
ar
X

iv
:g

r-
qc

/0
50

91
16

v1
  2

8 
S

ep
 2

00
5

FINDCHIRP: an algorithm for detection of gravitational waves from inspiraling compact binaries.
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Searches for gravitational waves from binary neutron starsor sub-solar mass black holes by the LIGO Scien-
tific Collaboration use theFINDCHIRPalgorithm: an implementation of standard matched filter techniques with
innovations to improve performance on detector data that has non-stationary and non-Gaussian artifacts. We
provide details on the methods used in theFINDCHIRPalgorithm and describe some future improvements.

PACS numbers: 06.20.Dk, 04.80.Nn

I. INTRODUCTION

For the detection of a known modulated sinusoidal signal,
such as the anticipated gravitational waveform from binary
inspiral, in the presence of stationary and Gaussian noise,it
is well known that the use of amatched filteris the opti-
mal detection strategy [1]. Some practical complications arise
for the gravitational wave detection problem because: (i) the
signal is notpreciselyknown—it is parameterized by the bi-
nary companion’s masses, an initial phase, the time of arrival,
and various parameters describing the distance and orienta-
tion of the system relative to the detector that can be com-
bined into a single parameter we call the “effective distance,”
and (ii) the detector noise is not perfectly described as a sta-
tionary Gaussian process. Standard techniques for extending
the simple matched-filter to search over the unknown param-
eters involve using a quadrature sum of matched filter outputs
for orthogonal-phase waveforms (thereby eliminating the un-
known phase), use of Fourier transform to efficiently apply
the matched filters for different times of arrival, and use ofa
bank of templates to cover the parameter space of binary com-
panion masses [2, 3]. Methods for making the matched filter
more robust against non-Gaussian noise artifacts, e.g., byex-
amining the relative contributions of frequency-band-limited
matched-filter outputs (vetoing those transients that produce
large matched filter outputs but have a time-frequency de-
composition that is inconsistent with the expected waveform),
have also been explored [4]. TheFINDCHIRP algorithm is
an implementation of these well-known methods. Several as-
pects of the algorithm have been described in passing before
[5, 6, 7, 8], but here we provide a detailed and comprehensive
description of our algorithm as used in the LIGO Scientific
Collaboration search for binary neutron star signals.

The FINDCHIRP algorithm is the part of the search that (i)
computes the matched filter response to the interferometer
data for each template in a bank of templates, (ii) computes a
chi-squared discriminant (if needed) to reject instrumental ar-
tifacts that produce large spurious excitations of the matched
filter but otherwise do not resemble an expected signal, and
(iii) selects candidate events ortriggersbased on the matched
filter and chi-squared outputs. This is a fundamental part of
the search for binary neutron star signals, but the search also
consists of several other important steps such as data selection
and conditioning, template bank generation, rejection of can-

didate events by vetoes based on auxiliary instrumental chan-
nels, and multidetector coincidence and coherent follow-up of
triggers. The entire searchpipeline, which is a transformation
of raw interferometer data into candidate events, containsall
these aspects. A description of the pipeline used in the search
for binary neutron stars in the first LIGO science run (S1) is
described in [6] and the pipeline used in the second LIGO sci-
ence run (S2) is described in [7, 9].

This paper is not intended to provide documentation for our
implementation of theFINDCHIRP algorithm. (This can be
found in Refs. [10, 11].) Indeed, some of the notation pre-
sented in this paper differs from the implementation in the
LIGO Algorithm Library. Rather, this paper is intended to
describe thealgorithm itself.

II. NOTATION

Our conventions for the Fourier transform are as follows.
For continuous quantities, the forward and inverse Fourier
transforms are given by

x̃(f) =

∫ ∞

−∞

x(t)e−2πiftdt (2.1a)

and

x(t) =

∫ ∞

−∞

x̃(f)e2πiftdf (2.1b)

respectively, sõx(f) is the Fourier transform ofx(t). If these
continuous quantities are discretized so thatx[j] = x(j∆t)
where1/∆t is the sampling rate andj = 0, . . . , N − 1 are
N sample points, then the discretized approximation to the
forward and inverse Fourier transforms are

x̃[k] = ∆t

N−1
∑

j=0

x[j]e−2πijk (2.2a)

and

x[j] = ∆f

N−1
∑

k=0

x̃[k]e−2πijk (2.2b)

where∆f = 1/(N∆t) andx̃[k] is an approximation to the the
value of the continuous Fourier transform at frequencyk∆f :
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x̃[k] ≈ x̃(k∆f) for 0 ≤ k ≤ ⌊N/2⌋ and x̃[k] ≈ x̃((k −
N)∆f) for ⌊N/2⌋ < k < N (negative frequencies). Here
⌊a⌋ means the greatest integer less than or equal toa. The
DC component isk = 0 and, whenN is even,k = N/2
corresponds to the Nyquist frequency.

Notice that our convention is to have the Fourier compo-
nentsx̃[k] normalized so as to have the same units as the
continuous Fourier transform̃x(f), i.e., the discretized ver-
sions of the continuous forward and inverse Fourier trans-
forms carry the normalization constants∆t and∆f respec-
tively. Numerical packages instead compute the discrete
Fourier transform (DFT):

y[k] =

N−1
∑

j=0

x[j]e∓2πijk/N (2.3)

where the minus sign in the exponential refers to the for-
ward DFT and the positive sign refers to thereverse1 DFT.
The DFT is efficiently implemented via the fast Fourier trans-
form (FFT) algorithm. Thus, it is important to write the most
computationally-sensitive equation in the form of Eq. (2.3) so
that this computation can be done most efficiently.

Throughout this paper we will reserve the indicesj to be
a time index (which labels a particular time sample),k to be
a frequency index (which labels a particular frequency bin),
m to be an index over a bank of templates, andn to be an
index over analysis segments. Thus, for example, the quantity
zm,n[j] will be the jth sample of analysis segmentn of the
matched filter output for themth template, and̃zm,n[k] will be
thekth frequency bin of the Fourier transform of the matched
filter output for the same template and analysis segment.

III. WAVEFORM

We assume that a binary inspiral waveform is adequately
described (for binary neutron star systems and sub-solar mass
binary black hole systems) by the restricted post-Newtonian
waveform. The two polarizations of the gravitational wave
produced by such a system depends on a monotonically-
increasing frequency and amplitude as the orbit radiates away
energy and decays; the waveform, often called achirp wave-
form, is given by

h+(t)=
1 + cos2 ι

2

(

GM
c2D

) (

tcoal − t

5GM/c3

)−1/4

× cos[2φcoal − 2φ(t − tcoal; M, µ)], (3.1a)

h×(t)=cos ι

(

GM
c2D

)(

tcoal − t

5GM/c3

)−1/4

× sin[2φcoal − 2φ(t − tcoal; M, µ)] (3.1b)

1 We use the termreverserather thaninversesince the inverse DFT would
include an overall normalization factor of1/N .

whereD is the distance from the source,ι is the angle be-
tween the direction to the observer and the angular momen-
tum axis of the binary system,M = µ3/5M2/5 = η3/5M
(whereM = m1 + m2 is the total mass of the two compan-
ions, the reduced mass isµ = m1m2/M , andη = µ/M )
is thechirp mass, andφ(t − tcoal; M, µ) is the orbital phase
of the binary (whose evolution also depends on the masses of
the binary companions) [12, 13]. Here,tcoal andφcoal are the
time and phase of the binary coalescence when the waveform
is terminated, known as thecoalescence timeandcoalescence
phase. Details about the waveform near this time are uncer-
tain but are expected to be at a frequency higher than LIGO’s
sensitive band for the systems considered in this paper. We
define tcoal to be the time at which the gravitational wave
frequency becomes infinite within the restricted second-post-
Newtonian formalism. The restricted second-post-Newtonian
waveform is considered sufficient for use as a detection tem-
plate for searches for binary neutron star systems.

