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1 Introduction

In the last two years a lot of progress has been made in understanding the ideas of the AdS/CFT
correspondence. The starting point of a long chain of developments marks the BMN duality [I],
which connects N' = 4 U(N) super Yang-Mills (SYM) in the sector of operators with large U (1)
charge J o« VN — oo and type IIB string theory on the maximally supersymmetric plane-wave
background [2]. In contrast to AdSs x S5, here the worldsheet o-model reduces to a free theory in the
light-cone gauge and thus, can easily be quantized [3]. Moreover, string interactions can be treated in
the context of light-cone string field theory [l Bl 6]

The parameters of the two sides of the duality are linked via [T}, [7]*
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and therefore free string theory corresponds to the planar (g2 = 0) sector, while string interactions
are identified with non-planar, interacting gauge theory. This statement has been subject to a wide

range of tests based on the key relation

e =n-y, (1.2)
"

where Ej. is the light-cone energy of string states and A denotes the conformal dimension of the
dual SYM-operators. In particular for the planar case, Ej . could explicitly be verified for so-called
two-impurity operators (i.e. two stringy excitations) up to two loops [Il &, [0]; for all-loop arguments
see [I0, [[1]. The extension to the interacting part proved to be much more involved. On the field
theory side, the anomalous dimension of two-impurity operators is known up to O(g2\’ 2) [12, 13, 9]
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whereas in light-cone SFT only the leading order energy shift has been computed [14]. Over and
above, matrix elements of H). and the dilatation operator D as well as decay widths of one-string
states and single-trace operators have been successfully compared to leading order, see e.g. [I5]. For
more details we refer to the reviews [16] and references therein.

It was subsequently realized, that the BMN correspondence can be generalized in essentially two direc-
tions: Curvature corrections to the plane-wave background can be taken into account [I7] having their
counterpart in 1/J corrections of planar BMN gauge theory [I8, [T9]. On the other hand, a completely
new field was established by considering semiclassical string states in AdSs x S° [20] and the insight
that the planar spectrum of SYM operators is governed by an integrable Hamiltonian (long-range)
spin chain [21], leading to a vast class of tests, see the review [22] and references therein. Both cases
show perfect agreement up to two loops [23], see also [24], but — despite of this tremendous progress

— several open questions and puzzles gradually emerged at three loops: In the latter approach, string

"Here i denotes the curvature scale of the plane-wave geometry and p* is the light-cone momentum.



and gauge theory continue to exhibit qualitatively similar structures but start to differ in detail [25].
Somewhat more disturbing results have been found in [I7]: degeneracies present in the gauge theory
and crucial for integrability 9, 9, 26] are lifted in the near plane-wave background.

These recent developments raise the question whether disagreements do already occur in the BMN
duality itself, namely in the non-planar, interacting sector. As was pointed out in [27], certain matrix
elements of H) ., and D seem to mismatch starting at go \' % This however need not necessarily imply
that physical quantities show disagreement as well and deserves a more careful investigation, which
we initiate in the present paper. Eventually one would like to compute independently the energy of
states with two (stringy) excitations on the string theory side and hopefully reproduce (C3).
Therefore, in section 2, we briefly introduce some well-known facts about the free theory and explicitly
construct the supermultiplet for states with two stringy excitations. Especially we find that states
consisting of two fermionic/bosonic oscillators in general mix with each other.

The evaluation of the energy shift ~ O(g%) demands the knowledge of cubic and quartic terms in the
Hamiltonian. We review (section 3) the formulation of the three-string vertex restricted by the super-
algebra at order go and comment on further constraints on the quartic interaction. In particular, we
notice that a term induced by the second order dynamical supercharges cannot a priori be excluded.
It is a known fact, that all members of a supermultiplet receive the same energy corrections. Fur-
thermore (section 4), one can show by using the states in the supermultiplet, degenerate perturbation
theory becomes redundant. Note, that both statements are only valid when including impurity-
conserving and -non-conserving intermediate states. Here, we calculate as a first step the complete
perturbative (in ') impurity-conserving contribution for one particular representation. Quite sur-
prisingly our result disagrees with that given in the literature [I4] and also fails to reproduce the
gauge theory prediction (L3 at two loops. Above all as a qualitative difference to gauge theory the
series features not only integer, but also half-integer powers of \. It seems to be apparent that this

truncated analysis does not reveal the whole story. We conclude with a discussion.

