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Dipartimento di Fisica, Università di Bologna and INFN, Sezione di

Bologna

Via Irnerio 46, I-40126 Bologna, Italy

Christian Schubert

Max-Planck-Institut für Gravitationsphysik, Albert-Einstein-Institut,

Mühlenberg 1, D-14476 Potsdam, Germany

and

Department of Physics and Geology

University of Texas Pan American

Edinburg, TX 78541-2999, USA

Abstract

Photon-graviton mixing in an electromagnetic field is a pro-
cess of potential interest for cosmology and astrophysics. At the
tree level it has been studied by many authors. We consider
the one-loop contribution to this amplitude involving a charged
spin 0 or spin 1/2 particle in the loop and an arbitrary constant
field. In the first part of this article, the worldline formalism is
used to obtain a compact two-parameter integral representation
for this amplitude, valid for arbitrary photon energies and back-
ground field strengths. The calculation is manifestly covariant
througout.



1 Introduction

In the presence of an external electromagnetic field, many quantum pro-
cesses exist which are forbidden in vacuum (see, e.g., [1, 2]). In particular,
transitions between bosons of different spin become possible [3, 4, 5]. One
such process which has been well-studied is the axion-photon mixing in a
magnetic field [5, 6, 7]. Similarly, also photon-graviton mixing is possible
in an external field [3, 4, 5]. The corresponding tree level amplitude is con-
tained in the coupling hµνT

µν of the graviton hµν to the energy-momentum
tensor T µν of the electromagnetic field,

T µν = FµαF ν
α − 1

4
FαβF

αβηµν . (1.1)

Namely, when taking Fµν = F
µν
ext + fµν with Fµν

ext the external field strength
tensor and fµν the photon field, hµνT

µν yields the trilinear term

hµν

(

F
µα
extf

ν
α + fµ

α F
να
ext

)

− 1

2
hµ

µF
αβ
extfαβ. (1.2)

Due to the smallness of the gravitational coupling constant κ this process
has attracted less attention than the axion-photon coupling. Nevertheless,
its relevance for astrophysics has been scrutinized by a number of authors
(see [8] for a discussion of possible laboratory experiments). In [5] photon-
graviton conversion near a pulsar was studied but the transition rate was
found to be very small. In [9, 10] it has been suggested that the same
conversion due to a primordial magnetic field could be responsible for the
observed anisotropy of the cosmic microwave background. However, [11] find
that its effect becomes negligible for standard cosmological magnetic fields if
plasma effects are taken into account. Renewed interest in this amplitude has
been generated by the recent models with large extra dimensions [12]. These
models contain additional massive Kaluza-Klein gravitons which might lead
to an enhancement of the photon-graviton conversion effect. See [13] for
a discussion of possible observable effects in astrophysics as well as in the
laboratory. In the same context also graviton-photon conversion on spin 0
and 1/2 particles was considered [14].

To our knowledge, the photon-graviton amplitude has so far been consid-
ered only at tree level. In the present paper, we extend its study to include
the one-loop corrections due to virtual spin 0 or 1/2 particles. Contrary to
the tree level case, at one loop these amplitudes depend nontrivially on both
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the photon energy and the background field strength. Thus it is conceivable
that, for some region in this two-parameter space, the one-loop amplitudes
might be comparable with or dominating over the tree level ones. In the first
part of this article, we use the ‘string-inspired’ worldline formalism to ob-
tain compact integral representations for these amplitudes. Their numerical
study will be undertaken in the second part.

Our calculation provides also a first example for the application of the
string-inspired technique to mixed photon-graviton amplitudes. In recent
years, methods derived from [15] or inspired by [16] string theory have been
extensively used for the calculation of on-shell gluon [17] and graviton [18,
19] amplitudes, as well as for QED amplitudes in a constant field [20, 21,
22, 23, 24, 25, 26, 27]. More recently, in [28] also the contribution to the
graviton vacuum polarization involving a scalar loop was obtained. The
treatment of gravitational backgrounds in the wordline formalism involves
a number of mathematical subtleties which have been clarified only recently
[29, 30, 31, 32, 33, 34, 35].

Phenomenologically, the photon-graviton amplitude is primarily of inter-
est in the magnetic field case. However, in the formalism used here it makes
technically no essential difference whether one calculates an amplitude in
a constant magnetic or in a general constant field. Thus we will keep the
electric component.

The organization of the paper is simple: In chapter 2 we present the
general formalism for calculating one loop amplitudes involving either a
scalar or spinor loop and any number of photons and gravitons, in vacuum or
in a constant external field. Chapter 3 contains the scalar loop calculation,
chapter 4 the spinor loop one. Our conclusions are given in 5. In the
appendix we verify that the results obey the relevant gauge and gravitational
Ward identities.

