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Abstract

The analysis of the extremal structure of the scalar potentials of gauged
maximally extended supergravity models in five, four, and three dimensions,
and hence the determination of possible vacuum states of these models is a
computationally challenging task due to the occurrence of the exceptional
Lie groups Fg, E7, Eg in the definition of these potentials. At present, the
most promising approach to gain information about nontrivial vacua of these
models is to perform a truncation of the potential to submanifolds of the
G/H coset manifold of scalars which are invariant under a subgroup of the
gauge group and of sufficiently low dimension to make an analytic treatment
possible.

New tools are presented which allow a systematic and highly effective
study of these potentials up to a previously unreached level of complex-
ity. Explicit forms of new truncations of the potentials of four- and three-
dimensional models are given, and for N = 16, D = 3 supergravities, which
are much more rich in structure than their higher-dimensional cousins, a
series of new nontrivial vacua is identified and analysed.
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Chapter 1

Introduction

While three of the four fundamental interactions — namely the strong, weak,
and electromagnetic force — can be cast into the framework of a unified
quantum theory, one immediate problem that has to be overcome to also
include the last interaction, gravity, is that the machinery of non-abelian
gauge theory, which serves so well for the other three forces, cannot be applied
directly. From the particle physicist’s point of view, one important point
is that the quantum of the field mediating gravity, the graviton, is not a
spin-1 (vector) particle, as for the other interactions, but a spin-2 (traceless
symmetric tensor) particle. Since an unified ‘theory of everything’ ultimately
should not only quantitatively describe the observed particles and forces, but
also give a good explanation why just this spectrum of matter and interaction
particles is found in nature, theoretical approaches that unify particles of
different spin deserve special interest.

While a continuous symmetry whose generators form a Lie algebra can-
not connect particles of different spin in an interacting theory (due to the
Coleman-Mandula theorem [6]), this can be achieved by employing a sym-
metry that contains anticommuting spinorial generators [29, 31, 49, 53]; such
a symmetry, which connects bosons with fermions, has been dubbed super-
symmetry. Soon after the advent of supersymmetry, it has been realized
that a supersymmetric version of Einstein’s theory of gravity exists [24, 10].
This can just as well be regarded as a theory with local (i.e. gauged) super-
symmetry — superficially, since the anticommutator of two supersymmetry
transformations is a translation, local supersymmetry gives rise to spacetime
diffeomorphisms. Vice versa, since supersymmetry is not an internal sym-
metry, it must be made a local symmetry when going to curved spacetime.

As a single supersymmetry transformation maps bosons to fermions and

see e.g. [48] for a comprehensive introduction
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8 CHAPTER 1. INTRODUCTION

vice versa by changing the spin by 1/2, and has vanishing square due to
the anticommuting property, particles are grouped into supermultiplets con-
taining a fermionic superpartner for every boson and vice versa. Now, it is
possible to introduce more than one independent supersymmetry transforma-
tion [16], and hence make these multiplets spawn a larger range of spins, up
to a maximal number of N = 8 independent supersymmetry transformations
[8] combining the helicity +2 graviton with the helicity —2 graviton in one
unique supermultiplet that entirely fixes the particle content of the theory.

Two observations deserve special attention here: first, the total num-
ber of spinorial components of eight four-dimensional real (Majorana, hence
four-component) spinors is just the same as that of a fundamental eleven-
dimensional spinor, indicating the possibility to construct a theory of an
‘extremal’ eleven-dimensional N = 1 supergravity [7], which gives rise to
various other supergravity theories upon dimensional reduction, but does
not produce massless particles with spin greater than 2 (which, as common
lore tells, cannot consistently be coupled to gravity [1]) upon reduction to
four dimensions. Second, the equations of motion of maximal extended su-
pergravity in D = 4 possesses a global Er 7 symmetry, and in fact, this
symmetry conjectured from the study of dimensional reduction of D = 11
supergravity to various dimensions considerably facilitated the construction
of maximal N = 8 D = 4 supergravity. In general, the supergravity obtained
from toroidal compactification of D = 11 supergravity on a d-torus will, after
dualization of all emerging p-forms to lowest possible rank, exhibit a global
Eii_aai1-q) symmetry [9]. For the particular case of d = 8, this gives the
largest finite-dimensional exceptional group Eg.

Soon after the construction of extended supergravity, it was realized that
part of the extra global symmetry can be made local[17]; in particular, in
D = 4, one can introduce a local SO(8) gauge symmetry under which the 28
vector fields of the supermultiplet transform in the adjoint representation [12,
13]. The construction is quite remarkable in many aspects: first, it contains
gravity as well as nonabelian gauge symmetry (albeit with a gauge group too
small to accommodate the fundamental interactions of the standard model),
second, it is, up to the size of the nonabelian coupling constant, a totally rigid
construction (just as D = 11 supergravity itself) that does not feature any
additional arbitrary parameters, like the number of particles per type, or their
couplings, third, re-establishing supersymmetry after gauging introduces a
potential for the scalars with a very rich extremal structure, giving rise to a
large number of different possible vacua for such a theory.

While the quantization of general relativity suffers from the fundamental
problem that in the summation over all histories leading from a given ini-
tial to a given final state, contributions from intermediate (virtual) particles



with arbitrarily high momentum cannot be brought under control by the ad-
justment of finitely many parameters, as is required for a physical theory to
have predictive power; that is, general relativity suffers from nonrenormal-
izability. Since intermediate bosons and fermions give similar high-energy
contributions of opposite sign, it was hoped that supergravity may also pro-
vide a renormalizable, or rather, finite quantum theory of gravity, due to
cancellation of positive and negative divergences.

The state of affairs reported so far roughly mirrors the focus of very fruit-
ful research on quantum gravity and unified theories during the first half of
the 1980’s; in particular the study of siblings of D = 11 N = 1 supergravity
obtained by dimensional reduction to all possible spaces of lower dimension
turned out to provide valuable insights into the general underlying struc-
ture of such theories. With the advent of superstring theory, which contains
supergravity as a low-energy limit and seemingly bears a better prospect
to eventually lead to a viable ‘Theory of Everything’, research activity on
supergravity generally declined, but was revived by recent major discover-
ies; of prime importance is of course the observation that the five possible
consistent ten-dimensional superstring theories do not stand in isolation, as
was initially believed, but are interrelated by a ‘web of dualities’ which also
connects them to eleven-dimensional supergravity [54] and is regarded as
compelling evidence for the existence of a fundamental eleven-dimensional
‘mother’ theory which has supergravity as its low energy limit and was pre-
liminarily named M-theory. At present, it is hard to tell what will emerge
from the up to now fragmentary knowledge of the structure of M-theory,
but it is conjectured that discrete remnants of the hidden global Ey;_g(11—q)
symmetries that emerge in toroidal compactifications of D = 11 supergrav-
ity are already present in the original theory, and hence, obtaining a better
understanding of these exceptional symmetries in supergravity is of major
importance.

Results on vacua of gauged supergravities presented in this thesis, which
mainly deals with D = 3, are of considerable direct relevance to the cele-
brated conjectured AdS/CFT duality originally proposed by Maldacena [37]
for which a large body of evidence has been collected by now. It is claimed
that supergravity in Anti-deSitter (AdS) space has a dual description in
terms of a conformal field theory (CFT) living on the boundary of this AdS
space. Thus, for example, supergravity solutions interpolating between dif-
ferent vacua are in particular believed to encode a renormalization group flow
for the corresponding CFT [25, 27, 3, 2].

Even by itself, the three-dimensional maximal gauged supergravity mod-
els on which we focus here are quite remarkable. First, the underlying excep-
tional symmetry is the maximal one, Eg(,s), second, and in marked contrast
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to higher-dimensional supergravity theories, the vector fields appear in these
models via non-abelian Chern-Simons terms rather than the usual Yang-Mills
terms. Since these terms which correspond to a non-abelian duality between
vectors and scalars that does not have an analogue in higher dimensions
cannot be obtained by any known type of dimensional reduction, it is im-
possible to get the N = 16 D = 3 gauged supergravity models from D = 11
supergravity, in contrast to higher-dimensional supergravity as well as the
ungauged and half-maximal (N = 8) D = 3 models. This might hint at a
new supergravity theory beyond the known D = 11 one, cf. [43]. Further-
more, these models, which are the ‘most symmetric’ ones in three dimensions
known, exhibit a vast richness in structure; since the choice of a subgroup of
FEg1g) as gauge group is far less constrained in D = 3 than in higher dimen-
sions, as an arbitrary number of unwanted vectors can be dualized away into
scalars, this theory allows many more gaugings than its higher-dimensional
cousins, some of which, like Gia(_14) X Fy_20) or Er(47) X SL(2) even possess
exceptional group factors?, none of which are possible isometry groups of an
eight-manifold and hence could emerge in dimensional reduction of D = 11
supergravity. Furthermore, in contrast to e.g. N = 8, D = 4, even for all
the noncompact gauge groups, there is a vacuum of maximal supersymme-
try where all scalar VEVs vanish, and the corresponding background super-
groups also encompass the exceptional supergroups G(3) and F'(4). Turning
on scalar fields, the landscape of the corresponding potentials of the various
models on the coset g5 /SO(16) are probably the most intricate analyti-
cal potentials encountered so far in supergravity and beyond. Indeed, from
the computational aspect, there is good evidence that, while conceptually
simple, it is probably entirely impossible to write down an explicit analytic
expression for the potential on the whole 128-dimensional manifold of scalars,
since the number of terms produced would exceed the number of particles
available in the accessible universe by many orders of magnitude!

All this makes the study of the extremal structure of these models an in-
teresting and challenging subject, despite, or maybe even because, at present
there is only a fragmentary understanding how they fit into the bigger scheme
of things.

This work is organized as follows: the present introductory chapter is
intended to provide background information and lay out the conventions for
subsequent chapters and was written with the intention to also give non-
experts in the field of supergravity/superstring theory who are interested in
this work due to the group-theoretical tools developed here at least a concep-
tual overview over the underlying physical motivation. In chapter 2, we recite

2and in fact, all exceptional groups occur here
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some important steps of the constructions of ungauged and gauged maximal
three-dimensional supergravity models. Chapter 3 is dedicated to the study
of the compact semi-simple gauge group SO(8) x SO(8), while noncompact
gaugings are investigated in chapter 4. In order to demonstrate the generality
of our tools, we present a single instructive example from four-dimensional
supergravity in chapter 5 which increases the level of complexity to which
the corresponding supergravity scalar potential has been studied by three
orders of magnitude. The novel approaches to symbolic algebra employed by
the tools developed to make such a deep investigation possible are discussed
in chapter 6. Chapter 7 concludes. Restricted potentials which would have
been too lengthy to be given in the main text have been moved to appendix
A; since numerous new results on the vacuum structure of supergravity the-
ories are claimed by this work which might appear quite bold, being well
out of reach of previously existing technology, appendix B was added giving
explicit LISP code which should enable the reader (in conjunction with the
LambdaTensor software package) to redo the calculations leading to the main
results of this work and serve as a starting point for further investigations.

1.1 General Conventions

Interpretation of conventions plays a key role for this work for two reasons:
first, among our main results there are ‘charts’ where to find nontrivial vacua
of gauged maximal supergravity theories that are given as elements of excep-
tional Lie groups (not algebras); since it is difficult to develop an intuitive
understanding of these groups, it is much easier to overlook mistakes that
can be traced back to a mis-understanding of conventions than in many other
branches of supergravity /string theory where enough structure is visible to
give additional hints at correct interpretations of formulae. Second, due to
the richness of structure in three-dimensional supergravity theories, it is at-
tractive to employ computer aid in the quest for a systematic and exhaustive
treatment, which naturally favours a low-level presentation and interpreta-
tion of formulae, since all conventions eventually have to be spelled out in
detail for the machine. For the sake of reproducibility of the results presented,
a separate appendix is devoted to LambdaTensor definitions corresponding
to key formulae given in the main text.

Basically, one could — at least in principle — for the sake of definiteness
resort to abandoning all conventions, including the Einstein summation con-
vention, explicitly spelling out all summations, symmetrization factors, and
subgroup embeddings. However, it is easy to convince oneself that doing
so would clutter many formulae so badly that they become totally unpalat-
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able. Hence, finding the right level of abbreviation hidden in conventions is
a nontrivial issue for the presentation of results.

The set of rules given in the following should provide a complete and
unambiguous definition how to interpret every new result in the main text.
Although this may seem unusual and maybe even unnecessary at first, in
particular since many of these rules are widely used and well known, it is
nevertheless hard to draw a line between those for which there is general
consensus and those for which there is not.

e (Einstein summation convention) When in a product, an index name
appears twice, the product is to be prefixed with a sum of this index
over all possible values of the index with this name. Index counting
starts at 1° (Note that we do not require this index to show up once
as upper and once as lower; for example, in a sum like P/Q’ over
SU(8) indices, applying these rules will yield a non-SU(8)-covariant
(but SO(8) covariant) quantity.) Indices which are explicitly bound
otherwise, e.g. by a summation sign, are of course exempt from this
summation convention.

o (Indez raising and lowering) When a tensor that was defined with an
upper (lower) index I is used with the corresponding index as lower
(upper), the corresponding group metric (or its inverse) is used implic-
itly to lower (raise) this index.

o (Index interpretation and index splitting) Index names are (potentially
composed) glyphs from various alphabets. The assignment of index
names to various group representations is explained in the text; when-
ever (with one sole exception given below) a tensor that is defined with
some index .J corresponding to transformation under the group G oc-
curs in a formula where in place of this index J, an index A of a different
set of glyphs corresponding to a representation of a subgroup H C G
shows up, and if there is a decomposition of the G-representation la-
beled by indices of the type of J with respect to the subgroup H such
that the range of index values for A directly corresponds to a sub-range
of index values of the index J, then the A index is implicitly promoted
to a J index by offsetting; that is, one implicitly inserts an extra em-
bedding tensor factor H ;4 which contains entries 1 for J = A+ (offset),
zero for all other values of J and A.

3Here, we follow usual conventions although it would be more natural to start counting
at zero in the context of index splitting.
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e (One-to-many indez splitting) If a G-index decomposes to a group of
H-indices in such a way that there is a one-to-one correspondence be-
tween every possible combination for this group of H-indices and a
corresponding G-index, and a group of H-indices appears on a ten-
sor in a place where this tensor was defined with the corresponding GG
index, then this group of indices is implicitly promoted to the corre-
sponding G index by the insertion of an appropriate extra embedding
tensor factor Hy p,yp,..n, Whose entries are all from the set {0; 1}.1

e (c and ¢) The fully antisymmetric rank-N tensor is denoted by €;,4, iy -
Its entries are +1 for even index permutations, —1 for odd permuta-
tions, and 0 otherwise. The tensors 5;1, 5;1322, 5;1;22;’2, etc. are com-
pletely antisymmetric in their upper, resp. lower indices and have
entries 1/k!, resp. —1/k! if the sequence of indices i; ... 7 can be ob-
tained from j;...7J; by an even, resp. odd, index permutation, and 0

otherwise. Hence, 55@12’22&’“5;73:”“”‘ = Z;mikm"

o (Index symmetrization) Wherever a pair of indices is enclosed by an-
tisymmetrizing brackets [ab],” they are to be substituted by otherwise
unbound indices cd and an extra factor 622 is to be introduced into the
corresponding summand. Likewise for antisymmetrizing in more than
two indices. (Since the translation of index symmetrization between
typographical and machine representation is a little bit awkward, and
hence error-prone if lots of formulae have to be translated manually,
we frequently do not make use of it even if it could be applied.)

e (SO(N) adjoint indices) If g1, go are glyphs from the alphabet used
to designate SO(N) vector indices, then composed glyphs of the form
[9192] will designate SO(N) adjoint indices. These N(N —1)/2 glyphs
are consecutively labeled either by 1,2,... N(N — 1)/2 or equivalently
by [12], [13],...,[1N],[23],..., [(N — 1) N].

o (Index mapping) Whenever index embedding has to be performed that
cannot be achieved by simple index-range splitting (like, for example,
the split of an SO(N) adjoint index into a pair of SO(N) vector in-
dices), then an explicit embedding tensor is given. Conventionally, all

4Note that these index splitting rules may generate ambiguities if one is not careful in
the choice of alphabets. This has to be avoided. Furthermore, index groups obtained by
implicit splitting will usually be offset a bit from other indices not belonging to the group
to aid visual distinction. Note that this extra convention is not well suited for recursive
application.

5a and b are not indices, but names for indices, and hence typeset in boldface here
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embedding tensors are named H and distinguished by the types of in-
dices they are carrying. (For example, if indices I, J designate SO(16)
vector indices, and an index [I.J] a SO(16) adjoint index in the range

1...120, then Hg,j is the corresponding embedding tensor.) Hence,
such embedding tensors H themselves are exempt from the implicit in-
dex promotion rules given above. Unless stated otherwise, embedding
tensors H are defined in such a way that when they are used to map a
collection of index values to a unique other collection of index values,
the corresponding entry is 41; for related entries, the lexicographically
first one will be +1. (For example, an SO(16) adjoint index corre-
sponds to two pairs of different SO(16) vector indices, but a pair of
different SO(16) vector indices is mapped to a single adjoint index, so
the corresponding HI[{]—J] has Hg—z] = —H2[11—2} =1.

e (Gamma matrices) SO(16) resp. SO(8) Gamma matrices (to be de-
fined in the next section) are are denoted by I', resp. 7. For both

0190  __ J1 Jj2 73 In 11...0n 3 3 1100 __
tYDPES, Voi ™™ = Yoy Vouin Vs - 'VBﬁ(n,l)éjl...jn’ and likewise, Vo =
jl jn i1...0n i1...0n _ jl ]n 11...0n
Ve Voo 00 Yag = Yo Vo 5% Furthermore, we
af . saf i i apyd . saBYS i i ok Ak
define Vos = O VpaVyp 8 well as Vg = 506,5,7,5,”ya/d”yﬁ,;\%‘y,‘;\”yé,g

] . soBYs i kE Ak AJ . : ; af ]
and %pw = 50/5'7'5/7&’@75@%/ 5y obviously, since Vo and 7@ 5 are
then discerned by the types of label only, we must not use ambiguous

expressions like 7;%, but rather write either 7;]6527 05 or fyzg 6405

1.2 FEy4g) conventions

The Lie algebra Eg1g) plays a key role for this work. Hence we spell out all
the conventions in full detail. Following [41], we define

(1) (1)
(0 9) e (20)

from which we obtain SO(8) y-matrices using the tensor Gj»,, implementing
the 2 x 2 x 2 — 8 mapping®

Gun =1 Go2 =1 Gaio1 =1 Gua =1
Gso11 =1 Geo12 = 1 Groo1 = 1 Ggaoe =1

SNote that this matrix tensoring convention, which seems to be more widespread, ac-
cidentally is just the opposite of that implicitly used in [21]

(1.2)
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as well as the abbreviation

Zop(0(4); 0(B);: 0(C)) = T ayan . T(B)asf0 (Chans Tacrasas Gppgop,  (13)

via
v = Z(og o 0.) v = Z(oy;0,;0.)
v = Z(ogo1;0.) vt = Z(os;0e01) (1.4)
v o= Z(o1;04;0) VS = Z(oeo1;04) '
V' = Z(04;0001) v = Z(oy;01;01)

from which we form SO(16) I'-matrices using to the splitting J — (j, k) of

SO(16) vector and A — (af3,%49), A — (af3,746) of Majorana-Weyl spinor
and co-spinor indices by

I I A j I A i
+HIH HAégwm—HIHA HAéﬁéfyw, (1.5)
1J  _ §IJpK 1L
Uis = oxilyelpe

If we denote SO(16) adjoint indices running from 1 to 120 by [/ J], which
naturally decompose into SO(16) vector indices I,.J and split Eg) adjoint
indices A — (A, [IJ]), then Eg() structure constants are given by

fas® = —H{H LHéV[N(SI’J’aK’L’aIIKléL’J’ (1.6)
—|—4F (Hj‘lJHBHC + H{HB HE — H;{‘HgHéJ). '

In the literature, the intermediate SO(16) adjoint index in the splitting
chain A — [IJ] — IJ frequently is not displayed explicitly. Instead, a
modification of the usual Einstein summation convention is introduced where
one has to include an extra factor 1/2 whenever a sum is performed over a
pair of antisymmetric indices, correcting I.J, JI double-counting. Since it is
not entirely clear that this rule will not leave room for interpretation in some
subtle cases (like the definition of Eg(;g) tensors in index-split notation), we
will try to avoid it by explicitly including index splitting projection tensors
in our formulae just as above when presenting new results.

The conventionally normalized Cartan-Killing metric for Eg s

1
NAB = @J"}\PQJCBQ73 (1.7)

where ¢ is the dual Coxeter number of the Lie algebra (30 for Ejg) is then
given by
NAB = —0aB, 1J)[KL] = O1J)[KL]- (1.8)



16 CHAPTER 1. INTRODUCTION

FEg(1g) is the only simple Lie algebra for which the fundamental and ad-
joint representation are the same and this property plays an important role
in the construction of N = 16 D = 3 supergravity. It can be expressed by
the relation

1
VMY = Mt e VM, = ot GRZN2E (1.9)

Furthermore, we define compact and noncompact Eg;g) generators Xz, Ya
by o

c
(XM> 5= funs®,  (Ya) s = fas. (1.10)
It is convenient to take as a Cartan subalgebra the compact generators
Xp2, X345 - - - X1516); this gives the conventional choice for the set of Eg

root vectors as 120 vectors of the form {4e; & ¢;i,j € {1,...,8}} plus 128
vectors of the form {1 (de; + ;... & e5)} where the total number of minus
signs is even. Most explicitly, the ladder operators corresponding to the
simple roots” are then given by ((t4)€ 5 := fas°):

= Ftsa +itge — tt100 + t102
= Hlis9 +it160 — 2171 + tiva

1
222 27227272
T0+1—100000

Toot1-10000 = +Hliga+iligs—itioa+tios
Tooot1-1000 = -toos+itas—ilarz+ tors
T oooor1-1 00 = -lax+ it — itag+ taro (1.11)
Toooo0o0+1-1 0 = tags+itaze — ilazg + 240
Tooooo0 orier = —loag+itogs + ilose + loar
Toooooori-1 = Htoas+itas — iloss+ tour

where our complexity conventions are such that for these compact generators,
we have e.g.

[(Xp2, Tri41 000000 =+1-iTh141 000 0 0 o (1.12)

Note that if we substitute the ladder operator of the first simple root by
Tiyi1 000000 = tizo+ itz —itiag + tias (1.13)

then the new set will spawn the maximal compact subalgebra SO(16). The
ladder operator for the lowest Eg root is

T 11000000 = —ti30—@t131 — tt1aq + L145. (1.14)

"w.r.t. lexicographical ordering
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+7+8

Figure 1.1: The extended Dynkin diagram of Fg

From here on, we will use an abbreviating notation of Eg roots; for the

spinorial roots like (—i—%, —

1 1 1 1 1 1

1 . .
5,—5,—5,—5,—5,—5,—1—5), we Just write a se-

quence of eight signs, hence ‘+ ———— —— +7 in this example, while for roots
of the form +e; +e;, we write i £ j, e.g. +3 —4 for (0,0,+1,—1,0,0,0,0).

Sometimes, as in the construction of the Fy(, g x SL(3) embedding tensor,
a noncompact Cartan subalgebra is more useful. Here, we may take the
generators Y,gdlop,n € 1,...8. With respect to this Cartan subalgebra,
simple roots are given by

Ti93
T34
Thys
Ti5-6
Ty67
Ti7-g

Thirys

= —trg — 179 — tge + toz — 100 + t107 + t114 + t121
—t143 + t156 + ti67 1+ t1so — tiss — t199 — ta06 + t213

= 2111+ 2t18 + t130 — 145 + tiss + 104 + t202 — Loog + taas + fose
= —2t30 — 2ta7 + t134 — 149 + 160 + L171 + To26 — t233 + t236 + t239
= —2t99 — 2136 + l135 + L14s — 159 + L1r2 + Loo7 + Loz — tass + ta4o
= —2t35 — 2145 — 134 + 149 — 160 + t171 — 206 + t233 — tage + t2so
= —2t47 — 2t50 — t130 — t1as — t1s5 + t1o4 — t222 + ta29 — fous + tous
= +2156 + 2te3 + t134 + t1a0 — t1eo + t1r1 + ta2e + tasz — Laze + fazo
= —2156 + 2te3 — t134 — 149 + t160 — 171 + t226 + Loz — t236 + Losg

and complexity conventions are such that

Y1, 74141 000000 =4+1T4141 00000 0- (1.15)
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Chapter 2

Maximal three-dimensional
supergravity

2.1 Ungauged N =16 D =3 SUGRA

In the following presentation, we closely follow [43]. It is convenient to intro-
duce gauged maximal three-dimensional supergravity theories via incremen-
tal definitions that proceed through ungauged maximal three-dimensional
supergravity, which was first constructed in [38]; the physical fields of this
theory form an irreducible supermultiplet of 128 bosons and 128 fermions
which transform as spinors and co-spinors of SO(16). In three dimensions,
the dreibein e,* as well as the gravitini wﬁ do not carry propagating degrees
of freedom. Due to the hidden invariance of the ungauged theory under global
FEg(4s) and local SO(16) transformations [9], scalar fields can be described
by an element V of the non-compact coset manifold Eg(ys)/SO(16). Using
the 248-dimensional fundamental Fgg) representation, V transforms as

V(z) = gV(x)h ' (z), g € Eyys), h(z) € SO(16). (2.1)

Following the conventions of [38] and [43, 42|, the scalar fields couple to
the fermions via the currents

1
VIV = 5@, X + Py (2.2)
Defining the SO(16) field strength Q/ obtained from the connection Q}’
via
1=2(0,Q + QK"Q)X), (2.3)

as well as the covariant derivative D
Dby = by + w“”vab@bi + QY] (2.4)

19
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i 1
DHXA = @LXA—F

Tt LT (25)

this implies the integrability relations

1
o+ 2F BPIP? =0, DyP;j=0. (2.6)

If we define the supercovariant current

PA . pA _ TI ApI
Pl =P, —w 4 (2.7)
then the Lagrangian
Ly = —jeR+ eP“APA+1eA“”w§DMW
=X Dy — gex N P (2.8)
—ie (X%F” (w,h“”%;f PIAPYIT) + xxlyrp))

e (X (00 (10) — ST Yl
is invariant under the supersymmetry variations
de,* = iy

-1 _ I A _IyA
VoY = FAAX eY (2.9)

5¢,€ = D el — 47“6 XFIJ’}/;WX
A _ i dpl PA
0X = 37t FAAPH

The equation of motion for scalars obtained from this Lagrangian is

Du (6 (P’“‘ — Gl )

(2.10)
“VP'I/JI'I/JJPIJ PB+éi6X7“FIJXF2%Pf

which can be written in the form (by using the Rarita-Schwinger and Dirac
equation for the gravitini and fermions)

" (eJM) =0 (2.11)

with jf the conserved Noether current corresponding to the global Eg(,s)
symmetry:
eJHM = oYM puB _ VM x

2.12
_26_1€Wp< A S A ) (2.12)

Since this current is conserved, we can introduce 248 abelian vector fields
B,M, defined up to gauge transformations, whose field strength B, =
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28[NB,,]M obeys e"?B,,M = eJ"M. In order to find supersymmetry transfor-
mation rules for these vectors, one can generalize the supersymmetry trans-
formations of the 36 vector fields that are obtained by direct dimensional
reduction of D = 11 supergravity

IBM = —2vM el T VAt A (2.13)

which of course has to be compatible with the duality relation for the vectors
and the Noether current, which can be re-written in supercovariant form by
using the supercovariant field strength

B,M = B,M 4+ 20M ) — 20T VMl v x? (2.14)
so that it is given by
P B, M = 2e VM PrA %eVMU)m“F” Y. (2.15)

This equation defines 248 vector fields as nonlocal, nonlinear functions
of the original 128 physical scalars +120 SO(16) gauge degrees of freedom
(as long as the equations of motion are obeyed, i.e. the Noether current is
divergence-free). By using the integrability equation (2.6), we can obtain the
vector equation of motion from the derivative of the duality equation (2.15):

1
0, B"M = —QGMWV}? ,Ijg + (fermionic terms(V)). (2.16)

2.2 Gauged N =16 D =3 SUGRA

Part of the Eg(s) symmetry of the theory described in the previous section
can be made local; let Gy C Eg4g) be a subgroup of the global symme-
try group FEg(ys) that can be promoted to a gauge group (we will see later
that there is a simple group-theoretical restriction for which groups this is
possible). Then, (2.1) is replaced by

V() — go(z)V(2)h ™ (z), go(z) € Go, h(z) € SO(16). (2.17)

The subgroup Gy of Eg(s) that will be promoted to a gauge group is
characterized by its embedding tensor Oy, which is the restriction of the
Cartan-Killing metric ny to the algebra corresponding to Gy, and thus
is given as a linear combination of projectors onto the simple factors of G
(where the relative coefficients in this linear combination turn out to be fixed
by group theory, so that only a single gauge coupling parameter survives).
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Labeling Gy adjoint indices by m,n, ..., there is an embedding tensor
OA,, that will map these indices to Ey indices. By choice of an appropriate
basis for the Fg algebra, we can make these v = dim G indices the first block
of indices in a split 248 = v+. ... As usual with such index splitting, we would
then use the convention that use of a Gy index m, n, . .. in place of an Fyg index
A, B, ... corresponds to the silent omission of some embedding tensor ().
Although this way of splitting indices will in general not be compatible with
the index split suitable for the SO(16) decomposition of Eg(ig) explained in
section 1.2, we can nevertheless keep the convention that usage of a m,n, ...
indices corresponds to the silent omission of such embedding tensors. In
particular, our convention shall be that silent indices are to be interpreted
as in B,™t,, = B,"0 45t".

From now on, let g be the gauge coupling constant; we first gauge-
covariantize derivatives

V719,Yy = JQuIIXY 4+ Py
= VD,V = QX! 4 PpivA : (2.18)
= V99V +gB, V'tV

The non-abelian field strength associated with this connection is
Buw™ = 20,,B," + gf " wpBu" B, (2.19)
and integrability conditions (2.6) become

1J | 1plJ pApB  _ m
ij +2PABPM PV = gBW Vm]J (220)
2D[MPI/] = gB/memA
Supersymmetry variations for the vectors still are given by (2.13). For the
modified currents, they are

§QI = L (DTJTK)  PARAER + g (6B,™) Vinrs

P, = T .D, (;erf> + 9 (6B,™) Vima- (2:21)
(Note that the new currents also depend on g.) The modifications intro-
duced here violate the supersymmetry of the Lagrangian (2.8) with currents
replaced by the covariantized definitions. Restoring local supersymmetry will
therefore require additional modifications to the Lagrangian as well as the
supersymmetry variations. The extra terms that have to be added to the La-
grangian can be obtained by the Noether procedure and turn out to be (at
first order in g) Chern-Simons couplings for the vectors and scalar-fermion
couplings of Yukawa type as well as (at second order in g) a scalar field poten-
tial. These couplings as well as the scalar potential are functions of tensors
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formed from the scalar matrix VM 4 as well as the gauge group embedding
tensor O qn; one finds that these are SO(16) representations that can be
obtained via suitable linear projections from the tensor

TAB = VMAVNB@M/\/ (2.22)

which is analogous to the T-tensors given in [13] and [30], but (as a conse-
quence of the equivalence of the Eg fundamental and adjoint representation)
is quadratic and not cubic in V. From Tz, we form the tensors?

1
0 = WV 2.2
218" Omn (2.23)
8 1 K] . [JK]
; 1
A = —ZTusHiy ]H}f,‘] HETY (2.25)
i 1 [1J] . [KL]
AP = 206, + 48r 7KL TABHG‘J}H[KL]HFH[T (2.26)

The full Lagrangian of gauged N = 16 D = 3 supergravity is then

L9 = 2ge"?B,™ (0 Bpm + 39 frnpBu" B,

o) — 2geAIJ,¢I,y,uqu n deAIA AW@% i %geAABXAXB .
rvy — g 6<A{JA{J_%A£AA£A (2.27)
L = Lo+ L9+ LY 4 1)

where Ly is the Lagrangian of the ungauged theory, but with modified covari-
antized currents, £(©%) are the Chern-Simons couplings of the vectors, £
Yang-Mills couplings between scalars and fermions, and £V) is the scalar
potential term. Supersymmetry variations of the fermions must be further
modified by terms

59¢I ZgAl %t ) dgX —QAIA ! (2.28)

Explicit calculation then shows that this Lagrangian is supersymmetric un-
der the given transformations and the superalgebra closes if and only if the
T-tensor satisfies a series of linear relations which state that it is entirely de-
termined by A;, Ay, As, as well as a set of differential and quadratic identities
on Aq, Ay, As. Remarkably, all these constraints can be recast into a single
group-theoretic constraint on the gauge group embedding tensor © which

IThe index splitting is given in most explicit form here, since these quantities are of
prime importance for all subsequent investigations
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states that under the decomposition into Eg irreps 248 X 248,,,=1+ 3875 +
27000 the 27000 component vanishes.

Under the maximal compact subgroup SO(16), these Ejg irreps decompose
into (SO(16) Dynkin labels given in parentheses):

3875 = 13520000000) + 1920 10000001) + 1820 00010000)
27000 = 5304 02000000) T 13312 91000010) + 6435 (00000020)
+182000010000) + 12800000010) + 1(00000000) (2.29)

The main subject of this work is the extremal structure of the scalar
potential term

V= —Lg* (Al Al - tapiag) (2.30)

which determines possible vacua of these gauged maximal three-dimensional
supergravity theories.

Of the quadratic constraints on the T-tensor which eventually are sub-
sumed under the gauge group embedding tensor projection condition, Eq.
(3.25) of [43]

174 7 1 1 oy
A A - apiagi = Ly (A{@A{ﬂ _ §A§AA§A) (2.31)
deserves special attention for this work, since it provides a nontrivial consis-
tency check that the relative factor between the A; and A, contributions to
the scalar potential has been chosen correctly in the machine code translit-
eration of (2.22), (2.23), (2.30).

Taking derivatives of the A-tensors with respect to an invariant vector
ﬁeld, 5VMB/5ZA = fBCAVMc, we get [43]

SAM 1

SSA T 14 (CAsTws 5T A5 Tk1 ) (2.32)
SALA 1 1

522A - 1 Ty (FQJCTBC T3 DR T MN) (2.33)
JA4P 1

523/1 T vig ThsTr B (2.34)

from which we obtain by re-writing projections of the 7T-tensor as the cor-
responding A-tensors the scalar mass matrix of second derivatives for an
arbitrary vacuum [19]

52V

—AeTMan = 80
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- 3 (Thatagiry,  radatiry,)
+z AT A bap — Z Al'Tas
+% Il ALY AT — % [ A5 AT
+i L ASOTL Top (2.35)

while the scalar kinetic term is uniformly normalized as
1
Liin = 1 e N9, 5 + . (2.36)

independent of the particular vacuum.

While the vectors do not carry propagating degrees of freedom when mass
terms are absent, the vacuum will spontaneously break a gauge group Gy to a
compact subgroup Hj, causing the vectors associated with the broken gener-
ators to absorb the corresponding Goldstone bosons and hence become mas-
sive by a topological three-dimensional variant of the Brout-Englert-Higgs
effect. As explained in [19], the vector mass matrix is obtained by restricting
VM, VE 4O n e to Gy, and this information may be extracted directly from

ap=9Tan . (2.37)

The fermionic analogue of this transfer of degrees of freedom from matter
fields to previously nonpropagating gauge fields is realized by some of the
gravitini absorbing the Goldstinos produced by supersymmetry breaking via
the super-Higgs effect [11].

2.3 Supergravity in AdS;

In three dimensions, it is possible to define a dual spin connection

1
Al = —ie“bcwubc (2.38)

whose field strength
Fl, =20, A% + €y AL A (2.39)

14

can be used to re-write the Einstein-Hilbert term in the action in Chern-
Simons form

1 1
_ZeR — Zeuvpeuapupa. (2.40)
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Generically, stationary points of the supergravity potentials considered
here are not true minima, but either maxima (as is e.g. the origin of the
D =4 N = 8 potential) or saddle points. Nevertheless, as has been shown
by Breitenlohner and Freedman[5], such stationary points can nevertheless
possess at least perturbative stability for negative cosmological constant if
none of the second derivatives get too large with respect to the correspond-
ing AdS radius; vacua with remaining supersymmetry will always be stable,
since the positive energy argument of Poincare supersymmetry can be gen-
eralized to the corresponding supergroups. For nonsupersymmetric vacua,
an expansion to second order in gravitational and scalar perturbations shows
that, since allowed fluctuations are required to have finite energy and hence
fall off to infinity sufficiently fast in AdS, the corresponding positive kinetic
energy term can overcompensate a negative second derivative of the potential
as long as it is not too large. In d dimensions, one finds the bound for the
scalar mass eigenvalues m [39]

4m2L* > (d— 1) (2.41)
hence, in our case, m?L? > —1. The AdS scale L is given by
L2 = -2V, (2.42)

where 1} is the value of the potential at the vacuum. The Ricci tensor is
given by

Ruu =4 ‘/Og;u/ = Agul/ (243)
and the corresponding AdSs3 covariant derivative is given by
l
Df =0, + 3 a (A, + L7 e, (2.44)
with commutator
L. a —2 _abc
[Di,Dlﬂ =3 Va (FW + L2 eubew) (2.45)

Concerning the supersymmetries of a given vacuum, it has been shown
[43] by using arguments from [30] that the number of unbroken supersym-
metries is the number of eigenvalues « of A; for which

1 IA q1A 4
with L being the AdS scale, given by the value of the potential at a stationary
point via

16a* = Al7Al —

4g72L7% = —8¢7%Vj. (2.47)

(Note that unbroken supersymmetry cannot be realized with positive cosmo-
logical constant; maximal supersymmetry is equivalent to the vanishing of

Ag.)



Chapter 3

N =16 D = 3 Supergravity with
compact gauge group

3.1 On compact gauge groups

The maximal compact subgroup of Egig) is SO(16). For the obvious em-
bedding of SO(16) into FEgys), we have Opja = 0 and ©45 = 0, hence
the projection condition P?™°0 = 0 for subgroups of this SO(16) reduces
to the condition that © may only carry the 135 representation of SO(16).!
(Of the other possible pieces, the 5304 is part of the 27000 of Eg, and
the 1 and 1820 have to coincide with the corresponding vanishing pieces of
©4p.) Hence, due to tracelessness, there is no simple compact gauge group.
One can show (cf. [43]) that of the maximal subgroups of SO(16), only for
SO(8) x SO(8) there is a choice of the relative gauge coupling constants for
which P29 = 0 (namely ¢»/g; = —1). If we split SO(16) vector indices
via I — (4,1), the corresponding embedding tensor is given by?

O5 = HY HE" (H{ H HE LS — HH Y Hl-L(sgli) . (3.
The question whether a group embedding tensor © with vanishing 27000

component can be constructed from a nonmaximal semisimple subgroup of
SO(16) has not been answered yet.

'We may of course apply a boost to rotate (conjugate) this SO(16) inside Eg(48),
rendering the ©(754 = 0 and ©4p5 = 0 components nonzero. This observation plays an
important role for the construction of nonsemisimple gaugings [20].

2that is, its (129,129), (130,130), ..., (135,135); (143,143), ..., (149,149); ...;

(204, 204) components are 2, while its (221,221),...(248,248) components are —2. Note
that with our splitting conventions, HMH [IIJJ] =H f4‘] .

27
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3.2 Techniques for finding nontrivial vacua

The most fruitful technique for a study of the extremal structure of these
potentials known so far appears to be that introduced in [51]: first, choose
a subgroup H of the gauge group G (SO(8) in forementioned analysis of
N = 8, D = 4 gauged supergravity, SO(8) x SO(8) for the case considered
here); then, determine a parametrization of the submanifold M of H-singlets
of the manifold of physical scalars P. Every point of this submanifold for
which all derivatives within M vanish must also have vanishing derivatives
within P. The reason is that, with the potential V' being invariant under G
and hence also under H, the power series expansion of a variation dz of V
around a stationary point zg in M where ¢z points out of the submanifold M
of H-singlets can not have a O(dz) term, since each term of this expansion
must be invariant under H and it is not possible to form a H-singlet from
just one H-nonsinglet. All the stationary points found that way will break
the gauge group down to a symmetry group that contains H.

The general tendency is that, with H getting smaller, the number of H-
singlets among the supergravity scalars will increase. For H-singlet spaces
of low dimension, it easily happens that the scalar potential does not feature
any nontrivial stationary points at all, while for higher-dimensional singlet
spaces, the potential soon becomes intractably complicated. For the maximal
gauged N = 8, D = 4 model, using the embedding of SU(3) C SO(8) under
which the scalars, vectors and co-vectors of SO(8) decompose into 3+3+1+1
gives a case of manageable complexity with six-dimensional scalar manifold
for which five nontrivial extrema were given in a complete analysis in [51].
(It seems reasonable to expect further yet undiscovered extrema breaking
SO(8) down to groups smaller than SU(3); cf. chapter 5.)

3.3 The potential on submanifolds

3.3.1 Partial results for residual symmetry of SU(3)giag

Since it is interesting to see how the extremal structure of N = 8, D = 4
gauged SO(8) supergravity is related to N = 16,D = 3 SO(8) x SO(8)
gauged supergravity, especially since common lore tells that stationary points
in higher dimensions have corresponding counterparts in lower dimensions,
it is reasonable to try to lift the construction given in [51] to this case via
an embedding of Fr(,7) in Eg(4s), which works as follows: under the SO(8), x
SO(8) g gauge group considered here, Fg,s) decomposes into 248 — (28,1)+
(1,28) + (8,,8,) + (8s,85) + (8¢, 8.) (where we could apply further triality
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rotations to each of the SO(8) that generate permutations of the left and
right v, s, ¢ labels). Note that the compact generators from (8,,8,) extend
SO(8) x SO(8) to the maximal compact subgroup SO(16) of Eg(ys), while
the noncompact ones form a 128 of SO(16).3

When taking the diagonal of both SO(8) rotations in this scheme, each of
the (8, 8) decompose into 1+28+35, ; .; the three singlets (two noncompact,
one compact) form an SL(2), while the compact generators from 35, may
be used to extend the diagonal SO(8) to SU(8) which is further extended
by the 35, and 35, to Er(y17) which commutes with forementioned SL(2).
Hence, under this E77) x SL(2), 248 — (133,1) + (1, 3) + (56, 2).

Re-identifying the Fg,s) generators corresponding to the SU(3) singlets,
resp. the SU(8) rotations used to parametrize the singlet manifold given
in [51] is straightforward; exponentiating them, however, is not. Looking
closely at explicit 248 x 248 matrix representations of these generators reveals
that, after suitable re-ordering of coordinates, they decompose into blocks
of maximal size 8 x 8 and are (by using a computer) sufficiently easy to
diagonalize.*

Considerable simplification of the task of computing explicit analytic ex-
pressions for the scalar potential by making use of as much group theoreti-
cal structure as possible is expected, but nowadays computers are powerful
enough to not only allow a head-on approach using explicit 248-dimensional
component notation and symbolic algebra on sparsely occupied tensors, but
also make this the preferable route when the aim is to investigate high-
dimensional singlet spaces. This is explained in detail in chapter 6.