2 The free theory

In this section, we introduce the free theory and its symmetries and analyze the underlying supermul-
tiplet structure. Type IIB string theory on the plane-wave space-time can be quantized in light-cone

gauge [3] resulting in the Hamiltonian

1
Hy = — > wnNa, (2.1)
neL
where o = o/p™T is the light-cone momentum, the frequencies are given by w,, = \/n? + (ua)? and N,

indicates the number operator

N, =allal +of ol + (81)2re (6n)a1a2 + (ﬁi)duﬁzz (6")a1a2 ) (2.2)



Compared to [] we performed a redefinition of the oscillator basis to have the standard level-matching
condition (cf. Appendix[Al), i.e. the operator )" 20NN has to vanish on the space of physical states.
Here the bosonic oscillators «y, transform as [4,1] = [(2,2),(1,1)] and [1,4] = [(1,1),(2,2)] under
the transverse SO(4) x SO(4) ~ SU(2)? x SU(2)? isometry of the plane-wave background, whereas
the fermionic oscillators 3, give the representations [(2,1),(2,1)] and [(1,2),(1,2)]. Both obey the
standard (anti)-commutation relations.

Due to the effective harmonic oscillator potential of the background geometry, the theory possesses an
essentially unique SO(4) x SO(4) singlet ground state |a) (labeled by its light-cone momentum since

Pt is a central element of the plane-wave superalgebra) defined by
apla)y =0, fpla)y=0, neZ. (2.3)

Excited states are obtained by acting with the creation oscillators on |a) subject to the level-matching
condition and can be organized into multiplets of the plane-wave superalgebra. Its bosonic generators
are H, PT, Pl Jgt! (I =1,...,8) and the angular momentum generators of the transverse SO(4) x
SO(4) JY and J"7" while the 32 supersymmetries are generated by Qt, Q* (both transforming as
[(2,1),(2,1)] and [(1,2),(1,2)]) and Q~, Q~ (transforming as [(2,1),(1,2)] and [(1,2),(2,1)]).

On a general eigenstate of Hs in a given irreducible representation of SO(4) x SO(4) the nontrivial
action of generators is as follows: Certain combinations of P! and J!* add or remove a bosonic
zero-mode excitation; this raises or lowers the energy of the state by p and is the discretized analog
of giving a state transverse momentum. Note, that P! is not a quantum number in the plane-wave
space-time since it does not commute with H. Similarly QT and QT add or remove a fermionic
zero-mode excitation. This is why not the energy but C' = > £0 wp N, which only counts the
non-zero-mode (‘stringy’) excitations, is a Casimir of the superalgebra. Finally, the most interesting
generators are @~ and Q~; these do not change the number of excitations, commute with H and,
therefore transform states of the same energy but different SO(4) x SO(4) representations into each
other. This action of the generators is schematically depicted in Fig. 1. In the following we will
call a multiplet containing states with n stringy excitations a ‘n—impurity’ multiplet. The simplest
example is the 'zero-impurity’, i.e. supergravity multiplet [28]. In this case the highest weight state
is the ground state |a) annihilated by all Q~, Q~ and, therefore, this multiplet is short and protected

against quantum corrections through string interactions.

2.1 The two-impurity supermultiplet

In contrast to the supergravity multiplet, where the state of lowest energy is unique, for the two-

impurity multiplet the states of lowest energy 2% are those with two stringy oscillators, schematically

bosons : abal |a), B141 |a), fermions : ol Bl la), o, g8la).

All of these 256 states are linked to each other by acting with half of the dynamical supercharges

on a highest weight state which we will explicitly determine below, see also [I7] for the discussion in



Figure 1: Action of the generators on the supermultiplet. Note, that the horizontal action of Q~

terminates after at most eight units, while the vertical action continues indefinitely.

the case of the near plane-wave background. States with two bosonic oscillators are decomposed into

irreducible representations of SO(4) x SO(4), namely

1
11.1)) = 5af*all o)., (24)
(3%, 1)) :%(a“oﬂ_j —alfal’, £eMafkall Y ja), (2.5)
i’ 1+
Y =—75 afial?|ay (2.6)

19, 1))@ = <ayai@+aiﬁaﬁn— ~§afk “f)ya> (2.7)

1
V2
and analogously for (i,j) — (i,j'). Here 3% indicate the (anti)-selfdual representations. Under
worldsheet-parity  (i.e. n < —n) the singlets and the symmetric-traceless representations are even,
whereas the (anti)-selfdual are odd. The (J-function)-normalization® of |[9,1]) is 1 + 3%, all other
states are normalized to one.

Two fermionic oscillators lead to the states (cf. Appendix [Al for our conventions for the o-matrices)

1]) = 5(80) 00 (B10) 1), (2.5)
71D = 207 (5]) 0,0 (B 1) (2.9)
571D = 20 (5]) 0 (B0 10 (2:10)

4,407 = 2 (0 () (3) 0 () g0 (2.11)
87,8 DT = 2 (o) () () (B ), (2.12)

*We will always suppress the d-function normalization factor |as|d(as + aua), where as and a4 denote the light-cone

momenta of the in-/out-states, respectively.



and similarly for the remaining representations. Here, the singlets and |[3%, 3*]) have odd, whereas
the (anti)-selfdual representations have even worldsheet-parity. Again we have normalized the states
to one. Notice that only |[9, 1]} |[1, 9]>(in ) and 3%, Si]>[ij JE5T are uniquely constructed of bosonic
or fermionic oscillators, respectively.

