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1 Introduction

Consider a globally hyperbolic spacetime which is spatially compact. One can ask the question
whether there exists a slicing by Cauchy surfaces of constant mean curvature (in short: CMC-
slicing) and what are its properties. Since CMC-slicings have a wide variety of uses in general
relativity, this question has received a lot of attention, we refer to [0] and [I] for recent
overviews.

In the present paper we study this problem for a class of spatially compact spacetimes,
which are quotient spaces of the Kottler-Schwarzschild-de Sitter family of spacetimes [{]
under certain discrete subgroups of their isometry group. These spacetimes can be viewed
as models of cosmological spacetimes containing a black hole. Studies of CMC-slicings which
we are aware of treat cases where the spacetime has — in the future and/or past — either
an all-encompassing crushing singularity or is geodesically complete, whereas in Kottler-
Schwarzschild-de Sitter both types of asymptotic behavior coexist. Furthermore, the Kottler-
Schwarzschild-de Sitter spacetimes, due to the presence of a positive cosmological constant,
violate the so-called timelike convergence condition (strong energy condition) which most
papers assume.

Before we state the main results of the present work, let us define and describe the family of
Kottler-Schwarzschild-de Sitter cosmologies we consider:

The Kottler-Schwarzschild-de Sitter metric reads
ds®> = —Vdt? + V= dr? 4 r2dQ? where V=V(r)=1—-—— —. (1)
The cosmological constant A > 0 and the constant M > 0 are required to satisfy
IM3A < 1; (2)

then the function V(r) is positive in the interval (rp,7¢), and V(r) = 0 at the “black hole
horizon” r = ry, and at the “cosmological horizon” r = r.. The region r, < r < r¢ is a static
region of the spacetime with Killing vector & = 9;. (When 9M2A > 1, there are no horizons,
the spacetime is not static but homogeneous.) It is straightforward to see that
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In the limit where A goes to zero, the spacetime metric tends to Schwarzschild and 7, tends
to 2M. In the limit where M goes to zero, the metric becomes de Sitter and r. tends to

3/VA.

The static region of the spacetime has an analytic extension reminiscent of the Kruskal
extension of the Schwarzschild spacetime and the de Sitter spacetime. A common way of
depicting the arising spacetime uses two charts which cover the regions 0 < r < 7. and
r, < r < oo. The conformal compactification of the region 0 < r < r. is depicted in
Fig. it contains the curvature singularity » = 0; the conformal compactification of
rp, < 1 < 00 is shown in Fig. The overlap of the charts is r, < r < r.. As is well-
known, the constructed spacetime corresponding to the union of Figs. and can be

(3)
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smoothly (in fact analytically) extended in a “periodic—in—r"-fashion. Thereby one obtains an
inextendible, globally hyperbolic spacetime of topology R x R x S? satisfying G w+Agw =0,
see Fig. 2l We call this spacetime the Kottler-Schwarzschild-de Sitter spacetime KSSdS.

rT=00

)y <7 <00

Figure 1: The figures show the compactified regions 0 < r < r. and r, < r < co. Solid lines represent
hypersurfaces ¢ = const, dashed lines are hypersurfaces r = const.

On KSSdS there exists an isometric action of R x SO(3). The dashed lines in Figs.
and are orbits under the R-factor in this action, i.e. under the static Killing vector
& = 0;. Henceforth this action will be called “Killing flow” for brevity. Note that the Killing
vector £ is globally defined; it is null on the Killing horizons » = r, and r = 7. which
emanate from the bifurcation 2-spheres at which & vanishes. Furthermore there exist discrete
isometries (“reflections”) leaving fixed the hypersurfaces ¢ = T = const, which are given via
T+t—T—¢.

While r is globally defined on KSSdS, ¢ blows up on the Killing horizons. In the static region
or in the black hole, white hole, or cosmological regions, (r,t) forms a coordinate system.
The solid lines in Figs. and |1(b)| represent hypersurfaces ¢ = const, which are totally
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geodesic as fixed point sets of the discrete isometries. There exist two kinds: spacelike and
timelike ¢t = const hypersurfaces; the latter we call ¢ = const cylinders.

By virtue of the periodicity in 7, the t = 0 cylinders in two adjoining copies of the region
0 < r < 7, can be identified, which results in a smooth spacetime of topology R x St x S2,
which we call the cosmological Kottler-Schwarzschild-de Sitter spacetime KSSdS[0]. The
spacetime KSSdS is the universal covering of KSSAS[0]. More generally, let T € R and
identify points of equal radius r on a t = 0 cylinder and a tilted ¢ = 2T cylinder in an
adjacent copy of the region 0 < r < r¢ on the r.h. side, see Fig. 2l Thereby we obtain a whole
family of inextendible, globally hyperbolic, cosmological spacetimes, which we call KSSdS[T].

Note that KSSAS[T] is a smooth, in fact analytic, spacetime: consider a neighborhood of the
t = 0 cylinder in KSSdS. Via the Killing flow this neighborhood is isometric to a neighbor-
hood of the ¢t = 2T cylinder, hence the hypersurfaces ¢t = 0 and ¢t = 2T agree not only in
their induced first and second fundamental forms, but also in all higher derivatives of the
fundamental forms. The identification of the two hypersurfaces thus results in a smooth
manifold. Note that, while the spacetime KSSAS[0] is time-symmetric, KSSAS[T] with T # 0
is not; however, KSSAS[T] and KSSdS[—T] differ by time orientation only.

The spacetimes KSSAS[T] are not the only cosmological spacetimes which arise as quotient
spaces from KSSdS. Firstly, we note that it is not necessary to identify ¢ = 0 with a ¢ = const
cylinder in an adjoining copy of the region 0 < r < r¢; indeed, an arbitrary number of
intervening copies between the identified copies is possible. However, the arising spacetimes
do not exhibit different structures as far as the properties of CMC-slicings are concerned.
Secondly, we may identify, in the black/white hole or in the future/past cosmological region,
points mapped to each other by a discrete subgroup of the action under £. Thereby we obtain
cosmological spacetimes that are completely different from the class KSSAS[T| considered
here. These spacetimes will be treated in forthcoming work by one of us (J.M.H.) [].

r=0 "= r=0

0

identification

Figure 2: The compactified Kottler-Schwarzschild-de Sitter spacetime KSSdS[T].

In this paper, a slicing denotes a smooth family of smooth (spacelike) hypersurfaces. A
parametrization of a slicing is a smooth map W : I x 3 — spacetime, where ¥ is a 3-manifold
and I C R, such that for all 7 € I, ¥U(r,-) is an embedding. We require that ¥(r,) is
a hypersurface of the slicing for all 7 € I, i.e. by the parametrization of the slicing the
hypersurfaces are represented as level sets 7 = const. Note that a slicing is a foliation iff the
map WV is a diffeomorphism onto its image.
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The content of the paper is as follows. In Sec. Bl we study spherically symmetric compact
CMC-slices in terms of the associated initial data sets. We find that these compact CMC-
initial data sets are parametrized by two constants (K, C'), which lie in a bounded connected
open subset K€y of R2. The constant K is the mean curvature of the slice, i.e. the trace of
the second fundamental form. The interpretation of the constant C' is less immediate (see
the note following ([@)). Suffice it to say that initial data generated by (K, C') is umbilical, i.e.
the extrinsic curvature is proportional to the three-metric, iff C' = 0. The parameter space
KCp is investigated in some detail in Appendix [Al In Sec. B we discuss the embedding of
the compact initial data sets into the cosmological spacetimes KSSAS[T]: we prove that each
compact CMC-initial data set is embeddable as a Cauchy CMC-hypersurface into KSSdS|[T]
for a particular value of T and that the embedding is unique modulo the Killing flow. Secs. @l
and Bl are concerned with the formulation and the proof of the main results of the present

paper.

One main theorem can be stated in an informal manner as follows: Each spacetime KSSdS|[T]
contains a unique non-trivial slicing of Cauchy CMC-hypersurfaces. (Here, a CMC-slicing
is called trivial, if both K and C' are constant along the slicing, and uniqueness is again
understood modulo the Killing flow.) The first step in proving this theorem is undertaken in
Sec. @I, where we show, using the implicit function theorem, that if the spacetime KSSdS[T]
contains a compact CMC-hypersurface, then it evolves into a unique CMC-slicing. Crucial for
this is the analysis of a (linear) ordinary differential equation, whose solution is interpreted as
the lapse function of the slicing. Due to the violation of the timelike convergence condition,
this analysis is quite involved and thus deferred to Appendix We find that the CMC-
slicing in KSSdS[T] can be represented by a curve in the parameter space XCy, which in
turn is given as the T-level set of a function 7 (K, C) on KCy. Thus there exists an interplay
between a global but finite dimensional picture, where CMC-slicings are viewed in terms of
their representation in XCy on the one hand, and a local but essentially infinite dimensional
view of slicings in spacetime on the other hand. Based on these ideas, in the second step
in the proof of the theorem, in Sec. [l we show that each spacetime KSSAS[T]|, T arbitrary,
contains a compact CMC-slicing and that this slicing is unique.

In another theorem in Sec. Bl we describe the asymptotic behavior of the CMC-slicings: Along
each slicing K tends to +v/3A in the future resp. in the past, C' tends to explicitly known
values that depend on A and M. In spacetime the hypersurfaces of the slicing approach

r=(1/VA) [1 —V1- 3\/KM] in the black hole (resp. white hole), and 7 = oo in the future

(resp. past) cosmological region (see Fig. 8). An essential ingredient in the proof of the
theorem is an asymptotic analysis of the function 7.

Finally, in Sec. Bl and in Appendix [0 we discuss whether the compact CMC-slicings in the
spacetimes KSSdAS[T] are foliations. We prove that each slicing is a foliation at least during
some time of its evolution. Moreover, if |T| is sufficiently large, then the slicing cannot be a
foliation for all times. In addition, we provide solid numerical evidence that there are values
for (A, M) such that, if |T| is small, the CMC-slicing is a foliation everywhere.

In this work we can, and of course do, make use of the spherical symmetry of the spacetimes.
The quantities we are seeking are all ”essentially explicit” in this sense: they are either given
by quadratures of algebraic functions, or solutions to algebraic equations, or level sets of
functions which are in turn given by quadratures, and combinations of the above. Still only a
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small part of our task can be performed by a direct investigation of these expressions. Rather
we require a somewhat delicate interplay between the analysis of the explicit quantities and
the geometric analysis.

2 CMC-data

In this section we investigate spherically symmetric CMC-initial data sets. We find that
there exists a two-parameter family of compact CMC-data; we analyze the parameter space,
and we discuss the main geometric properties of the CMC-data sets in dependence on the
parameters.

