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Abstract: We present an efficient, covariant, graph-based method to integrate superfields
over fermionic spaces of high dimensionality. We illustrate this method with the compu-
tation of the most general sixteen-dimensional Majorana-Weyl integral in ten dimensions.
Our method has applications to the construction of higher-derivative supergravity actions
as well as the computation of string and membrane vertex operator correlators.
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1 Introduction

Despite the conceptual elegance of superspace methods, their use in the study of supergravity and
string theory is hampered by a number of technical difficulties. The problem which is perhaps most
manifest is the fact that high-dimensional fermionic integrals, although conceptually simple, are hard
to evaluate explicitly. This forms a serious obstacle when one attempts to relate the often elegant
superspace expressions to results in terms of supergravity component fields.

The fermionic integration problem is encountered in a variety of different situations. One of these
is the construction of ten-dimensional higher-derivative supergravity actions. By virtue of the pres-
ence of the dilaton field, these supergravity theories allow for the existence of scalar superfields which
contain the entire supergravity multiplet in their component expansion ﬂ, E] This observation has
led (now almost twenty years ago) to the hope that complicated higher-derivative actions can perhaps
be constructed in terms of superspace integrals of simple expressions B, E] Although the application
of this idea to the type-IIB theory is beset with difficulties Ei, even the simpler construction in N =1
supergravity has never been worked out in full detail. One particular problem which has remained
unsolved is how to relate superspace expressions to component ones. This same problem also appears
in the computation of vertex operator correlators for superparticles ﬂa], strings and membranes [1],
when these are formulated using target-space spinors (i.e. using the Green-Schwarz or Berkovits for-
malisms). High-dimensional fermionic integrals appear here when one tries to integrate out fermionic
zero modes of the fields living on the world-volume.

While generic covariant fermionic integrals are thus so far not known, special cases which exhibit
additional symmetries are sometimes tractable. One such case is the integral that leads to the sixteen-
dilatino interaction in the type-IIB theory ﬂﬁ, } The superspace supergravity computation and the
computation of a sixteen-fermion vertex operator correlator both lead to the trivial integral
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A slightly more complicated expression is obtained for the four-graviton amplitude in the Green-

Schwarz formalism, when computed in the light-cone gauge. The resulting fermionic integral can be
decomposed as the product of two known SO(8) fermionic integrals m], with the result [11]
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Again, this integral also occurs in an analysis of four-graviton couplings in supergravity. A similar
result can also be obtained for the four-point correlator of supermembrane vertex operators in the
light-cone gauge ﬂ] However, it is clear that (1) and (C2) form only the tip of the iceberg. Many
interesting results wait to be derived once a fully covariant way is established to perform an arbitrary
high-dimensional fermionic superintegral and express it in terms of Lorentz singlets (Kronecker deltas
and epsilon tensors).

Therefore, it is the purpose of this small note to discuss a generic, covariant method for the inte-
gration of arbitrary functions over high-dimensional fermionic spaces. We demonstrate the feasibility
of our method by deriving an explicit expression for the most general sixteen-component SO(10)
fermionic integral (the “N = 1 integral”) in terms of Lorentz singlets. This result is rather interest-
ing by itself, and we will discuss our motivation to derive it, including possible applications, in some
more detail towards the end (in section Bl). The method can be applied easily to the other ten- and
eleven-dimensional supergravity theories. Expressions for SO(9) integrals, relevant for superparti-
cle and supermembrane calculations in eleven-dimensional supergravity in the light-cone gauge, will
appear shortly ﬂﬂ]

For completeness, we also describe, in the appendix, an efficient method to reduce tensor polyno-
mials to a minimal basis. This simple method does not seem to be widely known, but is of considerable
help in dealing with higher-derivative Lorentz invariants.

2 Fermionic integrals

2.1 A simple eight-fermion example

The goal of this note is to show how high-dimensional fermionic integrals can be evaluated covariantly
and in full generality. However, the techniques which we will use apply also to much simpler cases.
It is therefore illustrative to first consider a simpler fermionic integral, which can be done by hand
and for which the answer has been known for a long time, so as to get familiar with the techniques.