The remaining representations are realized both with bosonic and fermionic oscillators and, therefore
potentially mix with each other®. For completeness we mention that fermionic two-impurity states
transform as [(2,1),(1,2)], [(3,2),(2,1)], [(2,3),(1,2)] and the same representations with the two
SO(4)’s exchanged. These are e.g.

1£Q

1(2,1). (L.2) i, = —5—(al) 0, (B a0 (2.13)
12.3), (1,208 4, = 22 (09) ™ (aL,) 0, (BD) ) (214)
168,2), 2 0) 2,0 = 57 (0%) 7 (0l) 0, (51) ) (2.15)

To construct the two-impurity multiplet explicitly we determine the highest weight state that is
annihilated by P!, J'*, QT and Q* (no zero-mode excitations), J% and J7' (a singlet) and by
half of the dynamical supercharges which we choose to be Q;l & and Qg o, (cf. Appendix [Al for their
explicit oscillator expressions). The latter requirements impose three conditions on the most general
ansatz (with |A|? + |B|? + |C|? + |D|? = 1/4 to normalize it to one)

1)) = (Aalials, + Bal s € (8]) 1,0, (810)" + D (8]) 44, (87) ") ). (2.16)

Q102

with the (up to a phase in A) unique solution

2

A= HE B:_<M> A, C:—D:—Z’e(a)wA‘ (2.17)
4w, n n

As |[1,1])() contains states of opposite worldsheet parity, (2 is not a quantum number to label states

in the supermultiplet; in particular for large ;1 and o < 0 we have

1 2 '
A~ g, BN—%)\’, C:—D~%W, (2.18)

reflecting that in the BMN gauge theory the singlet operator built out of scalar impurities starts to

mix with covariant derivatives and fermions at higher (than one) loops. By applying Q;l &, and Q;l s

successively to |[1,1])(;) we generate all 28 = 256 states with two stringy excitations. For example,

3In this case it is sometimes convenient to introduce (oeT) = L(Ui) ol and ( ) =L (O’i,) al?,
"/ a1dn V2 a1dn Gn gy V2 agdg T

Then e.g. [[3%,1) = 1(0")" 7 (al) ., (aL,.) 5.
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acting twice with \/ué = eézQ - 4 gliaz Qd_la2 we find 4

102

11,30 = ST (s 0 - ) 422 4
_ ZZ(S) S — o) (7 [1.3°) 3" — &7 |i1,3lsg) (2.10)
Here
3%, 1]>Eif/]2> = (o)1 <A(1/2) (@) ey (@L0) 5 + By (81) 4,0, (BT n)@f) o), (2.20)
871y = (@)™ (A (@) s, (@10)5 = Brajoy (BL) gya (810)5 ) ). (2.21)
4. 4)T ) = #W)MI (07) 2% ((0]) iy (@1) iy €@ (B]) gy (BL) 510, ) I} s (2:22)

and analogously for (i,7) — (i, '), while the mixing-coefficients are

Wy F po . [wy, £ po
A(1/2) = W s B(1/2) =41 6(04 TL) W . (223)

In the large p limit and a < 0 this yields e.g. A; ~ %, By ~ % A so the mixing of states is again a
VX effect. For |[4, 4])4 (1) the mixing is maximal in agreement with the gauge theory result. Up to
irrelevant phases and an overall factor of v/2 (which can be absorbed in the definition of e*192, g4192)
the leading order SUSY variation (ZIJ) precisely agrees with [I8].

3 Turning on Interactions

String interactions in the plane-wave background have been treated within the framework of light-cone
string field theory [, Bl 6]. Its guiding principles are worldsheet continuity and the realization of the
superalgebra in the full interacting theory: the superalgebra gives rise to two types of constraints —
kinematical and dynamical — depending on whether the participating generators receive go corrections
(H, Q= and Q) or not. Kinematical constraints lead to the continuity conditions in superspace,
whereas dynamical constraints require the insertion of interaction point operators [29]. In practice
these constraints will be solved perturbatively, for example H, the full Hamiltonian of the interacting

theory, has an expansion in g
H:Hg—l-ggHg—l—g%Hgl—l—---. (31)

Here the operator Hg represents a three-string interaction, but it is more convenient to express it as

a state |H3) in the multi-string Hilbert space and work in the number basis [30]. Then the dynamical

4 ij o ] 7\ @181 o ) i3\ 4181 Zas i ) iVG1a1 ( _j/\daaz
We define e = eq,a, (O’ ) esr, €7 = €ajay (O’ ) 651 , €7 =eqan (O’ ) (0’ ) €& a9 » and analo-

gously for e ete.