The gravitational wave strain induced in a particular detec-
tor depends on the detector’s antenna response to the two po-
larizations of the gravitational waveform. The induced strain
on the detector is given by

h(t) = F+h+(t) + F×h×(t) (3.2)

whereF+ andF× are the antenna response functions for the
incident signal; these functions depend on the location of the
source with respect to the horizon of the detector and on the
polarization angle [14]. They are very nearly constant in time
over the duration of the short inspiral signal. Thus the strain
on a particular detector can be written as

h(t)=

(

GM
c2Deff

) (

t0 − t

5GM/c3

)−1/4

× cos[2φ0 − 2φ(t − t0; M, µ)] (3.3a)

where

Deff = D

[

F 2
+

(

1 + cos2 ι

2

)2

+ F 2
× cos2 ι

]−1/2

(3.3b)

is theeffective distanceof the source,2 t0 is the termination
time(the time at the detector at which the coalescence occurs,
i.e., the detector time when the gravitational wave frequency
becomes infinite) andφ0 is the termination phasewhich is

2 The effective distance of the source is related to the true distance of the
source by several geometrical factors that relate the source orientation with
the detector orientation. Because the location and orientation of the source
are not likely to be known when filtering data from a single detector, is
convenient to combine the geometric factors with the true distance to give a
single observable, the effective distance. For an optimally-oriented source
(one that is directly overhead and is orbiting in the plane ofthe sky) the
effective distance is equal to the true distance; for sub-optimally-oriented
sources the effective distance is greater than the true distance. The location
and distance can be estimated using three or more detectors,but we do not
consider this here.
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related to the coalescence phase by

2φ0 = 2φcoal + arctan

(

F×

F+

2 cos ι

1 + cos2 ι

)

. (3.3c)

Equation (3.3a) gives a waveform that is used as a tem-
plate for a matched filter. SinceFINDCHIRP implements the

matched filter via a Fast-Fourier Transform (FFT) correlation,
it is beneficial to write the Fourier transform of the template
and implement it directly rather than taking the FFT of the
time-domain waveform of Eq. (3.3a). A frequency-domain
version of the waveform can be obtained via the stationary
phase approximation [15]:

h̃(f) =

(

5π

24

)1/2 (

GM
c3

) (

GM
c2Deff

) (

GM
c3

πf

)−7/6

eiΨ(f ;M,µ) =

(

1 Mpc
Deff

)

A1 Mpc(M, µ)f−7/6eiΨ(f ;M,µ) (3.4a)

where

A1 Mpc(M, µ) =

(

5π

24

)1/2 (

GM⊙/c2

1 Mpc

) (

πGM⊙

c3

)−1/6 (

µ

M⊙

)1/2 (

M

M⊙

)1/3

, (3.4b)

Ψ(f ; M, µ) = 2πft0 − 2φ0 − π/4

+
3

128η

[

v−5 +

(

3715

756
+

55

9
η

)

v−3 − 16πv−2 +

(

15 293 365

508 032
+

27 145

504
η +

3085

72
η2

)

v−1

]

, (3.4c)

v =

(

GM

c3
πf

)1/3

, (3.4d)

and Ψ has been written to second post-Newtonian order.
Second-order post-Newtonian stationary phase waveforms
will provide acceptable detection templates for binary neutron
stars and sub-solar mass black holes [16]. This template wave-
form has been expressed in terms of several factors: (1) An
overall distance factor involving the effective distance,Deff—
for a templatewaveform, we are free to choose this effective
distance to any convenient unit, and in theFINDCHIRP code
it is chosen to be 1 Mpc. (2) A constant (in frequency) fac-
tor A1 Mpc(M, µ), which has dimensions of(time)−1/6, that
depends only on the total and reduced masses,M andµ, of
the particular system. (3) The factorf−7/6 which does not

depend on the system parameters. And (4) a phasing factor in-
volving the phaseΨ(f ; M, µ) which is both frequency depen-
dent and dependent on the system’s total and reduced masses.
We will see below that an efficient application of the matched
filter will make use of this factorization of the stationary phase
template.

In order to construct a waveform template we need to know
how long the binary system will radiate gravitation waves in
the sensitivity band of LIGO. A true inspiral chirp waveform
would be essentially infinitely long, but the amount of time
that the binary system spends radiating gravitational waves
with a frequency above some low frequency cutoffflow is fi-
nite: the duration of the chirp orchirp timefrom a given fre-
quencyflow is given to second post-Newtonian order by

Tchirp =
5

256η

GM

c3

[

v−8
low +

(

743

252
+

11

3
η

)

v−6
low − 32π

3
v−5
low +

(

3 058 673

508 032
+

5429

504
η +

617

72
η2

)

v−4
low

]

(3.5a)

where

vlow =

(

GM

c3
πflow

)1/3

. (3.5b)

High mass systems coalesce much more quickly (from a given
flow) than low mass systems. A search for low mass systems,
such as primordial black holes, can require very long wave-
form templates (of the order of tens of minutes) which can

result in a significant computational burden.

There is also a high frequency cutoff of the inspiral wave-
form. Physically, at some high frequency a binary system
will terminate its secular inspiral and the orbit will decayon a
dynamical time-scale, though identifying such a frequencyis
very difficult except in extreme mass ratio limitη → 0. In this
limit, that of a test mass orbiting a Schwarzschild black hole,
the frequency is known as the innermost stable circular orbit
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or ISCO. The ISCO gravitational wave frequency is

fisco =
c3

6
√

6πGM
. (3.6)

However, long before obtaining this frequency, the binary
components will be orbiting with sufficiently hight orbitalve-
locities that the higher order corrections to the second post-
Newtonian waveform will become significant. Indeed, away
from the test mass limit, the meaning of the ISCO becomes
rather suspect. We regard Eq. (3.6) as an upper limit on the
frequency that can be regarded as representing an “inspiral”
waveform—not as the frequency to which we can trust our in-
spiral waveform templates. With this understanding, we nev-
ertheless use this as a high frequency cutoff for the inspiral
template waveforms (should this frequency be less than the
Nyquist frequency of the data). For low mass binary systems
(binary neutron stars or sub-solar mass black holes) the second
post Newtonian template waveforms are expected to be reli-
able within the sensitive band of LIGO so the precise choice
of the high frequency cutoff is not important.

IV. MATCHED FILTER

The matched filter is the optimal filter for detecting a signal
in stationary Gaussian noise. Suppose thats(t) is a stationary
Gaussian noise process with one-sided power spectralSs(f)
density given by〈s̃(f)s̃∗(f ′)〉 = 1

2Ss(|f |)δ(f −f ′). Then the
matched filter output of a data streams(t) (which now may
contain a signal in addition to the noise) with a filter template
h(t) is

x(t) = 4 Re

∫ ∞

0

s̃(f)h̃∗(f)

Ss(f)
e2πiftdf. (4.1)

Notice that the use of a FFT will allow one to search for all
possible arrival times efficiently. However, the waveformsde-
scribed above have additional unknown parameters. These
are (i) the amplitude (or effective distance to the source),(ii)
the coalescence phase, and (iii) the binary companion masses.
The amplitude simply sets a scale for the matched filter out-
put, and is unimportant for matched filter templates (these can
be normalized). The unknown phase can be searched over
efficiently by forming the sum in quadrature of the matched
filter output for one phase (say2φ0 = 0) and an orthogonal
phase (say2φ0 = π/2). An efficient method to do this is to
form the complex matched filter output

z(t) = x(t) + iy(t) = 4

∫ ∞

0

s̃(f)h̃∗(f)

Ss(f)
e2πiftdf. (4.2)

(notice the lower bound of the integral is zero); then the
quantity|z(t)|2 is the quadrature sum of the two orthogonal
matched filters. Here,y(t) is the matched filter output for the
templatẽh2φ0→2φ0−π/2(f) = h̃(f)eiπ/2 = ih̃.

To search over all the possible binary companion masses it
is necessary to construct a bank of matched filter templates
laid out on am1–m2 plane sufficiently finely that any true

system masses will produce a waveform that is close enough
to the nearest template. There are well known strategies for
constructing such a bank [2, 3]. For our purposes, we shall
simply introduce an indexm = 0, . . . , NT − 1 labeling the
particular waveform templatehm(t) in the bank ofNT wave-
form templates.

By convention, the waveform templates are constructed for
systems with an effective distance ofDeff = 1 Mpc. To con-
struct a signal-to-noise ratio, a normalization constant for the
template is computed:

σ2
m = 4

∫ ∞

0

|h̃1Mpc,m(f)|2
Ss(f)

df. (4.3)

The quantityσm is a measure of the sensitivity of the instru-
ment. Fors(t) that is purely stationary and Gaussian noise,
〈xm(t)〉 = 〈ym(t)〉 = 0 and 〈x2

m(t)〉 = 〈y2
m(t)〉 = σ2

m,
while for a detector output that corresponds to a signal at dis-
tanceDeff , s(t) = (Deff/1 Mpc)−1h1Mpc,m(t), 〈xm(t)〉 =
σ2

m/Deff . Thus the quantity

ρm(t) =
|zm(t)|

σm
(4.4)

is the amplitude signal-to-noise ratio of the (quadrature)
matched filter. It is highly unlikely to obtainρm ≫ 1 for
purely stationary and Gaussian noise so a detection strategy
usually involves setting a threshold onρm to identify event
candidates. For such candidates, an estimate of the effective
distance to the candidate system isDeff = (σm/ρm) Mpc.