Let us thus consider the following integral over the eight-dimensional space of SO(8) spinors ﬂm],

[ /d89j: (6541319%) .. (Biirg) (2.1)

Here the + symbols denote the chirality of the spinors. In order to determine the number of Lorentz
singlets which is needed to express this integral, we compute the tensor product of the four sym-
metrised sets of two anti-symmetric vector indices [13],

, . 3 x [0000] @ ... in SO(8),
Sym* ([010...]) = (Dgym = (2.2)
2 % [00000...] & ... in SO(2k) for k > 4.

This result implies that (ZJ]) can be decomposed in two delta singlets and one epsilon singlet (the
epsilon singlet is dimension dependent and corresponds to the disappearing singlet when the tensor
product is evaluated in higher dimensions). It is straightforward to find these three independent
singlets; we will use

Dy = 1_12(5i1i2 512 §isi 535t 111 terms)
Dy = 4—123(5j1i25j2i35j3i45j4i1 + 47 terms) , (2:3)

E = ghtjtizja
The fermionic integral can thus be written as

[3:1]1~~~z4]4 = D§1]1~~~Z4J4 + g D;1]1~~~z4j4 + 61;/1@1]1@2"’]47 (2'4)



and the goal is to determine the unknown coefficients «aq, as and (.
By using an explicit representation for the SO(8) gamma matrices, it is straightforward to evalu-
ate (Z1I) for particular values of the eight indices (by selecting the terms in the resulting polynomial
of spinor components in which each component occurs once). Similarly, it is straightforward to deter-
mine the value of D1, Dy and E for a particular set of index values. Three independent combinations
are listed below,
[t171]- - [iaga] ‘ Iy ‘ I_ ‘ Dy ‘ D ‘
[12][12][34][34] | —128 | —128 | 1/12 0
[12][23][34][41] 128 128 0 1/48
[ ]

12][34][56][78] | 128 | —128 | 0 0

(2.5)
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This leads to three equations for three unknowns, from which one determines the coefficients to be
a1 = —1536, a9 =6144, [ =128. (2.6)
Comparing with the tg tensor of appendix 9.A of m], one then obtains the expected result
I+ = 25615+ . (2.7)

In the next section we will see that the sixteen fermion integral can be evaluated using precisely
the same logic, although the number of Lorentz singlets increases sharply and it also becomes more
complicated to evaluate their values given a set of indices. This increased complexity calls for a
number of new ideas.

2.2 The sixteen fermion integral

Let us now turn to the evaluation of the sixteen fermion integral in ten-dimensional simple super-
gravity. The Weyl and Majorana properties of the spinor 6 imply that bilinears in € can be written
as three-forms. The most general integrand therefore has the form

Ii1j1k1"~i8j8k8 = /d169 (Q_Filjlklg)(e_rléhkzg) .. (éfisjsksg) . (2.8)

The goal will again be to express this integral in terms of Lorentz singlets, i.e. Kronecker deltas and
epsilon tensors carrying the free vector indices. That is, we want to write the integral as

Jidrk-igjsks Za’ 21J1k1 isjsks (2.9)

in terms of a set of basis tensors T{;).
The first step in this integration is to determine the number of Lorentz singlets in which the
integral [ZF)) can be decomposed. This number is easily obtained by considering the tensor product

8 33 x [00000] ©... in SO(10),
sym® ([00100.. ]) = () = 100000 o) (2.10)
sm |24 % [000.. ]@... in SO(2k) for k > 5.

There are thus 33 singlets in SO(10). Nine of these disappear when one considers higher-dimensional
spaces, and these thus correspond to parity-odd invariants involving the ten-dimensional epsilon
tensor.

In contrast to the situation in the previous section, it is now not so easy to guess the 33 Lorentz
singlets. However, the explicit construction of these singlets can be translated to an elegant problem in
graph theory. Let us first focus on the singlets which involve only Kronecker deltas. We will represent



fully anti-symmetrised index triplets by trivalent nodes, and represent Kronecker deltas which set two
indices equal by edges connecting the nodes. Multiple edges are allowed (e.g. §1%2§7172§%1%2 wwhich
corresponds to two nodes with a 3-fold connection between them). The problem of finding all 24
independent singlets now corresponds, in standard graph terminology, to the problem of finding all
3-regular multigraphs (not necessarily connected) with eight vertices. All graphs of this type can be
found with the help of ,@], and one finds a total of 32 graphs. This may seem to contradict ZI0I),
however, the anti-symmetry of the index triplets is not yet fully encoded at this stage. Using anti-
symmetry, 8 of the 32 graphs can be shown to correspond to a vanishing expression. For example,
the double contraction of two identical three-forms is symmetric in the two free indices and therefore
vanishes when contracted into a further three-form. In graphical notation, this is seen from