One important complication arises from the fact that the manifold M of
SU(3) € SU4) C SO(8)diag C SO(8) x SO(8) singlets from the 128 is not
six-dimensional, as in the D = 4 E;(7) case, but twelve-dimensional, since
there are two additional singlets from the noncompact directions of SL(2) as
well as four more from the (56,2). While explicit analytic calculation of the
potential on submanifolds of M reveals that the full 12-dimensional potential
is® out of reach of a complete analysis using standard techniques, it is never-

3This decomposition is particularly easy to understand starting from the set of roots
of Eg given in conventional notation by 120 de; = e; and 128 )", +£1/2e; with an even
number of minus signs. This decomposition just corresponds to the split of 8-dimensional
root vectors into pairs of four-dimensional root vectors, where the Cartan subalgebra of
Eg(4s) is taken to be the sum of the conventional Cartan subalgebras of both SO(8),
and for both SO(16) and SO(8), spinors are those vectors with entries +1/2 and an even
number of minus signs (cospinors odd).

4One advantage of this brute-force approach in comparison to more sophisticated con-
siderations involving the octonionic structure of Eg(g) is that no extra work is necessary
to handle the same problem for E7(i7) and Eg(¢)-

by now probably just
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theless possible to make progress by making educated guesses at the possible
locations of extrema; for example, one notes that for four of the five station-
ary points given in [51], the angular parameters are just such that the sines
and cosines appearing in the potential all have values {—1;0;+1}. Hence it
seems reasonable to try to search for stationary points by letting these com-
pact coordinates of this particular parametrization run through a discrete set
of special values only, thereby reducing the number of coordinates.

The immediate problem with the investigation of only proper submani-
folds M’ of the full manifold M of singlets is that, aside from the fundamental
inability to prove the exhaustiveness of the list of stationary points with re-
maining symmetry of at least H thus obtained, the vanishing of derivatives
within M’ does not guarantee to have a stationary point of the full potential.
A sieve for true solutions is given by the stationarity condition (4.12) in [43]

3AMAMA — B AAB (3.2)

which has to be checked anyway, since coordinate singularities may also create
‘fake’ stationary points.®

By doing the calculation, one finds that on the six-dimensional SU(3) C
SO(8) invariant subspace of E77)/SU(8) (which one can identify as the
space (SU(2,1)/(SU(2)xU(1)))x (SL(2)/U(1))) given in [51], the Eg super-
gravity potential does not feature any true nontrivial stationary points, hence
the plan here is to extend the calculation to an eight-dimensional subspace
of the full singlet manifold by also parametrizing the noncompact directions
of SL(2). Explicitly, if we define an embedding of the su(8) algebra (here
with indices i, j into the so(16) algebra via

+1/2 if I=1i J =]
+1/2 if I=i+48, J=j+8
HY3 =0 +1/2 if I=i+8, J=]j (3.3)
—1/2 if =i, J=3+8
0 otherwise

then this parametrization is given by’

1
Gis = lons (I 4918 42127

SFor the purpose of illustration, imagine a 2-sphere conventionally parametrized by 6, ¢
and a scalar field ® on the sphere whose gradient at the north pole is parallel to the ¢ = 7/2
great circle. Then for the scalar field given in 0, ¢ coordinates, 0p® |y = 0P |x = 0, but
this point is not a stationary point.

"Note that Gf and Gg commute.
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1
GI%s = hoas (1057 42485 + 28+ 9187)
a [1J] i (i i i
XWCys = funs HHY 9 (6} — 46267 — 46565)
X@Cy = fun CILI[MILIHij (2'5%5;—2'581(5?)
(1] j (51 i
X0, = f[U CH —H" 3 (685;—575;3)
X(TZ’)CB = X(ﬁ)cg (34)
1 [1J] i
WCB = Zf[_[J]BH HIH]JéJ
1
Z% = ZfaBBcaaﬁ

= exp(wW)exp(zZ) exp(—wW)
exp(aX @) exp(pX @) exp(DX D) exp(y X¥)
exp (MGT + XAaGY)
exp(— X @) exp(—I9X D) exp(—p X ?) exp(—aX @)

and the corresponding analytic form of the potential reads®

—8¢72V =
129 + 2 cos(4¢) + 3 cos(2a) cos(2¢) + £ cosh(2 Ao)
+% cosh(4A2) — 1 cosh(2\s) cos(4 )
+5 cosh(4 A\2) cos(4¢) — 3 cosh(2A2) cos(2a) cos(2¢)
+3 cosh(2 A1) — 3 cosh(2 A1) cos(2a) cos(2¢) +9 cosh(2 A1) cosh(2 Ag)
+3 cosh(2 A1) cosh(2 \g) cos(2 a) cos(2¢) + &2 cosh(z) cosh(;)
+§—3 cosh(z) cosh(3 A1) — @ cosh(z) cosh(\; ) COS(4 ®)
2 cosh(z) cosh(3 A1) cos(4¢)
—§ cosh(z) cosh(A1) cos(2a) cos(2¢)
8 cosh( ) cosh(3 A1) cos(2a) cos(2¢)
g sh(z) cosh(A1) cosh(2 \2)
—35 cosh( ) cosh(A1) cosh(4 \2)
8 cosh(z) cosh(3 A1) cosh(2A9)
—g—g cosh(z) cosh(3 A1) cosh(4 \2)
+5 cosh(z) cosh(A1) cosh(2\z2) cos(4 ¢)
— 2 cosh(z) cosh(A1) cosh(4 A2) cos(4 @)
+5 cosh(z) cosh(3 A1) cosh(2A2) cos(4 )
—g% cosh(z) cosh(3 A1) cosh(4 \g) cos(4 @)
§ cosh(z) cosh(A1) cosh(4 A2) cos(2a) cos(2¢)
—5 cosh(z) cosh(3 A1) cosh(4\z2) cos(2a) cos(2¢)

8Due to right SO(16) invariance, this calculation can be greatly simplified by omitting
the exp(—...) factors in this expression. The computation of this potential took slightly
more than two hours of CPU time on a 1.7 GHz Pentium-IV.
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cos(w — 3a) sinh(A;) sinh(z) + % cos(w + a) sinh(\1) sinh(z)
= cos(w — 3a sinh(3 A1) sinh(z) — &% cos(w + a) sinh(3 ;) sinh(2)
=5 cos(w — 3a) cos(4 ¢) sinh(A) sinh(z)
(w — a) cos(2¢) sinh(A1) sinh(z)

cos(w — 3a) cos(4¢) sinh(3 A1) sinh(z)
cos(w — a) cos(2 ¢) sinh(3 A1) sinh(z)
cos(w — 3a) cosh(2\g) sinh(\;) sinh(z)
cos(w + a) cosh(2 A\2) sinh(A;) sinh(z)
cos(w — 3a) cosh(4 \y) sinh(\;) sinh(z)
cos(w + a) cosh(4 \2) sinh(A;) sinh(z)
—1-8 cos(w — 3a) cosh(2 A2) sinh(3 A1) sinh(z)
+35 cos(w — 3a) cosh(4 \g) sinh(3 A1) sinh(z)
—1-16 cos(w + a) cosh(4 \y) sinh(3 A1) sinh(z)
+2 cos(w — 3a) cosh(2\2) cos(4¢) sinh()\;) sinh(z)
—6 cos(w — a) cosh(2 Ag) cos(2¢) sinh(A1) sinh(z)

32 cos(w — 3a) cosh(4 A2) cos(4¢) sinh(\;) sinh(z)
—|—§ cos(w — a) cosh(4 A2) cos(2 ¢) sinh(A1) sinh(z)
-5 cos(w — 3a) cosh(2\a) cos(4¢) sinh(3 A1) sinh(z)
—|—§2 cos(w — 3a) cosh(4 \y) cos(4 ¢) sinh(3 A1) sinh(z)
+3 cos(w — a) cosh(4 \2) cos(2¢) sinh(3 A1) sinh(z)
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Note that again, just as in four dimensions, the dependency on the angular
coordinates 1,1 drops out. Parametrizing six dimensions, this potential is
slightly more general than the one given in [21] (which furthermore uses
a different normalization of the embedding tensor and hence has to be re-
scaled by a factor 1/4 to compare it with this result); at first, it looks a bit
surprising that the extra SL(2) angle w combines so nicely with the SU(8)
angle a, where one a priori might have expected this extra angle to at least
double the complexity of the potential.

3.3.2 Residual symmetry of G i

Before we turn to the discussion of stationary points of the potential of
N =16 D =3 SO(8) x SO(8) gauged SUGRA, let us look at parametriza-
tions of some other particularly interesting submanifolds. The subgroup of
SO(8)4giag that leaves both the vector and the spinor whose coordinates are
(0,0,...,0,1) invariant is G which in our conventions (1.4) also leaves the co-
spinor (0,0, ...,0,1) invariant. Hence, we get one GG, singlet from each of the
(8,8) SO(8) x SO(8) representations, and the group commuting with Gs giag
is SL(2) x SL(2), yielding a four-parameter submanifold of Eg(,g)/SO(16)
on which the potential can be calculated without further truncation, so one
can hope do deduce a statement about all stationary points with at least a
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remaining symmetry of G2 giag-

33

The simplest case featuring a nontrivial stationary point is obtained by
restriction to the submanifold of SO(7) singlets where SO(7) is chosen in
such a way that either 8, — 7 + 1 or (here, equivalently) 8. — 7 + 1.
When using a suggestive parametrization for the Gagiag case, this simpler
case follows by omitting one angular parameter.

The manifold of G gias singlet scalars is parametrized by

VCs
SCy

WCs, 75
y

yielding the potential

—8¢7V =

2;13 + I cosh(2
—1 cos(4v) cosh(2

[1J] PR
funs®Hy; H HY (2585§ - 15])

i fuss® (8085 — 9°°)

as in (3.4)

exp(wW) exp(2Z) exp(—wW)
exp(vV) exp(sS) exp(—vV')

s)+ 2 cosh(4s) + 2 cos(4v)
s) + % cos(4v) cosh(4 s)

_|_% COSh(Z) cosh( ) + ﬁ COSh( ) COSh(3 S)

—- cosh
cosh(z) cos(4
cosh

L cosh
— cosh z

91

?645

—222 cos(w —
cos(w —
cos(w
cos(w
cos(w + 3v) sinh(s
cos(w + 3v) sinh(3 s) sinh(z)
5
7

128
4 651
128

+158

i
Ne

12
_ 315

6
13
+158
7

674

—=7 COS

+% COS
— 128 COS

‘l‘m COS

128 COS

el 13X

cos(w + 3v) sinh(
(w + 3v) sinh(
(w + Tv) sinh(s) sinh(z

(
(w+Tv
(

(z) cosh(5s) — (2;3 cosh(z) cosh(7s)
(z) cos(4v) cosh(s)

(2) cos(4v) cosh(3s)

(2) cos(4v) cosh(5s)
(z) cos(4v) cosh(7 s)
v) sinh(s) sinh(z)
) sinh(3 s z
—v) sinh(5 s
— ) sinh(7 s

sinh (
sinh(
sinh(z
sinh (

\_/\_/\_/\_/

(2
s) sinh(z)
s) sinh(z)
sinh(z)
) sinh(z)
) sinh(z)
) sinh(

sinh(z)

sinh

S
3s
55

sinh(7 s

) sinh(
w + 7v) sinh(
) sinh(
) sinh(

w—+Tv

(3.5)
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which reduces to the SO(7) potential by setting v = 0, giving

—8¢g72V = 33+ Tcosh(4s) + 2 cosh(z) cosh(s) + 7 cosh(z) cosh(3 s)
—1 cosh(z) cosh(7s) — 2 cos(w) sinh(s) sinh(z)
+7 cos(w) sinh(3 s) sinh(z) — % cos(w) sinh(7 s) sinh(z)

i (3.7)

3.3.3 Residual symmetry of SO(6)4iag

For noncompact gauge groups (to be discussed in the next chapter), any
vacuum will break the gauge group down to a subgroup of its maximal com-
pact subgroup, thus when studying gaugings like SO(6,2) x SO(6,2), it is
natural to consider breaking to groups like H = SO(6)giae. Once a suit-
able parametrization of the submanifold of H-singlets is obtained, this can
often be re-cycled for other gauge groups by re-doing the calculation with
a different embedding tensor ©. Hence, of all the possible ways to embed
SO(6) into SO(8) x SO(8), we will consider here only the case of the di-
agonal SO(6) of the SO(6,2) x SO(6,2) subgroup of SO(8,8) which itself
is formed from the (1,28) + (28,1) + (8, 8;) of the Fg — SO(8) x SO(8)
decomposition 248 = (1,28) + (28,1) + (8,,8,) + (8:,8;) + (8.,8.). The
particular choice we make is that our SO(6)giae shall leave fixed the last two
spinor coordinates. Using such a diagonal embedding, there are five singlets
under SO(6) x SO(2), seven singlets under SO(6), and twelve singlets under
SU(3), so from the point of complexity, so it is reasonable to try to cal-
culate the potential on the SO(6) invariant seven-manifold, which consists
of the noncompact directions of the SL(3) x SL(2) group commuting with
SO(6)diag. The generators of this SL(3) x SL(2) are given as follows, in the
same notation as in [19]:

pCs = & (0103 + bl — 50] + 300 ) (1677 — 67561 + 617867 — 67617 fius©
pols = 507 (81750) = 167 8) fiupC

sl = —% (010 + 0500 — ool + o303 ) (6167 — 6701 — 61756 4 6] 781 S
ps = 1 (5%3 - 6;262 + 5g5g + 5;553;) (5?;555 - 5&?) faﬁzsc

psCp = %WB Fsp8° P = (5?55 —5355) faps®

pi’s = 16 fopsC pss = pis—2 (5?5? + 5355) faps®
s = % (0100 + dhod — aoq + 3103 ) (016] — 6701 + 61 756] 75 — 677561 firs©
o5 = & (0207~ 0507) fups® s = 4 (080 +0807) fas®.

(3.8)
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The p-, resp. ¢-generators stand in one-to-one correspondence to the
following SL(3) resp. SL(2) generator matrices in the defining representa-
tions that satisfy the same commutation relations (e.g. [ps,ps] = 3ps and
[Ds, Ds] = 3 P3) and hence are much better suited to read off such commutation
relations than above Eg generator definitions.

0 0 0 0 10 00 -1
o= (0 0 1 o = | -1 00 s = [ 00 0
0 -1 0 0 00 10 0
000 010 0 0 -1
fpo= (001 ps = 100) o = | 0 0 0
010 000 1.0 0
1.0 0 10 0
fro= | 0 10 s = [0 1 0
0 00 00 —2
) 0 1/2 _ 1/2 0 ) 0 1/2
Q1:<—1/2 0> QQ:<0 —1/2> Q3:<1/2 0>
(3.9)

The noncompact directions of SL(3) are hence equivalent to the symmet-
ric traceless 3 X 3 matrices, and since the axes of any tensor ellipsoid can be
aligned with the coordinate axes by a suitable rotation, we parametrize the
scalars from SL(3) by applying all SO(3) rotations (which we parametrize
by yzx Euler angles, since such a system is better behaved in terms of co-
ordinate singularities than a zzz system?) to all linear combinations of two
linear independent commuting diagonal matrices. Thus a convenient coordi-
nate parametrization of our seven-dimensional singlet space is given by

V = exp(rip1) exp (rops) exp (13 p2)
exp (zps — sp7) exp (=73 p2) (3.10)
exp (—rz p3) exp (=71 p1) )
exp (15 q1) exp (v qz) exp (=75 q1)

and the potential we obtain reads

—89_2V =
27 + 3 cosh(4 z) 4+ 3 cosh(4 z) cos(27ry) — 3 cosh(4 z) cos(271)
—3 cosh(42) cos(2r1) cos(2ry) + 1 cosh(4 s)
+1 cosh(4s) cos(2r2) — 1 cosh(4s) cos(2r1)

9Hence, the yaw, pitch, roll system used in aviation is also of zzy type.
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-1 cosh(4 s) cos(2r1) cos(2rg) + 9 cosh(2 s) cosh(2 z)
+Z cosh(2s) cosh(6 z) — 3 cos(2r3) sinh(2 z) sinh(2s)
+7 cos(2r3) sinh(62) sinh(2s

r3)
—3 cosh(2s) cosh(22) cos(2ry) — % cosh(2s) cosh(6z) cos(272)
—3 cos(272) cos(273) sinh(2 z) sinh(2 s)

+71 cos(2r2) cos(2r3) sinh(6 2) sinh(2s)

+3 cosh(2s) cosh(2z) cos(2r1) + 1 cosh(2s) cosh(62) cos(277)
—9 cos(271) cos(2r3) sinh(2 z) sinh(2s)

+3 cos(2ry) cos(2r3) sinh(6 2) sinh(2s)

+3 cosh(2 s) cosh(2z) cos(271) cos(2r2)

+1 cosh(2s) cosh(62) cos(2r1) cos(2rs)

—12 sin(2r3) sin(rg) sin(2r1) sinh(2 z) sinh(2 s)

+sin(2rs) sin(rz) sin(271) sinh(62) sinh(2 s)

+3 cos(271) cos(212) cos(2r3) sinh(2 z) sinh(2 s)

— 2 cos(2r1) cos(2r2) cos(2r3) sinh(6 2) sinh(2s)

+ cosh(2v) 4+ 9 cosh(v) cosh(4 z)

—3 cosh(v) cosh(4z) cos(2719)

+3 cosh(v) cosh(4 z) cos(271)

—|—3 cosh(v) cosh(4 z) COS(2 r1) cos(2ry)

—1 cosh(2v) cosh(4s) — % cosh(2v) cosh(4s) cos(272)

+4 cosh(2v) cosh(4s) cos(271)

+7 cosh(2v) cosh(4s) cos(2r1) cos(2rs)

+15 cosh(v) cosh(2s) cosh(22) — 2 cosh(2v) cosh(2s) cosh(6 z)
—|—3 cosh(v) cos(273) sinh(2 z) sinh(2s)

—1 cosh(2v) cos(273) sinh(6 2) sinh(2s)

—|—3 cosh(v) cosh(2s) cosh(2z) cos(2rs)

+1 cosh(2v) cosh(2s) cosh(62) cos(272)

—|—3 cosh(v) cos(272) cos(27r3) sinh(2z) sinh(2 s)

—1 cosh(2v) cos(272) cos(273) sinh(62) sinh(2s)

—3 cosh(v) cosh(2s) cosh(2z) cos(2ry)

—1 cosh(2v) cosh(2s) cosh(6z) cos(2r1)

+9 cosh(v) cos(2r1) cos(2rs) sinh(2 z) sinh(2s)

—3 cosh(2v) cos(271) cos(2r3) sinh(6 z) sinh(2s)

—3 cosh(v) cosh(2s) cosh(2z) cos(271) cos(272)

—2 cosh(2v) cosh(2s) cosh(62) cos(271) cos(2r2)

+12 cosh(v) sin(2r3) sin(re) sin(271) sinh(2 z) sinh(2s)
—cosh(2v) sin(2r3) sin(re) sin(27;) sinh(6 z) sinh(2s)
—3 cosh(v) cos(271) cos(2ry) cos(2rsz) sinh(2 z) sinh(2 s)
+7 cosh(2v) cos(271) cos(2r2) cos(2r3) sinh(6 2) sinh(2s).
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3.3.4 Residual symmetry of SO(5)diag

For an embedding of SO(5)4iag analogous to the SO(6) embedding studied
in the previous section (i.e. SO(5) leaves fixed the spinor indices 6,7, 8),
the manifold of invariant scalars is 14-dimensional, and therefore too big to
justify its use for this approach. However, a particularly interesting subgroup
to consider is an analogously formed (SO(5) X SO(3))g;,,, since there is a
known de Sitter vacuum of SO(5,3) gauged N = 8 D = 4 supergravity.
Employing the techniques of the last section, it is very tempting to go even
a bit further and delete the 6,8 and 7,8-rotations from SO(3) to break to
SO(5)x SO(2), since the invariant manifold then is the six-dimensional space
R x SL(3)/SO(3).

We first want to consider the simpler (SO(5) x SO(3))y,, case whose
three singlets are the two noncompact directions of the SL(2) commuting
with Er7) which we again parametrize as in 3.4, plus an extra singlet given

by
1 L LI
M€y = 1 (3 > -5 5g5g> oS (3.11)
j=1 j=6
and thus the total parametrization is
V = exp(sM) exp(wW) exp(zZ) exp(—wW) (3.12)
from which we obtain the potential

—8972V = 25+ 15cosh(4s) + 15 cosh(s) cosh(z) + 15/2 cosh(3 s) cosh(z)
+3/2 cosh(5 s) cosh(z) — 15 cos(w) sinh(z) sinh(s) (3.13)
+15/2 cos(w) sinh(z) sinh(3s) — 3/2 cos(w) sinh(z) sinh(5s).

The eight generators of SL(3) commuting with SO(5) x SO(2) are

hag = 0565 — 3855

pi°s = 5 funs Hy—J}HfH;’W

pls = —k S (HIH]AE, = BT, ) has

psCs = =% funsHIHS Y shas

piCs = 154009 (3.14)
psCp = _faﬁBchaﬁ

s = fapsColy (0707 + 6708 + o100 + 6169

pi°s = faps© 53554'5?55)

pss = fappto® —pifs
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which again are given in the proper order to share the commutation relations
of the p from (3.9), hence we can again use the parametrization

YV = exp (Tlpl) exp (7”2]93) €xp (7’31?2)
exp (zps — spr) exp (—r3 ps) (3.15)
€xXp (—7”2 ps) exp (—7”1 pl)

and obtain the potential given in the appendix.

3.3.5 Residual symmetry of (SO(4) x SO(4))

Of the many different ways to embed SO(4) x SO(4) into SO(8) x SO(8), we

only consider the one analogous to the previous SO(5)giag and SO(6)giag con-

structions: if we label our gauge group as SO(8) x SO(8)r and perform the

split 81 /rs — (4L/R1,4L/R2), then we consider the diagonal SO(4)diag(£1,R1) ¥
SO(4)diag(r2,r2)- There are four singlets under this SO(4)xSO(4), parametriz-
ing the space (SL(2)/U(1))?, five singlets under an analogous SO(4) x SO(3),

eleven singlets under SO(4) x SO(2), and ten singlets under an SO(3) x

SO(3).

If we parametrize the SO(4) x SO(3) singlet space via

4 8
1 o o
565 = Z(Z%%—Z%%) oo

diag

j=1 j=5
1 4
S5 = —(Zajaﬂ Zaﬂaﬂ) SAE
7=1
7 .
XCs = (Z&g&gw&ia};) fass® (3.16)
j=b

V = exp(wW) exp(zZ) exp(—wW)
exp(v[St, S2]) exp(S1) exp(—v[S, Sa)) exp(zX),

we obtain the potential

—8¢72V =

21 + 3 cosh(8 ) + 12 cosh(z) cosh(2x) + 4 cosh(z) cosh(6 )

+12 cos(w) sinh(2x) sinh(z) — 4 cos(w) sinh(6 ) sinh(z)

+12 cosh(s) cosh(2z) + 4 cosh(s) cosh(6 ) + 4 cosh(s) cosh(z)
+3 cosh(s) cosh(z) cosh(4z) — 3 cosh(s) cosh(z) cosh(12 )
—32 cosh(s) cos(w) sinh(4 ) sinh(z)
+35 cosh(s) cos(w) sinh(12z) sinh(z) — 12 cos(v) sinh(2 ) sinh(s)
+4 cos(v) sinh(6z) sinh(s) + 2 cos(v) cosh(z) sinh(4 ) sinh(s)
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Q

z) sinh(12x) sinh(s)
(w) sinh(z) sinh(s)

os(w) cosh(4 z) sinh(z) sinh(s)

os(w) cosh(12z) sinh(z) sinh(s)

os(v) cosh(
os(v) cos(w
s(v) ¢
(v) ¢

S|V

+

DI S D=
Q

aQ

—3 co
+35 co

which reduces to the potential on the SO(4) x SO(4) singlet space
—8g~%V = 24 + 16 cosh(z) + 16 cosh(s) + 8 cosh(s) cosh(z) (3.17)

by setting = = 0.

3.4 Vacua

For many submanifolds for which these restricted potentials can be analyt-
ically calculated, they turn out to be too complicated for a fully analytic
determination of their extremal structure (using presently available technol-
ogy); one way to proceed from here is to make educated guesses and further
restrict the analysis to directions in the potential with special properties by
letting the angular parameters run through a set of special values. While
this technique was used in [21] to identify analoga of all stationary points
of the SO(8) x SO(8) potential that correspond to the known extrema of
SO(8) gauged N = 8 D = 4 supergravity with at least remaining SU(3)
symmetry (except the vacuum with Gy symmetry which was identified in
[19], a more promising approach seems to be to use these analytic expres-
sions'® in a numerical search for vacua!! whose results then are subjected to
educated inspection to give conjectures about exact locations of stationary
points. Typically, numerical search will produce values for angular coordi-
nates very close to rational multiples of 7, or simple relations between some
of the hyperbolic angular coordinates (for example, one being close to the
negative value of another one). By substituting these conjectured proper-
ties back into the analytic potential, the problem typically is simplified far
enough to produce a complete set of coordinates which then are subjected to
(3.2) to filter out 'fake’ solutions this process may have generated.'?

For the more accessible vacua, we collect eigenvalues of the vector and
scalar mass matrices as well as the A; and Aj fermion and gravitino mass

DOwhose evaluation is much faster than a full numerical exponentiation of Eg generator
matrices — which nevertheless is also available and useful to cross-check results

HSince stationary points of this potential usually are saddle points, one has to minimize
the length of the gradient.

12This procedure is documented in full detail in one of the examples provided in the
LambdaTensor package.
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tensors in tables like the following corresponding to the trivial vacuum at the
origin V¢ = 65 with (np,ng) = (8,8) supersymmetry:

A7) [ 16

M/92 —12(x128)

M*/g | Orxios) (3.18)
Ay 2(x8), —2(x8)

As O(x128)

Multiplicities are given as subscripts in these tables; the Goldstone modes
are contained in the m? = 0 M-eigenvalues and goldstino modes (identified
by projection with As) will be marked with an asterisk.

3.4.1 The G5 x Gy vacuum

Finding vacua is a highly nontrivial task; checking the existence of a vac-

uum (and its properties) once it has been identified is — at least in principle

— amenable to a manual calculation. We demonstrate this by presenting

explicit intermediate quantities for the particular case of the vacuum with

unbroken gauge symmetry Go x Gy and (ng,ng) = (1,1) supersymmetry.
This vacuum is located at

MA = 2 (H&“Bég‘ég - ngégég)

m = %log (% + %\/ﬁ) (3.19)
Vs = exp (mMAfABC)

Even and odd powers of the generator N¢z := M“ f45¢ (from which one
can directly read off its exponential in terms of sin and cos contributions)
are given by

Pi(fv) = 0y —5,8538'7 Pé;;) = 0o _52527 ng) . 5@5—5352
DY = 68085, DUy = a5 — 80365, D;;-") = 0 — 856%
BT = 40k — 88307

Aijir = 5,2}"132.(;”) Pj(ZU)

Biji = 8 — Aijw

ey = SR PIPI

Aty = oot e,

Ts Ts Tv Tv
QT = REP PP,
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+H§ g ] (R 4220 RT)
+HSHE oI (RS, 22"35;;;)
+HS 1 ol (RS 4+ 2 RTD)

HS HY <—5M555 + 22715450868

2n—1 8 ¢8 2n ¢8 ¢8 ¢8 ¢8
+22 550805 — 2205050565 )

+HEHY <§5m555 + 220715, 0565
227 05505,05 — 27765,650565 )
s (1
+HS g H, < Ve V50005 — 210 676503
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+HS HYY < Yoo 55?5]8 — 27 675503



42 CHAPTER 3. SO(8) x SO(8) GAUGED N =16 D = 3 SUGRA

] 8 2n+41 ¢8 ¢8 ¢8 ¢8
2205080505 + 22+ 55550567 )

ikt
o

— 7) ijk
+22 =Sy e, HE ] Y HE HE s B!

oy TopB

—617C 7) ikl
+22n 1S i S S B

+22 S g e, HE I H HE HESSE)

n— 7) _ijl
+22 - HG, B I ) HE B 68 B A

oy Tog
Hf;H "H H H{* H} (22"—3Aijkl - 1—16 (147-2°"7%) Biju
+22n—5,y(il]§lp(§;s) I 22n—5,ygglp(i;c)>
HfHE"H H! HE HF (22"‘3A;5,;;— 1—16 (1+7-2°"%) By

2n—5_ijkl 5(7s) 2n—>5, 5kl p(7¢)
+22n =B pY) 1 925y UM P )
HgJHgLHZIH;]H,le—L <5z'k5j[+ (22n—2 B 1) 5z'k5§;5l§

I (22n—2 _ 1) 531_55552 _ (22n—1 . 2) 5555585251@) (3.20)

The T-tensor for this vacuum is then given by

K = 55 (280305 — 51030003 — s 0263013)
K = 55 (2908505 — it 15685 — o 0103030%)
K = o~ cop D D — LD LD
T = o (HEHE + HPHY) HHK),
+% (H‘j{ﬁHé" - HgﬁH;’(’) HiHIK)

2 o o i17J j :
~SV5 (HAﬁH{SJ - HBﬁHj‘]> H}H; (525f5§7i»y - 525585375"Y>
2 &f & i r7J j :
V5 ( o HY + HgﬁHjJ) HiHY, (5§5f537ia — 0305 53%5)

8 « ) « ) 7 i
+§\/5 <HAﬁHg + Hy H| ) (5i85§5§7m - 5535253755)

1 - . X
g5 (HWHE" + HY HI") HYH) HIHL606, 05 DY
1 e ] ikl 1(7s
g (HYHEE + HY HEY) HLH) HCH 53600 705 DL
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and the A1,273

1J
Al

IA
Ay

And one sees that indeed, the stationarity condition 3 A7 AJA

THIK)

afij

]' Q, (0%
—5 (B HE + B HY )
536%350)
0505055

a'yﬁé
J g0
HKﬁ”

—AHHY (550500, —

—4H°“5Hg5 (95050 —

2

1 L
LB B K,
1 — v

Y HE LK),

2

(HjBHéJ + HY HY )

_l_

3

tensors are

43

(3.21)

SHY HE G (S0P - tap))

86858

o/ (4 P(7” T 8 ug8

3"

) H!HY (4 PV

3

)

TA s858p I77A 5858 p(Tv) _j
_\/_<H HASSE Py — HIH 5%5va o
—HH,8568 P qgw HIH S0PV, (3.22)

A 1B 75) ¢8 8 (7¢) 58 <8
~8 HA P (chV 0305 — Pl 5a<5y)
A 7B (7¢) ¢8 (7s)

—8 H,H! (Pd. 5358 — P! 5353)
4 B A 8
-3 (H HE 4+ HEH )@ X

x (59267l — 47260505 — 49550507

— ABABA iy

satisfied.
Thus, we obtain:
A/(2¢%) | —256/9
./\/l/g2 1040/9(X1) 16(x1), O(ng —112/9(X49), —80/3(X49)
M¥/g 20/3(><7)7 4/3(x7 (x100) s —4/3(x7 20/3(><7)
Ay ), 8/3(x1), _8/3(><1 —4(xn)
A3 12(><7 28/3(><1 4(><7 4/3(><49
_4/3(><49 _4(><7 _28/3 x1) _12(><7)*
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3.4.2 The other vacua

For the other vacua, we do not present the full calculation but just list their
locations and properties.

The vacuum with largest unbroken symmetry has a remaining symmetry
of SO(7)* x SO(7)* (both are equivalent here), and is located at
Vo5 = exp ((Arcosh 2) 5000 HA, Fap ) (3.23)

— all supersymmetry is broken here, but it is nevertheless stable:

A/(2¢%) | =25

M/g? | 96(x1), Oix11), —I(x64), —24(x19)

MY /g | 6(x7), Ox114), —6(x7) (3.24)
Ay 7/2(X8 —7/2(X8

A, 21/20x8y> 3/2(x50), —3/20x30), —21/2(xs)-

There is a further vacuum with (nng) = (2,2) supersymmetry and a
remaining symmetry of SU(3) x U(1) x SU(3) x U(1) at

o o ( % (Arcosh3) fas” (HZy (5505 +0867) + 12, (5500 + 5355)))

(3.25)
with mass spectrum
A/(2¢%) | —36
M/92 160(><1) 28(><4 0 (x38)5 —20 (x36) 32(><49)
MY/ g | 8(x7), 2(x12), O(><90 —2(x12), —8(x7) (3.26)
Ay 5(x6); 3(x2); —3(x2), —I(x6) '
Az 15(x6)*> 11(x2), D(x14), L(x42),
—1(xa2), —9(x14), —11(x2), —19(x6)

Another AdS vacuum without any supersymmetry that breaks SO(8) x
SO(8) down to SU(4) and has A/(2¢%) = —52 is located at

1 5 1
= -1 -+ =-v2l
a 40g<2+2\/_)

b := Arcosh2
Ves = oxp (fas” (0™ i (0505 +0507) ) (327)

The mass spectrum for this vacuum is slightly more difficult to calculate
than for the preceding cases and has not been determined yet.
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A further AdS vacuum that breaks all supersymmetry and has a remain-
ing symmetry of SU(3) x U(1) x U(1) is given by

Awp = Oup— 0505 — 6363

ko= \/78+14v33

m = 6+6

2

1
p = log <6\/18+6\/33+6m) ~ 0.4616649
1 7 1 1
= ——1 — 4+ =33 — = ~ 1.2694452
q 5 og(2—|—2 33 Qk) 69445

Vs = exp (fas” (pHSA + qH (0500 + 6207) ) ) (3.28)

A(2¢%) = —3564 (1453 +253v/33 + 116k + 20V/33 k;) x

2

(3+\/§+m)_2 <7+\/§+k)_ x
(24+6\/§— 3m — \/ﬁm)_l ~ —49.82132

Again, the mass spectrum has not been determined analytically yet.
Furthermore, there is strong numerical evidence for a further vacuum
with remaining symmetry of only SU(3) at

p ~ 0.43045295, ¢~ 0.03708009, r ~ 1.16386200

(s) _ nsn n sn 3 55 553
Ay = ) —qosy+ Y —pousy —rosoh —r ol
n€{3,5} ne{1,2,4,6,7,8}
A = DT qaop+ YD ponop +raioh +r ok
neq{3,5} nef{1,2,4,6,7,8}
Vs — exp (fABC (pH;“ﬁAﬁjgmHjBAgﬁ?)) (3.29)
A/(29%) =~ 105.527621

So far, no analytic expression has been found for this vacuum candi-
date. The corresponding parameters for (3.4) are ¢ = /4, a = 157/4,
w = 7/4,M\ ~ —0.5563132, Ay = —1.6459494, z ~ —1.8786964.
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Chapter 4

Noncompact gauge groups

4.1 On noncompact gauge groups in super-
gravity

Standard quantum field theory textbook lore [52] tells that gauge groups
have to be compact to avoid the appearance of negative norm states [28].
Nevertheless, there are some cases of theories which contain scalar fields
where a positive definite metric can be constructed from these scalars that
allows an implementation of noncompact gauge invariance. (See [14] and,
in particular, [33] for an explanation of the construction of SO(7,1) gauged
N = 8 supergravity.)

Generally, a necessary condition for a gauge group candidate is that a
maximal subset of the vectors transform in the adjoint representation. When
it is not possible to absorb the extra charged vectors that transform non-
trivially under the gauge group (for example, in D = 5 the vectors can
be dualized into massive self-dual 2-forms [45, 30]), as is the case in four
dimensions, then the whole set of vectors must be used. This gives quite
severe restrictions on possible gaugings in higher dimensions; in particular,
for D =4 N = 8 one basically has just the SO(p, 8 — p) noncompact versions
of SO(8) and their contractions [15], while for N = 16, D = 3 a much bigger
freedom exists due to the duality between vectors and scalars. Of the max-
imal semisimple subgroups of Eg(ig), the analogous noncompact versions of
SO(8) x SO(8) of the form SO(p,8 — p) x SO(p,8 — p), which are contained
in Fgys) via their embedding in SO(8,8), as well as the exceptional cases
E8(+8)> E7(+7) X SL(Q), E7(_5) X SU(?), E6(+6) X SL(?)), E6(+2) X SU(Q, 1),
Eg—12y X SU(3), Gy x Fy_a0), and Gy(42) X Fy14y are possible.

47
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4.2 SO(p,8 — p)?

Going back to the Eg — SO(8), x SO(8)r decomposition 248 = (1,28) +
(28,1) + (8,,8,) + (85,8;) + (8.,8.), we obtain SO(8,8) from SO(16) by
using a triality rotation to exchange the role of vectors and spinors. Then,
the compact subgroup of the first factor of SO(p,8 — p); x SO(p,8 — p)2
is obtained by splitting each (8;,) — (p,8 — p) and combining the SO(p).
with the SO(8 — p)g subgroup. (And vice versa for the second factor.)
As before, the P*"°Q = ( projection condition requires a ratio of gauge
coupling constants of —1. Hence, the embedding tensor of SO(p,8 — p)?
given by

p
P = Z 868 Qup = 0ap — Pap

HY = H”‘”HU HIHY,  HY = Hg H) HH)
)2 1 i o o
@i%(w p?  _ 16 Hkl ajﬁ%é (p TpBs _ Q “/Qﬁ&)
1 (] ? (6% QU
+16Ha HHEAT AR (Q QP — P p?)
+2H HY PorQps — 2HS HY Qo Ps. (4.1)

The subgroups presented in the previous chapter have been chosen in
such a way to maximize the amount of information that can be obtained on
various gaugings of the theory by simply redoing the calculations using the
invariant scalar submanifold parametrizations given there with other (com-
patible) embedding tensors.! It may happen that in some cases, some of
the singlets under the subgroup in question of the compact subgroup of the
gauge group are part of the noncompact gauge group, and hence correspond
to trivial flat directions of the potential, but this does not spoil the analysis.

Note that the double ratio
Effort(Submanifold M, hand calculation Nr. 2) / Effort(Submanifold M, machine calculation Nr. 2) hardl
Effort(Submanifold M, hand calculation Nr. 1) Eﬁort(SubmamfoId M, machine calculation Nr. 1) ardly

could be larger, since all we have to do in the machine approach is to change the value p
and go for a cup of coffee!
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Using the Gaqiag singlet parametrization (3.5) for SO(7,1)? gives

—8¢72V =

99 _ I cosh(2s) — 22 cosh(4s) + 5L cosh(s) cosh(z)

—% cosh(3s) cosh( ) — % cosh(5 s) cosh(z) — £37 cosh(7s) cosh(z)

fg L cos(2v) + 8 el cos(4v) % cos(2v) cosh(2 )
—2 cos(2v) cosh(4s) — 2 cos(4v) cosh(2s) + 2L cos(4v) cosh(4 s)
—I—%%Z cos(2v) cosh(s) cosh(z) — 51’(2)51% cos(2v) cosh(3s) cosh(z)
+1024 cos(2v) cosh(5s) cosh(z) — 722 cos(2v) cosh(7s) cosh(z)
ﬂ% cos(4v) cosh(s) cosh(z) — 5613% cos(4v) cosh(3s) cosh(z)
+215 cos(4v) cosh(5s) cosh(z) — % cos(4v) cosh(7s) cosh(z)
— 322 cos(6v) cosh(s) cosh(z) + 1024 cos(6v) cosh(3s) cosh(z)
— 222 cos(6v) cosh(5s) cosh(z) + 1255 cos(6v) cosh(7s) cosh(z)
22&887 cos(v — w) sinh(z) sinh(s) — 221 cos(v + w) sinh(z) sinh(s)

5
~aps cos(v — w) sinh(z) sinh(3s) — % cos(v + w) sinh(z) sinh(3 s)

)
cos(v — w) sinh(z) sinh(5s) + &5 cos(v + w) sinh(z) sinh(5 s)
%;;3; cos(v — w) sinh(z) sinh(7s) — % cos(v + w) sinh(z) sinh(7 s)
—1-1308254 cos(3v — w) sinh(z) s%nh(s) — W4§41005(3U + w) sin.h(z) sinh(s)
18%4 cos(3v — w) sinh(z) s%nh( s) + 2 20498 cos(3v + w) s%nh( z) sinh(3 s
—1-1224 cos(3v — w) sinh(z) s%nh(5 s) + 0I5 cos(3v + w) s%nh( z) sinh(5 s
18%4 cos(3v — w) sinh(z) S%Hh(? s) — §48 cos(3v + w).smh( z) sinh(7 s)
+208498 cos(5v — w) sinh(z) s¥nh(s) + 1024 cos(5v + w) sinh(z) sinh(s)
1()748 cos(bv — w) sinh(z) S%Hh(3 s) + 2 11%294 cos(bv + w) sinh(z) sinh(3 s
+2248 cos(5v — w) sinh(z) s%nh(5 s) — 101 cos(bv + w) s%nh( z) sinh(5 s
23%8 cos(5v — w) sinh(z) s%nh(7 s) + i cos(bv + w).smh( ).smh(?s
—1—28 cos(7v + w) sinh(z) sinh(s) — gor cos(7v + w) sinh(z) sinh(3 s)
+ 5095 €0s(7v 4+ w) sinh(2) sinh(5s) — 55 cos(7v + w) sinh(z) sinh(7s)

(4.2)

and by setting v = 0, we again obtain the potential on the manifold of SO(7)

singlets

—8g72V =

33 — Tcosh(4 s) + 2 cosh(s) cosh(z) — 7 cosh(3s) cosh(z)
—2 cosh(7s) cosh(z) — 2 cos(w) sinh(z) sinh(s)

—7 cos(w) sinh(z) sinh(3 s) — 1 cos(w) sinh(z) sinh(7 s).
(4.3)

The potentials obtained by using the SO(6)qiag singlet parametrization
(3.9) for the embedding tensors of SO(7,1)* and SO(6,2)? as well as the
(SO(5) x SO(2))aiag Potential for (SO(5) x SO(3))* are given in appendix
A. The potential of the (SO(5) x SO(3))? gauged theory on the manifold of
(SO(5) x SO(3))diag singlets parametrized by (3.11) reads

—8¢72V

5 — 15 cosh(4 s) — 15 cosh(s) cosh(z) + L2 cosh(3s) cosh(z)
? cosh(5 s) cosh(z) + 15 cos(w) sinh(z) sinh(s)
+22 cos(w) sinh(z) sinh(3s) — 3 cos(w) sinh(z) sinh(5 s).

