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Abstract

We show that the spin-2 equations on Minkowski space in the gauge
of the ‘regular finite initial value problem at space-like infinity’ imply es-
timates which, together with the transport equations on the cylinder at
space-like infinity, allow us to obtain for a certain class of initial data in-
formation on the behaviour of the solution near space-like and null infinity
of any desired precision.



1 Introduction

In a recent article ([fl]) Chrusciel and Delay have shown the existence of non-
trivial solutions to Einstein’s vacuum field equations which satisfy Penrose’s
condition of asymptotic simplicity ([, [H]) with a prescribed smoothness of the
asymptotic structure. The basic step in [ﬂ] consists in the construction of a
specific class of asymptotically flat Cauchy data of prescribed smoothness on
R3 which coincide with Schwarzschild data outside a fixed radius and which
can be chosen with this property arbitrarily close to Minkowski data. Since the
evolution of the data is Schwarzschild near space-like infinity, one has perfect
control on the asymptotic structure near space-like infinity and one can con-
struct hyperboloidal data arbitrarily close to Minkowskian hyperboloidal data.
A general result of [E] on the hyperboloidal initial value problem then implies
the existence of the desired space-times.

While this result finally settles a question which raised some controversy and
remained open for forty years, the technique used in ] precludes the possibil-
ity to resolve the main open question concerning asymptotic simplicity: how
‘large’ is the class of asymptotically simple solutions, or, more precisely, how
can this class be characterized in terms of Cauchy data ? The answers to this
question requires a general and very detailed analysis of the behaviour of the
solutions in the domain where ‘null infinity touches space-like infinity’ and the
data constructed in [ﬂ] are designed precisely to circumvent this task.

A basic step towards answering this question has been taken in [ﬂ], using
the general conformal representation of Einstein’s vacuum field equations intro-
duced in [E] This allows us to employ a gauge based on conformally invariant
structures, which simplifies the analysis of the equations and of the underlying
conformal geometry. It allows us in particular to control, in the given gauge, the
location of null infinity in terms of the initial data. Under suitable assumptions
on the initial data it has been shown that the standard Cauchy problem can
be reformulated to obtain a ‘regular finite initial value problem near space-like
infinity’. Since this requires the complete information on the asymptotic struc-
ture of the initial data near space-like infinity, the data have been assumed in
[l to be time-symmetric. Recent results on non-time-symmetric data [J] will
make it possible to extend the analysis of [ﬂ] to more general space-times.

In the regular finite initial value problem near space-like infinity, the ini-
tial hypersurface S is a three-manifold diffeomorphic to a closed ball in R3
(possibly with its center removed). Its spherical boundary, denoted by I, rep-
resents space-like infinity for the initial data on S. With respect to the solution
space-time space-like infinity is represented by a cylinder I diffeomorphic to
] = 1,1[xI°, which intersects S at I°.

There are coordinates p > 0 with p = 0 on I and 7 with 7 = 0 on S. The
range of 7 is limited by continuous functions 74(p), p € S, with 7— < —1,
7y > 1 and 74(p) — +1 as p — I°, such that the sets J* = {7 = 74,p > 0}
represent future and past null infinity. These sets ‘touch’ the cylinder I at the
two components [T = {7 = 41, p = 0} of its boundary, which are diffeomorphic
to I°.



While the reduced equations are symmetric hyperbolic on the ‘physical” part
of the underlying manifold, where p > 0, and extend with this property to the
cylinder I, they develop a degeneracy at the spherical sets I*. It turns out
that this degeneracy is not a deficiency of our formulation. As argued in the
following it rather indicates in a precise way certain innate features of the generic
asymptotic structure. Understanding the consequences of this degeneracy is the
main open problem of the subject of asymptotics. Its resolution will provide
a host of detailed information on asymptotically flat space-times, new insight
into the field equations, and it will open the door for various theoretical and
practical applications.