generators are of the form P|V), where P are the prefactors determined by the dynamical constraints
(i.e. the oscillator expressions of the interaction point operators mentioned above) and the kinematical
part of the vertex |V') common to all the dynamical generators implements the continuity conditions.
These follow for example from [H3, p! | = 0, so the interaction vertex is translationally invariant and

conserves transverse momentum. In the number basis the bosonic part of |V') has the form

|Ey) = exp Z Z a“ Nf,}fn ngt) la)123 (3.2)

st 1m,nez

where |a)123 = |a)1 @ |a)e ® |a)s is the tensor product of three (bosonic) vacuum states and N5 are
known as Neumann matrices, see [31] for explicit expressions as functions of u, as.

To fulfil the dynamical constraints we define the linear combinations of the free supercharges v/2nQ =
Q™ +1iQ~ and \/577@ =Q —iQ™ (n= ei”/‘l) which satisfy on the space of physical states e.g.

{Qa1d27 Qﬁ152} = {Qaldga Q5162} = _25a1515d2ﬁ'2Hy

_ " ) . (3.3)
{dez’ Qﬁ152} = _/‘5@25'2 (Ulj)alﬁle + UeEai (02 J )d252=]l J )

and similar relations for Q4,q, and @ 51 Since J¥ and J9" are not corrected by the interaction, it

follows that at order O(g2) the dynamical generators have to obey

{Q20162,@3,5,} T {Q30182: @a5,5,} = —2€018:84,4,113 (3.4)
{Q20162,@3,5,} T {Q30189: @ag,5,} = —2€018:84,4,113 (3.5)
{Q20162, Q35,51 T {Q30182,@ap,5,} =0- (3.6)

Substituting the most general ansatz for, say (Q3a,4,, compatible with the requirement that the
Hamiltonian prefactor in its functional form is quadratic in derivatives, into (B4 and demanding
that the result only involves the tensor e, g, € oo fixes 34,4, and consequently also Hz up to their
normalization. The same procedure applies to (J34,4, and requires that its normalization is the same
as of Q3a,6,-

In short, the three-string vertex and dynamical supercharges are

92|Hs) = —g2 f(pes, 5r) Tad [Z > m(s m(s ol e — g5u vV, (3.7)
N 'K~
92|Q35152> —g21 f (pas 063)F _TK q1ﬁ162|V> ) (3.8)
a3
1 o'k

o1

921Q5 4, 5,) = —927 f(nas, &) Klqps 51V, (3.9)

3V "2

with similar expressions for |C§3> Here k = ajanag, ag < 0 for the incoming and a2 > 0 for the

outgoing strings and K! is defined in [A24)). Further we list the relevant parts of vy, 41,6, and
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414, 65 in the next section, for complete expressions see e.g. [B]. In equations ([B7)-(B3) we suppressed
the integrals over light-cone momenta oy and the J-function normalization factor |a3|5(zi’:1 ozt).
More importantly, as alluded to above, the normalization of the dynamical generators is not fixed by
the superalgebra at order O(g2) and can be an arbitrary (dimensionless) function f(uas, ¢) of the
light-cone momenta and p due to the fact that PT is a central element of the algebra. Indeed, it does
not seem that further consistency conditions at higher orders in g» would allow to fix f.

Now consider the constraints at order O(g3). These are e.g.

{Q2a1d27 Q46162} + {Q4a1d27 Q25152} + {Q3a1d27 Q35152} = _26‘11616&262}]4 ) (310)
{Q2a1d27 Q46162} + {Q4a1d27 Q25152} + {Q3a1d27 Q35152} = _26‘11616&262}]4 ) (311)
{Q2a1d27 Q4131’3'2} + {Q4a1d27 Q25162} + {Q3a1d27 Q35113'2} =0 (312)

and have been analyzed in some detail in [32]. In particular, it was found that {Q3, @3} and {Qs, @3}
diverge in the (2 — 2) - strings channel leading in the latter case to the introduction of a non-vanishing
Q4 (and @4). The new supercharges — together with {Q3, @3} — generate a contact term Hy needed
for finite scattering amplitudes. An analogue argumentation presumably holds for the (1 — 1) - string
channel. We have checked that for our calculations the above conditions are not violated if Q4 is set

to zero. Still, this constitutes only a necessary but clearly not sufficient requirement.