2 Mixed electromagnetic - gravitational amplitudes

in the worldline formalism

The application of the worldline formalism to flat space calculations has
been described in detail in the review [36]. However, the generalization
to processes involving curved backgrounds, or gravitons, is less familiar.
Therefore, after a brief description of the worldline formalism adapted to
the case of a constant electromagnetic background, we will describe certain
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subtleties arising in this formalism with the coupling to gravity.
Let us first consider the case of a scalar particle coupled to electromag-

netism and gravity. We use here euclidean conventions. The QFT for this
scalar particle is described by a complex scalar field φ with action

S[φ, φ∗; g,A] =

∫

dDx
√
g
[

gµν(∂µ − ieAµ)φ∗(∂ν + ieAν)φ+ (m2 + ξR)φ∗φ
]

(2.1)

where ξ parameterizes an additional non-minimal coupling to the scalar
curvature1. The corresponding one-loop effective action is formally given by
2

e−Γ[g,A] =

∫

DφDφ∗ e−S[φ,φ∗;g,A]

Γ[g,A] = − log Det−1(− A + ξR+m2) = Tr log(− A + ξR+m2)

(2.2)

where A is the gauge and gravitationally covariant Laplacian for scalar
fields obtained from (2.1). This effective action can be represented in the
worldline formalism by

Γ[g,A] = −
∫ ∞

0

dT

T

∫

PBC
Dx e−S[x;g,A] (2.3)

with the worldline action

S[x; g,A] =

∫ T

0
dτ

(1

4
gµν(x)ẋµẋν + ieAµ(x)ẋµ + ξR(x) +m2

)

. (2.4)

This worldline representation contains a standard integral over the proper
time T , and a quantum mechanical path integral over the particle coordi-
nates xµ(τ). Due to the trace in (2.2) the path integral is to be taken with
periodic boundary conditions xµ(0) = xµ(T ). Thus it corresponds to an
integral over closed loops in spacetime. In the worldline or ‘string-inspired’
formalism, the path integral (2.3) is manipulated into Gaussian form and
then evaluated using appropriate worldline correlators. In an amplitude
calculation, the external fields are specialized to plane waves. Then each

1The value ξ = 0 is the minimal coupling, while the value ξ = D−2
4(D−1)

gives a confor-
mally invariant coupling in the massless case.

2Our present definition of the effective action differs by a sign from the conventions in
[36]; however, there is no difference at the amplitude level.
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external leg is represented by a vertex operator. For the electromagnetic
field this is the photon vertex operator

V A
scal[k, ε] = εα

∫ T

0
dτ ẋα(τ)eik·x(τ) (2.5)

with an associated coupling constant −ie. The graviton vertex operator will
be derived below. For the calculation of the path integral, one first splits off
the loop average position:

xµ(τ) = x
µ
0 + yµ(τ) , (2.6)

x
µ
0 ≡ 1

T

∫ T

0
dτ xµ(τ). (2.7)

The path integral then factors into
∫

Dx(τ) =
∫

dDx0
∫

Dy(τ). The inte-
gral over x0 just produces the global delta function for energy-momentum
conservation. The reduced path integral

∫

Dy(τ) is Gaussian and can be
calculated using the Wick contraction rule [16]

〈yµ(τ1)y
ν(τ2)〉 = −δµν GB(τ1, τ2). (2.8)

Here GB is the ‘worldline Green’s function’

GB(τ1, τ2) = | τ1 − τ2 | −(τ1 − τ2)
2

T
,

ĠB(τ1, τ2) = sign(τ1 − τ2) − 2
(τ1 − τ2)

T
,

G̈B(τ1, τ2) = 2δ(τ1 − τ2) −
2

T
.

(2.9)

Here and in the following we will often abbreviate GB12 ≡ GB(τ1, τ2) etc.,
and a ‘dot’ generally refers to a derivative in the first variable.

The inclusion of a constant electromagnetic background field Fµν can
be achieved easily [20, 23] using Fock-Schwinger gauge centered at the loop
average position x0. In this gauge

Aµ(x) =
1

2
yνFνµ (2.10)
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so that the presence of the background field produces only an additional
term

∆L =
1

2
ieyµFµν ẏ

ν (2.11)

to the worldline Lagrangian in (2.4). Since this terms involves y only
quadratically it can be taken into account by an appropriate change of the
worldline correlators. Namely, instead of (2.8,2.9) one finds

〈yµ(τ1)y
ν(τ2)〉 = −Gµν

B (τ1, τ2) (2.12)

with a field dependent worldline correlator [37, 23]

GB(τ1, τ2) =
T

2(Z)2

( Z
sin(Z)

e−iZĠB12 + iZĠB12 − 1

)

,

ĠB(τ1, τ2) =
i

Z

( Z
sin(Z)

e−iZĠB12 − 1

)

,

G̈B(τ1, τ2) = 2δ12 −
2

T

Z
sin(Z)

e−iZĠB12 .

(2.13)

where Zµν ≡ eTFµν . These expressions should be understood as power
series in the Lorentz matrix Z; more explicit expressions are given below.
Note the symmetry properties

GB12 = GT
B21, ĠB12 = −ĠT

B21, G̈B12 = G̈T
B21.

(2.14)

Contrary to the vacuum case, in a constant field background the worldline
correlators have non-vanishing coincidence limits,

GB(τ, τ) =
T

2(Z)2

(

Z cot(Z) − 1

)

,

ĠB(τ, τ) = icot(Z) − i

Z .

(2.15)
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In the following a ‘bar’ on a quantity denotes the subtraction of its coinci-
dence limit, e.g.,

GB12 ≡ GB12 − GB11 . (2.16)

Note that coincidence limits of worldline correlators are always constant due
to their translational invariance.

The path integral determinant also becomes field dependent. In flat
space [20]

∫

Dy(τ) exp

[

−
∫ T

0
dτ

(1

4
ẋ2 +

1

2
ie xµFµν ẋ

ν
)

]

= (4πT )−
D
2 det−

1
2

[sin(Z)

Z
]

.

(2.17)

The path integral representing a spin 1
2 particle in an electromagnetic

field differs from the spin 0 case (2.3) above by a global factor of −1
2 , and

by an additional Grassmann path integral representing the spin,

∫

ABC
Dψ exp

[

−
∫ T

0
dτ

(1

2
gµν(x)ψµ(ψ̇ν + ẋαΓν

αβ(x)ψβ) − ieψµFµν(x)ψν
)

]

.