The cylinder I represents a boundary of the physical manifold. However,
it is not a boundary for the conformal field equations in the sense that one
could prescribe boundary data on I. The evolution of the unknown w in the
conformal field equations, which comprises frame and connection coefficients and
the components of the non-physical Ricci tensor and the rescaled conformal Weyl
tensor, is governed on I by an intrinsic system of transport equations induced
on I by the conformal field equations. In fact, for suitably chosen smooth
initial data, the complete system of derivatives uP = Bguh, p=20,12,...,
is determined by intrinsic symmetric hyperbolic transport equations on I and
corresponding initial data on I°.

It has been shown in [E] that the transport equations can be solved explixcitly
to arbitrary order, provided certain algebraic complexities can be handled (e.g.
with an algebraic computer program). In [ﬂ] it has been demonstrated that our
analysis can be related to earlier analyses of null infinity and that the functions
uP supply interesting information on the space-time near space-like and null
infinity. We expect that under suitable assumptions on the initial data the
setting developed in @ will allow us to obtain perfect control on the asymptotic
structure of space-time.

The explicit calculation of certain components of the functions u? on I shows
that, in general, logarithmic singularities of the form (1 — 7)* log’ (1 — 7) will
occur in the uP near I'™, where 7 — 1. These singularities can even be observed
for data which are analytic at space-like infinity. It turns out, however, that
they vanish for data which satisfy a certain set of ‘regularity conditions’ (cf.
[ﬂ] for details and [E] for a discussion of the related conjecture concerning the
solution space-time and an associated subconjecture concerning the smoothness
of the functions u? on [ = TU It UI™).

Due to the hyperbolicity of the reduced equations, the tendency of the
quantities u? to become singular at I* is likely to spread along characteris-
tics sufficiently close to null infinity, thus destroying the possibility to define an
asymptotic structure at null infinity of the desired smoothness if the regularity
conditions are not satisfied to a sufficiently high order. But even if the latter
are satisfied at all orders and if it can be shown that they imply the smoothness
of the functions u? on I, the decision about the existence of a smooth extension
of the solution to null infinity is still complicated because the degeneracy of the
equations at I* interferes with the known techniques to deduce estimates for
solutions of symmetric hyperbolic systems.



This requires us to go beyond the general theory and to look for specific
features of the conformal field equations which might allow us to overcome this
difficulty.

The degeneracy occurs in the part of the reduced equations which is deduced
from the Bianchi equation V,, d* ., = 0 for the rescaled conformal Weyl tensor
" e = e-lck vwxp- All the other equations remain regular near I*. The
type of degeneracy remains if the equations are linearized at Minkowski space
in the specific gauge near space-like infinity introduced in [H] We are thus led
to analyse the spin-2 equation on Minkowski space in this particular gauge. It
is the purpose of the present article to discuss this situation. We shall show
that in the given setting the spin-2 equations imply certain estimates, which,
combined with the transport equations on the cylinder at space-like infinity,
yield any desired information on the asymptotic behaviour of the solution (cf.
the relations (2d), (B4)). This result on the solution will not be stated as a
theorem (cf. also the remarks following (R4)), because our main interest here
lies in the nature of argument and in the underlying particularities of the setting
and the equations. We expect that arguments of this type will also help us tackle
the quasi-linear problem.

2 Minkowski space near space-like and null in-
finity

Let y* be coordinates on Minkowski space in which the metric takes is standard
form ¢ = nu, dy* dy” with n,, = diag(l,—1,—1,—1). We want to prescibe
initial data for the spin-2 equation on the hypersurface S = {¢° = 0} and study
the behaviour of the solution on the conformal extension of Minkowski space in
a neighbourhood of space-like infinity which includes a part of null infinity.