(4.4)
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For the gauge group SO(4,4)?, the potential on the manifold of (SO(4) x
SO(4))diag singlets parametrized by (3.16) with z = 0 is

~8¢72V = 24 — 16 cosh(z) — 16 cosh(s) + 8 cosh(s) cosh(z),  (4.5)

and including the extra (SO(4) x SO(3))aiag singlet, this reads

—89_2V =

21 + 3 cosh(8 z) — 12 cosh(z) cosh(2x) — 4 cosh(z) cosh(6x)
—12 cos(w) sinh(2x) sinh(z) + 4 cos(w) sinh(6z) sinh(z)
—12 cosh(s) cosh(2x) — 4 cosh(s) cosh(6 ) + 4 cosh(s) cosh(z)
+3 cosh(s) cosh(z) cosh(4z)
—% cosh(s) cosh(z) cosh(12z) — 2 cosh(s) cos(w) sinh(4 ) sinh(z)
+35 cosh(s) cos(w) sinh(12x) sinh(z) + 12 cos(v) sinh(2 ) sinh(s)
sinh(6z) sinh(s) + 3 cos(v) cosh(z) sinh(4 ) sinh(s)
(v) cosh(z) sinh(12x) sinh(s) + 4 cos(v) cos(w) sinh(z) sinh(s)
—% cosgvg cos(w) cosh(4 x) sinh(z) sinh(s)

S

(4.6)

If we do the same calculation with the embedding tensor of SO(7,1)?%, we

obtain

—8¢7V =

21 — 3 cosh(8 ) + 12 cosh(z) cosh(2x) — 4 cosh(z) cosh(6x)
+12 cos(w) sinh(2x) sinh(z) 4+ 4 cos(w) sinh(6 z) sinh(z)
+12 cosh(s) cosh(2x) — 4 cosh(s) cosh(6x) + 4 cosh(s) cosh(z)
—% cosh(s) cosh(z) cosh(4 x)
-3 cosh(s) cosh(z) cosh(12z) +  cosh(s) cos(w) sinh(4 ) sinh(2)
+35 cosh(s) cos(w) sinh(12z) sinh(z) — 12 cos(v) sinh(2 ) sinh(s)
—4 cos(v) sinh(6x) sinh(s) — § cos(v) cosh(z) sinh(4z) sinh(s)
—g cos(v) cosh(z) sinh(12x) sinh(s) + 4 cos(v) cos(w) sinh(z) sinh(s)
+2 cos(v) cos(w) cosh(4x) sinh(z) sinh(s)
+5 cos(v) cos(w) cosh(12z) sinh(z) sinh(s)

(4.7)

4.3 Exceptional gauge groups

4.3.1 E7 +7) X SL(Q)

Since for the gauge group Eg(4s), the potential reduces to just a cosmolog-
ical constant, the nontrivial case with the largest number of noncompact
directions in the gauge group is that of Er17) x SL(2).
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Here, the embedding tensor is given by

@E7(+7)><SL( ) _ HIJ]HKL]H{,{]]H[II{{LL
(HIHf,H}“(Hl 51+ HyH) H H 59
+HH H}HL0 + HiH)HEH 9 (4.8)
2 ) HEHE, (007 + 030 — 0037) )
+HHY (80,685 + 037005 — Gagdas)
HHHY (865045 + 05045 — 0g50+5)

Using the tools we developed in previous sections, it is natural to consider
the scalar potential on the manifold of SO(6) C SO(8) singlets by using the
parametrization (3.10). Since the SL(2) parametrized by v,rs is part of
the gauge group, and hence corresponds to flat directions in the potential,
these two parameters drop out. Furthermore, three of the five noncompact
directions of the SO(6)-invariant SL(3) singlets lie in the gauge group, and
the smallest group containing the remaining two orthogonal directions is
SL(2), which we can parametrize by?

SCB _ (5(155 . 5a55> fﬁfABC
VCB _ 1 5”HIHJH JfAB (49)
% = exp (v V) exp (s5) exp (—v V)

and obtain the potential
—8g7 %V =22 — 6 cosh(4s) , (4.10)

which obviously does not have any nontrivial stationary points.

4.3.2 E7(_5) X SU(2>

An embedding of this gauge group into Fgg) can be obtained by deleting
the +2 —3 root from the extended Dynkin diagram 1.2. The ladder operators
corresponding to the remaining roots will generate the noncompact real form
Er(—5xSU(2). In order to define the embedding tensor, we have to introduce
a further 8 — 4 + 4 index split for the vectors of the left SO(8) of SO(8) x
SO(8 ); using superscripts A, B to discern both 4, we have I — (i,j) —

(1,37, ).

2Note that S€z was incorrectly translated from machine form — where index counting
starts at zero — to conventional notation in [19].
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The embedding tensor is then given by

®E7( )XSU(Q) _ lijjHﬁ/é&m (655 4 ’)/Z]kl5162(5364)
L HS 5 (% + 7”’“51525354)
+1ad H[K—LH[% HIh HYH Y HY
iA A A i B B BB
H;! H] H,’j H} 5kA]lA — H! H]] Hfj H} 6,55
+24 5212,34)
[U} [KL] i i
TH— H—Hﬁ}H[II((LL]H H]H'lecW
(1J] , [KL] ;
~H Hg  Hjp) HI;LL]HIHJ HYHL 55 HE HE S04
(4.11)
Shooting into the blue sky, we take the positive roots + + + + + + ++
and + 4+ 4+ + — — —— and parametrize the four noncompact directions of the
corresponding SL(2) x SL(2) via
AT = 0107 + 000 + 6709 + 6708
VCB _ 1 52]HIHJH Jf.AB
§% = (—5§5§ 5;55) A fast
Wes = & (HIH] AT — B AT) Hf fas®
Z = (+5§5§ + 5?5§> Hjs fas®
)% = exp (vV)exp (sS)exp (—vV)exp (wW)exp (2Z) exp (—wW)
(4.12)
and obtain the potential
—8g72V = 242 cosh(4z)+ 1 cosh(4s) (4.13)

+6 cosh(2s) cosh(2z) — 1 cosh(4 s) cosh(4 z)

which indeed does have a stationary point corresponding to a true vacuum at
sS=z= 1Arcosh 2. The corresponding smglet generator 5“5ﬁ HA 5 485 Arcosh 2
breaks the (SO(12) x SO(3)) g, xSU(2)sv(2) compact subgroup ofthe Er(_5)x
SU(2) gauge group in quite an 1nterest1ng way: the SU(2) gauge group
factor with positive root +1 4 2 forms a diagonal SO(3) with an SO(3)
factor within the SO(12) of the SO(12) x SO(3) maximal compact sub-
group of Er(_s); the positive root of this latter SO(3) is +3 + 4. The SO(3)
factor of forementioned SO(12) x SO(3) (with positive root +1 — 2) re-
mains unbroken, and a third SO(3) factor with positive root +3 — 4 ap-
pears. The rest of SO(12) then forms a SO(7) with an SU(4) with simple
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roots +5 — 6,46 — 7,47 — 8 as simply laced subgroup. Hence, the remain-
ing gauge symmetry is SO(7) x SO(3) x SO(3) X SO(3) diag, and this vacuum
furthermore features N = 4 supersymmetry.

4.3.3 E6(—14) X SU(B)

For this gauge group, no attempt has been made so far to find a nontrivial vac-
uum; here, we only give the embedding tensor. The subset +4 — 5, +5 — 6,
+6 -7, 4+7-8, +7+8, +—————— + of simple roots from (1.11) with
respect to the compact Cartan subalgebra corresponds to an embedding of
FEg(—14) into Eg(ig). SU(3) is likewise obtained from the roots —1 — 2, +2 — 3.
This is sufficient information to complete the construction. It gives:

(46s) . s4s54 6 56 (46c) . ¢4 4 6 56
Daﬁ = 5a56 + 0,07, DdB = 5d56~ + 56'“56'
O Y = H P DY+ HYH S DY

(1] (K1)

+H Y, TR

(= H}H HY HE oy — & HYHHE H],

+5 HyHHE HY, (03" Fon Fi = 037" B Ejn

e G )
(4.14)

4.3.4 E6(—|—2) X SU(Q, 1)

Applying a + + + + + + ++ Weyl reflection to the previously given set of
simple Ejg roots yields the roots +1 + 8, +4 — 5, +5 — 6, +6 — 7, +7 — &8, and
—————— ++, which correspond to an embedding of Eg(;9) into Eg(ys).
In the same way, we obtain the corresponding SU(2, 1) from — — + 4+ + + ++
and +2 — 3. Unfortunately, the corresponding embedding tensor is quite un-
wieldy, so we do not give it here, as it perhaps makes sense to try to find a
construction which is more convenient for further calculations.

4.3.5 E6(—|—6) X SL(B)

One way to obtain the embedding tensor for this group is to take as SL(3)
the subgroup of Eg(1s) that commutes with the compact (SO(6) x SO(2))diag
subgroup of the diagonal of the gauge group SO(6,2)? constructed in sec.
3.3.3; the corresponding generators were explicitly given by p;_ g in (3.8). The
group commuting with this SL(3) is just Eg1¢). With the intention to embed
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Fy(44y into Eg(46) in mind, a perhaps somewhat more useful construction is

given by starting again from the extended Dynkin diagram, but this time with

roots corresponding to the noncompact Cartan subalgebra, that is, (1.15).
The embedding tensor thus obtained reads

DY) = zn . 535n
5 5 3 3
Eoa o DEDO-DBDY
Fupys = GLO25L0% + 01030103 — 62636267
Goaprs = §262076% + 63630207 — 02050507 — 83626263
ol _ gy

( e HZH] Hj HILV;JQVM Eapys
H P JHiH lﬂaﬁv“ Eaprs
H,HJ Hk kL (}ﬂgﬁw (5@5”1)( 5&555”53)

a1 s61 (5 (5) (5)
+ﬂ’ya1a2a3a47ﬁ1ﬁ2ﬁ3ﬁ45 K 1Dazﬁ2Da353Da4ﬁ4)>

+HHY (D )05~ DD + DYDY — DD + 2Cas,s)
41 HzBH'y(S <1 op 75 <5a5’yD(5 +5a555"/56>

4 aﬁ Vs
a1 61 (5 (5) (5)
+ﬂ’ya1a2a3a47ﬁ1ﬁ2ﬁ3ﬁ45 ‘o 1Dazﬁ2Da353Da4ﬁ4)

(4.15)

4.3.6 F4(_|_4) X G2(+2)

The Fj44) subgroup can be obtained from Eg ) above; Ga(49) is then the

space of all Fy4) singlets. In particular, the Fj4 Lie algebra is gener-

ated by (Th74s +T-7-8), (Th748 — T_7—8), (Tye—7 + T_647), (Th6—7 — T_6+7),
(T4 Tt Tras +Tays), (T + =+

Thas =T uy5), (Ths—6 + Tgy5+ Thr—s+ T 748), (Ths—6 — T645+ Thr—s — T_74s).
Unfortunately, this construction mutilates the SO(8) x SO(8) components

of Eg(;+s) so badly that no reasonably simple expression for the embedding

tensor could be found in that language.

4.3.7 G2 —14) XF4( 20)

The subgroup of SO(8), that leaves the last vector, spinor, and co-spinor in-
dex fixed is Gig; all generators of Eg that commute with this G, form a Fy_o)
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whose compact subgroup is SO(9). The linear combination of embedding
tensors of these two groups with a relative gauge coupling gg,/g9r, = 3/2
satisfies the P27 projection condition and thus corresponds to a possible
gauging. It is given by

dije = 511//%:pii’pjj’pkk’pll’
Ous = HYHYG,0505
+H 0440868
_ HMH@HM Hsh 1Y HY 05653 (4.16)
= L gl Hyg " HI B 1) Y 1 62

Lo, (KL i 173 17k g7l
g Ha Hi— Hipy Hidy HyH HicHy

1 L
(8 diji — 77;J§l (Oag — T0555) — ?vggl (66-4; - 75352)) .

The main problem in this case is to find a suitable invariance subgroup
of the gauge group which is small enough to show nontrivial structure, but
does not give too many singlets. Here, we choose that particular subgroup
SU( ) x SU(3) of the group SO(8);, x SO(8)r which stabilizes the vectors

= 67, vk = 0% vl = 67, vl = 6" as well as the spinors p*r = §OL8,
wO‘R = 50‘38 (and Wthh therefore is also a subgroup of G x Fy_ag)).

This group is stabilized by a subgroup SU(2,1) x SU(2,1) of Eggs)
hence we have to deal with an eight-dimensional submanifold of the su-
pergravity scalars here. The intersection of this eight-dimensional mani-
fold with the gauge group is four-dimensional, but unfortunately, unlike
for the parametrization considered in the Er7;y x SL(2) case, the smallest
group containing the four directions orthogonal to the gauge group is the full
SU(2,1) x SU(2,1), hence we parametrize the full eight-dimensional mani-
fold. Using the generators X4 gy of both SO(3) subalgebras as well as those
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directions Y(4,p)

Vo = =5 (0800 — 0507) fagu
X?A)lB = 2 5%552_5%5; f@BC

XCyos = 2(0800+640%) fis©

XCyos = 2 (856 figs® — 613 f@BC)
Yig = —3 <5§55 53526)de30
XGs = —2 (0804 +0507) fis
X(CB)zB = -2 5%5;_5335% f@BC
Xeoppn = =2 (004 fuge + 0104 fie®)

we parametrize the eight-dimensional singlet manifold as

= exp(r1 X

exp

eXp( TGX(B) ) GXp( T's X(B)2) GXp(—’T’4X(B)1)
exp(—73 X(a)3) exp(—r2 X(a)2) exp(—r1 X(an)

(5Ya)) exp(zY(m))

and obtain the potential given (A.6).

4.4 Vacua

(11 X(ay1) exp(rs X(ay2) exp(rs X(a)3)
exp(ry B)l) exp(rs X B)2) exp(rg X(B)3)
e

(4.17)

(4.18)

For every model with noncompact gauge group for which we find a nontrivial
vacuum, we also give data for the trivial V5 = 6§ vacuum; of relevance is
for example the square root of the ratio of cosmological constants, since this
should correspond to the ratio of central charges of the boundary CFT.

For the gauge group SO(7,1) x SO(7,1), the vacuum at the origin has:

A/2g?

-9

M/g?

16(x1), O(x14), —9(x64), —8(x49)

Mvec/g

2(x7), O(x114), —2(x7)

Ay

3/2(x8), —3/2(xs)

As

7/2(x8), 1/2(x56), —1/2(x56),

—7/2(xs)

(4.19)

There is a further stable AdS vacuum with remaining symmetry Go X Go
and no supersymmetry at

V5 = exp (fABCHfﬁég‘ég - Arcosh 2)

(4.20)
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with mass spectrum

A/(2¢%) | —211/16
M/92 195/4(><1)7 45/2(><1 ><28 _9/2(><49 _33/4><49

MY /g1 9/2x7y, 3(x7), O(x100), —3(x7)s —9/2(x7) (4.21)
a4 35/8 01y, 19/8(xm, —19/8(x7), —35/80x1)
As 105/8(X1)*, 57/8(X7)*, 33/8(X7), 15/8(><49),

—15/8(x49), —33/8(x7), —57/8(x7y=, —105/8(x1)-

Furthermore, there is strong numerical evidence for another vacuum with
A/(2¢%*) = —13 and remaining symmetry SO(6) x SO(6) whose location is
approximately given by

Vs ~ exp ( Fas€ aﬁ( 1.1311837 6267 + 0.3317440 6267

+0.1023203 6565 — 0.00844055555)) (4.22)

or, in parameters for (3.10), z & —s ~ 0.2906220, v ~ —1.2037291, r, ~ 3,
T3 & b /2, 19 & 6.3825153, r5 &~ 0.3689107. So far, no corresponding analytic
expression has been obtained for this vacuum.

For the SO(5,3) x SO(5,3) gauged model, the origin is an AdS vacuum:

AJ2g7 | -1

M/92 8(><9)7 3><64 0(><55

MY/ g | 2(x15), O(x98); —2(x15) (4.23)
Ay 1/2(><8 _1/2(><8

Az 5/2(x24), 3/2(x40), —3/2(x10), —5/2(x24)

Furthermore, we find a deSitter vacuum with remaining symmetry of

SO(5) x SO(5) x SO(3)giag at
1
Vs = exp (§Arcosh5 fas®HZ (5555 + 6908 + 5;;55)) (4.24)

with mass spectrum

A/(2¢%) | 11

M/g? | 96(xs), 45(xa8)s 24(x25), O(xa3), —3(x16), —48(x1)

M¥/g 6(><15)7 0(x98) _6(><15) (4.25)
A3 15/2(><8* x16) 5 9/2 x40) _9/2(><40 _15/2(><8*,><16)
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The vacuum at the origin of the SO(4,4) x SO(4,4) gauged model is a

Minkowski vacuum:

A/(29°) | O

M/g*

4(x96), O(x32)

Mvcc/g

2(><16 )

0(x96),

_2(><16)

Ay

0(x16

As

2(x64),

)
)
)
)

—2(x64)

(4.26)

Here we find a further deSitter vacuum with remaining symmetry SO(4) x

SO(4) x SO(4)diag at

Vs

with mass spectrum

A2g) | 2

M/92 12(x49), Y(x32), O(xa6), —12(x1)
M¥/g 3(><16 O(x96); —3(x16)

Ay L(xg8), —1(x8)

As 3(x8*, x56), —(x8*, x56)

1
exp <§Arcosh2 fABCHfﬁ Z = 145&55)

For the Ga—14) X Fy—20) gauged model, the origin has N =
persymmetry, and the gauge group is broken down to its maximal compact

subgroup Gg x SO(9):

A/(29°)

—4

M/g®

x16) >

—3(x112)

Mvec/g

; O(x112)

A

Ui
L
L

x7), —L(x9)

As

)
x16)
)

2(><16 ) 0(><112)

There is a further AdS vacuum with N =

gauge group to SU(3) x SO(7) at

(4.27)

(4.28)

(7,9) su-

(4.29)

(0, 1) supersymmetry which breaks

1 o
Vs = exp (§Arcosh7 fABCHfﬁ-égég) (4.30)
with mass spectrum
A/(2¢%) | —25/4
M/92 24(x1y, O(><37 _9/4(><48 —6(x42)
M¥e/q 4(><1) )y 3/2(x8), L(x7)s Orxony, —1/2(x8), —3(x7) (4.31)
A 11/4(x1 /4(><6 _5/4(><1)7 —7/4(x8)
Az 33/4(x1)* 21/4 w6)*s 17/40x1y, 11/4(xs), 9/4(x7),
3/4(><48 _3/4(><42 _7/4 X7)» 21/4 X 8)*
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For the Er_5y x SU(2) exceptional gauging, the vacuum at the origin
breaks the gauge group down to SO(12) x SO(3) x SU(2), with N = (4,12)
supersymmetry:

A/(2g°) | —4
M/g*> |0
Mvec/g 1
Al 1
Ag 2

)
x64) 5 O(><64) (432)
)

As explained before in sec. 4.3.2, there is a further nontrivial vacuum at
Vis = exp (50‘5 H ngB Arcosh 2) (4.33)

with remaining symmetry SO(7) x SO(3) x SO(3) x SO(3)diag, N = (0,4):

A/(2¢°) | —25/4
M/g2 24 x1) 0(><106 —6 x21)
Mvoc/g 4(><4) 3(><3 3/2 x32)5 1(><28)7

0(><22 _1/2(><32 _3(><7 (434>
Al 11/4(><4 5/4 ><4 —7/4 ><8)
As 33/4A(xay s 17/40eny, 11/4(x32),

9/4(x28), 3/4(><24 —T7/4(x28), —21/4(xs8)*
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Chapter 5

A four-dimensional example

For maximal (N = 8) gauged supergravity in four dimensions with compact
gauge group SO(8), the known nontrivial vacua are one with a remaining
symmetry of SO(3) x SO(3) and cosmological constant —14¢* [50] as well
as five further ones for which it has been proven by exhaustive analysis of
the potential restricted to a submanifold of six scalars that they are the only
vacua with a remaining symmetry of at least SU(3). It is tempting to try to
apply the tools presented here to go even further and break SO(8) down to
a smaller subgroup. In particular, among the different embeddings of SO(3)
into SO(8), there is a very simple one for which the SO(3)-invariant sub-
manifold of the 70-dimensional space Ery/SU(8) is ten-dimensional. This
is given by the following construction: under its maximal compact subgroup,
SU(8), Er(ry decomposes into the adjoint representation as well as the self-
dual and anti-self-dual 4-forms 133 — 63 + 35,4 + 35..4. With respect to
the gauge group SO(8), the 3554 and 35,4 are just the symmetric traceless
matrices over the spinors and co-spinors, while 63 decomposes into the ad-
joint 28 and a further 35 given by the symmetric traceless matrices over the
vectors. Hence we split Fr(7) adjoint indices via A — ((af3), (af), (ab), [i]).
If we furthermore split the fundamental representation via 56 — 28 + 28,
P — ([ij], [i5]°) and introduce the auxiliary tensors

T (0508 — 03100 for (aB) =€ {1...7}
— VI3 (8908 + 5208 for ¢ [pgl =n—3,
p, q such that H@Z] =1
ikl . g AR 1 pl £ ~ ikl o 59
g = ditto, with /5% in place of 5 (5.2)
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i (008 — 60 465, ,) for (ij) =n €{1.7}

(ij) = n € {8..35},
Quit = . — 5.3
Gl i (0%5¢ + obae) for ¢ [pal =n—38, . (5:3)
P, q such that HM =1

then generators in the Err) fundamental representation can be obtained
from?! (here, capital letters I, J, ... also designate SO(8) indices)

) [i]* ;KL i,
tp? = H ng]HJ HEHI}{W@@“

8
1 (aB) [k0® (1] klIJ
+8H H[k)l]H HIJ H[IJ]a\II( )

i [i]* [KL] ijKL
HY. H HITH[KL]b\I]J

()
I @8

8 (5]

! pad) Hk, g g HE 0 (5.4)

H[IJ 5]’574 51/J/Qa

[1.J]

8
2H Y o

[ig]®

/

o e

lig]®

(ab)
—2H T H Hy

Hy =67/ 6.,617 Hiy60 0
[KL 5l’ 5]@’[’5[( L/Q(ab

[ad] ;g
+2Hy " Hy

[KL

Ou Skt Hiayds 6

Structure constants of Er(7) then satisfy ¢ap%ug® —tep¥aq” = fas’tce®. With
the normalization

1
TaB = ﬁ fAcD fBDC7 (5-5)

metric tensor entries are £1 on the diagonal and +1/2 for neighbouring
entries on diagonals on a 35.
The potential for this model is given as follows: for an element of Er ()
given as 56 x 56 matrix V%, one first forms the tensor 7;*7 via
1. ? IJ]
uij” = V[—J[[J Hz]]] HIT

"What happens here is quite obvious, but considerably obfuscated by the necessity of
successive index mappings to get rid of all factor-two ambiguities: in Matrix notation, the
generators of E7 in the fundamental representation decompose into 28 x 28 blocks; the
right-top and left-bottom blocks are formed from the self-dual and anti-self-dual SU(8) 4-
forms, which are equivalent to the 35, and 35, from SO(8), while the blocks on the major
diagonal are essentially given by SU(8) generators and their conjugates; cf. (3.10) in [50].
(Note that the generators in the right-bottom corner should be the complex conjugated
ones there!)
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by, = VM KL]H[klefTL}

VijkL = V KL]H[,] HI[% (5-6)
PRI kD . H[kkl”b Hy]_ﬂ

TR = % (uijIJ 4 UZ]IJ) (ulmJKukaI _ UszKUkaI) _

Then, the A; and A, tensors are given by

.. 4 .. . . 4 AN
AY = —iTm”m, Aotk = 3T” k 5”% (5.7)
and the potential is
o 1 ikt gwikt 3 gig gij
V(V)=yg ﬂAm Ay — 1A1 A7) (5.8)

If we consider the SO(3) subgroup leaving invariant the vector coordinates
4...8, then the SO(3) invariant scalars are

1 (aB)
Q _ 123n BA; Q
Snp = ]__6\11((15)[—[ Ui tAp
C% = 16@33%”}1(“5 T o0 (5.9)

where n € {4,5,6,7,8}

and the task is now to evaluate (5.8) for an arbitrary linear combination

1% (exp (Z(snSn + chn)>>

with ten parameters s,,c,. Although it is easily possible to analytically
exponentiate every single one of the (noncommuting) generators S, C,,, this
is not the case for an arbitrary linear combination, hence it is necessary to
find a different parametrization of this space more amenable to an analytic
treatment. It is mostly the complexity of these other parametrizations which
allow analytic treatment that make the resulting formulae so complicated,
thus it is natural to ask the question whether there might be an alternative
approach to this class of problems that avoids this step entirely.

Here, we will make use of V(SX) = U(S)V(X)U(S™!) with S € su(8) and
start with exp (pSs) to which we apply an alternating sequence of SU (8) rota-
tions with real and imaginary generators that turn part of the 4,-component
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into the 4. component, then part of the 4, component into the 5, component,
then 5, — 5., 4, — 6, etc. In particular, if we define

Wy, = S, +ic,
RO® (j ka) = O+ 0aj0kb SIN v — 040y Sin v
+ (045065 + Oardpr) (cosa — 1) (5.10)
RSU(S)ab(j, ko) = S+ 0408 (6ia — 1) 4 Ok Obk (e_ia — 1)

and promote SU(8) rotations to F; via

Ry = (R’f R HY H G HY o HY

[é5] [ig]”

(5] [0

+ RYRUHY HGH, HE ) (5.11)
then we have

1% (exp (Z(snSn + ch’n)>> =V (RAexp (pSi) AT'R™Y) (5.12)

n=4
where
Q;45 = %Al”g Z_i @45 = ata‘n % U)45 = ::;;‘ZZ;E))
Os = lArg o wge = atan Mgﬁ Wag = %
wqse’?: =
¢sr = FArg 5476 Wyr = atan % War == %
wape’?: -
Py = A rg w—47 Wyg = atan%;;:g8 Wag = %
« = Ar~g Wyg P = |was
¢D = —ng wWnh = _JJD
R := RSU®)(4,5, ¢45) RSO®) (4,5, w,5) RSV (4, 6, ¢g) x
% RSO(®) (4,6, w46)RSU(8)(4, 7, ¢47)RSO(8) (4,7, war) X
X RSU(8) (47 87 ¢48)RSO(8) (47 87 u)48>
W = 2[Sy4, C4
APQ = (SPQ — WPQ SlH(Oé/Q) _I_ WPRWRQ (COS(OZ/2) - 1) : ( )
5.13

With this parametrization, the calculation of the potential is straightfor-
ward, but still a solid computational challenge, even if we make use of the
observation that it is independent of o.. By trial and error, the author found
out that forming the tensors A; and A, is unproblematic, but even after
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reducing the maximal number of variables which the LambdaTensor package
can handle from 28 to 14 (in order to halve memory requirements to store
terms), the calculation of their abs-squares, in particular the component A%,
exceeds memory limitations of 32-bit computer architectures. This step was
performed by splitting the corresponding difficult terms into four pieces each,
doing multiplication component-wise and writing out intermediate quantities
to disk.? Even then, peak memory requirements well exceed 1 GB of RAM.
The result is quite long, but numerical checks indicate its correctness. To
conserve it in printed form, it is given in appendix A.4, where a special nota-
tion is also introduced to present it. Furthermore, it has been made available
in electronic form [23].

One may well consider this potential as defining the present upper limit
of what may be done with the LambdaTensor package with reasonable ef-
fort. Since memory requirements are much more a problem than run time
here, it would be possible to add code to the package which makes use of
the experience gained in this calculation to automatically handle such sit-
uations. Corresponding functionality will be included in a new version of
the LambdaTensor package as soon as some related nontrivial design deci-
sions have been resolved. Remarkably, despite its complexity, it is possible
to translate this formula to a machine code version which can be evalu-
ated in a sufficiently short time® and with sufficient accuracy to make a
numerical search for vacua feasible. So far, there is only numerical evi-
dence for one further nontrivial stationary point of this potential with a
cosmological constant close to —14g* which also shows up when setting
Our = wyr = ¢uz = wyg = 0 and thereby restricting this potential further
to the submanifold of SO(3) x SO(2)-invariant scalars. Since there is a
known vacuum with SO(3) x SO(3) symmetry and cosmological constant
—14¢?%, no attempt was made so analyze this candidate for a vacuum any
further.

2The advantages to have direct access to low-level details of the implementation of
symbolic algebra should be obvious.
3roughly 1.2 ms on a 1.8 GHz Pentium-IV



66

CHAPTER 5. A FOUR-DIMENSIONAL EXAMPLE



Chapter 6

Specialized High-Performance
Symbolic Algebra

6.1 The LambdaTensor package

Due to considerable complexity of the group-theoretic calculations involved,
as well as due to the large number of different individual possible gaugings
to be considered, there is a strong incentive to employ computer aid in the
study of supergravity scalar potentials. Since none of the readily available
packages for symbolic algebra turned out to be powerful enough to perform
computations on the level of complexity required here, a new tool had to
be developed for interactive work with large Lie algebras and Lie groups on
the symbolic as well as numeric level. This approach eventually led to the
implementation of the LambdaTensor package, designed for efficient symbolic
and numeric calculations on sparse and nonsparse higher-rank tensors, which
finally was released as a library under a free software license (version 2.1 of
the GNU Lesser General Public License), since the expectation is that other
areas of research may as well benefit from an efficient implementation of this
functionality.

This chapter is intended to explain not only why LambdaTensor does exist
at all, but also give reasons underlying the design decisions that give it its
present form, hence providing important background information for users
of LambdaTensor.

Concerning the original formulation of the problem, there are two com-
plementary ways how such a package could be designed: either as a tool
to perform symbolic manipulations on the level of tensor equations them-
selves, or as a tool to operate on explicit coordinate instantiations of tensor
equations. For LambdaTensor, the latter approach was chosen for a variety

67
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of reasons: first, as desirable as a toolkit for computer-controlled interac-
tive tensor equation manipulation may be, one important drawback when it
comes to the application of such a framework to the problem at hand is that
it would a priorinot be possible to switch over to numerical counter-checks of
results obtained on the purely symbolic level, or to do a fully numeric search
for stationary points in the high-dimensional potentials of gauged extended
supergravity theories which would not be accessible at the symbolic level.
Second, since the most promising method available at present to system-
atically obtain information about vacua of these theories is to consider the
potential on a subspace of the full scalar manifold which is invariant under
a subgroup of the gauge group, and since one is in particular interested in
making this investigation as exhaustive as possible by making the invariant
subspace as large, and hence the subgroup of the gauge group as small as is
feasible with available resources, the number of terms in such a purely ana-
lytic approach is bound to explode, removing some of the aesthetic as well
as computational advantages of this route.

Furthermore, the change in perspective induced by the choice to focus on
explicit coordinate representations of generators of exceptional groups turned
out to be very fruitful for the solution of the mundane sub-problem of finding
exact analytic expressions for Lie group elements obtained by exponentiation
of certain generators of special relevance, practically rendering this important
step trivial. For investigations of the potential of N = 8, D = 4 supergravity,
this step is greatly simplified by the peculiar SU(8) sub-structure of the
fundamental 56 of 77 available there, while for Fgg), no corresponding
construction seems to exist. Since no attempt was made to understand how
the underlying structure of the exceptional Lie algebras involved simplifies
exponentiation of generators given explicitly in coordinate representation,
this is (for this work) perhaps to be considered a lucky coincidence.

6.2 Design and implementation

Judging from the design of similarly specialized packages for computer-aided
calculations, such as GAP, LiE, Form, R, SPSS, and the like, one very com-
mon approach is to implement a standalone executable program which em-
ploys an interpreter for a simplistic programming language (frequently also
usable interactively), providing commands that wrap internal functionality
implementing the relevant algorithms. For LambdaTensor, an approach fun-
damentally different from this conventional one was chosen, which therefore
should be justified.

The task to implement an interactively usable symbolic algebra package
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asks for a run-time system which takes care of dynamic memory manage-
ment, provides an interactive top-level, and allows to define new values and
functions at run-time. It turns out that these requirements which one would
like to impose on a run-time system are common enough to be relevant for
a much wider class of highly dynamic programs, and therefore the question
arises whether it is feasible to do an efficient and aggressively optimized
implementation of a bare core of such a programmable run-time system pro-
viding a high-quality implementation of widely used functionality, with the
idea in mind that having such a standardized system available should take
away the burden of writers of dynamic programs to build one themselves
as the foundation for their work. Instead, the idea is to evolve an existing
core system by supplementing it with additional definitions. Although it is
therefore of vital importance that this core subsystem is extensible and pro-
grammable at the level of its implementation itself (in contrast to systems
that provide an extension language built on top of them), it should be seen
an an advantage if it provided metasyntactic capabilities but hardly any syn-
tax by itself; any existing syntax imposes restrictions on the language the
application writer is going to build on top of it, and it can not be anticipated
(and should not be tried to) what form the final application language is going
to have.

Such a programmable efficiently implemented minimal core system is just
what a COMMON LISP system is intended to provide; the fact that LISP
syntax looks so different from almost anything else is readily explained in this
context: LISP is not intended to have any syntax; instead, a LISP program
essentially is the syntax tree which in other languages is generated from code
during the first compilation step.

A decision was made not to supplement LambdaTensor with an own
package-specific language, as for example MAXIMA — which is also LISP-
based — does, since this would only have meant restricting functionality avail-
able to the end user to a subset of LISP, while adding the burden for the
user to learn yet another language' which he eventually is bound to drop
again, since advanced users will most likely sooner or later want to work
with LambdaTensor at the level it was written itself. Hence, since there is
no reason to assume LISP to be worse than any proprietary limited language
specific to only a single application, the application and extension language
for LambdaTensor is also LISP.

The immediate price that has to be paid by implementing a system like

Inot to speak of the author to design and implement and document one — which cer-
tainly is quite far away from the original research topic of investigating the extremal
structure of gauged extended supergravity!



70 CHAPTER 6. SYMBOLIC ALGEBRA

LambdaTensor by extending a COMMON LISP system, in particular CMU
Common LISP (CMUCL), is that due to CMUCL containing an optimizing
machine code compiler with debugger as well as a base set of further LISP-
and Unix-related definitions of considerable size, a running LambdaTensor
process will typically occupy more than 40 MB of RAM. (This, however, has
to be seen in relation to the size of typical intermediate values that appear in
calculations one uses this package for, usually some 100 MB.) Furthermore,
and perhaps even much more important, CMUCL is (with a few exceptions)
only well supported on x86-based free unix platforms (Linux and BSD), hence
in particular not available for some workstation or supercomputer architec-
tures one would like to run LambdaTensor on. This is of importance, since
x86 is a 32-bit architecture, meaning that one has to deal with an address
space limit of 4 GB. As there is no realistic problem-induced limit to which su-
pergravity potential calculations could be taken using the present approach,
technical limitations how far one can go will be either induced by a memory
or computation time barrier. Tests have shown that for these calculations,
memory limitations are much more severe than calculation time limitations.

There is a variant of CMU CL, called SBCL, which (with minor adjust-
ments) can be used to run LambdaTensor on non-x86 Unix workstations,
like PPC- or Alpha-based architectures, which might at a first glance seem
especially attractive, since the 64-bit Alpha processor offers a 43-bit virtual
address space. Unfortunately, SBCL only runs as 32-bit application on all
64-bit architectures it has been ported to, so nothing is gained here. In fact,
to the present author’s best knowledge, there does not exist a freely available
sufficiently evolved COMMON LISP implementation using 64-bit addressing
at the time of this writing. For the LISP derivative Scheme, such solutions
do exist, e.g. Marc Feely’s Gambit[26]. Since the LambdaTensor code em-
ploys only a comparatively small subset of the COMMON LISP language,
which was deliberately chosen to simplify semi-automatic porting to other
LISP-like systems, migration to Scheme may become an interesting option
in the future.

6.3 Central Algorithms

The LambdaTensor package is by orders of magnitude more efficient than
general-purpose symbolic algebra packages would be for the specialized task
it was designed for.2 Due to its novel ways to handle symbolic algebra, we will
give an overview over the central algorithms that make it fast. This section

2Therefore, it was nominated as one of the best three contributions to the Heinz Billing
Award for the Advancement of Scientific Computation in 2002[4].
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should also help to clarify questions on which optimizations are performed
automatically by LambdaTensor and which are not. For more details, the
reader should also consult [18], the LambdaTensor documentation, and the
LISP source.

As explained in [18], one fundamentally important idea is to utilize the
observation that tensors showing up in group theory calculations frequently
are very sparsely occupied — for example, in the conventions used here, struc-
ture constants of the largest (248-dimensional) exceptional Lie group Eg f45°
contain only 49 440 out of 2483 = 15252 992 nonzero entries — and hence, we
can make good use of efficient implementations of abstract algorithms that
can handle sparsely occupied higher-rank tensors. Efficient code working on
sparse matrices is widely used and readily available; the appropriate algo-
rithms for handling higher-rank tensors are also quite well-known, albeit in
a very different context: relational databases.

In particular, at the level of explicit tensor entries, forming a quantity
like

Mabc = Nghapghbc (61)
translates as follows into the language of relational databases (SQL syntax
used here):

SELECT t1.index3 as indexl1,
t2.index3 as index2,
t2.index4 as index3,
SUM(t1.val*t2.val)
FROM tensorl tl1, tensor2 t2
WHERE t1.index1=t2.index1 AND t1.index2=t2.index2
GROUP BY t1.index3, t2.index3, t2.index4;

Unfortunately, it is not feasible to just connect to an existing SQL data-
base system (like PostgreSQL), create relations for tensors, and use exist-
ing implementations of these algorithms by doing all the calculations in the
database, for various reasons. Besides considerations concerning the effi-
ciency of communication, and considerable additional computational over-
head due to databases having different aims, one major problem is that
extending the database system to abstract from the implementation of sum
and product here, as is necessary as soon as we want to work with data
types not natively supported by the database (which are frequently limited
to integers and floatingpoint numbers) would bring along too many technical
problems. Hence, what is required is a re-implementation of the underlying
database algorithms with numerical as well as symbolic tensor computations
as applications in mind. Furthermore, this implementation has to be ab-
stract enough to allow all relevant arithmetic operations to be provided as
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parameters, so that one may switch between approximate numerics, exact
(i.e. rational number) numerics, and symbolic calculations.?

The underlying data structure chosen for the implementation of sparse
tensors is that of a multidimensional hash. Just as an array can be regarded
as a dictionary mapping every index from a given range of natural numbers
to a corresponding value with fast (i.e. independent of the size of the array)
lookups, a hash is a generalization of this concept where the set of keys of
the dictionary is not restricted to a range of natural numbers, but may be
an arbitrary set of values which can effectively be compared for equality.
(In our case, a vector of indices.) In brief, the idea behind implementations
of hashing algorithms? in its simplest (one-dimensional) form is to make a
naive implementation of a dictionary which does lookups by traversing a
list of key-value pairs (and hence has O(N) time complexity for lookups
in a dictionary of N elements) fast by splitting this key-value list into an
array of such key-value lists of limited average length, where the first lookup
step consists of finding the right array entry (called a hash bucket) holding
the key-value list in which a given key, if present in the hash, is bound to
lie. This is done by the help of a hash function which maps keys to bucket
numbers. Such hash functions should be easy to calculate and distribute
keys evenly between buckets. Whenever a new entry is made into a hash,
its key is also first mapped to a bucket number, and then, the corresponding
key-value-pair is either appended to the key-value-list in that bucket, or
merged with a previously existing entry for this key. Should the average
occupation of a hash grow beyond a given limit (like, two key-value pairs per
bucket), then a rehash is initiated, which means that the underlying array
is deleted and all the data it contained is transferred to another array larger
than the previous one by a given factor. This process is invisible to the user
of the hash data structure. One-dimensional hashing is easily generalized
to the multi-dimensional case (using a higher-rank array of buckets), which
is not explained in detail here. (Readers wanting to know more may find
it instructive to use the LISP inspector® to get an impression how this is
done in the underlying implementation. At least, it should be noted here
that although LISP has built-in support for higher-rank arrays, it would do

3The ability to implement and use arbitrary arithmetics on tensor entries has proven to
be of great value during the debugging phase of the symbolic algebras provided within this
package. For example, it is easy to (even automatically) lift an existing implementation of
arithmetic operations on symbolic terms to an implementation working on pairs of terms
and numerical values of these terms for a given occupation of variables that signals an
error whenever a discrepancy between these values shows up.

isee e.g. [36]

°(inspect (TENSOR))
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considerable harm to efficiency to actually use these instead of implementing
higher-rank arrays on flattened rank-1 arrays, despite recommendations in
[46]. The reason is that LISP’s method of array access for higher-rank arrays
whose rank is not known at compile time (as in our case) via (apply #’aref
...), resp. (setf (apply #’aref ...) ...) would cause an intolerable
amount of unnecessary consing.)

While for usual applications, the effectivity of hashing will increase with
increasing number of buckets (and hence, decreasing average occupation),
one frequent operation in database-related applications (like tensor multipli-
cation in the example above) is to iterate over all entries of a hash. This,
of course, works best if the number of unoccupied hash buckets is small, so
creating overly sparse hashes also hinders performance. Note that version 1.0
of LambdaTensor does not shrink hashes automatically for which occupation
density falls below a given threshold, so e.g. calculations with an empty (i.e.
all entries zero) tensor which was created from a sparsely occupied one by
setting entries to zero will at the average not be much faster than calcula-
tions with the original sparsely occupied tensor. (In most cases, this is not an
issue.) If more than a certain share of all possible entries of a sparse tensor
are set to nonzero values (currently, about one-quarter), LambdaTensor will
internally rehash the tensor to a conventional nonsparse representation.

The tensor index hash function must map a dimension-/N index from the
range 0...(N — 1) to the range of hash buckets.®

For LambdaTensor, the hash function currently employed is simple inte-
ger modulus. At a first glance, this may seem to be a very dangerous design
decision, since a good hash function should try to distribute entries evenly
among buckets, and therefore apply some perturbing operations on the hash
key before taking the modulus. Here, the idea is that in most cases, group
theory itself will take care of the task of even distribution of elements among
buckets (since there usually are no preferred coordinates, or obvious special
relations causing hash bucket clashes).” In fact, looking in detail at a typical
higher-rank tensor in the current implementation, like the 49440 nonzero
entries of the structure constants of Eg(s) e8-f abc,® one discovers that these
are stored in a sparse 41 x 41 x 27 array with hash bucket occupation statis-

6Tn LISP, it is conventional to start counting of indices at zero, just as in C. One
important advantage of such a convention is that linear indices corresponding to flattened
versions of higher-rank arrays are more naturally expressed in the original indices than
with the FORTRAN convention to start array index counting at 1.

"Note that simple integer modulus is also the hash function for integer numbers in
CMU CL and GCL, though not in CLISP.

8Using package-private internal functions, this information can be extracted
via (array-dimensions (lambdatensor::sp-array-data e8-fabc))
and (sort (seq-statistics (map ’simple-array #’length
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tics Ox15048 1x15740 2x9143 3x3230 4x 1019 Dx222 663 Tx16 8x6, Which is reasonably
close to a typical random distribution on available hash buckets.?

Since the sparse array handling part of LambdaTensor has to deal with
sparse and nonsparse arrays without exposing this to the user, in particu-
lar provide tensor arithmetic operations for the cases nonsparse-nonsparse,
nonsparse-sparse and sparse-sparse, and furthermore supports specialized ef-
ficient implementations for certain types of sparse and nonsparse tensors
which employ machine arithmetics where available (i.e. for double-float
and (complex double-float) tensors), this module contains a considerable
amount of code to cover all the possible cases resulting from the product of
these distinctions.

One further notable feature of LambdaTensor is that in products of mul-
tiple tensors, the order in which multiplications are executed is scheduled
in such a way as to minimize the total number of multiplications to be per-
formed. Let us briefly illustrate this in a very simplistic matrix example: if A
is a nonsparse 10 X 2 matrix, B a nonsparse 2 x 4 matrix, and C' a nonsparse
4 x 8 matrix, then the 10 x 8 matrix ABC' can be calculated by performing
the first or second product first. Calculating (AB)C will require 10 - 2 - 4
multiplications for the calculation of the 10 x 4 matrix AB and 10 -4 -8
multiplications to form the other matrix product, for a total of 400 multipli-
cations. Likewise, calculation of A(BC) only requires 2-4-8+410-2-8 = 224
multiplications. LambdaTensor is aware of such optimizations even for prod-
ucts of multiple tensors with arbitrary contractions between tensors and will
automatically try to choose that particular multiplication order which re-
sults in the smallest number of arithmetic operations. For sparse tensors,
this is done heuristically by assuming independent equidistribution of tensor
entries. (Should this heuristic approach fail due to non-independence of the
distribution of entries and produce overly expensive calculations, one may
always resort to determining multiplication order by splitting such products
manually.)