Consider a three-dimensional Riemannian manifold ¥ 22 J x S? endowed with a spherically
symmetric 3-metric o
39i; dx'dx? = dI* + r*(1)(d9* + sin? 9 dp?) ; (4)

the coordinates v, ¢ are usual angular coordinates, [ is a “radial” coordinate which takes
values in .J, which is (an open interval of) R, or J = S'. Let there be given a symmetric
tensor Kj, the second fundamental form, such that the mean curvature

K =3%,;K"Y = const . (5)

By (locally) solving, along the lines of [3], the vacuum constraints with positive cosmological
constant A we obtain that (E,ggij, K;;) is a spherically symmetric CMC-initial data set, iff
there exists a constant C' such that

L K 2C K C
Kijdr'de! = | — + — | d? + | — — — | r()*(d¥? +sin® ¥ dp?) .

jacte) = (54 ) 0+ (5 = g ) r%as" st o). @
Note that Kj;; is of the form K;; = (K/3)3;;+C L};-T, i.e. it is the sum of a constant trace plus
C times a tensor that coincides with the unique spherically symmetric transverse traceless
tensor w.r.t. %. The initial data set is umbilical, i.e. K;; ~ g;;, iff C = 0. The function (1)
is required to satisfy

=: D(r), (7)

where the prime denotes the derivative w.r.t. [. The constant M in ([d) coincides with the
mass M appearing in ([I), which is a consequence of the subsequent considerations.

An initial data set (3,3%;;, K;;) is said to admit the Killing initial data (or KID) (o, X?),
if (o, X?) lies in the kernel of the (overdetermined) operator given by the adjoint of the
linearized constraint operator (see [H], also [2]). The KID-condition, in the presence of A, is

equivalent to
2aKij -+ 2D(2Xj) =0 ; (8)

together with

DiDja+ LxK;j — a(®Ry; + KK;; — 2K Kj; — A%;;) = 0, (9)
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which, provided that o # 0, is in turn equivalent to the statement that the ”Killing develop-
ment”, i.e. the stationary metric

gudztds” = (—a® + X?)dr? + 2X;drdz" + %g;;dx’ da’ (10)

satisfies G, + Agu, = 0. The present CMC-initial data set does in fact admit a KID, namely
(ag,Xg) given by

- 0 Kr(l) C 0
— XLo; = o= - = . 11
The development of the initial data set thus results in a spacetime with Killing vector &,
2M  Ar?
b= aent + X PEy = —ai+ Xg=—(1- "— - — 12
agn” + X0y P ag + X¢ " 3 (12)

Here, n* denotes the unit normal of X in the spacetime, X? = Xng . The KID is “static”:
from
X5
J
Dy; w =0 (13)
it follows that &* is hypersurface orthogonal. In the Killing development of the initial data,
> is given by 7 = 0, and the metric reads

guvdzda” = (—af + X2)dr* + 2X} drdz’ + %g;jda’da? . (14)
By using r and introducing the coordinate ¢ through
Xt : Kr(l) C
dr =dt — ——— da’' =dt — V™! - dl 15
U e ( 3 r<1>2> (15)

we recover the original Schwarzschild-de Sitter metric (),

oM Ar? oM AP\
gudxtdx” = — (1 - — — 2 a2 +(1—-—— ar dr? + r2dQ? . (16)
r 3 T 3
We record for later use the identity
Vut=-V"1¢,, (17)

which follows from the previous discussion. As another particular consequence we conclude
that the constant M introduced in () is to be interpreted as the mass M appearing in the
Schwarzschild-de Sitter metric.

In the following we consider the cosmological constant A and the mass M as given constants.
A CMC-initial data set (X,%;;, K;;) arises from the choice of a pair (K,C), by which D(r)
and thus r(l) is defined (modulo an irrelevant translational freedom in [), cf. ({0).

Definition. We define the parameter space of compact CMC-initial data by

Xe = ({(K,C) | (K,C) generates compact CMC-data (2,%;;, K;;) with ¥ = S* x 52})0 .
(18)
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S "
Tone TrrIin TUIA
t

r— Tmin T'max

(a) (b)

Figure 3: For (K,C) € K€, D(r) is positive between two positive zeros, rmin/"max, and dD/dr does
not vanish at 7min/rmax. Then D(r) gives rise to a (smooth) closed curve in the (r,7’)-plane, and r(l)

becomes a periodic function.

Proposition 2.1. The parameter space KC is the disjoint union of three open connected

domains,
KC=XKCuXCuXC_q. (19)

KCy is the connection component of (K,C) = (0,0), it is invariant under the inversion.

For proofs we refer to App.[Al In this paper, we focus on compact CMC-initial data generated
by (K,C) € XCy. The space KCy is depicted in Fig. B it is enclosed by the curves C; and
Cy, and the vertical straight lines K = ++/3A. (In the following we refrain from making
a distinction between the curves Cp; and the functions Cy(K), Cy(K) = —Cy(—K), that
parametrize the curves.) Some properties of the functions Cy;(K) are discussed in App. [Al

C

/

VA VA K

//;’C;KTQ/)’_

Figure 4: XC for A =1, M = 1/4; it is enclosed by Cy(K) and K = +v/3A.

K=—-V3A

If and only if (K,C) € K€, the function D(r) exhibits the form depicted in Fig. B(a} in
particular, D(r) possesses two positive (simple) zeros, rmin and Tmax, such that D(r) > 0
in the interval (7min, "max). Accordingly, when viewed over r € [ruyin, "max], ¥’ = +£+/D(7)
describes a closed curve, cf. Fig. so that r(I) becomes a periodic function that oscillates
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between rpin and rmax; we denote the period by 2L,

L= /D—W(r)dr. (20)

Without loss of generality we assume that
7(0) = rmin 50 that  7(+L) = Tmax ; 21)

it follows that r(l) is an even periodic function, which is implicitly given through

I(r) = + / D25 di. (22)
By the natural identification of | = —L and [ = L, the domain of the function 7(I) becomes
S1, so that the CMC-initial data (X, %;;, K;;) is compact with ¥ = St x 52,

Remark. From Fig. @ we see that a pair (K,C) that generates compact CMC-data, in
general also gives rise to non-compact CMC-data, where r(I) ranges in (0,7one]. A CMC-
data set of this type is embeddable in KSSdS as a hypersurface that runs into the singularity.
A detailed classification of all possible types of CMC-data sets and their embeddings in
KSSdS[T] and other cosmological KSSdS-spacetimes will be presented in [5]

When (K, C) € 9(XC), the profile of the function D(r) is a borderline case of the profile 3(a]}
On the boundaries Cp, the function has the form , i.e. the zero rpi, is a double zero.
The solution of ' = 4,/D(r) that is relevant for our purposes is r(l) = const = ryin:
by identifying | = [y with [ = Iy for any ly, l1, we obtain a compact CMC-initial data set
(%, 3gij, K;j), ¥ = S'x S2. On the boundaries K = ++/3A, D(r) possesses a simple zero rpin,
but “rpax = o0”, i.e. D — 1 (r — o0), see Fig. @ In this case, no compact CMC-data is
generated. The features of D(r) described above occur simultaneously on the intersections
of the boundaries.

(a) (K,C) € Cou (b) K = +v3A
Figure 5: The profiles of D(r) on 9(XCy).

For every compact CMC-initial data set (S x 2%, 3%, K;;) associated with (K,C) € KC,
the radius r of the spheres of symmetry varies between values ryi, and rmax. We conclude
the section by discussing rmin (K, C) and ryax (K, C) in dependence on (K, C) € KC.

Most importantly, we note that ryni, < 7, and that ryy, = 7 iff (K,C) is such that
C = (r}/3)K. This “line of maximal ry;,” divides KCp in two regions, an upper (left) half,
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characterized by [K7min/3—C/r2. ] < 0, and a lower (right) half with [Krpn/3—C/r2. ] > 0,
see Fig. The function 7y, assumes its global minimum on XCy at the point (K, C) =
(V3A,Cy(v/3A)) and at the reflected point; the minimal value is given by @3). 7min de-
creases/increases along the boundaries of XCy as depicted in Fig. [L0(a)l 7max > 7c and
Pmax = Te iff (K,C) is such that C = (r3/3)K. This “line of minimal 7.," divides KCy in
two regions, an (upper) left half, where [K7yay/3 — C/r2,.] < 0 and a (lower) right half,

max

where [Krpax/3 — C/r2..] > 0, see Fig. [[0(b)} rmax is unbounded on XCy, it diverges like
V3 / VA as K — +v3A; A = A — K? /3. Both 7min and ryax are constant along straight lines
in XK@y, see Fig. [l

Tmin Ccan be given explicitly,

Tmin = \/LK (il Ty\/1F 3\/KM> ,  for K =V3A, C = Cy(V3A). (23)

Here, the upper sign applies to C, the lower to Cp.

3 Embeddings

In this section we investigate embeddings of compact CMC-initial data (3, %;;, K;;) as CMC-
hypersurfaces in Schwarzschild-de Sitter spacetime.

Let (K, C) € XCo; the pair generates compact CMC-data (X = S1x 52, 3;;, K;;). We consider
the universal covering (X = R x S2, 39@1'7 K;j) of the data by regarding r(l) as a periodic even
function on R. The initial data set (Z,?’gij, K;j) is embedded as a CMC-hypersurface S in
KSSdS via

l

r=r(l) = t(l) = /v—l(r(i)) (Kg(l) - r(z(;)2> di, (24)
0

which follows from ([H). The integral is understood in the principal value sense, so that (1) is
well-defined for all I with V' (r(1)) # 0; this suffices to uniquely define the embedded hypersur-
face in KSSdS. (Alternatively, the embedding can be given in Kruskal type coordinates.) If
(K, C) is such that 7y, = 71, then V=1 is singular at [ = 0, but also (K7/3—C/r?) = 0 when
[ — 0, cf. Fig. Using de 1'Hospital’s rule we see lim; o V=1(r(1))[Kr(1)/3 — C/r*()] =
—V'=Yry)(K/3), i.e. the integrand is bounded as [ — 0. Similarly, the integrand is always
bounded as [ — L.

The CMC-hypersurface S defined by &4 is not the unique embedding of ¥: integrating nms))
leaves the freedom of choosing an integration constant so that ¢ is replaced by ¢ — const
in ([24). The one-parameter freedom is associated with the Killing flow, hence, modulo the
Killing isometries the embedding is indeed unique.

Let (K,C) € XCy. Then r(l) oscillates between 7y < 7 and rpax > 7, therefore Sisa
Cauchy hypersurface in KSSdS, see Fig. Bl

The (future pointing) unit normal of S is given by

& (Kr C\ 9
w — Iy—1 _ .
', =1Vl 4 ( 3 T2> By (25)

10
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Figure 6: The embedding of the compact CMC-initial data with K = 1 and C' = 0.1 in KSSdS[T]
(with A = 1, M = 1/4). The hypersurface is not null at the horizon r.: for the figure we have used the
coordinate system of the region 0 < r < r. and extended it to 0 < r < oo to obtain global coordinates;
however, these coordinates break down at r = r..

it is straightforward to check V n* = K. The CMC-hypersurface S passes through the white
hole region [black hole region] if (K7min/3 — C/r2.) > 0 [(Krmin/3 — C/r2,,) < 0]; when
(Krmin/3 — C/r2,) = 0, rmin = 7 and the hypersurface passes through the bifurcation
sphere; compare with Fig. Similarly, the hypersurface passes through the future [past|
cosmological region if (K7max/3—C/r2,) > 0 [Krmax/3—C/r2 . < 0], cf. Fig. These
relations guarantee that S cannot oscillate between the black hole and the white hole (or the
future and the past cosmological regions): either S passes through the black hole regions or
through the white hole regions for all [ = 2nL, n € N, where r(l) = ryi,. However, it will
occur that S runs through the black hole region and through the past cosmological horizon

(or vice versa). This can be seen from the combination of Figs. [[0(a)] and [I0{(b)]

The embedding of a compact CMC-initial data set (%, %;;, K;j), ¥ = S! x S2, as a CMC-
hypersurface S in KSSAS[T] is more delicate.

