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ABSTRACT

We study the indefinite Kac—Moody algebras AFE,,, arising in the reduction of
Einstein’s theory from (n + 1) space-time dimensions to one (time) dimension,
and their distinguished maximal regular subalgebras A,_1 = sl, and Agll_)Q.
The interplay between these two subalgebras is used, for n = 3, to determine
the commutation relations of the ‘gradient generators’ within AF5. The low
level truncation of the geodesic o-model over the coset space AE, /K(AE,)
is shown to map to a suitably truncated version of the SL(n)/SO(n) non-
linear o-model resulting from the reduction Einstein’s equations in (n + 1)
dimensions to (1+1) dimensions. A further truncation to diagonal solutions
can be exploited to define a one-to-one correspondence between such solutions,
and null geodesic trajectories on the infinite-dimensional coset space $/K (),
where §) is the (extended) Heisenberg group, and K () its maximal compact
subgroup. We clarify the relation between $ and the corresponding subgroup

of the Geroch group.
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1 Introduction

Infinite-dimensional symmetries in gravity were first discovered by Geroch [I] in the
context of (3+1)-dimensional general relativity after dimensional reduction to (1+1)
dimensions (see [2, B] for an introduction and further references). The group struc-
ture was later shown to be associated with the affine extension of Ehlers’s SL(2,R)
symmetry H B, and similar affinizations of hidden symmetries were discovered for
other (super-)gravity theories [, Bl 6]. Evidence for the emergence of an even larger
symmetry corresponding to the Kac—Moody theoretic over-extension AFE3 of the
original SL(2,R) was presented in [7], following earlier suggestions of Hl, §]. For
gravity in (n 4 1) space-time dimensions, the conjectured symmetry is AFE,,, while
for eleven-dimensional supergravity it is F1g, which contains AFy as a subalgebra
governing the gravitational sector of this theory.

In [9] this conjecture was re-examined using the insights from the study of cos-
mological billiards (reviewed in [I0]). Besides a remarkable dynamical match of a
certain ‘geodesic’ one-dimensional o-model with the gravity theory, the conjecture
was made that the Kac-Moody algebra! allows for a re-emergence of the dependence
on the coordinates along which the theory had been reduced. This would entail a
‘dimensional transmutation’, in the sense that the evolution of the geometrical data
of a higher-dimensional theory, usually governed by a set of partial differential equa-
tions, can be mapped to a one-dimensional null-geodesic motion on some infinite-
dimensional coset space. This conjecture was based on the observation that the
hyperbolic algebra E7g contains a set of generators possessing the correct structure
for higher order gradients in the suppressed directions. These, and their analogs
in AFE,,, will be called ‘gradient generators’ in the present paper. Further progress
in the study of the one-dimensional o-model is partly (but not only) hindered by
the lack of known commutation relations. Although the irreducible representations
appearing in level expansions of these algebras w.r.t. to their sl,, subalgebras can
be determined rather efficiently on the computer [II], the commutators are much
harder to obtain?. Some progress on this front was reported recently in [IZ] where an
algorithm for computing commutation relations in a Borel subalgebra was outlined.
Different aspects of the one-dimensional model were studied in [I3, T4, [I5].

In this paper we study the o-model based on AF,, extending previous results
of [I0], in order to examine aspects of the general picture explained above. Our
focus is on AFE,, rather than E7g, since the core difficulties which one encounters in
matching the one-dimensional o-model and the higher dimensional field equations,
appear right away at levels £1 in a graded decomposition of AFE, under its sl,

"We often use the acronyms ‘KMA’ for ‘Kac-Moody Algebra’ and ‘CSA’ for ‘Cartan subalgebra’.
2See also remarks after (I3 to appreciate the challenge.



subalgebra. In other words, the key problem of elevating the linear duality of free
spin-2 theories to the non-linear level must be faced already in the first step, whereas
for E1g, the difficulties become only visible at £ = 3 and beyond, because the duality
relating the 3- and 6-form fields is still a linear one, modulo metric factors, just like
in Maxwell theory.

As we will show, the ‘gradient representations’ are intimately linked to the affine
subalgebra ASZQ of AE,. Exploiting the interplay of this affine subalgebra with the
finite-dimensional A,,_1 = sl,, subalgebra we are able to derive an infinite new set of

structure constants for AF5. After restriction of the AFE,, o-model to the affine A;l_)Q
subsector we exhibit a map between special solutions of the o-model and solutions
of the gravitational field equations with (n— 1) commuting spacelike Killing vectors,
corresponding to a reduction from (n 4 1) dimensions to (1 + 1) dimensions, but
with a restricted space dependence. These results are analogous to previous ones in
[9, (0], T3] 4L [T5], but permit us to to expose the remaining discrepancies in the sim-
plest possible context. In order to focus on these difficulties, we truncate the affine
o-model further to a ‘Heisenberg coset model’ $/K (), which can be solved exactly,
and whose gravitational counterpart corresponds to diagonal metric solutions with
two commuting (spacelike) Killing vectors (known as ‘polarised Gowdy cosmologies’
[T6, 7). We will then exhibit an explicit one-to-one correspondence between these
two models, by showing how the general initial data of the Heisenberg o-model and
the null geodesic trajectories on /K () which they generate, can be mapped to
a general space- and time-dependent diagonal metric configuration satisfying Ein-
stein’s equation. In this way, we are able to validate the ‘gradient hypothesis’, and
thereby the main conjecture of [9], at least in this simplified context.

We also elucidate the relation between the standard action of the (restricted)
Geroch group on diagonal solutions, and the action of the Heisenberg group $ on
the null geodesics. More specifically, we will show that the action of these two groups
coincides on the domain where the Geroch group acts non-trivially. Let us recall
that only ‘half’ of the Geroch group acts non-trivially in the standard realisation
[2, B], whereas the other half merely shifts the integration constants arising in the
definition of the higher order ‘dual potentials’, and has no effect on the physical
metric. For this reason, the standard Geroch group affects only part of the initial
data (the full initial data of the off-diagonal degrees of freedom, but only the ‘initial
coordinates’ of the scale factors). By contrast, the realization proposed here is such
that Heisenberg subgroup of the Geroch group acts non-trivially on all initial data.

Other attempts to generate space-time dependence through algebraic construc-
tions based on Fyp [I§] and similar ‘very-extended’ algebras [T9] have been developed
and discussed in 20, 21, 22]. In [20] this was achieved by including a certain irre-
ducible representation of the relevant very-extended algebra containing translation



Figure 1: The Dynkin diagram of AFE, with labelling of the simple roots shown.
Solid nodes (black and grey) belong to A,_1 = sl, which gets enhanced to gl,.
Grey nodes mark the common ‘horizontal’ A,_o = sl,_1 subalgebra.

generators and (infinitely many) other generalized central charges, whereas in [2]]
space-time is thought to occur through an auxiliary parameter and gradient repre-
sentation in restricted models. A key difference between the present approach and
[18] is that the correspondence exhibited here works only after the gauge degrees
of freedom on both sides have been eliminated by suitable gauge choices : on the o-
model side this implies the complete elimination of the degrees of freedom associated
with the maximal compact subgroups, whereas on the gravitational side, it involves
not only gauge-fixing the vielbein (as discussed in section 5.1), but also solving
the canonical constraints. As a consequence, the global symmetry relates solutions
which are physically distinct. By contrast, the proposal of [I8, 20] seeks a ‘covari-
ant formulation’. This means, that the symmetry is actually much larger than the
relevant very-extended Kac—Moody group, as it must contain general coordinate
transformations (for instance, via the closure with the conformal group [23]) and
other gauge transformations; hence, one must disentangle transformations relating
gauge equivalent configurations from those which generate physically inequivalent
solutions. While it is not possible to really discriminate between the different pro-
posals by analysing low level degrees of freedom, the issue will be decided by whether
and how the higher level fields can be fitted into the scheme. The present paper is
a first step in this direction.

This article is structured as followed. First we define and analyse the KMA AFE,,
and its two distinguished maximal regular subalgebras Aglllz and A,,_1 and define
the gradient representations in this context in section Bl In section Bl we compute
infinitely many new structure constants involving the gradient generators in the
special case of AFE3 by combining these two subalgebras. The o-model based on AE,
is defined in section Hl where we study its restriction to ASZQ. (The restriction to
A,,—1 is studied in appendix [Bl where we also study gravity coupled to p-forms.) The
map from (parts of) the affine model to the two-dimensional reduction of gravity



is deduced in section @ Finally, by using the Heisenberg model we examine the
relation of the o-model to the Geroch group in section B Appendix [A] contains a
proof of the fact that the compact subalgebra of a (split) KMA is not a KMA.

2 Distinguished maximal regular subalgebras of AF,

2.1 Definition of AFE,

The indefinite Kac-Moody algebras AE,, 3 (for n > 3) are defined in the usual
way via the Chevalley—Serre presentation [24] associated with the Dynkin diagram
displayed in figure [l The simple positive and negative generators are denoted
by e, and f, respectively, the Cartan subalgebra (CSA) generators by h,, where
a=1,2,...,n. We consider the algebra over R in split real form. AFE,, is hyperbolic
for n < 9; this means that all Dynkin subdiagrams obtained by removing one or
more nodes are either affine or finite. We will also need to make use of the Chevalley
involution w, defined on the simple generators by

w(eq) = — fa, w(fa) = —eq, w(hg) = —hyg, (2.1)

and the generalized transposition
ol = —w(x). (2.2)

The ‘maximal compact’ subalgebra K(AFE,) of AE,, is then defined as the invariant
algebra w.r.t. the involution w, viz.

K(AE,) :={z € AE, |z =w(z)} (2.3)

and consists of the ‘antisymmetric’ Lie algebra elements in view of (2.