RUER R IR U

Another vanishing subgraph is

M-8R,

These identities make 8 graphs vanish identically, see figure 2l The remaining 24 graphs are listed in
figure M and their explicit expressions in terms of Kronecker deltas can be found in table [

The construction of the graphs corresponding to parity-odd singlets is less systematic. We can
again introduce a graphical notation, representing an epsilon tensor by a 10-valent vertex (or “box”).
Many graphs can be formed out of one 10-valent and eight trivalent vertices, but nine of these are
sufficient to represent the nine independent parity-odd singlets in the tensor product ([ZI0). These
are displayed in figure Bl and the corresponding explicit expressions can be found in table 2

Having determined the basis on which (8] can be decomposed, the remaining step is to determine
the coefficients in front of each of these basis tensors. This is again done by matching the values of ([Z3)
and (EZ) for various sets of values of the indices, and solving the resulting system of linear equations.’
In graph-theory language, the evaluation of (2l corresponds to finding all ways of colouring the edges
of a graph with numbers, given a set of three numbers at each vertex. This requires some care in
order to keep the computation within bounds. The basis tensors in table [l and B contain an implicit
anti-symmetrisation over all indices in each triplet, as well as an implicit symmetrisation over all
index triplets. A brute-force algorithm which investigates the value of a given singlet for all terms in
the symmetrisation therefore leads to a worst-case situation in which (3!)% - 8! ~ 6.8 x 10! different
terms (or colourings) have to be considered. The graphical representation suggests a much more
efficient “backtracking” algorithm. This algorithm constructs the graph labellings vertex by vertex
and checks after each choice if the index assignment is still consistent. If it is, the next vertex is
labelled, if not, the algorithm backtracks and proceeds to the next choice of edge labelling.

The result of this matching and the subsequent solution of the linear system is presented in the
last column of tables [ and B This concludes the computation of (ZF]).

2.3 Covariant computation of the R? integral

A useful check of our method is to compute the well-known R* term in the linearised heterotic or
type-IIB theory, and verify that it reproduces results which were obtained previously using non-

'The chirality of the spinor 6 in (ZX) enters at this stage. As in section EZIl the choice of chirality reflects itself in
the sign of the coefficients a5 . .. ass of the parity-odd singlets, and we will not comment on this any further.



Graph ¢ Singlet 7}, Coefficient
ai/(2'9 - 39)

L | 0 O 0 011 6 073 00 610 0 Oy Gl | 269
2| Gy O O 05 0 1 0, 8 G 0 0 Ol | 4968
B | G0 0% O 0 0, O ST OO i 6T | 7956
4|00 0 6 05 0 0 670 o o o 0T | 2304
5| O O 0 0 0 O O 0 G O O | 70848
6| 01y 0 0 04, 6 O, 05, 03, B L0 047 | 24102
T | O8O o 0 0 57 07 6 6 Sl 61 | 32544
8 | Gy 0% 0 01 03 0 O 67, 077 0% o 0,7 | 3888
9| Oy O 00 01 O, 01 O 00, O O O 0T | 26352
10| 838, G g O, 8, 65, 03, 030 03 8L 0y | —20412
L | 03 05 0 05, 0%, 0y, Oy 072 072 00 0 64 | 124416
12| 03} 0 0y, 0, 030 0y 0, 073 04 030 00 67 | 10368
13| 03 0% O 03 01, 0y, 03, 073 032 67 070 67 | 196992
14| 0 0 05 63 03 0y, 0, 07, 0% 9 0 6y | —10368
15| 033 050 04t 0%, 0 0, 0 0, 01 Ok, 070 07 | 373248
16| 03} 032 0y 05, 03 Oy, O, 073 08, 032 0o 6 | —331776
17| 8, 0 0y, O, O, O O 0% 0 O O30T | 165888
18| 832 03 032 035 01 0, 0, 0k o o 0 Ol | 41472
19| 333 03 03, 05, 0%, 05, 05, 07, 02 07 071637 | —10368
20| 51 0 0 05, 05t Ok, 0k, 0, s O O 01T | —171072
2L | 0 05 Gy 00 033 0, O, 07 8, O 071 8 | —238464
22| 810 0 0 O, O3 0%, 0, 07 00 ol o | 248832
23| 085 05 612 030 6y 877 030 611 042 8y 6yt | —62208
24| O 0, 033 O, O3 O3, O35 0, 0 O O Oy | 63504