Consider (24) and make the following

Definition.
T :=t(L) = O/Lvl(m)) <Kg(l) - Tg)2> dl :TTXV_ID_W(T) (% = %) dr . (26)

Like rmyin and 7rpax, the function 7 depends on the pair (K,C) € KCy characterizing the
CMC-data. For (K,C) € Cy4, T is not canonically defined; each choice of ly, [;, which leads
to compact data, cf. Sec. B, is associated with a different value of 7.

Proposition 3.1. Let (K,C) € XCy. Then the associated compact CMC-initial data set
(X = St x S%,%,;, K;;) is embeddable as a CMC-hypersurface S in KSSdS[T] if and only if
T =T. The hypersurface is a Cauchy hypersurface, and the embedding is unique modulo the
Killing flow.

Proof. Consider the universal covering ¥ of the data and the embedded hypersurface S as
given by (Z4]). The hypersurface is invariant under the two discrete isometries ¢ — —t and

11



CMC-Slicings of KSSdS Cosmologies

27 +t +— 2T —t of the spacetime; this is because r(l) is even about [ = 0 and even about
| = 2L according to its periodicity. Since the unit normal vectors of S at | = 0 and [ = 2L
must be invariant under the respective isometries as well, they must be tangential to the
fixed point sets ¢t = 0 and ¢ = 27 of the isometries: we conclude that n*d, o 9; at [ = 0 and
[ = 2L. The identification of ¢ = 0 with ¢t = 27 in KSSdS thus results in a CMC-hypersurface
S in KSSdS[7] which is isometric to ¥ by construction. The proof of the remaining claims
is trivial. [ |

The argument used in the proof will re-appear in the proof of Theorem BTl alternatively, we
could have used (ZH).

Remark. Consider (the universal covering of) the CMC-initial data generated by (K,C) €
Cpt C O(KXC). Since the data is characterized by a function 7(I) = const, the embedding
is a r = const hypersurface, which is contained in the black/white hole region of KSSdS|[T]
(for arbitrary T). The compact interpretation of the data set, which is obtained by an
identification of [ = [y with [ = [y for any Iy, [1, is not naturally embeddable in KSSdS[T].

4 Slicings

Proposition Bl states that there exist spacetimes KSSAS[T] containing a compact CMC-
hypersurface. The aim of this section is to investigate whether these spacetimes contain
CM(C-slicings, i.e. smooth families of CMC-hypersurfaces.

Any CMC-hypersurface can be evolved into a CMC-slicing by the Killing flow; however, this
CMC-slicing is trivial in the sense that K and C are constant along the slicing. The existence
of non-trivial slicings is shown in the following theorem: any compact CMC-hypersurface
of KSSdS[T] evolves into a compact CMC-slicing, along which the mean curvature K is
monotonic; furthermore, this slicing is necessarily unique modulo the Killing flow.

Theorem 4.1. Consider a spacetime KSSdS[T] that contains a compact CMC-hypersurface
S. Then there exists a unique local slicing of KSSdS[T] by hypersurfaces S;, 7 € (—7,T),
such that

i. So=38,
ii. Sy is a compact CMC-hypersurface for all T € (—7,7),
1i. Sy is reflection symmetric for all 7.
Along the slicing S; the mean curvature is a strictly monotonic function, i.e.

iv. K(T) is strictly monotonic.

Furthermore, every slicing S, that satisfies @) and ) arises from S; by combining the flow
of S with an appropriate admizture of the Killing flow.

Remark. The requirement ([) is a convenient way of fixing a representative within the equiva-
lence class of slicings that satisfy (fl) and [@). The compact CMC-hypersurface S contains a to-
tally geodesic 2-sphere at r = ryi,, which evolves into a cylinder represented by 7 +— 7yin (7).

12
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The slicing S, is reflection symmetric if the cylinder is totally geodesic, i.e. coincides with
t = const; without loss of generality we always assume reflection symmetry w.r.t. ¢ = 0.

Proof. The CMC-hypersurface S is characterized by (Ks,Cs) € KCp; the induced metric is
di* +12(1) d?. S can be represented by (), it is invariant under the reflection ¢ — —t. We
introduce Gaussian coordinates in a neighborhood of S: the metric reads

gudrtdz” = —do® + s%(0, \)d\? + 1% (0, \)dQ? ; (27)

o € (—d,5). The hypersurface S is represented by ¢ = 0; A =1 on §. We obtain by using
the identity d,gi; = 2K;; and (@),

= T =r s :ﬁ 2Cs r :KSTS()\)_ Cs

We choose & so that inf|s .5 s(0,A) > const and inf|5 <5 7(0,A) > const VA. The normal
vector of § at A = 0 is tangential to the cylinder £ = 0, since § is invariant under the discrete
isometry ¢t — —t. The cylinder ¢ = 0, being the fixed point set of a discrete isometry, is
totally geodesic, therefore the normal geodesics passing through A = 0 lie on ¢ = 0, hence the
hypersurfaces A = 0 and ¢ = 0 coincide; analogously, A\ = Ls corresponds to t = 75 (= T).
From this fact that the Gaussian coordinates are adapted to the discrete symmetry, it thus
follows that s(o, A) and r(o, A) are even functions in A for all o; analogously, the functions
are even about A\ = Lg.

In a neighborhood of § in KSSdS|[T], a compact hypersurface can be described by the equa-
tions

o=¢(), A=1, where ¢ :S' — (-7,5). (29)
We define the mean curvature operator K,
/
1 250, 1 4 2r' 4 1 4
Kl -—327_(10,2 <803+ , ) T (22 T 2 — o2 t3 327_¢/2 ’
(30)

for ¢, the prime denotes a derivative w.r.t. [, for s and r, a derivative w.r.t. the second
argument; the suppressed arguments of the functions s, r, and its derivatives, are (¢(1),1).
For a given ¢, K[y] is a function S' — R describing the mean curvature of the hypersurface
o0 — p(A\) = 0. The hypersurface S is represented by ¢ = 0; from 28] we obtain K[0] = K.
In order to show the claims of the theorem we solve the prescribed mean curvature equation
K[p] = K (= const) in a neighborhood of S.

Consider the Sobolev space H2(S') = W22(S!). The Sobolev inequalities ensure that v €
H?(S') implies ¢ € C171/2(Sl), where C11/2 denotes the relevant Holder space; we have the
estimate ||¢)||c11/2 < const ||[¢p]| g2 for all ¢. Since |[¢||pee + |¢'||pe < [|9)]|gr1/2, the set
SH2(SY) == {w € H?(SY) | |[¥|lpe + ||¢'|lL < § = const} is a neighborhood of the origin in
H?(SY). Let HE . (S') denote the space of even functions ¢ € H*(S'); as a closed subspace
of H*(S') it is a Banach space. Finally define °H2 . (S") := H2,,(S') N°H?(S"). We choose
§ sufficiently small, so that ||¢||p~ < & and |[s® — 92|~ > const > 0. The quasilinear
operator K, viewed as a map

K Hien(S") — Hoen (") (31)

13
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is C''-differentiable. The argument is standard and can be inferred, e.g. from Thm. 4.1 in [TT].
The (Fréchet) derivative of K at a point ¢ is a linear operator,

K'le] : Haen(S") — Hoven(S") | (32)

even

which, for ¢ regular enough, is given by

82—90’2

. .. S .
K'lel(¢) = (A(agv) A - Kopi KJ) (7 90> (33)
with ¢ € HZ2,,(S'). The expressions %, and K, are the metric and extrinsic curvature of
the surface o — p(\) = 0; the Laplacian is the one associated with %,. It is convenient to
obtain Eq. (B3] through geometric arguments, cf. the remark following Corollary B3]

Since ¢ = 0 represents the CMC-hypersurface S we obtain

ol — _ o, K& 6C3

K'0j=A+a where a(l)_A_T_rﬁ—(l)' (34)
(Note that there do not exist pairs (Kgs, Cs) € KCy such that a(l) < 0VI.) The operator K'[0]
is elliptic, the Fredholm alternative holds. In Lemma EE2 we show that ker K'[0] is trivial, i.e.
the homogeneous equation Aa + aax = 0 admits only the trivial solution o = 0. It follows
that K'[0] is an isomorphism, and we are able to apply the inverse function theorem, see,
e.g. [8]: there exists an open neighborhood V of K[0] in HY,.,(S') and a unique continuously

differentiable mapping K1V — JH(?VOH(SI) with the property that IC[]C_I(FL)] = x for all
keV.

Let K be a smooth real function of 7 € R which is strictly monotonic and satisfies K (0) = Ks;
let (—7,7) be an interval such that K (7) € V for all 7 € (—7, 7); note that K (7) is interpreted
as a constant function for each 7. Then

pr = KUK (7)) (35)

uniquely defines a family of °H2,, (S")-functions {¢, | 7 € (—7,7)}, where ¢, # ¢, for
T # To. For each 7, ¢, is smooth, by elliptic regularity. Moreover, the mapping 7 — @ is
continuously differentiable by construction. Therefore {¢,} defines a unique local slicing of
KSSdS[T] by compact CMC-hypersurfaces

S, :={(0,\, Q) € KSSAS[T] | o = ¢, (1), A =1}, (36)

T € (—7,7); Sy # Sy, for 7 # o since g =0, S = S. By construction, since ¢, is even
for each 7, and since A = 0 coincides with ¢ = 0, S, is invariant under the discrete isometry
t — —t for all 7. Hence, the properties ({l)—(fZl) are proved; also ([x) is a direct consequence of
the construction. The remaining claim follows immediately from the considerations of Sec.
and Prop. Bl [ |

Remark. In the proof, K(7) is strictly monotonic, which does not imply that K Z# 0 a priori.
However, by an appropriate redefinition of the parameter 7, K # 0 can always be achieved.
Henceforth we will always adopt the convention that K > 0.

14
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Lemma 4.2. Consider the equation
Aa+aa =0, (37)

where a(l) = A — K?/3 — 6C2/r%(1), and let o € H?

even

(S1) be a solution. Then a = 0.

For the proof we refer to Appendix [Bl
Corollary 4.3. The equation

Aa+aa =K (K = const > 0) (38)

possesses a unique even solution o : S — R for all (K,C) € KCq.

Proof. The equation is elliptic, the homogeneous equation possesses only the trivial solution.
The Fredholm alternative holds, hence existence and uniqueness of an even periodic solution
a follows. -

Equation (B8) is obtained by differentiating the mean curvature %% K;; and using the evolu-
tion equations along the slicing. The solution of (B8] is the lapse function of the slicing S;
described in Theorem ELIE in fact, when we set

D (1,1,Q) — (0,\,Q) = D(7,1,Q) = (@(T,l),l,Q) , (39)

where ¢(7,-) = ¢,(-), and note that the future unit (co)normal of the slicing S; is given by
s

- ¢

nydat = (—do + ¢'dN) (40)

2 /2

S

we obtain s
o= 732 —7 % (41)

from the decomposition ®# = ant+@" X ¢ (where the dot denotes 9/97). Hence ([B3)) and X))
coincide.