4 Computing energy shifts in light-cone SFT

To compute the energy shift of two-impurity states to leading order in g9, the relevant part of the
Hamiltonian is
H = Hy + g2Hs + g3 Hy, (4.1)

where the contact term H, acting in the single-string Hilbert space is induced by the cubic super-

charges®

Bﬁ 51
R Q36162 R (4.2)

As we have seen in section Bl there are generically several two-impurity eigenstates transforming in

Q3 B182

the same irreducible representation of SO(4) x SO(4); hence these will mix with each other and we
have to use degenerate perturbation theory to compute their energy shift. The required formula for

the energy shift is standard and reads

SED (p110) = g3 ) ZZ ” — 0 "y e | 810), (4.3)
B C p#n P

Here A and B label the degenerate one-string eigenstates, > o >_,., [4S) (S| is the two-string pro-
jector and |0) = 3° , (p]0) |¢a). Thus, we essentially have to diagonalize the mixing matrix

MAB = (| Hy(EY) — Hy) ™ Hs + Hyl) . (4.4)

5 At this point we neglect possible contributions of Q4.




Since the theory is supersymmetric, this can be achieved by constructing supermultiplets: Suppose

we have constructed the complete supermultiplet by acting with eight supercharges, say @ and

a1t
Qa._l o, On @ highest weight state that is annihilated by the remaining charges. Now consider two states

|1) and |2) carrying the same SO(4) x SO(4) quantum numbers, related by, say
2) =071, Q=00 HQ QT =—(Q7), @) (4.5)

Therefore we have to show that the off-diagonal matrix elements of M4 vanish

!

(AM2) = M Q™) = (U[(Q7), o M](Q™%)™ ™1y =0, (4.6)

ajae’

where we used that (1|Q, 4, = 0. As a matter of fact, equation {H) is a consequence of supersym-

metry. Recall [Q_, H ] = 0, so in particular to order g% we have the conditions

Q3. H2] =0, (4.7)
(Q3, Hs] = —[Q3, Hy] , (4.8)
Q5 Ha] = —[Q5, Hs] — [Qy, Ha) - (4.9)
Applying this to equation (8, using {(Qz_)aldzv (Qg)dld2} =0 and
(UHs (B — H2) 7 [(Q5) 4,0, Ha) (Q2 %) 1) = (11H3(Q5) 1,4, (@2 )11, (4.10)

we find according to ([E3) and the Jacobi identity for {[QZ, Hg] NoN 31 that

(1|M]2) = <1|([(Qg)a1d2,H3] + [(Q;)a1d2,H4]> (059 %|1) — 0. (4.11)

This proves the claim. We would like to stress that this proof is only valid when taking into account
the full two-string projector, i.e. including impurity conserving and non-conserving channels. The
same holds for the well-known statement that all states in a supermultiplet receive the same energy
corrections.

In the following we will compute as an example the energy shift of the symmetric traceless state
19,1])@). Due to the lack of adequate techniques we will restrict ourselves to the analysis of the
impurity-conserving channel. Our result will further demonstrate the necessity of including the missing

channels.

4.1 The energy shift of |[9,1])(®)

As we saw in section B, the state |[9,1])() given in () has no counterpart built out of fermionic
oscillators® and thus, this case is comparatively easy to consider. The relevant expressions for the
vertex are _

vij = 0j 5 qlﬁlﬁ'g = —z'Zﬂhﬁé(al)gi , qlglﬁQ = —34,152(0'l)gl1 , (4.12)

The same holds for the |[3%,3%])(%) states on the “fermionic” side.




while the impurity-conserving part of the two-string projector > o > ., 1S ) (WS | reads”

1
dr - g~ - i~~~
L3 = / S |al[a1) o} [@2) @2l af (@1] af + Y- afF all, &) [@2)(@s| (@] oL, af ]
o 2r(1—r) ver
1
dr - _ g~ ~ i~ g~ g~
150, = / Ty Lo 1) 85 1) (@ 88 (@l of + 3l 6L ) [62) (@l @] 52 ]
e
PEZL
(4.13)

where Y and Z denote the fermionic constituents of the prefactor (cf. [(A29)) and we sum over k, [
and the SO(8) spinor index a. Further we define &1 = —agr and as = —as(1 — r) using already the
S-function normalizations o2 d(&; + dg + as) (a1 + a2 + ag) = a3 §(ay + az + az) §(as + ay) from
the two vertices; the factor |as|d(as + ay) will be suppressed, as it is cancelled by the normalization
of the external states.
In our notation, the oscillators act on the vacuum right next to them and therefore do not carry an
extra index. This convention also circumvents potential double-countings, e.g. treating agi|p+> Ip™)
and |p*) agi|p+> as different states although they both correspond to the large J limit of the field
theory operator Tr[¢; Z7//%] Tr[Z7/2].
When calculating the matrix elements of Hs and (3, one obtains two contributions for each matrix
element according to the two possibilities of contracting the vacua of 1gimp with |aq) and |ag) of the
vertex, meaning that oy = —agr and as = —a3(1 — r) in the first and vice versa in the second term.
Both give the same result since the vertex is a symmetric function of the light-cone momenta. One
finds