Even with efficient tensor arithmetics available, one further problem is
the symbolic complexity of analytic expressions involved in supergravity po-
tential calculations. The widespread approach to first introduce coordinates
on certain special submanifolds of the symmetric space Egs)/SO(16) by a
procedure reminiscent of Euler angle parametrizations of SO(3) inevitably

(lambdatensor: :sp-array-linear-data e8-fabc))) #’< :key #’car)

9Things look worse for tensors like so8-sigma-ijkl-ab or epsilon8, but this may in
part be traced back to the small index range in every coordinate, which is supposed to
cause major distortions for every hash function mapping coordinates to a smaller range.
Still, the quality of this naive and easy to calculate hash function turns out to be sufficient
even in these cases, although there is clearly room for improvement.
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generates very complicated analytic expressions for the V-matrix and all fur-
ther intermediate quantities derived from it whose complexity will explode
with the number of (compact or noncompact) angular coordinates. There-
fore, it is also of vital importance to have an efficient machine representation
of such terms in order to make such calculations feasible on manifolds with
enough dimensions to produce interesting results (i.e. new vacua).

The conventional way to represent an analytic expression, in this partic-
ular example Maple’s internal representation of the term

2 sinh A sinh 7y cos 4o 4 28 cosh A cosh 3y, (6.2)

is shown in figure'® (6.1).!' The general underlying idea here is to use a

representation general enough to handle arbitrary terms, but to try to save
space by not duplicating subterms.'> The major drawback of such general
representations of terms is that for specialized applications, in particular for
the problem at hand, they tend to conceal some possible simplifications or
reductions which take a more natural form in a term representation that fits
the application. In this particular case, all that a general-purpose symbolic
algebra package like Maple can do is to factor out common subterms or
perform partial reductions by applying simple trigonometric identities.'3

Concerning trigonometric manipulations, the most useful term represen-
tation for doing calculations would be

(Term) = Z k; exp (Z cjkvjk) (6.3)

where the k; and ¢;, are (complex) rational numbers and v, variables. Al-
though calculations involving only terms of this form are conceptually simple,
the big drawback of this representation is the large number of individual sum-
mands; even an expression as simple as (6.2) would consist of 12 different
summands if written in this form, which come in two groups of almost identi-
cal summands that differ only in signs of coefficients. Hence, the idea suggests
itself to use this explicit exponential form but store terms in a packed format

0Djagrams have been generated with graphviz (Trademark by AT&T).

HCf. [32] for details concerning Maple’s term representations.

20ne way to implement this is to use a hash of weak pointers on all currently known
terms to map a newly generated expression to a pre-existing memory representation of
that expression.

13Indeed, only a very small subset of all possible reductions is found and applied, as
can be seen by transforming a potential like (3.5) to expanded exponential form via
simplify(normal (expand(convert (Phi,exp)))) and then trying to reduce this to an
expression of comparable length using Maple’s builtin simplification functions.
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int

28

fun

sinh
fun term
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fun
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fun term

term

Figure 6.1: Maple’s internal term representation (example)
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where every such group of summands that are identical up to sign flips is
represented by the first term in a suitable lexicographical ordering and in-
formation about additional symmetrizations and anti-symmetrizations. (As
a further optimization, one observes that coefficients are either real and ra-
tional, or purely imaginary and rational, so it suffices to store only a real
number and one bit of information whether the corresponding coefficient is
real or imaginary.) Such a term representation turns out to be of remarkably
compact form, yet contain enough information to do efficient calculations
that also yield terms of such compact form — which conventional symbolic
algebra cannot do with similar efficiency. The internal representation of the
term (6.2) in this format is shown in figure (6.2). In both memory represen-
tation diagrams (on 32-bit architectures), one rectangular box corresponds
to one 32-bit cell.*

Addition of such terms is straightforward to implement. Multiplication
is much more involved, since product forming of summands with overlapping
symmetrizers involves partial unpacking of one factor. The most difficult step
for multiplication is the combination of resulting contributions into packed
terms. Indeed, there are some situations involving symmetrizers that cover
multiple variables at once in which possible symmetrizers overlap in such
an unfortunate way that the optimal form can not be found. Experiments
have shown that this rarely happens for the calculation of potentials of four
variables, but may become more common the larger the number of variables.
Nevertheless, degradation of this method due to this effect is a minor issue
in most applications.

Further attempts to use memoization or subterm identification as per-
formed by Maple with this new scheme to implement symbolic algebra have
not resulted in noticeable improvements in performance or memory require-
ments so far.

14This will also be changed in subsequent versions, which will only allow a maximum of
14 different angular variables, but considerably reduce memory requirements.
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Figure 6.2: Specialized trigonometric term representation (example)
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6.4 Provided functionality and the user in-
terface

The main user interface to multilinear algebra, given by the function sp-x,
evolved into its present form through a process of experimentation with a
considerable number of different approaches. The basic idea is to subsume
the elementary operations of index re-ordering, tensor contraction and ten-
sor product forming in one function that resembles conventional formalism
as closely as possible. Since the underlying tensor operations themselves
typically require a large number of machine operations to be executed, it
is perhaps affordable here to add an overhead of a few extra operations to
provide a decent interface. This approach turned out to be much more con-
venient to use than the one implemented by Maple, which only provides bare
operations like tensor contraction and product forming of two (not multiple)
tensors and in which indices have to be labeled by position, not by symbolic
names. In contrast, LambdaTensor index names can be arbitrary LISP values
which are compared for equality by EQUALP.

Although it is not difficult to implement the index matching code in such
a way that upper and lower indices are discerned and summation can only
take place between an upper and a lower index, a deliberate choice was made
not to do so, in part due to the prominent role of the special orthogonal
groups in supergravity, for which there is no need to discern between upper
and lower indices (and hence, doing so would only introduce superfluous §%-
metric tensors both in formulae and in code), and in part since it is more
advantageous in this case to build code whose main purpose is to catch user
errors on top of a library providing bare functionality than into it. (Making
it mandatory would only limit the potential given to users that know how
and when to deliberately break the rules.)

It would clearly be very desirable to have a close one-to-one correspon-
dence between formulae in a machine representation suited for calculations
and conventional notation in physics (especially since manual conversion of
a large number of formulae can be a considerable source of errors), and one
is tempted to try to use LISP’s forementioned metasyntactic capabilities to
implement such a ‘language’ that resembles conventional formalism as close
as possible, but despite considerable effort, any previous attempts in that
direction have not produced satisfactory results so far. The underlying prob-
lem seems to be that casting the somewhat casual practice of omitting simple
embedding tensors by the introduction of (sequences of) index splitting con-

15Tndex names of the form (cons :fix (number)) play a special role and denote indices
fixed to a number.



80 CHAPTER 6. SYMBOLIC ALGEBRA

ventions into the framework of a set of strict rules suited for a computer so
far only produced very elaborate rulesets with many special cases that turned
out to be difficult to handle and by far not as convenient as usual physical
notation.

6.5 Future developments

Since the first public release of this package [18], this package has considerably
evolved. Besides a few bug fixes to the documentation and functions of minor
importance that did not endanger the validity of any of the results obtained
with this package, as well as necessary simple improvements in a few places
like the serializer, a considerable amount of new functionality has been im-
plemented that will be part of the next release. One important improvement
is the extension of LISP number arithmetics to finite-dimensional field exten-
sions (or even nondivision algebras) over the rational numbers. It is a happy
coincidence that a lot of data can be extracted from the D = 3 maximal
gauged supergravity potentials using almost exclusively rational arithmetics;
there nevertheless are also quite some cases where rational arithmetics is not
sufficient, and having access to a direct implementation of finite-dimensional
algebras over Q that are specified via a multiplication table can for some
tasks circumvent common problems of conventional symbolic algebra.!®

In a certain sense complementary to the large sparse tensor functionality
provided by the initial release is the group-theoretic approach based on roots
and weight vectors that is implemented by LiE [47]; Since it is occasionally
very useful to have this functionality directly available when working with
explicit tensors, and not only via a detour through another program, the
next version will also implement more abstract group theory.!”

As was already mentioned, the next release will change the internal repre-
sentation of trigonometric term arithmetics to a much denser format, limiting
the number of different names for angular variables in a calculation to 14; this
limit is perhaps not too unreasonable. (It can be changed back if necessary.)

On the more experimental side, the next release will also contain first

16For example, MapleVR5.1 does not automatically simplify % to 1. Even making

+
(2+v3)
the denominator a rational number only produces — (97 + 56 \/3) (—97 + 56 \/§) ‘While
one may get rid of such artefacts by applying x—expand(rationalize(x)) or radnormal
from the library with the same name to end results, this default behaviour certainly does
not help to reduce expression swell in intermediate quantities.

17 A strong incentive to implement some important group-theoretic algorithms was given

by research that culminated in a paper with H. Nicolai on the structure of E1g and F1q
[44].
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rudimentary support for distributed computing where asynchronous 1/0O is
used to broadcast and receive calculation requests and results via a TCP
stream socket.

Finally, the installation procedure for two major commercial Linux dis-
tributions which do not use the Debian package format will be simplified.



82

CHAPTER 6. SYMBOLIC ALGEBRA



Chapter 7

Conclusion and Outlook

As the analysis of a few example cases with interesting structure has shown,
the tools presented in this thesis greatly simplify the task of the determination
of nontrivial stationary points of gauged extended supergravity theories. The
underlying mathematical ideas of the approach taken here (i.e. restriction of
the potential to maximal submanifolds of the whole nonlinear space of scalars
which are invariant under some given subgroup of the gauge group) have been
in use for many years and still are considered the most promising ansatz to
at least obtain information about vacua with a certain amount of unbroken
gauge symmetry. By employing and inventing new methods in symbolic
algebra, it was possible to take this approach to previously unreached heights,
concerning both the study of a large variety of different related models in a
reasonable amount of time and the level of detail to which these investigations
can be carried.

On the computational side of this work, three major advances conspire to
make this technological jump possible: first, a reasonably efficient implemen-
tation of multilinear algebra on sparsely occupied tensors of higher rank and
large dimension, necessary to effectively handle explicit realisations of excep-
tional Lie groups (not algebras). This part is quite straightforward, since the
underlying algorithms by now have been known for decades in the context of
relational databases, only that an implementation of these algorithms with
group theory as an application in mind has to the author’s best knowledge
not been available so far. What should be considered as a new approach,
however, is to use A abstraction to fully parametrize the database part by
the implementation of arithmetics on tensor entries, allowing maximal flexi-
bility in the application of this framework. Second, a highly memory efficient
problem specific encoding of symbolic expressions that appear in these calcu-
lations as tensor entries. This is noteworthy since here it is possible for terms
of sufficient complexity to outperform conventional methods for the memory

83
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representation of symbolic expressions by more than one order of magnitude.
Third, related to the novel problem-specific tight encoding of information
carried by symbolic expressions, term algebra can be implemented in such
a way that far more simplifying trigonometric identities are discovered than
with a conventional approach. This greatly helps in reducing intermediate
expression swell.!

The algorithmic tools developed for this work are probably at present the
most efficient ones available for working with explicit coordinate represen-
tations of large Lie groups; since they might be useful in a much broader
context, they have been made publicly available in source form under a free
software license [18].

As is exemplified by a dozen new possible vacua that have been found
in this work, the extremal structure of gauged three-dimensional supergrav-
ities is far richer than that of any higher-dimensional supergravity model. It
should be emphasized that these models are likely to still have many more
vacua than the ones given here. In particular, we mostly have been concerned
with vacua on submanifolds that are invariant under subgroups which are em-
bedded into Fg(4g) in a very simple fashion. In particular, we did not consider
a single case here where the gauge group SO(8) x SO(8) is broken down to
a diagonal subgroup whose definition makes use of an extra triality rotation.
Also for the four- and five-dimensional case, a much broader investigation
would be possible. Concerning especially the four-dimensional case, there
is an embedding of SO(3) into SO(8) which gives rise to a 20-dimensional
invariant submanifold of the scalar manifold - certainly too large for an an-
alytic treatment. Nevertheless, a numerical search for vacua which employ
direct numerical exponentiation of 56 x 56 matrices should be feasible in a
highly distributed environment (maybe using computer power from volun-
teers on the internet). Another question which has not been answered so far
that might be solved by a computer-aided exhaustive search is whether there
are any semisimple nonmaximal subgroups of Fgg) that can be promoted

!To give an explicit example, the calculations presented in [21] originally were per-
formed by employing a term representation comparable to that used by conventional sym-
bolic algebra packages, but with additional provisions to recognize some types of non-local
reductions of summands typically not performed by usual symbolic algebra systems. The
original form of the five-parameter potential as it dropped out of the tensor calculation
filled 475 pages, but could then in a separate step be reduced down to just one single
page[22]. Due to exponential swell in expression complexity, calculations with eight- or
even nine-parameter potentials, as presented here, would have been entirely impossible
with such an ‘usual’ implementation of term algebra. On the other hand, it is hard to
imagine how far out of reach of conventional symbolic algebra a potential like (5.8) which
we obtained by these novel methods and which would fill well over 200 pages in a less
compact notation is.
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to gauge groups.

One of the big pending problems is to clarify the relation between the
N = 16 D = 3 gauged supergravity models and higher-dimensional super-
gravity; at present one can only speculate whether this might lead to a theory
beyond eleven-dimensional supergravity. The N = 16 models may play a role
in the supergravity description of matrix string theories [35, 40]; this has to
be clarified in the future. In particular, not much is known about the (su-
per)conformal theories corresponding to the AdS solutions of gauged N = 16
supergravity.
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Appendix A

Potentials too lengthy to be
given in the main text

A.1 The SO(6)4i, invariant submanifold

For the gauge group SO(6,2) x SO(6,2), the potential corresponding to the
parametrization (3.8) reads:
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—% cosh(4 s
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If we use the same parametrization for the SO(7,1) x SO(7,1) gauged

theory, we get:

—8¢72V

% + é—i cos(2715) + 694 cos(4r3)

— 23 cos(4r3) COS(2 r5) — 4 cos(272)

+% cos(472) + 7= cos(2 7‘2) cos(2rs5)

—g7 €os(4r2) cos(275) + E cos(2712) cos(4rs)

+& cos(4rs) cos(4rs) — 3= cos(2 7‘2) cos(4rs) cos(2rs)
— g cos(4ra) cos(4rs) cos(2r5) cos(2711)

—1—% cos(2ry) cos(2715) — 6—4 COS(2T‘1) cos(47‘3)

+§ cos(2ry) cos(4rs) cos(2 r5) 4+ £ cos(2r1) cos(273)
—|—§ cos(2ry) cos(4drg) — 1—6 cos(2ry) cos(2ry) cos(27s5)
—g1 €cos(271) cos(47r2) cos(275)

— 2 sin(4rs) sin(re) sin(27r;)

— 2 sin(4r3) sin(372) sin(2ry)

— 2 cos(2r1) cos(2r2) cos(4rs)

+&; cos(2ry) cos(4ra) cos(4rs)

+4 cos(275) sin(473) sin(re) sin(2ry)

+3= cos(2r5) sin(47s) sin(3ry) sin(27ry)

+4 cos(2r1) cos(273) cos(473) cos(27s5)

— g5 cos(271) cos(4rz) cos(4rg) cos(275)

+3 cosh(4 z) + 3 cosh(4 z) cos(2 7’2) — 3 cosh(4z) cos(27r)
—3 cosh(4z) cos(2r1) cos(219) — @ cosh(4 s)
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+2 cosh(4s) cos(2r5) — & cosh(4 s) cos(4rs)

+2; cosh(4s) cos(4r3) cos (27"5) 2 cosh(4 s) cos(2r2)
+&; cosh(4s) cos(4rs) + £ cosh(4s) cos(2r3) cos(275)
— g cosh(4s) cos(4rs) cos(275)

— 2 cosh(4s) cos(273) cos(4rs3)

—&; cosh(4s) cos(4r2) cos(4r3)

+4= cosh(4s) cos(2rs) cos(4rs) cos(27s)

+4; cosh(4s) cos(4r2) cos(4r3) cos(2rs)

+§i4 cosh(4 s) cos(2r1) — & cosh(4s) cos(2r1) cos(275)
+§451 cosh(4 s) cos(271) cos (47’3)

— g1 cosh(4s) cos(271) cos(4r3) cos(275)

—i—% cosh(4s) cos(271) cos(2rz)

+¢z cosh(4s) cos(271) cos(472)

— 3= cosh(4s) cos(271) cos(2ry) cos(275)

— a5 cosh(4s) cos(271) cos(4r2) cos(27s5)

+2 cosh(4s) sin(4r3) sin(r) sin(2ry)

++% cosh(4 s) sin(4rz) sin(3ry) sin(2ry)

+2 cosh(4s) cos(2r1) cos(2ra) cos(4r3)

—&; cosh(4s) cos(2r1) cos(4r2) cos(4r3)

— 3= cosh(4s) cos(275) sin(4r3) sin(ry) sin(2r;)

— 1 cosh(4 s) cos(275) sin(4r3) sin(3ry) sin(2ry)

—%6 cosh(4s) cos(2r1) cos(2ry) cos(4rs) cos(2rs)

+4; cosh(4s) cos(2ry) cos(4r2) cos(4rs) cos(2rs)

+9 cosh(2s) cosh(2z) — 2 cosh(2s) cosh(6 z)

+1 cosh(2s) cosh(6z) cos(27s5)

—3 cos(273) sinh(2z) sinh(2s) — 3 cosh(2s) cosh(2z) cos(2rs)
—i—% cosh(2s) cosh(6 z) cos(272)

—§ cosh(2s) cosh(6 z) cos(4rs)

? cosh(2s) cosh(6 z) cos(2r2) cos(275)
+5 cosh(2s) cosh(6 z) cos(4rz) cos(275)
—3 cos(2712) cos(2rs) sinh(2 z) sinh(2s)

§ cos(2rg) cos(2r3) sinh(6 z) sinh(2 s)

% cos(4rg) cos(2r3) sinh(6 z) sinh(2 s)

% cos(2rq) cos(2r3) cos(2r5) sinh(6z) sinh(2s)
+3 cos(4rg) cos(273) cos(275) sinh(6 z) sinh(2s)
+3 cosh(2s) cosh(2z) cos(271)

—9 cos(2711) cos(2rs) sinh(2 z) sinh(2s)
—3 cos(2r1) cos(2r3) sinh(62) sinh(2s)
—|-4 cos(2ry) cos(2r3) cos(275) sinh(6z) sinh(2s)
+3 cosh( s) cosh(2z) cos(271) cos(2r2)

§ sh(2s) cosh(6 z) cos(271) cos(2712)

3 cosh(2 s) cosh(6 z) cos(2r1) cos(4rsy)
+5 cosh(2s) cosh(6z) cos(271) cos(2r2) cos(27s5)
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+1 cosh(2s) cosh(62) cos(2r1) cos(4ry) cos(27s5)
—12 sin(273) sin(re) sin(2r1) sinh(2 z) sinh(2s)

—% sin(273) sin(rg) sin(2r;) sinh(6 z) sinh(2s)

+2 sin(2r3) sin(37y) sin(2r1) sinh(6 z) sinh(2s)

+3 cos(271) cos(272) cos(2r3) sinh(2 z) sinh(2 s)

+32 cos(2r1) cos(2ry) cos(2r3) sinh(6 z) sinh(2 s)

3 cos(2r1) cos(4rg) cos(2r3) sinh(6 z) sinh(2s)

—Ié cos(275) sin(2rs) sin(re) sin(27;) sinh(6 z) sinh(2s)
— 1 cos(2r3) sin(2r3) sin(3ry) sin(271) sinh(6 z) sinh(2s)
—1 cos(271) cos(272) cos(273) cos(275) sinh(6 2) sinh(2 s)
—|—i cos(2711) cos(4ra) cos(2r3) cos(2r5) sinh(6 z) sinh(2s)
—z—i cosh(2v) — 2 cosh(2v) cos(275)

+&; cosh(2v) cos(4rz)

+% cosh(2v) cos(473) cos(2r5) — 1= cosh(2v) cos(273)
—I-@ cosh(2v) cos(473) — = cosh(2v) cos(2r2) cos(275)
+51 cosh(2v) cos(4r2) cos(275)

+4 cosh(2v) cos(2ry) cos(4rs)

+4; cosh(2v) cos(4ry) cos(4r3)

++ cosh(2v) cos(2ry) cos(4rs) cos(275)

—I-& cosh(2v) cos(4ry) cos(4drs) cos(2rs)

—2; cosh(2v) cos(2r1) — & cosh(2v) cos(271) cos(275)
—; cosh(2v) cos(2ry) cos(4rs)

— 2 cosh(2v) cos(2r1) cos(4r3) cos(2rs5)

++ cosh(2v) cos(2r1) cos(2r2)

+&; cosh(2v) cos(2r) cos(47s)

+- cosh(2v) cos(2r1) cos(272) cos(275)

+¢; cosh(2v) cos(2r1) cos(472) cos(2rs)

— 4= cosh(2v) sin(4r3) sin(rs) sin(2ry)

— = cosh(20) sin(4rs) sin(373) sin(2ry)

— 3 cosh(2v) cos(2r1) cos(2r2) cos(4rs)

—I-& cosh(2v) cos(271) cos(4rg) cos(4rs)

— = cosh(2v) cos(2r5) sin(4rs) sin(r) sin(27;)

— = cosh(2v) cos(275) sin(47s) sin(3ry) sin(27r)

— 2 cosh(20) cos(277) cos(272) cos(4rs) cos(27s)

+4; cosh(2v) cos(2r1) cos(4ra) cos(4rs) cos(275)

+3 cos(r5) sinh(4 z) sinh(v) — 9 cos(2r2) cos(rs) sinh(4 z) sinh(v)

s
—3 cos(271) cos(rs) sinh(4 z) sinh(v)

—3 cos(271) cos(273) cos(rs) sinh(4 z) sinh(v)

— 2 cosh(2v) cosh(4s) — & cosh(2v) cosh(4s) cos(2rs5)
— & cosh(2v) cosh(4s) cos(473)

—2; cosh(2v) cosh(4s) cos(4rs) cos(275)

— 5= cosh(2v) cosh(4s) cos(273)

+4; cosh(2v) cosh(4s) cos(472)



A.1. THE SO(6)piac INVARIANT SUBMANIFOLD

— 2 cosh(2v) cosh(4s) cos(2r3) cos(27s5)

+47 cosh(2v) cosh(4s) cos(4r2) cos(275)

— 3= cosh(2v) cosh(4s) cos(2r3) cos(4rs3)

— a5 cosh(2v) cosh(4s) cos(4ra) cos(473)

— = cosh(2v) cosh(4s) cos(2r3) cos(4r3) cos(2rs)

— a5 cosh(2v) cosh(4s) cos(4ra) cos(4rs) cos(27s5)

+&; cosh(2v) cosh(4s) cos(2r1)

+% cosh(2v) cosh(4s) cos(2r1) cos(2rs)

+gz cosh(2v) cosh(4s) cos(271) cos(473)

+2 cosh(2v) cosh(4s) cos(271) cos(4r3) cos(275)

+1i6 cosh(2v) cosh(4 s) cos(2r1) cos(2rs)

+4; cosh(2v) cosh(4s) cos(2ry) cos(47)

+- cosh(2v) cosh(4s) cos(271) cos(2r2) cos(275)

+4; cosh(2v) cosh(4s) cos(277) cos(4r2) cos(2rs)

+ cosh(2v) cosh(4 s) sin(4r3) sin(rs) sin(27)

+2 cosh(2v) cosh(4s) sin(4rs) sin(3r3) sin(2ry)

+-& cosh(2v) cosh(4s) cos(271) cos(2r2) cos(4r3)

—4; cosh(2v) cosh(4s) cos(27y) cos(472) cos(4rs)

+ cosh(2v) cosh(4s) cos(275) sin(4r;3) sin(ra) sin(27)
+2 cosh(2v) cosh(4s) cos(2r5) sin(473) sin(3rz) sin(2ry)
+& cosh(2v) cosh(4s) cos(271) cos(273) cos(473) cos(275)
—?%1 cosh(2v) cosh(4 s) cos(2r1) cos(4ry) cos(4drs) cos(275)
—7 cosh(2v) cosh(2s) cosh(6z)

+3 cosh(2 s) cos(rs) sinh(2 z) sinh(v)

—1 cosh(2v) cosh(2s) cosh(62) cos(275)

—9 cosh(2 z) cos(273) cos(rs) sinh(2 s) sinh(v)

+1 cosh(2v) cosh(2s) cosh(6 2) cos(273)

—5 cosh(2v) cosh(2s) cosh(6 z) cos(472)

—9 cosh(2 s) cos(2rg2) cos(rs) sinh(2 z) sinh(v)

+% cosh(2v) cosh(2s) cosh(6 z) cos(2ry) cos(275)

3 cosh(2v) cosh(2s) cosh(6 z) cos(4ry) cos(275)

% cosh(2v) cos(27g2) cos(273) sinh(6 2) sinh(2s)

—z cosh(2v) cos(4rz) cos(2r3) sinh(6 2) sinh(2 s)

—9 cosh(2z) cos(2ry) cos(2rg) cos(rs) sinh(2s) sinh(v)
8 cosh(2v) cos(272) cos(27r3) cos(2r5) sinh(6 z) sinh(2 s)
—g cosh(2v) cos(4ry) cos(213) cos(275) sinh(6 z) sinh(2s)
—3 cosh(2s) cos(271) cos(rs) sinh(2 z) sinh(v)

—1 cosh(2v) cos(271) cos(2r3) sinh(6 2) sinh(2s)

+9 cosh(2z) cos(2r;) cos(2r3) cos(rs) sinh(2s) sinh(v)
—2 cosh(2v) cos(271) cos(273) cos(275) sinh(6 2) sinh(2 s)
—% cosh(2v) cosh(2s) cosh(6 z) cos(2r1) cos(273)

—g cosh(2v) cosh(2s) cosh(6z) cos(271) cos(47)

—3 cosh(2s) cos(271) cos(2712) cos(rs) sinh(2 z) sinh(v)
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—1 cosh(2v) cosh(2s) cosh(62) cos(271) cos(272) cos(275)

8 cosh(2v) cosh(2s) cosh(6z) cos(2r1) cos(4ry) cos(275)

—7 cosh(2v) sin(2r3) sin(ry) sin(2r;) sinh(6 z) sinh(2s)

—1—4 cosh(2v) sin(2r3) sin(3ry) sin(271) sinh(6 2) sinh(2 s)

+§ cosh(2v) cos(271) cos(27r2) cos(2rz) sinh(6 z) sinh(2 s)

—5 cosh(2v) cos(27y) cos(4rz) cos(2r3) sinh(6 z) sinh(2s)

+12 cosh(2 z) cos(rs) sin(2r3) sin(rg) sin(271) sinh(2s) sinh(v)

—3 cosh(2 z) cos(271) cos(2r3) cos(2rs) cos(rs) sinh(2 s) sinh(v)
—1 cosh(2v) cos(275) sin(2r3) sin(ra) sin(271) sinh(6 z) sinh(2s)
+4 cosh(2v) cos(275) sin(273) sin(3r2) sin(271) sinh(6 z) sinh(2s)
41 cosh(2v) cos(271) cos(273) cos(273) cos(275) sinh(6 z) sinh(2s)
—5 cosh(2v) cos(271) cos(4r2) cos(273) cos(275) sinh(6 z) sinh(2s).

invariant subman-

A.2 The (SO(5) x SO(2))
ifold

For the gauge group SO(5,3) x SO(5, 3), the potential corresponding to the
parametrization (3.15) reads:

diag

_89—2‘/_
23 -5 cosh( = v) — % cosh(2v+42) + ? cosh(2v —42)
_Z cosh(g v+42)+3 cosh(2v —4z)— 5 cosh(4v +4z)
+2 cosh(g v+42) cos(2r2) + 22 cosh(3 v —42z) cos(2719)
_Z cosh(s v +42) cos(2m2) — 5 cosh(2v —42z) cos(219)

-3 cosh(4v +42z) cos(2r2) + 3 cosh( v+4z) cos(2r1)

—5 cosh( v—4z)cos(2r) — 3 cosh( v+4z) cos(2r)
—5 cosh(2v —4z)cos(2r1) — % cosh(4v +42z) cos(2711)
+3 cosh(2v +4z) cos(2r1) cos(2 T2)
+12 cosh( v—42z) cos(2r1) cos(2rz)
—gcosh( v+4z) cos(2r1) cos(2rz)
—%5cosh(2v —42z) cos(2r) cos(42 ro) — g cosh(4v +4z) cos(2ry) cos(272)
—2 cosh(2v —22) cosh(2s) + 2 cosh( v+ 22) cosh(2s)
—ﬁ cosh(g —22z) cosh(2s) + ggcosh(% +22) cosh(2 )
—§5cosh(4v —22z) cosh(2 )+ 2 cos(2r3) sinh(2s) sinh(2v —22)
—2 cos(2r3) sinh(2 s) smh( v+ 22)
i cos(2r3) sinh(2s) sinh(3 v —22)
+2 cos(2 7’3) sinh(2 s) smh(2v +22) — % cos(2rg) sinh(2s) sinh(4v — 2 2)
—2 cosh(2 v —22z) cosh(2s) cos(272)
—%—5 cosh( v+ 22z) cosh(2s) cos(2r3)
+2 cosh( v —22z) cosh(2s) cos(273)
+§ cosh(2v +22z) cosh(2s) cos(2 7"2) + 51; cosh(4v — 22) cosh(2s) cos(279)
+5 cos(2ry) cos(2r3) sinh(2s) smh( v—22)
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—15 ¢os(273) cos(2r3) sinh(2s) sinh(fg’1 v+ 22)
—2 cos(2r2) cos(2r3) sinh(2s) sinh(3v —22)
+% cos(2ry) cos(2rg) sinh(2s) smh(2v +22)
— g cos(2 7‘2) cos(2r3) sinh(2s) sinh(4v — 2 2)
—32 cosh(2v —22) cosh(2s) cos(2r)
-L cosh( v+2z) cosh(2s) cos(271)
+458 cosh(2 v —22) cosh(2s) cos(2r)
?scosh(2v + 22) cosh(2s) cos(2.7‘1) ;I— % cosh(4v — 22) cosh(2s) cos(27r7)
% cos(271) cos(2r3) sinh(2s) sinh(zv —22)
@5 s(27r1) cos(27r3) sinh(2 s) sinh(é1 v+ 22)
75 0s(271) cos(273) sinh(2s) sinh(s v —22)
S cos(2711) cos(2r3) sinh(2s) smh(2v +22)
+3 cos(2 7‘1) cos(2r3) sinh(2s) sinh(4v — 2 2)
—32 cosh(Zv —22) cosh(2s) cos(2r1) cos(2ry)
-L cosh( v+ 2z) cosh(2s) cos(27r1) cos(2r2)
+45gcosh( v —22z) cosh(2s) cos(271) cos(2r2)
2 cosh(2v + 2 2) cosh(2s) cos(271) cos(279)
—% cosh(4v —22z) cosh(2s) cos(271) cos(2 7‘2)
—10 sin(273) sin(re) sin(2ry) sinh(2s) sinh(2v —22)
+15 sin(273) sin(re) sin(2r) sinh(2s) Slnh( v+22)
+5 sin(273) sin(rg) sin(2ry) sinh(2 s) sinh(3v — 22)
—2 sin(273) sin(rz) sin(2r1) sinh(2s) smh(2v +22)
+1 sin(273) sin(ry) sin(27;) sinh(2s) sinh(4v —22)
+3 cos(2r1) cos(2r2) cos(2r3) sinh(2s) sinh(2v — 22)
—%5 cos(2711) cos(2ry) cos(2r3) sinh(2 s) smh( v+ 22)
—% cos(271) cos(2r2) cos(2r3) sinh(2s) sinh(Zv —22)
+2 cos(2711) cos(2ry) cos(2713) sinh(2 s) smh(2v +22)
—g €o8(271) cos(2r2) cos(2r3) sinh(2s) sinh(4v — 22).

O
O

We skip the case of SO(6,2)x.SO(6, 2) gauging, since with this parametriza-
tion, SO(6) would be implemented on the spinor indices 1,2,3,4,5,8, and
this relabelling is a bit inconvenient. If we use this parametrization with the
SO(7,1) x SO(7,1) gauging, we get:

—8¢ 2V =
23 -5 cosh( L2)+ L cosh( v+4z)
+1—85 cosh(3 v —42) - Z cosh( v+4z)
—g cosh(2v 4z) — g cosh(4v +4z)
-2 cosh( v+4z) cos(2712)

%—5 cosh( v—42z) cos(2712)
—igcosh( v+4z) cos(2ry) + 5 cosh(2v —42z) cos(2rg)
_§ cosh(4v +4z) cos(2rg) — 5 cosh(2 v +42) cos(2r7)
5

2 cosh(2v—42) cos(2r) — Z cosh( v+4z) cos(2r)
—1—2 Cosh(2v —42z)cos(2r1) — 5 cosh(4v +42z) cos(211)
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—3 2 cosh(2 v +42) cos(2r1) cos(2ry)
+§ Cosh( v—42z) cos(2r1) cos(27r9
_Z cosh(2v+42z) cos(2ry) cos(272)

% cosh(2v —42z) cos(2r1) cos(2r2)

+2 cosh(2

i
-3 cosh(4v —22z) cosh(2s) — 2 cos(
— 22 cos(2r3) sinh(2s) smh( v+22z
—% cos(2rs) sinh(2s) Slnh( v—22)
—5 cos(2 7’3) sinh(2 s) smh(2v +22)

%
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)

- g cosh(4v +4z) cos(2r1) cos(2712)

gv —22) cosh(2s) + 2 cosh(: v+ 2z) cosh(2s)
—1 cosh(2v —22) cosh(2s) — 5 cosh(2v + 22) cosh(2 )

273) sinh(2s) sinh(Z v —22)
)

— % cos(2r3) sinh(2s) sinh(4v — 22)

cosh( —22) cosh(2s) cos(2r3)

-2 cosh( v+ 22z) cosh(2s) cos(272)

+f cosh( —22z) cosh(2s)
3 cosh(QU +22z) cosh(2s) cos(2 7’2)
—?5008(2 r9) cos(2rs3) sinh(2s) Slnh(

cos(2r3y)

% cosh(4v —2z) cosh(2s) cos(272)
v—22)

—2 cos(2719) cos(2r3) sinh(2s) smh( v+22)

5

—2 cos(2ry) cos(2r3) sinh(2s) sinh(2

—g cos(2 7"2) cos(2rs) sinh(2

(2
3 cos(2rq) cos(2r3) sinh(2s) smh(2v +22)
(2s) sinh(4v —22)

v—2z)

+3 cosh(2v —2z) cosh(2s) cos(271)
-2 cosh( v+ 22z) cosh(2s) cos(271)
+2 Cosh( —22) cosh(2s) cos(2rq)

-5 cosh(2v +22) cosh(2s) cos(2r1) +

I cos(2ry) cos(2r3) sinh

B

% cosh(4v —2z) cosh(2s) cos(2r)

( (2s )Sinh%v—Zz)
§ cos(2711) cos(2r3) sinh(2s) sinh(z v + 2 z)

+13 g 2 cos(2r1) cos(2r3) sinh(2s) smh(g v—22)

+2 cos(2ry) cos(2rsz) sinh(2
+8 cos(2 7"1) cos(2rs) sinh(2
+3 cosh(2v —22) cosh(2s)

sinh(4

s) sinh(2v + 22)
5)

v—22)

cos(2711) cos(2rs)

—% cosh( v+ 22z) cosh(2s) cos(2r1) cos(272)

+4 cosh(2v —22) cosh(2s)
—? cosh(2 v+ 22) cosh(2s) cos(271)
+3 cosh(4v —22) cosh(2s) cos(271)

+10 sin(2rg) sin(re) sin(27r) sinh(2
+22 sin(2r3) sin(re) sin(2ry) sinh(2

cos(2ry) cos(2r3)

cos(2rg)
cos(2 7‘2)
s) s1nh(2 v—22)
s) Slnh( v+22)

+5 sin(2r3) sin(re) sin(27) sinh(2's) sinh(2v — 22)
—|—2 sin(2rg) sin(ra) sin(271) sinh(2 s) smh(2v +22)

+2 sin(2r3) sin(rg) sin(27;) sinh(2

s) sinh(4v —22)
—?5COS(2 r1) cos(2ry) cos(2r3) sinh(2

s) sinh(2 v —22)

—2 cos(2711) cos(2rg) cos(2r3) sinh(2s) smh( v+22)

3 cos(271) cos(2712) cos(2rs) sinh(2
0s(271) cos(2rg) cos(2r3) sinh(2
( ( (273) sinh(2

2
—g cos(2r1) cos(2ry) cos

s) sinh(2v —22)
s) smh(2 v+22)
s) sinh(4v — 22).
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Finally, for the compact gauge group SO(8) x SO(8), the potential reads:

—8g72V=
23+5 cosh( 12 0) + L2 cosh(3v +42)
+18 cosh( v—4z) +2 cosh( v+4z)+ 32 cosh(2v —42z) — & cosh(4v +42)
—5 cosh(2v+42) cos(2rg) + 1—85 cosh(2v — 42) cos(272)
—|—§ cosh(g v+4z) cos(2r2) — 5 cosh(2v —42z) cos(2712)
—§ cosh(4v +4z2) cos(2ra) — 5 cosh( v+42z) cos(2r)
5 cosh( v—42) cos(2ry) + 2 cosh( v+4z) cos(2ry)

—% cosh(2v —42) cos(2ry) — & cosh(4v +4z) cos(2 1)

—32 cosh(2v+42) cos(2r;) cos(279) + 1—85 cosh(3 v — 42) cos(2r1) cos(272)
+§ (:osh(g v+42z) cos(2r1) cos(2rg) — 5 cosh(2v —42z) cos(2r1) cos(2r2)
—3 cosh(4v +42z) cos(2ry) cos(2ry) + 2 cosh(2v — 22) cosh(2s)

+%5 cosh(2 v +22) cosh(2s) 4 12 cosh(% v — 22) cosh(2 s)

+2 cosh(2v +22) cosh(2s) — 2 cosh(4v — 2z) cosh(2s)

—% cos(2r3) sinh(2 s) s1nh(§ v—22z) — 12 cos(2r3) sinh(2s) sinh(3 v +22)
+2 cos(2r3) sinh(2s) sinh(Sv —22)

+5 cos(2 7‘3) sinh(2 s) smh(2v +2z)— % cos(2 7"3) sinh(2 s) sinh(4v —2z)
+3 cosh(2 v —22z) cosh(2s) cos(2r2) — 22 cosh(2 v+ 22) cosh(2s) cos(2ry)
3 cosh(g v —22z) cosh(2s) cos(2712)

—% Cosh(2v +22) cosh(2s) cos(2r2) + & cosh(4v — 22) cosh(2s) cos(272)
—32 cos(2r9) cos(2r3) sinh(2s) smh(% v—22)

—%5 cos(2rq) cos(2r3) sinh(2s) sin ggv+2z)

—1—4 cos(27g) cos(273) sinh(2s) sinh(z v — 2 2)
+2 cos(2712) cos(2r3) sinh(2s) sinh(2v + 2 2)
—g cos(2 7‘2) cos(273) sinh(2s) sinh(4v — 22)
+32 cosh(2v —22) cosh(2s) cos(2r)
15 cosh( v+2z) cosh(2s) cos(27)
—%8 cosh($ v — 22) cosh(2s) cos(2ry)
? cosh(2v +22) cosh(2s) cos(271) + 3 cosh(4v — 2z) cosh(2s) cos(277)
42: cos(27y1) cos(2r3) sinh(2s) Sinh(év —22)
+% cos(271) cos(273) sinh(2s) sinh(z v 4 22)
—15 cos(2r1) cos(2r3) sinh(2s) smh(g v—22)
—% cos(2711) cos(2r3) sinh(2s) sinh(2v + 2 2)
—1—8 cos(2 7‘1) cos(273) sinh(2s) sinh(4v — 22)
+32 cosh(2v —22) cosh(2s) cos(2r1) cos(2r2)
15 cosh( v+ 22z) cosh(2s) cos(271) cos(2719)
—%8 cosh($ v —22) cosh(2s) cos(2r1) cos(2r2)
5 cosh(2v +2z) cosh(2s) cos(27r1) cos(2r2)
—I—% cosh(4v — 2 z) cosh(2s)

» O»

cos(2711) cos(27r2)
+10 sin(273) sin(rg) sin(2r1) sinh(2 s) smh(i v—22)
+22 sin(273) sin(re) sin(2ry) sinh(2s) smh( v+22)

—5 sin(273) sin(rg) sin(2ry) sinh(2s) sinh(Zv — 2z2)
—2 sin(273) sin(re) sin(2r1) sinh(2s) Slnh(2v +22)
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+1 sin(273) sin(ry) sin(27;) sinh(2s) sinh(4v —22)
-3 cos(271) cos(2r2) cos(2r3) sinh(2s) sinh(2v —22)
—§5 cos(2711) cos(2ry) cos(2r3) sinh(2 s) smh( v+ 22)
—1—4 COS(2 r1) cos(27r3) cos(2r3) sinh(2s) sinh(3 v —22)
0s(27r1) cos(2712) cos(2rs) sinh(2s) smh(2v +22)
8(271) cos(2rg) cos(2r3) sinh(2s) sinh(4v — 2 z)

gC

A.3 The SU(3) x SU(3) invariant submanifold

The parametrization (4.18) yields for the G_14) X Fy_20) gauged model the
following potential:

—89_2V_
22%142857) + 2048 cos(8rs) + 2048 cos(81y) + gg sin(4rs) sin(4rg)
—5are cos(872) cos(875) — gy cos(4re) cos(drg — 4rg) cos(47s)
—ﬁ cos(811 —8ry) — ﬁ cos(871 — 8714) cos(87s)
—g7 cos(dry —4ry) cos(drg — 4rg) + g7 sin(4rs) sin(4drg — 4rg) sin(dry — 4ry)
~NE cos(87y — 874) cos(872) — s55 cos(4ry —4ry) sin(875) sin(8ry)
+128 cos(4ry — 4ry) cos(47z) cos(475) — 5oug cos(8r1 — 814) cos(8ry) cos(87s)
—1—64 sin(4rs —4rg) sin(4rg) sin(4dr; —4ry)

6§ cos(4ry —4ry) cos(4drs —4rg) 5111(47*5) sin(4rg) + gi‘g cosh(z)
—% cosh(2z) — 5% cosh( ) cos(8715) + 2048 cosh(2 z) cos(875)

