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A link representation for gravity amplitudes
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ABSTRACT: We derive a link representation for all tree amplitudes in N/ = 8 supergravity,
from a recent conjecture by Cachazo and Skinner. The new formula explicitly writes
amplitudes as contour integrals over constrained link variables, with an integrand naturally
expressed in terms of determinants, or equivalently tree diagrams. Important symmetries
of the amplitude, such as supersymmetry, parity and (partial) permutation invariance, are
kept manifest in the formulation. We also comment on rewriting the formula in a GL(k)-
invariant manner, which may serve as a starting point for the generalization to possible

Grassmannian contour integrals.
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1 Gravity amplitudes from rational curves

A new formulation of the classical S-matrix in A/ = 8 supergravity has been conjectured
recently [1], which expresses n-particle, Nf=2MHV amplitudes in terms of degree k—1

holomorphic map to twistor space,!

Hk 1d4|8

Mn,k(Aa’ )\aa na) = vol GL( )

ddet( P)det’ (@ Hd2aa52 A=A 00) exp[—ip(Ea) - AaHin(0a) - Tia).

a=1
(1.1)
where the map from the worldsheet to N' = 8 supertwistor space, Z = (A%, ud,nA), is
given by a degree k—1 polynomial of worldsheet coordinates 0% = (o}, 02),

2(0) = Y 24l (D) (1.2)

Up to an overall GL(2) transformation, one integrates over H’;;(l] d4‘83&, and over the
vertex operator insertions, [[I'_; d’0,. In the integrand, there are n external twsitor-
space wavefunctions for momentum eigenstates (A%, Aa, NA)as @ =1,...,n. Note a = 1,2,
& = 1,2 are SU(2) spinor indices, A = 1,...,8 is the SU(8) R-symmetry index, and the
inner products are defined as p- A := pu%Xg, -7 := 774 .

Remarkably, Cachazo and Skinner were able to observe that the non-trivial content of
all gravity tree amplitudes is hidden in the two “determinant” factors in (1.2), which can

be obtained from minors of two n x n matrices, ® and ® [1],

~ [ab] ~
Dypazh = v Paa =— q)il ~
b,a#b (ab) g; b
ab c a )
q)ab,a;éb - éab; ’ q)aa - _Zq)ab # b ) (13)

e 1as(0d) v

The formula, together with a related but distinct “twistor-string” inspired formula [2], are partly based
on a new expression for the MHV gravity amplitudes [3].



which depend on brackets of external spinors, (a b) := eagAgAf , [ab] :== €98 X 0s :\b 4» on those

of worldsheet insertions (ab) := eglga(%aaﬁ, and on worldsheet reference points py, ..., pk,
q1,- - -, Qn_k, through the combinations,
k n—k
Joi=[(@p), vai=[J(aq). (1.4)
i=1 i=1

Note that ® has rank n—k—1, and ® has rank k—1, thus we need to define minors |<i>red|
by deleting k+1 rows and k41 columns of @, similarly minors |®,.q| by deleting n—k+1
rows and n—k+1 columns of ®. As shown in [1], the “determinants” needed in (1.2) are
the following ratios, which are independent of what rows and columns we choose to delete,
and are symmetric under any permutations of n particles,

|(i)red‘

det/(®) :== — _ & _ . det/(®) :=
(@) |71 Trga|[Cr - - - oy | @)

|(I>red|
’Tl .. 'Tk—lHCl .. 'ck—l‘ ’

(1.5)

where in the denominators, we have Vandermonde determinants, obtained from all rows
that are either removed or remained,

|71 Try1| = 1T (ab), |ri---rpa]= IT (), (1.6)

a<be{removed} a<b&{remain}

and similarly Vandermonde determinants of removed or remained columns.

Except for the “determinants”, the formula (1.2) resembles the connected prescription
of Witten’s twistor string theory [4, 5], for tree amplitudes in N/ = 4 super-Yang-Mills
(SYM). However, as is well known, it is highly non-trivial to carry out the integration over
the worldsheet insertions, since it involves solving polynomial equations. To overcome the
difficulties, it has proved very useful to rewrite the connected prescription into the so-called
link representation [6, 7], first introduced in [8].

This has enabled the computation of all tree amplitudes in SYM using the connected
prescription [9, 10], and has led to a remarkable duality [11, 12], linking the twistor-string
prescription to the tree-contour of the Grassmannian integral [13], which has been shown
to encode leading singularities of all-loop amplitudes in SYM. In this note we derive a
link representation for gravity amplitudes, from this “twistor-string”-like formula (1.2).
We hope the new formulation will not only improve our understanding of tree-level gravity
amplitudes, but also shed light on a possible Grassmannian integral for leading singularities
in N' = 8 supergravity.