The goal of theFINDCHIRPalgorithm is largely to construct
the quantityρm(t).

V. DETECTOR OUTPUT AND CALIBRATION

LIGO records several interferometer channels. Thegravi-
tational wave channel(the primary channel for searching for
gravitational waves) is formed from the output of a photo-
diode at the antisymmetric (or “dark”) port of the interferom-
eter [17]. This output is used as an error signal for a feedback
loop that is needed to keep various optical cavities in the inter-
ferometer in resonance or “in-lock.” Hence it is often called
the error signale(t). The error signal is not an exact measure
of the differential arm displacements of the interferometer so
it does not correspond to the gravitational wave strain. Rather
it is part of a linear feedback loop that controls the position of
the interferometer mirrors. A gravitational wave strain equiv-
alent output, calleds(t) above, can be obtained from the error
signale(t) via a linear filter. This is calledcalibration. In the
frequency domain, the process of calibration can be thought
of as multiplying the error signal by a complexresponse func-
tion, R(f):

s̃(f) = R(f)ẽ(f). (5.1)

Details on the calibration of the LIGO interferometers can be
found in [18, 19].

The detector output is not a continuous signal but rather
a time series of samples ofe(t) taken with a sample rate of
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1/∆t = 16384 Hz where∆t is the sampling interval. Thus,
rather thane(t), the input toFINDCHIRP is a discretely sam-
pled set of valuese[j] = e(tstart + j∆t) for some large num-
ber of points. The start of the data sample is at timetstart.
Data from the detector is divided intoscience segmentswhich
are time epochs when the instrument was in-lock and exhibit-
ing normal behavior. However, these science segments are not
normally processed as a whole but are divided into smaller
amounts. In this paper we shall call the amount of data pro-
cessed adata blockof durationTblock. The data block must be
long enough to form a reliable noise power spectral estimate
(see below), but not so long as to exhaust a computer’s mem-
ory or to experience significant non-stationary changes in the
detector noise.

The number of points in a data block is further subdivided
into NS data segmentsor just segments(not to be confused
with the science segments described above) of durationT .
The duration of the segment is always an integer multiple of
the sample rate∆t, so the number of points in a segmentN
is an integer. These segments are used to construct an average
noise power spectrum and to perform the matched filtering.
The segments are overlapped so that the first segment consists
of the pointse[j] for j = 0, . . . , N − 1, the second consists of
the pointsj = ∆, . . . , ∆ + N − 1 where∆ is known as the
stride, and so on until the last segment which consists of the
pointsj = (NS − 1)∆, . . . , (NS − 1)∆ + N − 1. Note that

Tblock = [(NS − 1)∆ + N ]∆t. (5.2)

We usually choose to overlap the segments by 50% so that the
stride is∆ = N/2 (andN is always even) and hence there
areNS = 2(Tblock/T ) − 1 segments. The values ofTblock,
T , ∆t, andNS must be commensurate so that these relations
hold.

TheFINDCHIRPalgorithm implements the matched filter by
a FFT correlation. Thus a discrete Fourier transform of the the
individual data segments,n,

ẽn[k] = ∆t

N−1
∑

j=0

e[j − n∆]e−2πijk/N (5.3)

for n = 0, . . . , NS − 1 are constructed via an FFT. Herek is
a frequency index that runs from0 to N − 1. Thek = 0 com-
ponent represents the DC component (f = 0) which is purely
real, the components0 < k ≤ ⌊(N−1)/2⌋ are all positive fre-
quency components corresponding to frequenciesk∆f where
∆f = 1/(N∆t), and the components⌊N/2⌋ < k < N
are all negative frequency components corresponding to fre-
quencies(k − N)∆f . If N is even (as it always is for the
FINDCHIRP algorithm) then there is also a purely real Nyquist
frequency componentk = N/2 corresponding to the fre-
quency±N∆f/2 = ±1/(2∆t). Recall⌊a⌋ is the greatest
integer less than or equal toa. Note that because the error
signal data is real, the discrete Fourier transform of it satis-
fies ẽ∗n[k] = ẽn[N − k]. Thus, theFINDCHIRP algorithm only
stores the frequency componentsk = 0, . . . , ⌊N/2⌋, and these
can be efficiently computed using areal-to-half-complex for-
ward FFT [20].

The detector strain for segmentn can be computed by cali-
brating the error signal:

s̃n[k] = R[k]ẽn[k] (5.4)

whereR[k] is the complex response function. As before, since
s̃n[k] must be the Fourier transform of some real time series,
only the frequency componentsk = 0, . . . , ⌊N/2⌋ need to be
computed. LIGO is sensitive to strains that are smaller than
∼ 10−20, while the error signal is designed to have typical
values much closer to unity. Often theFINDCHIRP algorithm
will require quantities that are essentially squares of themea-
sured strain (e.g., the power spectrum described in the next
section). To avoid floating-point over- or under-flow prob-
lems, the strain can simply be rescaled by a dynamical range
factorκ:

R[k] → κR[k] so s̃n[k] → κs̃n[k]. (5.5)

Choosing a value ofκ ∼ 1020 will keep all quantities within
representable floating point numbers. It is important to keep
track of the factorκ to make sure it cancels out in all of the re-
sults. Essentially this is achieved by multiplying all quantities
with “units” of strain by the factorκ within the implemen-
tation of theFINDCHIRP algorithm. Thus, in addition to the
response function, the signal template must also be scaled by
κ.

Note that if theFINDCHIRP algorithm is used to analyze
data that has already been preprocessed into strain data then
all the equations in the remainder of this paper still hold with
the understanding that the response function is identically
unity and the error signal is the strain data. The following
replacements thus need to be made:κR[k] → 1 ande → κs.

VI. AVERAGE POWER SPECTRUM

Part of the matched filter involves weighting the data by
the inverse of the detector’s power spectral density. The de-
tector’s power spectrum must be obtained from the detector
output. The most common method of power spectral estima-
tion is Welch’s method. Welch’s method [21] for obtaining
the average power spectrumSe of the error signal is:

Se[k] =
1

NS

NS−1
∑

n=0

Pe,n[k]. (6.1)

Here

Pe,n[k] =
2∆f

W

∣

∣

∣

∣

∣

∣

∆t

N−1
∑

j=0

en[j]w[j]e−2πijk/N

∣

∣

∣

∣

∣

∣

2

(6.2)

is a normalized periodogram for a single segmentn which
is the modulus-squared of the discrete Fourier transform of
windoweddata. The data window is given byw[j] andW is a
normalization constant

W =
1

N

N−1
∑

j=0

w2[j]. (6.3)
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FINDCHIRP allows a variety of possible windows, but a Hann
window (see, e.g., [22]) is the default choice used byFIND-
CHIRP. The power spectrum of the detector strain-equivalent
noise is related to this bySs[k] = |κR[k]|2Se[k]. We call this
average power spectrum themean average power spectrum.

The problem with using Welch’s method for power spectral
estimation is that for detector noise containing significant ex-
cursions from “normal” behavior (due to instrumental glitches
or, perhaps, very strong gravitational wave signals), the mean
used in Eq. (6.1) can be significantly biased by the excursion.
An alternative that is pursued in theFINDCHIRP algorithm is
to replace the mean in Eq. (6.1) by a median, which is a more
robust estimator of the average power spectrum:

Se[k] = α−1 × median{Pe,0[k], Pe,1[k], . . . , Pe,NS−1[k]},
(6.4)

whereα is a required correction factor. Whenα = 1, the ex-
pectation value of the median is not equal to the expectation
value of the mean in the case of Gaussian noise; hence the
factorα is introduced to ensure that the same power spectrum
results for Gaussian noise. In Ref. [23] and in Appendix B it is
shown that if the set{Pe,0[k], Pe,1[k], . . . , Pe,NS−1[k]} are in-
dependent exponentially-distributed random variables (as ex-
pected for Gaussian noise) then

α =

NS
∑

n=1

(−1)n+1

n
(oddNS) (6.5)

is the correction factor. We call this median estimate of the
average power spectrum, corrected by the factorα, themedian
average spectrum.