(9)([9,1]| (Ga] o (@] o |Hs) = —2r(1 _r)<°’;;3) ) N3l N3 Ak

(9)(19,1]| (@2 (61| oL, ok | H3) = — 27(1 — r)(—wgf) - Cf;;)) N3LN3 AUK

(4.14)

for the matrix elements of Hs and

(9, 1]| (@2l (50)”** (@] ff 1Qy 5,5,
W) (19,1]] (@2l (@] (5-)" 7 af | Q3 5,5,
)((9,1]| (@] (B0)™** (@1 o Qs 5,5,

(9)([9,1]] (Ga] (@1] (B-p)7 20k Q5 5,5,

= 2iC Gog) (Kn(3) + K_n(3) N A7 ()51 67
o ~31 3731 ijkl( _1\o1 50
= 2 C Gyj(r) (K@) Ny + Kon(z) Na—p) A7 (o)1 072

o102 <

= 2C Gop) (Knga) + Kon(z) Nag A7 (0") 51 072

) =
) =
)
) == 2C Glyir) (K Ny +K_n(3N31 ) AT (g7 5z

(4.15)

for Q3, where AUk = %{5““531 + §ioik — 1(5”5“} and C = 1 i/ 2 30l /(1 —7) °. Here we have

fixed the normalization function f = 1 such that the gauge theory matrix element (m;1—r|(r|H|n;1)

loop

"Note, for the same reason as described above, fermionic oscillators do not contribute in this case to Loy -

8The vectors Ky and G, appear in the oscillator expansions of the bosonic/fermionic constituents Ia Y and Z.
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and 123(alal o2,

a a? “p |Hs) agree at leading order. It should be mentioned, that regardless of the
form of f the matrix elements necessarily fail to match at higher order [27]. Thus, this choice seems
to be somewhat arbitrary. Moreover, the final result for the energy shift might be very sensitive to
the r-dependence of f due to the integral in the projector.

After plugging in all remaining expressions (cf. Appendix [A]) the complete result - up to exponential

corrections - for the |[9,1])(¥) state reads’

Lsp@ & 2 / b sint () {n2 +apog (pas —wn)
0

i 87t wi(?)) 2rn? u? o}
r2(1 —7r) Z n? Wp(1) — 2 4% o3 (Wp(1) — T wn(3)) }
Has >0 wﬁ(l) (wp(l) -r wn(3))2
sin? (mnr) 9
Ng2/ dr 164 n2w 3( )M2 Oé2{[n (1_2(1 _T)MOQ)+41ua3(:ua3_wn(3))]wn(3)

3) + 7w cot(mnr)) + nar wg(g)csc2(ﬂnr)] }
(4.16)

—2n(1—r)pas[(2p® a3 + wi(g))(arccsch(

n

where we have cancelled the normalization factor 1 + %5“ on both sides and the sum is computed in

Appendix BI'°. Performing the integral one finds

1 2) % 2 2
PR T (3 )u2a2{" (18wn(e) — 13 (9 + 260y (9 + 477 ) ) )
—3paz(9p® a3 — 24w, pos + 32w ())—18nua3( ()+2u )arccsch(%)}
2 2
95 1 65 / 3 32 nirl 89 2 9n? 52 4
-8 U S L /C B (A (SIS DY A L
4%2{(24—’_64712%2) 16 72 2 (24+64n27r2) +327‘r2 }

(4.17)

This result leads to several interesting observations, which we will discuss in what follows: First of
all, the leading order contribution in \' does not match the anomalous dimension computed in field
theory (see [12, @]) and also disagrees with the original computation of [I4]. The latter mismatch
can be traced back to a reflection-symmetry factor 3 introduced in equation (3.3) of [I4]. Since the
formula for the energy shift in equation (3] is standard quantum mechanical perturbation theory,
such a factor cannot be justified. Further we have been careful to define the two-string projectors —
concerning accidental over-counting — and therefore we are confident that our result is correct.

Even more, when repeating the analogous calculation for the states |[3*,1])l), one does not obtain
the result given in ([ETT) already at leading order in \'. This computation coincides — up to a factor

of % — with that of the representation 6 done in [T4]'!, because the mixing with states consisting of

Note, that we have used (A”*)? =1+ 167 and |AY" (o )‘71|2 =2(1+ 169).
101t should be mentioned, that it is not consistent to take y to infinity before computing the sum as this leads to

divergent series.
"1Here only the contact term contributes and thus, the reflection-symmetry factor has no effect. The mismatch by %

is due to the different definition of the projectors (no sums over r = 1, 2), cf. the discussion below EI3]).
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fermionic oscillators starts to effect the energy shift at order \ % Since both representations are in
the same multiplet (cf. section B) and therefore are guaranteed to receive the same energy shift, this
fact clearly shows, that it is not sufficient to restrict oneself only to the impurity-conserving channel.
Moreover, additional contributions of a Q4-induced contact term cannot be ruled out so far. For \ 2
the discrepancies increase. Now, not only the coefficients, but also the n-dependence do not reproduce
the field theory result [9].