The shift vector of the slicing S, depends on the “spatial gauge” we are imposing. Let us
briefly elaborate on this issue. Consider the parametrization of the slicing

O (1,1,Q) = (0,7, Q) = &(r,1,Q) = (o1, 6:(1)), B-(1), Q) , (42)

where 3,(-) : [~Ls, Ls]~ = St — S! is one-to-one for each 7; when the parametrization
is adapted to the reflection symmetry of the slicing, 3;(0) = 0 must hold; by virtue of
the Sl-periodicity, 8,(+Ls) = £Ls for all 7. On each hypersurface S,, [ is a coordinate,
however, the 3-metric on S, is not of the form di? + r2dQ? for general 3,. Now consider
1o, = (¢4 B¢y + B0y and @’fl Oy = @' 0y + 'Oy, where (r,-) = B-(-). While the lapse
«a is given by (), the shift vector field X'0; = 20;, z = x(7,1), depends on the gauge 3. It
is given explicitly by

1 ¢o B_ a B

B2 B2

xr = (43)

15
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where we again suppress the arguments (7’, B(r, l)) on the r.h. side. Note that x(7,0) = 0 and
x(r,£Ls) = 0, since ¢'(1,£Ls) = 0 and B(7,+Ls) = 0. We mention three gauges: when
B-(1) = 1 we recover the gauge used in Theorem EL cof. @9), and z = —as~(s? — ¢/ 2)"1/2y/.
Another interesting parametrization is the one given by B = [s2 — @' 2] 71¢'p; this gives
vanishing shift, i.e. an “Eulerian” gauge. As a third possibility, the gauge given by 3’ =
[s2 — ¢ 2]_1/ 2 suggests itself. Here the spatial metric reads di? + r2dQ for all 7, as is easily
seen by considering the pull-back of ([Z1); we call this the “isotropic gauge”. The shift, which
reads © = —a ++/s2 — ' 23, satisfies 2/ = —a(K/3—2C/r3), as can be shown by using (X))
or by invoking the identity 0(®*,; ®”,; g,) = 2aK;; + 2D(; X;). But beware: the isotropic
gauge is not consistent with the S'-periodicity requirement, and thus z(7, +Ls) # 0.

The following relations are recorded for later use. Consider r = r(®(7,1)) and t = ¢(®(7,1))
in any gauge. Restricted to S (i.e. for 7 =0 or o = 0), we have

or _ Kgr Cs , ot I Kgr Cs
87'_< 3 T2>a+xr, 87'_V ra+ 3 27| (44)
To prove the first relation we compute
. . - : Ksr  Cs
oo = @y G+ 0] g+ @)y By = | (555 = | )
7=0

where we have used ([28) and the fact that ¢(0,1) = 0 and 3(0,1) = [. To show the second
relation we note that the Killing vector is given by ¢ =1/, — [Ksr/3 — Cs/r?0) for o = 0,
cf. (). Hence for &,dx” we obtain &, = —r' and &, = —[Ksr/3 — Cs/r?], both evaluated at
o =0, cf. @70). Now, d,t = -V, cf. ([0), therefore

. _ Kgsr C
t‘r:O = (a‘jt)Lf:O 04‘7_:0 + (8)‘t)‘0:0 x‘r:O =V ! |:7’/04 + <TS - 7,_‘25.> LL’:| o . (46)

Proposition 4.4. Consider a spacetime KSSdS[T] that contains a CMC-slicing Sr, T €
(—7,7), satisfying the properties [@)-(ud) of Theorem [[1. This slicing uniquely corresponds
to a smooth curve in XC,

(=7, 7)1+ (K,C)(1) € XC, (47)
such that (K,C)(0) = (Ks,Cs). The tangent vector (K,C)(t) of the curve is given through

_E(@)rmin(r) f <z z) = 10in(7) Ctmin(7) | (48)

3 T min

where Tmin(7) = r(7;0), . (1) =1r"(1;0) = (1/2)(dD(7';r)/dr)|rzrmm(7), amin(7) = a(1;0);

min
a(t;1) is the lapse function of the slicing.

Proof. S; is a compact CMC-hypersurface in KSSAS[T] for all 7, hence the CMC-data is char-
acterized by (K(7)),C(71)) € XC for all 7. Accordingly, S; generates a mapping (—7,7) >
T = (K,O) (1) = (K(1),C(7)) € KCy; clearly, (K,C)(0) = (K(0),C(0)) = (Ks,Cs). By
virtue of the uniqueness property of S, established in Theorem ETl the connection between
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the slicing S, and the map (K,C)(7) is one-to-one. To prove that (K,C)(7) is a smooth

curve in K€y, consider

K2(7) N 6C2(7)
3 r6

Kij(r;r)KY (m37) = , (49)

cf. @). Along the (smooth) slicing S;, K;; K% and K are smooth functions, therefore C(7)

and thus (K, C)(7) is smooth.

Let a(7;1) be the lapse function of the slicing S, and X*9; = x(7;1)d; the shift vector in an
arbitrary gauge. Consider 9 [K;;(7;1)K%(r;1)]. We have on one hand that

2 . 120 . 3607 .
(KinZJ):gKK—F—TG C_—T‘7 r, (50)

where 7 is given by ([]). On the other hand, from the evolution equations and by employ-

ing @),

i 12Ca 12C7/ K 2C\ . 36C?
(KZ.?K]):_ 7’6 (—TD(T)+T—3M)—T+2<§+T—3>K— 747 TILU. (51)
Equating (B) and (B1I), the terms involving the shift cancel, and we obtain
K ;1 '
el () = 1"(ra(ril) = ST S0 (52)
from which Eq. &) ensues by evaluation at [ = 0. |
Definition. Equation {§), i.e.
K min C
- 7;3 2 "min Cmin » (53)

together with K > 0, defines a unique oriented direction field on XCy. This is because Tmin,
i and amin can be regarded as functions of (K,C) € KCy. (Note in particular that the
lapse function is determined by equation [38), which only relies on the initial data sets.)

Proposition B4 states that a slicing S; is uniquely represented by a (local) integral curve of
the direction field. The following proposition turns this into a global statement:

Proposition 4.5. Consider a spacetime KSSdAS[T] that contains a CMC-slicing S., T €
(—7,7), satisfying the properties @)-@zd) of Theorem [l This slicing can be mazimally
extended to a slicing S;, 7 € (1—,74) 2 (=7, 7), satisfying [@)-([zd), such that

(K,C)(1) = 9(KCy) (T — 74). (54)

Thus, the maximal extension of a slicing uniquely corresponds to a maximal integral curve of
the oriented direction field in XCq.

17
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Proof. Let (17—, 74) be the maximal interval of existence of the slicing S; provided by The-
orem ETl and consider the associated curve (K,C)(7) in XK€y, which is an open piece of
a maximal integral curve (K, C)mic(7) of the direction field defined on XCy. Assume that
(K,C) (1) = (K4+,C4y) € XK€ as T — 74. Since S; is a hypersurface in KSSdS[T], 7(7) =T
for all 7 € (7—, 74 ). As a function of K and C on XCy, 7 is continuous, cf. ([Z0); it follows that
T(K;,Cy) =lim, ., T(K(r),C(r)) = T. Thus, by Theorem ET], there exists a unique local
slicing Sy, m € (—7,7), in KSSAS[T], such that Sy is the CMC-hypersurface characterized
by (K4+,C4). The slicing S, is represented by an open piece of the maximal integral curve
(K, C)mic passing through (K, C,); hence S, U S, is a slicing of KSSdS[T] that extends S;.
This is a contradiction to the assumption. The argument for 7_ is identical. [ |

5 Properties of the slicings, and foliations

In this section we prove that each spacetime KSSAS[T] contains a unique (maximally ex-
tended) slicing by compact CMC-hypersurfaces, and we show that this slicing is a foliation
for a certain range of the time parameter. However, we begin with a discussion of the asymp-
totic behavior of slicings.

Lemma 5.1. Consider the function

rmax (K,C)
K
T = [ v D G (77” - %) dr, (55)
Tmin (K,C)

cf. (Z4). Let [0,1) > v — (K,C)(v) € KCy be a curve such that (K,C)(v) — (Kg,Cy) €
0(KCy) as v — 1. Then

T =100 if (Kp Cp)c (ot U(K = —\/3_A)) (56a)
T— -0 if (Ko Cp)e (ob U(K = +\/3_A)) , (56b)

where, however, the points (V3A, Ci(V3A)) and (—v3A, Cyp(—V3A)) are excluded.

Proof. Let (Kp,Cy) € Cy with Ky € (—v3A,++v3A). Choose € > 0 small, and write

Tmin (V) +e€ Tmax (V)
1 -1
T() = / Vv <K(V)7‘ B C(;/)) i+ / Vv (K(V)T B C(;/)) i
o D(v;r) 3 T /) D(v;r) 3 r
Tmin (¥ Tmin(V)+€

(57)
The second integral converges to a constant as v — 1, since iy (v) and ryax(v) converge to
the values of ryin and ryax at (K, Cy), respectively, and the integrand converges uniformly.
In 7 € (Pmin(V), min (v) + €) we make the expansion

D”(V; Tmin)

B (r— 7"min)z +O((r — 7"min)g) ) (58)

D(V; T) = D/(V; Tmin)(r - 'r'min) +
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where rmin = Tmin(v) and the prime denotes differentiation w.r.t. r in the present context.
Then the first integral becomes

V) (25— )]

min

. \/§ IOg[D/(V; Tmin)]
D//(V; Tmin)

+ D¢+ O(D'(v; Tmin)) -

(Ka,Co) [

(59)
The first factor is a positive number, since Kyrmin/3 — Ca/rrznin is negative, cf. Fig. [10(a)|
D, is a constant. With v — 1, D'(v; rmin(v)) — 0, cf. Fig. the equation D'(rpin) = 0
is in fact the defining equation for Cj;, see Appendix [Al Therefore, 7 (v) diverges like
—log[D'(v; rmin(v))], i.e. T — oo as v — 1. Analogously, we are able to prove that 7 = —oo
on C, when Ky # ++v/3A; the different sign results from the different sign of the quantity
(K7rmin/3 — C /72 ); see Fig. [

min

N
|‘| c

K>0 8
2 - =~ P
Il
-

T =—0
/Cb/
R
T=

Figure 7: On K€y the direction field (K, C) satisfies K > 0. On the boundaries 7 = +o0.

