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ABSTRACT: We analyze the effects of zeta-function regularization on the evaluation of
quantum corrections to spinning strings. Previously, this method was applied in the s[(2)
subsector and yielded agreement to third order in perturbation theory with the quantum
string Bethe ansatz. In this note we discuss related sums and compare zeta-function reg-
ularization against exact evaluation of the sums, thereby showing that the zeta-function
regularized expression misses out perturbative as well as non-perturbative terms. In par-
ticular, this may imply corrections to the proposed quantum string Bethe equations. This
also explains the previously observed discrepancy between the semi-classical string and the
quantum string Bethe ansatz in the regime of large winding number.
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1. Introduction and summary

Explicit checks of the AdS/CFT correspondence beyond the supergravity approximation
have been obstructed by the disjointness of the regimes in which gauge theory and string
theory are understood in perturbation theory. Exact quantization of string theory on
AdSs x S® may help overcoming this problem and has therefore been the focus of much
recent investigations. Key progress in this direction was triggered by the insight gained
from studying the AdS/CFT correspondence in specific limits, as initiated by [fl, f], and
in @0

Further insight was obtained by identifying the integrable structures both in gauge and
string theory. On the gauge theory side, this was deduced from the identification of the
planar one-loop dilatation operator of N = 4 SYM with the hamiltonian of an integrable
(super) spin chain [I{, [, solvable by means of a Bethe ansatz. The extension of the
integrable structure to higher loops was subsequently shown in [[2-[4]." On the other
hand, integrability of the string sigma model on AdSs x S° [[Lf] was observed in [[LF], and
then utilised to test the AdS/CFT correspondence [I§-R0].> An important step linking the

! Altough integrability breaks down beyond the planar limit, some remnants of it persist and can be used
to study decays of semi-classical strings [E]
2For reviews and further references see | 7@].



two integrable structures on more general grounds was made in [Rf] by the construction of a
set of Bethe equations for the classical string sigma-model.? These were then compared to
the gauge theory Bethe equations in the thermodynamic limit, first for various subsectors
and then the full N =4 SYM and AdSs x S° superstring [26, B2—Bq].

Inspired by the classical Bethe equations, a proposal was put forward for the description
of quantum strings on AdSs x S® [B-BJ. It was conjectured that the string spectrum can
be described by a new type of quantum string Bethe equations, which diagonalize some
underlying string chain, and which are obtained by discretizing the classical string Bethe
equations [26). The conjectured quantum string Bethe equations were rigorously tested at
infinite A\. However, they could potentially receive 1/ VA corrections B

To further test the proposal of [B]-BY], a detailed comparison between the one-loop
worldsheet correction to the energy of a particular string configuration (which was com-
puted semi-classically) to the finite size corrections following from the quantum string
Bethe ansatz was recently performed [i(]. The configuration studied was a circular string
spinning in AdSs x S [[]. In this case the correction to the classical energy depends on
two parameters J and k (J2 = 1/\ = J2/)), where k is the string winding number and
J is the spin in the S! direction. In [fQ] the comparison between semi-classical strings and
Bethe ansatz was studied in the following two regimes: large J (and finite k) and large k
(and finite J).

In the first instance, due to the high complexity of the sums for the semi-classical
string corrections, the analysis was performed by first expanding the summands in the
parameter 1/7 (assuming that the summation index n is smaller than 7) and subsequent
resummation. This procedure clearly breaks down for n > 7, and thus yields divergent
expressions at each order in 1/7%. However upon zeta-function regularisation these agree
with the Bethe ansatz in the first three orders in 1/72 [iJ. This extended the leading
order agreement previously found in [, ). Other discussions of 1/J corrections have
appeared in [[§, [4—-[7.

In the second case of large winding number k, exact evaluation of the sum (which
did not involve zeta-function regularization) resulted in a disagreement with the prediction
of the string Bethe ansatz already at leading order in 1/k [[EJ]. A similar mismatch was
observed numerically.

As a possible explanation for the incompatibility of these results it was proposed that
zeta-function regularization may not correctly sum the semi-classical string result (). A
numerical analysis was performed to confirm this conjecture, but due to the insufficient
numerical precision it was not possible to deduce a firm conclusion in its favour.

In this note we further examine this issue. We find strong evidence that zeta-function
regularization does not give the correct answer for the sums in question. We first consider
a simple toy example of a sum which has the same divergence problems when expanded in
1/J as the sum in [[I[(J]. We then discuss the case of the folded string in the s[(2) subsector
and circular string in the su(2) subsector [d, H. We evaluate the sums in question first

3See also @7@] which identified the infinite tower of conserved charges on both sides. The classical
string sigma-model reduces in the large spin limit to the effective action of the spin-chain, as was first
observed in |



by zeta-function regularization and then exactly, using various methods developed in [i§,
(9, i]]. These results confirm that zeta-function regularization does not reproduce the full
sum. The explicit analysis (in the su(2) subsector) shows that although the coefficients
of 1/J%" in the expansion are correctly reproduced by the zeta-function regularisation,
the coefficients of 1/7%"*! are not present, as well as the possibly non-vanishing non-
perturbative contributions (i.e. of order e=7). Both types of terms do not follow from the
quantum string Bethe equations, explaining thus the mismatch in the large k regime found
in [i0). In particular the oscillatory behaviour observed in the large & limit in [[d)], is hidden
in the exponential terms, which are entirely missed by zeta-function regularization.*

One important outcome of this analysis is that the terms in the string sums which
are not captured by the quantum Bethe equations are non-analytic in the coupling, being
proportional to (\/Y)Q"+1 for integral n and e~ VYN Tt would be important to modify the
S-matrix of [B4-BJ] to incorporate these effects. Some of these issues are discussed in [B(],
where the terms with odd powers of 1/J were also found in the su(2) subsector and the
relation to the Bethe ansitze in [B7-B9] was discussed.