Table 1: The coefficients of the 24 Lorentz singlets in the §'¢ integral which can be expressed solely
using Kronecker deltas. The singlets are understood to be antisymmetrised in the [ijk] triplets, and
symmetrised over 1...8.
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Figure 1: Graphical display of the 24 Lorentz singlets in the 6'¢ integral which can be ex-
pressed solely using Kronecker deltas. Each dot represents a fully anti-symmetrised index triplet
(e.g. [i1, 1, k1]) and the lines indicate how these indices appear on Kronecker delta symbols.

covariant methods. The R* term arises from a superfield integral of the form
Ips = / dp ot (2.13)

where the relevant terms in the scalar superfield ® take the form
O = ...+ (0™9) (0T, 0) Rijpy + - . . . (2.14)

By making explicit use of the results of the previous subsection, we can express the integral in terms
of the 24 independent parity-even Lorentz singlets,

24
Ips = Z @ T(Zl‘l)]lklng]gk8 [77i1i2Rj1k1j2k2] e [77i7ist7k7jsks] : (2.15)
i=1

(Note that the parity-odd part of the integral does not contribute, since there are no eR* scalars
in ten dimensions.) The individual terms in the sum lead to lengthy linear combinations of the
26 independent quartic curvature scalars. All dependence on the Ricci curvature cancels in the total
result, and by decomposing the result on the basis of the 7 Fulling invariants [L6] (see also appendix [A])
we are left with the required result in terms of Weyl tensors,

Tpe = 2%43% (tsts + Lerpe10) O = 2%23° (=2 CPU3CLe " Cry " Coos + CPI*C' " CrY ¢ Crusw) - (2-16)

Imposing this result actually turns out to be restrictive enough to completely determine the coefficients
1 ...094.



Figure 2: Graphs of parity-even type which vanish identically by virtue of the identities (ZITI)
and ([ZT2).

3 Discussion and applications

We have presented the computation of the ten-dimensional fermionic integral ([Z8]) in terms of 33
basis tensors, using a general method applicable to all fermionic integrals, in particular those of ten-
and eleven-dimensional supergravity. The solution of this problem was facilitated by mapping it onto
a graph construction and colouring problem. To conclude, let us discuss a number of applications of
this integration procedure.

Let us start with the N = 1 heterotic theory. The use of the dilaton superfield for the construction
of the R* invariant was proposed a long time ago E] Although the expansion of the scalar superfield
was only worked out to lowest order, it should be possible to extend this analysis to higher order in 8
using computer assistance (a similar analysis would have to be performed to construct the measure).
One particular reason why it is interesting to pursue this program is that it could provide insight into
the still elusive supersymmetrisation of the (tsts + %610610)R4 invariant. As was emphasised in ﬂﬂ],
the tgtg part of this construction is reasonably well understood because of its relation to a super-
Yang-Mills invariant. The eeR* term ﬂﬁ], in contrast, does not admit a derivation by “squaring” a
super-Yang-Mills action. However, this term potentially plays an important role in the modification
of the superspace torsion constraints. A direct derivation in components would certainly help to
understand this issue.

The complete set of higher derivative interactions that accompany the R* term involve, in par-
ticular, fluxes that are essential for understanding nontrivial compactifications of string/M-theory.
Unfortunately, there are intrinsic difficulties in the superspace description of such interactions due to
the absence of an off-shell superspace formalism for theories with maximal supersymmetry. However,
a limited amount can be deduced from the available on-shell superspace formulations. For example, in
the type-1IB theory the superfield formulation of ﬂa] encapsulates the classical theory which contains
component fields comprising the one-form (made from a derivative of the complex scalar), the NS-NS
and R-R three-forms and the five-form field strength (as well as the fermions). There are difficulties
in extending this to the general leading higher derivative interactions ﬂa] but in the special case in
which only the five-form and the metric are non-vanishing, the five-form dependence enters purely as
a companion to the curvature in the * term in the scalar superfield ﬂa, E_g] As shown in ﬂﬁ] this
leads to an elegant understanding of the nonrenormalisation of the D3-brane supergravity solution
by these leading higher derivative interactions. In other examples string perturbation theory has
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Figure 3: Graphical display of the 9 Lorentz singlets in the #'6 integral which contain epsilon
tensors. Rectangles denote epsilon tensors, and each dot represents a fully anti-symmetrised index
triplet, as in figure [l