2 Gravity amplitudes in a link representation

In [14], Feng and the author introduced a rewriting of the determinant formula of tree-level
MHYV gravity amplitudes [3]. Here, following similar ideas, we find it useful to define a
more symmetric version of the matrices defined in (1.3),

Ya Yb

Hc;ﬁa (a C) Hd;éb(b d) 7

Top = Cap o Uy, Vap = Pap (2.1)



which have a nice property that each row or column sums up to zero. Furthermore, we
divide the n indices, a = 1, ..., n, into two sets, N and P, of k and n—Fk indices, respectively,
eg. N ={1,...,k} and P = {k+1,...,n}. Then it is convenient to make the following
special choice for reference points: we set p’s to coincide with worldsheet insertions, o for
I € N, and ¢’s to coincide with o; for i € P.2 With this choice, §7 = 0 and 1; = 0, which
immediately Kkills all entries of the form Uy, \i/aj, and those of the form Wy, ¥, ;.

This simplifies the formula significantly, since ¥ and U are effectively reduced to
(n—k) x (n—k) and k x k matrices, respectively,

- = 1y
Vij =Pz, W=

2.2
e (22)

where, by (2.1), we have introduced variables z, to relate the matrices to <i>,~j and @y,

Tg 1= H (alJ) . (2.3)

J#a, JEN

Thus, up to an overall factor of z,’s, we can compute the minor |®req| (|Pred|) by deleting
one row and one column of Wy (\ilij), which we will write down explicitly in a moment.

As a consequence of the reduction of matrices, det’(®) now only depends on external
twistors Z for I € N, and det’ (CI:)) only depends on external dual twistors W; for i € P,
where W = (fiq, e, 14).> Tt will be useful to define inner products of twistors and dual
twistors, W+ Z = fi- A — - A+n -1, with fi- X := fig A\~

We have seen that in this “gauge” (choice of reference points, as well as that of deleted
rows and columns), the formula wanted to be transformed into the basis of {Z7, W;},

M(Zr,W H/d2)\ g H/d% Aoy, A=) M A, Tl), (2.4)

which is exactly the natural basis for defining a link representation. Under the transfor-
mation, the “determinants” stay unchanged, and the product of wavefunctions becomes

[T expli Wi - 2o [ 6*#(2r — Z(ov)) - (2.5)
i I

At this point, it is clear that we can trivially use the 4k bosonic functions to carry out
the integration over Z’, which sets the polynomial to be

ZZIH

I J;él )

(2.6)

Unlike the SYM case, the integration gives a Vandermonde Jacobian [];_ (I J =TI, 27,
thus

d*oy, , = .
M1 (Z1, W H / Tl GL(Z det (®)det! () expli XI: cri Wi - 21), (2.7)
Z?
2In the following we will always use I, J, ... for labels in N, 4, , ... for labels in P, and a, b, . . . for those in

N U P, and will often abbreviate the sum (product) over I € N, ori € P, simply as >, (I];), or >, (I,)-
SNote (IJ) = Z71Z; and [ij] = W;IW;, where the infinity twistor, I, projects any twistor Z (dual
twistor W) to its A () component.



where we have defined k x (n—k) link variables “linking” Z;’s and W,’s,

= (l J) _ ZT;
h };[I (IJ)  a;GI)° (2:8)

In this form it is straightforward to transform back to momentum space [§],

Mn k )\m /\aa 77a H / ?Gga det’(@)det’(&))(ﬁ()\i — C[iA[)52|8(/~\[ + C]Z‘IN\Z') , (2.9)
where A, = (S\G, 7a), and the products over i, I and sums over I,7 are kept implicit.