The plan of this note is as follows. We first discuss two relatively simple sums (a toy
model, as well as the folded string solution), which can be evaluated both exactly and by
zeta-function regularization. In both cases zeta-function regularization fails to reproduce
the exact sum. In section f] we apply an approximation method, replacing the sum by an
integral. Comparison with the exact expression for the sums, shows that the approximate
evaluation correctly reproduces the terms missing in the zeta-function regularized result.
We then apply this method to the su(2) string and by comparing it with the zeta-function
evaluated result, identify the missing terms.

2. Folded string solution

In this section we consider the one-loop energy shift for the folded rigid string, which rotates
with a single spin S in AdS3 and no spin in S°. This correction was computed in [J], and
is (in approximation) given by

o
K5Efold:Z\/n2+4f<a2+2\/n2+2/<;2+5n—8 n2+ k2, (2.1)

n=1

where k ~logS, § = 5/ VA. We wish to evalute this sum for large values of the parameter

> Recall, that the asymptotic value for the sum, obtained in @l by replacing the sum

K.
with an integral is

SELL = —3log2 k + O(K?). (2.2)

In the following sections we shall evaluate the sum (EI) first by naive zeta-function regu-
larization and then by various exact evaluation methods. This will show that zeta-function

fails to reproduce the correct sum.

“We are grateful to K. Zarembo for this remark.
SWe thank A. Tseytlin for the suggestion to consider this sum.



2.1 Zeta-function regularization

Let us first evaluate the sum along the lines of the zeta-function regularization applied
in [fid]. In order to do so, we pull the large-« limit into the sum, i.e. expand each summand
in 1/k assuming that the summation index n is smaller than . This expansion is obviously
incorrect when n ~ k, which reflects itself in the divergence of the resulting sums at each
order in 1/k — despite the fact that the initial sum is convergent. We regularize these
divergences using the zeta-function ((z) analytically continued to negative integers. This

can in fact be done to all orders in 1/x and results in

5Ef01d = 22(\/5—3)4—%2571—1—0(%)

n

= (3-VE) ~ 2o+ 0. (23)

2l and

Here we used that ((—1) = —B3/2 = —1/12 and each higher term is a sum over n
thus vanishes in the zeta-function prescription. This clearly contradicts the asymptotics
in (R.J) by missing out the crucial linear term in x. The result (R.2) was obtained by
an approximative method, so it would be desirable to have independent checks of the
sum to confirm the failure of zeta-function regularization. We shall subsequently present
three methods which will be in agreement with (B.2), as well as produce subleading terms

obtained in (2.3) (up to exponentially small corrections).

2.2 Asymptotic evaluation

A method to asymptotically evaluate sums of the type (.1]) was obtained in [i§, appendix
B] in the context of plane-wave string field theory. The main idea is to represent the square
root terms using the integral representation of the Gamma-function

1 1 o0
— = dtt* et 2.4
e /0 et (2.4)

which is valid for z,z > 0. For this to be applicable, we first act with 8% (%8%) on the

sum (R.1), which reduces to the expression

> 2 1 1
R= _8”; <(n2 + 4k2)3/2 + (n2 + 2k2)3/2 B (n? + n2)3/2> : (2.5)

Each partial sum is now absolutely convergent and can be asymptotically evaluated sepa-
rately using (2:4). The relevant asymptotics derived in )% are

>~ ), o () )

n=1
1 1 _

6Similar sums are discussed in [@7@]



Here 0(t) = >, cz e~™°t and we modular transformed and used the asymptotics 6(¢) — 1
as t — oo. Applied to the present case we obtain

R= %(3 —V2)+0(e™), (2.7)

which after repeated integration results in

k¢

0Bra = (3= V2) + =+ + 0(e ™), (2.8)
where c¢; are integration constants, which need to be determined in some other way. In
particular, this is in accord with [f], as there are choices for ¢;, for which the sums can be
made to agree. The integration constants can be derived in the way done in [Ed], but we

shall present two alternative methods to compute the sum exactly.

2.3 Bessel function evaluation

The energy shift can be likewise evaluated using the following integral representation ob-

tained in [4d, eq. (2.7) and (2.10)]. Recall that

oo a2
> <\/(”+7)2 +a?+/(n =7+’ —2n - ;) ==V + @+ F({1}a), (29)
n=1

where we defined the function

F(B,a)=+va2+ 32— 3>+ a? /OO de (2‘]1(0‘5) cosh B¢ — 1) . (2.10)

o e —1 af

For large o the asymptotic behaviour of this function is

) 6071/2 1 B
F(B,a) = —a“In 5 +6—|—O(e “, (2.11)

where C' = 0.5772. .. is the Euler constant. Applying this to (B.1]) results in

5
0Fgq = —3In2k +3— V2 — o 0™, (2.12)
K

in agreement with [B] and implying that the integration constants in (R.§) are cg = —5/12
and ¢; = —6log(2). Note that this also calculates all subleading terms up to exponential
(powerlike in 1/S as k ~ log S) corrections.

2.4 Generalized zeta-function evaluation

The result obtained with Bessel functions in the last subsection can be confirmed by the
following analytic continuation argument. Consider a generalization of the Riemann zeta-
function
= 1
C(s,8) = —5—5 (2.13)

(n?+ K2)s

n=1



This is to begin with not well-defined for the choice s = —1/2 that we are interested in,
but the generalized zeta function can be analytically continued to this value. Again, rep-
resenting the summand using the Gamma function integral representation as (P.6]) derived
in appendix B of [4], it follows that the large x asymptotics of this expression is

1 1 I'(1/2)I'(s —1/2
C(S’K):_5528+252571 (/)F((S) /)

+0(e™"). (2.14)

Note now, that this would have been obtained likewise by approximating the sum by an
integral, namely setting u = n/k in the large x limit

R P R U T LT R

C(s,8) ~ T+ a2)s 221 T'(s)

Applying this to 0Fgyq for s = —1/2 + « for & — 0 and that the Riemann zeta-function

analytically continued gives ((—1) = —1/12, we arrive at
)
0Ffolq = —31og2 k + (3 — V2) — - +0E™), (2.16)
K

in agreement with the above Bessel function evaluation and [f.