To discuss the field on such a neighbourhood, we perform on N = {y, y* <
yi’;u and formally extend the
domain of validity of the coordinates xz* to include the part J’ of the set
{x, 2" = 0} adjacent to N. In the new coordinates, or in the associated spatial

0} the coordinate transformation y* — z# = —

polar coordinates with radial coordinate p = 22:1(95”)27 the metric takes
the forms
Jg= _ Ny dzt dz¥ = __ ((dz°)? — dp?® — p* do?)
oxe ) RO |

where do? denotes the standard line element on the 2-sphere. Introducing the
conformal factor Q = —x,2* on N we find that Q and ¢’ = Q? § extend smoothly
to the set J’. The conformal factor Q vanishes there but ¢’ remains regular.
The point i® = {z* = 0} then represents spacelike infinity and the sets J+ =
J' Nz, a* =0, £2° > 0} represent parts of future resp. past null infinity of
Minkowski space.

We can reconstruct this representation of Minkowski space by solving the
conformal field equations with data on the set S’ = {2° = 0} which are given



by the intrinsic 3-metric h = —(dp? + p*do?) and the second fundamental
form xy = 0 induced by g¢’, by the conformal factor Q = p?, and by certain
fields derived from h and Q. If we slightly perturb A and y now (keeping the
conformal constraints satisfied) to obtain more general solutions, the rescaled
conformal Weyl tensor will develop a singularity at the point : = {z* = 0} in S’
as soon as the data acquire a non-vanishing ADM-mass. The following gauge
arose from the desire to analyse this situation (cf. [E])

To define a different scaling of the metric and a new coordinate 7 we choose
a function k = pu, where p is a smooth positive function of p € R satisfying
1(0) = 1, and set 2° = 7 k. With the conformal factor

0="(010-71%p% = iQ, (1)

tlb

we then find

1 ,
g=0%5= = (ﬁ2d72+27mn'd7'dp—(1—T2f<a2)dp2—p2da2). (2)
K

With p and 7 and suitable spherical coordinates we have N = {p > 0, —ﬁ <
T < ﬁ} and J* :{p>O,T=:I:ﬁ}. We set I = {p =0, || < 1},
I° = {p =0, 7 = 0}, and denote by I* = {p = 0, 7 = £1} the sets where I
‘touches’ J*. It is understood here that I is diffeomorphic to [—1, 1] x S?, I® and
I+ are diffeomorphic to S? and that the spherical coordinates extend as smooth
coordinates to I and I*. Finally, we set S = S'UIO, N=NuJtuJ-UI with
I=TUI"UI" and consider p, 7 and the spherical coordinates as coordinates
on N ~ [~1,1] x [0,00[xS2%. In these coordinates the expressions above for ©
and Q = kO extend smoothly to N and the coordinate expression for ¢ extends
smoothly and without degeneracy to NUJ T UJ~ while it becomes singular on
I. In this new representation the set I° corresponds to i and with respect to N
space-like infinity is represented now by the cylinder I, which can be regarded
as a kind of ‘blow-up’ of the point i°. Note that the differential structure defined
here near [ is completely different from the differential structure defined by the
coordinates x* near 7.

To write out the spin-2 equation V7, daper = 0 we introduce a pseudo-
orthonormal frame c,q satisfying g(caar, Cop’) = €ap €apr and Coor = Caar- As
real null vector fields we choose

(1—-K'7)0; +K0,}, v = (14 &'7)0: — KD, },

1
Conr = ——

00 \/§ { \/— {
on N\ I. We note that with these conventions the (linearized) radiation field
on JT and the null data on the outgoing null hypersrufaces tangent to cy1s
correspond to the components ¢g = ¢gooo and ¢4 = ¢1111 respectively.

The vectors co1/, co1/ are then necessarily tangent to the spheres 7, p = const.
and can not define smooth global vector fields. Since this leads to various
arkward expressions, all fields cg1/, o1 satisfying the normalization condition
above will be considered. We thus define a 5-dimensional subbundle of the



bundle of frames with structure group U(1) which projects onto N \ I, the
projection corresponding to the standard Hopf map SU(2) — SU(2)/U(1) ~
S2. We lift all our structures on N \ I to this subbundle and keep the notation
used before.