(2.18)

Here the path integral is over antiperiodic Grassmann functions, ψµ(T ) =
−ψµ(0). In the vacuum case, the appropriate worldline correlator is

〈ψ(τ1)ψ(τ2)〉 =
1

2
GF (τ1, τ2) ≡

1

2
sign(τ1 − τ2) . (2.19)

For a constant background field this correlator turns into

〈ψµ(τ1)ψ
ν(τ2)〉 =

1

2
Gµν

F (τ1, τ2)

(2.20)

where

GF (τ1, τ2) = GF12
e−iZĠB12

cos(Z)
,

ĠF (τ1, τ2) = ĠF12 +GF12
2iZ

T cos(Z)
e−iZĠB12 .

(2.21)
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Its symmetry properties are

GF (τ1, τ2) = −GT
F (τ2, τ1), ĠF (τ1, τ2) = ĠT

F (τ2, τ1) . (2.22)

The coincidence limits are

GF11 = −i tan(Z) , ĠF11 = 2δ11 + 2eF tan(Z) . (2.23)

The free path integral in a constant Fµν background in D dimensions is
normalized as

∫

Dψ exp

[

−
∫ T

0
dτ

(1

2
ψ · ψ̇ − ieψµFµνψ

ν
)

]

= 2
D
2 det

1
2

[

cos(Z)
]

.

(2.24)

The photon vertex operator (2.5) acquires an additional Grassmann piece,

V A
spin[k, ε] = εα

∫ T

0
dτ

[

ẋα(τ) + 2iψα(τ)ψ(τ) · k
]

eik·x(τ) .

(2.25)

In the flat space case, the naive Gaussian path integration gives unam-
biguous and well-defined parameter integral representations. To the con-
trary, when the coupling to gravity is introduced more precise definitions of
the worldline regularizations are required to define the path integral prop-
erly. Let us describe these issues briefly. First of all it is convenient to
exponentiate the nontrivial path integral measure in a regularization inde-
pendent way by using ghost fields [29, 30]. The covariant measure in (2.3)
is of the form

Dx = Dx
∏

0≤τ<T

√

det gµν(x(τ)) (2.26)

where Dx =
∏

τ d
Dx(τ) is the standard translationally invariant measure.

It can be represented more conveniently by introducing commuting aµ and
anticommuting bµ, cµ ghosts with periodic boundary conditions

Dx = Dx
∏

0≤τ<1

√

det gµν(x(τ)) = Dx

∫

PBC
DaDbDc e−Sgh[x,a,b,c] (2.27)
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where the ghost action is given by

Sgh[x, a, b, c] =

∫ T

0
dτ

1

4
gµν(x)(aµaν + bµcν) . (2.28)

The extra vertices arising from the ghost action guarantee that the final
result will be finite (see, e.g., [38]).

For the perturbative calculation of graviton amplitudes around flat space,
one next linearizes the metric,

gµν(x) = δµν + κhµν(x) (2.29)

and then specializes hµν(x) to plane wave form,

hµν(x) = εµν eik·x . (2.30)

This leads to the following vertex operator for the graviton coupled to the
loop scalar

V h
scal[k, ε] = εµν

∫ T

0
dτ

[

ẋµ(τ)ẋν(τ) + aµ(τ)aν(τ) + bµ(τ)cν(τ)

+4ξ(δµνk2 − kµkν)
]

eik·x(τ)

(2.31)

with an associated coupling constant factor of −κ
4 . The Wick contraction

rules for the ghosts are

〈aµ(τ1)a
ν(τ2)〉 = 2δ(τ1 − τ2)δ

µν ,

〈bµ(τ1)c
ν(τ2)〉 = −4δ(τ1 − τ2)δ

µν .

(2.32)

Similarly, for the fermion loop case one finds a graviton vertex operator

V h
spin[k, ε] = εµν

∫ T

0
dτ

[

ẋµ(τ)ẋν(τ) + aµ(τ)aν(τ) + bµ(τ)cν(τ)

+2
(

ψµ(τ)ψ̇ν(τ) + αµ(τ)αν(τ) + iẋµ(τ)ψν(τ)ψ(τ) · k
)]

eik·x(τ)

(2.33)
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where αµ are the additional bosonic ghosts arising from the nontrivial path
integral measure for ψµ [35]. Their correlator is

〈αµ(τ1)α
ν(τ2)〉 = δ(τ1 − τ2)δ

µν .

(2.34)

In the perturbative expansion around flat space various worldline Feynman
diagrams are linearly and logarithmically UV divergent. In fact the ad-
ditional derivative couplings due to the metric worsen power counting in
momentum space. The contributions from the measure, i.e. terms involving
the ghost correlators, will always eliminate these divergences. Nevertheless,
finite ambiguities are left over and dealt with by specifying a regulariza-
tion scheme together with renormalization conditions 3 . These amount to
the requirement that the path integral in (2.3) correspond precisely to the
Hamiltonian operator H = (− A + m2 + ξR) appearing in (2.2). These
renormalization conditions produce a finite counterterm of the form

∆SCT =

∫ T

0
dτ 2VCT (2.35)

that must be added to the action (2.4). Three regularization schemes have
been worked out in detail for this purpose: mode regularization (MR), time
slicing (TS), and dimensional regularization (DR). The corresponding coun-
terterms are given by

VMR = −1

8
R+

1

8
gµνΓβ

µαΓα
νβ ,

VTS = −1

8
R− 1

24
gµνgαβgλρΓ

λ
µαΓρ

νβ ,

VDR = −1

8
R .

(2.36)

For details see [32, 31, 34].
In the present article, we will be interested in the graviton-photon ampli-

tude in a constant electromagnetic background mediated by a virtual scalar
particle loop. This means that we will only need to consider the linear
coupling to the metric fluctuations around flat space. To this order the

3We emphasize that these issues concern the one-dimensional worldline theory and
bear no direct relation to the issue of regularization in spacetime, to be considered later.
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differences between the counterterms in (2.36) can be neglected since they
are at least quadratic in metric fluctuations. On the other hand the leading
part of the counterterm contained in the −1

8R piece effectively changes the
coupling ξ → ξ̄ = ξ − 1

4 in (2.4). This implies that to this order all three
regularization schemes can be used interchangeably.