Graph Singlet Coefficient
) T(24+i) ()424+¢/(221 . 36 . 5)
1 Mivia Mizia Misjs Nieir Mj1je MNjajs Nkka Cigjsksjrkrjokokskaks 7
2 Nivio Mizky Miska Misjz Mieja Mizjs Nj1j2 €isjsksjrkrickekskaks 42
3 Mivia Thizjy Miage Misjs Misk: Thivks Njajs Cigjsksjrkrjekekskaks —294
4 Mivia Thizjy Miais Tieja Nivky Mjags Njsje Cisjsksjrkrkekskaksks —168
5 Nivia Mizg1 Tiagz Misjs Micja "izjs Niejr Cisjskskrkekskakskaki 264
6 Miviz Migia Misks Migiz Mj1j2 Njsga M1k €isjsksirkrickejskska 0
7 Mivia Nigky Thiags Miskz Miciz Mj1j2 Njaks Cisjsksirkrickejskska 0
8 Mivig Thizia Misgs Mgk Nivks "j1je Njajs Cisjsksjrkrjekekskaks 0
9 Niviz Miaga Niaks Thisja Their Tj1js Niska €isjsksirkrickekskaks 0

Table 2: Coefficients of the nine selected epsilon singlets which occur in the fermionic integral 3).
The vanishing of four of the coefficients has been achieved by choosing a suitable basis of the nine

parity-odd singlets in ([ZI0).



provided evidence for the structure of such terms, but a superfield analysis has not yet been possible.
For example, certain H?R> terms were determined from a string calculation in [20, 21]. In any case,
the technical results of this paper may be of value in any future progress towards an understanding
of the superspace formulation of such interactions.

A completely different application of our superintegration techniques concerns the study of vertex
operator correlators. In space-time supersymmetric formalisms for superparticles, strings and mem-
branes, the leading higher-derivative amplitudes arise as simple expressions over world-sheet fields,
involving only a fermionic zero-mode integral. Such integrals are precisely of the type considered here.
Using the methods of the present paper, it has recently become possible to determine the (DF| 4 )% R?
and (DF(4))4 terms in the M-theory effective action directly from a superparticle calculation ﬁﬁ]
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A Appendix: reduction of tensor polynomials

Once one has done a superspace integral over a sufficiently complex integrand, one typically ends
up with tensor polynomials which can be further reduced using the symmetries of the individual
tensors, as well as the exchange of identical tensors. We would here like to comment briefly on a
reduction method which incorporates all symmetries, including the Ricci cyclic identity and Bianchi
identities (this method was used implicitly in several papers, see e.g. ﬂﬁ, |, but as far as we know
was never spelled out, and more importantly, does not seem to be widely known; it is not mentioned
in the standard reference | and is also missed in most recent literature on tensor polynomial
simplification).

The simplest symmetries of tensors are mono-term symmetries, such as anti-symmetry in a set of
indices. These symmetries always relate one particular index distribution to one other distribution,
and can be used step-by-step to reduce a given tensor monomial to a canonical form. Various efficient
algorithms have been discussed in the literature and we will not comment on these symmetries any
further (see ﬂﬂ, E, Iﬁ] and in particular the implementation in ﬂﬁ])

The more complicated symmetries are multi-term symmetries, such as the Ricci cyclic identity or
the Bianchi identity, which relate a sum of terms with different index distributions. These symmetries
are all manifestations of the so-called Garnir symmetries of Young tableaux ME] These state that
the sum over all anti-symmetrisation of boxes in a Garnir hook is identically zero. Examples of such
Garnir hooks are given below,

|
|

which represent the Ricci cyclic identity, the Bianchi identity on a five-form and a more general Garnir
symmetry, respectively. Applying a Garnir symmetry on a tensor produces a sum of tensors, which
means that one can no longer restrict to the canonicalisation of tensor monomials.