Allowing p to take the value 0, we extend everything, including the projec-
tion. We consider thus 7, p, and s € SU(2) as ‘coordinates’ on the extended sub-
bundle, which we denote again by N. The lifted conformal factor and the lifted
metric are again given by (fl) and (), with do? denoting the pull back of the
line element on S? to SU(2). Thus N is difffeomorphic to ] —1, 1[x[0, co[x SU(2)
now and the sets I, I*, J* etc. are now considered as subsets of N which are
defined by the same conditions on 7 and p as before.

We consider the basis

C1(0 C1(0 -1 By )
U1—2 'LO ,’LL2—2 1 O ,U3—2 O —i ) ()

of the Lie algebra of SU(2) with commutation relations [u;, u;] = € ur and
denote by Z;, i = 1,2, 3, the (real) left invariant vector field generated by u; on
the (real) Lie group SU(2). We consider Z3 as the vertical vector field which
generates the group U (1) acting on the fibres of N and set X = —21i Z3. Defining
the complex conjugate vector fields Xy = —(Z2 + ¢ Z;) and setting

1 1
Cor = _ﬁ pXy, cov = _ﬁ X,

we obtain smooth vector fields cqq/, Z3 on N \ I, which extend smoothly to I
and satisfy g(Z3, .) =0, and g(caa’, Cob') = €ap €arty o0 N\ I.

The connection form induced on N \ I defines connection coefficients with
respect to cqq/, Which take the values

1 1
Tooror =101 = —m(u +pu), Torir =T = %Pﬂ/,

To0r00 = T'oor11 = L'o100 = o101 = l'ioror = Tior11 = 'i1roo0 = i = 0,

and extend smoothly to I.

Making use of the conformal covariance of the spin-2 equations, we write
them in the new conformal gauge in terms of the frame and the connection
coefficients above and obtain

0=+ (u+pp)7)0rdr — ppdpdn +p Xy brs1 +(2—k)pu+3pp’) ¢k,( :
4

0=~ (u+pp)7)0rdrs1+ pudpdrir + X dp + (1 — k) pp =3 pp) by,
(5)
for k =0,1,2,3, where we set as usual ¢y = Pooo0, ®1 = ®1000, etc. Notice that

the coefficients of these equations are defined and smooth for all values of 7, p
and s and the equations thus make sense and are regular on N.



These equations can be obtained immediately from equations given in [E] by
linearizing the latter, in the given gauge, at Minkowski space. The underlying
construction, which may appear rather arbitrary here, has a geometrical back-
ground for which we refer the reader to [E] In particular, the curves on which
p and s are constant are conformal geodesics with parameter 7, the set I is at-
tained as a limit set of these curves, and the field c,, are parallely propagated
along these curves with respect to a certain Weyl connection for g.

3 The spin-2 equations near space-like and null
infinity
Equations (@)7 (E) imply the equivalent system of evolution equations

0=(1+K7)0r o — KD, +uXyb1+ 2u+3pu) o,
0=20, 91 +uXydo+uX_do+2per,
0=20-p2+puXyd3+puX_
0=208, g3+ puXy ¢pa+pX_ 2 —2pu¢s,

0=(1—K'7)0r b1+ KOs+ X_ 65— (2p+3pu') b,
and the constraints

0= K70 — K Oub1 + & (X2 = X_g0) + 31 61,
0= K7 0:62 = Kypa + 5 (X3 = X61) +3p 1 62,

0= K'70rds = kOpds + 5 (X1 — X_a) +3p 6n.

The latter reduce to interior equations and thus imply conditions on the data
on S = {7 =0} C N. We shall not study them in any detail here.

For the following discussion it is convenient to assume that u’ < 0 for p > 0.
The evolution equations are then symmetric hyperbolic on the set N\ (ITUI7).
Writing them in the form A* 9, ¢ = B ¢, where ¢ denotes a column vector with
entries ¢, we get A7 = diag(l + k' 7,2,2,2,1 — ' 7). Thus, while being
positive definite on N\ (/T U I~) and ensuring by this the hyperbolicity of the
evolution equations, the matrix A™ looses this property on I* and it does so for
any choice of 1 as above. It will be seen below that this renders the standard



energy estimates useless at I*. This degeneracy represents the central problem
of our discussion.