In the case of the spin 1
2 particle the coupling to R is fixed by the Dirac

equation and corresponds to ξ̄ = 0. Additional details on the worldline
formalism with background gravity can be found in [28, 35].

3 Calculation of the photon – graviton amplitude

in a constant electromagnetic field: scalar loop

According to the above, the amplitude for the interaction of a graviton h and
a photon A via a scalar loop, in the presence of a constant electromagnetic
background field Fµν , is given by the following expression:

〈h(k1)A(k2)〉 = (−ie)(−κ
4
)

∫ ∞

0

dT

T
e−m2T

×
∫

P
DxDaDbDcV h

scal[k1, ε
h]V A

scal[k2, ε
A]

×exp

[

−
∫ T

0
dτ

(1

4
(ẋ2 + a2 + b · c) +

1

2
ie xµFµν ẋ

ν
)

]

.

(3.1)

Here V A,h
scal represent the photon and graviton vertex operators for the scalar

loop case, (2.5) and (2.31).
To start with, we perform the split (2.6) and the trivial x0 integration

which produces the global δ – function for momentum conservation. The
remaining path integral

∫

Dy(τ) is Gaussian and thus can be reduced to
Wick contraction. Taking (2.17) into account, one obtains

〈h(k1)A(k2)〉 =
ieκ

4
(2π)Dδ(k1 + k2)

∫ ∞

0

dT

T
e−m2T (4πT )−

D
2 det−

1
2

[

sin(Z)

Z

]

×
〈

V h
scal[k1, ε

h]V A
scal[k2, ε

A]
〉

(3.2)

(Zµν = eTFµν).
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Performing the Wick contractions according to the rules (2.8), (2.32),
and using (2.14), we obtain

〈h(k1)A(k2)〉 = (2π)Dδ(k1 + k2)ε
h
µνε

A
α Πµν,α

scal (k) (3.3)

where k ≡ k1, and

Πµν,α
scal (k) =

eκ

4(4π)
D
2

∫ ∞

0

dT

T
e−m2TT−D

2 det−
1
2

[sin(Z)

Z
]

×
∫ T

0
dτ1

∫ T

0
dτ2 e−k·GB12·kI

µν,α
scal ,

(3.4)

I
µν,α
scal = −

(

G̈µν
B11 − 2δ11δ

µν
)(

k · ĠB12

)α
−

[

G̈µα
B12

(

ĠB12 · k
)ν

+ (µ ↔ ν)
]

+
(

ĠB12 · k
)µ(

ĠB12 · k
)ν(

k · ĠB12

)α
− 4ξ̄(δµνk2 − kµkν)

(

k · ĠB12

)α
.

(3.5)

It is useful to add to Iµν,α
scal e−k·GB12·k the total derivative term

1

2

∂

∂τ1

[

Ġ
µα

B12

(

ĠB12 · k
)ν

e−k·GB12·k + (µ↔ ν)
]

. (3.6)

Then Iµν,α
scal gets replaced by Jµν,α

scal ,

J
µν,α
scal = J

µν,α
scal,1 + J

(µν),α
scal,2 + J

(µν),α
scal,3 + J

µν,α
scal,4

(3.7)

where J (µν) = 1
2(Jµν + Jνµ) and

J
µν,α
scal,1 = −

(

G̈µν
B11 − 2δ11δ

µν
)(

k · ĠB12

)α
,

J
µν,α
scal,2 = Ġ

µα

B12

(

G̈B12 · k
)ν

− G̈να
B12

(

ĠB12 · k
)µ
,

J
µν,α
scal,3 =

(

ĠB12 · k
)µ[(

ĠB12 · k
)ν(

k · ĠB12

)α
− Ġ

να

B12k · ĠB12 · k
]

,

J
µν,α
scal,4 = −4ξ̄(δµνk2 − kµkν)

(

k · ĠB12

)α
. (3.8)
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Before proceeding further, let us use this integral representation to analyse
the general structure of this amplitude. Although our calculation is nonper-
turbative in the external field, we can, of course, use the series expansions
of the worldline Green’s functions (2.13) to compute the amplitude involv-
ing a given number of interactions with the field. It is then immediately
seen that this amplitude is nonzero only if this number of interactions is
odd, since otherwise the τ1,2 integrations vanish by antisymmetry. Also,
the integrand contains terms which are singular at T = 0, indicating UV
divergences. While so far our calculation has been valid for any spacetime
dimension D, the structure of these divergences depends on D. We therefore
confine ourselves to the four dimensional case in the following. For D = 4
the terms Jµν,α

scal,3,4 are UV finite, while Jµν,α
scal,1,2 contain terms with a loga-

rithmic divergence at T = 0. Those divergent terms involve the field only
linearly, and are thus easy to compute by expanding the formulas (2.13) to
the linear order in F . In dimensional regularisation, the result is

Πµν,α
scal,div(k) =

ie2κ

3(4π)2
1

D − 4
Cµν,α (3.9)

where

Cµν,α = (F · k)αδµν + Fµαkν + F ναkµ − (F · k)µ
δνα − (F · k)νδµα .