Now let Ky = +v3A, Cy € (Cp(£V3A),Ci(£V3A)). Along the curve (K,C)(v), Tmax(V)
diverges like v/3/1/A — K(1)2/3, cf. Sec.El Choose rq > 7. such that D(v;7) < 4, r—2M > 0,
and | K (v)|r? > 6|C(v)| on 7 € [ro, Tmax(v)/2] for all v sufficiently close to 1. Then,

) Tmax/2
vl /Kr C vt /Kr C
T | I _ (22 _ X2 < R (et
/ S < 3 r2>d7‘> / 0] < 3 T2>dr

Tmin To
Tmax/2

1 AT2 -t Kr 1K Tmax/2
<= _ar 2\ =22
=1 / ( 3) <3>dr iaosr), o (60

70

where we have suppressed the dependence on v. We infer that 7 (v) diverges at least like
—(signK) log(A — K(v)?/3) as v — 1; hence T — —oo when Ky = v3A and 7 — oo when
Ky = —V/3A. A combination of the arguments used for (5) and ([B0) also yields that 7 —
—o00 when (Kj,Cs) = (V3A,Cy(V3A)) and T — oo when (K, Cy) — (—V/3A, Ci(—v/3A)).

|

Proposition 5.2. Consider a spacetime KSSAS[T] that contains a CMC-slicing satisfying
the properties [@)—@d) of Theorem 1. Let Sy, T € (1—,74), be the maximal extension. Then
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(K,C)(1) — (V3A,Cy(V/3N)) (1 —714), (61a)
(K,C)(1) — (—V3A,Cy(—V3A)) (1 —71_). (61b)

Hereby, the hypersurfaces S; converge to the asymptotic hypersurfaces S+, Sy in the future,
S_ in the past,

Si:<r:%[l—\/1—3\/KM>U(r:oo) C KSSdS[T] (62)

as T — T4, see Fig. [&
= -

Figure 8: The asymptotic hypersurfaces S+ of the slicing S.

Remark. Proposition is equivalent to the statement that all maximal integral curves of
the oriented direction field on KCy originate from the point (—v3A, Cp(—v3A)) and end in
the point (V3A, Cy(v/3A)). This is straightforward to prove:

Proof. Each maximal integral curve (K,C)(7) of the direction field on K€y is characterized
by 7(7) = T = const, since the slicing is embedded in KSSAS[T]. Therefore, the limit set of
the curve (K, C)(7) cannot contain a point on 9(XCy) where 7 = £o0, which leaves only the
points (—v3A, Cy(—v/3A)) and (v3A,Cy(v/3A)) by Lemma Bl Together with K > 0 this
entails (&1l).

To show the second part of the assertion, we recall that S; can be represented by ¢(7;7) in
KSSdS[T], cf. [24)). In analogy to the considerations in the proof of Lemma Bl we obtain
Tmin(T)+5
(T rmin(7) +€) =

Tmin(T)

vl <K(T)’f’ C(7)
3 r2

Drir) — > dr — oo (1 —74) (63)

for all € > 0; moreover, rmin(7) — Tmin(7+) for 7 — 74. Therefore, in the black hole region, S;
converges to the hypersurface r = rpin(74) as 7 — 74, where the convergence is uniform on
each “cone” {t|t € [-E,E],E > 0}. From (Z3) we see that 7yin(74) = (1—V1 — 3v/AM) /V/A.
Similar considerations apply for the cosmological region; in particular, rpa.x(7) — oo as
7 — 74. Hence the claim is established. [
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Figure 9: The direction field (K, ) on Xy for A =1, M = 1/4.

Theorem 5.3. Each spacetime KSSAS[T] contains a unique (mazimally extended) slicing
Sr, T € (1-,74), such that

a. S; is a compact CMC-hypersurface for all T € (17—, 74),

b. S: is reflection symmetric for all .
Along the slicing,
c. K(7) is strictly monotonically increasing.

FEvery slicing S.. that satisfies (@) arises from S; by combining the flow of S; with an appro-
priate admizture of the Killing flow.

Remark. By definition, 7 is constant along the maximal integral curves of the oriented
direction field on XCy. Below we prove that, for each T, the equation 7 = T defines a
unique integral curve, which corresponds to a unique slicing S, in KSSdS[T], 7 € (17—, 74),
satisfying (@)—(@). The function 7 can thus be viewed as a “Hamilton function” for the
oriented direction field on KCy.

Proof. Each maximal integral curve of the oriented direction field on K€y has a unique point
of intersection with the line K = const, since K > 0 everywhere. Hence the pairs (0,C) with
C € (Cy(0),C(0)) parametrize the family of integral curves in KCy. In the following we prove
that 07 (K, C)/0C is positive for all (K,C) € KCy. By virtue of the asymptotic properties
of T(K,C) established in Lemma BTl this implies that C' +— 7 (0,C) is a bijection between
(Cy(0),C¢(0)) and R. Hence, there exists a unique pair (0,C) € K€, such that 7(0,C) = T,
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and thus a unique maximal integral curve in XCgy, such that 7 = T along the curve. Since
the integral curve uniquely corresponds to a slicing S, satisfying (@)-(@), the claim of the
theorem is established. We now show that 07 (K,C)/0C > 0 for all (K, C) € XK.

Consider the initial data generated by (Ks,Cs) € KCy and let again Ls = L(Ks,Cs), T =
7T (Ks,Cs). The universal covering of the data is embedded as a Cauchy CMC-hypersurface
S in the covering space KSSdS. In a neighborhood of S we introduce Gaussian coordinates
(o, A), cf. the proof of Theorem BTl Now consider the (auxiliary) spacetime given by (=7, ) x
(=Ls — &, Ls + €) x S2, which we denote by KSSAS[T]'; it is an open subset of KSSdS and
spatially incomplete. In KSSAS[T]' the hypersurface S does not generate a unique slicing, but
evolves into a one-parameter family of slicings; we are able to show this in a straightforward
way by using the methods of the proof of Theorem EEIl We define the mean curvature
operator K as in (B0 and an operator C,

6 - 2
el i= I (g - KL (6

which assigns to every hypersurface o = ¢(\) a function (—Ls — &, Ls +¢) 2 XA — C[p](A);
for a CMC-hypersurface characterized by (K, C), Cl¢] = C. By construction, K[0] = Ks and
C[0] = Cs. K and C are C' operators on H2,((—Ls —¢,Ls +¢)), K'[0] = A + a, cf. ),

and

3

3

where b(A\) = M + KC/3 — 4C?/r3 and V*(r3/3) V; = r2r'9;. The set ker K'[0] is not trivial,
and neither is ker C'[0]. However, the joint map (K, C’)[0] is an isomorphism; see Appendix[Bl
We may apply the inverse function theorem: there exists a unique continuously differentiable
mapping (K,C)~! such that (IC,C)[(K,C) " ((k,7))] = (k,~) for all (k,~) of a neighborhood of
(Ks,Cs) in HY,,, x HO,.. Hence, given a smooth function (—7,7) > 7+ (K(7),C(7)) such
that (K (0),C(0)) = (Ks,Cs), a unique slicing S, in KSSAS[T]’ is defined by using ¢, :=
(KC,0)~Y(K(7),C(7)). By construction, the slicing S, in KSSAS[T] uniquely corresponds to
a curve (K,C)(7) in a neighborhood of (Ks,Cs) € KCy.

Consider the hypersurface S and the slicing S, in KSSdS[T]' such that S = S and K (7) = Kg
for all 7; the slicing is represented by a curve (K,C)(1) = (Ks,C(7)), C(0) = Cs, in XCy.
Let a(r,1) be the lapse function of the slicing and z(7,[) the shift vector in an arbitrary
gauge. Making use of (@) we find that

c’[o]:%gA—vi< >V¢—|—b, (65)

or' O%r
E(QLS) = W(QLS) = (

KSTmaX . CS
3 r2

max

) o/(0,Ls) + 2(0, L) (66)

where rmax = (0, Ls) and 7/, = r"(0, Ls). Differentiation of the equation (7, L(7)) = 0

results in % o ’(O Ls)
d STmax S « y S
L(0) = - < 3 2 > r!

max max

—2(0,Ls) . (67)

We are now prepared to investigate the derivative of 7(7) at 7 = 0. The definition 7 (1) =
t(r, L(7)) leads to

70) = 20.L5) + 20.15) b(0) = L) (63)

max
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where we have employed (24)) and (). By virtue of Eq. (&) (which holds also for slicings
of KSSAS[T]'), we have C(0) = r". r2. «(0,0), and thus

min’ min
9T (K,C) _ L @OLs) iy abls) _LabLs) oo
80 (Ks,CS) TﬁlngliZn Tllnlnax a(()? O) Tllnlﬂax r1’2nin,rgl12n 2 Tr2nin7,;1,ai2n

where we have also used () from App. B} ap denotes the solution of the homogeneous
lapse equation (&), associated with (Kg,Cs), with initial data agli—g = 1. By virtue of
Lemma FZ2, o is not periodic, so that af(2Ls) # 0; moreover, since af(2Ls) # 0 holds
irrespective of the choice of (K,C) = (Kgs,Cs), it has a definite sign for all (K,C) € KCy.
Consequently, also 07 (K,C)/0C = 0 for all (K,C). Indeed 07 /OC > 0 by virtue of the
asymptotic behavior of 7 (K, C') described in Lemma Bl This establishes the claim of the
theorem. [

Remark. The slicing S, in KSSdS[0], which constitutes the only time-symmetric spacetime in
the family KSSdS[T], is represented by a distinguished integral curve in K€y that is invariant
under the inversion. The curve passes through the origin (0,0) which is associated with a
CMC-hypersurface of time-symmetry, the hypersurface ¢ = 0, which connects the bifurcation
2-spheres.

Remark. The approach we have taken to establish the main results displays a pronounced
interplay between the geometric analysis and the analysis of the function 7. We have chosen
this approach because the direct investigation of this function is non-trivial; e.g. it is not
straightforward to show directly that it has no critical points, since methods like the ones
applied in [3] fail.

Theorem 5.4. In KSSdS[T] consider the unique maximally extended slicing Sy, T € (T—,T4),
satisfying the properties (@)—(@) of Theorem 3. There exists an interval (7—,74+) C (17—, 74),
such that S;, T € (T—,T4), is a foliation.

Proof. Consider the lapse equation (B) for an umbilical pair (K,C) € XCy, i.e. C = 0. In
this case a = A — K?/3 = const, and

) K2\ !
o' ‘(chzo) =K <A — ?> = const > 0 (70)

is the unique even solution on the domain S' provided by Corollary B3 Let a(r,1) be the
lapse function of the slicing S: in KSSdS[T] which is represented by (K,C)(7) in KCy. The
asymptotic properties (B1l) imply that there exists 79 such that C(r9) = 0. At 7 = 79, v is
given by ([[0), i.e. a(7p,l) = const > 0. Since «(r,l) continuously depends on 7, cf. (),
there exists an interval (7_,74+) 3 79, such that a(7,l) > 0 for all 7 € (7_,74). Hence S; is
a foliation for 7 € (7_,74). ]

Remark. Since the lapse function is explicitly known for C = 0, the direction field (K , C) at
C = 0 can be computed explicitly as well. From ([{Tl) we obtain

K2

-1
C‘(K,C:O) =KM <A - ?> = const > 0. (71)

We infer that every integral curve intersects the line C' = 0 exactly once, hence the value of
To introduced in the proof of Theorem B4 is unique.
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In general, (7—,74+) # (7—,74+) in Theorem B this is proved in Appendix [0 In particular,
Corollary shows that (7_,7+) # (7—,74+) for all spacetimes KSSAS[T| with |T| large
enough.

Conjecture 5.5. There exist numbers 0 < F, < Fy < 1 such that the following statement
holds: if KSSdS[T] is a cosmological Kottler-Schwarzschild-de Sitter spacetime with 9IM?A €
[Fe, Fy) and sufficiently small |T|, then the mazimally extended slicing S;, T € (7—,74), of
Theorem [223) is a foliation.