In this section we shall consider two distinguished maximal regular subalgebras
of AE,, namely sl,, and the affine ASEQ, obtained by removing the nodes labeled n
and 1, respectively. The first generates the group of special linear transformations
acting on the spatial n-bein of gravity in (n + 1) space-time dimensions, and can be
enlarged to gl,, by inclusion of the CSA generator associated with the white node
in figure [l The second subalgebra corresponds to the generalization of the Geroch
group that is obtained after reduction of pure gravity from (n + 1) dimensions to

(1 + 1) dimensions.

3We will designate by AE,, both the group and the Lie algebra, as it should be clear from the
context which is meant.



2.2 A, 1 =sl, Subalgebra and level decomposition of AF,

The regular subalgebra of type A,,_1 = sl,, is generated by considering only com-
mutators of the simple generators associated with nodes 1 up to (n — 1) in figure [l
By including the Cartan subalgebra element h,, one can extend sl, to gl,,. Its gen-
erators are denoted by K%, (a,b=1,2,...,n) and obey the standard commutation
relations

(K%, K] = 0, K% — 0g K. (2.4)

For these generators, the transposition [Z2) reduces to (K7)% = K®,. (&3] entails
the following identification of the gl, elements with the Chevalley-Serre generators
of AE, fori=1,2,....n—1

€; — Kii+1, fz == KH_IZ‘, hl == KZZ - Ki+1i+1. (25)

Regularity of the gl,, subalgebra means that the standard invariant bilinear form on
AEFE,,, which is defined by

(eil f5) = 0ij (hilhj) = Ayj (2.6)

coincides with the usual Cartan—Killing form on gl, when restricted to the latter
subalgebra (A;; is the Cartan matrix of AF,,, which is simply laced). Explicitly, the
scalar product on gl,, is given by

(K%K ) = 0503 — 65 0g- (2.7)

It is straightforward to check that this is indeed consistent with (). Let us also
express the trace K =Y " K% in gl, in terms of the CSA generators h,; we have

K=—(n—1)h; —(2n—2)hg — (2n —3)hg — ... — n hy,. (2.8)
Solving for h,, gives
hp=—-K'Y -~ K% +K", =K+ K3+ KY+.. .+ K", +2K", (2.9)

The adjoint representation of AF),, can be decomposed under the (adjoint) action
of gl,, into an infinite tower of sl,, representations. The sl, level ¢, or simply the
level, of a given representation counts the number of occurrences of the simple root
oy, in the corresponding AFE, root «, i.e.

n—1
a=Lla, + Z m! (2.10)
j=1

6



This level is left invariant by the action of sl,, and provides an elliptic slicing of the
forward lightcone in the AE, root lattice. Level £ = 0 contains the adjoint of gl,,.
At level / = 1 we have the representation

0,1,0,0,...,0,1] «— E@n-20n-1 (2.11)

associated with the Young tableau

ay [An—1

a2

n—2

This tensor is therefore antisymmetric in its first (n — 2) indices [a; ... a,—2], and
obeys

Eloranaana] = g (2.12)
Under Chevalley transposition we obtain
Foyan s.any = —w(E 2000, (2.13)

Under gl,, the tensors F =291 and Fy, 4. 5 q, , transform contravariantly or
covariantly, as indicated by the position of indices, for instance

(K, ECet-tn=2:tn-1] — 551 [oc2Cn—2,Cn-1 4 .. 5gn*1EC1---cn72,a (2.14)

Hence the level is counted by the operator ﬁK .
The identification of the AF,, Chevalley—Serre basis is completed by relating the

generators e, and f,, to the level £ = 41 generators via
_ 34.nn _
En = ) s fn = F34...n,n- (215)

The commutator [({=1), ({=—1)] is best written using an auxiliary (dummy) tensor

Xai..an_s.an_, (with the same Young symmetries as F') in the form

al...0n—2,0n—1 _
[Xal---an727an71E " " 7Fb1---bn727bn71j| - _(n - 2)! <Xb1~~~bn27bn1K

— X1 b9, e, — (0 — 2)K6[bn2Xb1...bn3}e7bn1>- (2.16)



This is consistent with the normalisation®

(Eal"'a7L72’n_1’Fbl..~bn727b"*1> (217)
n—2 Oy — n— [ <ol — ] n—
o (R el e A et i

corresponding to the standard normalisation for the Chevalley generators

<en|fn> =L (2'18)

All higher levels in the s, decomposition can be obtained by taking multiple
commutators of the level £ = 1 generator F%%n-24n-1_For AFj3, the decomposition
into irreducible representations of sl3 is known up to level £ = 56 [I1]. Counting
outer multiplicities, the total number of sl3 representations up to that level is [25]

# (representations for ¢ < 56) = 20994 472770550 672476 591 949 725720 (2.19)

Consequently, the complete table of structure constants up to that level will already
contain more than 10%? entries! Hence, the ‘gradient representations’ that we will
consider below constitute only a tiny subsector (but not a subalgebra) of the full Lie
algebra.

2.3 Affine ASZQ Subalgebra

generated by nodes 2 up to n (the circular subdiagram in figure M).> We write the
corresponding traceless generators as K2 g with m € Z, and Greek indices o, 3, -+ €
{2,...,n}. The generators which belong to both this affine subalgebra and the sl,,_;
constitute what we call the horizontal algebra sl,,_1 corresponding to the nodes 2 up
to n — 1, with generators

Figure[ also shows that AFE,, has a regular affine subalgebra AS) 9 = 5/[”: oRé@Rd

[ « 1 o

n —

1Symmetrization and antisymmetrization is defined with ‘strength one’ throughout this paper,
such as for instance in

aija 1 a a 1 a a Taja 1 a a 1 a a
Ol = SONOE — SOGE  E = SOIa 4 SO e,

where a bar over § denotes symmetrisation, and no bar means antisymmetrisation.
—

5We follow the convention that sl,_1 denotes the loop algebra based on A,,_s = sl,—1. The
non-twisted affine algebra A,(Illz is obtained by adjoining the central element ¢ and the derivation

d to the Cartan subalgebra, which then has dimension n [24]. (The rank of ASZQ isn—1.)



in the gl, from above. The relevant nodes in figure [[l are marked in grey.
The affine commutation relations are

_ _ _ _ 1 .
(K Ks] = 04K 6 — 05 Ky + 10m, 1, <5§‘5g - m5§53> e (2.21)

The central element ¢ and the derivation d required for the n-dimensional CSA of
AW can be identified in the CSA of the rank n KMA AE,. Requiring the affine

n—2
level counting operator d to obey

[d,en] = —en, [de]=0 (i=2,...,n—1), ddy =0, (2.22)

results in the following expressions for ¢ and d in terms of the gl,, elements

¢ = Y hi=-K'y, (2.23)
=2
A n—2 1
d = — 2 K'Y - — _K°, 2.24
2n—1) ' n—-1 (2:24)
such that
K=K = K. Y+K%=—(n—1)d- gc (2.25)
. =2
— Kaa:—(n—l)d—n2 é.

The CSA elements ¢ and d are normalised according to
@dy=—-1,  (dld) = ey =0, (2.26)

and the other non-vanishing inner product is
_ _ 1
K85 K)s) = 6m.—n | 050 — ——0567 |, 2.2
< mﬁ’ n5> , <55 n_1ﬁ5> ( 7)

which is compatible with (E8l).

Alternatively, the adjoint of AFE,, can be decomposed under the action of Aszz.
In this case, the grading is labeled by the affine level, which is equal to the coefficient
of the root a; (now providing a parabolic slicing of the forward lightcone in the root
lattice). This decomposition was introduced and studied in [26] for AFs5, but we will
not require these results here.’

5Beyond the so-called basic representation on level one there are already infinitely many Agbllz
representations on affine level two, which can be calculated from modularity and an appropriate
implementation of the Serre relations [26]. This is true not only for AEs but also for AE,.



2.4 Horizontal s[,_; and Gradient Representations

Writing the Kac—Moody algebra AE,, as a graded representation of its sl,, subalgebra
is not independent of making use of the affine A,(1122 subalgebra. This is due to

the identification of common generators in the horizontal algebra sl, 1 = A,_2 =
A, N A(l_)2. We repeat that this is the A, _o subalgebra of AFE, generated by

n
the n — 2 (grey) nodes 2 up to n — 1 in diagram [, with the generators given in
eq. ([Z20). In particular, the affine generator f(ﬁibﬁ on affine level m, transforming
in the adjoint of the horizontal sl,,_1, also transforms under sl,, D sl,_1, and it is
natural to ask to which sl,, representation it belongs. This is most easily determined
by considering the lowest weight vector and its Dynkin labels with respect to sl,,.
The lowest weight vector lies in the root space of the level-m AE,, root (assuming

m > 1 from now on)
n—1
a=may, + (m—1) Z a; (2.28)
j=2

corresponding to sl,, Dynkin labels [m—1,1,0,...,0,1]. We see that this is consistent
with the common horizontal sl,,_1: In terms of the Dynkin labels restricting to the

horizontal A, o of AS_)2 means dropping the first entry of [m —1,1,0,...,0,1] and
the resulting representation is indeed simply the adjoint [1,0,...,0,1] of the hori-
zontal sl,,_; as anticipated. The generator corresponding to the [m—1,1,0,...,0,1]

representation of sl,, is therefore associated with the following Young tableau

C1 [Cn—-1

C2

Cn—2

This level-m element of AE,, thus has (m—1) symmetric sets of (n—1) antisymmetric
indices and then (n — 1) indices with the structure of the representation on sl,, level
¢ =1, cf. EII)-EI2). Because this is rather cumbersome to write out, it is
convenient to treat this tensor as a representation of sl,, and to dualise the sets of
antisymmetric indices by means of the sl,, e-symbol. The result is an sl,, tensor with
(m — 1) lower indices

Ebl...bm71C1“-cn727cn71 (229)

10



which is symmetric in these indices, while the upper indices belong to the level-one
representation (ZIIl). There is a similar expression for the transposed F' generator.
We stress that (Z4]) and (29) are equivalent only as representations of sl,,, but not
gl,,, as they carry different gl; charges. The commutation relations must therefore
be amended by a correction term for the transformation under the trace K in order
to account for this charge. We will come back to this point below for AFs.