(3.10)

As expected, this counterterm is just the momentum space version (fµν =
kµεν − kνεµ) of the tree level interaction term (1.2).

We perform renormalization by subtracting the amplitude at zero field
strength and zero momentum. This can be done under the T - integral,
leading to the following form of the renormalized amplitude Π̄:

Π̄µν,α
scal (k) =

eκ

64π2

∫ ∞

0

dT

T 3
e−m2T

×
{

det−
1
2

[ sin(Z)

Z
]

∫ T

0
dτ1

∫ T

0
dτ2 e−k·GB12·kJ

µν,α
scal +

2

3
iT 2eCµν,α

}

.

(3.11)

Further, again following [25, 36] we split GBij into

GB = SB + AB (3.12)
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where Sµν
B contains the even powers of Fµν in the power series representation

of Gµν
B , and Aµν

B the odd ones. After this replacement all terms in the
integrand are either symmetric or antisymmetric under the exchange τ1 ↔
τ2, and the antisymmetric ones can be deleted since their τ1,2 - integrals
vanish. Note that the exponent k · GB12 · k = k · SB12 · k is symmetric under
this exchange.

Further, as usual [36] we rescale τi = Tui, i = 1, 2, and use the translation
invariance in τ to set u2 = 0. After analytic continuation to Minkowski
spacetime, 4 this leads to our final result for this amplitude:

Π̄µν,α
scal (k) =

eκ

64π2

∫ ∞

0

ds

s
e−ism2

{

det−
1
2

[sin(Z)

Z
]

∫ 1

0
du1

× e−k·SB12·k
4

∑

m=1

J̃
(µν),α
scal,m +

2

3
ieCµν,α

}

(3.13)

where Cµν,α is as in (3.10) (with δµν → ηµν) and

J̃
µν,α
scal,1 = −

(

S̈µν
B11 − 2δ11η

µν
)(

k · ȦB12

)α
,

J̃
µν,α
scal,2 = Ṡµα

B12

(

ÄB12 · k
)ν

− Äνα
B12

(

ṠB12 · k
)µ

+ Ȧ
µα

B12

(

S̈B12 · k
)ν

− S̈να
B12

(

ȦB12 · k
)µ
,

J̃
µν,α
scal,3 =

(

ṠB12 · k
)µ[(

ṠB12 · k
)ν(

k · ȦB12

)α
+

(

ȦB12 · k
)ν(

k · ṠB12

)α

−Ȧ
να

B12k · ṠB12 · k
]

+
(

ȦB12 · k
)µ[(

ṠB12 · k
)ν(

k · ṠB12

)α
+

(

ȦB12 · k
)ν(

k · ȦB12

)α

− Ṡνα
B12k · ṠB12 · k

]

,

J̃
µν,α
scal,4 = −4ξ̄(ηµνk2 − kµkν)

(

k · ȦB12

)α
. (3.14)

For applications of this amplitude it will be necessary to write the matrix
functions S, A and their derivatives in more explicit form. A suitable rep-
resentation has been given in [25, 36]. Let F = 1

2(B2 − E2), G = B · E the
two Maxwell invariants and

4We use the metric tensor (ηµν) = diag(−+++) in Minkowski spacetime. The analytic
continuation from Euclidean to Minkowski space amounts to substituting δµν

→ ηµν ,
k4

→ −ik0, T → is.
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a ≡
√

√

F2 + G2 + F , b ≡
√

√

F2 + G2 −F (3.15)

so that a2 − b2 = B2 − E2 and ab = E · B. Let

z+ ≡ iesa, z− ≡ −esb. (3.16)

Then the determinant factor decomposes as

det−
1
2

[sin(Z)

Z
]

=
z+z−

sinh(z+)sinh(z−)
. (3.17)

Let further

Ẑ+ ≡ aF − bF̃

a2 + b2
, Ẑ− ≡ −ibF + aF̃

a2 + b2
, (3.18)

with F̃µν = 1
2εµναβF

αβ the dual field strength tensor5. The matrices Ẑ±

fulfill

Ẑ+ · Ẑ− = 0 (3.19)

and

Ẑ2
+ =

F 2 − b21

a2 + b2
, Ẑ2

− = −F
2 + a21

a2 + b2
. (3.20)

Then one has the following orthogonal matrix decompositions:

SB12 = i
s

2

∑

a=±

Aa
B12

za
Ẑ2

a ,

ṠB12 = −
∑

a=±

Sa
B12Ẑ2

a ,

ȦB12 = −i
∑

a=±

Aa
B12Ẑa,

5In our conventions ε0123 = 1.
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S̈B12 = G̈B121 − 2i

s

∑

a=±

zaA
a
B12Ẑ2

a ,

ÄB12 =
2

s

∑

a=±

zaS
a
B12Ẑa.

(3.21)

These formulas are written in terms of the following four basic scalar, di-
mensionless coefficient functions:

S±
B12 =

sinh(z±ĠB12)

sinh(z±)
,

A±
B12 =

cosh(z±ĠB12)

sinh(z±)
− 1

z±
.