Now we want to explicitly simplify the “determinants” in this gauge. Using a particular
way of expanding such determinants, the so-called Matrix-Tree Theorem (for details of the
theorem and applications, see [14]), we note that, up to overall factors, |®,eq|, |Pred| can
be expanded as summing over all trees with weighted edges of the form (2.2), and vertices
in N and P respectively. Collecting the denominators, the result is very simple,

IJ
dr@ = e X T g

T—€T( ){IJ}GE -)

det/(®) = ”“HMH > 11 [”(13;)% (2.10)

& THeT(P){ij}eE(TT)

where T (V) is the set of all trees with vertices in V', and E(T') contains all edges {ij},
labeled by endpoints 4, j, in a tree T. The full integrand, F, := [[; 27 det(®)det/(d),
looks quite symmetric between N and P (which is related to parity invariance, as we will
see soon),

_(_\n 2 [i jlaix;
Pa=CrId ¥ I g 0 T e
I T—€T(N) {IJ}eE(T) l T+eT(P) {ij}eE(Tt)

(2.11)

The next step is to rewrite everything in terms of link variables ¢y;, and the computa-
tion is similar to that of [7]. We formally insert an identity,

= /dkx(n—’f)c,iﬂa(c” -11 ((;?)) (2.12)

Ii J£I

which fixes the link variables as (2.8), and enables us to integrate over worldsheet insertions
using 2n—4 out of the k x (n—k) delta functions. A convenient choice is that [7], given any
R,S € N, r,s € P (we denote N' := N/{R, S}, P' :== P/{r,s}), we use delta functions of
c € {cri,csi,crr crs 1 € N', I € P} to integrate over worldsheet insertions. We can also
fix the GL(2) gauge by singling out op,og,

2n 2 2n—4
VOIGL /Hd 0a = (RS) / II & o (2.13)

a#R,S



The integration over ¢’s then gives a Jacobian Ji,

d(cRi, csi) d(crr crs) 7 o
S 8§ Loy | Z 932 (e
1:[ (O-Z‘la 07) ]1_][\[’ (0%7 O%) U C%%i C%i TRIS (R S) ]1_][\// x% CTrCls (T S)
(2.14)
Relations (2.8) are over-constrained, and imply m := (k—2) x (n—k—2) constraints

on the link variables, c¢y;. As shown in [7], the remaining m delta functions, labeled by
¢ € {cr; : I € N';i € P'}, are equivalent to m sextics. In the choice above, we write
Cri := CRrsr1rsi, which are given by the determinant of a 3 x 3 matrix,

CRs CRi CRi CRr CRr CRs
Cri = | cssCsi €siCsr CSrCSs | (2.15)
CIsCri CriCrr CIrCls
and explicitly, in terms of a basic object, cif ‘]] = cy; cjj — crj cJi, the sextics are given by,

~ RS .RI RS .RI
Cri=crrcsiC'r cgi —cricsy €57 Gy (2.16)

The transformation from 0(¢)’s to 6(C)’s results in another Jacobian [7],

oCr; o i X

r= 1l per, — (cnsirs)” I (errera)™™ 2 [T crics)*™ 11 o
reN’iepr Ol IeN’ icp’ rentiep Cli

(2.17)

Now we can express the amplitude as an integral over k x (n—k) link variables,

/
Mo (Z1,W;) = /d’”(" Oer Jy Jo (RS)? oy explicriws - 20 [[ 6Cra) . (2.18)
i

where we have use H’h to denote [];. n7iep- Note the following combination can be
written in terms of link variables,

T X CriCJjjCIjCji
— = . 2.19
e UNGH) ol (2.19)

Since there are exactly k—1 edges in any tree T~ , and n—k—1 ones in any 7", the weights
in (2.11) can always be combined with factors in Ji, (2.14), to produce such combinations,

1 1
RS H H
(RS) J1 nk—( )ncrs CRr CSs CRs CSr 5 9 53 X
7 C1r€1s 7 CRiCsi

IJ CITCJSCISCJT‘ Z] CRZCS] CRj CSi
oy g ey o)

- g e T+ {ij} ”

Since Js is a function of link variables, we have seen that the formula was written in a link
representation, given explicitly by (2.18) and (2.20).



To put it in a more compact form, using the Matrix-Tree Theorem [14], we can write
the result in terms of determinants, obtained after deleting any one row and one column
of the following matrices,

_ <IJ> — — CIrCls
= T 77 > @ = - ¢ )
1J,1#J Cffg 11 ; 1J CrrCJs
+ _ [Z]] + + CRiCSi
gy = s Bh =D @ (2.21)
1] j#i J J

If we delete row P (p) and column Q (q) from ®~ (&), the desired expansion is given by
—\P
2715 |2+ [g

)
Cpr CPs CQr CQs CRp CSp CRq CSq

(2.22)

where |®[f means the minor with row a and column b deleted from ®. Staring at the
prefactor in (2.20), it is natural to choose {P,Q} = {R, S} and {p, ¢} = {r, s}, which gives,

!
M 1 (21, W) = /dkx(”_k)%‘ J|@|§ 1@ 5 explicrWi - Z1] [ ] 6(Cra) (2.23)
Li

and the momentum space formula,

/
M (N Aas Tla) = /dkx(nk)qi T|® 1971 6% (N — eridn) 25 (Ar + erih) [ 6(Ci)
Li
(2.24)
where J = % Jo with J; given by (2.17), and Cy; is given by (2.16). Thus we
have obtained the link representation of gravity tree amplitudes.