This method is quite general and also explains why zeta-function regularization does
not always work. Namely, zeta-function regularization drops the term that comes from the
Gamma-functions in (P.14).

2.5 Exponential corrections

So far we have refrained from working out explictly the exponential corrections at O(e™").
These may however turn out to be crucial for comparison to the quantum string Bethe
ansatz. We shall now prove that in the simpler case of the folded string these terms are
indeed non-vanishing and find explicit formulas for these terms. As the starting point,
consider the asymptotic evaluation method presented earlier. Recall that

> 1 1 1 2 & s 2,2,.2 2
_ e —t —men?ka”/t
mY (02 + r2a2)32  2a3k2 TR a2,€/0 dte™) <e ) - (217)
n=1 n=1

The last term is the exponential correction term and can be further evaluated

9]
2 & 42,222
Reyy, = dtetwnan/t
P 2
a“K 0
n=1

4 o0
=3 Z 2ran K (2mnak) . (2.18)

n=1

Note that 0, Ko(2mnakr) = —2mnakK;(2mnak). So, already integrating up once with respect
to K yields

4 o
/aneXp =-= Z Ky(2mnak) . (2.19)
n=1



Then apply the integral represetation (see also [, appendix DJ)

K, T eV 2.2
o(zk) —/0 tﬁa (2.20)

and perform the sum, which yields

1 1
I{/dHReXP = _ﬁli o dt\/tQ + K-? 627ra\/t2+1£2 _ 1

_%ﬂ/oo drcoth(amrr) -1 .
a 1 s2—1

Integrating repeatedly with respect to x, we arrive at

& 1 1-— —2makr 3 2 _ 1) Li —2makr
/dnn/dmReXp:_%/ dr [Ii og(l—e )+(r +7r )Liz (e )]
1

(2.21)

arvr? —1 2a2m2r2y/1r2 — 1
(2.22)
This is a closed formula for the exponential correction term we were looking for. Adding
up the contributions with the various choices for a of each summand in (R.1) produces the
complete correction term for the folded string.
If one is interested in obtaining the first correction term in e *O(x") explicitly, one
can proceed as follows. Note that [ drkrxKo(bk) = —IiKl(bl-{)/b. So we obtain

Ki(2
/d/ﬂ?/ﬂ?/d/ﬂ)Rexp 1( Znaﬁ) . (223)
=1

With the asymptotics Ki(z) = \/7/2ze *(1+ O(l/z)) we obtain that the first exponential
correction terms are

_ Kk = —2mnak 1 1 1
/dl/v'l/v'/dliReXp == % Z e E @ |:1 + 0 <E>:| . (224)
n=1

Adding together the terms with the correct prefactors and choices for a gives the correction

to (R.1)).

In summary we have shown in this section that the exponential corrections do not
vanish for the folded string case. It would of course be interesting to see, whether they
contribute in more complicated sums than (R.1)), such as the one-loop energy shift for the
su(2) and sl(2) subsectors.

3. Toy model

As a second test case consider the situation of two bosonic and two fermionic frequencies
with the energy shift given by

— (n+7)? \/ (n— )2 \/ n?
§Ergy = 14T T o i (3.1)

where v is a constant independent of J and the sum is convergent in the same sense as for

the su(2) and sl(2) spinning strings. Again we compare zeta function regularization with
the exact evaluation of the sum in the large J limit and find disagreement.



3.1 Zeta-function regularization

For the naive perturbative evaluation of (B.1), pull the large J limit through the sum. As
each term in the 1/.7 expansion is of order n° or higher, using zeta-function regularization

1 2
6By = =3 —2+2,/1+% . (3.2)

Expanding this in 1/7 yields the energy shift at arbitrary loop orders as obtained from

the sum evaluates to

this prescription.

3.2 Asymptotic evaluation of sums

Alternatively, in this simple case, one can evaluate the sum exactly (up to terms e~7)
using the method in [£§]. Consider the sum

0By T =8 =3 V/n+ )2+ T2+ (n =92 +T2-2vn2+J%.  (33)

n=1

Then following the strategy in [E], act with % (% %) to obtain

> 1 1 1
R= _‘72 ((n+7)2 + J2)3/2 T ((n— )2+ J2)3/2 N 2(72 +n2)3/2° (3.4)

n=1

Now each part of the sum is absolutely convergent by itself and can be evaluated and later
on integrated up to give the result for the complete sum. The last summand is easiest and
is evaluated the same way as in [4§, appendix B], i.e. (.6). The remaining two terms are
computed likewise. First recall the definition of the generalized theta-functions

a > 9 ,
0 1) = eﬂt(n-ﬁ-a) +27rnbz’ 3.5
HCEDS @3

n=—oo

which satisfies the modular transformation law, shown by Poisson resummation,

o|" Lyl ?
. (t):—_t 4 (1/1). (3.6)

So in particular we can write

0 [g] (—t/7) = et 4 i (67("+7)2t + 67(”77)%) . (3.7)

n=1

This allows the evaluation of the remaining two terms in the sum, again asymptotically for

-8 —



large J

O: ((n+ wl? 7 (- v)lz + 7%
= ﬁ /OOO dtts et (9[3] (—t/(nT?)) — eVQt/ﬁ)
z—uﬂi%F+HJ231:wmﬁﬂﬂ%_ﬂ@mﬂﬁ) (3.8)

_ 1 Vrl(s —1/2) VT > s=3/2,—t 0 T2/t —
- (j2+,),2)s+ F(S)jQS—l +j25—1 0 dtt <0|:_7:|( j/t) 1)

For s = 3/2 the last term is of order e~ which can be seen by changing to u = JVt. So
in summary we obtain

o0

: ! L2 o
;;«“+W2+JWW+Xm—vﬁ+j%W2_72 e OT) (39)

Thus we obtain that

1 1

Integrating up, we obtain

1
6&W=3(J—v%+jﬂ+%5+%+0@4% (3.11)

which for vanishing integration constants agrees up to terms O(e™7) with the perturbative
zeta-function regularized expression JEC.