(3.22)

Note that with respect to the exchange u1 ↔ u2 the S±
B12 are odd and the

A±
B12 even. Thus only the latter have non-vanishing coincidence limits,

A±
Bii = coth(z±) − 1

z±
. (3.23)

4 Calculation of the photon – graviton amplitude

in a constant electromagnetic field: spinor loop

The corresponding calculation for the spinor loop case proceeds in a com-
pletely analogous way:

〈h(k1)A(k2)〉 = −1

2
(−ie)(−κ

4
)

∫ ∞

0

dT

T
e−m2T

∫

P
DxDaDbDc

∫

A
DψDα

×V h
spin[k1, ε

h]V A
spin[k2, ε

A]

×exp

[

−
∫ T

0
dτ

(1

4
(ẋ2 + a2 + b · c) +

1

2
ie xµFµν ẋ

ν +
1

2
(ψ · ψ̇ + α2) − ieψµFµνψ

ν
)

]

= − ieκ
8

2
D
2 (2π)Dδ(k1 + k2)

∫ ∞

0

dT

T
e−m2T (4πT )−

D
2 det−

1
2

[

tan(Z)

Z

]

×
〈

V h
spin[k1, ε

h]V A
spin[k2, ε

A]
〉

.

(4.1)
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Here V A,h
spin now represent the photon and graviton vertex operators for the

fermion loop case, (2.25) and (2.33). The additional Wick contraction rules
have been given in (2.20),(2.34). Performing the Wick contractions in (4.1)
we obtain the analogue of (3.4),

Πµν,α
spin (k) = − eκ2

D
2

8(4π)
D
2

∫ ∞

0

dT

T
e−m2TT−D

2 det−
1
2

[tan(Z)

Z
]

×
∫ T

0
dτ1

∫ T

0
dτ2 e−k·GB12·kI

µν,α
spin .

(4.2)

Here

I
µν,α
spin = I

µν,α
scal (ξ̄ = 0) + I

(µν),α
extra (4.3)

where

I
µν,α
extra = −

[

Ġµν
F11 − 2δ11δ

µν +
(

GF11 · k
)ν(

ĠB12 · k
)µ](

GF22 · k
)α

+
(

GF12 · k
)µ

Ġνα
F12 − Gµα

F12

(

ĠF12 · k
)ν

+
[

Gνα
F12

(

k · GF12 · k
)

−
(

GF12 · k
)ν(

k · GF12

)α](

ĠB12 · k
)µ

+
(

Ġµν
F11 − 2δ11δ

µν
)(

k · ĠB12

)α

+
[

G̈µν
B11 − 2δ11δ

µν −
(

ĠB12 · k
)µ(

ĠB12 · k
)ν](

GF22 · k
)α

−
[

G̈µα
B12 −

(

ĠB12 · k
)µ(

k · ĠB12

)α](

GF11 · k
)ν
.

(4.4)

It is useful to replace Iµν,α
spin by

J
µν,α
spin ≡ J

µν,α
scal (ξ̄ = 0) + I

(µν),α
extra . (4.5)

The integrand can then be rearranged in the following way (compare
with (3.8) for the scalar loop):

J
µν,α
spin = J

µν,α
spin,1 + J

(µν),α
spin,2 + J

(µν),α
spin,3

(4.6)
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where

J
µν,α
spin,1 =

(

G̈µν
B11 − Ġµν

F11

)[

(ĠB21 + GF22) · k
]α
,

J
µν,α
spin,2 = Ġ

µα

B12

(

G̈B12 · k
)ν

− Gµα
F12

(

ĠF12 · k
)ν

− G̈να
B12

[

(ĠB12 + GF11) · k
]µ

+Ġνα
F12

(

GF12 · k
)µ
,

J
µν,α
spin,3 = −

(

ĠB12 · k
)µ{[

(ĠB12 + GF11) · k
]ν[

(ĠB21 + GF22) · k
]α

−
(

GF12k
)ν(

GF21k
)α

+ Ġ
να

B12k · ĠB12 · k − Gνα
F12k · GF12 · k

}

.

(4.7)

As in the scalar loop case, renormalization requires only the subtraction of
a logarithmic divergence, yielding

Π̄µν,α
spin (k) = − eκ

32π2

∫ ∞

0

dT

T 3
e−m2T

×
{

det−
1
2

[ tan(Z)

Z
]

∫ T

0
dτ1

∫ T

0
dτ2 e−k·GB12·kJ

µν,α
spin − 4

3
iT 2eCµν,α

}

.

(4.8)

The tensor Cµν,α appearing in the counterterm is the same as in the scalar
loop case, eq. (3.10).

We now need also the analogue of the decomposition formulas (3.12),
(3.21), (3.22) for GF ,

GF = SF + AF , (4.9)

SF12 = −
∑

a=±

Sa
F12 Ẑ2

a ,

AF12 = −i
∑

a=±

Aa
F12 Ẑa ,

ṠF12 = ĠF12 1 − 2i

s

∑

a=±

zaA
a
F12 Ẑ2

a ,

ȦF12 =
2

s

∑

a=±

zaS
a
F12 Ẑa , (4.10)
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written in terms of the basic coefficient functions

S±
F12 ≡ GF12

cosh(z±ĠB12)

cosh(z±)
,

A±
F12 ≡ GF12

sinh(z±ĠB12)

cosh(z±)
,

A±
F11 = tanh(z±) .