As noted in [9] the infinite tower of representations (229 has precisely the right
structure corresponding to the spatial gradients of the low level fields, such that each
index b; becomes associated with a gradient operator 0/0z%, and the irreducibil-
ity condition of the above Young tableau translates to vanishing divergence. More
specifically, for AE,,, the relevant degree of freedom is the dual graviton, correspond-
ing to the above tableau with only the right two columns as in (ZTI1]), and appears
already at level £ = 1 (for Eyq it appears only at level £ = 3).” For this reason,
we will refer to these representations as gradient representations. Let us emphasize
that, except for the lowest levels, this is so far only a kinematical correspondence.®

The other main feature of the gradient representations is that they contain the
affine generators. More specifically, the latter are obtained by performing a ‘dimen-
sional reduction’, restricting the gradient indices (i.e. the lower indices in ([Z2Z9)) to
the single value by = --- = b,,_1 = 1, and the upper indices to the remaining values
a,B,--- =2,...,n. This truncation corresponds precisely to a dimensional reduc-
tion of Einstein’s theory from (n+ 1) to (141) spacetime dimensions, with spacelike
Killing vectors 9/0z2,...,0/0z", and = z' as the surviving spatial coordinate.
The precise identification of K¢ 5 (for m > 0) as part of the sl,, tensor [ZZJ) is

mB = m%m...%szl...1”1"'%’2’0‘, (2.30)
(m—1)
where the indices o, §,--- = 2,...,n have been restricted to sl,_1. For affine level
m < 0 the identification is
(m—-1)
1 —N

€a71---7n—2F1--~1

mB = n=2) V1o An—2,- (2.31)

The correctness of these identifications is easy to check at levels |m| < 1.

"The dual graviton representation has been discussed previously in [27, 28, 29, @ B0, BT, 52, B3].

8We note that there are generators resembling a k-th spatial derivative (on level £ 4 k) of
any given generator (on level ¢). These will generally occur with exponentially increasing outer
multiplicity as they belong to a standard lowest weight representation the affine algebra. The
gradient representations ([Z22Z9) are distinguished by being generated from the adjoint representation
of the affine algebra and hence have constant outer multiplicity, equal to 1.

11
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Figure 2: The Dynkin diagram of AFE3 with labelling of the simple roots. Solid
nodes belong to sl3 which gets enhanced to gl;. The grey node marks the horizontal
Al = 5[2.

)

One can now exploit the interplay between sl,, and AS_Q to determine the com-
plete commutators of the ‘gradient generators’ modulo non-gradient representations.
This is achieved by writing down the general ansatz for a commutator in sl,, covariant
form, and then restricting to the horizontal sl,,_; and using the the affine relations
EZ1D). In the next section, we exemplify this procedure for AFEj.

3 AFj5 and its gradient commutators via sl3 and Agl)

3.1 AEj5 in sl; form

The Dynkin diagram of AFEj3 is displayed in figurefl Before computing the contribu-
tion of the gradient generators to commutators for AFE3 we give the explicit formulae
for the sl3 generators and the appropriate low sl3 level commutators of AFE3.

In this case, the general identifications (&) and ([Z3) read

hs = —K +2K%, K = —2h; — 4hy — 3hs. (3.1)

The gl; commutation relations and inner products are identical in form to (ZZI) but
with index ranges now restricted to a = 1,2,3. The decomposition of AE3 under its
slg subalgebra results in table [l containing levels £ =1,...,5.

Generators belonging to the class of gradient generators have been marked with
an asterisk. Our notation for representations of gl3 is the one inherited from sls.
The general ¢ = 1 generator (ZI]) reduces to a generator of the type

Ebib2 (3.2)

where we have dropped the separating comma. The Young irreducibility constraint
EZT2) now implies that this tensor is symmetric,

bz — phobi (3.3)

For sl3 one can write any representation with Dynkin labels [p, ¢] as a tensor with p
lower and ¢ upper indices, after lowering the p pairs of antisymmetric indices with e

12



| 0] [p1pe) | o | o | multe | p | Gradient |

1] [02] [(0,01)] 2 1 |1 *

2| [12] |(0,1,2) | 2 1|1 *

30 [22] |(023) ] 2 1|1 *
11 | (133)|-4| 3 |1

41 32 | (034) ] 2 1|1 *
21 | (144) | 6| 5 |2
[1,0] | (254) |-10| 11 |1
02 | (244 | 8| 7 |1
13 | (134) | 2| 2 |1

51 [42] | (045) | 2 1|1 *
31 |55 | -8 | 7 |3
2,0 | (265) |-14| 22 |3
0,1 |(365) [-16| 30 |2
04 | @245 | 6| 5 |2
[1,2] | (255) |-12| 15 |4
23] | (145) | -4 | 3 |2

Table 1: Adjoint of AE3 decomposed under regular sl3 subalgebra. The charge of an
element X on level ¢ under the trace K = K%, of gls is [K, X]| = 2¢X as explained
in the text.

of sl3. The irreducibility constraints are then symmetry in lower and upper indices
separately and vanishing of any contraction. The totally antisymmetric tensor €4,
used for lowering the indices, however, is not invariant under gl; as can be checked
easily. That means that while the £ = 2 tensor with natural indices Fc1¢2:b102
transforms under gl; as the indices suggest, i.e.

[K%, E01627b1b2] _ 551 ac2;bibe + 552E6107b1b2 + 521 Ec1¢2,ab2 + 522 E01627b1tl’ (3.4)

the corresponding tensor with lowered indices does not transform in the obvious
way. Rather one has to add a compensating term for the transformation under the
trace K = K%,. Generally,

(K4 Eay.an""2] = —k6{, Fay ar)a™ + 260" Eay 0, "° + k65 Eay o %, (3.5)

(a1

The last term is the necessary correction: The charge of the original tensor on level
k + 1 with 2k 4 2 upper indices under the trace K is 2k + 2, and this charge has to
be maintained. Similar remarks apply to the Chevalley transposed generators

FU-y = (Egy..q," )T (3.6)

13



We now present the commutation of the AE3 generators for levels || < 2 in sl3
form. These can be deduced from table [l after the generators have been normalised
in the standard bilinear form.? For ¢ = 1,2 we demand

(BN Fy ) = Syt =616 (3.7)

BN F i) = PO Faa =000~ 500005, 68)

The commutation relations are then

[Eb1b2 Fdldz] _ —(5b1b2K + 26§d K ))7 (3.9)
[Eble EC162] — 2€b101f1Ea572027 (310)
[Fdldga 0102] = —25d101aFad2027 (3'11)
[E biba Fd1d2] = 2€ae(d156(lzl)Eb2)ev (312)
[ch1d27Eb1b2] — 2606(1315?2)}7’ do)es (313)

(B2 Fey ] = —Ph%ey K+ 25a5§d K*’2>)
~Oin i, K — §5éb1Kb2)(d15§2>' (3.14)

Here, symmetrisation over lower or upper non-contracted indices is implicit.

3.2 Agl) and gradient commutators

The identification of the affine Agl) C AEj5 subalgebra is achieved through (cf.
Z23))

. 5 5 3 1 1

¢ = hot+hy=-K' , d=h1+1h2+1h3=ZKll—é(K%-I-K?’s)
.3 -1

K = K“a:K11+Ku:—2d—§é, = K7y =—2d - ¢ (3.15)

The conventional choice for AF3 would be to take node 3 to be the horizontal node
instead of 2 as we did, since this is more natural from the extension point of view.
This choice would correspond to the Ehlers SL(2,R), and it is also the choice taken
by [26]. However, it does not reduce to the desired horizontal sly C sl3 subalgebra,
and for this reason we here make another choice, corresponding to the ‘Matzner—
Misner’ SL(2,R) in the physical interpretation. The gradient generators Z) on

In general, there remain signs +1 which need to be fixed consistently. Up to |¢| < 2 our choice
is consistent.
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level ¢ have Dynkin labels [¢ — 1,2] and after lowering the sets of antisymmetric
indices take the form

Eoy.ap % (3.16)

We now determine the contribution of the gradient generators to AF3 commu-
tators by writing down for each commutator the most general sl covariant ansatz
compatible with the level decomposition, and then matching this ansatz with the
affine commutation relations ZII). Let us first note down the projector onto a
representation with Dynkin labels [¢, 2]:

20

bibaci... <c1...co sb1b sC1...Co—1 g(by $b2) cc
Py t2 [0ty g = gorcegtibe 2§ o6 ot

aij...ap - dydo 3+€ ai...ap—1%ay (dl (317)

)

E(E - 1) TC1.--Cp—2 Th1 b Cp_1C
" B+02+10) don 300, "y 0Oy,

where the right hand side also has to be symmetrized over the a and ¢ indices. Here,
§ denotes the strength one symmetrizing projector. The second and third term
are only present when £ > 1 or £ > 2 respectively. The projector has the unusual
property that it also serves as a projector on the representation [2,¢] when acting
from the right.'°

The restriction to those elements in Eal,,,alflblb2 belonging strictly to the affine
subalgebra gives an identification of Kf‘ 3 as explained above. Here, the identification
of the affine subalgebra within AFj5 for all levels ¢ > 0 reads

K}g=¢ep, By, 1" 1
08 =Epr L1 (3.18)
(e—1)
and for —¢ < 0
(£-1)
_ —~ =
K%5=c"TFt 1 5 (3.19)

These formulas specialize ([Z30) and (3T) to the case n = 3. Note that we use

Euclidean conventions resulting in €23 = e93 = 1. It is easy to check that indeed
(£=1)
[d,Ey "] = —tBy " (3.20)

(e-1) (e-1)

0That this is not naturally so can be seen, for instance, from considering the projector on the
Riemann tensor symmetries.
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and

(6, B 1%P] =0, (3.21)

(¢=1)

Here the correction term in (B3 is essential in order to obtain a vanishing result.
Upon restriction to the affine subalgebra the projectors [BI1) simplify to
B1fB2|c1...co— _ sc1...ce 508182
Py PRty g, =00 0 (3.22)
4

for positive ¢ and for negative ¢ accordingly. The identification BIR) together
with the affine relations ([ZZI]) then determines the commutators of the gradient
representations. Note that the identification also fixes the normalisation of the
gradient tensor in the AFs3 invariant form to be

P, bibz |c1..cr for £ =k
b1b2 c1...CL — ay...ap dids
(Eay.ap 21 F % 4,4,) { 0 for 04 ° (3.23)
by using eq. ([Z21).
The commutator of two I generators on levels £ and k is then
[Eal---aeflblbzv E01”'Ck71d1d2] = _E1a1...ag,lq...ck,ledl(blgbz)d26 (3.24)

_Ea1...ag,lcl...ck,ledQ(blebﬂdle + ...
The dots on the right hand side indicate possible other AFs3 generators appearing in
this commutators which will however vanish upon restriction to the affine subalgebra
Agl). The term on the right is fixed up to normalisation from the tensor symmetries
and the normalisation is fixed from the affine subalgebra. A similar expression holds
for [F, F).