In order to determine the integration constants, differentiate with respect to ~ and
then evaluate the large J in analogy to [9). However, we shall determine these using the
Bessel and generalized zeta-function methods introduced earlier.

3.3 Bessel function evaluation

Consider now the evaluation using Bessel functions. First split the sum into two partial
sums which both converge absolutely

SEioy T = S = 51+ S5
2

=Y VTP 4P+ T om -
n=1

2
Sy = —2\/n2+72+2n+j—. (3.12)
n




The representation (2.10)) implies

S1 =7 =P+ T+ F{}4 )
Sy =J—F(0,7). (3.13)

The large J asymptotics follow from (R.11]), so that

2 6

C-3
Si =9 - VP+I*-T*InJ - T’ <€—> +1+0(e*7)

e

C—3
52=J+j21nj+j21n< )—é+0(e‘7), (3.14)

2

and thus the asymptotic expansion for the energy is up to exponentially small corrections

0By = % (’yZ +J -V + jQ) +0 (e_j) . (3.15)

This is in agreement with the asymptotic evaluation and determines the integration con-

stants as cg = 0 and ¢; = 2.

3.4 Generalized zeta-function evaluation

To confirm the result from the last section, we apply analytic continuation to the following
generalized zeta-function

R 1
(5,7, J) :nz::l T (3.16)

Then by analytic continuation to s = —1/2 we can compute the sums in §E. The asymp-
totics for large values of J follow using (B.§) in the last section using generalized theta
functions and setting s = —1/2

1 V(s —1/2) 9 _
— =— O(e7). 3.17
C(S7 77 ‘7) + C(s7 77 ‘7) (ny + jQ)S + F(S)jQS_l + 7 + (e ) ( )
The last term in (B.§) for s = —1/2 is not exponentially suppressed and is extracted by
performing the integral yielding 3 a,/(nJ)?K1(mJn), which has the given asymptotics.
Up to exponential corrections we obtain that the sum has large J behaviour given by

. 1 1 1
S:OICI_)IHO{C<_§+@7PYM7> +C<—§+C¥,—’Y7j> _QC <—§+C¥,07j>}

L o /Tl +a) 1 J°T(1/2)T(-1+a)
=t {0+ TR et (e TR |

— TR (3.18)

,10,



This is again in agreement with the two independent methods of evaluation presented
earlier and confirms the incompleteness of the evaluation by means of zeta-function regu-
larization.

4. Zeta-function regularization versus exact summation

In the previous sections we have performed exact, analytic evaluations of the sums (R.1)
and (B.1) using several methods. These were compared to the zeta function regularized
expressions (R.3)) and (B.2) and were found to disagree with them. We would now like to
determine the origin of this disagreement.” The nature of this section is more experimental
and it would be important to understand this in full generality, e.g. in relation with the
observation in (.1§). In particular, it should be possible to extend this to the case of the
sl(2) subsector.

To proceed, we split the infinite sum into a finite sum, where zeta-function regulariza-
tion applies, and another part, which will be approximated by simply replacing the sum by
an integral. The correction terms that are computed by the Euler-Maclaurin summation
formula will be discussed below. More precisely

K fo'e)
Stm) =>_ fnm)+ > fnm)
n=1 n=K

= S"(K,n) +S"(K,n), K>1, (4.1)

where we have denoted the large parameters x and J in (R.1]) and (B.1)) by n. Since K > 1
the second sum S™(n) can be replaced with an integral, which will be denoted by S
Further let us assume that

1< K <. (4.2)

Then the second sum (i.e. integral) S™(n) can be expanded in 1/7.

On the other hand, for the zeta-function regularization used in [[f(] one first expands
f(n,n) in 1/n and then resums the expanded series. It is clear that this expansion fails,
when n ~ 7, inducing spurious divergences. These were cured by introducing the zeta-
function regularization, which effectively means that one multiplies all terms in the sum
with a factor e*". Since n < K in the first sum, the expansion in 1/7 is correct one, and
zeta function regularization does not affect this part of the result.

We thus focus only on the second sum. To compare the zeta-function regularized results
with the integrated sum S™, we first need to determine the value of the zeta function that
is cut-off K dependent, and approximated by the integral as when evaluating the sum S™.
For this, we use simply the replacement of the sum by an integral, as in [[§]. More precisely,

we use the right colum of the following equation as the values of the zeta-function (taking

"Some of the ideas in this section arose in discussions with A. Tseytlin. Similar observations have
recently appeared in @]

— 11 —



a<1/K)

= 1 (1 o 1
S o=t (3-K)+ 0 - [ dneen = 2 - K40l
oy « 2 K «@
o
_ 1 1 K K? 0 B 1 K2
nZKe annzg—i—(—ﬁ—FE—?)—FO(Q) — p dne ann:?—7+0(a)
oo
2 1 o 2 K3
Z e % = — = (K—3K*+2K°)+0(a) — dne "n? = — — — +0(a).
e (07 6 K (0% 3

(4.3)
Comparing to the standard Euler-Maclaurin summation formula yields that all extra tail
and boundary terms contribute subleading in K and can be neglected. However, we will
see that this heuristic method reproduces precisely the missing terms in the zeta-function
regularization. We shall now compare the standard zeta-function regularized result with
the integral version zeta-function regularized expression using this prescription. Let us
first apply both methods to compute the sum S for the folded string (B1)) and the toy

model (B.1)).