Unfortunately this result is not exactly correct either. Be-
cause the segments used to form the individual sample values
Pe,n[k] of the power at a given frequency are somewhat over-
lapping (unless∆ ≥ N ), they are not independent random
variables (as was assumed in Appendix B). (This is some-
what mitigated by the windowing of the segments of data.)
Although the effect is not large, and simply amounts to a
slight scaling of what is meant by signal-to-noise ratio, we
are led to propose a variant of the median method in which
then = 0, . . . , NS − 1 overlapping segments are divided into
even segments(for which n is even) and theodd segments
(for which n is odd). If the stride is∆ ≥ N/2 then no two
even segments will depend on the same data so the even seg-
ments will be independent; similarly the odd segments will
be independent. The average power spectrum can be esti-
mated by taking the mean of the median power spectrum of
theNS/2 even segments and the median power spectrum of
theNS/2 odd segments, each of which are corrected by a fac-
tor α appropriate for the sample median withNS/2 samples.
We call this themedian-mean average spectrum. Like the me-
dian spectrum it is not overly sensitive to a single glitch (or
strong gravitational wave signal).

The FINDCHIRP algorithm can compute the mean average
spectrum, the median average spectrum, or the median-mean
average spectrum. Traditionally the median average spectrum
has been used though we expect that the median-mean average
spectrum will be adopted in the future.

VII. DISCRETE MATCHED FILTER

The discretized version of Eq. (4.2) is simply:

zn,m[j] = 4∆f

⌊(N−1)/2⌋
∑

k=1

κs̃n[k]κh̃∗
1Mpc,m[k]

κ2Ss[k]
e2πijk/N = 4∆f

⌊(N−1)/2⌋
∑

k=1

κR[k]ẽn[k]κh̃∗
1Mpc,m[k]

|κR[k]|2Se[k]
e2πijk/N . (7.1)

Elementj of zn,m[j] corresponds to the matched filter output for timet = tstart+(n∆+j)∆t wheretstart is the start time of the
block of data analyzed. Note that the sum is over the positivefrequencies only, and DC and Nyquist frequencies are excluded in
FINDCHIRP. (The interferometer is AC coupled so it has no sensitivity at the DC component; similarly, the instrument has very
little sensitivity at the Nyquist frequency so rejecting this frequency bin has very little effect.) This inverse Fourier transform
can be performed by thecomplexreverse FFT (as opposed to a half-complex-to-real reverse FFT) of the quantity

z̃n,m[k]∆f =















0 k < klow

4∆f
κR[k]ẽn[k]κh̃∗

1Mpc,m[k]

|κR[k]|2Se[k]
1 ≤ k ≤ ⌊(N − 1)/2⌋

0 ⌊(N − 1)/2⌋ < k < N.

(7.2)

I.e., the DC, Nyquist, and negative frequency components are
all set to zero, as are all frequencies below some low fre-
quency cutoffflow = klow∆f (which should be chosen to
some frequency lower than the detector’s sensitive band). The
low frequency cutoff limits the duration of the inspiral tem-
plate as described below.

Our task is to obtain an efficient decomposition of the fac-
tors making up̃zn,m[k]. Note that there needs to be one re-
verse FFT performed per segment per template. It desirable
that this (unavoidable) computational cost dominate the eval-
uation of the matched filter, so we wish to make the computa-
tion cost of the calculation of̃zn,m[k] for all k to be less than
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the computation cost of a FFT. We will consider this in the
next section.

One subtlety in the construction of the matched filter is the
issue of filter wrap-around. The matched filter of Eq. (7.1) can
be thought of as digital correlation of a filterh1Mpc,m[j] with
some suitably over-whitened data stream (the data divided by
the noise power spectrum). Althoughh̃1 Mpc,m[k] is generated
in the Frequency-domain via the stationary phase approxima-
tion, we can imagine that it came from a time-domain signal
h1Mpc,m[j] of durationTchirp,m that is given by Eq. (3.5a)
for the low frequency cutoffflow. By convention of template
generation, the coalescence is taken to occur witht0 corre-
sponding toj = 0. Thus, then entire chirp waveform is
non-zero only fromt = t0 − Tchirp,m to t = t0. Because
the discrete Fourier transform presumes that the data is pe-
riodic, this is represented by having the chirp begin at point
j = N − Tchirp,m/∆t and end at pointj = N − 1. Thus
h1Mpc,m[j] = 0 for j = 0, . . . , N − 1 − Tchirp,m/∆t. The
correlation ofh1Mpc,m[j] with the interferometer data will
involve multiplying theTchirp,m/∆t points of databeforea
given time with theTchirp,m/∆t points of the chirp. When
this is performed by the FFT correlation, this means that the
first Tchirp,m/∆t points of the matched filter output involve
data at times before the start of the segment, which are in-
terpreted as the data values at the end of the segment (since
the FFT assumes that the data is periodic). Hence the first
Tchirp,m/∆t points are of the correlation are invalid and must
be discarded. That is, of theN points ofzn,m[j] in Eq. (7.1),
only the pointsj = Tchirp,m/∆t, . . . , N − 1 are valid. Re-
call that the analysis segments of data are overlapped by an
amountN −∆: this is to ensure that the matched filter output
is continuous (except at the very beginning of a data block).
That is, only pointsj = Tchirp,m/∆t, . . . , N − 1 of z0,m are
valid and only pointsj = Tchirp,m/∆t, . . . , N − 1 of z1,m

are valid, but pointsj = ∆, . . . , N − 1 of z0,m[j] corre-
spond to pointsj = 0, . . . , N − ∆ − 1 of z1,m[j], and these
can be used instead. ThereforeFINDCHIRP must ensure that
the amount that the data segments overlap,N − ∆ points, is
greater-than or equal-to the duration,Tchirp,m/∆t points, of
the filter:Tchirp,m/∆t ≤ N − ∆.

The quantity that needs to be computed in Eq. (7.1) is
more than just a correlation of the dataen[j] with the filter
h1Mpc,m[j]: it also involves a convolution of the data with the
response function and the inverse of the power spectrum. The
interferometer has a relatively short impulse response, sothis
convolution will only corrupt a short amount of data (though
now at the end as well as at the beginning of a analysis seg-
ment). However, the inverse of the power spectrum has many
very narrow line features that act as sharp notch-filters when
applied to the data. These filters have an impulse response that
is as long as the reciprocal of the resolution of the frequency
series, which is set by the amount of data used to compute the
periodograms that are used to obtain the average spectrum.
Since this is the same duration as the analysis segment dura-
tion, the convolution of the data with the inverse power spec-
trum corrupts theentirematched filter output.

To resolve this problem we apply a procedure to coarse-
grain the inverse power spectrum calledinverse spectrum

truncation. Our goal is to limit the amount of the matched fil-
ter that is corrupted due to the convolution of the data with the
inverse power spectrum. To do this we will obtain the time-
domain version of the frequency-domain quantityS−1

e [k],
truncate it so that it has finite duration, and then find the quan-
tity Qe[k] corresponding to this truncated time-domain filter.
Note thatS−1

e [k] is real and non-negative, and we wantQe[k]
to share these properties. First, construct the quantity:

q[j] = ∆f
N−1
∑

k=0

√

1/Se[k] e−2πijk/N (7.3)

which can be done via a half-complex-to-real reverse FFT.
SinceSe[k] is real and symmetric (Se[k] = Se[N − k]), q[j]
will be real and symmetric (so thatq[j] = q[N − j]). This
quantity will be non-zero for allN points, though strongly-
peaked nearj = 0 andj = N − 1. Now create a truncated
quantityqtruncate[j] with a total duration ofTspec (Tspec/2 at
the beginning andTspec/2 at the end):

qtruncate[j] =







q[j] 0 ≤ j < Tspec/2∆t
0 Tspec/2∆t ≤ j < N − Tspec/2∆t
q[j] N − Tspec/2∆t ≤ j < N

.