For ¢ > k we obtain

bibo cq...C o bibae1...e hihsci...c
[Eal---az P kd1d2] - _2Pa1---az ‘ Zf1f2P91---gk ’ ! kd1d2
f1591.-.9% fai
'Eezh1i5h2561.--e:EekH---ee—l +.... (3.25)

Finally, level £+ 1 > 0 commutes with level —¢ — 1 into the adjoint of gls

b1b2 C1...Cp _ bibaje1...ep
[Ealmaz  F d1d2] = Pal---ae | f1f2P

gl---9£h1h2|01mced1d2 (3'26)

2

(ool afese oty ool P, s 2L

This commutator is exact since there are no other Lie algebra elements besides those
of gl; at level £ = 0. The omitted terms (=dots) in the other AF3 commutators
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are necessary for the Jacobi identities. This phenomenon first occurs at level £ = 3,
since this is the first time a non-gradient representation is present (cf. table [I).
Checking the Jacobi identities using solely the gradient generators shows a violation
which is resolved when one also takes into account the £ = 3 representation with
Dynkin labels [1, 1].

4 Affine truncation of the AFE,/K(AF,) c-model

Having clarified the embeddings of the subgroups and having determined the gradi-
ent commutators, we next turn to the one-dimensional ‘geodesic’ o-model over the
coset space AE,, /K (AE,). This model is governed by the Lagrangian [I0]

1
L =—(P|P), 4.1
o (PIP) (11)
where all quantities depend only on the affine parameter (‘time’) ¢, and n(t) is the
lapse function required for reparametrisation invariance t — t(t). The quantity P(t)
and the K(AE,) gauge connection Q(t) are determined from the Cartan form

oVVl=90+P (4.2)

with V(t) € AE,/K(AE,). By construction, Q belongs to the compact subalgebra
K(AE,) (fixed by the Chevalley involution, cf. eq. 3)), and P to its complement
in AF,. With these definitions and notations, the equations of motion assume the
simple looking form [T4]

ndy(n~'P) = [Q, P, (4.3)

To get these equations into the standard second order form, we would have to choose
coordinates on the AF,, /K(AE,) coset manifold and to substitute them into (2,
but we will skip this step here. Although these objects are highly formal constructs
at this point, readers need not worry about our lack of knowledge of what the ‘group’
AFEj3 really is, because the truncated level expansion provides an algorithm which
is such that all operations take place in the Lie algebra, and involve only a finite
number of steps if one truncates at finite level. As we will show these steps remain
well-defined for the affine truncation where one retains an infinite number of Lie
algebra elements.
Varying the lapse n, we get the (Hamiltonian) constraint

(P|P)=0 (4.4)

Connsequently, the ‘trajectory’ described by 3) on the coset manifold is a null
geodesic.
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The system described by this model is formally integrable [9]. For every solution
Y giving rise to Q and P satisfying ([3]) we can define a conserved (Noether) charge

J=n"VIPY,  9J7=0 (4.5)
taking values in the Lie algebra and obeying a null condition
(J|T) = 0. (4.6)

Similarly, we can define a (symmetric) ‘metric’ M associated with the oco-bein V by
M = VTV, which is related to J via

J = %n_lM‘latM (4.7)
Eqn. ([H) implies the following constraint on [, and hence on the initial data,
I = MM (4.8)
The general solution for M can be (formally) written as
M(t) = exp (v(t)TT)M(0) exp (v(1)T ). (4.9)

where
t
v(t) == / n(t')dt’, (4.10)
to
with ¢y some arbitrary initial time. Translated back to V(t), the general solution is

V(t) = k(t)V(0) exp (v(t).J). (4.11)

Here, k(t) belongs to the compact subgroup K(AE,) and is not determined by the
equations of motion. This indeterminacy corresponds to the freedom of choosing a
gauge for V(t). We can now work out the above equations of motion 3 level by
level, following the low level results of [10].

4.1 Restriction to ASZQ

We will now restrict the one-dimensional geodesic o-model l), to its affine sub-
sector; this is a consistent truncation. As we explained, the affine sector originates
from the zeroth level in the ASZQ analysis. To this end we define

1 _ _

S?)‘@B = §(Kfc‘r{Lﬁ+K€ma)v
1 _ _

Jﬁ@ﬁ = §(K%B—K§ma)7
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which obey the symmetry relations

Saf = sh

po o gef = P (4.12)
The generators Sop , J for m > 0, together with ¢ and CZ, define a basis of Anlzz.

The commutation relations of ASZQ in this basis are

[d, S50 = —m il [d, T3] = —mSy! (4.13)
and, for m,n > 0,
150, 53] = S0P + 508, — TSI L5,
%méam,nawﬁn (4.14)
:J%ﬁ, J;Z‘S: — %55’7%‘1” - %5ﬁ5Jg1n + %WUS?_H - %w%;ﬁn, (4.15)
:Sﬁf : 5;’5: — %WU%‘L + %6%;?_” - %50‘7,];3?_” - %50‘5 T8, (4.16)

Observe that the central charge drops out in the [J, J]| and [S, S] commutators, but is

present in the ‘mixed’ commutators [J, S]. The elements J,,, (with m > 0) generate
the (centerless) ‘maximal compact’ subalgebra K (ASEQ) = K(sl,_1).1!

Next, we expand the Cartan form in this basis as in [2), with

o) = QU+ 3" Qe

m>1
Pt) = POS+ > PSP v opp d+ doe (4.17)
m>1

The quantity p will be seen to be directly related to the ‘dilaton’ field (=volume
density for the internal manifold), while e is related to the conformal factor in
the dimensional reduction of Einstein’s theory to two dimensions. Observe that the
position of indices no longer matters, as the tensors appearing on the r.h.s. are to
be regarded as SO(n — 1) tensors only. Also,

QY =-qF . PY=+p (4.18)

(e}

whereas the higher modes are not subject to any such symmetry restrictions.

"That the latter is not a Kac-Moody algebra is demonstrated in appendix [Al Note also that
the additional CSA elements ¢ and d do not survive the projection to the compact subalgebra and
hence K(ASQ) equals the compact subalgebra of the loop algebra sl,,—1.
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In this general, non-gauge-fixed form, the equations of motion [E3]) read

ndy(n~p7l0p) = 0,

_ 1 m) o(m
no(nlow) = 5> mQUEPE
m=1
pOy . on©® pO) L= m) (m) plm)
ndy(n” Fog) = 2Q(a'ypvlﬁ)+§z_:l(Q(alvl 5y~ @a Fley)  (419)

for the level-zero degrees of freedom, where the vertical bars on the r.h.s. of the third
equation indicate that symmetrization should be performed only over the indices «
and (. At levels ¢ > 1, we obtain (recall that there is no symmetry under the
exchange of a and f3)

—-1p@y _ 51 (€=m) —m
ndy(n Paﬁ) = 0, anﬁ + = Z ( oy Pvﬁ Q ( )
Finally, the Hamiltonian constraint in a general gauge is
(PIP) = ~2p 0pdho + PO PY) + Z 0. (4.21)

m>1

The first equation in ([ZI9) can be integrated straightforwardly, with the result
n(t) =0 np(t) = v(t)=Inpt) (4.22)

where integration constants have been chosen conveniently. Hence, the choice of the
function p(t) can be viewed as a choice of gauge for the lapse n(t); this function
is only subject to the requirement that it be a monotonic function of the affine
parameter ¢t. This result can be plugged into the general solution ([EIT) to give

V(t) = k(t)V(0) exp (In p(t).T). (4.23)

Although the above equations of motion constitute a consistent truncation of the
full AE,,/K(AE,) o-model, one may ask how they embed into the latter. Within
AE, /K(AE,), the above equations of motion may receive new contributions from
those ‘non-gradient fields’” whose associated Lie algebra elements ‘commute back’
into the affine subalgebra. The role and significance of these extra contributions is
not clear.
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We emphasize that the expression (ZI1) is the most general, because we have

not chosen a gauge for the local subgroup K (A( ) o). In other words, no matter which
gauge is chosen, the equations of motion can always be cast into the form ([{19),

#20) and [F2Z7).