4.1 Folded string and toy model

Approximating the sums (B.1]), (R.1]) with an integral, and subsequently expanding in 1/7,
we obtain, respectively

1 1 1 1 K
Sg)y(Ka J) = v — Ky*= + <§K372 + ZK%) — +0 <—>

J J3 Jb
5 1 15\ K3 K>
SfI(Iﬂd(Kv K) = —310g2/€2 - 2(\/__ 3)Kk — 5[(2 6 <\/_— 7) o +0 (?) (4.4)

On the other hand, expanding the summands f(n,n) as done for the zeta-function regu-

larization leads to

1 3 Y\ 1 1
froy(n, J) = 723 + <—§n272 - Z) 73 + 0 (ﬁ)

froa(n, k) = 2(V2 = 3)k + bn + <£ - E) 22 40 ( ! ) : (4.5)

2 4 K K2

Comparing the expansions ([£4) with (f.5), we note the absence of the leading, 1/7° and
2 terms in the expansion of the summands. Summing up the expanded terms (B.H) from
(K,00) and using the zeta function results ([.J) we obtain the same results as in ([[.4)
except for the 1/7° and x? terms, which were absent from the beginning in the expansion.
These terms, being cut-off K independent parts of the sums, can be obtaind by setting
K =0 in the integral. So the difference between the two results is given by

Alp) = /O " f(nn) dn. (4.6)

- 12 —



4.2 The circular string in the su(2) subsector

In this section we will consider the evaluation of the 1-loop energy energy shift corre-
sponding to the circular string which rotates in an S? inside the S® with two equal spins
J1 = Jo = J/2. The energy shift takes the following form [f, [, E2]

0E =6E© +> " sE™ (4.7)

n=1

2k2 k2
0 _ . L Y R
or 2+\/1 J? + k2 3\/1 J? + k2

JnZ —A12)2 2 _ 972 2
SEM = 9 [14 (NEVD LD LY P
4(j2_|_k2) j2+k2 j2+k2

| n2_k2

The zeta-function regularized version of the sum is derived to all orders in 1/7 in the
hppendiy. It is hard to exactly repeat the procedure from the previous section for the
sum (£§) due to the complexity of the integral S™. So let us instead first expand the

where

sum (f.§) in the small parameter k and then repeat the computation from the previous
section order by order in k. Note also, that although the winding number k is in principle
integer valued, in the regime which we are interested, namely J > 1, n > K > 1, the
expansion in small k is justified.

The expansion of the summand ([..§) is

spm) — TP g 22TV -2T0 At gy
an(jZ + n2)3/2 T3ni(n? + J2)3/2
= 6Bk + SESVES + O(K®) . (4.9)

We can now repeat the procedure from the previous section for the sums §E; and dFs.
Expansion of the first integral yields

% 1 11 1.1 3 1
d 5E("):_—:__—+—K———K3—+O< ) 4.10
/K B JKVI*+K2  KJ* 2 J* Je 7)) 40

The integrated function thus admits an integer power expansion in ﬁ, and thus is analytic
in \'. On the other hand, the naive expansion (i.e. the expansion where we assume that
n < J) of the integrand 6E§n) gives

my 11 11 9 2 1 1
0E, __ﬁﬁ_gﬁ_'_ 76 +0 75 (4.11)
As expected, these terms yield divergent sums starting from 1/7%, however they appear
with powers 1/7%%, i.e. the same powers of the expansion in ({.10)). Integrating the ex-

pression ({.11]) and using the integral version of the zeta-function prescription ([£.3), we
reproduce all terms in ({.10).
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(n)

The evaluation of the second order term dF5 ~ is different

K o BTPK3T? + K2
21 1 11 11 1 1 1
S smt Rz 37 g O (ﬁ) (4.12)

The main difference to the former case is, the presence of the term 1/7°, which is non-
analytic in A" and which appears as the cuf-off K independent part of the integral. On the

other hand, the naive expansion of 5E§n) yields

11 11 11 7 1 1
5E§">:—HﬁerﬁJrZﬁ—gn?ﬁJrO(ﬁ), (4.13)
where all terms are analytic in ). Since the zeta-function prescription does not change
the order in 1/7 in the expansion, it is thus clear that the terms at order 1/7° in ({.17)
can never be reproduced by the zeta-function regularization of the expression ({.13). The
regular terms in ({.12) are on the other hand easily reproduced using the cut-off zeta-
function regularization ({.3). Similar analysis for the order k® and higher, yields the
discrepancy between the zeta-function regularization and the exact string result at the
orders 1/j2k+1.

A more detailed analysis of the correction terms in the Euler-Maclaurin summation
formula for the sums appearing in (f£J), shows that only the coefficients of 1/72* are
corrected, and also that all these corrections are supressed with inverse powers of the
cutoff. Thus, the approximate integral evaluation of the coefficients of 1/ 7%+ gives the
exact result.® It should be possible to resum the effect of these terms that are missed by
zeta-function regularization.
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A. Zeta-function regularization for su(2)

In this appendix we derive the all orders result that follows from zeta-function regularization
in the su(2) subsector, where the energy shift is ({.§). Up to two-loops the energy shift
has appeared recently in [[{7]. Evaluating the sum perturbatively in 1/7%, ie., 6E =
S0 0BT 2l the energy shifts at the first three loop orders are as follows.

e 1-loop:

2
0E = L (2k2 —n?+nyvn? - 4k2> . (A1)