— =75 cosh(2) cos(872) + 5% cosh(2 z) cos(872)
—22 cosh(z) sin(4rs) sin(47rs) + 155 cosh(2z) sin(47s) sin(4rs)
+512 cosh(z) cos(812) cos(875) — 5o cosh(22) cos(872) cos(875)
—1—643 cosh(2 z) cos(4ry) cos(4drg — 47"6) cos(475) + £33 cosh(z) cos(8ry — 874)
3o cosh(22) cos(87) — 874) + 25 cosh(z ) cos(8r1 — 8ry) cos(875)
— 5o cosh(2z) cos(871 — 8r4) cos(875) + g cosh(22) cos(4ry —4ry) cos(drs — 4rg)
—g; cosh(22) sin(4rs) sin(drs — 4rg) sin(dry — 4ry)
+m cosh(z) cos(871 — 874) cos(872) — g cosh(22) cos(871 — 874) cos(872)
—1—128 cosh(z) cos(4ry — 4ry) sin(8rs) sin(8rz)
cosh(2z) cos(4ry —4ry) sin(87r5) sin(872)
gg cosh(z) cos(4ry —4ry) cos(4drg) cos(4rs)
+512 cosh(z) cos(8r; —874) cos(8rz) cos(875)
+13z cosh(2z) cos(4dry — 4ry) cos(4ry) cos(4rs)
—ﬁ cosh(2z) cos(871 — 8ry4) cos(812) cos(875)
—é cosh(2z) sin(4rs —4rg) sin(4ry) sin(4dry —4ry)
+64 cosh(2z) cos(4ry —4ry) cos(4drs —4re) sin(4drs) sin(4rg)
—|—§‘£ cosh(s) — 5o2- cosh(2 ) = cosh(s) cos(875)
+2048 cosh(2s) cos(875) — 3—2 cosh(s) cos(8712)
+2?48 cosh(2s) cos(8ry) — 23 cosh(s ) sin(4rs) sin(4rz)
+125 cosh(2s) sin(475) sm(4 ro) + m cosh(s) cos(8ry) cos(873)
—5ors cosh(2s) cos(872) cos(875) + g cosh(2s) cos(473) cos(4rg — 47g) cos(47s)
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+235 cosh(s) cos(8r1 — 874) — 52 cosh(2s) cos(8r — 87y)
+235 cosh(s) cos(871 — 814) cos(875) — 5oz cosh(2s) cos(8ry — 874) cos(875)
+4; cosh(2s) cos(4ry —4ry) cos(drs — 4rg)
% cosh(2s) sin(475) sin(4rs — 4rg) sin(4dr; —4rg)
+25 cosh(s) cos(8r1 — 874) cos(872) — 5= cosh(2s) cos(871 — 81y) cos(873)
+% cosh(s) cos(4ry —4ry) sin(8rs) sin(8rz)
“32 cosh(2s) cos(4ry —4ry) sin(875) sin(8rz)
— 2 cosh(s) cos(4ry — 47y) cos(4rs) cos(4rs)
+512 cosh(s) cos(8r; — 87y) cos(8712) cos(875)
+135 cosh(2s) cos(4ry — 4ry) cos(4rs) cos(4rs)

25’48 cosh(2s) cos(8r; — 87y) cos(8712) cos(875)
@ cosh(2s) sin(4drg — 4rg) sin(4dre) sin(4dry —4ry)
+47 cosh(2s) cos(4ry —4ry) cos(4drg — 4rg) sin(4rs) sin(47s)
+251 cosh(s) cosh(z) — 25 cosh(s) cosh(2z)
— 2L cosh(2s) cosh(z) — % cosh(2s) cosh(2z)
+135 cosh(s) cosh(z) cos(875) — =5 cosh(s) cosh(2z) cos(875)
(2
(
(2

m

— =15 cosh(2s) cosh(z) cos(875) + 55 cosh(2s) cosh(2z) cos(875)

+135 cosh(s) cosh(z) cos(8r2) — =5 cosh(s) cosh(2z) cos(873)

5 cosh(2s) cosh(z) cos(872) + 5ag cosh(2s) cosh(2z) cos(872)

cosh(s) cosh(z) sin(4rs) sin(472) 4+ 45 cosh(s) cosh(2z) sin(4rs) sin(4ry)

s cosh(2s) cosh(2z) sin(4rs) sin(4rg) — %8 cosh(s) cosh(z) cos(873) cos(875)

+x75 cosh(s) cosh(2z) cos(8r2) cos(875) + g5 cosh(2s) cosh(z) cos(872) cos(875)

— 5515 cosh(2s) cosh(2z) cos(872) cos(875)

6%1 cosh(2s) cosh(2 z) cos(4rg) cos(4drs —4rg) cos(4drs)

1%—8 cosh(s) cosh(z) cos(8r1 — 874) + =15 cosh(s) cosh(2z) cos(871 — 874)

+=15 cosh(2s) cosh(z) cos(81 — 874) — 5oz cosh(2s) cosh(2z) cos(8r — 87y)

B cosh(s) cosh(z) cos(8r; —871y) cos(875)
(
(

ot

iz cosh(s) cosh(2z) cos(8r; —874) cos(87rs)
=15 cosh(2s) cosh(z) cos(871 — 874) cos(875)

20148 cosh(2s) cosh(2z) cos(8r; —871y) cos(875)
— g5 cosh(2s) cosh(2z) cos(4ry — 4ry) cos(drs — 47g)
—I—% cosh(2s) cosh(2 z) sin(4rs) sin(4drs — 4rg) sin(4dry —4ry)
—1og cosh(s) cosh(z) cos(871 —874) cos(872)
+=15 cosh(s) cosh(2z) cos(87r1 — 874) cos(872)
+=15 cosh(2s) cosh(z) cos(8r1 — 874) cos(872)
—5oqs cosh(2s) cosh(22) cos(8r1 — 874) cos(872)
3% cosh(s) cosh(z) cos(4ry —4ry) sin(875) sin(8rz)
+135 cosh(s) cosh(2z) cos(4ry — 4ry) sin(875) sin(8ry)
—1—128 cosh(2s) cosh(z) cos(4r; —4ry) sin(8rs) sin(8rz)

m cosh(2s) cosh(2z) cos(4dry —4ry) sin(875) sin(873)
+8 cosh(s) cosh(z) cos(4r —4rs) cos(4rg) cos(4rs)

— 135 cosh(s) cosh(z) cos(8ry — 874) cos(8ry) cos(87s)
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+3% cosh(s) cosh(2z) cos(4ry —4ry) cos(4dry) cos(4rs)

—1-512 cosh(s) cosh(2z) cos(8r; —871y) cos(8712) cos(875)

+4> cosh(2s) cosh(z) cos(4ry —4ry) cos(4ry) cos(47s)

++75 cosh(2s) cosh(z) cos(8r1 — 874) cos(872) cos(875)

— 155 cosh(2s) cosh(2z) cos(4ry —47r4) cos(4rz) cos(47s)
—ﬁ cosh(2s) cosh(2z) cos(8r; — 874) cos(8712) cos(875)
+64 cosh(2s) cosh(2z) sin(4rg —4rg) sin(4rg) sin(4dry —4ry)

% sin(2rs — 27¢) sin(2rg — 6r35) sin(2r; — 2r4) sinh(z) sinh(s)

?9 sin(2rs —2rg) sin(2ry + 2r5) sin(2r — 274) sinh(z) sinh(s)

—&1 sin(273 — 27g) sin(6rg — 275) sin(2r1 — 274) sinh(z) sinh(s)
—l—% sin(2rs — 27¢) sin(6re + 6r;5) sin(2r; — 2r4) sinh(z) sinh(s)
+4; sin(2r; — 27g) sin(2ry — 6735) sin(671 — 674) sinh(z) sinh(s)
+4; sin(2r3 — 27g) sin(2ry + 275) sin(6r1 — 674) sinh(z) sinh(s)
— 5 sin(2r3 — 27g) sin(675 — 27r5) sin(671 — 674) sinh(z) sinh(s)

6%11 sin(2rs — 27¢) sin(6rg + 6r;5) sin(67; — 674) sinh(z) sinh(s)
—1og Sin(2r3 —27¢) sin(2ry — 675) sin(2r; — 274) sinh(2 z) sinh(s)
_1%8 sm(2 T3 —27¢) sin(2re + 2r;5) sin(2r; — 27r4) sinh(2 z) sinh(s)
+1o5 sin(27r3 — 276) sin(6ry — 275) sin(271 — 274) sinh(2 2) sinh(s)
—1%8 sin(2rs —2rg) sin(6ry + 675) sin(27r, — 274) sinh(2 2) sinh(s)
—1og Sin(273 —276) sin(2r2 — 675) sin(671 — 674) sinh(2 z) sinh(s)
—%%8 sin(27r3 — 2r¢) sin(2ry + 2r5) sin(67 — 6ry4) sinh(2 z) sinh(s)
—1—1—%8 sin(2rs — 2rg) sin(6ry — 2r5) sin(67 — 674) sinh(2 2) sinh(s)
+? sin(27r3 —2r¢) sin(672 + 6r5) sin(67 — 6ry4) sinh(2 z) sinh(s)
—1og Sin(2r3 —276) sin(272 — 675) sin(2r; — 274) sinh(z) sinh(2s)
— 155 Sin(2r3 —27¢) sin(2ry + 275) sin(27; — 274) sinh(z) sinh(2s)
+13z sin(2r3 — 276) sin(672 — 275) sin(271 — 274) sinh(z) sinh(2s)
—15g Sin(2r3 —27¢) sin(6 72 + 675) sin(2r; — 274) sinh(z) sinh(2s)
—%%8 sin(2rs —2rg) sin(2ry — 675) sin(67, — 674) sinh(z) sinh(2s)
— o5 Sin(2r3 —276) sin(27y + 275) sin(6r; — 674) sinh(z) sinh(2s)
—1—%%8 sin(2rs —2rg) sin(6ry — 2r5) sin(67, — 674) sinh(z) sinh(2s)
+1og sin(27r3 — 276) sin(67r2 + 675) sin(671 — 674) sinh(z) sinh(2s)
+525 sin(2r3 — 276) sin(27p — 675) sin(2r; — 2ry) sinh(22) sinh(2s)

22_§6 sin(2rs —2rg) sin(2ry + 2r5) sin(2r — 274) sinh(2 2) sinh(2 s)

@ sin(2r3 —2rg) sin(6ry — 275) sin(2r1 — 2ry) sinh(2 z) sinh(2s)
—|—$ sin(2rs —2rg) sin(6ry + 675) sin(27r, — 274) sinh(2 2) sinh(2 s)
+555 sin(27r3 — 276) sin(2ry — 675) sin(671 — 674) sinh(22) sinh(2s)
+g955 sin(2r3 — 27g) sin(2ry 4 275) sin(67; — 674) sinh(2 z) sinh(2s)
—2—?6 sin(2r3 —2rg) sin(6ry — 275) sin(671 — 6ry4) sinh(2 z) sinh(2s)
6 sin(2rs —2rg) sin(6ry + 675) sin(67, — 674) sinh(22) sinh(2s)
—?—4 cos(211 — 21y) cos(2ry — 215) cos(213 — 271¢) sinh(z) sinh(s)
—51 €08(2711 — 274) cos(27a + 675) cos(2r3 — 276) sinh(z) sinh(s)
+& cos(2ry — 2r4) cos(6r2 — 675) cos(273 — 27g) sinh(z) sinh(s)

— g7 €08(2711 — 274) cos(6rg 4+ 275) cos(273 — 276) sinh(z) sinh(s)
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—i—é cos(6r1 —67y) cos(2my — 2r5) cos(213 — 2rg) sinh(z) sinh(s)
+64 cos(671 — 674) cos(2ry + 675) cos(2r3 — 2716) sinh(z) sinh(s)
+64 cos(6r1 —67y) cos(6ry — 6r5) cos(2r3 — 2rg) sinh(z) sinh(s)
4—6g cos(671 — 674) cos(6ry + 275) cos(2r3 — 2716) sinh(z) sinh(s)
—1—128 cos(211 — 271y) cos(2ry —2715) cos(2r3 — 271¢) sinh(2 2) sinh(s)
+1§8 cos(211 — 2714) cos(2ra + 675) cos(2r3 — 2716) sinh(2 2) sinh(s)
2% 0s(2r; —2714) cos(6ra — 675) cos(2r3 — 27¢) sinh(2 z) sinh(s)
+1%8 cos(211 — 271y) cos(6ra +275) cos(2r3 — 2716) sinh(2 2) sinh(s)
e cos(611 — 674) cos(2ra —2r5) cos(2r3 — 2716) sinh(2 2) sinh(s)
1%8 cos(6r; —674) cos(2ry + 675) cos(2r3 — 2rg) sinh(2 z) sinh(s)
—1%8 cos(671 — 674) cos(6ra —67r5) cos(2r3 — 2716) sinh(2 2) sinh(s)
1%8 cos(6r; —674) cos(612 +275) cos(2r3 — 2rg) sinh(2 z) sinh(s)
+1%8 cos(211 — 271y) cos(2ra —27r5) cos(2r3 — 2716) sinh(z) sinh(2s)
+13g €cos(271 — 27y) cos(27a + 675) cos(273 — 276) sinh(z) sinh(2 s)
—1%8 cos(211 — 271y) cos(6ra —67r5) cos(2r3 — 2716) sinh(z) sinh(2s)
+13g cos(271 — 27y) cos(67a 4+ 275) cos(273 — 276) sinh(z) sinh(2 s)
— 135 cos(671 — 674) cos(2ry — 275) cos(2r3 — 27g) sinh(z) sinh(2 s)
— 125 €0s(671 —674) cos(27y 4 675) cos(273 — 276) sinh(z) sinh(2 s)
—1%% cos(6r1 —67y4) cos(6ry —615) cos(2r3 — 27g) sinh(z) sinh(2 s)
—@ cos(671 — 674) cos(6r2 +2r5) cos(2r3 — 2716) sinh(z) sinh(2s)
—i-@ cos(2r; —27ry) cos(2ry — 2r5) cos(213 — 27g) sinh(2 z) sinh(2s)
—@ cos(2r; —2ry) cos(2ry + 675) cos(213 — 27g) sinh(2 z) sinh(2 s)
+2?—6 cos(2r; —27y) cos(6ry — 615) cos(213 — 27g) sinh(2 z) sinh(2s)
_ﬁ cos(211 — 2714) cos(6ra +2r5) cos(2r3 — 2716) sinh(2 2) sinh(2 s)
—i-z?—ﬁ cos(6r; —67y) cos(2ry —27r5) cos(213 — 276) sinh(2 z) sinh(2s)
+2?6 cos(6r; —67y) cos(2ry + 675) cos(213 — 27g) sinh(2 z) sinh(2 s)
—l-z?ﬁ cos(6r; —674) cos(6ry — 6715) cos(213 — 27g) sinh(2 z) sinh(2s)
+355 cos(671 — 674) cos(672 + 275) cos(273 — 276) sinh(2 z) sinh(2 s)
— g5 cosh(2s) cosh(22) cos(4ry — 4ry) cos(drs — 47g) sin(4rs) sin(4drs)

99

Using this parametrization with the embedding tensor of SO(8) x SO(8)

gives:

—8g 2V =

82359g1 + 22 cos(8 7‘5) + 22 cos(874) + 5ok cos(874) cos(875)

+555 cos(872 ﬁ cos(813) cos(8r5) % cos(873) cos(87y4)
— 525 cos(872) cos(874) cos(8 rs5) + 256 cos(871)

) —
)
871) cos(87;5
)
)

—5=5 cos( ) — ﬁ cos(8r1) cos(81y)
— 52 cos(871) cos(874) cos(875) + oo cos(871) cos(872)
ﬁ cos(871) cos(872) cos(875) — 555 cos(871) cos(812) cos(87y)

§ cos(4ry) cos(4ry) cos(4dry) cos(4rs)
ﬁ cos(871) cos(8712) cos(81y) cos(8 7‘5) + 42 cosh(z)

+2g cosh(22) — 3 cosh( ) cos(875) + 5 cosh(2 z) cos(875)
— & cosh(z) cos(874) + 5= cosh(2z) cos(874)
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cos(875) + 52 cosh(2z) cos(874) cos(875)
— 52 cosh(2 z) cos(873)

cos(875) — 52 cosh(2z) cos(872) cos(875)

cos(874) — 555 cosh(2z) cos(872) cos(874)

+57 cosh(z) cos(872) cos(874) cos(875)
5= cosh(2 z) cos(872) co (8 r4) cos(875) — & cosh(z) cos(87)
52 cosh(2z) cos(871) 4+ & cosh(z ) cos(871) cos(8rs)
2% cosh(2z) cos(871) cos(875) + & cosh(z) cos(8r1) cos(874)
555 cosh(2 z) cos(871) cos(874)
—i—% cosh(z) cos(8r1) cos(87y) cos(875)
555 cosh(2 z) cos(871) cos(874) cos(87s5)
2 cosh(2) cos(871) cos(872) — 52 cosh(22) cos(8r1) cos(872)
+63§ cosh(z) cos(871) cos(8712) cos(875)
7% cosh(2 z) cos(871) cos(872) cos(8rs)
+6§ cosh(z) cos(871) cos(8712) cos(87y)

555 cosh(2 z) cos(871) cos(872) cos(874)
—6 cosh(z) cos(4r1) cos(4rg) cos(4dry) cos(4drs)
§_4 cosh(z) cos(8r1) cos(8rz) cos(874) cos(87rs)
cosh(2 z) cos(4ry) cos(4dry) cos(4dry) cos(4rs)

—zgg cosh(2 z) cos(871) cos(872) cos(814) cos(875)
+%& cosh(s) + 322 cosh(2s) — & cosh(s) cos(875)
—% cosh(2s) cos(8r5) — 6% cosh(s) cos(871y4)
~ 3 cosh(2 s) cos(8ry) — 2 cosh(s ) cos(8r4) cos(8rs)
— 2= cosh(2s) cos(874) cos(875) — &5 cosh(s) cos(872)
—i—% cosh(2 s) cos(8r2) + & cosh(s ) cos(8r2) cos(8rs)
—@ cosh(2s) cos(872) cos(875) + & cosh(s) cos(872) cos(874)
7% cosh(2s) cos(8r2) cos(87y)
+2; cosh(s) cos(872) cos(874) cos(875)
? cosh(2s) cos(873) cos(8 r4) cos(875)
—& cosh(s) cos(871) + 52 cosh(2s) cos(871)
+64 cosh(s) cos(8r1) cos(8rs5) — % cosh(2s) cos(871) cos(8rs)
+64 cosh(s) cos(871) cos(874) — 555 cosh(2s) cos(871) cos(87y)
+6 cosh(s) cos(8r1) cos(8r4) cos(875)
@ cosh(2s) cos(871) cos(874) cos(8 5)
— & cosh(s) cos(871) cos(872) + 5 cosh(2s) cos(871) cos(872)
+64 cosh(s) cos(871) cos(872) cos(875)
% cosh(2s) cos(871) cos(8rz) cos(8rs)
+64 cosh(s) cos(871) cos(872) cos(874)
— 5= cosh(2s) cos(871) cos(872) cos(87y4)
—6 cosh(s) cos(4r1) cos(4rg) cos(4ry) cos(4rs)

+§_4 cosh(s) cos(871) cos(8ry) cos(8r4) cos(875)
+5 cosh(2s) cos(471) cos(472) cos(474) cos(47s)
— 5= cosh(2s) cos(871) cos(8ry) cos(8r4) cos(87s)
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+216§ cosh(s) cosh(z) — & cosh(s) cosh(2z) — & cosh(2s) cosh(z)
— 1232 cosh(2s) cosh(2z) + £ cosh(s) cosh(z) cos(875)
— 2 cosh(s) cosh(2z) cos(875) + &7 cosh(2s) cosh(z) cos(875)
— 5= cosh(2s) cosh(2z) cos(875) 4+ £ cosh(s) cosh(z) cos(87y)
— 2 cosh(s) cosh(2z) cos(874) + g7 cosh(2s) cosh(z) cos(874)
— 5= cosh(2s) cosh(2z) cos(874)
+ cosh(s) cosh(z) cos(874) cos(87s5)
—&; cosh(s) cosh(2z) cos(874) cos(875)
—1-6—14 cosh(2 s) cosh(z) cos(874) cos(8rs)
— 525 cosh(2s) cosh(2z) cos(874) cos(875)
—I-% cosh(s) cosh(z) cos(8ry) + 6%1 cosh(s) cosh(2z) cos(87r2)
— & cosh(2s) cosh(z) cos(872) — 55 cosh(2s) cosh(2z) cos(872)
= cosh(s) cosh(z) cos(8ry) cos(875)
cosh(s) cosh(2z) cos(8r2) cos(875)
cosh(2 s) cosh(z) cos(872) cos(8rs)
(2
s

(2
(
(
(

+ +
BBl Bes

—5z5 cosh(2s) cosh(2z) cos(8r2) cos(875)
cosh(s) cosh(z) cos(8ry) cos(87y4)

cosh(s) cosh(2z) cos(8r2) cos(874)

cosh(2 s) cosh(z) cos(87z) cos(8ry)

76 cosh(2s) cosh(2z) cos(8rz) cos(8ry)

E cosh(s) cosh(z) cos(873) cos(8ry4) cos(875)

—1-64 cosh(s) cosh(2z) cos(8ry) cos(8r4) cos(875)
+4; cosh(2s) cosh(z) cos(872) cos(874) cos(87s5)

r—'ﬂ>~|’_‘g ’_‘5"_‘

_|_
_|_

2;36 cosh(2s) cosh(2z) cos(8ry) cos(8r4) cos(875)
+% cosh(s) cosh(z) cos(871) + & 1cosh(s) cosh(2 z) cos(871)
—&1 cosh(25) cosh(z) cos(871) — 5z5 cosh(2s) cosh(2z) cos(871)
— = cosh(s) cosh(z) cos(871) cos(875)
+4; cosh(s) cosh(22) cos(871) cos(875)
+4; cosh(2s) cosh(z) cos(8r1) cos(875)
— 525 cosh(2s) cosh(22) cos(871) cos(875)
—% cosh(s) cosh(z) cos(8r1) cos(87y4)

+4; cosh(s) cosh(22) cos(871) cos(874)

—1-6—:% cosh(2 s) cosh(z) cos(871) cos(8ry)
—5z5 cosh(2s) cosh(2z) cos(871) cos(874)

—% cosh(s) cosh(z) cos(8r1) cos(8r4) cos(875)
+64 cosh(s) cosh(2z) cos(8r1) cos(874) cos(875)
—1-611 cosh(2 s) cosh(z) cos(8r1) cos(8r4) cos(875)
70 cosh(2s) cosh(2z) cos(871) cos(874) cos(87rs)
—1-16 cosh(s) cosh(z) cos(8r1) cos(873)
+4 7 cosh(s) cosh(2z) cos(8r1) cos(872)
— & cosh(2s) cosh(z) cos(871) cos(872)
—5z5 cosh(2s) cosh(2z) cos(871) cos(8r2)
— 4= cosh(s) cosh(z) cos(871) cos(8ry) cos(87rs)
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+4; cosh(s) cosh(2z) cos(871) cos(873) cos(875)

+4; cosh(2s) cosh(z) cos(871) cos(872) cos(875)

— == cosh(2s) cosh(2z) cos(877) cos(872) cos(873)

— 4 cosh(s) cosh(z) cos(871) cos(872) cos(8r4)

+4; cosh(s) cosh(2z) cos(871) cos(873) cos(87y4)

+4; cosh(2s) cosh(z) cos(871) cos(872) cos(874)

— 5= cosh(2s) cosh(2z) cos(877) cos(872) cos(87y)

+6 cosh(s) cosh(z) cos(4r1) cos(4rg) cos(4ry) cos(4rs)
—%6 cosh(s) cosh(z) cos(8r1) cos(872) cos(814) cos(875)
+4; cosh(s) cosh(2z) cos(871) cos(8ry) cos(8ry) cos(87s)
+§l4 cosh(2s) cosh(z) cos(871) cos(8ry) cos(8r4) cos(875)
—3 cosh(2s) cosh(2z) cos(4ry) cos(4ra) cos(4ry) cos(47s)
— 525 cosh(2s) cosh(22) cos(871) cos(872) cos(874) cos(875)

A.4 The D =4 potential on a manifold of ten

SO(3) singlets

For the potential whose construction was described in ch.5, we introduce the
following abbreviations:

©O R NITNOOER~QAMAR

= COS(2 W48) B = COS(4 w4g)

= COS(6 W48) D COS(S w4g)

= cos(2wyr) F = cos(4wy)

= cos(6wyr) H = cos(8war)

= cos(2¢yr — 4 Pag) J = cos(2wye)

= COS(4 W46) L COS(6 w46)

= cos(8wye) N = cos(2 ¢ — 4 Pa7)

— 005(2 ¢46 -2 ¢47 — 4 ¢48) P = COS(4 W45)

= cos(8wys) R = cos(4¢ss)

= COS(2 ¢45) T = COS(4 ¢46)

= c08(2 Pug + 4 Pu7) V= coS(2¢us + 2 Par + 4 Pug)
= cos(2wys) X = sin(4 dup)

= sin(2 ¢y5) Z = cos(6wys)

= sin(2 ¢us + 4 Pur) b= sin(2 ¢ + 2 Par + 4 Pug)
= cosh(1/2 p) d = COSh(p)

:= cosh(3/2p) f = cosh(2p)

(A1)

Furthermore, since every denominator in this potential is a power of two,
we define a%b := a/2°. Then, the 12240 terms of the potential are given on
the following eight pages.
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~1155%20NKEA +105%211
-1575%20NKFC 2415%23NKFD J13550020NKGA 105%21NKGB Z315%20NKGC 735%23NKGD
+5145%21NLEA *5145%22NLEE
+735%21NLEC +735%24NLED -5145%21NLFA ~5145%22NLFB ~735%21NLFC ~735%24N
-5145%21NLGA ~51450622NLGB -735%621NLGC 735%2ANLGD 51A5%23NLHA 5145%2ANLHB
~735%23NLHC ~735%26NLHD +
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~2205%210JFA +15645%210JFB
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+525%200KFA ~525%200KFB ~525%200KFC -525%220KFD -945%210KGA +945%210KGB
+945%210KGC +945%230KGD +11025%220LEA ~11025%220LEB ~11025%220LEC -11025%240LED
+2205%210LFA ~2205%210LFB ~2205%210LFC -2205%230LFD +73506220LGA ~735%220LGB
~735%220LGC -735%240LGD -18718053%30P -4501875%32Q ~2269473%27PA +753951%28PB
+161385%27PC ~1162455%30PD -900375%29QA ~900375%30QB -128625%29QC -128625%32QD
-2358513%27PE +478431%28PF +116025%27PG ~1135575%30PH 7900375%29QE ~900375%30QF
-128625%29QG -128625%32QH -243513%24PEA +207891%25PEB +26145%24|
~2119959627PED +162531%25PFA +246483%26PFB ~315%25PFC 166635%28PFD +12705%24PGA
4&795%25?(58 10185%24PGC 20685%27PGD 227115%27PHA 227115%28PHB -32445%27PHC
—25725%26QEC ~25725%29QED
7180075%27QFA 180075%28QFB 25725%27QFC -25725%30QFD -25725%26QGA 25725%27QGB
-3675%26QGC -3675%29QGD -25725%29QHA ~25725%30QHB ~3675%29QHC -3675%32QHD
-1575%21PI ~315%19PIA +315%19PIB +315%19PIC +315%21PID -1575%22PIE +1575%21PIF
+1575%22PIG ~315%20PIEA +315%20P|EB +315%20PIEC +315%22PIED +315%19PIFA
-315%19PIFB ~315%19PIFC -315%21PIFD +315%20PIGA -315%20PIGB ~315%20PIGC
-315%22PIGD -2402613627P) +419631%28PK +160125%27PL ~000375%30PM 900375%29QJ
-900375%30QK — L -1 M +199071 38
213255%27PID +1507719625PKA +234 - D
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+21525%24PLA ~9975%25PLB —8925%24PLC ~19425%27PLD ~180075%27PMA ~180075%28PMB
~25725%2TPNC -25725%30PMD 180075325014 ~180075%27Q1B -25725%2601C -25725%29010
-180075%27QKA ~180075%28QKB ~25725%27QKC ~25 0QKD ~25725%26Q) QL
~36TSHIEOLE ~3675%200LD 25725%290MA ~25725%300ME ~3675%200MC SB6T5H320MD
-32631%21PJE +177651%25PJF +1575%20PJG ~194775%27PJH +162951%25PKE
+290163026PKF +10425025PK -121275%28PKH +15750620PLE +A725%25PLF -5250%21PLG
~11025%27PLH ~180075%27P E

~180075%26QJE 180075%27QJF 257259626006 - 25725%20QIH ~180075%27OKE
-180075%28QKF ~25725%27QKG ~25725%300KH ~25725%26QLE ~25725%27QLF ~3675%26QLG
-3675%29QLH 25725%29QME 25725%30QMF -36720%290MG - 3675%320MH ~60837%423PJEA
+47931%22P JE JEC JED +22023%21PJFA +501630623P0F

OAPIRC 30375928 IF D, 12905048 3P IO JGD
JHC - oD (F0RCBARIREA

JHA JHB
+47223%Z3PKEB 525%21FKEC -31395%25f KF) FB
D 11155%621PKGA - 415%23PKGB 735%21PKGC 30A5%25PKGD

72835%22PLEB ~7245%23PLEC -945%22PLED ~315%21PLFA - 5355%23PLFB 945%21PLFC
-3465%25PLFD ~3885%23PLGA ~1365%22PLGB ~1155%23PLGC - 105%22PLGD 2205%24PLHA
-2205%25PLHB ~315%24PLHC -315%27PLHD
-5145%27PMED -3601! o
-5145%25PMGB ~735%24PMGC 735%27PMGD 5145%27PMHA -5145%28PMHB. 735%27PMHC
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+105%20PKIGA ~105%20PKIGB -105%20PKIGC 105%22PK\GD 18375%25PN ~3675%22PNA

23 D
+525%22POD ~3675%23PNE 23675923PNG
735% D +7: +735%21FNFB
a s +735%21PNGB +

D -7875%23POE 1575%22POF -525%23P0G
1570421POEA +1575921POED +1576%21POEC +175923POED 315%20POFA +315%20POFB
+315%20POFC +315%22POFD ~105%21POGA +105%21POGB +105%21POGC +105%23POGD
-18375%26PNJ +183759625PNK +18375%626PNL ~3675%23PNJA ~3675%24PNJB -525%623PNJC
-525%26PNJD +3675%22PNKA +3675%23PNKB +525%22PNKC +525%25PNKD +3675%23PNLA
+3675%24PNLB +525%23PNLC +525%26PNLD -2625%23P0J +2625%22POK +2625%23POL
-525%21POJA +525%21POJB +525%21POJC +525%23POJD +525%20POKA ~525%20POKB
-525%20POKC -525%22POKD +525%21POLA -525¢ OLB -525%21POLC -525%23POLD
-3675%24PNJE +3675%24PNJF +3675%24PNJG +3675%26PNJH +3675%23PNKE -3675%23PNKF
-3675%25PNKH +3675%624PNLE ~3675%24PNLF ~3675%24PNLG -3675%26PNLH
~735%21PNJEA ~735%22PNJEB ~105%21PNJEC -105%24PNJED +735%21PNJFA +735%22PNJFB
+105%21PNJFC +1059624PNJFD +735%21PNJGA +735%22PNJGB +105%21PNJGC +105%24PNJGD
+735%23PNIHA +735%24PNJHB +105%23PNJHC +1050626PNJHD +7350620PNKEA +735%21PNKEB
FA ~735%21PNKFB ~105%20PNKFC ~105%23PNKFD

D -7
7735%20PNKGA ~735%21PNKGB -
~108%22PNKHC ~105%25PNKHD +735%21PNLEA +735%22PNLEB +105%21PNLEC +105%24PNLED
-735%21PNLFA -735%22PNLFB ~105%21PNLFC ~105%24PNLFD ~735%21PNLGA ~735%22PNLGB|
-105%21PNLGC -105%24PNLGD -735%23PNLHA ~735%24PNLHB -105%23PNLHC ~105%26PNLHD
875%24POJE 1575%23POJF 525%24POJG +7875%23POKE +1575%22POKF +525%23POKG

G -1575%22POJEA +1575%22POJEB +1575%22POJEC
+1575%24POJED 315%21POJFA +315%21POJFB +315%21POJFC +315%23POJFD 105%22POJGA
+105%22POJGB +105%22POJGC +105%24POJGD +1575%21POKEA ~1575%21POK|
-1575%21POKEC -1575%23POKED +315%20POKFA -315%620POKFB 315%20POKFC -315%22POKFD
+105%21POKGA -105%21POKGB ~105%21POKGC ~105%23POKGD +1575%22POLEA ~1575%22POLEB
-1575%22POLEC -1575%24POLED +315%21POLFA -315%21POLFB ~315%21POLFC ~315%23POLFD
+105%22POLGA ~105%22POLGB —105%22POLGC ~105%24POLGD -44855127%32R ~5988267%29RA
+460629%30RB +411075%29RC ~1604925%32RD -6223467%29RE -480171%30RF +108675%29RG
-2142525%32RH -789567%26REA +159249%27REB +50295%26REC ~327705%29RED
+18129%27RFA*152337%28RFB -45465%27RFC -347865%30RFD ~3465%26RGA ~79065%27RGB

-61215%29RHC -61215%32RHD

Z63116679420R) ~59777L0430RK +196875%29RL —1672125%32RM ~807207426RIA
+141609%27RJB +47775%26RJC ~330225%29RJD -53910627RKA +128817%28RKB ~48825%27RKC
-351225%30RKD +14175%26RLA ~61425%27RLB ~26775%26RLC -51975%29RLD -334425%29RMA
-334425%30RMB —47775%29RMC -47775%32RMD —821907%26RJE +82809%27RJF +28875%26RIG

—363825%29RJH +53409%27RKE +364017%2&RKF +26775%27RKG ~216825%30RKH
+28875%26RLE ~2625%27RLF ~7875%26!

-47775%29RMG -47775%32RMH 48201%22RJEA +38109%24RJEB +2205%22RIEC
-66465%26RIED +29289%24RJIFA +32757%25RIFB ~11025%24RIFC -67725%27RIFD
+525%22RJIGA ~13125%24RIGB ~2625%22RIGC ~9975%26RIGD ~72765%26RIHA ~72765%27RIHB
EA +26877%25RKEB 1.

- JHC JHD
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+147%21cQLFc +147%24cQLFD +147%20cQLGA +147%21cQLGB +21%20cQLGC +21%23cQLGD
+147%23cQLHA +147%24cQLHB +21%23cQLHC +21%26cQLHD +1029%23cQMEA +1029%24cQMEB
+147%23cQMEC +147%26CQMED +1029%24cQMFA +1029%25cQMFB +147%24CQMFC +147%27CQMFD
+147%23cQMGA +147%24cOMGB +21%23cQMGC +21%26cQMGD +147%: CQMHA +147%27 QMHI
+219626cQMHC +21%629cQMHD +12247%621dPJEA +12863%20dPJEB +3129%21dPJE(
-1953%20dPJED +6043%19nPJFA +11671%21dPJFB SS%lePJFC GlQS%ZSdPJFD
+2457%21dPJGA ~567%: D ~7791%:
~7791%23dPJHB 1113%22dPJHC 1113%25dPJHD +5749%19dPKEA +11083%21dPKEB
~105%19dPKEC -6279%23dPKED +12679%21dPKFA +8219%22dPKFB -735%21dPKFC
f5187%24dPKFD +231%1BGPKGA -483%21dPKGB -14: D -485.

HD +2457%21dPLEA ~567%20dPLI
flMQ%ZldPLEC IBB%ZDdPLED -63%19dPLFA -1071%21dPLFB lSQ%leF‘LFC 593%23dPLFD
~777%21dPLGA -273%20|1PLGB -2319%21dPLGC —21%20dPLGD -441%22dPLHA -441%23dPLHB

77203%23dPMFA 7203%24dPMFE 2 102996230PNIFC ~1029%260PMFD 1029%22dPMGA

—147%25dPMHC ~147%28dPMHD ~7203%2100JEA ~7203%220QJEB ~1029%21dQJEC.
-1029%24dQJED ~7203%22dQJFA ~7203%23dQJFB ~1029%22dQJFC ~1029%25dQJFD
-1029%21dQJGA ~1029%22dQJGB ~147%21dQJGC ~147%24dQJ DleZQ%ZAdQJHA
-1029%25dQJIHB -147%24dQJHC 147%27dQJHD =7203%22dQKEA -7203%23d0)

~1029%22dQKEC -1029%25dQKED -7203%23dQKFA ~7203%24dQKFB 1029%23nQKFc
-1029%26dQKFD 1029%22dQKGA 1029%23nQKGE 1A7%22dQKGC -147%25dQKGD
71029%25d(‘KHA71029%26 IQKHB ~147%25dQKHC ~147%28dQKHD 1029%21:1QLEA
~1029%22dQLEB ~147%21¢ dQLEC 147%24dQLED 1029%22dQLFA -1029%23dQLFt

-147%22dQLFC 1A7%25dQLFD -147%21dQLGA -147%22dQLGB -21%21dQLGC —21%24dQLGD
-147%24dQLHA ~147%25dQLHB -21%24dQLHC -21%27dQLHD -1029%24dQMEA -1029%25dQMEB

~147%24dQMEC -147%27dQMED — 1029%25dQMFA 1029%26dQMFB —147%250QMFC -147%28dQMFD
-147%24dQMGA -147%25dQMGB —21%24dQMGC -21%27dQMGD ~147%27dQMHA 147%28dQMHB
-21%27dQMHC 21! %SOdQMHD +591%20ePJEA 1545%19ePJEB 447%209PJEC +279%19e
-717%18ePJFA ~15219%20ePJFB +9%18ePJF!
+207%20ePJGC +27%19ePJGD +1113%21ePJHA +1113%22ePJHB +159%21ePJHC +159%24ePJHD
675%18ePKEA ~1437%206PKEB +15%18¢PKEC +897%22¢PKED ~1665%20ePKFA 1101%21ePKFB
4105%20ePKFC *741%239PKFD -33%18ePKGA

35 194200PLEA +8196190PLEB
+207%20ePLEC +27%199PLED +9%1EePLFA +153%20ePLFB +27%18ePLFC +99%229PLFD
+111%20ePLGA +39%19ePLGB +33%20ePLGC +3%19ePLGD +63%21ePLHA +63%22ePLHI
+9%ZlEPLHC +9%24ePLHD +1029%21ePMEA 41029%22&PMEB +147%21ePMEC +147%2
+14; D +147%21ePMGA +147%225PMGB

{215216PMGC 121 D 4147 +14 +2. +21%27ePMHD
+1029%20eQJEA +1029%21eQJEB +147%20eQJEC +147%23eQJED +1029%21eQIFA
+1029%22eQIFB +147%21eQJFC +147%24eQJFD +147%20eQJGA +147%21eQJGB +21%20eQJGC
+219%623eQJGD +147%23eQIHA +147%24eQIHB +21%23eQIHC +219%26eQIHD +1029%21eQKEA
+1029%22eQKEB +147%2190KEC +147%24eQKED +1029%22eQKFA +1029%23eQKFB
+147%22eQKFC +147%25eQKFD +147%21eQKGA +147%22eQKGB +21%21eQKGC +21%24eQKGD
+147%24eQKHA +147%25eQKHB +21%24eQKHC +21%62 7eQKHD +147%20eQLEA +147%ZIEQLEB
+21%620eQLEC +21%23eQLED +147%21eQLFA +147%22eQLFB +21%21eQLFC +21%24eQ
+21%20eQLGA +21%21eQLGB +3%20eQLGC +3%23eQLGD +219%23eQLHA +21%24eQLHB
+3%23eQLHC +3%26eQLHD +147%23eQMEA +147%24eQMEB +21%23eQMEC +21%26€Ql
+147%24eQMFA +147%25eQMFB +21%24eQMFC +21%27eQMFD +21%23eQMGA +21%ZAEQMGB

+3%23eQMGC +3%626eQMGD +21%26eQMHA +21%27eQMHB +3%26eQMHC +3%29e
-16975%23PJEA ~5039%22PJEB +447%23fPJEC ~279%22fPJED ~307%21fPJFA +497%23IPJFB
-9%21PJFC -885%25(PIFD +351%23fPJGA ~81%22(PIGB ~207%23fPIGC ~27%22fPJ
~1113%24fPJHA - 1113%25!PJHB ~159%24fPIHC ~159%27fPIHD -349%21fPKEA »413%23'PKEB
-159621fPKEC -897%25fPKED FB - FC -741%26{PKFD
+33%621fPKGA ~69%23fPKGB Zl%zlfPKGC -8
399%25iPKHC ~9996281PKHD +35196231PLEA -B1%22(PLER —207%53iPLEC 27%22'PLED
-9%21fPLFA -153%23fPLFB -27%21fPLFC -99%25fPLFD -111%23fPLGA 39%22f L
-33%23(PLGC -3%22(PLGD ss%zAfPLHA -63%25fPLHB -99%24fPLHC ~9%27fPLHI
47%27fPMED 1029%25fPM FA

21%27(PMGD 147%27fPMHA 147%28!PMHB Zl%Z'NPMHC 21%3\)fPMHD 1029%23fQJEA
~1029%24fQJEB ~147%23fQJEC -~147%26fQIED ~1029%24fQIFA ~1029%25fQJF
-147%24{QJFC ~147%27fQJIFD ~147%23{QIGA 147%24!QJGB -21%6231QIGC 21%26IQJGD
-147%26/QIHA ~147%271QJHB ~21%26/QIHC -21%29fQJHD -1029%24fQKEA ~1029%25QKEB
~147%241QKEC -147%27fQKED — 1029%25!QKFA ~1029%26QKFB ~147%25(QKFC 147%28'QKF
-147%24{QKGA ~147%25{QKGB ~21%24fQKGC -21%27fQKGD ~147%27fQKHA ~147%28fQKHI
-21%27fQKHC ~21%30fQKHD -147%23fQLEA — 1A7%24fQLEB -219%23fQLEC -219%26fQLED
~147%241QLFA ~147%25QLFB ~21%24{QLFC ~21%27fQLFD — 21%23'QLGA721%240QLGB
-3%23fQLGC -3%26fQLGD -21%26fQLHA 21%27'QLHB -3%26fQLHC -3%29fQLHD
-147%26{QMEA ~1479627fQMEB -21%26fQMEC ~21%629fQMED -1479%27fQMFA 147%28|QMFB
721%27'QMFC 21%30«3MFD 21%26IQMGA 21%27|QMGB 39426/QMGC -3%29f¢ QMGD
219629fQM| 30(QMHB -3%29fQMHC ~3%32(QMHD +105%16cPJI +105%18c!
flOﬁ%l?dPJl 105%19dPK| +15%16ePJI +15%18ePKI ~15%19fPJI ~15%21fPKI +21%14CPJIA
-21%14cPJIB ~21%14cPJIC ~219%16cPJID +21%16¢PKIA ~21%16CPKIB ~210616cP
-21%18¢PKID ~21%15dPJIA +21%15dPJIB +21%15dPJIC +21%17dPJID 21%17dPK\A
+21%17dPKIB+21%17dPKIC+21%19dPK\D+3%14ePJIA 3%14ePJIB -3%14ePJIC ~3%16ePJID
+3%16ePKIA -3%16ePKIB ~3%16ePKIC -3%18ePKID -3%17fPJIA +3%17VPJ\B +3%17fPJIC
+3%19fPJ|D 3%19|PKIA +3%19|PK\B +3%19fPKIC +3%21'PK\D +105%17 PJIE
-105%16cPJIF ~105%17cPJIG + -105%18dPJIE
+105%17dPJIF +105%18dPJIG IDS%ZOdPK\E 105%19dPKIF *105%20dPK\G +15%17ePJIE
-15%16€ePJIF ~15%17ePJIG +15%19¢P 15%18ePKIF -15%19ePKIG ~15%20fP,
+15919fPJIF +15%20PJIG 15%22fPK|E +15%21fPK|F +15%22fPKIG +21%15cP.HEA
-21%15¢PJIEB ~21%15cPJIEC ~21%17¢PJIED ~21%14cPJIFA +21%14cPJIFB +21%14cPJIFC
+219%16cPJIFD ~21%15cPJIGA +21%15cPJIGB +21%15CPJIGC +21%17cPJIGD +21%17cPKIEA
~21%17CPKIEB ~21%17cPKIEC ~21%19cPKIED ~21%16CPKIFA +21%16CPKIFB +21%16cPKIFC
+219%18CPKIFD ~21%17cPKIGA +21%17cPKIGB +21%17cPKIGC +21%19cPKIGD ~219616dPJIEA
+21%16dPJIEB +21%16dPJ\EC +21%18dPJIED +21%15dPJIFA ~21%15dPJIFB ~21%15dPJIFC
~219%17dPJIFD +21%16dPJIGA ~21%16dPJIGB ~21%16dPJIGC fZl%lSdPJIGD ~21%18dPKIEA

o

F
“219619dPKIFD +21%18dPKIGA - 21%18dPKIGB - 21%18dPKIGC - 21%20dPKIGD +3%15ePJIEA
-3%15ePJIEB ~3%15ePJIEC -3%17ePJIED -3%14ePJIFA +3%14ePJIFB +3%14ePJIFC
+3%16ePJIFD ~3%15ePJIGA +3%15ePJIGB +3%15ePJIGC +3%17ePJIGD +3%17ePKIEA
-3%17ePKIEB -3%17ePKIEC ~3%19ePKIED -3%16ePKIFA +3%16ePKIFB +3%16ePKIFC
+3%18ePKIFD -3%17ePKIGA +3%17ePKIGB +3%17ePKIGC +3%19ePKIGD -3%18fPJIEA
+3%18fPJIEB +3%18fPJIEC +3%20fPJIED +3%17fPJIFA ~3%17fPJIFB ~3%17fPJIFC
-3%19fPJIFD +3%18fPJIGA ~3%18{PJIGB ~3%18fPJIGC ~3%20fPJIGD ~3%20fPKIEA

+3%20fPKIEB +3%20fPKIEC 43%22!PKIED +3%19PKIFA 3%1ENPK|FB -3%19fPKIFC

-3%21fPKIFD +3%20fPKIGA ~3%20fPKIGB - -3%22f
73675%23dPN +525%22ePN 525%25!PN +735%19cPNA +735%20cPNe +105%19GPNC
D -7 7735%21d

2fPNC D
1525%100PO - 5259200PO L7S1L9PO 75362910 L105%LTGPOA. —105%17:POB -105%17cPOC
-105%19cPOD -105%18dPOA +105%18dPOB +105%18dPOC +105%20dPOD +15%17ePOA
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—15%17ePOB ~15%17ePOC -15%19ePOD -15%20fPOA +15%20fPOB +15%20fPOC +15%22fPOD
+735%20CPNE ~735%20cPNF ~735%20cPNG 735% 2 PNH ~735%21dPNE +735%21dPNF
+735%21uPNG +7.