4.2 Triangular gauge

The equations of motion derived above can now be considered in various gauges,
thereby fixing the factor k(¢) in (EEI)). A convenient choice, and one that has been
used almost exclusively in previous work, is the triangular gauge, for which the
oo-bein V(t) depends only on the level £ > 0 fields. In this gauge, one obtains

oVt = Qe + PO)se? + ST PIVRSs v aipp Tt d + doe. (4.24)
m>1

Consequently,
QU =P%  form>1. (4.25)

Note that the second term on the r.h.s. of ([EEZ20)) vanishes for this choice of gauge, in
agreement with previous calculations [I4]. While Po(é%) is symmetric, ng’) contains
both symmetric and antisymmetric parts for m > 0, and we can therefore decompose

it into irreducible s0,_1 representations:

e R (4.26)
with
P =P Qi =-Q4, (4.27)

(m)

remembering that Paﬁ is traceless. With these definitions the dynamical equations

ET9) and E20) become

ndy(n~'p o) = 0, (4.28)
1 AL ) Alm —~{m) (M

nat("_lata) Y (Qgg)Qég)JrPég)Pég)), (4.29)
m>1

nd(n1PY)) = zngggpgg;, (4.30)
m>0

nifo(n o PY) = 23 QTP+ QELPGYY) . (s
m>0

WA = 23 (RO PR,
m>0
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where the last two equations hold for ¢ > 1. The Hamiltonian constraint (ZI]) now
reads

(PIP) = —2p'Opdro + PO PY) + Z QUY + PUVBUYY = 0. (4.33)
m>1

Are there other viable gauge choices? While the triangular or Borel parametrisa-
tion is by no means the only possibility for finite-dimensional matrices, the situation
is more subtle for infinite dimensional groups. In fact, it appears that so far the
triangular parametrization is the only manageable one for indefinite KMAs. Nev-
ertheless, indications were found recently [34] that the triangular parametrization
must be relaxed if one is to include M theoretic corrections, and to extend the ‘dic-
tionary’ beyond the very first few levels. Here we simply emphasize again, that
independently of the gauge, the equations of motion can always be written in the

form ETH), @EZ0) and @ZI). The only difference is that the equality [EEZH) will
fail to hold in a non-triangular gauge.

5 Comparison with two-dimensional reduction

5.1 Relation to higher dimensional vielbein

The infinite ‘matrix’ V(t) € AE, /K(AE,) can be thought of as an co-bein analogous
to the vielbein of general relativity. Indeed, it contains the (spatial) vielbein as a
finite-dimensional ‘submatrix’, if one restricts attention to the level zero sector, i.e.
upon restriction of the full coset to the finite-dimensional coset space GL(n)/SO(n)
(note that we keep the GL(1) factor here as a remnant of the full algebra). As is well
known, pure gravity in (n + 1) spacetime dimensions exhibits a hidden SL(n — 1)
symmetry after reduction to three dimensions. This symmetry is obtained through
an enlargement of the manifest SL(n — 2) symmetry upon dualization of (n — 2)
Kaluza Klein vectors to (n — 2) scalar fields. After further reduction to two dimen-
sions the system becomes integrable with a Lax pair, and admits an A;l_)Q symmetry
as a ‘solution generating group’ [ Bl [6]; for n = 3 this group is known as the Geroch
group [I}, 2]. Together with the GL(n) acting on the spatial n-bein, we thus recover
precisely the subgroups of AFE,, discussed in the foregoing section.

Let us therefore spell out this correspondence in a little more detail, in order to
facilitate the comparison between the one-dimensional geodesic o-model introduced
in the foregoing section, and the D = 2 theory to be discussed in the following
subsection. For this purpose we need to fix gauges such that

Ey? = < N Oa > (5.34)



This equation displays the decomposition of the (n + 1)-bein into a lapse factor N,
and a spatial n-bein e,,®; the shift variables (which enforce the spatial diffeomor-
phism constraint) have been set to zero, as required for the comparison with the
Kac—Moody o-model. As we said already, the spatial n-bein can be viewed as the
level-0 sector of the co-bein V, and thereby of the coset AE3/K(AE3). As is well
known [I0], the restriction of the of the o-model Lagrangian #TJ) to the ¢ = 0 sector
coincides precisely with the dimensional reduction of Einstein’s theory to one time
dimension.

In the following section B2l we will compare the one-dimensional o-model equa-
tions of motion with those obtained in the reduction of Einstein’s theory to (1+1)
dimension (which depend on time and one extra spatial coordinate). For this com-
parison, one further step is required, namely the split of the spatial n-bein in (B34])
according to

A0 0
Eyd=1|0[X 0 . (5.35)
0olo pl/(n—l)émﬁ

Here we have singled out one (the first) spatial direction, and decomposed the re-
maining (n — 1)-bein into a unimodular part, and its determinant. So det(es%) = 1,
and p measures the volume of the (n — 1)-dimensional internal space (‘internal’
from the (141)-dimensional perspective, of course). In addition, we have adopted
the conformal gauge for the zweibein, with the conformal factor A, thus tying the
lapse to the (11) component of the spatial metric. Finally, setting the remaining
elements of the first column and the first row of e,,* to zero is related to the hy-
persurface orthogonality of the Killing vectors usually assumed in the reduction to
(1+1) dimensions [2, .

The special parametrisation ([30) results in the following non-vanishing com-
ponents of the coefficients of anholonomicity Qupc = 2E.M EgV ImENc (with
0, = 0/0z")

1 _
Qoge = m)\_15568tpp_1-1-)\_1657”8156,7@, (5.36)
1 _
Qll_)é = m)\_légaaxpp_l + A_légmaxém57 (537)
Qo1 = A0, (5.38)

The spatial components §2,,. of the anholonomicity are related by duality to the
first gradient representation (ZITI), which we called dual graviton in Z2l The irre-
ducibility constraint (ZI2)) on this representation is equivalent to the tracelessness
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condition Qgpp = 0 [9 [4]. In the present two-dimensional context this condition
reduces to

Qupy = Qpp =\ "10pp ' =0. (5.40)

Therefore the irreducibility condition €,,;, = 0 holds if and only if p = p(¢). In the
next section, we will arrive at the same conclusion by a somewhat different route.

The parametrisation (30) also yields the determinant of the original (n+1)-bein
to be

det(E) = N\/g = \*p (5.41)

where /g = det e;,,%. Using the identification between the original lapse N and the
o-model lapse n derived in [I3] [T4], we can relate the o-model lapse to the internal
volume density p via

n=Ng/?=pL (5.42)

This result will be useful below.
To deduce the relation between the field o and the conformal factor A, we com-
pute the contribution from (E3H) to the diagonal part of e Mem?, viz.

1
ateamemb = —A_lat)\ Kll - mp_latp Kaa + ... (543)

where the dots stand for the contributions from the off-diagonal degrees of freedom.
Rewriting this in terms of the CSA elements ¢ and d, cf. [ZZ3]), we obtain

at[p(n—2)/2(n—1))\] [p(n—2)/2(n—1))\]—1 ¢+ atpp—l (i (544)

Comparing () and [I1) we conclude that the conformal factor should be iden-
tified as'?

e’ = )\pQ&j) (5.45)

while p indeed agrees the internal volume density p. This is consistent with the
result from the irreducibility constraint (B40) above that p is a function of time
only.

2The same correction to the conformal factor is also obtained (for n = 3) in the Matzner-Misner
coset formulation of gravity reduced to two space-time dimensions [, see also [B5].
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5.2 o-model equations of motion in (1+1) dimensions

Next we write out the equations of motion for the D = 2 theory as obtained from
an SL(n —1)/SO(n — 1) o-model coupled to gravity in two dimensions, and then
compare them to the equations of motion of the one-dimensional o-model derived in
the foregoing section. This will not only allow us to extend previous results on the
matching, but, more importantly, to exhibit those terms which do not match, and
where the dictionary needs to be modified if one is to include higher order spatial
gradients. The main advantage of the (1+1) theory is that the mismatch assumes
the simplest possible form, and can therefore be scrutinized in full detail.

The basic object of the (1+1)-dimensional theory is a matrix V(¢, z), which is an
element of the coset space SL(n —1)/SO(n — 1), and which is the analog of V(t)
of the previous section. The corresponding sector of the theory is governed by the
standard o-model Lagrangian on the worldsheet in a gravitational background. The
corresponding Cartan form belongs to the horizontal sl,,_;

AV = Q4+ Py = Quapdd” +PuapS” (5.46)

with the gauge field Q, € so0,,_1 and P, € sl,_1 © 50,1, and p,v,--- = t,z. The
equations of motion read

Du(pv/=37"P,) = 0, (5.47)

where D,P, = 0,P, —[Q,, P, ] is the s0,,_; covariant derivative, and v,, is the world-
sheet metric, with inverse v#*¥ and determinant . The additional dependence on
the ‘dilaton’ p in this equation is a remnant of the reduction from higher dimensions.
In the conformal gauge v, = A?1,, (cf. (E3H)), this equation simplifies to

D*(pP,) =0 (5.48)

where indices are now to be raised and lowered with the Minkowski metric 7.
Writing out these equations in terms of ¢ and x components, we get

p~10u(pPr) — p~ Du(pPa) = [Qr, Pe] — [Qu, o). (5.49)
In addition, from (&Z8l), we have the integrability conditions
atpm - ampt = [Qta Pm] - [Qx, Pt] 5 atQm - 8th = [Qta Qm] + [Pt, Px]- (550)

with the gauge connection Q¢, Q; € s0,_1. Here we have written out explicitly all
covariantizations in order to facilitate the comparison with the equations of motion
(E2]) following from the one-dimensional o-model.
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In conformal gauge, the ‘dilaton’ p obeys a free field equation, viz.
(02 — 2)plt, z) = 0. (5.51)

This equation is satisfied in particular if p equals one of the two-dimensional co-
ordinates or a linear combination thereof (Weyl canonical coordinates). Since we
are interested in cosmological applications, for which p is a timelike coordinate, we
choose!?

p(t,z) =t. (5.52)

To see that this choice matches with the one-dimensional o-model, we substitute
(EZ2) into the first equation of [EZH), which gives

p totp=0 (5.53)

and indeed agrees with (1)) if p is independent of z. Furthermore, independence
of p of x is consistent with the Young irreducibility constraint in the o-model as
explained above in (BZ0).