Data for the linear spin-2 equations which are smooth on the hypersurface
{y® = 0} of Minkowski space are known to develop into a smooth solution on
Minkowski space and thus imply smooth fields ¢, on N in the gauge above.
Whether these fields extend smoothly to I and J* clearly depends on the
behaviour of the data near space-like infinity. Linearizing the data considered
in [H] at Minkowski space, we obtain a class of non-trivial data ¢ which extend
in our gauge smoothly to all of S. The data in [ﬂ] were chosen to be time-
symmetric. Linearizing similarly the data for the non-linear equations obtained
from those discussed in [E] provides a large class of non-time-symmetric data
for the linear spin-2 equation which also extend smoothly to I°.

The equations above extend smoothly across I into a domain where p < 0
and remain symmetric hyperbolic there. Extending the data on S smoothly into
a region of {r = 0} in which p < 0, not necessarily observing the constraints
there, and evolving the data with the extended equations, we find that the
solution on N extends smoothly to I. Because of the degeneracy of A” the
standard theory for symmetric hyperbolic systems does not allow us to derive
statements about the behaviour of the solutions at I* and, as a consequence,
also not on J*.

A detailed inspection of the equations and the data shows, that the degener-
acy at I* can have consequences for the asymptotic smoothness of the solutions.
It is an important feature of the evolution equations above that the matrix A”
vanishes on I and the system thus implies an intrinsic system of transport equa-
tions on I which determines the solution on I in terms of the data implied by
¢ on I°. In fact, applying formally the operators 0% to the equations and re-
strincting to the set I we find that the functions ¢? = 85¢| 1 satisfy a system of
linear symmetric hyperbolic transport equations for p = 0,1, 2,... By expand-
ing the functions ¢P in a suitable function system on SU(2) the equations can
be reduced to systems of ODE’s which can be solved explicitely. The solutions
can be read off directly from the results in [[f]. The details of this will not be
important for the following discussion. What is important, though, is the fact
that one obtains solutions which are regular (in fact, polynomial) in 7 but be-
sides those for p > 2 also solutions which are singular at /*. The latter are of

the form
1—7\PHr? 1+7 prk=2 .
T T Ik (7-)

where

I(7)

/T do
(1 _ g)p—k+3(1 + g)p-i-k—l
0

with constants of integration ey, fr which are determined by the data on S.
Expanding the integral one finds that these solutions behave like

(1- T)p7k+2 1+ T)erk*Q log(l1 — 7) + analytic



as 7 — 1. Note that with increasing p the singularity gets less severe. The
solutions thus develop in general logarithmic singularities at I=. These singu-
larities can be expected to spread along the characteristics 7+ of the evolution
equations.

Obviously, the occurrence of these singularities depends on the constants
ek, fr. In [E] certain ‘regularity conditions’ on the time symmetric data have
been derived. In terms of the free data given there, i.e. a conformal metric
h on S = R® which is assumed to extend smoothly if the latter is suitably
compactified in the form S — S’ = SU {i} ~ §3 by adding a point i at space-
like infinity, these conditions read

D(aqbq"'Dalbl babcd)(i)zoa q2071527"' ) Qs (6)

where we employ the space spinor notation and b,p.q denotes the Cotton spinor
of h. We expect that for given p, condition (E) ensures the non-existence of
logarithmic singularities in the u?P for p = 0,1,... ,p, if it is satisfied for suffi-
ciently large ¢.. From the calculation in [E] it follows that this statement is true
in the linearized setting considered above, if (H) is replaced by its linarization
at the Minkowski data h = —(dp? + p?do?), x = 0. In this case the ¢? extend
smoothly, in fact as polynomials in 7, to I*.

However, the degeneracy of A™ there still does not allows us to draw con-
clusions about the smoothness of the solutions on J* by applying standard
techniques for symmetric hyperbolic systems.