This conjecture is based on extensive numerical evidence, which we present in Appendix [Cl
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A The parameter space XC; of compact CMC-data

A.1 Properties of XC

By definition, (K, C) € K€ iff there exists a neighborhood of (K, C) € R? such that all pairs
of that neighborhood generate compact CMC-initial data. The function (1) that determines
the initial data is given by the equation

|/ A2 2
T/::]:\/D(T) with D(T):D(K7C’7‘):1_%_A_T+C

r 3 i (72)

where M = M + CK/3 and A = A — K2/3; the initial data is compact iff 7(I) is periodic
and thus interpretable as a function S' — R. Therefore, (K, C) € KC iff the function D(r)
possesses two positive (simple) zeros rmin and Tmax, such that D(r) > 0 in ("min, "max)-
(Accordingly, when viewed over r € [rumin, Tmax), ¥ = £+/D(r) describes a closed curve,
cf. Fig. @, and 7(l) becomes a periodic function which oscillates between 7, and ryax.)

Assume C # 0; then D(r) — oo as r — 0, thus two positive extrema are necessary to obtain
the desired profile of D(r), cf. Fig. The critical points of D(r) are

N (T R (Y e T B

which are positive, iff ~
3 M?

A>0 M >0 C? < — | 74
, <2l (74)

For future reference we note that
A>0 & Ke(—V3A+V3A). (75)
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When the conditions ([Z4]) are satisfied, r_ /4 is automatically a minimum /maximum of D(r);
however, the conditions are not sufficient to ensure the profile of D(r).

Note that the case C' = 0 is simpler: D(r) possesses the desired profile iff A > 0. Proof:
D(r) — —oco (r — 0, r — 00); r_ does not exist; 7, = {/3M/A is a maximum iff A > 0.
Moreover, D(ry) > 0, since 9M2A < 9M?2A < 1.

We can effectively reduce the problem by one parameter by writing

- oM 72 C? = T A T

D(f):1—7—%+~—4 with #=+VAr, M=MVA, C=CA.  (76)
T T

Investigating (78) we find that the function D(7) has the desired profile if and only if (M, C)

lies in a certain connected open set whose boundaries are convex/concave functions. Using

these properties, via the variable transformation relating (M, C) and (K, C) for given (M, A)

we can prove

K€ = K€y UKEC; UKC_,, (77)

where the XC; are pairwise disjoint connected open sets; KC_; arises from K€y by inversion
at the origin. KCp is the connection component of (K,C) = (0,0), it is invariant under the
inversion, cf. Fig. Bl KC is enclosed by the functions C;(K) and Cy(K) = —Cy(—K), and
the vertical straight lines K = +/3A.

The functions Cp¢(K) are only know implicitly; the defining equation for Cp; is D(r—) = 0,
or, equivzilently, Ar® +3M = 2r_, where A, M, and r_ depend on (K, Ct,b(K))- In the limit
of small A we obtain the approximate solutions

2
3 i <i1 17 \/§KM>
2 K? V1FVBKM

where the upper sign applies to Ct, the lower to Cy; note that |Cy(vV3A)| < |Ci(V3A)].

\/g 2
Coa(K) = 15 (il TV1T \/§KM> +1+

+O(A?),

The functions Cj; are strictly monotonically increasing. To show this we differentiate the
defining equation D(r_) = 0; we obtain

8Cb’t _1 3|
9K 3 "G

For the sake of completeness we note that C(K) is a convex function.

(78)

A2 ro, and 1. on KCy

We investigate rpin and rpax as functions of (f( ,C) € KCy. In the special case C' = 0, the
function D(r) reduces to D(r) = 1 —2M/r — Ar?/3, thus

2 §+ 7T> 2 <§ — 7T> -
Thin = —= €COS [ —— | , Tmax = —= COS | —— where cos§ :=3M \/X 79
VA < 3 VA 3 (79)

Two subcases deserve special attention: when K = 0 we have cos§{ = 3M VA and Tmins Tmax
coincide with the horizons of Schwarzschild-de Sitter, rmin = b, Tmax = Tc. In the limit
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K — ++v/3A, ([[@) becomes

8 a4 : V3 _

Pin = 2M + —MPA + O(A%) | rpax = —= + O(VA). 80

3 (A7) 7 (VA) (80)

Eq. ([[@) shows that rmin | and ryax T when | K| 1; hence, for C' = 0, for all K, ryi, < rp and

Tmax = Te-

By recalling that D(r) = V(r) + [K7/3 — C/r?]?, we conclude from V() > 0 Vr € (r,,7.)
that rmin, "max € (rp,7c) is excluded. Since ryin < 1, and rpax > re for C = 0, and since

Tmin and Tmax are continuous functions of (K, C') on the connected domain KCq, rmin < 7,
and ryax = 7. must hold everywhere on KCg.

Suppose that ryin = 11, for some (K,C) € XCp; it then follows from D(ry,) = 0 that C' =
(r3/3)K. Conversely, consider (K, C) with C = (r}/3)K; from

2M  Ar? Kr  Kr3\?
D=1 2 AT (Er Kny ]
) 3 < 3 32 ) (81)
we obtain D(r,) = 0 and dD/dr|,, > 0, therefore ryi, = r,. Hence
3
Pmin (K, C) = 1y — C=2LK. (82)

3

We conclude that there exists a straight line in K€, given by C' = (7‘% /3)K, along which ryiy
attains the maximal possible value 7. This straight line intersects the boundary 9(XCp) in
the K = 4/3A vertical lines (and has no intersection with Cp,¢). To establish this result we
verify that (r7/3)v3A < Cy(v/3A) and we note that r_ < 71, everywhere, so that the slope of
Cy(K), cf. ([I8), is always less than the slope of the straight line. Hence, this “line of maximal
Tmin” divides K€y into two regions, an upper (left) half and a lower (right) half. In each
of the two halves [Krmin/3 — C/r2:.] # 0 holds, since [Krmin/3 — C/r2;.] = £4/=V (rmin);
it follows from the connectedness of the regions and the continuity of the function that
[KTmin/3 — C/r2;] < 0 in the upper left half and [Kryin/3 — C/r2,,] > 0 in the lower right

half, see Fig. [10(a)|

Analogously, we find a straight line of minimal 7,y in KCy,

73

Tmax (K, C) = 1¢ = C = 3‘: K. (83)
The straight line of minimal ryax, C = (r2/3)K, intersects Cj,+(K) and so defines an (upper)

left half of K€y, where [Krmax/3 — C/r2,.] < 0 and a (lower) right half, where [Krmpax/3 —
C/r2..] > 0 holds, see Fig. [T0(D)

Consider a curve (K,C)(v) and regard ryi, and ryax as functions of v. By differentiating
the equation D(rpin) = 0 w.r.t. v we obtain

=2 (2] ) [Hran € ) [ g
min dr 'Tmin 3 Tr2nin 3 rr2nin ’

and the analogous result for rp,y; the overdot denotes differentiation w.r.t. v.
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Figure 10: 7y, is maximal, 7y, = 71, along a straight line. It divides K€y in two halves, which
are characterized by Krmin/3 — C/r2;, = 0. On the boundaries, myiy increases as indicated by the
arrows. For the first subfigure A = 1, M = 1/5. rpax is minimal, 7y, = rc, along another straight
line, which defines the regions K7yax/3 —C/r2 . = 0. On the boundaries, 7.y increases as indicated

by the arrows; rmax — 00 (K — £v/3A). For the second subfigure A =1, M = 3/10.

Consider the boundaries Cp; as parametrized curves (K (v),Cy(K(v))) and assume K > 0.
By definition, rmyi, = r— on Cp;, whereby dD/dr = 0 at rmin, so that (&) is not applicable.

However, by differentiating th(? equation dl? /drly,... = 0 we are able to express f'min in terms
of regular expressions: using C' = (r3. /3)K, see ([[J), we obtain
d2D - [Krpwm C
Tmin = —2 | —= K - — along Cy;. 85
min < dr2 7‘min> |: 3 7}2nin g Ubt ( )

Since [Kryin/3 — C/r2. ] < 0 on Cy and (17/2D/a€7“2|rmin > 0 we observe that 7, > 0 along

min

Cy; by virtue of the reflection symmetry, rmi, < 0 along Cp.

From the monotonicity properties of i, along Cp; and the lines K = £v3A, we conclude
that rpi, assumes its global minimum at the point (K,C) = (vV3A,Cy(v3A)) and at the

reflected point, see Fig. [L0(a)
Using ([[3) in the rmax-analogue of (&) we get
. dD -1 Krmax C Krmax r3
Tmax = —2 <W 7”max> |: 3 o rr2nax:| 3 1= rr3nax along Cb,t' (86)

We infer the properties of rmax along Cj ¢ as depicted in Fig. [LO(b)l In contrast to rmin, Tmax
is unbounded as K — v/3A.

For small A we can calculate 7yin and ryay along Ch,t up to any desired order of A:

Fmin = ié (il F \/m> <i1 + waé(ﬂ TVl ﬁKM)) +O(A?) (87)

K K 1FV3KM

along Cy ¢ for A — 0, where the upper sign applies to C;, the lower sign to Cj. Setting A = 0,
Eq. (87) becomes

Tmin = % <i1 TVI1T 3\/KM> for K = V3A, C = Cy+(V3A). (88)
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Finally, along Cp ¢, Tmax is given by

2 (557 o S
Tmax = —= €08 | —— | + O(A where cos¢ = 3M\/K , &9
Toos (55 (392) ; (9)

which follows when C?/r# is neglected against M /r in D(r).

ct ct

%J ﬂ%(

| | ] B
| | K 1
r%ﬁ § —

Figure 11: 7y, and rpnax are constant along straight lines in X€. We chose A = 1 and M = 1/5,
M = 3/10.

For a given rg € (\/K_l(l— 1 — 3V AM), ), the set of all (K, C) such that ry, (K, C) = 7o

is (a segment of) a straight line in KCy: D(r¢) = 0 holds iff (K, C) is chosen according to

3
C= %]K:FT(%\/—V(TQ); (90)

moreover, dD/dr|,, > 0 holds for (a segment of) the described straight line; hence ryin = 79
there. The lines of constant r,;, are depicted in Fig. @ Analogously, rmax IS constant

along straight lines (@0), where rg € (¢, 00); see Fig. 1:[

A.3 Hypersurfaces r = const

An alternative way of investigating the space K€ is based on an analysis of the CMC-data
associated with r» = const hypersurfaces. In KSSdS the hypersurfaces r = const are spacelike
hypersurfaces with unit normal /—V(r)9/0r when r € (0,7,) U (r¢,00). A hypersurface
r = const possesses constant mean curvature, the induced CMC-data is represented by the
constants K, C,

1 3M r2 K2
K=%—— —2+—+A2>, C=+— 1—<A——> 2 91
$r —V(r)< r " \/3\/ 3 )" (1)

The induced metric is dI? + r2dQ? with | = t\/—V(r) € (—00,00); identifying | = Iy with
I =11 > ly leads to compact CMC-data, however, no canonical choice of Iy, [ exists.

The r = const initial data sets play the role of borderline cases: r = const data arises when
the function D(r) possesses a double zero. We infer that the pair (K, C) of ({Il) lies on the
boundary of KCq:

(K,C)€Cy,  when %(1— 1—3\/KM><7«<%<—1+ 1+3\/KM>.(92)

Egs. (E) thus constitute a parametric representation of the boundaries C; of KCy.