(7.4)
Since qtruncate is real and symmetric, the discrete Fourier
transform ofqtruncate will also be real and symmetric, though
not necessarily positive. Therefore we construct:

Qe[k] = q̃2
truncate[k]. (7.5)

This quantity is real, positive, and symmetric, as desired.Mul-
tiplying the data byQe[k] in the frequency domain is equiv-
alent to convolving the data withqtruncate[j] in the time do-
maintwice, which will have the effect of corrupting a duration
of Tspec of the matched filterzn,m[j] at the beginning and at
the end of the data segment. This is in addition to the duration
Tchirp,m that is corrupted at the beginning of the data segment
due to the correlation with the filterh1Mpc,m[j]. Thus the total
duration that is corrupted is2Tspec + Tchirp,m, and this must
be less than the time that adjacent segments overlap. The net
effect of the inverse spectrum truncation is to smear-out sharp
spectral features and to decrease the resolution of the inverse
power spectrum weighting.

For simplicity, we normally choose a 50% overlap (so that
∆ = N/2). Of each data segment the middle half with
j = N/4, . . . , 3N/4 − 1 is assumed to be valid matched fil-
ter output. Therefore, the inverse truncation durationTspec

and the maximum filter durationTchirp,m must satisfyTspec+
Tchirp,m ≤ T/4 since a timeTspec + Tchirp,m is corrupted at
the beginning of the data segment.

VIII. WAVEFORM DECOMPOSITION

Our goal is now to construct the quantity

z̃n,m[k] = 4
Qe[k]

|κR[k]|2 κR[k]ẽn[k]κh̃∗
1Mpc,m[k] (8.1)
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as efficiently as possible. This quantity must be computed
for every segmentn, every templatem, and every frequency
bin in the rangek = klow, . . . , khigh,m − 1 whereklow =
⌊flow/∆f⌋ and khigh,m is the high-frequency cutoff of the
waveform template, which is given by the minimum of the
ISCO frequency of Eq. (3.6) and the Nyquist frequency:

khigh,m = min{⌊fisco/∆f⌋, ⌊(N + 1)/2⌋} (8.2)

(recall that the ISCO frequency depends on the binary sys-
tem’s total mass so it is template-dependent). We can factorize
z̃n,m[k] as follows:

z̃n,m[k] = 4(∆f)−1A1 Mpc,mFn[k] exp(−iΨm[k]) (8.3)

whereA1 Mpc,m is a template normalization(it needs to be
computed once per template but does not depend onk), Ψm[k]

is atemplate phasewhich must be computed at all values ofk
for every template (but does not depend on the data segment),
andFn[k] is thefindchirp data segmentthat must be computed
for all values ofk for each data segment (but does not depend
on the template).FINDCHIRP first computes and stores the
quantitiesFn[k] for all data segments. Then, for each template
m in the bank, the phasingΨm[k] is computed once and then
applied to all of the data segments (thereby marginalizing the
cost of the template generation).

To facilitate the factorization, we rewrite Eq. (3.4a) in the
discrete form:

h̃1Mpc,m[k] = (∆f)−1A1Mpc,mk−7/6 exp(iΨm[k]) (8.4a)

with

A1 Mpc,m = κ

(

5π

24

)1/2 (

GM⊙/c2

1 Mpc

) (

GM⊙

c3
π∆f

)−1/6 (

µ

M⊙

)1/2 (

M

M⊙

)1/3

, (8.4b)

Ψm[k] = −π/4 +
3

128η

[

v−5
m [k] +

(

3715

756
+

55

9
η

)

v−3
m [k] − 16πv−2

m [k] +

(

15 293 365

508 032
+

27 145

504
η +

3085

72
η2

)

v−1
m [k]

]

,

(8.4c)

and

vm[k] =

(

GM⊙

c3
π∆f

)1/3 (

M

M⊙

)1/3

k1/3. (8.4d)

The dependence on the data segment is wholly contained in
the template-independent quantityFn[k] which is

Fn[k] = 4
Qe[k]k−7/6

|κR[k]|2 κR[k]ẽn[k]. (8.5)

As mentioned earlier,FINDCHIRP computes and storesFn[k]
for all segments only once, and then reuses these pre-
computed spectra in forming̃zn,m[k] according to Eq. (8.3).
The dependence on the template is wholly contained in the
data-segment-independent quantityGm[k] which is

Gm[k] =

{

exp(−iΨm[k]) klow ≤ k < khigh,m

0 otherwise . (8.6)

This quantity is known as thefindchirp template.
The value ofσm is also needed in order to normalize

zn,m[j]. It is

σ2
m=4∆f

khigh,m−1
∑

k=klow

Qe[k]|κh̃1Mpc,m[k]|2
|κR[k]|2

=A2
1 Mpc,mς2[khigh,m] (8.7)

where

ς2[khigh,m] =
4

∆f

khigh,m−1
∑

k=klow

Qe[k]k−7/3

|κR[k]|2 (8.8)

needs to be computed only once per data block (i.e., only once
per power spectrum)—it does not depend on the particular
segment within a block or on the particular template in the
bank, except in the high-frequency cutoff of the template (if it
is less than the Nyquist frequency). To account for this min-
imal dependence on the template, the quantityς2[khigh,m] is
pre-computed for all values ofkhigh.

The division of the matched filter into the data-segment-
only quantityFn[k] and the template-only quantityGm[k]
means thatFINDCHIRP can efficiently compute the matched
filter, or, rather, a quantity that is proportional to it:

ζm,n[j] =

N−1
∑

k=0

Fn[k]Gm[k]e2πijk/N . (8.9)

Notice thatζm,n[j], which is a complex quantity, can be com-
puted using a simple un-normalized inverse FFT of the quan-
tity Fn[k]Gm[k]. FINDCHIRP computes and storesFn[k] for
each of theNS segments in the data block and then, for each
templatem in the bank,Gm[k] is computed and used to filter
each of theNS segments. This means that for each data seg-
ment and template the computational cost is essentially lim-
ited to∼ N complex multiplications plus one complex inverse
FFT.
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The quantitiesζm,n[j] andzm,n[j] are simply related by a
normalization factor:

zm,n[j] = A1Mpc,mζm,n[j]. (8.10)

Furthermore, the signal-to-noise ratio is related toζm,n[j] via

ρ2
m,n = |ζm,n[j]|2/ς2[khigh,m]. (8.11)

Rather than applying this normalization to construct the
signal-to-noise ratio,FINDCHIRP instead scales the desired
signal-to-noise ratio thresholdρ⋆ to obtain a normalized
threshold

ζ2
⋆ = ς2[khigh,m]ρ2

⋆ (8.12)

which can be directly compared to the values|ζm,n[j]|2 to de-
termine if there is a candidate event (when|ζm,n[j]|2 > ζ2

⋆ ).
When an event candidate is located, the value of the signal-to-
noise ratio can then be recovered for that event along with an
estimate of the termination time,t0 = tstart+(n∆+jpeak)∆t
wherejpeak is the point at which|ζm,n[j]| is peaked; the ef-
fective distance of the candidate,

Deff =
ς[khigh,m]A1Mpc,m

|ζm,n[jpeak]|
Mpc; (8.13)

and the termination phase of the candidate,

2φ0 = arg ζm,n[jpeak]. (8.14)

IX. THE CHI-SQUARED VETO

The FINDCHIRP algorithm employs the chi-squared dis-
criminator of Ref. [4] to distinguish between plausible signal
candidates and common types of noise artifacts. This method
is a type of time-frequency decomposition that ensures that
the matched-filter output has the expected accumulation in
various frequency bands. (Noise artifacts tend to excite the
matched filter at the high frequency or the low frequency, but
seldom produce the same spectrum as an inspiral.)

For data consisting of pure Gaussian noise, the real and
imaginary parts ofζm,n[j] (for a given value ofj) are indepen-
dent Gaussian random variables with zero mean and variance
ς2[khigh,m]. If there is a signal present at an effective distance
Deff then〈Re ζm,n[j]〉 = (Amς2[khigh,m]/Deff) cos 2φ0 and
〈Im ζm,n[j]〉 = (Amς2[khigh,m]/Deff) sin 2φ0 (at the termi-
nation time, whereφ0 is the termination phase).