For the following discussion it will be convenient to use a more specific gauge.
We set p = 1 such that J* = {7 = £1, p > 0}. The evolution equations then
take the form

0=FEo=(1+7)0; po— p0p¢o+ Xy ¢1+2¢o, (7)
0=FE1=20.91+X_¢o+ Xy 2+ 201, (8)

0=F; =20, ¢+ X_ 1 + X ¢3, 9)

0=FE3=20, 93+ X_¢2+ X104 — 2093, (10)
0=Eys=(1~-7)0;pa+p0pps+ X_¢3—2¢u, (11)

and the constraints read

02015737951—P3p¢1—%X—¢o+%X+¢27 (12)

0=Co=70 62— pOyn— 3 X_6n+ 5 Xy b, (13)



1 1
O:OQETaT¢3—p8p¢3—§X7¢2+§X+¢4. (14)

Equations (f]), (1) now degenerate everywhere on the sets {r = £1, p > 0}.
However, for p > 0 this happens only because we have chosen the coordinate 7
to be constant on the characteristics J=.

Two other classes of characteristics which will be important for us. They
are given by

Cr={(1+7)p=ps p>0, |7 <1}, Cr={1-7)p=ps, p>0,|7] <1},

where p, is given positive number. These correspond to spherically symmetric
outgoing and ingoing null hypersurfaces in Minkowski space. As p, — 0, the
sets C'1* approach the sets I U J* respectively in a limit which is non-uniform
near the sets IT.

If data for () to ([L1]) are prescribed on the subset S, ,, = {p1 < p < p2} of
S, with 0 < p1 < pa, the solution will in the domain where 7 > 0 be determined
uniquely on the open set D;‘lﬁ p» C N which is bounded below by S, on the left
hand side by C%?', and on the right hand side by C”*. It follows that solutions
of the extended equations for data on S which are smoothly extended through
I9 depend on N only on the data on S.

Let ¢y be a solution of (f]) to (1) on D Considering Ey, = Ei[¢;] as

p1,p2°
operators acting on the ¢;, a direct calculation using the commutation relations

of the fields Z; shows that E;[X¢r —2(2 — k)¢x] = 0 on DS, for j,k =
0,...,4. It follows that X ¢, = 2 (2—k) ¢, hold on D;fhp2 if these equations are

satisfied on S, p,, i.e. the evolution equations preserve the spin weights. Under

the same assumptions a further direct calculation gives on D;rh », the equations

1
0-Cy + §X+C2 +C1 =0,
1 1
87- 02 + §X+Cg + §X701 - 0,

1
0-Cs + EX,CQ —C5 =0,

in which the operator 9, does not occur. This system is symmetric hyperbolic

and implies that the quantities C, Cy, C3 vanish on D;rlﬁ p, if this is the case

on S, p,, i.e. the evolution equations preserve the constraints.

4 Structure of solutions near space-like and null
infinity

We shall assume in the following that the fields ¢y represent a smooth solution
of (f]) to (L)) in NV which arises from smooth data on S which satisfy there the

10



constraints and have the correct spin weights. Assuming furthermore that the
data extend smoothly to I, we can assume by the arguments above that the ¢y,
provide in fact a smooth solution of () to ([[4) on the set {|7| <1, p >0} C N.
The standard argument to derive energy estimates for ([]) to ([I) proceeds as
follows. A direct calculation gives

0= Z((ng Ey, + ¢ Ex) (15)

k=0
=0, (L4 7) g0l +2[¢1]* + 2[d2]* + 2|p3]* + (1 — 7) |¢a]*) + 8, (—p |do|* + p|dal?)
+X_ (¢o d1 + b1 P2 + P2 3 + P3 P1) + Xy (¢1 Po + b2 P1 + 3 b2 + Pa P3)

+4 (|gol” + [61]* — |ps]* — |¢a]?).