A new interesting aspect is the appearance of half-integer powers of \’. These obviously do not have
a counterpart in perturbative, non-planar SYM. The existence of half-integer powers in the expansion
of Neumann matrix elements have already been noticed in [33], but to our knowledge this constitutes
the first example of their appearance in a physical quantity. Although these might be an artefact
of the truncation to the impurity-conserving channel, we expect them to be a generic feature of the
complete SFT result representing a qualitative difference to the planar sector.

In general one can say, that light-cone SFT is not sufficiently developed yet to give an unambiguous
test of the non-planar part of the BMN correspondence. Apart from the presence of @4, which remains
to be clarified, this mainly concerns the issue of normalization functions of the vertices not being fixed

by the superalgebra. It would desirable to find a SYM independent method to determine these.
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A Notations and Definitions

In this Appendix we collect our conventions and definitions as well as some useful identities. Compared
to [] we performed the following redefinitions of our oscillator basis for n > 0 to have the standard

level-matching condition

V2ai = ol +at V2, =al —al ah = of), (A.1)
V2dh = ol + a7, iv2d", = ol — o', ab =al (A.2)
\/ibglaz = ooz 4 52%}527 Z'\/ibglnaz = ooz _ Bglr:m’ b8l10l2 = 6861062 7 (A.3)
V208102 = —god  giide V2biide = péida 4 gonde by = G (A.4)
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The oscillators obey the standard commutation relations'?

[y 7] = 6mnd™ . {(Bm) oo (B} = 8021022 (A.5)

a1 Ta2

It is convenient to introduce

which satisfy

P18 B2
[(am)aldl’ (O‘IL) ' 1] = 0m 5g15§1 ) [(am)a2d27 (O‘IL) ’ 2] = Om 5g§5£z (A7)
The o matrices consist of the usual Pauli-matrices together with the 2d unit matrix (spinorial indices
are raised and lowered with e,53 = €af = (_01 (1))) me = (Z'Tl,z'7'2,z'7'3, _1)ad' Notice the reality
properties [me]T = i , [aig]T = —Jig which are consistent with the above commutation relations.

Some useful identities are

cape™® = 60,0} — 6785, (A.8)
foﬁ-o'jg = eyt (0 = ol = o) (A9)
ol = —5ij€dﬁ- + O’ZB, (O’;JB = Ugaa '}g = azﬁja) (A.10)
8055 = 2€abSs (A.11)
%EWU% =00 (A.12)
;&?”kl olls = aofﬁ (A.13)

The free dynamical supercharges are

lel

2 qufvz = N’a‘(l 6( )) [a0alﬁT

2\/7 0 B16e
Vwg + po ak B e, — fe(ak)Vwy — po a,ml iy

k Bice

+ o a2ﬁ0 a1 2

+2
k0

—e(a) <\/wk + po aka2ﬁkalﬁ2 —ie(ak)vwg — po oz};iéﬁkalm)] , (A.14)
|af Vil

7@510!2 = 2\/§ (1+e(a))[a0a1ﬁ051a2+ OazﬁO(xlﬁz]

>

k0

+e(a) <\/wk + po akalﬁkﬁloQ —ie(ak)v/wr — pa azﬁl ﬁk51a2>] ; (A.15)

Vwi + po ak > Bra g, — te(ak)Vwy — pa akﬁz élj

k1 Bo

2Note that e.g. [ﬁngf]T =—Bior.

Nag
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and Q™ = e(a) [Q‘]T.

Now we present the quantities appearing in the vertex; namely Neumann matrices, bosonic and
fermionic prefactors and all related functions. Note, that for simplicity will already set £; = r and
B2 = 1—1r (with By = —ay/as and a3z < 0) in some of the expressions. The Neumann matrices

appearing in the bosonic vertex read

IN\L:ZHM(l + Um(s)Un(t)) ,m,n#0
Néé,
with!3
st (1 -1 K 11/2 535 1~1/2 55t
Net = (1 — 4ukK) aswn(t) - atwm(s) [CU(S) ClIN ] [CU@) CliNt| (A.17)
mO -V _ZMK’ 1 - ﬁt \/ W ) te {172}7 (A18)
Ngt = (1 — 4ukK) (55t - \/ﬁsﬁt) . ste{l1,2), (A.19)
NS = —/Bs, se{1,2}. (A.20)
Here we have used the short cuts
C,=mn, Ch(s) = Wn(s) = \/12 + (,uas)z, k= ajasas, (A.21)
1 _ 1
Un(s) = ;(wn(s) - Nas) ) Un(i) = ;(wn(s) + Mas) : (A22)