As in the bosonic case S±
F12, (A±

F12) are odd (even) with respect to 1 ↔ 2.
Proceeding as in the scalar loop case, we obtain our final result for the

amplitude:

Π̄µν,α
spin (k) = − eκ

32π2

∫ ∞

0

ds

s
e−ism2

{

z+z−

tanh(z+) tanh(z−)

∫ 1

0
du1

× e−k·SB12·k
3

∑

m=1

J̃
(µν),α
spin,m − 4

3
ieCµν,α

}

(4.11)

where

J̃
µν,α
spin,1 = −

(

S̈µν
B11 − Ṡµν

F11)
(

k · (ȦB12 + AF22)
)α
,

J̃
µν,α
spin,2 = Ṡµα

B12

(

ÄB12 · k
)ν

− Sµα
F12

(

ȦF12 · k
)ν

−Äνα
B12

(

ṠB12 · k
)µ

+ Ȧνα
F12

(

SF12 · k
)µ

+ Ȧ
µα

B12

(

S̈B12 · k
)ν

−Aµα
F12

(

ṠF12 · k
)ν

−S̈να
B12

(

(ȦB12 + AF11) · k
)µ

+ Ṡνα
F12

(

AF12 · k
)µ
,

J̃
µν,α
spin,3 =

(

ṠB12 · k
)µ[(

ṠB12 · k
)ν(

k · (ȦB12 + AF11)
)α

−
(

SF12 · k
)ν(

k · AF12

)α

+
(

(ȦB12 + AF11) · k
)ν(

k · ṠB12

)α
−

(

AF12 · k
)ν(

k · SF12

)α

−Ȧ
να

B12k · ṠB12 · k + Aνα
F12k · SF12 · k

]

+
(

ȦB12 · k
)µ[(

ṠB12 · k
)ν(

k · ṠB12

)α
−

(

SF12 · k
)ν(

k · SF12

)α

+
(

(ȦB12 + AF11) · k
)ν(

k · (ȦB12 + AF11)
)α

−
(

AF12 · k
)ν(

k · AF12

)α

− Ṡνα
B12k · ṠB12 · k + Sνα

F12k · SF12 · k
]

.

(4.12)
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5 Conclusions

We have obtained compact explicit integral representations for the one-loop
photon-graviton amplitudes involving a scalar or spinor loop and a constant
electromagnetic field. The use of the constant field worldline formalism along
the lines of [25] has allowed us to achieve this with modest calculational
effort, and without having to specialize to a special Lorentz frame. As
usual in this formalism the calculation for the spinor loop case has been an
extension of the scalar loop one. Since the application of this formalism to
gravitational backgrounds is still novel we have presented the calculation in
some detail.

We have verified that our results for these amplitudes obey the gravita-
tional and gauge Ward identities. As a further check, we have also shown
that their low energy limits agree with the result of an effective action cal-
culation [39].

In the upcoming second part of this paper we use our results for a nu-
merical study of the photon-graviton conversion process in a magnetic field.

Acknowledgements: C.S. thanks H. Gies for helpful discussions. Both
authors thank Stefan Theisen and the Albert-Einstein Institute, Potsdam,
for hospitality. C. S. also thanks V. Villanueva and the Institute of Physics
and Mathematics of UMSNH for hospitality.

6 Appendix: Ward identities

In this appendix we derive the relevant Ward identities and verify that our
graviton-photon amplitudes satisfy them. This provides a good check on
the correctness of our calculations.

There are two types of Ward identities: one that originates from gauge
invariance and one that follows from reparametrization invariance (general
coordinate invariance).

Gauge transformations are defined by

δGAµ = ∂µλ , δGgµν = 0 (A.1)

with an arbitrary local parameter λ. Then gauge invariance of the effective
action

δGΓ[g,A] = 0 (A.2)
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implies that

∇µ

(

1√
g

δΓ

δAµ

)

= 0 . (A.3)

Similarly, infinitesimal reparametrizations are given by

δRAµ = ξν∂νAµ + ∂µξ
νAν , δRgµν = ∇µξν + ∇νξµ (A.4)

with arbitrary local parameters ξµ. The invariance of the effective action

δRΓ[g,A] = 0 (A.5)

now implies

∇µ

(

2√
g

δΓ

δgµν
+

1√
g

δΓ

δAµ
Aν

)

− 1√
g

δΓ

δAµ
∇νAµ = 0 . (A.6)

The Ward identities thus obtained can be combined and written more con-
veniently using standard tensor calculus as follows

∂µ
δΓ

δAµ
= 0 , (A.7)

2∂µ
δΓ

δgµν
+

δΓ

δAµ
∂µA

ν + Γν
µλ

(

2
δΓ

δgµλ

+
δΓ

δAµ
Aλ

)

− δΓ

δAµ
∇νAµ = 0 .

Now we are ready to consider the special case of the graviton-photon cor-
relation function in flat space and in a constant electromagnetic background
Fµν described by the gauge potential Āµ(x) = 1

2x
νFνµ

Γµν,α
(x,y) ≡

δ2Γ

δgµν(x)δAα(y)

∣

∣

∣

∣

∣

gµν=δµν , Aα=Āα

. (A.8)

Taking functional derivatives on the general Ward identities (A.7) to relate
them to eq. (A.8) we obtain

∂(y)
α Γµν,α

(x,y) = 0 , (A.9)

2∂(x)
µ Γµν,α

(x,y) +
δ2Γ

δAµ(x)δAα(y)

∣

∣

∣

∣

∣

Fµ
ν +

δΓ

δAµ(x)

∣

∣

∣

∣

∣

(δαν∂(x)
µ − δα

µ∂
ν
(x))δ

D(x− y) = 0 .

Now we Fourier transform these identities to momentum space
∫

dx1..dxn e
ik1x1+..+iknxn Γ(x1,..,xn) = (2π)Dδ(k1 + ..+ kn)Γ(k1,..,kn)
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and from eqs. (A.9) we obtain

kαΓµν,α
(k,−k) = 0 , (A.10)

2kµΓµν,α
(k,−k) + iΓµ,α

(k,−k)Fµ
ν + Γµ

(0)(δ
ανkµ − δα

µk
ν) = 0 .