For ¢t € [0,1] and p, > 0 we set

P
N, ={0<7<t0<p< SU (2
t { ST, —p—1+7_75€ ()}7

Il
—~
ﬂ
Il
“PF
jan]
IN

e
IN
)
*
W
m
n
=
S
N~—
‘?—’

St

Bi={0<rt<tp= 15’: s€SUQ)), L={0<7<t0=pseSU2)}
T

Choose now ¢ with 0 < ¢ < 1. If ([LJ) is integrated over N; with respect to
dr dp dp, where du denotes the normalized Haar measure on SU(2), the terms
involving the left invariant operators Xy give no contribution (cf. the proof of
lemma @) and an application of Gauss’ law gives

0= /S (1 +1) [do]* +2[01* + 2]d2f* + 2|@s|* + (1 = t) [¢a]*) dp dpe

—/ (60 + 21612 +2[daf? + 2|6s]? + |a]) dp d

So

+/ (p160]2 — p|6al?) dr dy

I

+/B [ (14 7) [60]2 + 21612 + 2|6l + 21 + (1 —7) |6a])
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+np (—poo* + pleal*)} dvdp

4 [ (ool + 101 = sl ~ 64 dr dpd,

Ny

where n, = v p and n, = v (1+47), with a suitable positive normalizing factor v,
denote the components of the conormal to B, and dv d p is the volume element
induced on B;. Since the ¢ are smooth on N, the integral over I; vanishes, the
integral over B, is non-negative and we get

<1—t>/S<|¢o|2+2|¢1|2+2|¢2|2+2|¢3|2+|¢4|2>dpdu (16)

< [ (0ol + 2161 + 2100 + 26 + 164 dp

0

1 [ (onl + 206 +216nf + 2[00l + |64 d 7 dpdls,
N
which implies by the Gronwall argument

[ (90l + 2161 + 2{0af? + 21aP + foul?) dpl

t

S(l—t)5/5(|¢0|2+2|¢1|2+2|¢2|2+2|¢3|2+|¢4|2)dpdu-

Estimates obtained along these lines are good enough to show the existence of
solutions to (f]) to (L)) for 7 in a given range 0 < 7 < t, with a fixed t, < 1,
but they give little information on the behaviour of the solutions near 7 = 1.
The estimate (E) could perhaps be somewhat refined, however, this would not
remove the basic difficulty of this type of estimate.

To derive sharp results about the smoothness of the solution near J+ U I+
we shall make use of the specific properties of the spin-2 equations in our setting
such as their overdeterminedness, the specific structure of the coefficients of the
equations, and the existence of transport equations on I.

The spin-2 equations ({), (f) take in the present gauge the form

0=Ar=(1+7)0 ok — pOp ¢ + Xy Prt1 + (2 — k) ¢, (17)

0=Br,=(1-71)0: ¢p41 + pap Ok+1+ X b + (1 — k) g1, (18)

where £ =0,...,3.
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With the operators D9P® = 9108 Z“, where Z“ denote the operators in-
troduced in lemma (@), the equation

Diagy DI Ay + Do gy, Dim Ay

+DaP0 G DIP By 4 DOP gy Dere By, = 0,
can be written

O (14 7) [DTP 1 ?) + 0-((1 — 7) [DIP* 11 |?) (19)
=0,(p | DIP i |*) + 0, (p | DI i1 |?)
+ 29X (0100 6r) Z* (D108 pry1) + Z° (0108 1) 2 X 1 (0208 b1
+Z0X_(01080k) Z* (0208 P1) + Z (0205 k) Z* X - (9208 Ppo1)

p

=2(p—q+k=2)[DPp* +2(p— q =k +1)[DTP i = 0.

The numerical factors in the last two terms, which result from the specific

structure of the differential operators in (E), (@), will play a crucial role in the

following. Their signs can be suitably adjusted by the choices of p and q.
Integration of () over N; with respect to d7 dp du gives with Gauss’ law

/5 ()20 + (1= 1) D) dp
—/SO(|D‘1=P-“¢,€|2 + | DIP pp 11 |?) dp dp
«f (DG = D g ) dr dy
+ /B {(n-(1+7) —n,p) D" ¢p|> + (nr-(1 = 7) + 1 p )| DI Ppy1|*) } dodp