P
n

®Recall that the sum S’ in (@) only contributes to the even powers of J.
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e 2-loop:

5k 1
0By = — 2+ 5 D (10K ' — (07 + 2K)n/n? — 4R2) (4.2)

n

At large n the sum has asymptotics —k*/2 + O(1/n?) and thus needs to be regularized.
With zeta-function regularization ¢(0) = —1/2 the energy shift is

4
1
5E£’3g — _% + g (—6k;4 + ’rL4 — (’I’L2 + 2]{32)’11 n2 — 4k2> . (A3)

e 3-loop: the naively expanded sum diverges as %nQ + %6 + O(1/n?), and needs to be
regularized to give

kS 1
SENE = 51—6 + 16 Z (10k6 — k'n? 4 2K%n* — n® 4+ (3K + nY)n/n2 — 4k2) - (A4

Given the relatively simple dependence on J of the string frequencies, one can compute
the subtraction term, necessitated by zeta-function regularization in a closed form. Each of

the frequencies is of the type /1 + a/(J?2 + k2), which has an expansion around J = oc.
Consider first the following term

1+ ﬁ Z <1/2> ja;’p (A.5)

Now, each a has an expansion in n, and we wish to determine the terms up to order 1/n?
for fixed value of p. Define

1 2
a; = —(n—i— n2—4k2> + k2

agsz—kQ, ag =n>+k?, ay =n?. (A.6)
Then
SEM |1+ 5—22 = (A7)
N (1/2>L {2 <k2 N (n+m)2>l’+2(n2 2P 4 4(n? +k2)p_8n2p}
=\p)Iw 4
s <11/)2>n—221; {2 <1+ V1 —4/<:2/n2> LR 4 4( +kz/n2)p_8}_
p=0

Then invoking

(1_|_\/1_|_—x)1?:2p+2p§:<p_q_1>§(f)q’ (A.8)

o q—1 4

,15,



and the binomial theorem, we get

S 1+§_22: (A.9)
SR ) e (e (5)

Further expanding 1/4/1 + k2/72, the coefficient of the 1/ 7% term is

(E™), QZP: ( 1/2> (1/2>k2p Nn29 x (A.10)
g=0

Sl Qg H TR )

q= g=1

Again this is an unpleasant-looking hypergeometric function. However, we only need to
extract the coefficients up to the term 1/n of it, and in order to obtain the zero-point
energy regularization, we only have to extract the coefficient of n®. The subtraction term
at order 1/j2p is

o () S (7 Yomioen ()

q=1
(A.11)
This agrees to three loops with the above explicitly obtained expressions. We can also
determine the change to the zero-point energy, namely

(oEOyE 550 - L WZ( P asem]. @

References

[1] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from
N = 4 super Yang-Mills, JHEP 04 (2002) 013 [hep-th/0202021]].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string
correspondence, [Nucl. Phys. B 636 (2002) 99 [hep-th/0204051].

[3] S. Frolov and A.A. Tseytlin, Semiclassical quantization of rotating superstring in AdSs x S°,
VHEP 06 (2002) 007 [hep-th/0204226].

[4] S. Frolov and A.A. Tseytlin, Multi-spin string solutions in AdSs x S°, [Nucl. Phys. B 66§

(2003) 77 [hep-th/0304255)].

[5] S. Frolov and A.A. Tseytlin, Quantizing three-spin string solution in AdSs x S°, JHEP 0

(2003) 014 [hep-th/030613(].

[6] S. Frolov and A.A. Tseytlin, Rotating string solutions: adS/CFT duality in
non-supersymmetric sectors, |Phys. Lett. B 570 (2003) 9¢ [hep—th/0306143].

,16,


http://jhep.sissa.it/stdsearch?paper=04%282002%29013
http://xxx.lanl.gov/abs/hep-th/0202021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB636%2C99
http://xxx.lanl.gov/abs/hep-th/0204051
http://jhep.sissa.it/stdsearch?paper=06%282002%29007
http://xxx.lanl.gov/abs/hep-th/0204226
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB668%2C77
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB668%2C77
http://xxx.lanl.gov/abs/hep-th/0304255
http://jhep.sissa.it/stdsearch?paper=07%282003%29016
http://jhep.sissa.it/stdsearch?paper=07%282003%29016
http://xxx.lanl.gov/abs/hep-th/0306130
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB570%2C96
http://xxx.lanl.gov/abs/hep-th/0306143

[7] G. Arutyunov, S. Frolov, J. Russo and A.A. Tseytlin, Spinning strings in AdSs x S° and
integrable systems, [Nucl. Phys. B 671 (2003) 3 [hep-th/0307191].

[8] G. Arutyunov, J. Russo and A.A. Tseytlin, Spinning strings in AdSs x S°: new integrable
system relations, [Phys. Rev. D 69 (2004) 086009 [hep—th/0311004].

[9] S.A. Frolov, 1.Y. Park and A.A. Tseytlin, On one-loop correction to energy of spinning
strings in Ss, [Phys. Rev. D 71 (2005) 026004 [hep-th/0408187].

[10] J.A. Minahan and K. Zarembo, The Bethe-Ansatz for N = 4 super Yang-Mills, JHEP 03

(2003) 019 [hep-th/021220§].

[11] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain,

670 (2003) 439 [hep-th/0307042.

[12] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N =4 super
Yang-Mills theory, [Nucl. Phys. B 664 (2003) 131| [hep—th/0303060].

[13] N. Beisert, The su(2—3) dynamic spin chain, |Nucl. Phys. B 682 (2004) 487
[hep-th/0310259.

[14] D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Inozemtsev long range
spin chain, JHEP 06 (2004) 00]] [nep-th/0401057].

[15] K. Peeters, J. Plefka and M. Zamaklar, Splitting spinning strings in AdS/CFT, JHEP 1

(2004) 054 [hep-th/0410279].