7%17cPNEA +147%1EcPNEB
2191 70PNEC +219%20CPNED 147961 70PNFA ~1479618GPNFB - 21661 7GPNFC -21%200P)
71A7%17CPNGA 1A7%18CPNGB 21%17cPNGc Zl%ZOCPNGD 1A7%19:PNHA 1A7%20:PNHB

+14 +14 21%21dPNFD +147%18dPNGA +147%19dPNGB
219 18GPNGC +2196210PNGD +1479200PNHA +14794210PNHB, +219620GPNHC +21%23dPNHD
+21%17ePNEA +21%18ePNEB +3%17ePNEC +3%20ePNED -21% 17ePNFA ~21%18eP|
-3%17ePNFC -3%20ePNFD -21%17el FNGA
-21920ePNHB -3%19ePNHC 721%21fPNEB D
+21920fPNFA +21%21fPNFB +3%20fPNFC +3%23YPNFD +219%20fPNGA +21%21¢PNGB
D +2 3fPNHB +3%22fPNHC +3%25(P|

+1575%20cPOE +315%19cPOF «105%20:?0(; 1575%21UPOE -315%20dPOF 105%21:1POG
+225%209POE +45%199P0F +15%20ePOG 225%231POE 45%22fPOF ~15%23fPO

+63%17CPOFA — 63%17CPOFB
*63%17CPOFC E3%19cPOFD +21%185POGA 21%185POGB 21%185POGC -21%20cPOGD
-315%19dPOEA +315%19dPOEB +315%19dPOEC +315%21dPOED -63%18dPOFA +63%18dPOFB
+63%1EdPOFC +63%20nPOFD 21%19dPOGA +21%19nPOGB +219%19dPOGC +21%21dPOGD

OED +9%17ePOFA -9%17ePOFB

79%17&P0FC —~9%1 QePOFD +3%1BePOGA 3%189POGB 3%18&POGC -3%20ePOGD -45%21fPOEA
+45%21fPOEB +45%21fPOEC +45%23fPOED -9%20fPOFA +9%20fPOFB +9%20fPOFC +9%22fPOFD
~3%211POGA +3%211POGB +3%21POGC +3%623(POGD +3675%23CPNJ 3675%22cPNK

-36 1J + +36

1J +735%20:F‘NJA +735%21CPNJB
+105%20cPNJC +105%23cPNJD ~735%19cPNKA ~7;
Z738%20cPNLA -735%21CPNLB -105%20PNLC ~105%23CPNLD ~735%210PNJA ~735%22dPNIB
-105%21dPNJC ~105%24dPNJD +735%20dPNKA +735%21dPNKB +105%20dPNKC +105%23dPNKD
+735%21dPNLA +735%22dPNLB +105%21dPNLC +105%ZA¢PNLD +105%20ePNJA 4105%21eFNJB

+159%620ePNJC + 13D - A - Bt
-105%20ePNLA -105%21ePNLB C - D - A~ JB
flS%ZS'PNJC 15%26'PNJD + A +

C 0J 525%19EPOK
L 5250206POL -525%21APOY 1525%200POK +525%21UPOL +75%20eP0J ~75%19ePOK
~75%20ePOL -75%23POJ +75%22fPOK +75%23fPOL +105%18cPOJA ~105%18cPOJB
-105%18cPOJC ~105%20cPOJD ~105%17cPOKA +105%17cPOKB +105%17cPOKC +105%19cPOKD
-105%18cPOLA +105%18cPOLB +105%18CPOLC +105%ZD|:POLD 105%19UPOJA +105%19dPOJB
+105%19dPOJC +105%621dPOJD + OKA - KB -
A- OLB - oLC 105%21nPOLD +15%1BePOJA 15%1EePoJB
-15%18ePOJC ~15%20ePOJD ~15%17ePOKA +15%17ePOKB +15%17ePOKC +15%19ePOKD
~15%18ePOLA +15%18ePOLB +15%18ePOLC +15%20ePOLD -15%21fPOJA +15%21fFOJB
+15%21POJC +15%23fPOID +15%20fPOKA ~15%20fPOKB ~15%20fPOKC ~1596221P
+15%21fPOLA — 15%21'POLB 15%21'POLC 15%23'POLD +735%21cPNJE 735%21cPNJF
~735%21cPNJG ~735%23cP|
~735%21cPNLE +735%21cPNLF +735%21cPNLG 7 JE JF
+735%22dPNJG +735%24dPNJH +735%21dPNKE 735%21dPNKF -735%21dPNKG 735%23dPNKH
- = H +105%21ePNJE 105%21ePNJF
loveiep 105%22ePNKH
leS%ZlePNLE 4105%219FNLF +105%21ePNLG +105%23ePNLH -105%24fPNJE +105%24fPNJF
.

- - G ~105%26{PNLH +1479618CPNJEA +147919CPNJEB,
+21%1ECPNJEC +21%215PNJED -147%18cPNJFA ~147%19cPNJFB ~21%18cPNJFC ~21%21cPNJFD
~147%18cPNJGA ~147%19cPNJGB ~21%18cPNJGC ~21%21cPNJGD -147%20CPNJHA
-147%21cPNJHB ~21%620cPNJHC ~21%23cPNJHD -147%17cPNKEA -147%18cPNKEB
-21%17cPNKEC -21%20cPNKED +147%17cPNKFA +147%18cPNKFB +21%17cPNKFC +219%20cPNKFD
+147%17cPNKGA +147%18cPNKGB +21%17cPNKGC +21%20cPNKGD +147%190PNKHA
+147%20cPNKHB +21%19cPNKHC +21%22CcPNKHD ~147%18cPNLEA ~147%19cPNLEB
-21%18cPNLEC -21%21cPNLED +147%18cPNLFA +147%19cPNLFB +21%1EcPNLFC +21%21cPNLFD
+147%18cPNLGA +147%19cPNLGB +21%18cPNLGC +21%21cPNLGD +147%20cPNLHA
+147%21cPNLHB +21%20cPNLHC +21%23cPNLHD —147%19dPNJEA ~147%20dPN.

-219%19dPNJEC -21%22dPNJED +147%19dPNJFA +147%20dPNJFB +21%19dPNJFc +21%22dPNJFD
+147%19dPNJGA +147%20dPNJGB +21%19dPNJGC +21%22dPNJGD +147%21dP|

+147%22dPNIHB +21%21dPNJHC +21%24dPNJHD +147%18dPNKEA +147%19dPNKEB
+21%18dPNKEC +21%21dPNKED ~147%18dPNKFA — 147%19dPNKFB 21%1adPNKFc Zl%zldPNKFD
~147%18dPNKGA -147%19dPNKGB -21%18dPNKGC -21%21dPNKGD -147%20dPN

-147%21dPNKHB -21%20dPNKHC -21%23dPNKHD +147%19dPNLEA +147%20dPNLEB
+219%19dPNLEC +21%22dPNLED -147%19dPNLFA ~147%20dPNLFB 21%19dPNLFC 21%22dPNLFD
-147%19dPNLGA ~147%20dPNLGB ~21%19dPNLGC ~21%22dPNLGD -147%21dPN

~147%22dPNLHB ~21%21dPNLHC -21%24dPNLHD +21%18ePNJEA +21%195PNJEB +3%189PNJEC
+39621ePNJED -21%18ePNJFA ~21%19ePNJFB ~3%18ePNJFC -3%21ePNJFD ~21%18€P|
-219%19ePNJGB 3%1EePNJGC 3%219PNJGD 21%20ePNJHA 21%21ePNJHE 3%20ePNJHc

-3%23ePNJHD ~21%17ePN| 219%17ePNKFA
+219%18ePNKFB +3%17ePNKFc +3%209PNKFD +21%17ePNKGA +21%185PNKGB +3%17ePNKGC
+39%620ePNKGD +21%19ePNKH, 1918ePNLEA

-219%19ePNLEB 3%1BePNLEC a%zlePNLED +21%18ePNLFA +21%19ePNLFB *3%189PNLFC
+3%21ePNLFD +21%18ePNLGA +21%19ePNLGB +3%18ePNLGC +3%21ePNLGD +21%20ePNLHA

+21%21ePNLHB +3%20ePNLHC +3%23ePNLHD -21%21fPNJEA -21%22{PNJEB -3%21fPNJEC
~39%24fPNJED +219%21fPNJFA +219%22fPNJFB +3%21fPNJIFC +3%24fPNJFD +21%21fPNIGA
+219622fPNIGB +3%21fPNIGC +3%24fPNJGD +219623fPNIHA +21%624fPNIHB +3%623fPNIHC
+3%260PNJHD +219%20fPNKEA +21%21‘PNKEB KED
~21%21PNKI

-3%2; 3'PNKGD -210622fPNKHA 21%23fPNKHB Z30622(PNKHC - 3%25'PNKHD +21%21fPNLEA
+219622fPNLEB +3%21fPNLEC +3%24fPNLED ~219%621fPNLFA -21%22fPNLFB ~3%21fP!
-3%24fPNLFD ~21%21fPNLGA ~21%22fPNLGB -3%21fPNLGC ~3%24fPNLGD Zl%ZSIPNLHA
~21%24fPNLHB -3%23fPNLHC ~3%26fPNLHD +1575%21cPOJE +315%20cPOJF +105%21cP
~1575%20cPOKE -315%19cPOKF -105%20cPOKG -1575%21cPOLE -315%20cPOLF 105%21&:POLG
-1575%22dPOJE -315%21dPOJF -105%22dPOJG +1575%21dPOKE +315%20dPOKF +105%21dPOKG
+1575%22dPOLE +315%21dPOLF +105%22dPOLG +225%219POJE +45%20ePOJF +15%21ePOJG

~225%20ePOKE —45%19ePOKF ~15%20ePOKG —225%621eP OLF 715%216P0LG
7225%ZAfFOJE 45%23fPOJF IS%ZMPOJG +225%23fPOKE +45%22fPoKF +15023fP
OLG +3159619cPOJEA -315%19cPOJEB 315%19cFOJEC

fSlS%ZlCPOJED +63%1BCPOJFA -63%18cPOJFB -63%18cPOJFC -63%20cPOJFD +21%19cPOJGA
-21%19cPOJGB -21%19cPOJGC ~21%21cPOJGD ~315%18cPOKEA +315%18cPOK|
+315%18cPOKEC +315%20cPOKED -63%17CPOKFA +63%17cPOKFB +e3%17cPOKFc +63%19cPOKFD
~219%18cPOKGA +219%18cPOKGB +21%18cPOKGC +219%20cPOKGD -315%19cPOLEA +315%19cPOLEB
+315%19cPOLEC +315%21cPOLED
~21%19cPOLGA +21%19cPOLGB +21%19cPOLGC +21%21cPOLGD -315%20dPOJEA +315%20dPDJEB
+315%20dPOJEC +315%22dPOJED -63%19dPOJFA +63%19dPOJFB +63%19dPOJFC +63%21dPOJFD
-21%20dPOJGA +21%20dPOJGB +21%20dPOJGC +21%22dPOJGD +315%19dPOKEA ~315%19dPOKEB
-315%19dPOKEC -315%21dPOKED KF/ KFI KF KF!

+21%19dPOKGA ~21%19dPOKGB ~21%19dPOKGC ~21%21dPOKGD +315%20dPOLEA -315%20dPOLEB

Ol 19
-315%20dPOLEC -315%22dPOLED +63%19dPOLFA -63%19dPOLFB -63%19dPOLFC -63%21dPOLFD
+21920dPOLGA ~21%20dPOLGB -21%20dPOLGC ~21%22dPOLGD +45%19ePOJEA -45%19ePOJEB
-45%19ePOJEC -45%21ePOJED +9%1aePOJFA -9%18ePOJFB ~9%18ePOJFC ~9%20ePOJFD
+3%19ePOJGA ~3%19ePOJGB ~3%19ePOJGC -3%21ePOJGD -45%18ePOKEA +45%18ePOKEB
+45%18ePOKEC +45%20ePOKED -99%17ePOKFA +9%17ePOKFB +9%17ePOKFC +9%19ePOKFD
-39%18ePOKGA +3%18ePOKGB +3%18ePOKGC +3%20ePOKGD -45%19ePOLEA +45%19ePOLEB
+45%19ePOLEC +45%21ePOLED -9%18ePOLFA +9%18ePOLFB +9%18ePOLFC +9%20ePOLFD
-3%19ePOLGA +3%19ePOLGB +3%19ePOLGC +3%21ePOLGD -45%22{POJEA +453%221POJEB

-3%22fPOJGA +3%22fPOJGB +3%22fPOJGC +3%24fPOJGD +45%21fPOKEA -45%21fPOKEB
-45%21fPOKEC 45%23'POKED+Q%ZOIPOKFA -9%20fPOKFB -9%20fPOKFC ~9%22fPOKFD
+3%21fPOKGA ~3%: 9%621fPOKGC ~3%23fPOKGD +45%22{POLEA ~45%22(POLEB
-45%22fPOLEC AS%ZMPOLED +9%21fPOLFA -9%21fPOLFB -9%21fPOLFC -9%23fPOLFD
+3%22fPOLGA -3%22fPOLGB -3%22fPOLGC -3%24fPOLGD +6847659%29cR ~3308715%30dR
+975237%299R ~45L7181%32IR +B43759%26CRA - 269073%27cRB ~82215%26CRC

+120537%269RA 38439%z7eRB -11745%26eRC +45855%299RD 71035 %291RA

~256473%301RB +11745029(RC -45855%6321RD +890799%26CRE ~80913%27cRF —21735%26cRG
+428505%29cRH 300975%27dRE 21735%27dRG

+127257%26eRE ~11559%27

13105%291RG <61215%32iRH +98931%23CREA 61341%2AcREB 10059%23 REC
+B554126cRED - 331175624cRFA ~45213%25CRFB +9093%24cRFc +69573%27cRFD

+85701%27cRHB +12243%ZECRHC 12243%590RHD 627%24dREA +110493%25dREE
+10059%24dREC -65541%27dREI
-69573%28dl 158 -10899%27dRGD
755701%27dRHA BS701%25dRHB -12243%27dRHC ~12243%30dRHD +14133%23eREA
-8763%24eREB -1437%23eR -4

+9939%27eRFD +99%239RGA +2259%249RGB +837%23eRGC +1557%26eRGD +12243%269RHA
+12243%27eRHB +1749%26eRHC +1749%29eRHD -112437%26fREA -40389%27|

+1437%26fREC -9363%29fRED -444219%27fRFA ~18117%28{RFB 1299%27!RFC QQSQ%SOIRFD
-99%26fRGA —2259%27fRGB -837%26fRGC ~1557%29fRGD —12243%29fRHA ~12243%30fR
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+9555%27eRMIF +1365%26eRMG +1365%6206RMH -113361%26(RE ~42573%627(RIF +825%26'RJG
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+525%19cRLEC +1995%23cRLED +861%21cRLFA +3129%22cRLFB +987%21CRLF(
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~1071%19cSUHC ~1071%22cSUHD +105%17dSUEA ~861%19dSUEB —189%17USUEC -735%21dSUED
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+147%20dSTMGC +147%23dSTMGD +1029%23dSTMHA +1029%24dSTMHB +147%23dSTMHC
+147%26dSTMHD ~273%19eSTJEA +21%15eSTJEB +321%19eSTJEC +159%20eSTIED
-219%16eSTJFA +105%19eSTJFB +15%16eSTJIFC +123%21eSTIFD -63%19eSTIGA +15%19eSTIGC
+9%20eSTJGD ~21%20eSTIHA ~21%21eSTIHB ~3%20eSTJHC ~3%23eSTIHD 429%18eSTKEA
+117%18eSTKEB +45%18eSTKEC -123%20eSTKED +477%18eSTKFA +339%19eSTKF
~21%18eSTKFC -195%21eSTKFD +45%18eSTKGA -45%18eSTKGB 45%1BeSTKGC 45%ZUESTKGD
-483%20eSTKHA -483%21eSTKHB -69%620eSTKHC -69%23eSTKHD +273%19eS
-21%15eSTLEB -321%19eSTLEC ~159%20eSTLED +21%16eSTLFA — 105%19eSTLFB
-15%16eSTLFC ~123%21eSTLFD +63%19eSTLGA -15%19eSTLGC -9%20eSTLGD +21%20eSTLHA
+21%21eSTLHB +3%20eSTLHC +3%23eSTLHD -1029%19eSTMEA ~1029%20eSTMEB
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+123%23(STKED +1571%21fSTKFA +685%22{STKFB +219%211STKFC +195%24(STKI
-4506211STKGA +45%21fSTKGB +45%21fSTKGC +45%23{STKGD +A83%23fsTKHA +483%24|STKHB
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-225%22fZEBbY -225%22fZEChY ~225%24{ZEDbY +45%21fZFAbY ~45%21fZ
-45%21fZFCbY -45%23fZFDbY +15%22{ZGAbY ~15%22fZGBbY - 15%22IZGCbV 15%24fZGDhY
-441%18cSPVEA +2457%18cSPVEB +441%18cSPVEC ~1575%20CSPVED +63%17cSPVFA
+189%17CSPVFB ~63%17CSPVFC ~315%19cSPVED +105%18CSPVGA —105%18cSPVGE

D +441%19dSPVEA 4A1%19dSP\/EC

+1575%21GSPVED -63%180SPVFA
-105%19dSPVGA +105%19dSPVGB +105%19dSPVGC +105%21dSPVGD ea%mestE
+351%18eSPVEB +63%18eSPVEC -225%20eSPVED +9%17eSPVFA +27%17eSPVFB -9%17eSPVFC
-45%19eSPVFD +15%18eSPVGA -15%18eSPVGB -15%18eSPVGC -15%20eSPVGD +63%21fSPVEA
-351%21fSPVEB -63%21{SPVEC +225%23{SPVED -9%20fSPVFA -27%20fSPVFB +9%20fSPVFC
$45%22'SPVFD 15%21(SPVGA +1596211SPVGB +15%21fSPVGC +15%23{SPVGD +92925%24c\WJXY
+182259%24CWKXY -92925%624cWLXY +385875%26<:WM><Y ~25725%24cZIXY +25725%24|:ZKX
+25725%2Ach><v +25725%26 ZMXY Y
-385875%27dWMXY +25725%625dZIXY 25725%25dz|<><v 25725%25dZL><V 25725%27dZMxv
+13275%24eWJXY +26037%24eWKXY -1
+3675%246ZKXY +3675%24eZLxY +3675%26eZMXY 13275%27NVJXV 320949%27'WKXY
+132759%27fWLXY -55125%29fWMXY +3675%27fZIXY ~3675%27fZKXY ~3675%27fZLXY
-3675%29fZMXY 7875%2305PTJ +41475%23CSPTK +7875%23cSPTL - 25725%25cSPTM
+7875%24dSPTJ 414750624dSPTK |L +25 ™ -11.

15 s0aPTL +367vBISPTM +11855%21EWJA>(V —BZQS%ZQ:WJBXV SSBSo1EWICKY

-12705%24cWJIDXY +21399%21cWKAXY ~10857%22cWKBXY ~3087%21cWKCXY +7665%624cWKDXY

;11865021cWLAXY +8295%22CWLBXY +5986%2LCWLCXY +12705%24cWLDXY +77175623CWMAXY
45%21CZIAXY -51450622CZIBXY

T a80k212 TRy TaS2ASZIONT +5145%21cZKAXV +51A5%22:ZKB><V +735%21cZKCXY

+735%24cZKDXY +5145%21CZLAXY +5145%22CZLBXY +735%21cZLCXY +735%24cZLDXY

+5145%23cZMAXY +5145%24cZMBXY +735%23cZMCXY +735%26cZMDXY ~11865%22dWJAXY

JCXY +1. IDXY +27 XY +354. B

+3087%22dWKCXV DXY +11 AXY BXY
$5145%22dZJA><Y +5145%23dZJEXY +735%22dZICXY +735%25dZJDxY ~5145%22dZKAX’
-5145%23dZKBXY ~735%22dZKCXY ~7350625dZKDXY ~5145%22dZLAXY 5145%23dZLBXY
-735%22dZLCXY ~735%25dZLDXY ~5145%24dZMAXY -5145%25dZMBXY ~735%24dZMCXY
-735%27dZMDXY +1695%21eWJAXY 1185%22eWJBXV ~8550621eWJICXY ~1815%24eWIDXY
+3057%21eWKAXY ~1551%22eWKBX 1eWKCXY +1095%24eWKDXY ~1695%21eWLAXY
+1185%22eWLBXY +855%21eWLCXY +1815%249WLD><Y +11025%23eWMAXY 411025%24&WMBXY
+15750%23eWMCXY +15750626eWMDXY -735%21eZJAXY ~735%22eZJBXY ~105%21eZ
-105%24eZIDXY +735%21eZKAXY +735%22eZKBXY +105%21eZKCXY +105%24eZKDxY
+735%21eZLAXY +735%22eZLBXY +105%21eZLCXY *105%2462LDXY +735%23eZMAxv
+735%624eZMBXY +105%23eZ] IA)
JCXY +1815%27fW. v +4
71095%27N\IKDXV AXY -1 BXY CXY 71815%27IWLDXY
25%26fWMAXY —11025%27{WMBXY ~1575%26{WMCXY ~1575%29{WMDXY +735%24'ZJAXY
+735%25¢ZJB><V +105%241ZICXY +105%27{ZIDXY ~735%24{ZKAXY ~735%25(ZKI
-105%24fZKCXY ~105%27fZKDXY ~735%24fZLAXY ~735%25fZLBXY 105%24szc><v
-105%27fZLDXY -735%26fZMAXY ~735%27fZMBXY ~105%26{ZMCXY ~105%29{ZMDXY
-1155%20cSPTJA +105%21cSPTJB +315%20cSPTJIC +735%23cSPTJD +7455%20CSPTKA
+4935%21cSPTKB +105%20cSPTKC -735%23cSPTKD +1155%20cSPTLA ~105%21cSPTLB
-315%20cSPTLC ~735%23cSPTLD -5145%22cSPTMA ~5145%23cSPTMB ~735%22cSPTMC
7735%ZSCSPTMD +1155%21dSPTJA -105%22dSPTJB -315%21dSPTJC ~735%24dSPTJD
~7455%21dSPTI 9350622dSPTKB ~105%21dSPTKC +735%24dSPTKD ~1155%21dSPTLA
+lDS%22dSPTLB +315%21dSPTLC +735%24dSPTLD +5145%23dSPTMA +5145%24d$PTMB
TMC +735%26dSPTMD - TJA +15%21eSPTJIB +45%620eSPTJ
+105%23eSPTJD +1065%20eSPTKA +705%2195PTKB +15%620eSPTKC 105%23eSPTKD
+165%20eSPTLA ~15%21eSPTLB 1 nﬁ DTLD 7. PTMA
~735%23eSPTMB ~105%22eSPTMC TIA 1SPTIB
-45%23fSPTIC 105%26!SPTJD 1065%23'SPTKA -705%2AfsPTKB -159623fSPTKC
+105%26'SPTKD 165%23ISPTLA +15%24|SPTLB +45%23ISPTLC +105%26{SPTLD
MD +17745%21cWJEXY

+15225%22<:WJF><Y +1575%216WJGXY +735%246WJHXY +5279%2 1CWKEXY -49833%22CWKFXY
-4095%21cWKGXY +345459624cWKHXY ~17745%21cWLEXY ~15225%22cWLFXY 1575%21:WLGXV
~735%24CWLHXY +771.
-5145%21cZIEXY ~5145%22cZIFXY ~735%21CZJGXY ~735%24cZIHXY +5145%21cZKEXY
+5145%22CZKFXY +735%21cZKGXY +735%24cZKHXY +5145%21cZLEXY +5145%22cZLFXY
+735%21cZLGXY +735%24cZLHXY +51 MEXY +5145%24cZMFXY +735 MGXY

%2671 IHXY 717 JEXY - JFXY 1575%22dWJGXV 735%25dWJHXV

CXY
XY 11025%27dWMD><Y

+15225%23dWLva 15759220WLGXY +7359%250WLHXY ~77175%240WMEXY 77175%25dWMF)<Y
-11025%24dWMGXY ~11025%27dWMHXY +51450622dZJEXY +51450%23dZIFXY +735%22dZIGXY
+735%25dZIHXY -5145%22dZKEXY -5145%23dZKFXY ~735%22dZKGXY ~735%25dZKHXY

—5145%22dZLEXY -5145%23dZLFXY ~735%22dZLGXY ~735%25dZLHXY ~5145%24dZMEXY
-5145%250ZMFXY ~735%24dZMGXY ~735%27dZMHXY +2535%21eWJEXY +2175%22eWJFXY
+225%21eWJIGXY +105%24eWIHXY +897%21eWKEXY ~7119%22eWKFXY ~585%216WKGXY
+4935%24eWKHXY ~2535%21eWLEXY -2175%22eWLFXY ~225%21eWLGXY ~105%24eWLHXY
Y +110 5 Y +15 Y ~735%21eZIEXY
~735%22eZJFXY ~105%21€ZJGXY ~105%24eZJHXY +735%21eZKEXY +735%22eZKFXY
+105%216ZKGXY +1050624eZKHXY +735%216ZLEXY +735%22eZLFXY +105%216ZLGXY
+105%24eZLHXY +735%23eZMEXY +735%24eZMFXY +105%23eZMGXY +105%26eZMHXY
~2535%24fWJEXY ~2175%25fWIFXY ~225%24fWJIGXY ~105%627fWJIHXY ~50049%24fWKEXY
—17457%25{WKFXY +585%24fWKGXY ~4935%27fWKHXY +2535%24fWLEXY +2175%25fWLFXY.
+225%24fWLGXY +105%27fWLHXY -11025%26fWMEXY ~11025%27fWMFXY ~1575%26(WMGXY
~1575%29AWMHXY +735%6241ZJEXY +735%25(ZIFXY +105%24fZIGXY +105%27fZIHXY
~73506241ZKEXY ~735%25(ZKFXY ~105%24{ZKGXY ~105%27fZKHXY ~735%24fZLEXY
f735%25(ZLFXV IUS%ZMZLGXY 105%27iZLHxv 735%26'ZMEXY ~735%271ZMFXY
MHXY - +105%21cSPTJF +315%20cSPTIG
735%230SPTIH +7455%200SPTKE +A935%21cSPTKF +105%20cSPTKG -735%23cSPTKH
+1155%20cSPTLE ~105%21cSPTLF ~315%20cSPTLG ~735%23cSPTLH -5145%22cSPTME
-5145%23cSPTMF ~735%22cSPTMG ~735%25cSPTMH +1155%21dSPTJE ~105%22dSPTIF
-315%21dSPTJG ~735%24dSPTJIH ~7455%21dSPTKE -4935%22dSPTKF ~105%21dSPTKG
+735%2AdSPTKH -1155%21dSPTLE +105%22dSPTLF +315%21dSPTLG +735%24dSPTLH

TMG +

+15%21eSPTJF +705%21eSPTKF
KG - LG

KE
SPTLE 15%2195PTLF ~d5%20eSPTI
PTMF —

105% DTKH +
PTLH -7 TME 735%
T

TIE TJH - TKE
~705%24{SPTKF - 15%23'SPTKG +105%26{SPTKH ~165%23(SPTLE +15%24{SPTLF
+45%23VSPTLG *105%25'SPTLH +735%25(SPTME +735%26(5PTMF +105%25fSPTMG

13%18CWJECXY —2373%21cWJED><v

+2037%19cWJFAxv 987%20cWJFB><V 861%191:WJFC><V 1EEQ%22CWJFDXV +231%18cWIGAXY
~21%19cWJIGBXY ~63%18CWJGCXY ~147%21cWIGDXY +147%21cWIHAXY +147%22cWIHBXY
+21%21CWJIHCXY +21%24cWJHDXY -693%18CcWKEAXY -4389%19CWKEBXY ~483%18cWKECXY
+1ess%21cWKEva -9429%19cWKFAXY -6741%620cWKFBXY +189%19cWKFCXY ¢2877%22cWKFva
-483 Y +3 v 651%21cWKGDxY +6909%21CWKHAXV
+6909%225WKHEXY +987%21CWKHCXY +98' X'
+1113%18cWLECXY +2373%21CWLEDXY 2037%190WLFAXY +987%20cWLFva L3619A190WLECXY
+1869%22cWLFDXY ~231%18cWLGAXY +21%19cWLGBXY +63%18cWLGCXY +147%21cWLGDXY
-147%21cWLHAXY ~147%22cWLHBXY ~219621cWLHCXY ~21%24cWLHDXY +15435%20cWMEAXY
+15435%21cWMEBXY +2205%20CWMECXY +2205%23cWMEDXY +15435%21cWMFAXY
+15435022cWMFBXY +2205%215WMFC><V +2205%245WMFD><V +2205%20 WMGAXY
+2205%21CWMGBXV 43

v - JEBXY 147%18cZJEC><v
147%21(:ZJEDXV ~1029%19cZIFAXY ~1029%20CZIFBXY ~147%19cZIFCXY 147%ZZCZJFDXY
~147%18cZIGAXY -147%19cZJGBXY -21%18cZIGCXY ~21%21cZJGDXY ~147%21c.
-147%22cZIHBXY ~21%21cZJHCXY -21%24cZIHDXY +1029%18cZKEAXY +1029%19|:ZKEB><V
+147%18cZKECXY +147%21cZKEDXY +1029%19cZKFAXY +1029%20cZKFBXY +147%19cZKFCXY
+147%22cZKFDXY +147%18cZKGAXY +147%19cZKGBXY +21%18cZKGCXY +21%21cZKGDXY
+147%21cZKHAXY +147%22CZKHBXY +219621cZKHCXY +21%24cZKHDXY +1029%18cZLEAXY
+1029%19cZLEBXY +147%18cZLECXY +147%21cZLEDXY +1029%19cZLFAXY +1029%20cZLFBXY
+147%19¢ZLFCXY +147%22cZLFDXY +147%18cZLGAXY +147%19cZLGBXY +21%18cZLGva
+21%21¢ZLGDXY +147%21CZLHAXY +147%22CZLHBXY +21%21cZLHCXY +21%24¢ZLHD;
+1029%20cZMEAXY +1029%21CZMEBXY +147%20cZMECXY +147%23cZMEDXY +1029%2102MFAXY
+1029%22cZMFBXY +147%21cZMFCXY +147%24cZMFDXY +147%20cZMGAXY +147%21cZMGB;
+21%20cZMGC><V +21%23cZMGD><v +147%23cZMHA><v +147%24cZMHBXY +21%23cZMHCXV
XY +1113%19dWIECXY +2373%22dWJIEDXY
72037%20dWJFAXY +987%21dWJFva +861%20dWJFC><Y +1869%23dWJFDXY -231%19dWJIGAXY
+21920dWIGBXY +63%19dWJGCXY +147%22L1WJGDXV ~147%22dWIHAXY 147%23dWJHB><v
~21%22dWJIHCXY ~21%25dWIHDXY
"w 1

Y$a759%21dWKFva 189%2DdWKFC><Y 2577%23(1WKFDXY

+483%:
-egns%zadWKHva 29879%220WKHCXY ~9879%6250WKHDXY - +2289%19dWLEAXV 21491%200WLEBXY
-1113%19dWLECXY -2373%22dWLEDXY +2037%20dWLFAXY -987%21dWLFBXY -861%620dWLFCXY
-1869%23dWLFDXY +231%19dWLGAXY ~21%20dWLGBXY ~63%19dWLGCXY ~147%22dWLGDXY
+147%22dWLHAXY +147%23dWLHBXY +21%22dWLHCXY +21%25dWLHDXY -154350621dWMEAXY
-15435%22dWMEBXV ~2205%21dWMECXY Y

va ZZOS%ZldWMGAXY
f?Z%%ngWMGBXV -315%21dWMGCXY

XY ~315%27dWMHDXY +1029%19dZJEAxv +1029%ZDdZJEBxY 4147%19dZJEva
+147%22 ZJEDXV +1029%20dZIFAXY +1029%21dZJFBXY +147%20dZIFCXY +147%23dZ)I
+147%19dZIGAXY +147%20dZIGBXY +21%19dZIGCXY +21%22dZJGD><V +147%22dZJ HAXY
+147%23dZIHBXY +21%22dZIHCXY +21%25dZIHDXY ~1029%19d; 029%20dZKEBX
~147%19dZKECXY ~147%22dZKEDXY ~1029%20dZKFAXY 1029%21dZKFBXY 147%20dZKFCXY
~147%23dZKFDXY ~147%19dZKGAXY ~147%20dZKGBXY ~21%19dZKGCXY -21%622dZ|
-147%22dZKHAXY ~147%23dZKHBXY ~21%22dZKHCXY ~21%25dZKHDXY 1029%19dZLEA><v
-1029%20dZLEBXY ~147%19dZLECXY ~147%22dZLEDXY ~1029%20dZLFAXY - 1029%21dZLFva
~147%20dZLFCXY -147%23dZLFDXY -147%19dZLGAXY ~147%20dZLGBXY -21%19dZLGC;
-21922dZLGDXY ~147%22dZLHAXY -147%23dZLHBXY -21%22dZLHCXY 21%25dZLHDXV
-1029%21dZMEAXY ~1029%22dZMEBXY ~147%21dZMECXY ~147%24dZMEDXY -1029%22dZMFAXY

&
g
g
x
5
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~1029%23dZMFBXY ~147%22dZMFCXY ~147%25dZMFDXY ~147%21dZMGAXY 147%22dZMGva
~21%21dZMGCXY -21%24dZMGDXY ~147%24dZMHAXY ~147%25dZMHBXY ~21%24dZMHC;
-21927dZMHDXY +327%18eWJEAXY -213%19eWJEBXY -159%18eWJECXY 339%21EWJED><V
+291%19eWJIFAXY -141%20eWJFBXY -123%19eWJFCXY ~267%22eWJFDXY +33%18eWJGAXY
~3%19eWIGBXY ~9%618eWJGCXY -21%21eWIGDXY +219621eWIHAXY +219622eWIHBXY
+30621eWJHCXY +3%24eWJHDXY
+267%21eWKEDXY -1347%19eWKFAXY QGS%ZOEWKFBXV +27%19eWKFCXY +411%22eWKFDXY
-69%18eWKGAXY +75%19eWKGBXY +45%18eWKGCXY +93%21eWKGDXY +987%21eWKHAXY
+987%22eWKHBXY +141%21eWKHCXY +141%24eWKHDXY ~327%18eWLEAXY +213%19eWLEBXY
+159%18eWLECXV +339%219WLEDXV 291%19eWLFA><V +141%ZDEWLFBXV +123%19EWLFCXV
+267%226WLFDX CXY +21%21eWLGI
721%219WLHAXV Zl%ZZeWLHBXV a%zleWLHva 3%249WLHDXV +2205%20eWM EAXY
+2205%21eWMEBXY +315%20eWMECXY +315%23eWMEDXY +2205%21eWMFAXY +2205%22e WMFBXY
+315%21eWMFCXY +315%24eWMFDXY +315%20eWMGAXY +315%21eWMGBXY +45%20eWMGCXY
DXY +3 Y+ Y XY DXY

-147%18eZJEAXY -147%19eZJEBXY ~21%18eZJECXY ~21%21eZJEDXY 7147%1QeZJFAXY
-147%20eZJFBXY -21%19eZJFCXY fZl%EZBZJFDXY fZl%lEeZJGAXY -2 1%19ez
-3%18eZIGCXY -3%21eZJGDXY ~21%21eZIHAXY -21%22eZIHBXY ~3%2. chv 3%24eZJHD><v
+147%18eZKEAXY +147%19eZKEBXY +21%18eZKECXY +21%21EZKEDXY L TATII90ZKFA
+147%20eZKFBXY +21%19eZKFCXY +21%226ZKFDXY +21%18eZKGAXY +21%19eZKGva
+3%18eZKGCXY +3%21eZKGDXY +21%21eZKHAXY +21%22eZKHBXY +3%21e; ZKHCXY +3%24eZKHDXY
+147%18eZLEAXY +147%19eZLEBXY +21%18eZLECXY +21%21eZLEDXY +147%19eZ|
+147%20eZLFBXY +21%19eZLFCXY +210622eZLFDXY +21%18eZLGAXY +21%1geZLGB><v
+3%18eZLGCXY +3%21eZLGDXY +21%21eZLHAXY +21%22eZLHBXY +3%21eZLHCXY +3%24eZLHDXY
+147%20eZMEAXY +147%21ZMEBXY +21%20eZMECXY +21%23eZMEDXY +147%21eZMFAXY
+147%22eZMFBXY +21%21eZMFCXY +21%24eZMFDXY +21%20eZMGAXY +21%21eZMGBXY
+3%206ZMGCXY +3%236ZMGDXY +21%236ZMHAXY +21%246ZMHEXY +3%236ZMHCXY +3%26eZMHD><v
-327%21IWJEAXY +; JEBXY +159%21fWJECXY
+141%23(WJIFBXY +123%22{WJIFCXY +267%25fWJIFDXY ~33%21fWJGAXY +3%22N\IJGBXY
+9%21TWIGCXY +21%24fWJIGDXY -21%24\WJIHAXY 21%25|WJHBXV 3%24'w HC;
~39%27fWJHDXY 8093%21|WKEA><Y Y +69%211
L ASURIIWKGC,
“121924AWKHCXY 141%27ﬂNKHDXV 4327%21'\NLEAXV 2130622fWLEBXY ~159%21WLECXY
-3399%24fWLEDXY +291%22fWLFAXY -1419623fWLFBXY -123%22fWLFCXY ~267%25fWLFDXY
+33%621fWLGAXY -3%22(WLGBXY -9%21fWLGCXY ~21%24{WLGDXY +21%24fWLHAXY
+21%25/WLHBXY +39624(WLHCXY +3%27N\ILHDXY v Y g:va Xy

_) Y +69%21'\NKGAXY

315%27IWMFDXY -3 Y
~315%26{WMHAXY - 315%27N\IMHB>(V AS%ZEN\IMHCXV 45%29MIMHDXV +147%21lzJEAxv
+147%221ZJEBXY +21%21{ZJECXY +21%24{ZJEDXY +147%22(ZIFAXY +147%2312JFB><V
+219622(ZIFCXY +21%25(ZIFDXY +21%21fZIGAXY +21%22{ZIGBXY +3%21Z)
+39%24ZJGDXY +21%24fZJHAXY +21925(ZIHBXY +3%24{ZJHCXY +3%27fZJHD><V
-147%211ZKEAXY ~147%22(ZKEBXY ~21%21fZKECXY ~21%24ZKEDXY ~147%22(ZKFAXY
~147%231ZKFBXY ~21%22{ZKFCXY ~21%25ZKFDXY ~21%211ZKGAXY -21%22fZKGBXY
~39%21fZKGCXY -3%241ZKGDXY -21%24fZKHAXY -219%25(ZKHBXY ~3%24fZKHCXY 3%27'ZKHDXV
~147%21fZLEAXY -147%22fZLEBXY -21%21fZLECXY ~21%24{ZLEDXY -147%22fZLFAXY
-147%231ZLFBXY -21%22fZLFCXY ~21%25ZLFDXY ~219%21fZLGAXY -21%22{ZLGBXY
3%21ZLGCXY ~3%24fZLGDXY ~21%24fZLHAXY ~21%25{ZLHBXY 3%24¢ZLHC><Y 3%27'ZLHDXY
Z1479623(ZMEAXY ~1470624ZMEBXY ~219623ZMECXY ~210%26{ZMEDXY ~ 147924
~147%25(ZMFBXY -21%24fZMFCXY ~21627fZMFDXY -21%23fZMGAXY 21%241ZMGB><V
-3%23fZMGCXY -3%26fZMGDXY ~21%26{ZMHAXY -21%27{ZMHBXY ~3%26{ZMHCXY ~3%29fZMHDXY
-609%19cSPTIEA +21%16cSPTJIEB +273%19cSPTJEC +147%20cSPTIED +21%16cSPTIFA
+273%19cSPTJIFB +21%16cSPTIFC +147%21cSPTIFD +273%19cSPTIGA +21%16cSPTIGB
+63%19cSPTJGC +21%620cSPTIGD +147%20cSPTIHA +147%21cSPTJIHB +21%20cSPTIHC
+21%23cSPTIHD +2667%18CSPTKEA +861%18cSPTKEB +21%18CcSPTKEC ~147%20cSPTKED
+861%18CSPTKFA +483%19cSPTKFB ~21%18cSPTKFC ~147%21cSPTKFD +21%18cSPTKGA
~21%18cSPTKGB -21%18cSPTKGC -21%20cSPTKGD -147%20CcSPTKHA ~147%21cSPTKHB
~21%20cSPTKHC ~21%23cSPTKHD +609%19cSPTLEA ~21%16¢SPTLEB -273%19¢SPTLEC
-147%20cSPTLED -21%16CSPTLFA ~273%19cSPTLFB ~21%16cSPTLFC 147%21cSPTLFD
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-21%16cSPUKGC -63%20cSPUKGD -441%19cSPUKHA -441%20cSPUKHB ~63%19cSPUKHC
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-21%17d: -63%621dSPUKED -189%18dSPUKFA ~63%19dSPUKFB +21%18dSPUKFC
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Appendix B

Explicit definitions reproducing
all major results given in the
text

For the sake of reproducibility, LambdaTensor definitions that reproduce the
main results of this work are given here. This may also serve as a start-
ing point for further investigations of the potentials of gauged maximal su-
pergravities and furthermore gives many examples how to work with the
LambdaTensor package. In order not to make this appendix overly long,
most consistency cross-checks originally present in the code have been omit-
ted here. Furthermore, due to typographical reasons (LISP code easily tends
to become quite wide), and since this appendix presupposes quite deep knowl-
edge of LISP, the decision was made to typeset it in a rather small font.
Although the LambdaTensor package (which itself is much too large to be
presented here, consisting of 20 000+ lines of code and documentation) should
be considered an integral part of this work, no knowledge of LISP is neces-
sary to use the data on vacua obtained here. However, it should perhaps
be noted that, despite considerable diligence on the author’s side, there still
is some chance that in the process of transliteration from LISP to physical
notation, which still is not fully automatized and hence prone to human er-
rors, occasional mistakes occurred, or some ambiguity remained. Thus, for
any formula in question, the LISP definition should be considered as known
good and machine checked.