The first order equations for the conformal factor A\ are just the Hamiltonian and
diffeomorphism constraints, respectively, and read

DpAON + BupATON = %pTr (P? 1 P2), (5.54)
IpANLON+ OpATION = pTrPP,. (5.55)

With (EX2) they simplify to
AT = %Tr (P7+P2) , A '0,A=tTrpPp,. (5.56)
There is also a second order equation for the conformal factor, which reads, for p = t,
t7 L0, (tATION) — 9, (A TLO,\) = TrP,P,. (5.57)

In order to compare the equations ([49)—(E01) with the equations of the one-
dimensional affine o-model [EZ8)-(E32), we must truncate both models appropri-
ately. On the side of the one-dimensional model we do this by restricting the ex-
pansion to levels |¢| < 1. Making use of the equality (22) and the triangular gauge

BFor spacelike p, we would obtain a variant of the so-called Einstein-Rosen waves, see e.g. Bl.
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E27), the equations of motion (E28)-E32) are thus truncated to

p_18t<pPo(é%)) - Q Pﬁ(?v—i_QQv[a i

81513;16) - Q Pﬁ(]lv—i_QQv[a 0)

0Qhs = —2Qy[a%y+2P([iPé?3 (5.58)
PO, (pBro) = ;(QaﬁQaﬁ PP (5.50)

which must now be matched to () and ([&h0). On the side of the (14-1) theory, we
must restrict the z-dependence of the two-dimensional quantities such that P, and
P, become independent of z (which is tantamount to keeping only first order spatial
gradients). Then the o-model equations of motion match upon the identification

POt
QU)

Pt(t7$0)7 p(l)(t)
Qu(t, o), QW(t)

where z is some fixed, but arbitrarily chosen spatial point. The ‘dictionary’ (EGU)
must be supplemented by the relations (£22]) and ([223)), already derived before.

While many terms thus do match, there remain several discrepancies between
these equations and those of the geodesic o-model. First of all, there is a mismatch
in the equation of motion for the conformal factor, which is similar to the one
encountered in previous work, and which in particular involves a contribution o
QWQW which has no analog involving the gauge-variant expression Q,Q, in ExX0)
above. We interpret this mismatch as another indication of the impossibility to
reconcile the higher dimensional gauge invariance with the desired correspondence.
Likewise, (ER7) has a term 020 which has no analogue in [Z9). Furthermore,
the spatial gradients 0,P¢, 0,P, and 9,Q; in (49) are absent in the one-dimensional
model. In view of these mismatches, we will now simplify the affine model yet further
to an exactly solvable model.

P.(t, z0), (5.60)
—Qz(t, 20), (5.61)

6 Restriction to the ‘Heisenberg coset’ /K (9)
6.1 The H/K(H) o-model

We consider the (prototype) affine coset Agl)/K (Agl)) restricted to its ‘Heisenberg
subspace’ $/K (). In this way, we are able to define a one-to-one correspondence
between a very limited, albeit non-trivial, class of solutions of Einstein’s equations
(diagonal metrics with two commuting Killing vectors), and the null geodesic motion
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on the infinite-dimensional manifold $/K($)). To this end we restrict the affine
algebra Agl) to its Heisenberg subalgebra

Lie($H) = gl, & Ré & Rd (6.1)

Note that our terminology is slightly unusual in that the last summand is usually
not considered to be part of the Heisenberg algebra, but required here in order to
obtain a non-degenerate (indefinite) metric on Lie()). Define

1
V2

for all m € Z. Then the non-vanishing commutators of the Heisenberg algebra are

Hyy = (K2~ KDs) (62

[Hpy Hy) = mpm—pé,  [d,Hp] = —mHp,. (6.3)
The symmetric and antisymmetric combinations are
1
Sm = §(Hm +H_,,) form >0,
1
I = §(Hm —H_,,) form>1. (6.4)

The J,, generate the maximal compact subgroup K (%) of the extended Heisenberg
group $). The commutation relations (G3) in this basis are (recall that m,n > 0)

[Sma Sn] = 0, [Jma Jn] =0,
[Jma Sn] = %mém,néa
[CZ, Sm] = —mdy, [CZ, Jm] = —mS,,. (6.5)

Parametrising the coset space /K () in triangular gauge by

V(t) = exp[ln p(t) d] - explo(t) €] -exp [ > ¢m(t)Hp | (6.6)
m>0
we find
OVV =" 0 Hy + p Opd + Droc. (6.7)
m>0

Defining Py, (t) = p~ " 0dm, we have
P(t) = Y Pult)Swm+p t0p(t)d+ do(t)

m>0
Qt) = Y Pult)Jm (6.8)

m>1
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Using the commutation relations (GX) we get
1
QP =) mPnpl0pSm+=Y mP2eé 6.9
Q. P] mzzzo P10 S+ m%:l (6.9)

Therefore the equations of motion of our model read

n@t(n_lﬁ_lﬁt,ﬁ) = 0,
_ 1 - om
ndi(n~'o0) = 3 > mp T (D),
m>1
ndy(n" p ) = mp~ TG, O (6.10)
The Hamiltonian constraint takes the form
1
— 27 18,p0i0 + P} + 3 >y P =o. (6.11)
m>1

Using the insights from the preceding section we solve the first equation of (E10)
by setting n=! = p = t. Then the null geodesic trajectory in /K ($) is explicitly
parametrized by

do(t) = polnt+qo )
¢m8 = At +¢n (m>0) = P,t)=pnt™ ! (m>0),
2m
1 1
70 = grilntt 2, gt o0 (6.1
m>1

where the coefficient of In ¢ in the last line is determined by imposing the Hamiltonian
constraint (EI1]), which, however, does not fix oy. Because the model is explicitly
solvable, we see in particular how the solution V(t) depends on the most general
initial data, i.e. the initial ‘coordinates’ ¢, and ‘momenta’ p,, for m > 0.

The conserved current is, from (EH),

1 R
o —lyy—lpyy -1 1 ~—m £ oaln s
J = n 'V PV=n [(&J 5 milmp ¢um> CH+p Opd (6.13)
1 A—lq ~m 1 A—m
+PyHy + 3 mil (= 2mp~ "0 pdm + p"™ Pr) Hyy + 5 mg>1p PmH_m} .

Plugging the solution (GI2), as well as n~!(t) = ¢, into this expression yields

1, 1 L
T = |3pb—5 D mpmgm | e+ d
m>1
1
T3 Z PmH —m + poHo — Z MG Hm, (6.14)
m>1 m>1
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which is evidently conserved since it depends only on the initial data. Observe
that neither gp nor oy appear in 7. In agreement with the general analysis of [10],
the initial momenta appear in the lower, and the initial coordinates in the upper
triangular half of Lie($)).

Under global $ transformations ¢, J changes as J — ¢Jg~'. Let

glo, B,w) == exp(In &) - exp(In 8d) - exp (Z wan> , (6.15)
neZ
then
U —2 - ¢ +d 6.16
9J g = 2]90 D) Z m(pm Mw_m)(gm — wm) | ¢+ (6.16)
m>1

_ 1
- Z mﬁ m(Qm - wm)Hm + poHo + 5 Z ﬁm(pm - 2mw—m)H—m-
m>1 m>1

From this we immediately read off the transformation of the initial coordinates ¢,
and momenta p,, (for m > 1) under the action of $:

qm — 5_m(Qm - wm)
Pm — ﬁm(pm - 2mw—m) } (m = 1)‘ (6‘17)

On V the corresponding transformation is V — kVg~! where k(t) is the (local)
compensator required to restore triangular gauge, which does not contribute to the
transformation of 7. By considering V transformations we find constant shifts
(which drop out in gJg~ 1)

ogp—0og—a qo — qo — wo. (6.18)

Hence, all the constants are shifted except the (Kasner) coefficient py. All fields
except o are inert under a transformation associated with the central term. This is
no longer the case for the full AE,, model where ¢ ceases to be central.

6.2 Relation to polarised Gowdy cosmologies

Remarkably, there is a one-to-one correspondence between our model, and the ‘po-
larised” Gowdy type cosmological model with diagonal metrics depending on two
coordinates (t,x) '*. Apart from possible reparametrisations of the time parameter
t, this correspondence works only after complete elimination of the gauge degrees

See also [36] for a discussion of such solutions in the framework of gravitational solitons.
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of freedom on both sides. In particular, the conformal factor must be treated as
a dependent degree of freedom via the constraints (EZI)) below. The relevant line
elements can be written in the form (see e.g. [3])

ds® = N2e 2 (—dt* + da®) + t*e 2 dy? + eZ d2? (6.19)
where the function Z = Z(t, x) is subject to the two-dimensional wave equation
O [toZ(t,x)] =td2Z(t,x) (6.20)

The conformal factor can be determined by straightforward integration from the
first order equations

Ao = L[(0.2)? + (0.2)7] A‘laxA:%E?th‘)xZ (6.21)

| o

which are compatible if [E20) is satisfied. They give rise to the second order evolu-
tion equation for A

D (INTON) — 19, (A9, \) = %(@Z)z. (6.22)

The general solution of [EZ) can be written as

Z(t,x) = /_OO G(t,x — w)q(w)dw + /_00 H(t,x — w)p(w)dw (6.23)

with the Green’s functions

s s

G(t,x) == 1 /000 cos(kx)Jo(kt)dk , H(t,x):= 1 /000 cos(kx)Yy(kt)dk (6.24)

where Jyp(z) and Yy(z) = Jo(2)In(z) + ... are the standard Bessel functions (see
e.g. [38]). Note that the second integral in (24]) is well defined (as a distribution)
for all ¢ > 0 despite the logarithmic singularity of the integrand. Near the singular
hypersurface ¢ = 0, the general solution admits the expansion [I6, 7]

Z(t,z) = q(z) + p(z)Int + F(t,x) (6.25)

5For regular initial data, i.e. p(x) = 0, this formula can be written in the completely explicit
(and manifestly causal) form [37]

1 [ott g(w)dw

T Jas NGECEIOE

which also follows directly from [{E24)) (we thank V. Moncrief for a discussion on this point).