[16] R.R. Metsaev and A.A. Tseytlin, Type IIB superstring action in AdSs x S° background,
[Nucl. Phys. B 533 (1998) 109 [hep-th/980502§].

[17] L. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdSs x S® superstring,

Rev. D 69 (2004) 046009 [hep-th/0305114].

[18] N. Beisert, J.A. Minahan, M. Staudacher and K. Zarembo, Stringing spins and spinning
strings, JHEP 09 (2003) 010 [hep-th/0306139].

[19] N. Beisert, S. Frolov, M. Staudacher and A.A. Tseytlin, Precision spectroscopy of AdS/CFT,
VHEP 10 (2003) 037 |hep-th/0308117].

[20] J. Engquist, J.A. Minahan and K. Zarembo, Yang-Mills duals for semiclassical strings on
AdSs x S°, UHEP 11 (2003) 063 [hep-th/0310184].

[21] A.A. Tseytlin, Spinning strings and AdS/CFT duality, hep-th/0311139.
[22] N. Beisert, The dilatation operator of N = 4 super Yang-Mills theory and integrability,

Rept. 405 (2005) 1| [hep-th/0407277].

[23] K. Zarembo, Semiclassical bethe ansatz and AdS/CFT, Comptes Rendus Physique 5 (2004)
1081-1090 [hep-th/0411191].

[24] A.A. Tseytlin, Semiclassical strings and AdS/CFT, hep-th/040929§.

[25] J. Plefka, Spinning strings and integrable spin chains in the AdS/CFT correspondence,
hep-th/0507136.

[26] V.A. Kazakov, A. Marshakov, J.A. Minahan and K. Zarembo, Classical/quantum integrability
in AdS/CFT, JHEP 05 (2004) 024 [hep-th/0402207].

[27] G. Arutyunov and M. Staudacher, Matching higher conserved charges for strings and spins,
VHEP 03 (2004) 004 [hep-th/0310187.

,17,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB671%2C3
http://xxx.lanl.gov/abs/hep-th/0307191
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C086009
http://xxx.lanl.gov/abs/hep-th/0311004
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C026006
http://xxx.lanl.gov/abs/hep-th/0408187
http://jhep.sissa.it/stdsearch?paper=03%282003%29013
http://jhep.sissa.it/stdsearch?paper=03%282003%29013
http://xxx.lanl.gov/abs/hep-th/0212208
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB670%2C439
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB670%2C439
http://xxx.lanl.gov/abs/hep-th/0307042
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB664%2C131
http://xxx.lanl.gov/abs/hep-th/0303060
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB682%2C487
http://xxx.lanl.gov/abs/hep-th/0310252
http://jhep.sissa.it/stdsearch?paper=06%282004%29001
http://xxx.lanl.gov/abs/hep-th/0401057
http://jhep.sissa.it/stdsearch?paper=11%282004%29054
http://jhep.sissa.it/stdsearch?paper=11%282004%29054
http://xxx.lanl.gov/abs/hep-th/0410275
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB533%2C109
http://xxx.lanl.gov/abs/hep-th/9805028
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C046002
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C046002
http://xxx.lanl.gov/abs/hep-th/0305116
http://jhep.sissa.it/stdsearch?paper=09%282003%29010
http://xxx.lanl.gov/abs/hep-th/0306139
http://jhep.sissa.it/stdsearch?paper=10%282003%29037
http://xxx.lanl.gov/abs/hep-th/0308117
http://jhep.sissa.it/stdsearch?paper=11%282003%29063
http://xxx.lanl.gov/abs/hep-th/0310188
http://xxx.lanl.gov/abs/hep-th/0311139
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C405%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC%2C405%2C1
http://xxx.lanl.gov/abs/hep-th/0407277
http://xxx.lanl.gov/abs/hep-th/0411191
http://xxx.lanl.gov/abs/hep-th/0409296
http://xxx.lanl.gov/abs/hep-th/0507136
http://jhep.sissa.it/stdsearch?paper=05%282004%29024
http://xxx.lanl.gov/abs/hep-th/0402207
http://jhep.sissa.it/stdsearch?paper=03%282004%29004
http://xxx.lanl.gov/abs/hep-th/0310182

28]

[29]

32]

33]

G. Arutyunov and M. Staudacher, Two-loop commuting charges and the string /gauge
duality, hep-th/0403077.

G. Arutyunov and M. Zamaklar, Linking baecklund and monodromy charges for strings on

AdSs x S°, UHEP 07 (2005) 026| [hep-th/0504144].

A. Mikhailov, Plane wave limit of local conserved charges, hep—-th/0502097.

M. Kruczenski, Spin chains and string theory, |Phys. Rev. Lett. 93 (2004) 161602
[hep-th/0311203)].

N. Beisert, V.A. Kazakov and K. Sakai, Algebraic curve for the SO(6) sector of AdS/CFT,
hep-th/0410253.

S. Schafer-Nameki, The algebraic curve of 1-loop planar N = 4 SYM, |[Nucl. Phys. B T14

(2005) J [hep-th/0412254].

[34]

[35]

[36]

N. Beisert, V.A. Kazakov, K. Sakai and K. Zarembo, The algebraic curve of classical
superstrings on AdSs x S°, hep-th/050222§.

L.F. Alday, G. Arutyunov and A.A. Tseytlin, On integrability of classical superstrings in
AdSs x S°, UHEP 07 (2005) 002 [hep-th/050224(].

N. Beisert, V.A. Kazakov, K. Sakai and K. Zarembo, Complete spectrum of long operators in
N =4 SYM at one loop, JHEP 07 (2005) 030} [hep-th/050320].