In addition to m sextics, we have 2n bosonic delta functions in (2.24), which, after
pulling out 4 of them corresponding to momentum conservation, can be used to integrate
out 2n—4 link variables, e.g. ¢ € {cpi,csi,crr,crs : i € N',1 € P}. Taking into account
the Jacobian [7], we obtain an equivalent form of the link representation in momentum
space,

0*(3 g Aata)
RS>nfk72[,r S]k72

!
/ e |8 B 102 (¢ (2),8) 0% +er i) [ [6(Cr)

Mn,k(Aav S\CL; 777(1) = <
IR

(2.25)
where on the right hand side, ¢’ have been solved in terms of m remaining link variables,
¢, and the remaining integrations are completely fixed by the sextics.

The two determinants contain k—1 powers of (, ) and n—k—1 powers of [, |, while in the
overall kinematic denominator, there are (k—2) [, |’s and (n—k—2) (, )’s, thus, dressed with
the momentum-conservation delta functions, the amplitude is indeed a pure number. The
link representation, (2.23), (2.24) and (2.25), is fully supersymmetric as (1.2), and it also en-
codes other important symmetries and properties of gravity amplitudes, as we discuss now.

Under parity, we go to the representation (Aq, Aa, ) := (Aa, Ag) by exchanging A with
), and Fourier transforming 77’s to n’s. If we define conjugate link variables, cl-ll = —cy; [13],



and exchange the role of N and P (thus k with n—k, I,J,R,S € P, i,j,r,s € N) at the
same time, we have the transformation

ot — ((I):F)L , 52()\1' — ¢rilg) (52‘8(]\[ + CIi/N\i) — 52(5\1' + CZLIS\])) 52|8(A[ — CiLIAi) . (2.26)

It is trivial to check that the integral measure, together with J and §(C'), is invariant under
the transformation, thus the parity-conjugate of N¥~2MHV amplitudes, (2.24), reads,

/

MG o A i) = [ AP T (@) (07) ;6% (et An) %5 (i A0 [ [6C) .
1,1

(2.27)

which is exactly the formula for N*“*=2MHV amplitudes, Mn’n,k(;\a, Aa,Na), thus our
formula is manifestly parity symmetric.

Moreover, the formula is clearly independent of the choice of R, .S or r, s, and, as mani-
fested by the structure as product of two determinants/trees, it is symmetric under permu-
tations of N and that of P, S, xS, _;..* Of course, different choices of N and P give the same
result, thus (2.23) and (2.24), are in fact symmetric under permutations of all external par-
ticles. The .S, symmetry can be made manifest by going back to a form using n x n matrices
which depend on reference variables, similar to (1.3), possibly at the expense of simplicity.

Last but not least, we can rewrite the link representation as a contour integral,

_ — N 1
] dFx(m=k) o J|® |]§° |®T " expli cps Wi - Z1] H =—, (2.28)
=0 1 Sl

/
Mok (21, Wi) Zjl{
where the contour corresponds to simultaneously set all m sextics, C’s, to zero. In this
form, it is natural to consider a more general object,
1
gn,k(Zb W’L) = /de(n_k)cli J|(I)_|},S? |(I)+|; exp[i criWi - ZI] H = (229)
177; Ii

which should be regarded as a multi-dimensional contour integral. Due to the 2n—4
independent delta functions as in 2.24, the integral (2.29) is m-dimensional, and in principle
we can evaluate its generic residues by setting any m poles to vanish.

In the simplest case, the MHV amplitude (or MHV amplitude which is related by
parity), there is no integral needs to be performed, and a direct evaluation reproduces
immediately the well-known results in [3, 15]. Beyond the MHV case, while the tree
amplitude can be computed by summing over residues corresponding to Cri =0, by the
global residue theorem of multi-dimensional contour integral [13], it can also be obtained
using e.g. the contour which encloses all poles in (2.29), except those poles Cri =0.