Now consider the contribution toζm,n[j] coming from var-
ious frequency sub-bands:

ζℓ,m,n[j] =

kℓ−1
∑

k=kℓ−1

Fn[k]Gm[k]e2πijk/N (9.1)

for ℓ = 1, . . . , p. The p sub-bands are defined by the fre-
quency boundaries{k0 = klow, k1, . . . , kp = khigh,m}, which
are chosen so that a true signal will contribute an equal amount

to the total matched filter from each frequency band. This
means that the values ofkℓ must be chosen so that

4

∆f

kℓ
∑

k=kℓ−1

Qe[k]k−7/3

|R[k]|2 =
1

p
ς2[khigh,m]. (9.2)

With this choice of bands and in pure Gaussian noise, the real
and imaginary parts ofζℓ,m,n[j] will be independent Gaussian
random variables with zero mean and varianceς2[khigh,m]/p.
Furthermore, the real and imaginary parts ofζℓ,m,n[j] and
ζℓ′,m,n[j] with ℓ 6= ℓ′ will be independent sinceζℓ,m,n[j] and
ζℓ′,m,n[j] are constructed from disjoint bands. Also note that

ζm,n[j] =

p
∑

ℓ=1

ζℓ,m,n[j]. (9.3)

The chi-squared statistic is now constructed fromζℓ,m,n[j]
as follows:

χ2
m,n[j] =

p
∑

ℓ=1

|ζℓ,m,n[j] − ζm,n[j]/p|2
ς2[khigh,m]/p

, (9.4)

For pure Gaussian noise,χ2 is chi-squared distributed with
ν = 2p − 2 degrees of freedom. Thatν = 2p − 2 rather than
ν = 2p results from the fact that the sample meanζm,n[j]/p is
subtracted from each of values ofζℓ,m,n[j] in the sum. How-
ever, this subtraction guarantees that, in the presence of asig-
nal that exactly matches the templateh1Mpc,m (up to an ar-
bitrary amplitude factor and a coalescence phase), the value
of χ2 is unchanged. Thus,χ2 is chi-squared distributed with
ν = 2p − 2 degrees of freedom in Gaussian noise with or
without the presence of an exactly-matched signal.

If there is a small mismatch between a signal present in
the data and the template, which would be expected since the
templates are spaced on a grid and are expected to provide a
close match but not a perfect match to a true signal, thenχ2

will acquire a small non-central parameter. This is because
the mismatched signal may not shift the mean value of the
real parts of{ζℓ,m,n} by the same amount (for eachℓ), and
similarly the mean values of the imaginary parts of{ζℓ,m,n}
may not be shifted by the same amounts. The effect on the
chi-squared distribution is to introduce a non-central parame-
ter that is no larger thanλmax = 2δσ2

m/D2
eff whereDeff is the

effective distance of the true signal andδ is themismatchbe-
tween the true signal and the templateh1Mpc,m, which could
be as large as themaximum mismatchof the template bank
that is used [2].

Even for small values ofδ (3% is a canonical value), a
large value ofχ2 can be obtained for gravitational waves
from nearby binaries. Therefore, one should not adopt a fixed
threshold onχ2 lest very loud binary inspirals be rejected
by the veto. For a non-central chi-squared distribution with
ν degrees of freedom and a non-central parameter ofλ, the
mean of the distribution isν + λ while the variance is be-
tween one- and two-times the mean (the variance equals twice
the mean whenλ = 0 and the variance equals the mean for
λ ≫ ν). Thus it is useful to adopt a threshold on the quantity
χ2/(ν + λ), which would be expected to be on the order of
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unity even for very large signals. TheFINDCHIRP algorithm
adopts a threshold on the related quantity

Ξm,n[j] =
χ2

m,n[j]

p + δρ2
m,n[j]

. (9.5)

Sometimes the quantityr2 = χ2/p is referred to, rather than
Ξ, but this quantity does not include the effect of the non-
central parameter.

X. TRIGGER SELECTION

The signal-to-noise ratio threshold is the primary parame-
ter in identifying candidate events ortriggers. As we have
said, theFINDCHIRP algorithm does not directly compute the
signal-to-noise ratio, but rather the quantityζm,n[j] given in
Eq. (8.9), whose square modulus is then compared to a nor-
malized threshold given by Eq. (8.12). The computational
cost of the search is essentially the cost ofO(N) complex
multiplications plusO(N log N) operations to perform the re-
verse FFT of Eq. (8.9), and an additionalO(N) operations to
form the square modulus ofζm,n[j] for all j. In practice, the
computational cost is dominated by the reverse complex FFT.

Triggers that exceed the signal-to-noise ratio threshold are
then subjected to a chi-squared test. However, the construc-
tion of χ2

m,n[j] is much more costly than the construction of
ζm,n[j] simply becausep reverse complex FFTs of the form
given by Eq. (9.1) must be performed.3 The cost of perform-
ing a chi-squared test is essentiallyp times as great as the
cost of performing the matched filter.FINDCHIRP will only
perform the chi-squared test if a threshold-crossing trigger is
found. Therefore, if threshold-crossing triggers are rarethen
the cost of the chi-squared test is small compared to the cost
of the filtering. Note that other methods are currently un-
der investigation. For example, in an analysis that requires
triggers to be coincident between two different detectors,the
chi-squared test can be disabled on a first pass of trigger gen-
eration on individual detectors and then only applied on the
triggers that survive the coincidence criteria.

A true signal in the data is expected to produce a sharp
peak in the matched filter output at almost exactly the cor-
rect termination timet0 (usually within one sample point of
the correct time in simulations). For sufficiently loud signals,
however, a signal-to-noise threshold may be crossed for sev-
eral samples even though the correct termination time will
have a much greater signal-to-noise ratio than nearby times.
Non-Gaussian noise artifacts may produce many threshold-
crossing triggers, often for a duration similar to the duration
of the inspiral template that is used. In principle, a large im-
pulse in the detector output at samplej0 can cause triggers for

3 If χ2
m,n

[j] is only required for one particularj then there is a more efficient
way to compute it. However, theFINDCHIRPalgorithm does not employ the
chi-squared test so much as a veto as a part of a constrained maximization
of signal-to-noise for times in which the chi-squared condition is satisfied.
Thus,χ2

m,n
[j] needs to be computed for allj if it is computed at all.

samplesj0 − Tspec/∆t ≤ j ≤ j0 + (Tspec + Tchirp,m)/∆t.
Rather than record triggers for all samples in which the signal-
to-noise threshold is exceeded while the chi-squared test is
satisfied,FINDCHIRP has the option ofmaximizing over a
chirp: essentially clustering together triggers that lie within
a timeTchirp,m. Algorithmically, whenever|ζm,n[j]|2 > ζ2

⋆

andΞm,n[j] < Ξ⋆, a trigger is created with a value ofρ and
χ2. If this trigger is within a timeTchirp,m after an earlier trig-
ger with alarger value of the signal-to-noise ratioρ, discard
the current trigger (it is clustered with the previous trigger).
If this trigger is within a timeTchirp,m after an earlier trigger
with asmallersignal-to-noise ratioρ, discard theearlier trig-
ger (the previous trigger is clustered with the current trigger).
The result is a set of remaining triggers that are separated by at
time of at leastTchirp,m. Note that this algorithm depends on
the order in which the triggers are selected, i.e., a different set
of triggers may arise if the triggers are examined in inverse
order ofj rather than in order ofj. FINDCHIRP applies the
conditions asj is advanced fromj = N/4 to j = 3N/4 − 1
(i.e., forward in time).4 The effect of the maximizing over a
chirp is to retain any true signal without introducing any sig-
nificant bias in parameters, e.g., time of arrival (which canbe
demonstrated by simulations), while reducing the number of
triggers that are produced by noise artifacts.

XI. EXECUTION OF THE FINDCHIRP ALGORITHM

In this section, we describe the sequence of operations that
the comprise theFINDCHIRP algorithm and highlight the tun-
able parameters of each operation. Since we are only describ-
ing theFINDCHIRP algorithm itself, we assume that a bank of
templates(M, µ)m has already been constructed for a given
minimal matchδ, according to the methods described in [2, 3]
and we are provided with the output error signal of the inter-
ferometere[j] and instrument calibrationR[k] as described in
[18].

The initial operation is to divide the detector data into data
segmentsen[j] suitable for analysis, and so the data segment
durationT , stride length∆, and number of data segmentsNS

in a block must be selected. These quantities then define a data
block length according to Eq. (5.2). A sample rate1/∆t must
be chosen (which must be less than or equal to the sample
rate of the detector data acquisition system); the sample rate
and data segment length define the number of points in a data
segmentN = T/∆t. As mentioned previously, the lengths
and sample rate are chosen so thatN is an integer power of
two.

The first operation is construction of an un-calibrated av-
erage power spectrumSe using a specified data windoww[j]
and power spectrum estimation method (Welch’s method, the
median method, or the median-mean method). The number of
periodograms used in the average power spectrum estimate is

4 Other methods can also be employed, for example maximizing all triggers
that are separated in time by less thanTchirp,m.
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typically chosen to be equal to the number of data segments,
although different numbers of periodograms could be chosen.
An inverse spectrum durationTspec is then given in order to
construct the truncated inverse power spectrumQe[k], accord-
ing to Eqs. (7.3)–(7.5). The calibration is then applied by di-
viding the quantityQe[k]by the modulus squared of the scaled
response function|κR[k]|2.