There is, however, a simple way to construct instead a basis of monomials which takes the Garnir
symmetries into account, and reduce any given expression to this basis. It consists of simply replacing
each tensor in a monomial by its Young-projected form. A basis of monomials can now be constructed
by first generating a list of all possible index contractions of the tensors, and then projecting each of
these using the Young projection on each of the individual tensors. Monomials which are identical
by virtue of Garnir symmetries will then map to the same sum of monomials.

There are, however, a few subtleties. Firstly, it would be prohibitively expensive to write down all
terms in a Young-projected tensor. Instead, it is much more efficient to reduce the Young-projected
forms by making use of the mono-term symmetries, which are easy to deal with using the methods
of ﬂﬂ, , %] One thus obtains, for e.g. the Riemann tensor,

1
Rapea — g (2 Raped — Radpe + Racbd) > (Al)

instead of the (2!)* = 16 terms which are produced by the Young projector. The expression
on the right-hand side manifestly satisfies the cyclic Ricci identity, even if one only knows about
the mono-term symmetries of the Riemann tensor. Using the projector ([A)) it is easy to show
e.g. that 2 Rypeq Racvd = RapedRaped- The monomial on the left-hand side maps to

RapcaRacvd — %(RabcdRacbd + RabcdRabcd) s (A2)

and similarly Rgpeq Rapeq maps to twice this expression, thereby proving the identity in a way which
easily extends to much more complicated cases.

11



Secondly, the Young projectors are not dimension dependent. As a result, not all relations between
monomials will be recognised. The additional relations exist because invariants sometimes arise as
the contraction of tensors with two d-dimensional epsilon tensors. When written out in terms of
Kronecker deltas, this leads to anti-symmetrisation in d indices when none of the indices of the
epsilon tensors are contracted with each other. Clearly, such an invariant can be written down in
lower dimensions, but it vanishes identically, although this is not recognised by simply performing
the Young projections. Relations obtained in this way have to be taken into account separately, but
are easy to find.

References

[1] B. E. W. Nilsson, “Simple ten-dimensional supergravity in superspace”, Nucl. Phys. B188
(1981) 176.

[2] P. S. Howe and P. C. West, “The complete N = 2, D = 10 supergravity”, Nucl. Phys. B238
(1984) 181.

(3] B. E. W. Nilsson and A. K. Tollstén, “Supersymmetrization of ((3) (Rup0)* in superstring
theories”, Phys. Lett. 181B (1986) 63.

[4] R. Kallosh, “Strings and superspace”, Phys. Scripta T15 (1987) 118.

[5] S. de Haro, A. Sinkovics, and K. Skenderis, “On a supersymmetric completion of the R* term
in IIB supergravity”, Phys. Rev. D67 (2003) 084010, hep-th/0210080.

[6] M. B. Green, M. Gutperle, and H. H. Kwon, “Light-cone quantum mechanics of the
eleven-dimensional superparticle”, JHEP 08 (1999) 012, hep-th/9907155.

[7] A. Dasgupta, H. Nicolai, and J. Plefka, “Vertex operators for the supermembrane”, JHEP 05
(2000) 007, hep—th/0003280.

[8] M. B. Green, M. Gutperle, and H.-h. Kwon, “A!® and related terms in M-theory on T%”, Phys.
Lett. B421 (1998) 149-161, hep-th/9710151.

[9] M. B. Green and S. Sethi, “Supersymmetry constraints on type IIB supergravity”, Phys. Rev.
D59 (1999) 046006, hep-th/9808061.

[10] M. B. Green, J. H. Schwarz, and E. Witten, “Superstring theory II”, Cambridge University
Press, 1987.

[11] M. B. Green and M. Gutperle, “Effects of D-instantons”, Nucl. Phys. B498 (1997) 195,
hep-th/9701093.

[12] K. Peeters, J. Plefka, and S. Stern, to appear.

[13] A. Cohen, M. van Leeuwen, and B. Lisser, “LiE v. 2.2”, 1998,
http://wwwmathlabo.univ-poitiers.fr/ maavl/LiE/.

[14] R. Read and R. Wilson, “An atlas of graphs”, Clarendon Press, 1998.

[15] M. Meringer, “Regular multigraphs”,
http://www.mathe2.uni-bayreuth.de/markus/multigraphs.html.

[16] S. A. Fulling, R. C. King, B. G. Wybourne, and C. J. Cummins, “Normal forms for tensor
polynomials. 1: The Riemann tensor”, Class. Quant. Grav. 9 (1992) 1151.