Neglecting exponential corrections ~ O(e™#%3) the exact p dependence of the Neumann vectors N*

and scalar K is [31]

1
_ i 1
asN3 ~ — Sm(”m , (A.24)
(1l =) \/ 2par3(wp sy + pas)
a3Nr€ = 043Nn(65) ~ = \/[Ts (A25)

1
21 = 1) 4 \/ —2pa3(Wn(s) — pasfs)

The bosonic constituents of the prefactor are defined as

3
=D Ka)nfyy Z Y Kol (A.26)

s=1nez s=1neZ

3To have a manifest symmetry in 1 < 2 we additionally redefined the oscillators as (—1)5("“)

O(s) = Qp(s) forn € Z,
s =1,2,3 and analogously for the fermionic oscillators.

4To compare with the definition used in [3T] note that N2 ... = (—1)*"*YU, (S)C’n(s) ' there-
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with (n # 0)

2uK
Ko = (1= 4urk) =2 (1-8,) . Ko =0, (A.27)
Kos) = ———— (1 — 4prsK) "2 (w ) /Fn N A28
n(s) — \/ﬂa ( 22 ) n(s MOés Wn(s) |n\( n(s )7 ( : )

while the fermionic constituents of the prefactor are

yoez Z Z G|n\ 622181042 7 qudz _ Z Z G\n|(s a1a2 7 (A.29)

S= lnEZ s= lneZ
with (n # 0)
Go) = (1= 4unK)'?V1=5s, Goa =0, (A.30)
e(as) V=K _
Gins) = $)Wn(s) N - A.31
M V2lag] (1= 4un k)1 V @nis) + e )on(o) Ny (A.31)
B Sums

The sum over p in equation (I6]) splits up into two parts, namely

1 1
2 2 2 2 2 2
n - 2% a3 =n“S(p) —2p°as5T(n). (B.1)
p;) { wWp(1) (Wp(1) = T Wn(3))? W2y (Wp(1) = T Wn(3) }
In the remainder of this section we will use a = —pasr and b = rwy,(3). Note, that b > a > 0.
For the computation of S(u) we use the following trick

Z 1 Z VP2 A+ a2 +b

~ b

2

70 p2 + a2(\/p2 + a2 20 /p + (12 b2 + CL2

b
B.2
dbzl 62+a2+v/p2+a2(p2—b2—|—a2) ’ (B.2)
where we have integrated over b and expanded with \/p? + a2 + b. The first part gives
1 1 — Vb2 — a?m cot (Vb2 — a?n)
Z 2 b2 2 = 2 b2 2 9 (B3)
b ta (b? — a?)

while the second can be represented as (using the contour integral method, see e.g. [31])

Z B b _mcot (\/ b2 — a27r) N b/oo dz coth(amn)
o VP a2 (p? - b2+ a?)  2a(b? —a?) 2 b2 — a? 1 (a222 402 —a?)Va2 -1
(B.4)
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We rewrite the integral as

/ o0 dx coth (amc)
1 (a2 + 02 —a?)Va? -1

_ /oo dm[ 1 - 9 } N arccsch[m]
1 (a222 + b2 —a?)Va? —1  a?(2? + 2—3 —1)Va? —1(1 — e?em) bWo2 —a?
(B.5)

where we utilized that for large a, Z—z finite, the second integral can be omitted, thereby again neglecting

exponential corrections. arccsch(z) is the inverse hyperbolic cosecans function. Hence we find

Z 1 d 1 cot ( \% b2 — CL27T) n arccsch |:, /b2a_a2:|
~— -
RVl a2(v/p? +a? — b)2 db | 2a(b — a) b2 — o2 bVb? — a?
o 1 n 1 N b B L {7}
~ 2a(b—a)? b2 —a? (v — a2)3/2 B OV e

+ ot (Vb2 — a?m) + 72/ b2 — a2 esc? (V2 — azw)] . (B.6)

Now we turn to the sum 7'(u). It takes the form

1 1 b
= + , B.7
g (p? + a2) (VP2 + a2 — b) Z:O VP2t a2 (p? b2 +a?) (PP +a?)(p? - b +a?) (B.7)
where the first part was already computed in equation (B4l). The remaining sum yields
1 7 cot(Vb? — a?n) T
Z \/72 5 N oo ) o — ~ 52 coth(wa) , (B.8)
=0 VP + a?(p? — b% + a?) a?( a?) b*—a a
and therefore up to exponential corrections one finds
Z 1 N 1 B Ecot( h2 — a27r) N arcesch {m} B9)
(P +a?) (VR +ai—b) 2a3(b-a) b b2 — a2 W2 —a® '
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