Each input data segment is Fourier transformed and multi-
plied by the scaled response function to obtain(κR[k])ẽn[k].
The quantityFn[k] described in Eq. (8.5) can then be con-
structed. All frequency components ofFn[k] below a speci-
fied low frequency cutoffflow are set to zero, as are the DC
and Nyquist components. The template independent normal-
ization constantsς2[khigh,m] described in Eq. (8.8) are also
computed at this point.

The algorithm now commences a loop over theNT tem-
plates in the bank, using the specified signal-to-noise-ratio and
chi-squared thresholds,ρ⋆ andΞ⋆, and the method of maxi-
mizing over triggers. For each template(M, µ)m, the find-
chirp templateGm[k] is computed, according to Eq. (8.6).
The high frequency cutoffkhigh,m for the template is ob-
tained using Eq. (3.6) and used to select the correct value
of ς2[khigh,m] for the template. The normalized signal-to-
noise threshold is then computed for this template according
to Eq. (8.12).

An inner loop over the findchirp data segments is then en-
tered. For each findchirp segmentFn[k] and findchirp tem-
plateGm[k] the filter outputζm,n is computed according to
Eq. (8.9). The trigger selection algorithm described in Sec. X
is now used to determine if any triggers should be generated
for this data segment and template, given the supplied thresh-
olds and trigger maximization method. If necessary, the chi-
squared veto is computed at this stage, according to Eq. (9.4)
and the threshold given in Eq. (9.5). If any triggers are gener-
ated, the template parameters(M, µ)m are stored, along with
the termination timet0, signal-to-noise ratio, effective dis-
tanceDeff , termination phaseφ0, chi-squared veto parame-
ters, and the normalization constantσ2

m of the trigger. The
triggers are generated and stored to disk for later stages ofthe
analysis pipeline.

The segment indexn is then incremented and the loop over
the data segments continues. Once allNS data segments have
been filtered against the template, the template indexm is in-
cremented and the loop over templates continues until allNT

templates have been filtered against allNS data segments.

XII. CONCLUSION

Profiling of the inspiral search code based on theFIND-
CHIRP algorithm was performed on a 3 GHz Pentium 4 CPU
with a 7 data segments of length256 seconds. The data was
read from disk, re-sampled from16 384 Hz to4096 Hz and fil-
tered against a bank containing474 templates using the FFTW
package [20] to perform the discrete Fourier transforms; the
resulting1255 triggers were written out to disk. Of the2909
seconds of execution time,1088 seconds were spent perform-
ing complex FFTs required by the matched filter, and1600

seconds performing the chi-squared veto. Of the time taken
to perform the chi-squared veto,1244 seconds are spent ex-
ecuting the again spent doing inverse FFTs. In total,2300
seconds of the2900 are spent doing FFTs, which means that
the execution of theFINDCHIRP algorithm is FFT dominated,
as desired.

In practice, theFINDCHIRP algorithm is only a part of the
search for gravitational waves from binary inspiral. An inspi-
ral analysis pipeline typically includes data selection, template
bank generation, trigger generation usingFINDCHIRP, trigger
coincidence tests between multiple detectors, vetoes based on
instrumental behavior, coherent combination of the optimal
filter output from multiple detectors, and finally manual can-
didate followups. Pipelines vary between specific analyses; a
description of the pipeline used to search for the coalescence
of binary neutron stars in the first LIGO science run can be
found in [6], and a description of the pipeline used in the sec-
ond LIGO science run to search for binary neutron stars and
binary black hole MACHOs can be found in [7, 9]. Although
the use of theFINDCHIRP algorithm is primarily to generate
triggers for a single detector, sections of the complex signal-
to-noise vectorζm,n[j] can be written to disk along with the
triggers. If the same template(M, µ)m is used to filter the
data from two or more interferometers, this complex signal-
to-noise data can be used directly as the input to the optimal
coherentmatched filter for binary inspiral signals [24].

It is simple to modify theFINDCHIRP algorithm to use re-
stricted post-Newtonian templates higher then second order
by adding addition terms to the construction of the findchirp
template phase in Eq. (8.4c). It is expected, however, that
post-Newtonian templates will be inadequate to search for the
coalescence of higher-mass binary black holes in the sensitive
band of the LIGO detectors. The motion of the binary will be
highly relativistic and the perturbative post-Newtonian calcu-
lations will no longer be valid. There are two main approaches
for searching for such high mass systems, which we briefly
mention here. The first approach is to use a detection template
family (DTF), such as the BCV DTF [25, 26]. These tem-
plates are frequency domain waveforms designed to capture
the characteristics of non-spinning and spinning high mass
systems accurately enough for detection in a matched filter
search that is still computationally accessible. The modifica-
tions to theFINDCHIRPalgorithm to implement the BCV DTF
are extensive, and beyond the scope of this paper; we refer to
[27] for further details. The second approach to detecting high
mass systems is to use time domain templates bases on post-
Newtonian re-summation techniques, such as the effective one
body (EOB) [28] or Pade approximants [29]. In Appendix A
we describe the modifications necessary to use arbitrary time
domain waveforms in theFINDCHIRP algorithm. These mod-
ifications cannot make use of the factorization used in the sta-
tionary phase templates, but they allow efficient re-use of the
search code developed and tested for the frequency domain
post-Newtonian templates.
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APPENDIX A: ALGORITHM FOR TEMPLATES
GENERATED IN THE TIME DOMAIN

The optimization of theFINDCHIRP algorithm described
above is dependent on the use of frequency domain restricted
post-Newtonian waveforms as the template. It is a simple mat-
ter, however, to modify the algorithm (and hence the code
used to implement the algorithm) so that an arbitrary wave-
form generated in the time domainh(t) may be used as the
matched filter template. This allows use of inspiral tem-
plates such as the effective one body (EOB) [28] and Pade
re-summation waveforms [29]. These waveforms are thought
to have a higher overlap with high mass signals in the sensitive
band of the LIGO detectors. In this Appendix, we describe
the modifications necessary to use time domain templates in
FINDCHIRP.

We assume that the desired template waveform is generated
in the form

h1Mpc,m(t) = Am(t − t0) cos [2φ0 − 2φm(t − t0)] (A1)

wheret0 andφ0 are the termination time and phase, as de-
scribed in Sec. III, andAm(t) andφm(t) are the particular am-
plitude and phase evolution for them-th template in the bank.
The bank may include parameterization over binary compo-
nent spins as well as masses. The template waveform is gen-
erated from the low frequency cut offflow and is normalized
to the canonical distance of1 Mpc. Recall the factorization of
the matched filter output, given by Eq. (8.3):

z̃n,m[k] = 4(∆f)−1A1Mpc,mFn[k]Gm[k]. (A2)

Since we are now only provided with the numerical value of
the waveform as a function of time, we cannot perform the
same factorization of the waveform as for stationary phase
templates. Instead, to compute the findchirp data segment
Fn[k], we remove the template dependent amplitude by mak-
ing the replacementk−7/6 → 1 in Eq. (8.5). Similarly, the
form of A1Mpc,m is now much simpler, as it becomes just the
dynamic range scaling factorA1Mpc,m = κ needed to scale
the waveform to avoid floating point underflow.

To construct the findchirp templateGm[k], we construct a
segment of lengthN sample points and populate it with the
discrete samples of the template waveformh1Mpc,m[j]. The
waveform is sampled at the sampling interval of the matched
filter ∆t. When we place the waveform in this segment, we
must ensure that the termination of the waveform is place at

the sample pointj = 0, i.e. t0 = 0. For example, if the tem-
plate is a second order post-Newtonian waveform generated
in the time domain [13], then it is typical to end the wave-
form generation at the time which the frequency evolution of
the waveform ceases to be monotonically increasing and not
the time at which the gravitational wave frequency goes to in-
finity. Thus the last non-zero sample point of the generated
template maynotcorrespond to the termination time. In prac-
tice this generally means placing the template near the end of
the segment with zero padding after the last non-zero sample
point of the waveform so that if the frequency evolution had
been continued, the termination time would be the (wrapped-
around) sample pointj = 0. After placing the waveform in
the segment, we construct the discrete forward Fourier trans-
form of the waveform, as described by Eq. (2.3) and construct

Gm[k] =

{

h̃1 Mpc,m[k] klow ≤ k < khigh,m

0 otherwise.
(A3)

Finally, we construct the normalization constant

ς2
m =

4

∆f

khigh,m−1
∑

k=klow

Qe[k]|h̃1Mpc,m[k]|2
|κR[k]|2 (A4)

which is now dependent on the template parameters. Once
we have constructed these quantities we may proceed with
the FINDCHIRP algorithm described in Sec. VIII and Sec. IX
to obtain the signal-to-noise ratio and the value of the chi-
squared veto for the particular template we have chosen. The
computational operations required per template are increased
by O(N log N) for the additional real-to-half-complex for-
ward FFT to construct̃h1Mpc,m, andO(N) operations to con-
structς2

m.

