I,,, = I — V whose variation is
given by the first piece in (B.44). This completes the “renormalization” problem. But I/,
is not yet the correct action because we have to deal with the “Dirichlet problem”, namely,
we need to make sure that the action has well defined variations for e and w® fixed.
Having eliminated V" in (B.44), the remaining terms (in square bracket) contain varia-
tions of €%, k® and w®. The variations of k% can be transformed into variations of e® and

w® by adding finite boundary terms,
4K €aped <Rab +2 e“k:b> €0k = 4k Egped {— <Rab +2 e“k:b> k°se? + D (e“kzb> 5w0d}
+ d(boundary term), (3.46)
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where a total derivative has been omitted since it will vanish under the integral. Discarding
all total variations, we finally arrive at

0lren, = —8K / Eabed [(R“b +2 e“kb) k¢oed — TkPowed| | (3.47)
My
from where we read off the holographic energy-momentum tensor and spin current,
To = —8K Eabed (Rbc 42 ebkzc> ke, (3.48)
Oap = —165 Eqpeqg Tk . (3.49)

(We omit writing expectation values (---).) In components, these tensors are

; 8K ikt L b d

T, = __]e\ 9% wbed (5 R +2€j ki ) K “, (3.50)
, 8K ..

O’Zab = __’6‘ 5Z]kl5abcd chkkld' (351)

Our last step is to show that the tensors 7%, and o’ o Satisfy the conservation laws,
or Ward identities (B.§, B-19), associated to Lorentz transformations and diffeomorphisms.
To prove these identities we need to use the constraint equations (B.37)(B.40).

To this end we consider the contraction operator I; which maps p-forms to (p — 1)-
forms.® Since any 5-form vanishes on My and the contraction operator I; obeys the Leibnitz
rule, from I;(€q4ped eakbchd) =0 and I; (aabcd R“bk:CTd) = 0, we obtain the identities

Eapea ;e RO RCT? = eapen <2€“I,~kbkCTd v e“kbkcIde> : (3.52)
aved TIRPETY = —e4p0qg RPLETY + 4peq ROKCLT. (3.53)
With the help of these identities and the expressions (B.38)—(B.40), it can be shown that
Doy — (eqmp — ep7q) = —8KkClyp (3.54)
Dry — (IaTbTb v % IaRbcabc> — 8k (C‘a ~ kabe> . (3.55)

Since all constraints vanish on My, the conservation laws (B.§, B.13) are in fact satisfied.

3.6 Weyl anomaly

The energy-momentum tensor is also a generator of conformal transformations, where the
conservation law requires that 7%, be traceless. With the help of eq. (), one can show
that

€Ty = K Egpeqd RPR — K C'. (3.56)

The Lh.s. is the trace of the tensor 7¢,, and since C' = 0, we obtain that its trace is

K ..
a _ " _ijkl nm
Ta = =7 enmpg B

1 SR, = KEy. (3.57)

8The contraction operator I; acts on the p-form 2 = %Qil.,%’p dz™t .. da* as [;Q = ﬁﬁuz% dz® ...

dx'.
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We reproduce the result that the holographic Weyl anomaly is given by the Euler density,
Ey B, B9, B3, Bd)- The torsion does not enter the conformal anomaly explicitly, but only
through the spin connection w“l-b in the curvature. This is not surprising since there is no
four-dimensional topological invariant with even parity constructed from the torsion tensor
T%. As in torsion-less Chern-Simons gravity, only Type A anomaly emerges [B(, B1.

4. Discussion

We would like to end with some comments on chiral anomalies for Chern-Simons gravity
duals. In [B], Witten noted that the Chern-Simons term added to Type IIB supergravity
on AdSs x S is responsible for the occurrence of the chiral anomaly in the corresponding
CFT. It has been also known for some time that the fully antisymmetric part of the torsion
is related to the chiral anomaly of spinors in Riemann-Cartan spaces [[I0, [l]]. These facts
suggest that the Chern-Simons gravity dual theory should exhibit a chiral anomaly, due to
the coupling of the spin connection. The chiral anomaly on a four-dimensional Riemannian
manifold is proportional to another topological invariant quadratic in curvature, the Pon-
tryagin density Py = R®Rg;,. The torsion on the other hand is seen as the field strength
associated to the vielbein, and it is natural to ask whether a field theory coupled to both
curvature and torsion would develop an anomaly which depends explicitly on torsion. A
natural candidate to represent this generalized anomaly is the Pontryagin density for AdSy

Py = R%Rg, + ;2 (R“beaeb - T“Ta) , (4.1)
where £ is the AdS radius. When T'® vanishes, the term in parentheses also vanishes, since
it can be locally written as —d(T%e,). There is a controversy whether the second term
in ({.1), which is by itself a topological invariant, should contribute to the chiral anomaly
or not. See [iJ] and [[J] for details. The AdS/CFT correspondence offers a rich ground to
test the dependence of the chiral anomaly on torsion.

The explicit calculation could be performed as follows. Taking as a working example
the Dirac field (B.1)), we see that the chiral current is proportional to the fully antisymmetric
part of the spin current,

o .
ch = 3 e e (4.2)

In fact, the spin current for the Dirac field is o 4 = é% = i Eqped €“Uy57%Y, and its

fully antisymmetric part yields Jg = iy57%) , as expected for the chiral current.
In our case, from (B.51), we obtain the chiral anomaly (defined as 9;(|e|J,) = |e| A,,)

8Kk - . .

.Ach = W sjk"mai (kijlnm — klejnm) s (4.3)
where k;; is a solution of the field equations (B.37)-(B.40). The question is whether this
expression coincides with ([1), or its Lorentz version R®Ry;,, will be left open. This
requires the general solution (or at least its local part) of k;; which has escaped us.
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Finally, it is worth noticing that the whole analysis of holographic CFT associated
to Chern-Simons gravities can be easily generalized to any odd dimension, for any exten-
sion (including supersymmetric ones) of the AdS group, since only the gravitational part
requires non-trivial gauge fixing. In all cases, the Fefferman-Graham expansion is finite
or truncated. In the gravitational sector, the only sources are e and w because the un-
determined (on-shell) components of k& do not couple to the CFT gravitational current,
corresponding therefore to the Fefferman-Graham ambiguity.
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