B.1 The partial SU(3)4,, potential

(eval-when (compile load eval)
(progn
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(require :e8-supergravity)
(use-package :lambdatensor)
(use-package :tf-spellbook)))

;; First of all, we have to set up the set of variables
;3 we are going to use

(setf xpoexp-vars*
(map ’simple-array #’identity
’(w z lambdal lambda2 a phi theta psi)))

(setf (sp-arith-converter *sp-arith-poexp#)
#’(lambda (x) (poexp-converter x *poexp-vars*)))

;3 The embedding tensor
(defvar theta-so8xso8 (e8-theta-so-p 8))

;3 E7 is parametrized as in [Phys.\ Lett.\ B {\bf 128} (1983) 169.]
;5 These singlets correspond to G1+ and G2+ given there.

(defvar ac-gi+
(sp—x ‘(e8-a)
1/4
¢ (,ixmap-e8-sol6-alphabeta e8-a alpha beta)
“(, (spt
(sp-x ‘(alpha beta)
‘(,so8-sigma-ijkl-ab (:fix 0) (:fix 1) (:fix 2) (:fix 3)
alpha beta))
(sp-x ‘(alpha beta)
“(,so8-sigma-ijkl-ab (:fix 0) (:fix 1) (:fix 4) (:fix 5)
alpha beta))
(sp-x ‘(alpha beta)
“(,so08-sigma-ijkl-ab (:fix 0) (:fix 1) (:fix 6) (:fix 7)
alpha beta)))
alpha beta)))

(defvar ac-g2+
(sp—x ‘(e8-a)
1/4
¢ (,ixmap-e8-sol6-alphabeta e8-a alpha beta)
“(, (spt
‘(-1 ,(sp~x ‘(alpha beta)
‘(,so8-sigma-ijkl-ab (:fix 0) (:fix 2) (:fix 4) (:fix 6)
alpha beta)))
(sp-x ‘(alpha beta)
“(,so8-sigma-ijkl-ab (:fix 0) (:fix 2) (:fix 5) (:fix 7)
alpha beta))
(sp-x ‘(alpha beta)
“(,so8-sigma-ijkl-ab (:fix 0) (:fix 3) (:fix 4) (:fix 7)
alpha beta))
(sp-x ‘(alpha beta)
“(,so08-sigma-ijkl-ab (:fix 0) (:fix 3) (:fix 5) (:fix 6)
alpha beta)))
alpha beta)))

;3 Next, we have to lift anti-hermitian SU(8) generators
;3 built out of LISP numbers to the corresponding S0(16) generators

(defun translate-su8-sol6 (su8)
(declare (optimize (speed 3)))
(let ((so16 (make-sp-array ’(16 16))))
(sp-do
#’ (lambda (pos val)
(declare (type (simple-array fixnum (2)) pos))
(let* ((p1 (aref pos 0))
(p2 (aref pos 1))
(p1+8 (i+ p1 8))
(p2+8 (i+ p2 8))
;; NOTE: if we were using some more generic algebra,
;; we would have to employ (sp-arith-conj arith) here.
(vr (realpart val))
(vi (imagpart val)))
(declare (fixnum pl p2 p1l+8 p2+8))
(sp-set! sol6 vr pl p2)
(sp-set! so0l6 vr pil+8 p2+8)
(sp-set! so016 vi pi+8 p2) ; real p2 turned into imag pl
(sp-set! so16 (- vi) pl p2+8) ; imag turned into -real
))
su8)
(sp-scale sol6 1/2)))
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(defun translate-su8-gen-e8 (su8)
(let ((so16 (translate-su8-sol6 su8)))
(sp-x ‘(e8-M e8-N)
“(,s016 I J)
“(,ixmap-e8-s016-i-j e8-1J I J)
“(,e8-fabc e8-IJ e8-N e8-M))))

53 With these, we define the E8 analoga of the a,phi,theta,psi
;; rotation generators.

(defvar gen-a
(let ((su8 (make-sp-array ’(8 8)
:with-entries
*((-366) (=37 7))
(i-dotimes (j 6)
(setf (sp-ref su8 j j) 1))
(translate-su8-gen-e8 (sp-scale su8 (complex 0 -1/4)))))

(defvar gen-phi
(let ((su8 (make-sp-array ’(8 8)
:with-entries
*((166) (<17 7)))))
(translate-su8-gen-e8 (sp-scale su8 (complex 0 1)))))

(defvar gen-theta
(let ((su8 (make-sp-array ’(8 8)
:with-entries
((-167) (17 6)))))
(translate-su8-gen-e8 su8)))

(defvar gen-psi gen-theta)

;; Parametrization of SL(2)

(defvar ac-W
(sp-x ‘(e8-a)
‘(,ixmap-e8-so16-i-j e8-a j16 k16)
¢(,ixmap-so16-i16-i j16 j)
‘(,ixmap-so016-116-i* k16 k)
‘(,(sp-scale (sp-id 8) 1/4) j k)))

(defvar ac-z
(sp-x (e8-a)
¢ (,ixmap-e8-so16-alphabeta e8-a alpha beta)
‘(,(sp-scale (sp-id 8) 1/4) alpha beta)))

;; Note that there are four further singlets from the (56,2)

;5 in 248 -> (133,1) + (56,2) + (1,3) which we simply

;; ignore here to reduce complexity. Hence,

;3 We will probably not obtain all stationary points

;; that break symmetry down to SU(3)_diag,

;; and furthermore, we will probably get other false positives

;; than coordinate system artefacts, which have to be eliminated.

;5 This corresponds to the potential (3.9) from hep-th/0207206,
;3 but here with the SL(2) part fully parametrized.

(defvar phi-so8xso8-e7xsl2-and-tensors
(labels
((e8-gen (x)
(sp-ac-to-generator e8-fabc x))
(poexp-simplify (x)
(sp-map #’(lambda (z) (poexp* z 1)) x)))
(let* ((rot-w (poexp-make-rot (e8-gen ac-w) ’w))

(rot-z (poexp-make-rot (e8-gen ac-z) ’z))

(rot-a (poexp-make-rot gen-a ’a))

(rot-phi (poexp-make-rot gen-phi ’phi))

(rot-theta (poexp-make-rot gen-theta ’theta))

(rot-psi (poexp-make-rot gen-psi ’psi))

(rot-gi+ (poexp-make-rot (e8-gen ac-gi+) ’lambdal))
(rot-g2+ (poexp-make-rot (e8-gen ac-g2+) ’lambda2))
(rot-gi2+ (poexp-simplify (sp* rot-gl+ rot-g2+)))
(rot-compact-e7
(poexp-simplify (sp* (poexp-simplify (sp* rot-a rot-phi))

(poexp-simplify (sp* rot-theta rot-psi)))))

(rot-s12 (poexp-simplify (sp* rot-w rot-z)))

(rot-e7 (poexp-simplify (sp* rot-compact-e7 rot-gl2+)))
(v-matrix (poexp-simplify (sp* rot-sl2 rot-e7)))

;; Due to local S0(16) invariance of the potential, we can ignore
;3 the compact rhs factors.
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*e8-last-computed-al*
*e8-last-computed-a2x*
*e8-last-computed-t-tensor*)

(declare (special *e8-last-computed-alx
*e8-last-computed-a2*
*e8-last-computed-t-tensorx))

(let ((potential (e8-potential-from-v-theta v-matrix theta-so8xso8)))

‘((:potential . ,potential)
(:al . ,*e8-last-computed-alx)
(:a2 . ,*e8-last-computed-a2*)
(:t-tensor . ,*e8-last-computed-t-tensorx))

D))

B.2 The SO(6)4iae potentials

(eval-when (compile load eval)
(progn
(require :e8-supergravity)
(use-package :lambdatensor)
(use-package :tf-spellbook)))

53 XXX still relics in the code for forming an embedding tensor!

(defun e8-so-p-8-p-diag-gen-acs (p &key (only-first nil))
(let ((gen-acs-1 nil)
(gen-acs-2 nil))
(dotimes (k p)
(dotimes (j k)
(ppush gen-acs-1
(cons +1
(sp-x ‘(e8)
“(,ixmap-e8-s016-ij e8 1j16)
¢(,ixmap-sol6-ij-i-j ij16 i16 j16)
“(,ixmap-so16-I116-i i16 i8)
“(,ixmap-so16-I116-i j16 j8)
‘(,so8-sigma-ij-ab i8 j8 (:fix ,j) (:fix ,k))
)
(ppush gen-acs-2
(cons -1
(sp-x ‘(e8)
“(,ixmap-e8-s016-ij e8 1j16)
“(,ixmap-so16-ij-i-j ij16 i16 j16)
“(,ixmap-s016-I16-i* i16 i8%)
“(,ixmap-sol16-I16-i* j16 j8x)
“(,so8-sigma-ij-ab i8* j8* (:fix ,j) (:fix ,k))
)
(if (not only-first)
(do ((j p (i1+ )))
(4= j 8))
(do ((k (i1+ ) (i1+ )
((i= k 8))
(ppush gen-acs-2
(cons -1
(sp-x ‘(e8)
“(,ixmap-e8-s016-ij e8 1j16)
“(,ixmap-so16-ij-i-j ij16 i16 j16)
“(,ixmap-so16-I116-i i16 i8)
“(,ixmap-so16-I116-i j16 j8)
‘(,so08-sigma-ij-ab i8 j8 (:fix ,j) (:fix ,k))

)
(ppush gen-acs-1
(cons +1
(sp-x ‘(e8)

“(,ixmap-e8-s016-ij e8 1j16)
¢(,ixmap-sol6-ij-i-j ij16 i16 j16)
“(,ixmap-s016-I16-i* i16 i8%)
“(,ixmap-sol16-I16-i* j16 j8x)
‘(,so8-sigma-ij-ab i8* j8* (:fix ,j) (:fix ,k))
)

(map ’simple-array #’(lambda (x y) (sp+ (cdr x) (cdr y))) gen-acs-1 gen-acs-2)))

(defvar diag6 (e8-so-p-8-p-diag-gen-acs 6))

(defvar diag6-singlets (sp-ac-singlets e8-fabc diag6é e8-scalars))

(defvar diag6-singlets+sol6 (sp-ac-singlets e8-fabc diag6 e8-scalars+sol6))
(defvar diagba (e8-so-p-8-p-diag-gen-acs 6 :only-first t))

(defvar diagba-singlets (sp-ac-singlets e8-fabc diagfa e8-scalars)) ;; seven
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(defvar diagba-singlets+sol6 (sp-ac-singlets e8-fabc diagfa e8-scalars+sol6))

(defvar ul-generator (sp+ (aref diag6-singlets+sol6 5) (aref diag6-singlets+sol6 8)))

(defvar sl12
(make-array 3 :initial-contents
(list (sp+ ‘(1/4 ,ul-generator))
(sp-x ‘(e8)

‘(,ixmap-e8-sol6-alphabeta e8 alpha beta)

‘(, (make-sp-array ’(8 8) :with-entries ’((+1/2 6 6) (-1/2 7 7))) alpha beta))

(sp-x ‘(e8)

¢ (,ixmap-e8-sol6-alphabeta e8 alpha beta)

‘(, (make-sp-array ’(8 8) :with-entries ’((+1/2 6 7) (+1/2 7 6))) alpha beta)))))

(defvar s13

(let* ((s1l3-v0 (sp-lin-indep-ac-commutators e8-fabc diag6-singlets+sol6 diag6-singlets+sol6))

(s (copy-seq s13-v0)))

(setf (aref s 6) (sp+ ‘(-1 ,(aref s13-v0 6)) ‘(1/4 ,(aref s13-v0 7))))
(setf (aref s 7) (sp+ ‘(+1 ,(aref s13-v0 6)) ‘(1/4 ,(aref s13-v0 7))))

(map ’simple-array

#’(lambda (x scale) (sp-scale x scale)) s ’(-1/6 -1/6 -1/2 1/6 1/6 1/2 1/2 1/2))
55 The minus signs for the first three generators make the structure constants equal +epsilon3.

)

(defvar sl13-g_ab
(let ((mx (make-sp-array ’(8 8))))
(dotimes (j 8)
(dotimes (k 8)
(let ((sprod (* 1/60

(sp-ref (sp-x ‘() ‘(,e8-g_ab a b) ‘(,(aref s13 j) a) ‘(,(aref s13 k) b))))))

(sp-set! mx sprod j k))))
mx) )

(defvar s13-g~ab (sp-invert s13-g_ab))

(defun sl3-decompose (e8-ac)
(let ((v (make-sp-array ’(8))))
(dotimes (c 8)
(let ((coeff (* (sp-ref sl3-g~ab c c)

; eleven (SL(3) x SL(2) = 8+3)

(sp-ref (sp-x ‘() “(,e8-eta p q) ‘(,(aref s13 c) p) ‘(,e8-ac q))))))

(sp-set! v coeff c)))
v))

(defvar sl3-fabc
(let ((fabc (make-sp-array ’(8 8 8))))
(dotimes (a 8)
(dotimes (b 8)

(let* ((ab (e8-ac-[] (aref s13 a) (aref sl3 b)))

(vc (s13-decompose ab)))

(sp-do #’(lambda (p v) (sp-set! fabc v a b (aref p 0))) vc))))

fabc))

;5 (sp-check-jacobi sl3-fabc) ==> T

(defvar data-so62

(let* ((delta8-ij (sp-generate-indexsplit-temnsor 16 ’(8)))
(delta8-ij-8 (sp-generate-indexsplit-tensor 16 ’(8) :offset 8))

(p1 (sp—x ‘(e8-c e8-b)
1/2 1/2

“(, (make-sp-array ’(8 8) :with-entries >((1 0 6) (1 17) (-1 25) (13 4))) i j

“(,(sp+ ‘(+1 ,(sp—x ‘(Ix Jx
‘(-1 ,(spx ‘(Ix Jx
“(+1 ,(sp~x ‘(Ix Jx
‘(-1 ,(sp~x ‘(Ix Jx
)

Ix Jx i j)

“(,ixmap-sol16-ij-i-j IJ Ix Jx)

“(,ixmap-e8-s016-ij e8-a IJ)

“(,e8-fabc e8-a e8-b e8-c)))
(p2 (sp-x ‘(e8-c e8-b)

1/2 1/2

“(,(sp-id 8) i j)

i

i
i
i

j) “(,delta8-ij Ix i) ‘(,delta8-ij-8 Jx
j) “(,delta8-ij-8 Jx i) ‘(,delta8-ij Ix
j) “(,delta8-ij-8 Ix i) ‘(,delta8-ij Jx
j) “(,deltad8-ij Jx i) ¢(,delta8-ij-8 Ix

N
N
N
N

“(,(spt “(+1 ,(sp~x ‘(Ix Jx i j) ‘(,delta8-ij-8 Ix i) ‘(,delta8-ij Jx j)))

‘(-1 ,(sp~x ‘(Ix Jx i j) ‘(,delta8-ij Ix i) ‘(,delta8-ij-8 Jx j)))) Ix Jx i j)

“(,ixmap-e8-s016-ij e8-a ij)

“(,ixmap-sol16-ij-i-j ij Ix Jx)

“(,e8-fabc e8-a e8-b e8-c)))

(p3 (sp-x ‘(e8-c e8-b)
-1/2 1/2
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(p4 (sp—x

(p5 (sp-x

(p6 (sp-x

(p7 (sp—x

(p8
(sp+ p7

‘(-2
,(sp-x ‘(e8-c e8-b)

“(, (make-sp-array ’(8 8) :with-entries ’((1 6 6) (+1 7 7))) a b)

¢ (,ixmap-e8-so16-alphabeta e8-a a b)

“(,e8-fabc e8-a e8-b e8-c)))))

“(, (make-sp-array ’(8 8)

“( (spt ‘(+1 ,(sp—x

“(-1 ,(sp-x
‘(-1 ,(spx
“(+1 ,(spx
)

Ix Jx i j)

‘(Ix Jx
‘(Ix Jx
“(Ix Jx
“(Ix Jx

i

i
i
i
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:with-entries *((1 06) (1 17) (-1 25) (134))) i j)

j) “(,delta8-ij Ix i) ‘(,delta8-ij Jx j)))
j) “(,delta8-ij Jx i) ‘(,delta8-ij Ix j)))
j) ¢(,delta8-ij-8 Ix i) ‘(,delta8-ij-8 Jx j)))
j) ¢(,delta8-ij-8 Jx i) ‘(,delta8-ij-8 Ix j)))

“(,ixmap-so16-ij-i-j IJ Ix Jx)
‘(,ixmap-e8-so016-ij e8-a 1J)
“(,e8-fabc e8-a e8-b e8-c)))

‘(e8-c e8-b)
1/2

“(, (make-sp-array ’(8 8) :with-entries ’((1 0 1) (-1 2 3) (1 4 5) (1 6 7))) c* dx)
“(,(spt ‘(+1 ,(sp-x “(a* b* c* dx) ‘(,(sp-id 8) ax c*) ‘(,(sp-id 8) b* dx)))
‘(-1 ,(sp-x ‘(a* b* c* dx) ‘(,(sp-id 8) bx c*) ‘(,(sp-id 8) a* dx))))

a* bx cx dx)

¢(,ixmap-e8-sol6-alpha*betax e8-a a* b*)
“(,e8-fabc e8-a e8-b e8-c)))

¢ (e8-c e8-b)
1/2
“(,(sp-id 8) a* bx)

“(,ixmap-e8-sol6-alpha*beta* e8-a a* bk)
“(,e8-fabc e8-a e8-b e8-c)))

‘(e8-c e8-b)

‘(, (make-sp-array ’(8 8) :with-entries ’((1 6 7) (-1 7 6))) a b)
‘(,ixmap-e8-sol6-alphabeta e8-a a b)
‘(,e8-fabc e8-a e8-b e8-c)))

‘(e8-c e8-b)
1/2
“(,(sp-id 8) a b)

¢ (,ixmap-e8-so16-alphabeta e8-a a b)
‘(,e8-fabc e8-a e8-b e8-c)))

(ql (sp-x ‘(e8-c e8-b)

(g2 (sp-x

(g3 (sp—x

#|
(dotimes (j 8)

(format t ""A: "A
(sp-multiple-p (sp-ac-to-generator e8-fabc (aref s13 0))

=>0:1 1:1 2:
I#

1

1/4 1/2

“(, (make-sp-array ’(8 8)

“(,(sp+ ‘(+1 ,(sp-x

‘(-1 ,(spx
“(+1 ,(spx
“(-1 ,(sp-x
)

Ix Jx i j)

“(Ix Jx
“(Ix Jx
“(Ix Jx
‘(Ix Jx

i

i
i
i

:with-entries *((1 06) (1 17) (-1 25) (1 34))) i j)

j) ¢(,delta8-ij Ix i) ‘(,delta8-ij Jx j)))
j) ¢(,delta8-ij Jx i) ‘(,delta8-ij Ix j)))
j) ¢(,delta8-ij-8 Ix i) ‘(,delta8-ij-8 Jx j)))
3) “(,deltas-ij-8 Jx i) ‘(,delta8-ij-8 Ix j)))

¢ (,ixmap-so16-ij-i-j IJ Ix Jx) ; note to include a factor 1/2 since we are mapping I J -> IJ

¢ (,ixmap-e8-s016-ij

e8-a IJ)

‘(,e8-fabc e8-a e8-b e8-c)))

¢ (e8-c e8-b)
1/2

“(, (make-sp-array ’(8 8) :with-entries ’((1 6 6) (-1 7 7))) a b)
‘(,ixmap-e8-sol6-alphabeta e8-a a b)
‘(,e8-fabc e8-a e8-b e8-c)))

‘(e8-c e8-b)
1/2

‘(, (make-sp-array ’(8 8) :with-entries ’((1 6 7) (1 7 6))) a b)

¢ (,ixmap-e8-so16-alphabeta e8-a a b)

“(,e8-fabc e8-a e8-b e8-c))))

“((:s13 . ,(vector pl p2 p3 p4 p5 p6 p7 p8))
(:s12 . ,(vector gl g2 g3)))))

3

(aref (cav data-so62

3: 1 4:1 5:1

;3 dr is the defining representation.

(defvar s13-dr

6: 1 7:

1

:s13) 0))))

(map ’simple-array #’(lambda (e) (make-sp-array ’(3 3) :with-entries e))
,
(

((112) (-121))
((10o1) (-110))
(120 (-102)
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(112 (121)

((1o1) (110)

((-1 20) (-1 02)

((-100) (111))

((100) (111) (-222))))

(defvar sl2-dr
(map ’simple-array #’(lambda (e) (make-sp-array ’(2 2) :with-entries e))
¢

((1/2 0 1) (-1/2 1 0))
((1/2 0 0) (-1/2 1 1))
(172 01) (1/210))
)

(defvar s13-g_ab-dr
(let ((mx (make-sp-array ’(8 8))))
(dotimes (j 8)
(dotimes (k 8)
(let ((sprod (sp-trace (spx (aref s13-dr j) (aref s13-dr k)))))
(sp-set! mx sprod j k))))
mx))

(defvar s13-g~ab-dr (sp-invert sl13-g_ab-dr))

(defvar sl3-fabc-dr
(labels
((s13-decompose-dr (gen)
(let ((v (make-sp-array ’(8))))
(dotimes (c 8)
(let ((coeff (* (sp-ref sl3-gab-dr c c) (sp-trace (sp* gen (aref s13-dr c))))))
(sp-set! v coeff c)))
v)))
(let ((fabc (make-sp-array ’(8 8 8))))
(dotimes (a 8)
(dotimes (b 8)
(let* ((ab (sp-[] (aref sl3-dr a) (aref sl13-dr b)))
(vc (s13-decompose-dr ab)))
(sp-do #’(lambda (p v) (sp-set! fabc v a b (aref p 0))) vc))))
fabc)))

;3 (sp+ sl3-fabc ‘(-1 ,s13-fabc-dr)) => 0O

;3 The generic SL(3) coset element (mod right S0(16) rotation),
;; extended by a SL(2) rotation

(defvar v-rot-so62
(let* ((rot-s (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref s13 6) -1)) ’s))
;; Note: this corresponds to diag(1l,-1,0)
(rot-z (poexp-make-rot (sp-ac-to-generator e8-fabc (aref sl13 7)) ’z))
(rot-sz (sp* rot-s rot-z))
(rot-x1 (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref s13 0) +1)) ’ril))
(rot-x2 (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref s13 2) +1)) ’r2))
(rot-x3 (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref s13 1) +1)) ’r3))
(rot-x123-sz (sp* rot-xl1 (sp* rot-x2 (sp* rot-x3 rot-sz))))
(rot-v (poexp-make-rot (sp-ac-to-generator e8-fabc (aref sl2 1)) ’v))
(rot-x5 (poexp-make-rot (sp-ac-to-generator e8-fabc (aref s12 0)) ’r5))
(rot-s12 (sp* rot-x5 rot-v))
(rot-s13xsl2 (sp* rot-x123-sz rot-sl2))
)
(sp-map #’(lambda (x) (poexp* 1 x)) rot-s13xsl2)))

(defvar phi-so6-s062 (poexp* 1 (e8-potential-from-v-theta v-rot-so62 (e8-theta-so-p 6))))

(defvar phi-so6-so71 (poexp* 1 (e8-potential-from-v-theta v-rot-so62 (e8-theta-so-p 7))))
(defvar phi-so6-so8 (poexp* 1 (e8-potential-from-v-theta v-rot-so62 (e8-theta-so-p 8))))

B.3 The SO(5)4ing pPotentials

The code given here is a bit more elaborate than for the other cases to
demonstrate the process used to identify the SL(3) generators.

(eval-when (compile load eval)
(progn
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(require :e8-supergravity)
(use-package :lambdatensor)
(use-package :tf-spellbook)))

(setf *bytes-consed-between-gcs* 40000000 *gc-verbose* nil)

(defun e8-so-p-diag-gen-acs (p &key (start 0))
(let ((gen-acs-1 nil)
(gen-acs-2 nil))
(dotimes (k p)
(dotimes (j k)
(ppush gen-acs-1
(sp-x (e8)
‘(,ixmap-e8-s016-ij e8 ij16)
¢(,ixmap-so16-ij-i-j 1j16 i16 j16)
“(,ixmap-so016-I16-i i16 i8)
‘(,ixmap-so016-I16-i j16 j8)
‘(,so8-sigma-ij-ab i8 j8 (:fix ,(+ j start)) (:fix ,(+ k start)))
))
(ppush gen-acs-2
(sp-x (e8)
¢ (,ixmap-e8-s016-ij e8 ij16)
‘(,ixmap-so16-ij-i-j ij16 i16 j16)
¢ (,ixmap-so16-I16-i* 116 18%)
¢ (,ixmap-so16-I16-i* j16 j8x)

‘(,so8-sigma-ij-ab i8* j8x (:fix ,(+ j start)) (:fix ,(+ k start)))

)R]
(map ’simple-array #’(lambda (x y) (sp+ x y)) gen-acs-1 gen-acs-2)))

(defvar so5_diag-v-ac (e8-so-p-diag-gen-acs 5))
(defvar so3_diag-v-ac (e8-so-p-diag-gen-acs 3 :start 5))
(defvar so2_diag-v-ac (e8-so-p-diag-gen-acs 2 :start 5))

(defvar sobxso3-singlets
(sp-ac-singlets e8-fabc (concatenate ’list so5_diag-v-ac so3_diag-v-ac) e8-scalars))

(defvar v-rot-sobxso3
(let* ((*¥HEURISTIC-FACTORIZE-POLYNOME-ALSO-TRY-THESE-ZEROES* °’(1/4))

(ac-W
(sp-x ‘(e8-a)
‘(,ixmap-e8-so016-i-j e8-a j16 k16)
¢(,ixmap-so16-i16-i j16 j)
‘(,ixmap-so016-i16-i* k16 k)
‘(,(sp-scale (sp-id 8) 1/4) j k)))
(ac-z
(sp-x ‘(e8-a)
¢ (,ixmap-e8-sol6-alphabeta e8-a alpha beta)
‘(,(sp-scale (sp-id 8) 1/4) alpha beta)))
(ac-M

(sp-x ‘(e8-a)
¢ (,ixmap-e8-sol6-alphabeta e8-a alpha beta)
“(, (sp-scale
(make-sp-array ’(8 8) :with-entries
’((300) (311) (322) (333) (344)
(-5 55) (-566) (<67 7))
1/4) alpha beta))))
(declare (special *HEURISTIC-FACTORIZE-POLYNOME-ALSO-TRY-THESE-ZEROES*))
(sp* (poexp-make-rot (sp-ac-to-generator e8-fabc ac-M) ’s)
(poexp-make-rot (sp-ac-to-generator e8-fabc ac-W) ’w)
(poexp-make-rot (sp-ac-to-generator e8-fabc ac-Z) ’z))))

(defvar phi-sobxso3-so5
(poexp* 1 (e8-potential-from-v-theta v-rot-sobxso3
(e8-theta-so-p 5))))

(defvar phi-so5xso3-so8
(poexp* 1 (e8-potential-from-v-theta v-rot-sobxso3
(e8-theta-so-p 8))))

(defvar sobxso2-singlets
(sp-ac-singlets e8-fabc
(concatenate ’list so5_diag-v-ac so2_diag-v-ac)
e8-scalars))

(defvar sobxso2-singlets+sol6
(sp-ac-singlets e8-fabc
(concatenate ’list so5_diag-v-ac so2_diag-v-ac)
e8-scalars+so016))

;; These are ten.

;; (length (sp-lin-indep-ac-commutators e8-fabc sobxso2-singlets+sol6 sobxso2-singlets+sol16))
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;3 => 8; 3c+bnc. This must be a SL(3).

;; (length (sp-ac-commutator-closure e8-fabc sobxso2-singlets))
55 => 9

(sp-total-dimension (concatenate ’list (sp-lin-indep-ac-commutators e8-fabc sobxso2-singlets+sol6 sobxso2-singlets+sol6) sobxso2-singlets))
; => there must be a singlet not contained in SL(3). Hence, 5 Singlets from SL(5) and a single extra one. This is the picture.

(defvar so3-in-s13
(sp-lin-indep-ac-commutators e8-fabc sobxso2-singlets sob5xso2-singlets))

(defvar non-sl3-singlet
(aref (sp-ac-singlets e8-fabc so03-in-sl3 so5xso2-singlets) 0)) ; only one

(defvar sl3-noncompact
(map ’simple-array #’sp-from-array
(lintrans-core-and-complement
#’ (lambda (v)
(vector (sp-ref (sp-x ‘() ‘(,e8-eta a b)
“(,non-sl3-singlet a)
“(, (sp-from-array v) b)))))
(map ’simple-array #’sp-to-array sobxso2-singlets))))

(defvar full-sl3 (sp-ac-commutator-closure e8-fabc sl3-noncompact))

;3 (length (sp-ac-commutator-closure e8-fabc sl3-noncompact)) => 8
;; Hence, we now really have SL(3).

#|

This shows that our generators are orthonormal.

And all except the first one can easily be normalized to +-2;
for the first one, 6 is natural,

so we may want to identify this with diag(1,1,-2).

(dotimes (j 8)
(dotimes (k 8)
(format t "“A "A: "A7Y%" j k
(sp-ref (sp-x ‘() ‘(,e8-eta a b)
“(,(aref full-sl3 j) a)
(, (aref full-s1l3 k) b))))))

1#

(defvar properly-normalized-s13
(map ’simple-array
#’ (lambda (x)
(let ((sqrt-abs-norm~2/2
(sqrt
(x 1/2 (abs
(sp-ref (sp-x ‘O
“(,e8-eta a b)
‘Gxoa) “Gx 1))
(format t "sqrt-abs-norm~2/2="A"Y" sqrt-abs-norm~2/2)
(if (= (floor sqrt-abs-norm~2/2) sqrt-abs-norm~2/2)
(sp-scale x (/ (floor sqrt-abs-norm~2/2)))
1))
full-s13))

(defvar s13-pn properly-normalized-s13)

(defvar s13-pn-g_ab
(let ((mx (make-sp-array ’(8 8))))
(dotimes (j 8)
(dotimes (k 8)
(let ((sprod (sp-ref (sp-x ‘() ‘(,e8-eta a b) ‘(,(aref s13-pn j) a) ‘(,(aref sl3-pn k) b)))))
(sp-set! mx sprod j k))))
mx) )

(setf s13-pn-g-ab (sp-invert s13-pn-g_ab))

(defun s13-pn-decompose (e8-ac)

(let ((v (make-sp-array ’(8))))
(dotimes (c 8)
(let ((coeff (* (sp-ref sl3-pn-g~ab c c)
(sp-ref (sp-x ‘() ‘(,e8-eta p q)
‘(,(aref s13-pn c) p) ‘(,e8-ac @))))))
(sp-set! v coeff c)))
v))

(defvar s13-pn-fabc
(let ((fabc (make-sp-array ’(8 8 8))))
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(dotimes (a 8)
(dotimes (b 8)
(let* ((ab (e8-ac-[] (aref s13-pn a) (aref sl3-pn b)))
(ve (s13-pn-decompose ab)))
(sp-do #’(lambda (p v) (sp-set! fabc v a b (aref p 0))) vc))))
fabc))

;; By educated guess and trial and error, the following permutation was found:

(setf sl3-reordered-fabc
(let ((re-ordering
(make-sp-array ’(8 8)
:with-entries
(o7 (171) (114 126)
(135) (143 (152) (160)))))
(sp-x ‘(ar br cr)
“(,re-ordering a ar) ‘(,re-ordering b br) ¢(,re-ordering c cr)
“(,s13-pn-fabc a b c))))

;; -..and with this re-ordering, we just have the same s13 fabc commutation relations as in the S0(6)_diag case.

(defvar s13
(map ’simple-array #’(lambda (n) (aref s13-pn n))
#(6 754 1320)))

(defvar sl13-g_ab
(let ((mx (make-sp-array ’(8 8))))
(dotimes (j 8)
(dotimes (k 8)
(let ((sprod (sp-ref (sp-x ‘() ‘(,e8-eta a b) ‘(,(aref s13 j) a) ‘(,(aref s13 k) b)))))
(sp-set! mx sprod j k))))
mx))

(defvar sl3-g~ab (sp-invert sl3-g_ab))

(defun sl3-decompose (e8-ac)
(let ((v (make-sp-array ’(8))))
(dotimes (c 8)
(let ((coeff (* (sp-ref sl3-g~ab c c)
(sp-ref (sp-x ‘O
“(,e8-eta p q)
“(,(aref sl13 c) p)
“(,e8-ac @))))))
(sp-set! v coeff c)))
v))

(defvar s13-fabc
(let ((fabc (make-sp-array ’(8 8 8))))
(dotimes (a 8)
(dotimes (b 8)
(let* ((ab (e8-ac-[] (aref s13 a) (aref sl13 b)))
(vc (s13-decompose ab)))
(sp-do #’(lambda (p v) (sp-set! fabc v a b (aref p 0))) vc))))

fabc))

;3 (spt sl3-fabc ‘(-1 ,sl3-reordered-fabc)) => #<empty>
;; Inspection shows that fabc is also the same as for the SO0(6) case.

(defvar v-rot-so52
(let* ((rot-s (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref sl13 6) -1)) ’s))
(rot-z (poexp-make-rot (sp-ac-to-generator e8-fabc (aref sl3 7)) ’z))
(rot-sz (sp* rot-s rot-z))
(rot-x1 (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref sl3 0) +1)) ’ril))
(rot-x2 (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref s13 2) +1)) ’r2))
(rot-x3 (poexp-make-rot (sp-ac-to-generator e8-fabc (sp-scale (aref s13 1) +1)) ’r3))
(rot-x123-sz (sp* rot-xl1 (sp* rot-x2 (sp* rot-x3 rot-sz))))
(rot-v (poexp-make-rot (sp-ac-to-generator e8-fabc non-sl3-singlet) ’v))
(rot-s13xR (sp* rot-x123-sz rot-v))
)
(sp-map #’(lambda (x) (poexp* 1 x)) rot-sl3xR)))

(defvar phi-so5-so8
(poexp* 1 (e8-potential-from-v-theta v-rot-so52 (e8-theta-so-p 8))))

(defvar phi-so5-sob
(poexp* 1 (e8-potential-from-v-theta v-rot-so52 (e8-theta-so-p 5))))
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B.4 The SO(4)4ing pPotentials

(eval-when (compile load eval)
(progn
(require :e8-supergravity)
(use-package :lambdatensor)
(use-package :tf-spellbook)))

(eval-when (compile load eval)
(progn
(setf lambdatensor::*poexp-varsk
(coerce *(V S W Z X RO R1 R2 R3 R4 RE) ’(simple-array * (%))))
(setf (lambdatensor::sp-arith-converter lambdatensor::*sp-arith-poexp#*)

#’ (lambda (x) (lambdatensor::poexp-converter x lambdatensor::*poexp-varsx)))

))
(setf xbytes-consed-between-gcs* 40000000 *gc-verbose* nil)

(defun e8-so-p-diag-gen-acs (p &key (start 0))
[as in the SO(5) casel)

(defvar so4a_diag-v-ac (e8-so-p-diag-gen-acs 4))
(defvar so3a_diag-v-ac (e8-so-p-diag-gen-acs 3))
(defvar so4b_diag-v-ac (e8-so-p-diag-gen-acs 4 :start 4))
(defvar so3b_diag-v-ac (e8-so-p-diag-gen-acs 3 :start 4))
(defvar so2b_diag-v-ac (e8-so-p-diag-gen-acs 2 :start 4))

(defvar sodxso4-singlets
(sp-ac-singlets e8-fabc
(concatenate ’list so4a_diag-v-ac so4b_diag-v-ac)
e8-scalars))

(defvar so4xso3-singlets
(sp-ac-singlets e8-fabc
(concatenate ’list so4a_diag-v-ac so3b_diag-v-ac)
e8-scalars))

(defvar so3xso3-singlets
(sp-ac-singlets e8-fabc
(concatenate ’list so3a_diag-v-ac so3b_diag-v-ac)
e8-scalars))
;3 ten

(defvar so4xso2-singlets
(sp-ac-singlets e8-fabc
(concatenate ’list so4a_diag-v-ac so2b_diag-v-ac)
e8-scalars))
;5 eleven

(defvar so4xso3-singlets+sol6
(sp-ac-singlets e8-fabc
(concatenate ’list soda_diag-v-ac so3b_diag-v-ac)
e8-scalars+so16))
;5 seven

(defvar so3-singlet
(aref (sp-ac-singlets e8-fabc so4xso4-singlets sodxso3-singlets) 0))

(defun v-rot-so43 (v w s z x &key (type :symbolic))
(let* ((ac-W
(sp-x (e8-a)
‘(,ixmap-e8-s016-i-j e8-a j16 k16)
“(,ixmap-so016-i16-i j16 j)
“(,ixmap-s016-i16-i* k16 k)
“(, (sp-scale (sp-id 8) 1/4) j k)))
(ac-Z
(sp-x ‘(e8-a)
“(,ixmap-e8-sol6-alphabeta e8-a alpha beta)
“(,(sp-scale (sp-id 8) 1/4) alpha beta)))
(e4 (make-sp-array ’(8 8) :with-entries
2((100) (111) (122) (133))
(f4 (make-sp-array ’(8 8) :with-entries
’((144) (155 (166) (177)))
(ac-S1
(sp-x ‘(e8-a)
‘(G (sp+ ‘(1/4 ,ed) ‘(-1/4 ,f4)) a b)
“(,ixmap-e8-sol6-alphabeta e8-a a b)))
(ac-S2
(sp-x (e8-a)
“(,(spt (1/4 ,e4) ‘(-1/4 ,f4)) a* bx)
“(,ixmap-e8-sol6-alpha*beta* e8-a a* bx)))
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(ac-V (e8-ac-[] ac-sl ac-s2))
(ac-X (sp-x ‘(e8)
¢ (,ixmap-e8-sol6-alphabeta e8 alpha beta)
“(, (make-sp-array ’(8 8)
:with-entries ’((1 4 4) (1 55) (1 66) (-377)))
alpha beta))))
;; this is just so3-singlet
(if (eq type :symbolic)
(let* ((rot-wz
(sp* (poexp-make-rot (sp-ac-to-generator e8-fabc ac-W) w)
(poexp-make-rot (sp-ac-to-generator e8-fabc ac-Z) z)))
(rot-vs
(sp* (poexp-make-rot (sp-ac-to-generator e8-fabc ac-V) v)
(poexp-make-rot (sp-ac-to-generator e8-fabc ac-S1) s)))
(rot-x (poexp-make-rot (sp-ac-to-generator e8-fabc ac-X) x)))
(spx (sp* rot-vs rot-wz) rot-x))
(labels
((gen (g x)
(sp-exp
(sp-scale
(sp-change-arith (sp-ac-to-generator e8-fabc g) *sp-arith-double-float*)
)))
(let* ((rot-wzw (sp* (gen ac-W w) (gen ac-Z z) (gen ac-W (- w))))
(rot-vsv (sp* (gen ac-V v) (gen ac-S1 s) (gen ac-V (- v))))
(rot-x (gen ac-X x)))
(sp* rot-wzw rot-vsv rot-x))))))

(defvar phi-so43
(poexp* 1 (e8-potential-from-v-theta
(v-rot-so43 ’v ’w ’s ’z ’x :type :symbolic)
(e8-theta-so-p 8))))

(defvar phi-so43-so4
(poexp* 1 (e8-potential-from-v-theta
(v-rot-so43 ’v ’w ’s ’z ’x :type :symbolic)
(e8-theta-so-p 4))))

(defvar phi-so43-so7
(poexp* 1 (e8-potential-from-v-theta
(v-rot-so43 ’v ’w ’s ’z ’x :type :symbolic)
(e8-theta-so-p 7))))

B.5 The GQ(_14) X F4(_20) potential

(eval-when (compile load eval)
(progn
(setf lambdatensor::*poexp-varsk
(coerce ’(V S W Z X RO R1 R2 R3 R4 R5 R6) ’(simple-array * (x))))
(setf (lambdatensor::sp-arith-converter lambdatensor::*sp-arith-poexp*)
#’ (lambda (x) (lambdatensor::poexp-converter x lambdatensor::*poexp-varsx)))

)

(defvar ac-g2
(map ’simple-array
#’ (lambda (x)
(sp-scale
(sp-x ‘(e8)
“(,ixmap-e8-so016-i-j e8 116 j16)
“(,ixmap-s016-i16-i i16 i)
“(,ixmap-so16-i16-i j16 j)
“Gxij)
1/2))
g2-v8-vs))

(defvar ac-f4 (sp-ac-singlets e8-fabc ac-g2 e8-scalars+sol6))
(defvar theta-f4
(reduce #’(lambda (sf x) (sp+ sf (sp-x ‘(a b) ‘(,x a) ‘(,e8-eta c b) ‘(,x ¢)))) ac-f4
:initial-value (make-sp-array (248 248))))
;3 Now, for g2, we have to trick a bit...
(defvar ac-g2o

(map ’simple-array #’(lambda (x) (sp-from-vector x ’(248)))
(orthogonal-basis (map ’simple-array #’sp-to-vector ac-g2))))
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;; Note that theta-g2 has an extra factor -1 sneaking in from the division by (negative) generator "length~2"

(defvar theta-g2
(reduce #’(lambda (sf x)

(let ((iprod (sp-ref (sp-x ‘O ‘(,x a) ‘(,e8-eta a b) ‘(,x b)))))

(sp+ sf (sp-scale (sp-x ‘(a b) ‘(,x a) ‘(,e8-eta c b) ‘(,x ¢)) (/ 1 iprod)))))

ac-g2o :initial-value (make-sp-array ’(248 248))))

(defvar theta-g2xf4 (sp+ theta-f4 ¢(+3/2 ,theta-g2)))

;; (e8-p27000 theta-g2xfd) => 0

(setf explicit-theta-g2xf4

(let*

((delta7 (sp-antisymmetrizer 7 2))
(proj7 (sp+ (sp-id 8) (make-sp-array ‘(8 8) :with-entries ’((-2 7 7)))))
(delta78 (sp-x ‘(i j k 1)

(,delta7 i7 j7 k7 17)
€(,proj7 i7 i) ‘(,proj7 j7 j)
¢(,proj7 k7 k) ‘(,proj7 17 1)))

(traceless
(sp+ (sp-id 8) (make-sp-array ‘(8 8) :with-entries ‘((-7 7 7))))))

(sp+

(sp-x ‘(e8-a e8-b)

(sp-x

(sp-x

(sp-x

(sp-x

“(,ixmap-e8-sol6-alphabeta e8-a alpha beta)
“(,ixmap-e8-sol6-alphabeta e8-b gamma delta)

“(,(sp-id 8) alpha gamma)

“(,(sp-id 8) beta (:fix 7)) ‘(,(sp-id 8) delta (:fix 7)))
‘(e8-a e8-b)

“(,ixmap-e8-sol6-alphaxbeta* e8-a alpha* beta*)
“(,ixmap-e8-sol6-alphaxbeta* e8-b gamma* delta*)

“(,(sp-id 8) alpha* gamma*)

“(,(sp-id 8) beta*x (:fix 7)) ‘(,(sp-id 8) deltax (:fix 7)))
‘(e8-a e8-b)

“(,ixmap-e8-s016-ij e8-a ij)
“(,ixmap-e8-s016-ij e8-b k1)
“(,ixmap-sol16-ij-i-j ij 116 j16)
“(,ixmap-so16-ij-i-j k1 k16 116)
“(,ixmap-so16-i16-i 116 i)
“(,ixmap-so16-i16-i* j16 j)
“(,ixmap-so16-i16-i k16 k)
“(,ixmap-so16-i16-i* 116 1)
“(,(sp-id 8) j 1)

“(,(sp-id 8) i (:fix 7))
“(,(sp-id 8) k (:fix 7)))

‘(e8-a e8-b)

-1/2

“(,ixmap-e8-s016-ij e8-a ij)
“(,ixmap-e8-s016-ij e8-b k1)
“(,ixmap-so16-ij-i-j ij i16 j16)
“(,ixmap-sol16-ij-i-j k1 k16 116)
“(,ixmap-so016-i16-i* i16 i)
“(,ixmap-so16-i16-i* j16 j)
“(,ixmap-so16-i16-i* k16 k)
“(,ixmap-so16-i16-i* 116 1)
“(,(sp-antisymmetrizer 8 2) i j k 1))
‘(e8-a e8-b)

1/16

“(,ixmap-e8-s016-ij e8-a ij)
“(,ixmap-e8-s016-ij e8-b k1)
“(,ixmap-sol6-ij-i-j ij 116 j16)
“(,ixmap-so16-ij-i-j k1 k16 116)
“(,ixmap-s016-i16-i i16 i)
“(,ixmap-so16-i16-i j16 j)
“(,ixmap-s016-i16-i k16 k)
“(,ixmap-s016-i16-i 116 1)
“(,(sp+ ‘(8 ,delta78)

“(-1/7 ,(sp~x ‘(i j k 1)
“(,s08-sigma-ijkl-ab i j k 1 a b)
“(,traceless a b)))

“(-1/7 ,(sp~x ‘(i j k1)
“(,so08-sigma-ijkl-a*b* i j k 1 a b)
“(,traceless a b))))

ij k1NN

55 (spt ‘(-1 ,explicit-theta-g2xf4) theta-g2xf4)

;3 => #<sparse (248 248) array [0/61504 entries, hash space=96, hash density=0.000]>
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;3 Checks show that these indeed do form 8-dimensional semisimple groups.