One may already notice that the term proportional to Γµ
(0) can be discarded,

since it vanishes at zero momentum. Thus we see that the gravitational
Ward identity relates the graviton-photon amplitude to the photon-photon
amplitude. The latter has been calculated in the worldline formalism in
[25, 36]. The two point functions used above are simply related to the
vacuum polarizations computed in the main text and in [25, 36] as follows

Γµ,α
(k,−k) = −Πµ,α(k) ,

κΓµν,α
(k,−k) = −Πµν,α(k) . (A.11)

Thus the expected Ward identities are

kαΠµν,α(k) = 0 (A.12)

and

kµΠµν,α(k) =
i

2
κF ν

µΠµα(k) . (A.13)

Let us start with the amplitude due to a scalar loop. These Ward iden-
tities are most easily checked using the form (3.8). To verify the gauge
Ward identity (A.12) note that Jµν,α

scal,2,3,4 vanish at the integrand level when

contracted with kα. This is not the case for kαJ
µν,α
scal,1, but for this term the

integral vanishes because k · ĠB12 · k is antisymmetric in τ1,2.
The verification of the gravitational Ward identity (A.13) requires a bit

more work, since here only kµJ
µν,α
scal,4 drops out at the integrand level. We

can simplify it by adding a suitable total derivative term:

kµJ
µν,α
scal e(·) → kµJ

µν,α
scal e(·) −

(

G̈να
B11 − 2δ11δ

να
) ∂

∂τ1
e(·)

+
1

2

∂

∂τ1

{

[

(

k · ĠB12

)α(

ĠB12 · k
)ν

− Ġ
να

B12k · ĠB12 · k
]

e(·)

}

=

{

(

k·ĠB12

)α(

(G̈B12 + 2δ111 ) · k
)ν

−
(

G̈B12 + 2δ111
)να

k · ĠB12 · k
}

e(·)
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=

{

(

k·ĠB12

)α(

(G̈B12 − G̈B12) · k
)ν

−
(

G̈B12 − G̈B12

)να
k · ĠB12 · k

}

e(·) .

(A.14)

Here in the last step we have used the fact that ĠB12 and k · ĠB12 · k have
vanishing coincident limits to replace 2δ11 by G̈B11 − G̈B12 = 2δ11 − 2δ12.

Next, let us write down the representation corresponding to (3.4) for the
photon - photon amplitude in a constant field [25, 36]:

Πµα
scal(k) = − e2

(4π)
D
2

∫ ∞

0

dT

T
e−m2TT−D

2 det−
1
2

[sin(Z)

Z
]

×
∫ T

0
dτ1

∫ T

0
dτ2 e−k·GB12·k I

µα
scal

(A.15)

where

I
µα
scal = Ġ

µα

B12 k · ĠB12 · k −
(

ĠB12 · k
)µ(

k · ĠB12

)α
. (A.16)

Using (3.4), (A.14), and (A.15), the gravitational Ward identity (A.13) can
now be easily verified using the matrix identity

G̈B12 − G̈B12 = 2ieF · ĠB12 . (A.17)

Let us now consider the amplitude due to a fermion loop. The gauge
Ward identity is again easily seen to be satisfied. To check the more subtle
gravitational Ward identities we need the photon-photon amplitude in the
constant electromagnetic background [25, 36]

Πµα
spin(k) =

e22
D
2

2(4π)
D
2

∫ ∞

0

dT

T
e−m2TT−D

2 det−
1
2

[ tan(Z)

Z
]

×
∫ T

0
dτ1

∫ T

0
dτ2 e−k·GB12·k I

µα
spin

(A.18)

where

I
µα
spin = I

µα
scal + I

µα
extra (A.19)
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with Iµα
scal given in (A.16) and

I
µα
extra = −Gµα

F12

(

k · GF12 · k
)

+
(

GF12 · k
)µ(

k · GF12

)α
+

(

GF11 · k
)µ(

GF22 · k
)α

−
(

GF11 · k
)µ(

k · ĠB12

)α
+

(

ĠB12 · k
)µ(

GF22 · k
)α
. (A.20)

We essentially proved earlier that the scalar part satisfies the gravita-
tional Ward identity. Thus we contract the remaining terms with kµ and
add a suitable total derivative

kµI
(µν),α
extra e(·) +

∂

∂τ1
T να (A.21)

with

T να =
1

2

[

(

GF11 · k
)ν(

GF22 · k
)α

+
(

GF11 · k
)ν(

k · ĠB12

)α

+ Gνα
F12

(

k · GF12 · k
)

−
(

GF12 · k
)ν(

k · GF22

)α

− 2
(

ĠB12 · k
)ν(

GF22 · k
)α

]

e(·) (A.22)

to obtain

kµI
(µν),α
extra e(·) +

∂

∂τ1
T να = −

[

(

k · G̈B12

)ν
+

(

k · ĠF11

)ν
]

(

GF22 · k
)α

+Ġνα
F12

(

k · GF12 · k
)

−
(

ĠF12 · k
)ν(

k · GF12

)α

+

[

(

k · ĠF11

)ν
− 2δ11k

ν

]

(

k · ĠB12

)α
.

(A.23)

Now using

G̈B12 = G̈B12 + 2ieF ĠB12 ,

ĠF12 = 2δ12 + 2ieFGF12 (A.24)

one can show that eq. (A.13) holds.
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