Z(t,x) =
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where ¢(x) # ¢(z) unless p(z) = 0, and lim;_.o F'(t,z) = 0. The conformal factor
expands as

1
InA(t,z) = sz(x) Int+... (6.26)
The functions

g(x)=qo+qr+ @i +... , pla)=po+pix+pa’+... (6.27)

can be viewed as the initial values of the coordinates and momenta on the ‘big bang’
hypersurface t = 0. p(x) correspond to the canonical momenta (rather than the
velocities) since we know from section that the Lagrange density contains the
kinetic term £ = pP;P;. With p(t) =t the conjugate momenta are therefore

M(t,z) =0, Z(t,z) =2 p(x). (6.28)

We emphasize that we are here working locally in a fixed coordinate chart — the
Taylor expansion could be equivalently performed about any other spatial point xg.

Evidently, the Kasner solution corresponds to constant ¢(x) = go and p(x) = pg
in (@23) and [EZ0). In this case we have a direct correspondence between this
particular solution of Einstein’s equations, and the corresponding solution (EI2)) of
the /K ($) model with p,, = ¢, = 0 for m > 1. In view of (EI7) and (EIX),
different orbits under $) are thus labelled by po. If p(z) = 0, the solution is no longer
of Kasner type; instead of a singularity, it may exhibit other features such as Cauchy
horizons [I6]. In the following we will not consider this case.

When the higher modes (and the higher order terms in ([EZH)) are switched
on, the relation is less transparent. We now define an explicit one-to-one map
between the null geodesic trajectories V(t) on H/K($) characterized by (G13), and
the solutions of (G20) characterized by the initial values [0-27), by associating the
solutions with the same initial data qo,q1,... and pg,p1,... and oy. We emphasize
again that such an association makes sense only after gauges have been fixed; in
particular, all possible coordinate transformations in (¢, ) are ‘used up’ when the
four-dimensional line element is cast into the form (EI9), and the diffeomorphism
constraint is imposed on the initial data by solving (EZI]). The action of the ‘solution
generating group’ $) on the solutions of ([E20) is likewise defined by the corresponding
action on the solution V(¢) in (EI0). We next examine how this action compares to
the standard realisation of the Geroch group on such solutions.

6.3 Geroch vs. Heisenberg

To elucidate the relation between the transformations (EIZ) on the initial data ([G21])
on the one hand, and the action of the corresponding subgroup of the Geroch group
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on solutions of (E20) on the other, we briefly recall how the latter is usually realized.
The integrability of general relativity reduced to (1+1) dimensions [89, B0] is usually
expressed by means of a linear system (or Lax pair) whose integrability condition
is equivalent to the reduced Einstein equations [B]. In the standard formulation
this is achieved by promoting the matrix V(¢,z) appearing in (546 of section H to
an element of the associated loop group by introducing an extra dependence on a
spectral parameter v, viz.

V(t,2) — V(t,2;7), (6.29)
This matrix satisfies the linear system (Lax pair) equations [Bl 6]

1+4~2 2
+72Pu+ 1
1—7 1—7

OVt =q, + €uP”. (6.30)

The parameter «y is to be interpreted as the spectral parameter of the loop algebra
over sl,_9. The integrability of {E30) implies the equations of motion ([BZd) if

(z —w) + /(x —w)? —t2 t(

v =7tz w) = e w=-—3

1
— 31
n 5 v+ >+:17 (6.31)

~
where w is sometimes called the ‘constant spectral parameter’. The appearance of
two spectral parameters v and w, one of which depends on the space-time coordi-
nates, is a consequence of the coupling the o-model to gravity, and the characteristic
feature which distinguishes this model from flat space o-models. It is precisely the
coordinate dependence of the spectral parameter v which allows the Geroch group to
generate space-dependent solutions, as we will now explain for the polarised Gowdy
cosmologies.

Diagonal solutions can be obtained by starting from the following w-dependent

16 considered as an element of the loop group G/L(\l) - Agl)

) — < exp(Glw)) 0 > €32)

matrix

0 exp(—=G(w))

To generate space-time dependent solutions from this matrix, one follows the general
procedure of [B], by first expressing w as a function of ¢,z and v by virtue of ([E31]),
and then removing the singularity at v+ = 0 by a compensating transformation.
The corresponding solution of the field equations is then obtained from V by setting
v = 0, as V is holomorphic at v = 0 after removal of the poles. In infinitesimal form,
these steps are summarized in the combined transformation

U (t,x;7) = Sh(t, a7V (t, 23y) — V(t, 2;7)dg(w) (6.33)

16The following considerations are based on unpublished work with T. Damour [&T].
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where dg(w) € 5[\1, and 6h is the compensating transformation in K (g/l\l) which
removes the poles at v = 0. ([G33]) shows that only half of ng has an actual effect
on the solution V(¢,z), namely those dg(w) o w™ with n > 0. The other half
(n < 0) yields expressions in 6V for which §V = lim,_ 6V(y) = 0. Hence, the latter
transformations merely shift the integration constants arising in the definition of the
higher order dual potentials, and have no effect on the physical solution.

All solutions of the type (E2ZH) can be generated from [A1]

G(w) = f(w) + g(w) Inw (6.34)

with regular functions f(w) and g(w) (which are directly related to, but not identical
with, the functions ¢(w) and p(w) in [@ZD)). The presence of a Inw term in (E34),
which is necessary to obtain a non-trivial Kasner coefficient p(z) in (G2H), signals
that we are not dealing with the standard loop group in w. The necessity of the Inw
term is another manifestation of the fact that the standard realisation of the Geroch
group affects only one half of the initial data, and must therefore be ‘amended’.

From (E3T)) and (E34]), we can deduce the leading contributions to 6Z(t, z) for
t ~ 0 from a given dg(w), following the steps described above, with the result

dg(w) = w" = 0Z(t,x) x 2",
dg(w) = w" Inw =  0Z(t,x) x z"Int, (6.35)

for n > 0. This shows that a regular (non-logarithmic) affine level n element of
the Geroch group induces a spatial dependence o x™ in the regular initial data in
a Taylor expansion around z = 0, but that a logarithmic dependence on the loop
parameter w is required to change the singular initial data (the Kasner coefficient
function p(x)). The action of the Witt—Virasoro algebra, and hence that of in-
finitesimal variations along d, were discussed in [A2]. The central charge acts on the
conformal factor A by scaling transformations [, B, [6], in agreement with the results
derived at the end of section

Eqgs. (E30) illustrate the main advantage of the affine coset model and our new
realization of (a subgroup of) the Geroch group in comparison with the linear system
approach: In the Heisenberg model, the full algebra generates non-trivial transfor-
mations on the initial data — the positive half shifts the initial coordinates ¢,
and the negative half shifts the initial momenta p,,, see (EIZ). By contrast, for
the standard realisation of the Geroch group only half the transformations oc w”
for n > 0, act non-trivially and change the initial coordinates encoded in ¢(x); in
this sector, the action of the Geroch group agrees with the action of the upper half
of . On the other hand, in the standard approach, we must extend the Geroch
transformations by allowing w” In w terms in order to shift the initial momenta p(x).
Moreover, this rather ad hoc extension of the loop group fails at the non-linear level,
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i.e. for non-diagonal metrics because it would force us to admit arbitrary positive
powers of Inw [I]]. This difficulty is avoided altogether in our new coset approach,
where the ‘solution generating group’ acts on all initial data, except pg, and which
furthermore does not require modifying the loop group by logarithimic terms to
generate the most general solution.

The difference between the two realisations of the affine symmetry is also evident
from way the (dynamical) fields are encoded in V and V respectively. Since the
Chevalley involution acts by [B]

. A — 1
w(V(t, ;7)) = (V1) ! <t,a:; ;) (6.36)
the r.h.s. of (G30) is invariant, whence
9,00 e K(A,). (6.37)

By contrast, for the geodesic o-model of section Hl all the dynamics is contained in
the coset components, see [LIT). Hence, we conclude again that the linear system
([E30) is not immediately suitable for the comparison with the results of the foregoing
sections.

7 Discussion

There is an alternative formulation of the Lax pair for two-dimensional gravity [43],
which is somewhat more similar to (2], in that its r.h.s. belongs to a coset
subalgebra, and involves the CSA generators ¢ and d explicitly. In that formulation
the Cartan form reads (using light-cone coordinates)

1 1 R
O+VV~H(t,x) = £p ' 0xp(Lo — Lx1) + §Q:I:aﬁjaﬁ + 5 PragKLip F 0ot (T.1)

Here, Ly and L1 belong to the Mobius subalgebra of the Virasoro algebra (which
can be embedded in the enveloping algebra of the affine algebra with Ly = J) In
contradistinction to the linear system (G30) the expansion of (] is truncated at
affine level one, but involves the M&bius generators. (This has an effect on the set
of allowed dressing tranformations [43].)

In the above linear system, the generator L_; acts like a derivative operator
on a vertex representation, and belongs to a Witt—Virasoro algebra acting on the
affine algebra via a semi-direct product. This suggests that there might exist a
similar, but larger, subalgebra inside the enveloping algebra of AFE,,, which would
contain derivative operators in all spatial directions, and contain the standard Witt—
Virasoro algebra as a subalgebra. In addition, the affine algebra might be embedded
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in a toric algebra (see e.g. 4] and references therein). Such an algebra is spanned by
generators Tnif} (where m designates a vector in some vector space), with commutation
relations of the form

[TT%‘, TﬁB] = fABCTTg_i_ﬁ + central terms. (7.2)

However, looking at the relation for the gradient fields derived for AFE3 in section
B, we see that the naive identification of i with the three-vector of the multiplic-
ities of the indices 1,2,3 among the ‘gradient indices’ aq,...as_1 of the generator
Eal,...,ag,lblln will fail since the commutator [B24]) will always add one index and so
destroy the vector space structure on such . Moreover we have seen in section
that the gradient representations by themselves do not close into a subalgebra of
AFs5. We thus conclude that there is no toric algebra inside AF,, or its enveloping
algebra.