(defvar ac-su3-left
(map ’simple-array
#’ (lambda (x)
(sp-scale
(sp-x ‘(e8)
“(,ixmap-e8-s016-i-j e8 116 j16)
“(,ixmap-so16-i16-i 116 i)
‘(,ixmap-so16-i16-i j16 j)
‘Gx i j))
1/2))
(sp-heuristic-singlets (list (sp-from-vector #(0 0 0 0 0 0 1 0) ’(8)))
g2-v8-vs
:action #’(lambda (vec gen) (sp-x ‘(a) ‘(,gen a b) ‘(,vec b))))))

(defvar ac-su3-right
(map ’simple-array
#’ (lambda (x)
(sp-scale
(sp-x ‘(e8)
“(,ixmap-e8-so016-i-j e8 116 j16)
“(,ixmap-so16-i16-i* i16 i)
“(,ixmap-so16-i16-i* j16 j)
‘Gx i j))
1/2))
(sp-heuristic-singlets (list (sp-from-vector #(0 0 0 0 0 0 1 0) ’(8)))
g2-v8-vs
:action #’(lambda (vec gen) (sp-x ‘(a) ‘(,gen a b) ‘(,vec b))))))

;3 Note that these are part of G2 and F4:
;; (sp-total-dimension ac-su3-left ac-g2) => 14
;; (sp-total-dimension ac-su3-right ac-f4) => 52

(defvar su3-singlets (sp-ac-singlets e8-fabc (map ’simple-array #’sp+ ac-su3-left ac-su3-right)
e8-scalars)) ; 12

(defvar su3-singlets+sol6 (sp-ac-singlets e8-fabc (map ’simple-array #’sp+ ac-su3-left ac-su3-right)
e8-scalars+sol6)) ; 22

;5 Since this is a bit hard to do: alternative suggestion: study breaking to SU(3)xSU(3).

(defvar su33-singlets (sp-ac-singlets e8-fabc (concatenate ’list ac-su3-left ac-su3-right)
e8-scalars)) ; 8

(defvar su33-singlets+sol6 (sp-ac-singlets e8-fabc (concatenate ’list ac-su3-left ac-su3-right)
e8-scalars+so16)) ; 16

(defvar su33-sol6 (sp-ac-singlets e8-fabc (concatenate ’list ac-su3-left ac-su3-right) e8-so16)) ; 8
#|
;3 Note: the derivative of the SU(3)"2 singlets 16 is also a 16, hence no U(1) factors.

(length (SP-LIN-INDEP-AC-COMMUTATORS e8-fabc su33-sol6 su33-so16)) ; => 6

And these stay 6 under further derivative forming. Hence, SO0(3)xS0(3).
I#

(setf a0 (SP-LIN-INDEP-AC-COMMUTATORS e8-fabc su33-so0l6 su33-s016))
(setf so3-a (list (sp+ (aref a0 0) ‘(-1 ,(aref a0 5)))

(sp+ (aref a0 1) ‘(-1 ,(aref a0 4)))

(sp+ (aref a0 2) (aref a0 3))))
(setf so3-b (list (sp+ (aref a0 0) (aref a0 5))

(sp+ (aref a0 1) (aref a0 4))

(sp+ (aref a0 2) ‘(-1 ,(aref a0 3)))))

(setf su2l-a (sp-ac-commutator-closure e8-fabc
(concatenate ’list so3-a
(sp-lin-indep-ac-commutators e8-fabc so3-a su33-singlets))))
(setf su2i-b (sp-ac-commutator-closure e8-fabc
(concatenate ’list so3-b
(sp-lin-indep-ac-commutators e8-fabc so3-b su33-singlets))))

(defvar v-rot-su33
(let* ((rot-s (poexp-make-rot (sp-ac-to-generator e8-fabc (aref su2l-a 4)) ’s))
(rot-z (poexp-make-rot (sp-ac-to-generator e8-fabc (aref su2i-b 4)) ’z))
(rot-sz (sp* rot-s rot-z))
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(rot-x1
(rot-x2
(rot-x3
(rot-x4
(rot-x5
(rot-x6

(poexp-make-rot
(poexp-make-rot
(poexp-make-rot
(poexp-make-rot
(poexp-make-rot
(poexp-make-rot

(sp-ac-to-generator
(sp-ac-to-generator
(sp-ac-to-generator
(sp-ac-to-generator
(sp-ac-to-generator
(sp-ac-to-generator

(rot-x123 (sp* rot-xl1 (spx rot-x2 rot-x3)))
(rot-x456 (sp* rot-x4 (spx rot-x5 rot-x6)))
(rot-xsz (sp* rot-x123 (sp* rot-x456 rot-sz))))
(sp-map #’(lambda (x) (poexp* 1 x)) rot-xsz)))

(map ’simple-array
#’sp-multiple-p
(vector (aref su2i-a 4) (aref su2i-b 4)

(aref su2il-a 0) (aref su2i-a 1) (aref su2i-a 2)
(aref su2i-b 0) (aref su2i-b 1) (aref su2i-b 2)
)

(vector
(sp-x ‘(e8)
-1/2

‘(,ixmap-e8-sol6-alpha*beta*
‘G (sp+ “(+1 ,(sp-x ‘(alphax

‘(-1 ,(spx ¢
alpha* betax))

(sp-x ‘(e8)
-1/2

¢ (,ixmap-e8-sol6-alpha*beta*
‘G (sp+ “(+1 ,(sp-x ‘(alphax

‘(+1 ,(sp-x *
alpha* beta*))

(sp-x ‘(e8)
2

e8-fabc
e8-fabc
e8-fabc
e8-fabc
e8-fabc
e8-fabc

e8 alpha* betax)
betax) ‘(,(sp-id 8)

(alpha* beta*) ‘(,(sp-id 8)

e8 alpha* betax)
betax) ‘(,(sp-id 8)

(alpha* beta*) ‘(,(sp-id 8)

‘(,ixmap-e8-s016-ij e8 ij)
¢(,ixmap-so16-ij-i-j ij 116 j16)
“(,ixmap-so016-i16-i i16 i)
‘(,ixmap-so016-i16-i* j16 j)

“(,(sp+ “(+1 ,(sp-x ‘(i j) “(,(sp-id 8)

“(-1 ,(spx ¢

ij))

(sp-x ‘(e8)
2

G j) ‘¢ (sp-id 8)

¢ (,ixmap-e8-so16-ij e8 ij)
¢(,ixmap-sol16-ij-i-j ij i16 j16)
¢(,ixmap-so16-i16-i i16 i)
“(,ixmap-so16-i16-i* j16 j)

“((spt ‘(+1 ,(sp-x ‘(i j) ‘(,(sp-id 8)
“(+#1 ,(sp-x ‘(i j) “(,(sp-id 8)

ij))

(sp-x ‘(e8)
2

‘(,ixmap-e8-so016-ij e8 ij)
¢(,ixmap-so16-ij-i-j ij 116 j16)
“(,(sp* ‘(+1 ,(sp-x ‘(i16 j16)

‘(-1 ,(spx

i16 j16))

(sp-x ‘(e8)
-2

(,ixmap-s016-i16-i

(,ixmap-s016-i16-i*
(,ixmap-s016-i16-i*

“(,(sp-id 8) i (:fix

¢ (,ixmap-e8-so16-ij e8 ij)
¢(,ixmap-so16-ij-i-j ij 116 j16)
“(,ixmap-so016-i16-i i16 i)
‘(,ixmap-so016-i16-i* j16 j)

“(,(sp+ “(+1 ,(sp-x ‘(i j) ‘(,(sp-id 8)
“(+#1 ,(sp-x ‘(i j) “(,(sp-id 8)

ij))

(sp-x ‘(e8)
-2

¢ (,ixmap-e8-so16-ij e8 ij)
¢(,ixmap-sol16-ij-i-j ij 116 j16)
¢(,ixmap-so16-i16-i i16 i)
“(,ixmap-so16-i16-i* j16 j)

“(,(spt ‘(+1 ,(sp~x ‘(i j) ‘(,(sp-id 8)
‘(-1 ,(sp-x ‘(i j) “(,(sp-id 8)

ij))

(sp-x ‘(e8)
-2

‘(,ixmap-e8-so016-ij e8 ij)
¢(,ixmap-so16-ij-i-j ij 116 j16)

i
i

i

i

i

i

i

i
i

(aref
(aref
(aref
(aref
(aref
(aref

alpha*
alpha*

alpha*
alpha*

su2l-a
su2l-a
su2l-a
su2l-b
su2l-b
su21-b

(:fix
(:fix

(:fix
(:fix

(:fix 6)) ‘(,(sp-id
(:fix 7)) ‘(,(sp-id

(:fix 6)) “(,(sp-id
(:fix 7)) ‘(, (sp-id

16 i)

“(,ixmap-so16-i16-i j16 j)
“(,(sp-id 8) i (:fix
“(i16 j16)

6)) ‘(,(sp-id 8) j (:

i16 i)
j16 j)

6)) ‘(,(sp-id 8) j (:

(:fix 6)) ‘(,(sp-id
(:fix 7)) ‘(, (sp-id

(:fix 6)) “(,(sp-id
(:fix 7)) “(, (sp-id

0)) ’r1))
1)) ’r2))
2)) ’r3))
0)) ’r4))
1)) ’r5))
2)) ’r6))
1)) “( (sp-
7)) “( (sp-
1)) “( (sp-
7)) “( (sp-
8) (:fix
8) (:fix
8) j (:fix
8) j (:fix
fix 7))))
fix 7)))))
8) (:fix
8) j (:fix
8) j (:fix
8) j (:fix

id 8) beta*x (:fix 7))))
id 2) betax (:fix 1)))))

id 8) beta*x (:fix 7))))
id 2) betax (:fix 1)))))

7))
6)))))

6))))
7))

7))
6)))))

6))))
7))
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‘(G (spt “(+1 ,(sp-x (il6 j16)
“(,ixmap-so016-i16-i i16 i)
‘(,ixmap-so016-i16-i j16 j)
“(,(sp-id 8) i (:fix 6)) ‘(,(sp-id 8) j (:fix 7))))
‘(+1 ,(sp~x ‘(i16 j16)
‘(,ixmap-so016-116-i% i16 i)
“(,ixmap-so16-i16-i* j16 j)
‘(,(sp-id 8) i (:fix 6)) ‘(,(sp-id 8) j (:fix 7)))))
i16 j16))
)
;3 =>#(11111111)

(defvar phi-g2xf4 (poexp* 1 (e8-potential-from-v-theta v-rot-su33 theta-g2xf4)))
(defvar phi-g2xf4-so8 (poexp* 1 (e8-potential-from-v-theta v-rot-su33 (e8-theta-so-p 8))))
;; (defvar phi-g2xf4-so7 (poexp* 1 (e8-potential-from-v-theta v-rot-su33 (e8-theta-so-p 7))))

B.6 The E;_5 x SU(2) potential

(eval-when (compile load eval)
(require :e8-supergravity)
(require :cartan-dynkin)
(use-package :tf-spellbook)
(use-package :lambdatensor))

(setf *bytes-consed-between-gcs* 40000000)

(defvar r+ (sp-find-root-operator e8-fabc e8-v-cartan-ac #(-1/2 -1/2 -1/2 -1/2 -1/2 -1/2 -1/2 -1/2)))
(defvar r- (sp-map #’conjugate r+))

(setf r1 (sp+ ‘(1/2 ,r+) “(1/2 ,r-)))
(setf r2 (sp+ ‘(#c(0 1/2) ,r+) ‘(#c(0 -1/2) ,r-)))
(setf r0 (e8-ac-[] r1 r2))

;; These indeed do close and form a SL(2).
;; Let us add #(-1/2 -1/2 -1/2 -1/2 1/2 1/2 1/2 1/2), which are also not in e7xsu2:

(defvar r2+ (sp-find-root-operator e8-fabc e8-v-cartan-ac #(-1/2 -1/2 -1/2 -1/2 1/2 1/2 1/2 1/2)))
(defvar r2- (sp-map #’conjugate r2+))

(defvar r21 (sp+ ‘(1/2 ,r2+) ‘(1/2 ,r2-)))
(defvar r22 (sp+ ‘(#c(0 1/2) ,r2+) “(#c(0 -1/2) ,r2-)))
(defvar r20 (e8-ac-[] r21 r22))

(defvar v-rot-sl12°2
(let* ((rO-scaled (sp-scale rO 1/2)) ; then, [r0,r1]l=-2r2, [ri1,r2]=2r0, [r2,r0]=-2r1

(r20-scaled (sp-scale r20 1/2))

(rot-vs

(sp* (poexp-make-rot (sp-ac-to-generator e8-fabc rO-scaled) ’v)
(poexp-make-rot (sp-ac-to-generator e8-fabc rl) ’s)))

(rot-wz

(sp* (poexp-make-rot (sp-ac-to-generator e8-fabc r20-scaled) ’w)
(poexp-make-rot (sp-ac-to-generator e8-fabc r21) ’z))))

(sp* rot-vs rot-wz)))

(setf theta-e7xsu2
(let* ((8-4a (sp-generate-indexsplit-tensor 8 ’(4)))
(8-4b (sp-generate-indexsplit-tensor 8 ’(4) :offset 4))

(part-abcd
(sp-x ‘(p a q b)
1/2

“(,(sp-id 8) p q)
“(, (sp+ (sp-id 8)
(sp-x ‘(a b) ‘(,so8-sigma-ijkl-ab (:fix 0) (:fix 1) (:fix 2) (:fix 3) a b))) a b)))
(part-a*b*cxd*
(sp-x ‘(p a q b)
1/2
“(,(sp-id 8) p q)
“(, (sp+ (sp-id 8)
(sp-x ‘(a b) ‘(,so8-sigma-ijkl-a*b* (:fix 0) (:fix 1) (:fix 2) (:fix 3) a b))) a b)))
(part-ijkl
(sp+ ‘(+1/2 ,(sp-x ‘(a8 b8 c8 d8)
“(,(sp-antisymmetrizer 4 2) a4 b4 c4 d4)
“(,8-4a a8 a4) ‘(,8-4a b8 b4) ‘(,8-4a c8 c4) ‘(,8-4a d8 d4)))
“(-1/2 ,(sp-x ‘(a8 b8 c8 d8)
“(,(sp-antisymmetrizer 4 2) a4 b4 c4 d4)
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“(,8-4b a8 a4) ‘(,8-4b b8 b4) ‘(,8-4b c8 c4) ‘(

“(#12 ,(sp~x ‘(i j k 1) ‘(,(sp-antisymmetrizer 8 4) i j k 1
(part-i*j*k*1* (sp-scale (sp-antisymmetrizer 8 2) -1/2))
(part-ij*klx
(sp-x ‘(i j k1)

-1

“(,(sp-id 8) j 1)

(,(sp-id 4) i4 ka4)

“(,8-4b i i4) “(,8-4b k k4))))

,8-4b d8 d4)))
(:fix 0) (:fix 1) (:fix 2) (:fix 3))))))

(sp+
(sp-x ‘(e8-a e8-b)
“(,ixmap-e8-sol6-alphabeta e8-a alpha beta)
“(,ixmap-e8-sol6-alphabeta e8-b gamma delta)
‘(,part-abcd alpha beta gamma delta))
(sp-x ‘(e8-a e8-b)
“(,ixmap-e8-sol6-alphaxbeta* e8-a alpha* beta*)
“(,ixmap-e8-sol6-alpha*beta* e8-b gamma* delta*)
“(,part-a*bxckd* alpha* beta* gamma* deltax))
(sp-x ‘(e8-a e8-b)
“(,ixmap-e8-s016-ij e8-a ij) ¢(,ixmap-e8-so16-ij e8-b k1)
‘(,ixmap-sol6-ij-i-j ij i16 j16) (,ixmap-sol6-ij-i-j k1 k16 116)
“(,ixmap-so16-i16-i 116 i) ‘(,ixmap-sol6-i16-i j16 j)
“(,ixmap-s016-i16-i k16 k) ‘(,ixmap-sol16-i16-i 116 1)
“(,part-ijkl i j k 1))
(sp-x ‘(e8-a e8-b)
‘(,ixmap-e8-so016-ij e8-a ij) ‘(,ixmap-e8-sol16-ij e8-b k1)
‘(,ixmap-sol6-ij-i-j ij i16 j16) (,ixmap-sol6-ij-i-j k1 k16 116)
‘(,ixmap-so16-i16-i* i16 i) ‘(,ixmap-so16-i16-i* j16 j)
“(,ixmap-s016-i16-i* k16 k) °(,ixmap-so16-i16-ix 116 1)
“(,part-ixj*k*l* i j k 1))
(sp-x ‘(e8-a e8-b)
“(,ixmap-e8-s016-ij e8-a ij) (,ixmap-e8-so16-ij e8-b k1)
(,ixmap-so16-ij-i-j ij i16 j16) (,ixmap-soi6-ij-i-j k1 k16 116)
“(,ixmap-so16-i16-i 116 i) ‘(,ixmap-so16-i16-i* j16 j)
“(,ixmap-s016-i16-i k16 k) (,ixmap-so16-i16-ix 116 1)
“(part-ij*klx i j k 1)))))

(defvar phi-e7xsu2 (e8-potential-from-v-theta v-rot-sl2°2 theta-e7xsu2))
#|

* PHI-E7XSU2
#<poexp-term 39/4+1/4 cosh(4 z)+1/4 cosh(4 s)+6 cosh(2 s) cosh(2 z)-1/4 cosh(4 s) cosh(4 z)>

1#

(defvar v-stationary-sl2°2
(let* ((k (x 1/2 (log (+ 2 (sqrt 3.0d0)))))
(rot (sp-exp
(sp-change-arith
(sp-ac-to-generator e8-fabc (sp+ ‘(,k ,r1) ‘(,k ,r21)))
*sp-arith-double-float#*))))
rot))

;; (e8-numeric-potential-all-derivs v-stationary-s12°2 theta-e7xsu2) => truly stationary.
;3 A123 condition also shows this.

B.7 The D =4 N =8 potential

Since this problem is so complex that it requires splitting of sub-problems,
the code given here is especially instructive when machine limitations have
to be overcome.

(eval-when (compile load eval)
(progn
(require :e7-supergravity)
(use-package :tf-spellbook)
(use-package :lambdatensor)))

(eval-when (compile load eval)

(progn
(setf lambdatensor::*poexp-varsk
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(map ’simple-array #’identity ’(rho alpha
£34 w34 £35 w35 £36 w36 £37 w37
)
(setf (lambdatensor::sp-arith-converter lambdatensor::*sp-arith-poexp*)
#’(lambda (x) (lambdatensor::poexp-converter x lambdatensor::*poexp-vars*)))

)
(setf *bytes-consed-between-gcs* 40000000)

(defvar e7-eta_ab (sp-x ‘(a b) 1/288 ‘(,e7-fabc a p q) ‘(,e7-fabc b q p)))
(defvar e7-eta”ab (sp-invert e7-eta_ab))

(defvar v-e7-so3-singlets-re-ac ; from spinors
(map ’(simple-array * (x))
#’ (lambda (n)
(let* ((indices (append ’(0 1 2) ‘(,n)))
(fixation (mapcar #’(lambda (n) ‘(:fix ,n)) indices))
(psi-s (sp-x ‘(e7-ac™)
‘(,eT-eta"ab e7-ac” e7-ac_)
“(,ixmap-e7-356s e7-ac_ 35s)
“(,e7-35s 35s ,@fixation))))
psi-s))
’(3456T7))

(defvar v-e7-so3-singlets-im-ac ; from co-spinors
(map ’(simple-array * (*))
#’ (lambda (n)
(let* ((indices (append ’(0 1 2) ‘(,n)))
(fixation (mapcar #’(lambda (n) ‘(:fix ,n)) indices))
(psi-c (sp-x ‘(e7-ac™)
‘(,eT-eta"ab e7-ac” e7-ac_)
“(,ixmap-e7-35¢c e7-ac_ 35c)
“(,e7-35c 35c ,@fixation))))
psi-c))
’(3456T7)))

(defvar so8-T28-8-8 (sp-generate-so-split-tensor 8))

(defvar so3-in-e7-v-ac
(map ’(simple-array * (*))
#’ (lambda (so08-ij)
(sp-x ‘(e7-ac)
“(,ixmap-e7-s08
e7-ac (:fix ,(hv so8-ht-ij-i+j s08-ij)))))
(0 . 1) (0.2 (1. 2)))

(defvar so3-in-e7 (map ’simple-array #’(lambda (x) (sp-ac-to-generator e7-Tabc x)) so3-in-e7-v-ac))
(defvar v-e7-so3-singlets-re (map ’simple-array #’(lambda (x) (sp-ac-to-generator e7-Tabc x)) v-e7-so3-singlets-re-ac))
(defvar v-e7-so3-singlets-im (map ’simple-array #’(lambda (x) (sp-ac-to-generator e7-Tabc x)) v-e7-so3-singlets-im-ac))

(defvar v-e7-Tab
(map ’simple-array #’(lambda (n) (sp-x ‘(a b) ‘(,e7-Tabc (:fix ,n) a b))) (v-int-range 133)))

(defun angles-by-coeffs (&rest li-coeffs)
(letx ((v-coeffs (coerce li-coeffs ’(simple-array * (5)))) ; error on wrong length.
(phi3 (aref v-coeffs 0))
(phi4 (aref v-coeffs 1))
(phib (aref v-coeffs 2))
(phi6 (aref v-coeffs 3))
(phi7 (aref v-coeffs 4))

(£34 (x 0.5 (phase (/ phi4 phi3))))
(ef34+ (cis £34))

(ef34- (cis (- £34)))

(phi4f (% ef34- phid))

(phi3f (% ef34+ phi3))

(w34 (atan (/ phi4f phi3f)))

(phi3f4 (/ phi3f (cos w34)))

(£35 (x 0.5 (phase (/ phi5 phi3f4))))
(ef35+ (cis £35))

(ef36- (cis (- £35)))

(phibf (* ef35- phib))

(phi3f4f (* ef35+ phi3f4))

(w35 (atan (/ phibf phi3f4f)))
(phi3f4f5 (/ phi3f4f (cos w35)))

(£36 (x 0.5 (phase (/ phi6 phi3f4f5))))
(ef36+ (cis £36))

(ef36- (cis (- £36)))

(phi6f (* ef36- phi6))

(phi3f4£5f (* ef36+ phi3f4f5))
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(w36 (atan (/ phi6f phi3f4f5f)))
(phi3f4£5£6 (/ phi3f4f5f (cos w36)))

(£37 (x 0.5 (phase (/ phi7 phi3f4f5£6))))
(ef37+ (cis £37))
(ef37- (cis (- £37)))
(phi7f (* ef37- phi7))
(phi3f4£5f6f (* ef37+ phi3f4£5£6))

(w37 (atan (/ phi7f phi3f4f5f6f)))
(phi3f4£5f6£7 (/ phi3f4f5f6f (cos w37)))

)

(vector (- £34) (- w34) (- £35) (- w35) (- £36) (- w36) (- £37) (- w37) phi3f4f5£6£7)))

;; noninfinitesimal su8-so8 rotation

(defun su8-so8-rotation (alpha so8-j so8-k &key (arith *sp-arith-complex-double-float*) (converter (sp-arith-converter arith)))
(let*x ((mx (make-sp-array ’(8 8) :arith arith))

(ca

(if (eq (sp-arith-name arith)
(funcall converter (cos alpha))
(funcall converter ‘(cos ,alpha))))

(sa

(if (eq (sp-arith-name arith)
(funcall converter (sin alpha))
(funcall converter ‘(sin ,alpha))))
(-sa (funcall (sp-arith-sub arith) (funcall converter 0) sa))
(c1 (funcall converter 1)))
8) (sp-set! mx cl1 j j)) ; init diag

(dotimes (j
(sp-set! mx
(sp-set! mx
(sp-set! mx
(sp-set! mx
mx) )

;5 diag(l,...,[pos-j:=exp(i*phase)],1,...

ca so8-
ca so08-
sa s08-
-sa so8-k s08-j)

j so8-3)
k s08-k)
j so8-k)

:complex-double-float) ; special case needed, since we don’t promote a number.

:complex-double-float)

, [pos-k:=exp(-i*phase)],1,...1)

(defun su8-f-rotation (phase j k &key (arith *sp-arith-complex-double-float*) (converter (sp-arith-converter arith)))

(let* ((mx (make-sp-array ’(8 8) :arith arith))
(c1 (funcall converter 1)))

(dotimes (n 8) (sp-set! mx ci n n))

(cond

((eq (sp-arith-name arith)

(sp-set! mx
(sp-set! mx

(t

(sp-set! mx
(sp-set! mx

mx) )

:complex-double-float)

(funcall converter (cis phase)) j j)
(funcall converter (cis (- phase))) k k))

(funcall converter ‘(exp (* ,(complex O 1) ,phase))) j j)
(funcall converter ‘(exp (* ,(complex O -1) ,phase))) k k)))

;; combine all the alphas given by angles-by-coeffs into one big SU(8) rotation that does the miracle

(defun full-su8-tf-rotation (vec-alphas &key symbolic (how-many 10))
(mv-bind (arith converter)

(if symbolic

(values *sp-arith-poexp* #’(lambda (term) (fp-naive-to-poexp (convert-to-fp term) *poexp-varsk)))

(values *sp-arith-complex-double-float* #’(lambda (x) (coerce x ’(complex double-float)))))

(apply #’sp*
“(

,0(if (>
,0(if (>
,0(if (>
,0(if (>
,e(if ¢
,e(if ¢
,e(if ¢
,e(if ¢

how-many
how-many
how-many
how-many
how-many
how-many
how-many
how-many

(list
(list
(list
(list
(list
(list
(list
(list

(su8-f-rotation (aref vec-alphas 0)
(su8-so8-rotation (aref vec-alphas 1)
(su8-f-rotation (aref vec-alphas 2)
(su8-so8-rotation (aref vec-alphas 3)
(su8-f-rotation (aref vec-alphas 4)
(su8-so8-rotation (aref vec-alphas 5)
(su8-f-rotation (aref vec-alphas 6)
(su8-so8-rotation (aref vec-alphas 7)

;5 We must be able to 1lift SU(8) rotations to E7.
;5 This we have to do via a function, not a tensor,
;; since the result is quadratic in the arg.

;; Note: this version is quite slow. Hence, we try a different
;3 approach further below, setting tensor indices directly.

(defun e7-su8-rotations (su8)
(let* ((arith (sp-array-arith su8))
(mult (sp-arith-mult arith))
(converter (sp-arith-converter arith))

(one (funcall converter 1))

(add (sp-arith-add arith))

(minus-one (funcall converter -1))

WwWwWwwwwww
NN o oo s

rarith
rarith
rarith
rarith
rarith
rarith
rarith
rarith

arith
arith
arith
arith
arith
arith
arith
arith

:converter
:converter
:converter
:converter
:converter
:converter
:converter
:converter

converter))
converter))
converter))
converter))
converter))
converter))
converter))
converter))

nil)
nil)
nil)
nil)
nil)
nil)
nil)
nil)))))



130 APPENDIX B. LISP DEFINITIONS

(one-half (funcall converter 1/2))
(conj (sp-arith-conj arith))
(su8-conj (sp-map #’(lambda (x) (funcall conj x)) su8))
(anti8 (sp-antisymmetrizer 8 2))
(rotation
(sp+
“(+1/2 ,(sp-x ‘(ab6 b56)
“(,ixmap-56-28a ab6 a28)
“(,ixmap-56-28a b56 b28)
¢(,508-T28-8-8 a28 a8k a8l)
“(,508-T28-8-8 b28 b8i b8j)
“(,su8 a8k b8i)
“(,su8 a8l b8j)))
“(1/2 ,(sp-x ‘(ab6 b56)
“(,ixmap-56-28b ab56 a28)
¢(,ixmap-56-28b b56 b28)
“(,s08-T28-8-8 a28 a8p a8r)
“(,s08-T28-8-8 b28 b8q b8s)
‘(,su8-conj a8p b8q)
“(,su8-conj a8r b8s)))))
(inv-rotation ; adjoint = hermitian conjugate
(sp+
“(1/2 ,(sp-x ‘(ab6 b56)
‘(,ixmap-56-28a ab6 a28)
¢ (,ixmap-56-28a b56 b28)
“(,508-T28-8-8 a28 a8k a8l)
“(,s08-T28-8-8 b28 b8i b8j)
‘(,su8-conj b8i a8k)
‘(,su8-conj b8j as8l)))
“(1/2 ,(sp-x ‘(ab6 b56)
“(,ixmap-56-28b ab56 a28)
¢(,ixmap-56-28b b56 b28)
“(,s08-T28-8-8 a28 a8p a8r)
“(,s08-T28-8-8 b28 b8q b8s)
‘(,su8 b8q a8p)
“(,su8 b8s asr))))))
(cons rotation inv-rotation)))

53 As is explicitly demonstrated by test examples,
;; this is equivalent to the function above, but works faster.

(defun e7-su8-rotations-quick (su8)
(let* ((arith (sp-array-arith su8))
(mult (sp-arith-mult arith))
(converter (sp-arith-converter arith))
(one (funcall converter 1))
(add (sp-arith-add arith))
(minus-one (funcall converter -1))
(one-half (funcall converter 1/2))
(conj (sp-arith-conj arith))
)
(let ((rotation (make-sp-array ’(56 56) :arith arith))
(inv-rotation (make-sp-array ’(56 56) :arith arith)))
(labels
((build-rotation (rotation su8)
(sp-do
#’(lambda (posl vall)
(sp-do
#’ (lambda (pos2 val2)
(if (and (i/= (aref posl 0) (aref pos2 0))
(i/= (aref posl 1) (aref pos2 1)))
(mv-bind (ixpairl factorl)
(if (i< (aref posl 0) (aref pos2 0))
(values (hv so8-ht-ij-i+j (cons (aref posl 0) (aref pos2 0))) one)
(values (hv so8-ht-ij-i+j (cons (aref pos2 0) (aref posi 0))) minus-one))
(mv-bind (ixpair2 factor2)
(if (i< (aref posi 1) (aref pos2 1))
(values (hv so8-ht-ij-i+j (cons (aref posi 1) (aref pos2 1))) one)
(values (hv so8-ht-ij-i+j (cons (aref pos2 1) (aref posi 1))) minus-one))
(let* ((contrib (funcall mult one-half factorl factor2 vall val2))
;3 1/2 is nontrivial multiplicity/symmetrization factor.
(conj-contrib (funcall conj contrib))
(ixpair1+28 (i+ 28 ixpairl))
(ixpair2+28 (i+ 28 ixpair2)))
(sp-set! rotation
(funcall add contrib
(sp-ref rotation ixpairl ixpair2))
ixpairl ixpair2)
(sp-set! rotation
(funcall add conj-contrib
(sp-ref rotation ixpairl+28 ixpair2+28))
ixpair1+28 ixpair2+28))))))
su8))
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su8)))
(build-rotation rotation su8)
(build-rotation inv-rotation (sp-map conj (sp-x ‘(b a) ‘(,su8 a b))))
(cons rotation inv-rotation)

NN
;3 Our "start singlet" is also the first singlet from v-e7-so3-singlets-re-ac:

(defvar phi3s-ac
(sp-x ‘(e7-ac”)
‘(,eT-eta"ab e7-ac™ e7-ac_)
‘(,ixmap-e7-35s e7-ac_ 35s)
“(,e7-36s 35s ,@(mapcar #’(lambda (x) ‘(:fix ,x)) ‘(0 1 2 3)))))

(defvar phi3c-ac
(sp-x ‘(e7-ac")
‘(,eT-eta"ab e7-ac™ e7-ac_)
“(,ixmap-e7-35c eT7-ac_ 35c)
“(,e7-35c 35c ,@(mapcar #’(lambda (x) ‘(:fix ,x)) ‘(0 1 2 3)))))

(defvar phi3s (sp-scale (sp-ac-to-generator e7-Tabc phi3s-ac) 1/16))

(defvar phi3c (sp-scale (sp-ac-to-generator e7-Tabc phi3c-ac) 1/16))

(defvar phi3v (sp-scale (sp-[] phi3s phi3c) 2))

;3 without the extra factor 2, all three generators would share the same normalization,
;; but it makes sense for exponentiation.

(defvar phi3s-num (sp-change-arith phi3s *sp-arith-complex-double-float*))
(defvar phi3c-num (sp-change-arith phi3c *sp-arith-complex-double-float*))
(defvar phi3v-num (sp-change-arith phi3v *sp-arith-complex-double-float*))

;; Smallest positive angle for rotation=identity for phi3v-num = 2pi

;; Note that due to the occurrence of imaginary entries in these
;; matrices, we have to generate these rotations by hand.

;5 In our conventions, phi3v is quite simple: it is a submatrix of id*i/2,
;; but we can only use this isofar as to do simple naive sin/cos exponentiation.

(defvar phi3-sl2-symbolic
(let* ((phi3v-po (sp-change-arith phi3v *sp-arith-poexpx*))

(sin-alpha-po (fp-naive-to-poexp (convert-to-fp ’(sin (* 1/2 alpha))) *poexp-varsk))
(sin-alpha*-po (fp-naive-to-poexp (convert-to-fp ’(sin (* -1/2 alpha))) #*poexp-varsx))
(cos-alpha-1-po (poexp* -1 (poexp+ (fp-naive-to-poexp (convert-to-fp ’(cos (* 1/2 alpha))) *poexp-vars*) -1)))
(sin-part (sp-scale phi3v-po sin-alpha-po))
(sin*-part (sp-scale phi3v-po sin-alpha*-po))
(cos-1-part (sp-scale (sp* phi3v-po phi3v-po) cos-alpha-1-po))
(r-alpha (sp+ sin-part cos-1-part (sp-id 56 :arith *sp-arith-poexp*)))
(r-alpha* (sp+ sin*-part cos-1-part (sp-id 56 :arith *sp-arith-poexpx*)))
(r-rho (poexp-make-rot phi3s ’rho)))

(sp* r-alphax r-rho r-alpha)

))

;; Note that the last two components are arg and abs of the noncompact direction!

(defun e7-10-potential-numeric-angular-direct (v)
(let* ((rotations (e7-su8-rotations-quick (full-su8-tf-rotation v)))
(arg-alpha (aref v 8))
(abs-alpha (aref v 9)) ; XXX N.W. would have an extra 1/sqrt2 factor in there!
(alpha (* abs-alpha (cis arg-alpha)))
(rot-phi3s (sp* (car rotations)
(sp-exp (sp+ ‘(,(realpart alpha) ,phi3s-num)
‘(, (imagpart alpha) ,phi3c-num)))
(cdr rotations))))
(e7-potential-from-v rot-phi3s)))

(defvar e7-10-v56-full
(let ((rotations (e7-su8-rotations-quick
(full-su8-tf-rotation #(£f34 w34 £35 w35 £36 w36 £37 w37) :symbolic t :how-many 10))))
(sp* (car rotations)
phi3-sl2-symbolic
(cdr rotations))))

;; Make use of the invariance of alpha:

(defvar e7-10-v56
(let ((rotations (e7-su8-rotations-quick
(full-su8-tf-rotation #(£34 w34 £35 w35 £36 w36 £37 w37) :symbolic t :how-many 10)))
(phi3-sl2-noalpha (poexp-make-rot phi3s ’rho)))
(sp* (car rotations)
phi3-sl2-noalpha
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(cdr rotations))))
(defvar e7-t-tensor-so3 (e7-compute-t-tensor e7-10-v56))
(save-lisp "/tmp/e7-t-tensor.core")

;; Then, in one new run
;; (note that this requires -dynamic-space-size 1660
;; and enough RAM + swap space)

(setf xe7-last-computed-t-tensor* nil)

(setf a2-tensor (e7-a2-tensor e7-t-tensor-so3))
(setf e7-t-tensor-so3 nil)

(gc :full t)

(setf a2-tensor (sp-make-equalp-eq a2-tensor))

;3 Note that here, we employ the antisymmetry of a2!
;; (poexp- (sp-ref a2-temsor 0 4 7 0) (sp-ref a2-temsor 0 0 4 7)) => 0

(sp-do
#’ (lambda (p v)
(if (and (< (aref p 1) (aref p 2))
(< (aref p 2) (aref p 3)))
(progn
(format t "working on "S~)" p) (finish-output)
(let*x ((v* (poexp-conj v))
(vv* (poexp* 6 v v*)))
(serialize-to
(format nil "/tmp/e7-tensor-pieces/a2/"A" p)
V)
)
(gc :full t))))
a2-tensor)

;3 Starting with the original T temsor, we next calculate Al:

(setf *e7-last-computed-t-tensor* nil)
(setf al-tensor (e7-al-tensor e7-t-tensor-so3) b 0)
(setf e7-t-tensor-so3 nil)

;; Unfortunately, the naive approach does not work, since
;; this problem also is large.

(sp-do
#’ (lambda (p v)
(if (and (<= (aref p 0) (aref p 1))
(not (unix:unix-stat
(format nil "/tmp/e7-tensor-pieces/al/~A" p))))
(let ((symm-factor (if (= (aref p 0) (aref p 1)) 1 2)))
(format t "working on “S7%" p) (finish-output)
(let ((v* (poexp-conj v))
(nr-terms (length (lambdatensor::poexp-term-summands v))))
(if (< nr-terms 120)
(let ((vv* (poexp* symm-factor v vx)))
(serialize-to
(format nil "/tmp/e7-tensor-pieces/al/"A" p)
V)
(gc :full t))
;; Otherwise, we better split our term..
(let ((nr-terms/4 (ceiling nr-terms 4)))
(format t ""A terms - better split!~%" nr-terms) ; DDD
(do ((j O (+ j nr-terms/4)))
((>= j nr-terms))
(let ((part-vj (lambdatensor::make-poexp-term
(lambdatensor: : poexp-term-vars v)
(subseq (lambdatensor::poexp-term-summands v) j
(min nr-terms (+ j nr-terms/4))))))
(do ((k 0 (+ k nr-terms/4)))
((>= k nr-terms))
(let* ((part-vxk (lambdatensor::make-poexp-term
(lambdatensor: :poexp-term-vars v)
(subseq (lambdatensor::poexp-term-summands v*) k
(min nr-terms (+ k nr-terms/4)))))
(part-vjvxk (poexp* part-vj part-v¥k)))
(format t "Doing part “D/"D%" j k) (finish-output)
(serialize-to
(format nil "/tmp/e7-tensor-pieces/al/~A_~"D-"D@ Dx"D-"D@™D" p j
(min nr-terms (+ j nr-terms/4)) nr-terms
k (min nr-terms (+ k nr-terms/4)) nr-terms)
part-vjvkk)
(gc :full £)))))))))))

al-tensor)
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;; By default, symbols from the LAMBDATENSOR package are not re-serialized. Change that.
(setf (hv *SERIALIZATION-ALLOWED-PACKAGES* "LAMBDATENSOR") t)

;3 Another unfortunate thing: we do not have a readdir() in LISP -
;; hence, had to hard-code the following pathnames:

(defvar al-files
’(

"#(0 0)"

"#(1 D"

"2 )"

"#(3 3)_0-1580@630x0-1580630"

"#(3 3)_0-158@630x158-316Q@630"
)

(defvar a2-files
(
"#(0 0 3 4)"
"#(0 0 3 B)"
"#(0 0 3 6)"
"#(0 0 3 )"
)

(defvar al"2
(let ((sum 0))
(dolist (f al-files)
(format t "re-serializing ~S7%" f)
(let ((z (re-serialize (qcat (format nil "/tmp/e7-tensor-pieces/al/~"A" £)))))
(setf sum (poexp+ sum z))))
(poexp* sum 1)))

(defvar a2"2
(let ((sum 0))
(dolist (f a2-files)
(format t "re-serializing ~S7)" f)
(let ((z (re-serialize (qcat (format nil "/tmp/e7-tensor-pieces/a2/~A" £)))))
(setf sum (poexp+ sum z))))
(poexp* sum 1)))

(defvar e7-so3-potential
(poexp+ (poexp* 1/24 a2°2) (poexp* -3/4 a1°2)))

#|

And indeed:

(poexp-assoc-eval e7-so3-potential ’((£34 . 0) (£35 . 0) (£36 . 0) (£37 . 0) (w34 . 0)
(w35 . 0) (w36 . 0) (w37 . 0) (rho . 0)))

=> #C(-6.0d0 0.0d0)

(e7-10-potential-numeric-angular-direct (to-vdf #(1.2 2.1 0.3 0.5 0.7 2.4 1.3 2.2 0.2 1.0)))
=> #C(-7.062007741314236d0 0.0d0)

(poexp-assoc-eval e7-so3-potential ’((£34 . 1.2d0) (w34 . 2.1d0) (£35 . 0.3d0) (w35 . 0.5d0)
(£36 . 0.7d0) (w36 . 2.4d0) (£37 . 1.3d0) (w37 . 2.2d0)
(rho . 1.0d0)))

=> #C(-7.0619974280259505d0 0.0d0)

1#
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