G. Arutyunov, S. Frolov and M. Staudacher, Bethe Ansatz for quantum strings, |JHEP 10

(2004) 014 [hep-th/0406254].

[41]

[42]

[43]

[44]

M. Staudacher, The factorized s-matriz of CFT/AdS, JHEP 05 (2005) 054 [hep-th/041218§].

N. Beisert and M. Staudacher, Long-range PSU(2,2|4) Bethe ansaetze for gauge theory and
strings, hep-th/050419d.

S. Schafer-Nameki, M. Zamaklar and K. Zarembo, Quantum corrections to spinning strings
in AdSs x S® and bethe ansatz: a comparative study, lhep-th/0507189.

LY. Park, A. Tirziu and A.A. Tseytlin, Spinning strings in AdSs x S®: one-loop correction to
energy in SL(2) sector, |JHEP 03 (2005) 013 [hep-th/0501203].

N. Beisert, A.A. Tseytlin and K. Zarembo, Matching quantum strings to quantum spins:
one-loop vs. finite-size corrections, [Nucl. Phys. B 715 (2005) 190 [hep—th/0502173|].

R. Hernandez, E. Lopez, A. Perianez and G. Sierra, Finite size effects in ferromagnetic spin
chains and quantum corrections to classical strings, JHEP 06 (2005) 011 [hep-th/050218¢].

L. Freyhult, Bethe ansatz and fluctuations in SU(3) Yang-Mills operators, JHEP 06 (2004)

01( [hep-th/0405167).

[45]

[46]

[47]

[48]

L. Freyhult and C. Kristjansen, Rational three-spin string duals and non-anomalous finite
size effects, JHEP 05 (2005) 043 [hep-th/0502123.

H. Fuji and Y. Satoh, Quantum fluctuations of rotating strings in AdSs x S°,
hep-th/0504123.

J.A. Minahan, A. Tirziu and A.A. Tseytlin, 1/J corrections to semiclassical AdS/CFT states
from quantum Landau-Lifshitz model, hep—th/0509071].

J. Lucietti, S. Schafer-Nameki and A. Sinha, On the exact open-closed vertez in plane-wave
light-cone string field theory, |Phys. Rev. D 69 (2004) 08600 [hep—th/0311231].

,18,


http://xxx.lanl.gov/abs/hep-th/0403077
http://jhep.sissa.it/stdsearch?paper=07%282005%29026
http://xxx.lanl.gov/abs/hep-th/0504144
http://xxx.lanl.gov/abs/hep-th/0502097
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C93%2C161602
http://xxx.lanl.gov/abs/hep-th/0311203
http://xxx.lanl.gov/abs/hep-th/0410253
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB714%2C3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB714%2C3
http://xxx.lanl.gov/abs/hep-th/0412254
http://xxx.lanl.gov/abs/hep-th/0502226
http://jhep.sissa.it/stdsearch?paper=07%282005%29002
http://xxx.lanl.gov/abs/hep-th/0502240
http://jhep.sissa.it/stdsearch?paper=07%282005%29030
http://xxx.lanl.gov/abs/hep-th/0503200
http://jhep.sissa.it/stdsearch?paper=10%282004%29016
http://jhep.sissa.it/stdsearch?paper=10%282004%29016
http://xxx.lanl.gov/abs/hep-th/0406256
http://jhep.sissa.it/stdsearch?paper=05%282005%29054
http://xxx.lanl.gov/abs/hep-th/0412188
http://xxx.lanl.gov/abs/hep-th/0504190
http://xxx.lanl.gov/abs/hep-th/0507189
http://jhep.sissa.it/stdsearch?paper=03%282005%29013
http://xxx.lanl.gov/abs/hep-th/0501203
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB715%2C190
http://xxx.lanl.gov/abs/hep-th/0502173
http://jhep.sissa.it/stdsearch?paper=06%282005%29011
http://xxx.lanl.gov/abs/hep-th/0502188
http://jhep.sissa.it/stdsearch?paper=06%282004%29010
http://jhep.sissa.it/stdsearch?paper=06%282004%29010
http://xxx.lanl.gov/abs/hep-th/0405167
http://jhep.sissa.it/stdsearch?paper=05%282005%29043
http://xxx.lanl.gov/abs/hep-th/0502122
http://xxx.lanl.gov/abs/hep-th/0504123
http://xxx.lanl.gov/abs/hep-th/0509071
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD69%2C086005
http://xxx.lanl.gov/abs/hep-th/0311231

[49] J. Lucietti, S. Schafer-Nameki and A. Sinha, On the plane-wave cubic vertex,

70 (2004) 026004 [hep-th/0402185].

[50] N. Beisert and A.A. Tseytlin, On quantum corrections to spinning strings and bethe
equations, hep—th/0509084).

[61] K. Foerger and S. Stieberger, Higher derivative couplings and heterotic-type-I duality in eight
dimensions, [Nucl. Phys. B 559 (1999) 277 [hep-th/9901024].

[52] F. Bigazzi and A.L. Cotrone, On zero-point energy, stability and hagedorn behavior of
type-IIB strings on pp-waves, JHEP 08 (2003) 052 [hep-th/0306104].

[53] G. Bertoldi, F. Bigazzi, A.L. Cotrone, C. Nunez and L.A. Pando Zayas, On the universality
class of certain string theory hadrons, [Nucl. Phys. B 700 (2004) 89 [hep-th/0401031]].

,19,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C026005
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C026005
http://xxx.lanl.gov/abs/hep-th/0402185
http://xxx.lanl.gov/abs/hep-th/0509084
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB559%2C277
http://xxx.lanl.gov/abs/hep-th/9901020
http://jhep.sissa.it/stdsearch?paper=08%282003%29052
http://xxx.lanl.gov/abs/hep-th/0306102
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB700%2C89
http://xxx.lanl.gov/abs/hep-th/0401031