28



CMC-Slicings of KSSdS Cosmologies

B The lapse equation

We consider the equation
. " 2 !/
Aa+aa =0, ie. o +—-r'ad+aa=0, (93)
r

where a(l) = A— K?/3—6C?/r%(); note that there do not exist pairs (K, C) € K€y such that
a(l) is non-positive, which follows from algebraic computations based on the results of Ap-
pendix[Al We seek the general solution on the domain R. Equation (3] is homogeneous with
periodic, even and odd coefficient functions. The general solution of (33)) is a superposition
of two principal solutions with symmetry properties:

e Let ag(l) denote the function that solves (@3] with initial conditions ag(0) = 1 and
a,(0) = 05 it is even.

e The function a¢(l) = /(1) is odd; it solves (@3) with initial conditions ag¢(0) = 0,
ag(0) =7/
i3

min*
The function ag is positive in (0, L) but negative in (—L,0); ae(0) = ag(L) = 0; ag¢ is a

periodic function. Geometrically speaking, ag(l) = /(1) is the lapse function associated with
the Killing vector &, cf. ().

To investigate the general solution of (33)) we use Floquet’s theorem. Let us write ([@3]) as a

system of first order,
/
«@ 0 1 « «
(@) = (o) (2) - 400(3) - o9

The principal solution matrix is given by

_( aoD) (D)) 7min / _ _ (10
I1(7,0) = < ap(l) () > , IT'(1,0) = A(DIIL(L,0), I1(0,0) = < 01 > (.95)

The Wronskian W (l,0) = det II(/,0) satisfies the equation W’(1,0) = (trA(1)) W(l,0), thus
!
W(1,0) = det TI(1, 0) = exp / teA(D) di = r2. /r(1)2. (96)
0
From W (2L,0) = 1 we see that the so-called monodromy matrix II(2L,0) fulfills

T(2L,0) — ( o (12L) " > . (97)

Floquet’s theorem states that II(I,0)

, (1,0) exp(1Q(0)), where P(l,0) is a periodic matrix
and Q(0) is such that exp(2LQ(0))

=P
II(2L,0). Thus,

0 =P0ew ! (yoony o )] =700 gagaryen 1) 0
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It follows that
ao(2nL +1) = ap(l) + n [an(2L) /rii.] ce (1) vi, VneZ, (99)

in particular, ap(2nL) = ap(0) = 1. When we employ the symmetry properties of the
coefficients in the differential equation (@4]) we are able to also establish a direct relation
between the initial data at [ = 0 and the solution at the half-period [ = L:

" 2

T, reo.
lr}nn % 0 7,//
I(L,0) = Tt?(sz oo | where cm(2L)__2cm(L)Tmm : (100)
0 o7 max

min

We infer that ag(l) (and thus the general solution of ([@3)) is periodic iff of(L) = 0. We prove
a4 (L) # 0, which implies that the even solutions of (@3] are not periodic, so that Lemma
is established.

We analyze an explicit representation of ag, which we obtain via an ansatz ag(l) = B(1)r'(1);

we get
l

aoll) = —C’r'/ gl + b, (101)

where C' abbreviates C' = rﬁlinrﬂlin, and k£ = const is such that the function is even. The

integral diverges as | — 0 and | — =4L; however, by applying de 'Hospital’s rule it is
confirmed that ag(0) = 1 and ag(£L) = £(r", /70 ) (P2 /rE ), cf. ([[O0).

When we view (the first half-period of) the function « as a function of r we can write

T

~CD /A2 D(1)3/2dA+k: . (102)

We introduce 6(r) by defining 6(r) = r*D(r)(r — rmin) "' (fmax — 7)1 the function &(r) is

positive in [Fuyin, "max|. Define

4r — 2(Tmax + Tmin) / 1

qb(r) B (Tmax - 7qmin)2\/(r - Tmin)(rmax - T) N (T - rmin)3/2 (Tmax B T)3/2

dr, (103)

then ag(r) becomes

r) = —C/ Do) 2 + VD) [ o) (50)2) ar,  (10)

Tmin

where the prime denotes differentiation w.r.t. r in the present context. Note that \/D(r)¢(r)
is a regular bounded function so that the first term in ([[04]) is regular and bounded. Using
that dag/dl = v/D dag/dr we obtain by differentiating (([04])

ay(L) = %D/(Tmin) 7ax¢(r) <7‘45(T)_3/2)/ g = _%D,(rmin) 7axq)(r) <T45(r)_3/2>// i

(105)
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where ®(1) = —4/(r — T'min) ("max — ) (Pmax —"min) ~ > is the integral of ¢(r). Therefore, since
P(r) < 0 in (min, "max), to show that af(L) # 0 it is sufficient to show that the function
r45(r)~3/2 is convex.

The special case C' = 0 is easy to treat. In this case, §(r) = (A/3)r3(r — rneg), Where ryeg < 0,
hence

3 " 1 " 3(7’ — The )4(8T2 — Arpegr + 741210 )

T — Tneg)>

i.e. r46(r)3/2 is convex.

In the general case we show that r3§(r)~! is convex. Then, r8/35=1 = r=1/3:35(r)~1 is
convex, since r35(r)~! is decreasing, and consequently r*3(r)=3/2 = (r8/35=1)3/2 is convex.
An in-depth analysis of the properties of the zeros of d(r) is essential to establish the claim.
Asymptotically, for C' — Cj;, the zeros rmin and rmax of D(r) coincide to form the double
zero r_, which is know explicitly, see ([Z3)). Hence 6(r) is known explicitly for C' — C 4,

ro (ro — 3M)? r
6(r)= -3 gt 7(— 107
(T) 3 37’3‘/(7’0) ﬂ—(?‘o) ’ ( a)
2
where 7(x) =1+ 2z + 32 + 2F2® + Fa* with F =1+ 3rgV{ro) : (107b)
(ro — 3M)?

and convexity of r3§(r)~! can be established; here, rq is such that (K (rg),C(rg)) describes
a point on Cp, via (). Since §(r) is a fourth-order polynomial, also its zeros are known
explicitly for C — Cj;. Combining this with an analysis of the variation of the zeros of ¢ as
C varies, the claim can be established; the details are omitted here.

In order to differentiate (), i.e. to be able to write down «(2L) in terms of quadratures,
the integral must be regularized appropriately. The integral representation (IIl) of o can
be “regularized” in several ways, e.g.

!
— / 1 I Tglin ") dl 1
ao=1=r [ S5 \Tmin" 5 —7 ) (108a)
0

2 ! 2 l 1
o=t i [ Sttt [ G =)t osy)

r r rer

0 0

where the integrands are now regular at [ = 0. When we differentiate the expression (I0SLDI),
and manipulate the arising terms so that divergencies cancel, we obtain

2
73

(T;;lin + rglax - T//) dl +

l
I
A9 " max 1 1" Y 1" 1"
2 = 2/(rmax_r)(rmin_r)+r
r2. r2r
min 0
1

(109)

l

" " di " 1 " A Y Ml

+r 7427,/ -r 7‘27’/2 (Tmax -r )(Tmin -r ) )
0 0
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which can be evaluated at L to obtain af(L) and thus af(2L); the equation is mainly useful
for numerical purposes.

We consider now the lapse equation
’ : " 2 N :
Aa+aa = K, ie. o+ -r'ad +aa= K = const, (110)
r

where a(l) = A — K?/3 — 6C?/r5(1), cf. B). In first order from the system corresponds
to (@4) with an additional inhomogeneity (0, K'). Using the principal solution matrix (@) of
the homogeneous system, we obtain

(3) — 11(1,0) <s> (0) +O/ln(z,s) (;) ds (111)

by the method of variation of constants.

Corollary states that there exists a unique even periodic solution of ([I0)); we give an
alternative argument here. Eq. ([[T]) describes a periodic function if and only if (o, /) (2L) =
(o, @)(0), i.e. iff

2L

(id — TI(2L, 0)) (3,) (0) = /H(zL,s) <IO(> ds , (112)
0

where II(2L,0) is given by ([@7); II(2L, s) can be computed easily,

2 1 0 r''(s) _7(s)
(2L, s) = II(2L, 0)II(s,0) ! = r(s)” < ) Tnin Thin | . 113
( ) ( M(s,0) r oap(2L) 1 —ag(s)  ap(s) (113)

min
Integration of the first component of II(2L, s) (0, 1) yields

i r2 r’ 1 r3 (2L

/7«2—<‘r~—> ds =~ |, =0, (114
0

min min min' min

i.e. the first component of Eq. (ITZ) is satisfied identically. The second condition is a condition
for a(0); it is fulfilled iff

. 2L
0(0) = - sy | ) oleds =t (115)

Eq. (IT2) does not impose a condition on o'(0); however, when « is required to be even,
a/(0) = 0 is necessary. Hence we have reproduced the result that there exists a unique even
periodic solution of ([I0).

The general solution of (M) is the linear combination & = « + koo + keoe, where kg and
k¢ are constants;

a(2nL +1) = a(l) + koao(l) + [ke + konag(2L) /rmin] ae (1) VI,Vn € Z (116)
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follows from ([@J). When ko = 0, k¢ # 0, the solution is periodic but not even; when kg # 0,
k¢ = 0, the solution is even but not periodic.

To express (umin, cf. ([IH), in terms of quadratures we may use the regularization ([08L). We
obtain

L L
Otmin _ ___ 2 L+ 2r3 /ﬂ / gﬂm_r”)dg 17— Thax
K 3ap(2L) max J 3 / 7"2 2 3 T

By using ([08al) and slightly different conventions we derive

Tmax 2d Tmax 3 3 9
o r-ar 1 "min / "max / _
amin =0 & DG D32 <D 2 D'(r) )dr=0, (117)

Tmin Tmin

where D'(r) = dD(r)/dr and D) .. = D'(rmax)-

We conclude this section by proving the claim made in the proof of Theorem B3l i.e. that
the system .
. ! 3b 3C
AB+aB=K, AB-3-F-8="1, (118)
r r r
where a(l) = A — K2/3 — 6C?/r%(l), and b(l) = M + KC/3 - 402./r3(l), has a unique even
solution $(I) (on the domain R) for given even functions K and C. It is straightforward to
see that the system ([I8) is equivalent to the equation

Kr C
!l "
iy g K¢ 119
g-rp="" - (119)
which we have encountered already in (B2). Since the coefficient ' is odd, 7" even, there exists
a unique solution [ that is even; the general solution (3 is a linear combination 3 = S+constr’.

C The space XCy, and foliations S,

In this section we discuss analytical and numerical results concerning the question of when a
compact CMC-slicing S; in the spacetime KSSAS[T] is a foliation. These results strengthen
the statement of Theorem B4l

Let a(K,C;l) denote the unique even solution of the lapse equation [H) associated with
(K,C) € XCy and a given constant K > 0, cf. Corollary We make the following

Definition. XCy, is defined as the set of all (K,C) € KCy such that the associated lapse
function a(K, C}l) is positive.