[17] K. Peeters, P. Vanhove, and A. Westerberg, “Supersymmetric higher-derivative actions in ten
and eleven dimensions, the associated superalgebras and their formulation in superspace”,
Class. Quant. Grav. 18 (2001) 843-889, hep-th/0010167.

[18] M. de Roo, H. Suelmann, and A. Wiedemann, “The supersymmetric effective action of the
heterotic string in ten dimensions”, Nucl. Phys. B405 (1993) 326-366, hep-th/9210099.

12


http://arxiv.org/abs/hep-th/0210080
http://xxx.lanl.gov/abs/hep-th/0210080
http://arxiv.org/abs/hep-th/9907155
http://xxx.lanl.gov/abs/hep-th/9907155
http://arxiv.org/abs/hep-th/0003280
http://xxx.lanl.gov/abs/hep-th/0003280
http://arxiv.org/abs/hep-th/9710151
http://xxx.lanl.gov/abs/hep-th/9710151
http://arxiv.org/abs/hep-th/9808061
http://xxx.lanl.gov/abs/hep-th/9808061
http://arxiv.org/abs/hep-th/9701093
http://xxx.lanl.gov/abs/hep-th/9701093
http://wwwmathlabo.univ-poitiers.fr/~maavl/LiE/
http://www.mathe2.uni-bayreuth.de/markus/multigraphs.html
http://arxiv.org/abs/hep-th/0010167
http://xxx.lanl.gov/abs/hep-th/0010167
http://arxiv.org/abs/hep-th/9210099
http://xxx.lanl.gov/abs/hep-th/9210099

[19] M. B. Green and C. Stahn, “D3-branes on the Coulomb branch and instantons”, JHEP 09
(2003) 052, hep-th/0308061

[20] K. Peeters, P. Vanhove, and A. Westerberg, “Chiral splitting and world-sheet gravitinos in
higher-derivative string amplitudes”, Class. Quant. Grav. 19 (2001) 2699-2716,
hep-th/0112157.

[21] S. Frolov, I. R. Klebanov, and A. A. Tseytlin, “String corrections to the holographic RG flow of
supersymmetric SU(N)xSU(N + M) gauge theory”, Nucl. Phys. B620 (2002) 84-108,
hep-th/0108106.

[22] N. Boulanger and J. Erdmenger, “A classification of local Weyl invariants in D = 8", Class.
Quant. Grav. 21 (2004) 4305-4316, hep-th/0405228.

[23] K. Peeters and A. Westerberg, “The Ramond-Ramond sector of string theory beyond leading
order”, Class. Quant. Grav. 21 (2004) 1643-1666, hep-th/0307298.

[24] A. Dresse, “Polynomial poisson structures and dummy variables in computer algebra”, PhD
thesis, Université Libre de Bruxelles, 1993.

[25] R. Portugal, “An algorithm to simplify tensor expressions”, Comp. Phys. Commun. 115 (1998)
215-230, gr-qc/9803023.

[26] R. Portugal, “Algorithmic simplification of tensor expressions”, J. Phys. A32 (1999)
T779-7789.

[27] J. Martin-Garcia, “xPerm and xAct”,
http://metric.iem.csic.es/Martin-Garcia/xAct/index.html.

[28] B. E. Sagan, “The symmetric group; representations, combinatorial algorithms and symmetric
functions; 2nd edition”, Springer, 2001.

13


http://arxiv.org/abs/hep-th/0308061
http://xxx.lanl.gov/abs/hep-th/0308061
http://arxiv.org/abs/hep-th/0112157
http://xxx.lanl.gov/abs/hep-th/0112157
http://arxiv.org/abs/hep-th/0108106
http://xxx.lanl.gov/abs/hep-th/0108106
http://arxiv.org/abs/hep-th/0405228
http://xxx.lanl.gov/abs/hep-th/0405228
http://arxiv.org/abs/hep-th/0307298
http://xxx.lanl.gov/abs/hep-th/0307298
http://arxiv.org/abs/gr-qc/9803023
http://xxx.lanl.gov/abs/gr-qc/9803023
http://metric.iem.csic.es/Martin-Garcia/xAct/index.html

	Introduction
	Fermionic integrals
	A simple eight-fermion example
	The sixteen fermion integral
	Covariant computation of the R4 integral

	Discussion and applications
	Appendix: reduction of tensor polynomials