APPENDIX B: BIAS IN MEDIAN POWER SPECTRUM
ESTIMATION

Here we compute the biasα of the median of a set of
periodograms relative to the mean of a set of periodograms.
We assume that the periodograms are obtained from Gaussian
noise. In this Appendix, let us focus on one frequency bin of
the periodogram, and for brevity we adopt the symbolx for
the power in the frequency bin, that is, we definexℓ = Pe,ℓ[k]
for ℓ = 1, . . . , n. (Heren is the number of periodograms in
being averaged. It is eitherNS or NS/2 depending on the
choice of method.) Letf(x) be the distribution function for
x. For Gaussian noise,f(x) = µ−1e−x/µ where

µ = 〈x〉 =

∫ ∞

0

xf(x)dx (B1)

is thepopulationmean ofx. Soµ = 〈Pe[k]〉. Thepopulation
median is defined by

1

2
=

∫ x1/2

0

f(x)dx (B2)
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which yields

x1/2 = µ ln 2. (B3)

Thus the bias of the population median isα = ln 2.
The samplemean is unbiased compared to the population

mean. The sample mean is:

x̄ =
1

n

n
∑

ℓ=0

xℓ. (B4)

The expected value of̄x is

〈x̄〉 =
1

n

n
∑

ℓ=0

〈xℓ〉 = µ (B5)

so x̄ is an unbiased estimator ofµ.
Thesamplemedian, however, does have a bias. The sample

median is:

xmed = median{xℓ}. (B6)

To compute the bias, we first need to obtain the probability
distribution for the sample median.

For simplicity, assume now thatn is odd. The probabil-
ity of the sample median having a value betweenxmed and
xmed + dxmed is proportional to the probability of one of the
samples having a value betweenxmed andxmed+dxmed times
the probability that half of the remaining samples are larger
thanxmed and the other half are smaller thanxmed. Thus, the
probability distribution forxmed is given byg(xmed) where

g(xmed) dxmed =

C[1 − Q(xmed)]
mQm(xmed)f(xmed) dxmed. (B7)

wherem = (n − 1)/2 is half of the remaining samples after
one has been selected as the median. Here,Q(x) is the upper-
tail probability ofx, i.e., the probability that a sample exceeds
the valuex:

Q(x) =

∫ ∞

x

f(x) dx = e−x/µ (B8)

where the second equality holds for the exponential distribu-
tion function corresponding to the power in Gaussian noise.
The normalization factorC is a combinatoric factor which
arises from the number of ways of selecting a particular sam-
ple as the median and then choosing half of the remaining
points to be greater than this value. Thus it has the value
of n (number of ways to select the median sample) times
n − 1 = 2m choose(n − 1)/2 = m (number of ways of
choosing half the points to be larger):

C = n ×
(

2m + 1
m

)

=
1

B(m + 1, m + 1)
(B9)

This factor can also be obtained simply by normalizing the
probability distributiong(xmed). To do so it is useful to make

the substitutiont = Q(xmed) so thatdt = f(xmed) dxmed

and

g(xmed) dxmed = g(t) dt = Ctm(1 − t)mdt. (B10)

Now that the probability distribution is known, we can com-
pute the expected value for the median. Note that for the ex-
ponential probability distributionxmed = −µ ln t. Thus

〈xmed〉=−µ
1

B(m + 1, m + 1)

∫ 1

0

tm(1 − t)m ln t dt

=µ ×
2m+1
∑

ℓ=1

(−1)ℓ+1

ℓ
. (B11)

The bias factor is therefore

α =

n
∑

ℓ=1

(−1)ℓ+1

ℓ
(B12)

for odd n. This result makes sense: Asn → ∞ the series
approachesln 2 which is the bias for the population median.
However, forn = 1, α = 1, so there is no bias (the median is
equal to the mean for one sample!).

APPENDIX C: CHI-SQUARED STATISTIC FOR A
MISMATCHED SIGNAL

For simplicity we write the chi-squared statistic in the
equivalent form [cf. Eq. (7.1)]

χ2[j] =

p
∑

ℓ=1

|zℓ[j] − z[j]/p|2
σ2/p

(C1)

where

zℓ[j] = 4∆f

kℓ−1
∑

k=kℓ−1

s̃[k]h̃∗
1Mpc[k]

Ss[k]
e2πijk/N , (C2)

z[j] =

p
∑

ℓ=1

zℓ[j], (C3)

and

σ2 = 4∆f

⌊(N−1)/2⌋
∑

k=1

|h̃1Mpc[k]|2
Ss[k]

. (C4)

For brevity we have dropped the indicesn and m; the ex-
plicit dependence onj will also be dropped hereafter. In this
Appendix we further simplify the notation by adopting nor-
malized templates̃u[k] = h̃1 Mpc[k]/σ. In terms of these tem-
plates we define the inner products

(s, u)ℓ = 4∆f

kℓ−1
∑

k=kℓ−1

s̃[k]ũ∗[k]

Ss[k]
e2πijk/N (C5)
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for thep different bands, which are chosen so that(u, u)ℓ =
1/p, and the inner product

(s, u) =

p
∑

ℓ=1

(s, u)ℓ = 4∆f

⌊(N−1)/2⌋
∑

k=1

s̃[k]ũ∗[k]

Ss[k]
. (C6)

With this notation, the signal-to-noise ratio is given byρ2 =
|(s, u)|2 and chi-squared statistic is

χ2=

p
∑

ℓ=1

|(s, u)ℓ − (s, u)/p|2
1/p

=−|(s, u)|2 + p

p
∑

ℓ=1

|(s, u)ℓ|2. (C7)

To see how the chi-squared statistic is affected by a strong
signal (considerably larger than the noise), suppose that the
detector outputs[j] consists of the gravitational waveform
av[j] where a specifies the amplitude of the gravitational
wave. Herev[j] is also a normalized [in terms of the inner
product of Eq. (C6)] gravitational waveform that is not exactly
the same asu[j]. The discrepancy between the two waveforms
is given by themismatch:

δ = 1 − |(v, u)|. (C8)

The mismatch is the fraction of the signal-to-noise ratio that
is lost by filtering the true signalav[j] with the templateu[j]

compared to if the templatev[j] were used. The chi-squared
statistic is

χ2=−a2|(v, u)|2 + pa2

p
∑

ℓ=1

|(v, u)ℓ|2.

≤−a2|(v, u)|2 + pa2

p
∑

ℓ=1

(v, v)ℓ(u, u)ℓ

=−ρ2 + a2 ≤ 2ρ2δ (C9)

where we have used the Schwarz inequality to obtain the sec-
ond line and the normalization condition(u, u)ℓ = 1/p to
obtain the third. Thus, the chi-squared statistic is offsetby an
amount that is bounded by twice the squared signal-to-noise
ratio observed times the mismatch factor. There is no offset
for a template that perfectly matched the signal waveform.

It can be shown [4] that in the presence of a signal and
Gaussian noise thatχ2 has a non-central chi-squared distribu-
tion [30] withν = 2p−2 degrees of freedom and a non-central
parameterλ <∼ 2ρ2δ (where nowλ may possibly be slightly
greater than the2δ times themeasuredsignal-to-noise ratio
squared owing to the presence of the noise). This distribution
has a mean value ofν + λ and a variance of2ν + 4λ. We see
then that the modified chi-squared statisticΞ of Eq. (9.5) has
a mean of<∼ 2 and a variance of<∼ (4 or 8)/(p+ρ2δ) (4 when
p ≫ ρ2δ and 8 whenp ≪ ρ2δ) for Gaussian noise. Thus we
would expect to set a threshold onΞ of Ξ⋆ ∼ a few.
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