Proposition C.1. There exists a neighborhood W of the line C' =0 in KXCqy such that

W C KCos . (120)
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Proof. The proof is similar to the proof of Theorem Bt iy (K, C) and thus o(K,C;l)
depends continuously on (K, C) € K€, when K is a given constant (or a continuous function
on XCy), see Appendix [Bl Hence, since a(K,C;l) = const > 0 on the line C' = 0, cf. ([{0),
there exists a neighborhood W of C' = 0 which is contained in KCq. ]

Proposition C.2. There exists a neighborhood V(Cy) in XCy of the curve {(K,Cy(K)) |
| K € (—V3A,V/3A)} and a neighborhood V (Cy) of {(K,Cy(K)) | K € (—V3A,V3A)} such
that

V(Cb) N 9((30+ - @ 3 V(Ct) N g<60+ - @ . (121)

There exists a neighborhood U(v/3A) of the line {(v/3A,C)|C € (Cy(vV3A), Cy(V3A))} in KCq
and an analogous neighborhood U(—v/'3A) of {(—v3A,C)|C € (Cp(—V3A), Ce(—V3A))} such
that

U(\/ 3A) NKCy C KCoy U(— V 3A) NKCy C KCoyy . (122)

Proof. In KSSAS[T] consider the foliation of the black hole region by r = const hypersurfaces.
Recall that 7 = 79 = const is a CMC-hypersurface with metric di? 4+ r3dQ? and K = Ko,
C = Cy given by ([@). The lapse function «, of the r = const foliation at r = r¢ is given by

K K¢ 6C3
, where a(rg) = A — =2 — —60
a(ro) 3 0

a,(1) = const . (123)

It is a solution of the lapse equation (B), where 7’ = 0, i.e. a, solves o/ 4 a(ro)a, = K. We
consider a hypersurface r = 1y such that rg lies in the interval given in (@2), so that we have
Koy € (—v3A,V3A) and (without loss of generality) Cy = Cy(Kp).

Consider a neighborhood of (Kj,Cp) in KCy. Choose a pair (K, C) € XCy of that neighbor-
hood and consider the associated CMC-hypersurface which is determined by the embedding
t(r), see ). For all small € > 0, for all large E > 0,
Tmin (K,C)+€
[t (rmin (K, C) + €) =
rmin (K,C)

vl (@ c

_— —— |dr| > F 124
D(K,C;r) \ 3 T2>T (124)

and |rmin (K, C) — 19| < €, provided that (K, C) is sufficiently close to (Ko, Cp). This follows
from (24]) using the same techniques as in the proof of Lemma [l and Proposition In
the subset ¢ € [-E, E] of the black hole region, the (monotonic) function r(t) thus satisfies
|r(t) — ro| + |Or/0t| < 3e, if (K, C) is sufficiently close to (K, Cp), i.e., r(t) is approximately
constant for ¢t € [-E, EJ.

Let, now, S be a compact CMC-hypersurface whose values (Kg, Cs) are sufficiently close to
(Ko, Cp), i.e. |(K3, Cs)— (Ko, C(])‘ < §; S can be approximated by the hypersurface r = rq in
a region t € [—E, E|] of the black hole. Consider the compact CMC-slicing S; that contains
the CMC-hypersurface S associated with (Kgs, Cs). Since the oriented direction field on K€y
is tangential to 9(KXCp) in the limit (K,C) — (Ko, Cp), the integral curve (K,C)(7) that
represents S; can be approximated (in at least the C'-sense) by the curve (K (1), Ci(K(7)))
for all 7 of some (small) 7-interval (independent of ¢).
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It follows that the above statement carries over to the slicings S;: in some region t € [—F, E]
of the black hole, for all 7 in some small interval, the slicing S; can be approximated by the
slicing of » = const hypersurfaces through r = ry. We conclude that

amin(K7 C) — Oy = —(/——

for (K,C) — (Ko, Ch) . (125)
a(rg)

Standard algebraic manipulations reveal that a(rp) < 0 for all (Ko, Cy) € C;. Therefore,
amin (K, C) < 0 for all (K, C) sufficiently close to C, i.e. there exists a neighborhood V' (C}) of
the line {(K, Cy(K))| K € (—v3A,v/3A)} in XC such that V(C;)NKECy, = (). The statement
for (Y follows via the symmetry property of XCqy, hence the first claim is established.

The proof of the second claim of the proposition follows the same principle: we consider
a CMC-hypersurface Hy in KSSdS that is associated with mean curvature Ky = v/3A and
Co € (Cy(v/3N), Cy(v/3A)) and we exploit the fact that the family of CMC-hypersurfaces H,
generated by (V3A, C(7)), where C(7) is running in (Cy(v/3A), C4(v/3A)), forms a foliation
of (a part of) KSSdS; in particular, a(r) > 0 for Hy. The slicing H, has been investigated
in [6]. However, a proof of the positivity of the associated lapse function is missing. This
gap can be closed via considerations similar to those of Appendix[Bl, for a detailed discussion
see [B].

When S is a compact CMC-hypersurface whose values (Ks, Cs) are sufficiently close to (K¢ =
V3A,Cp), it can be suitably approximated by the hypersurface Hy, because ryn(K,C) —
Tmin(V 3A, Cp) and

t(K,C;r) — t(V3A,Co;r)  when (K,C) — (V3A,C)) (126)

at least in C', uniformly on every compact r-interval. Since the oriented direction field on
K€y is tangential to I(KCp) in the limit (K,C) — (v3A,Cp) we infer

a(K,C;r) — a(V3MN,Co;r)  for (K,C) — (V3A,Ch), (127)

hence, if (K, C) is in a sufficiently small neighborhood of (v/3A, Cy), then a(K, C;r) is positive
since a(v3A, Cp;r) is positive. Accordingly, there exists a neighborhood U(v/3A) of the line
{(V3A,C) | C € (Cyp(V3A),Ce(v3A))} in K€y such that U(v3A) N KCy C KCo.. |

Corollary C.3. The compact CMC-slicing Sy, T € (17—, 7+), in the spacetime KSSdS[T], |T|
sufficiently large, cannot be a foliation, i.e. (T—,T+) # (7—,74+) in Theorem [52)

Proof. The integral curve (K, C)(7) associated with the slicing S; is characterized by 7 (1) =
T; when |T| is sufficiently large, it must pass through a given neighborhood of C} or Cy
(where 7 = +oo0, cf. Fig. [[) and thus through V(Cy) or V(C}); in V(Cy) and V(Cy) the lapse
function is not positive. [ |

Remark. Let S. be an arbitrary slicing in KSSdS[T] that is not reflection symmetric and let &
denote its lapse function. S arises from S; by combining the flow of S, with an appropriate
admixture of the Killing flow, see Theorem 3] therefore &(l) = a(l)+keae (1) = a(l)+ker'(1)
for a constant k¢ (depending on 7), see Appendix[Bl Since 7/(1) is odd, & % 0 whenever a % 0,
Le. if S; is not a foliation then there exists no other slicing S, in KSSdS[T] that is.
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Numerical investigations suggest that KCo is a connected set; the boundary 9(XCp;.) con-
sists of two smooth curves: one curve, P;, that connects the points (—v/3A, Cy(—v/3A)) and
(V3A,Cy(v/3M)), and a second curve, Py, that connects the points (—v/3A, Cy(—v/3A)) and
(vV/3A,Cy(V/3M)). The curve P, is given by

Pt:{(K7C) ‘ (amin(Kac) :O)/\(C>O)}7 (128)

cf. (IID), P, is the reflected curve, see Figs. [2 and As with Cj; we use the same symbols
when we write the curves in parametric form, i.e. we also write C = P,(K) and C = P,(K).

t

=X

KCo+

%k Cy(K) —

Figure 12: K€y, and its boundaries P;, Py in the case A =1, M = 1/4.

K=—-V3A

— 1

— 0.95

—V3A V3R

Figure 13: The depicted function represents P, (K)/Ci(K).

A slicing S, 7 € (7—,74), in KSSAS[T] is a foliation as long as the associated integral
curve (K, C)(7) of the oriented direction field lies in K€y, ; if the integral curve intersects
P, or Py, §; cannot be a foliation for all 7. Since the integral curve is characterized by
T(r) =T(K(1),C(1)) = T, at a possible intersection point (K, P(K)), 7(K,P(K)) =T
must hold, and analogously 7 (K, P,(K)) = T for P,. Therefore, the problem of whether or
under what conditions a slicing is a foliation can be investigated by analyzing the function
7 (K, P,(K)) and the equation 7 (K, P,(K)) = T. Let Ty := infx 7T (K, P,(K));

i. if Tt # 0, then, for each T, the slicing S; in KSSAS[T] is not a foliation.

ii. If Tf > 0, then slicings S, contained in spacetimes KSSdS[T] with |T| < T¢ are folia-
tions; slicings in KSSAS[T] with |T| > Ty are not.
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To see (i) and (ii), we note that the equation 7 (K, P;(K)) = T has a solution K iff T > Ty.
By virtue of the reflection symmetry in XCy, 7(K, Py(K)) = —7(—K, P,(—K)), thus the
equation 7 (K, Py(K)) = T is equivalent to the equation 7 (—K, P,(—K)) = —T; it has a
solution iff T < —Ty¢. If Ty < 0, then, for all T, at least one of the equations has a solution.
If Tf > 0, then, for all |T| > T¢, at least one of the equations has a solution; however, for
all |T| < T¢, neither of the equations has a solution. This implies that the integral curve
7 (r) =T (with |T| < Tf) in K€y does neither intersect P, nor Py, but is entirely contained
in KCpy; thus the associated slicing Sy, 7 € (7—,74), is a foliation.

Lemma Bl entails that 7 (K, P;(K)) — oo for K — —+/3A; moreover, the numerical results
suggest that the function 7 (K, P,(K)) is always strictly monotonically decreasing for K < 0.
However, for K > 0, the properties of 7 (K, P;(K)) depend on the chosen family of KSSdS|T]-
spacetimes, i.e. on (A, M)! In Fig. [d we show the function 7 (K, P;(K)) for several cases of
M, where A = 1.

Numerical results suggest that the asymptotic behavior of 7 (K, P;(K)) as K — v/3A can be
approximated by
T(K,P(K)) =c1 +c2log(V3A — K), (129)

where the constants ¢, ¢y depend on (A, M). This is consistent with the asymptotics of 7°
obtained in the proof of Lemma Bl The constant co is positive (so that 7 (K, P;(K)) — —oo
as K — \/3_A) for all M satisfying M < M.; ¢ = 0 for M = M., and co < 0 in the case
M. < M < (3v/A)™1, cf. Fig. [

In the case M > M., positivity of 7 (K, P,(K)) is possible; indeed, there exists My such that
Ty > 0 for all M. < M < My, see Figs. [14(d)| and [14(e)l Hence, for M, < M < My, the

slicings S; in the spacetimes KSSAS[T] whose | T| is small enough, are foliations, cf. (ii). Thus
there is strong numerical evidence that Conjecture is true.

From Fig. [14(c)| we see that the equation 7 (K, P,(K)) = T can have up to three solutions.
Since in that case 7 (K, P,(K)) = T has also one solution, an integral curve of the oriented
direction field can switch between KCp; and KCy\KCpt up to four times. The different
scenarios can be read off from Fig. [[4

We conclude this section by noting that the asymptotic behavior of P;(K) is given by
P(K) = C(K) (1 - [dh + da(V3A — K)J(V3A - K)?) | (130)

where d; and dy are constants, d; > 0, that depend on (M, A).
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