The interpretation of the affine coset proposed in section Bl provides a more
favourable realisation of the Geroch group since it can incorporate transformations
of both the initial coordinates and the initial velocities in the general case without
extending the set of allowed transformations. We anticipate that similar results hold
for the o-model realisation of the affine group Agl) in comparison with the standard
realisation of the full Geroch group. However, the more important challenge at
this point is now to find out how the hyperbolic AE3 coset model can generate the
most general dependence on four-dimensional space and time coordinates, and to
understand the significance of the fact that, unlike the affine elements, the gradient
generators no longer form a closed subalgebra of AFE,.

It is also interesting to consider higher levels of the affine coset model by including
as a next step the basic representation [26] of the affine algebra. This will show new
aspects of the correspondence characteristic for the KMA o-model crucial for the
programme of [9].

Acknowledgements: We are grateful to T. Damour, F. Englert, V. Moncrief and
A. Rendall for enlightening discussions, to D. Bernard and T. Fischbacher for cor-
respondence, and to T. Damour for permission to include some unpublished results

of 1.
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A The Compact Subalgebra is not a KMA

In this appendix we prove that the ‘maximal compact’ invariant subalgebra of an
infinite-dimensional KMA is not of Kac-Moody type. This applies in particular to
the algebras AFE, and E1g, and their invariant subalgebras.

Proposition 1 Let g be any infinite-dimensional split real Kac—Moody algebra g,
which is not the direct sum of (infinitely many) finite dimensional algebras. Then
the infinite-dimensional subalgebra € C g fixed by the Chevalley involution w is not
a Kac—Moody algebra.

Proof: The main observation is that the contravariant Hermitian form on the
Kac—Moody algebra

(zly) == —(zlw(y))  forz,y,c€g (A.1)

is not positive definite everywhere on the split real KMA if the latter is infinite-
dimensional [24]: in the CSA, and only in the CSA, there exist elements of both
positive and negative norm squared, because the Cartan matrix is not positive def-
inite. However, since the CSA is not invariant under w, the compact subalgebra
¢ does not contain any such elements, and the contravariant form on € (inherited
from g) is therefore positive definite on ¢ [45]. Because ¢ is infinite-dimensional,
it can thus be a KMA if and only if it is the (orthogonal) sum of infinitely many
finite-dimensional algebras of KM type.

We will prove that this cannot happen by exhibiting a contradiction if the as-
sumption were true. Therefore assume that £ is the infinite direct sum of some finite-
dimensional algebras. Now consider some (regular) level decomposition g = @, g¢
of g such that 0 < dim g, < oo for all ¢ € Z. Then g is generated by taking multiple
commutators of g_1, go and g;. Since the Chevalley involution w acts according to
w(g¢) = g—¢, the invariant subalgebra admits the decomposition (not a grading!)

t=(Pe with & Cgo, B Cgr®a = [tk CE (A2)
>0

Like g, the infinite-dimensional invariant subalgeba  is generated by taking multiple
commutators of €y and €. Since all g, are of finite dimension, it follows in particular
that €y and €, are also finite-dimensional. According to our assumption they must
therefore belong to a finite sum of finite-dimensional subalgebras of ¢. Hence, the
algebra they generate is also finite-dimensional, in contradiction with the fact that
t is infinite-dimensional. [

The proposition unfortunately does not give an answer to the important ques-
tion what kind of Lie algebra £ is, and, more pressingly, what its representation
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theory is. It is expected that the representation theory of £ is associated with the
supersymmetric extension of the one-dimensional o-model [H6, [[3].

B AFE, o-model in sl, decomposition and p-forms

In this appendix, we analyse the o-model based on AFE, of section H from its sl,
subalgebra. We will also add p-forms to the Einstein equation of the model to make
contact with other oxidized theories.

B.1 Pure Gravity
We first study the o-model and then compare it to the reduction of the Einstein

equation.
The Cartan form in triangular gauge in sl, form now is

oYVt = PupS®+ Qupd® + Par.an-z,0 2 B2 4 (B

(n —2)!

with indices a,b taking values 1,...,n. The resulting o-model equation on level
¢ = 0, in the truncation to [¢| < 1 can be deduced from the results of section 22,
with the result

_ 1
nat(n 1Pab) = 2Pc(aQb)c + ] <5abP01...cn2,cn1 Pcl...cn,2,07l,1

2(n—2)

_P01~~~Cn727apcl---Cn72yb - (n - 2)Pacl---cn37cn2Pbcl---cn37cn2>' (B-2)

In the corresponding gravity theory, the space-space components of reduced Ein-
stein equations in flat components are

Ry = RIS™ + RP =, (B.3)

where we defined, following [T4],

Ryy™ = Ogwabo + WecdWabo — 200c(aW)c0s (B.4)
1~ = 1~ = 1~ = 1 -
R = Zchandb - §Qachbcd - §Qachbdc - gach(ab)- (B.5)
Here, Q. is the tracefree part of the anholonomy Qg = 2e)," ey Open and

Wabe = (QabetQeab—eq)/2 is the spin connection. We use the same decomposition
(E34) of the vielbein as in section Bl
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By comparing eq. ([B2) with eq. (B3)), we see that almost all terms match upon
identifying

n(t) = Ne l(t,zg), (B.6)
Pab(t) = wabt(ta :EO)’ (B7)
Qab(t) = _wtab(ta :EO)’ (B8)
N _
Pay..an 2,01 (t) = EgaLnaanbCchanfl (t,z0) (B.9)

for some fixed spatial point zg. The terms which do not match are the second
spatial derivatives and the cross-term Qachbdc in (BH). However, the second spatial
derivatives are not expected to match in this approximation and the cross-term
disappears upon using a conformal gauge for the zweibein.

B.2 Inclusion of p-forms

We now add a single p-form field to the Einstein action via their kinetic terms!'”
1
_ n+1 _ M;...M,
S = /d z det(E) <R T 1)!FMl...M,,HF ! P+1>. (B.10)

The generalisation to several p-forms is straight-forward and we do not consider
dilaton terms here for simplicity.
The Einstein equation resulting from (BI0) can be written as

1 p
Ryn = —F EyPPr — GunF, pP-Fe (B11
uy = 5o p Fy St ) (=) MNP P (B.11)

Converting into flat indices and restricting to the spatial directions, we write
t; t —2rel
Ry + Rep"™ = =N ""Tg + T, (B.12)

with the energy momentum tensor split into ‘electric’ and ‘magnetic’ contributions
according to

1 p p
T((l)b = 2—p!Ftacl,,,cp,1F’tbcl...cp71 - méathcl...cpﬂcl...cpa (B13)
1 P
T = F, F — v Feycpir Feyocpyr - (B.14)

2—]7! acy...cpL'bey...cp 2 (p + 1)| (n — 1)

1"We need not concern ourselves with possible Chern-Simons-like terms since these do not affect
the Einstein equation. However, they are crucial for the gauge field equation of motions and Bianchi
identities.
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The factor —N 2 in ([BI2) stems from lowering the ¢ index. Similarly, we split the
Ricci tensor into temporal and spatial derivatives as before.

On the algebra side, we need to include additional generators to account for the
electric and magnetic contributions to the Einstein equation. Consider the expansion
of the Cartan form to be

1
xRV = PabS“"+QabJ“”+mPal...an,mn,lE“l“'“"*?’“"*l (B.15)
L 1
oo, B 4 o gy LB

In the first line of (BIH), we have the contribution of the AE, fields as above.
The second line now belongs to additional generators we have introduced into the
algebra. That such generators are present in the relevant Kac-Moody algebra for
the oxidized theory follows from the results of [A7]. Demanding the normalizations

<Ea1...ap |Fb1...bp> — p! 5;11.'.'.';:’ (B16)
(BO-onr By ) = (n—p— Do) (B.17)
leads to the commutators of the new generators
oy Eeer] = (1 pa e, 319
p elp—
[Eal...ap’ Fbl...bp] = - 1p! 51‘)’11'”;)1’[{ +p-p! 5511_“;)1)711[{&1’}1,,,}7 (B.19)

and similar expressions for the magnetic generator with p replaced by (n —p —1).
From this, together with the commutator (ZI6l), we can deduce the following ¢ = 0
equation of motion for the o-model in this approximation

_ 1
ndy(n 1Pab) = 2Pc(aQb)c + m <6abPCI---Cn27CnIPCI---Cn27cn1
_P01~~~Cn727aP01---Cn72yb - (n - 2)Pacl---cn37cn2Pbcl---cn37cn2>
p 1 1 p 1 1
+2—p!P;CL--Cp71P§01me—1 - méabpcel...cppcel...cp (BQO)
n — p - 1 Pmagn Pmagn . p 6 meagn Pmagn

Cl-..Cn—p—1" Cl-..Cn—p—1"

2 (Tl —p— 1)' aci...Cn—p—2~ bcy...Cn—p—2 2p!(n — 1) a

By comparing (BI2) and (B20) we find agreement if we identify the new terms
by

P;i...ap (t) = F;fal...ap (t7$0)7 (B21)
N
Par?;?%;flnfpfl (t) = (p + 1)' Eal~~~U«n7p7161...bp+1Fbl,,,bp+1 (t7 :1;0) (B22)
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in addition to (B). There are sign ambiguities here, since the fields appear quadrat-
ically in (B20)). These will be fixed from the equations of motion and Bianchi
identities for the p-form fields.
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