Although we have not computed such residues for k& > 2, from what we learnt in
SYM case [11, 12], we expect that the computation is greatly simplified by summing over

4(2.24) are particularly convenient for computing amplitudes of k negative-helicity gravitons in N and
n—Fk positive-helicity ones in P. By setting n; = 0 and integrate over all n;’s, the fermionic delta functions
becomes trivial, and the S X S,,—; symmetry of graviton scattering is manifest.



these residues, which gives different, but equivalent representations of tree amplitudes,
such as those obtained by BCFW recursion relations. It is natural to suspect that generic
residues of (2.29) are associated with leading singularities of loop-level amplitudes in N' = 8
supergravity (see [16]), and it is highly desirable to compute and understand them. We
leave the study of residues of (2.29), and their physical interpretations, to future works.

3 Outlook: towards a Grassmannian formulation

Having established a link representation for tree amplitudes in /' = 8 supergravity, now we
recast our formulae in a GL(k) invariant way, and we hope it will give us more hints on how
to write down a Grassmannian contour integral which goes beyond tree amplitudes. As
we have learnt from the Grassmannian formulation for SYM amplitudes [13], we introduce
a G(k,n) Grassmannian, which, up to GL(k) transformations, can be described by k x n
matrices Cpq, with @« =1,... k, a =1,...,n. A particular way for gauge-fixing C,, is to
use a GL(k) transformation to set the k columns with a = I € N to be an identity matrix.
Then the the remaining non-trivial entries of C,, can be identified with c;, and we call
the entire gauge-fixed k x n matrix, including the identity matrix part, c,q. This can be
done by inserting an identity [12],

1 " AL 5
l=—v—— [ d""C, —_ 0(Cpq — L . 3.1
vol GL(k) / O‘“/ |LJF 11 (oo = B o
By integrating out c¢j; and Lg, the k x n delta function force us to set Lé = Oy for

I € N, and set the link variables (also, as a consequence, its 2 x 2 determinants), to be
written in terms of k x k minors of C, (a1az...ax) := € *Cq 0, Casas - - - Capays

LDy ([TTi)
T YT

(3.2)

where (N) = |L| is the minor with all ¥ columns in N (in a canonical ordering), (I i) means
the k x k minor with column I deleted and i inserted, and similarly for (I.Jij). The sextics
can also be written in a GL(k)-invariant form,

CRrsirsi = 5555)4 Srixije = (T7i)) TR jk) (Ki)(Jk) — (TTk) TKij)(Kk)(Ji) . (3.3)

Note we pick up an Jacobian |L|*~" = (N)*~" from the integration over c’s.

In addition, essentially identical to the SYM case, the delta functions in (2.24) can
also be written in a GL(k) invariant manner, and it gives an Jacobian (N)~* due to the
fact that the numbers of bosonic and fermionic delta functions are unbalanced. Collecting
everything (except a possible overall sign), we can put (2.29) in a GL(k)-invariant form,

g k= 1/dk><ncaa}1|q)_|g|q)+|g /kopH52(pOéCaa - >\a) H(SQ‘S(COZG‘/N\(Z)
"k = Yol GL(K) S ... Sm : ’

’ (3.4)



where in the denominator we list all m sextics, and we misuse the notation that ®* denote
the following matrices,

_ (I.J) - (Ir)(Is)
Pryrss = Tirs)’ P = ;@ TN Ts)’
~[i4] o R (Si )

and finally by factoring out all (N)’s from (3.2) and (3.3), we have an overall factor

(RSrs) H (RSrs) (Ir) (Is) (Ri) (S1) '

B (
"= (NP (En) (Bs) (57) (59) )

(3.6)
I

There are some remaining steps to go from formula (3.4) to a satisfying Grassmannian
formulation. As we see from (3.2), the formula (3.4) only uses minors involving mostly
columns in N, which, unlike the Grassmannian formula in SYM [13], does not treat all
minors of C,, on an equal footing. Since the result is independent of the choice of N, P,
we believe that (3.4) can be put into a manifestly S,-invariant form. In addition, as is well
known [9, 11], there are various relations satisfied by the sextics (3.3), e.g. for k = 3,

(bcf) (adf)
(bee) (ade)

Thus, by rewriting the product of m sextices using such relations, we can derive equiv-

5(Sabcdef) 6(Sabcdeg) = (Sabcdef) 5(Sabcdfg) . (37)

alent GL(k)-invariant formulae of tree amplitudes, which enjoy certain nice properties,
e.g. a manifest particle interpretation [12]. Eventually, from (3.4), we hope to obtain a
Grassmannian contour integral which contains beyond-tree-level information, and mani-
fests important symmetries and properties of gravity amplitudes.
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