+ / (29X, (920061) 2% (9208 nes1) + Z(D200 1) Z° X 1 (920011
Ny

+2°X_ (0100 di) 2 (0205 Pryr) + 2 (020 61) Z° X (020 di11) } dT dp dpe
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—2(p—q+k-2) / | DIP gy |2 dr dp dp
Ny

+2(p—q—k+ 1)/ |DYP% dp vy [2dr dp dp = 0.
N

It follows again that the integral over B; is non-negative and the integral over
I; vanishes. For given non-negative integers m and p summation now yields in

view of lemma (@)

1+t > | DT (9P ) [Pdp dps
@ +p'+laj<m 7St
+(1 1) Z ; |Dql’pl’a(35¢k+1)|2 dpdp

q'+p’ +|a|<m

+2 > (P'+p—Q'—k+1)/ DT (O 41 P dr dp s
7' +p'+la|<m Nt

< ¥ /S (DY @)+ 1D @) ) dp

q'+p'+|a|<m

+2 > (p’+p—q’+k_2)/ | D979 gy, [Pdr dp dpu.

q'+p'+|a|<m Nt

With p > m + 2 it follows for £ =0,...,3 that

1+t > | DT (9P ) [Pdp dps
g +p'Hal<m 75
1=t Y DT 000 dp

q'+p’ +|a|<m

B2p-m-2 3 [ DT Pdr dpd
¢ +p'+laj<m T Nt

< > /,SU<IDq"”'*“<85¢k>I2+|DQ’*P’*“<ag¢k+l>|2>dpdu

q'+p’'+|a|<m

14



L2(ptm ) / DY P () Par dpdp,
q'+p’ +\0t|<m Ni

and thus in particular, for k =0,... ,3,

/S (S DY@ P) dpdy (20)

q'+p'+lal<m

< X D@ + DT @) P dp
qa'+p’ +\a|<m 5o

2p+m+) | (/S (Y D)) dpdp) dr,

=0 q'+p'+|a|<m
and also

2(p—m—2) / DY (34 P dp dp (21)
q+p’ +|a\<m N

= / (|DT# (2 3) 2 + DY ¥ (32 )[2) dp dps
So

q'+p’ +|a\<m

12 (ptmt1) / DY (015 [Pdr dp dp.
q+p+\a|<m N

Inequality (R0) implies for £ =0, ... ,3

/N (S D@y ) dr dpdp,

¢ +p'+|a|<m

e2 (p+m+1)t _ 1

< (|D9 729y, |2 + | DY 22 (9P dpd
< ST [ 4D @+ 1D @) o

q'+p’ +|a\<m
which gives with (R1) the estimate

/ (3 D)) dr dpdp
N

¢/ +p’ +|a|<m

2 (p+m+1)t , ,
S [ p @ + DY @R P oy
2(p—m—2) P P

' +p'+lal<m 50

<

15



and thus finally, for K =0,... ,4 and p > m + 2,

/N (S D@2 ?) dr dp (22)

¢’ +p'+|a|<m

<c Z / DT (@01 dp .

S0 g/ tpr +\0t|<m

The constant C' here depends on p and m but not on ¢ € [0,1[. Since then
the right hand side does not depend on ¢ we find that the norms on the left
hand side are uniformly bounded as ¢ — 1. Note that by using the evolution
equations (ff) to ([L)) we can express the Sobolev norm on the right hand side
in terms of the initial data and their spatial derivatives in S.

Observing the nature of the boundaries of the sets Ny and the Sobolev em-
bedding theorems, we have for 0 <t <1 and j =0,1,..., a continuous embed-
ding

HIP2(int(Ny)) — CIA (M),

where H denotes a standard L2-type Sobolev space and A indicates a local
Holder condition of exponent A with 0 < A < 1/2. The space C¥*(NN;) consists
of functions in CV(int(N;)) which, together with their derivatives of order < j,
are locally Holder continuous, bounded and uniformly continuous on the interior
int(Ny) of the closed set N; and thus extend together with the derivatives of
order < j to continuous functions on N;. Observing that our 5-dimensional
setting is obtained by lifting a 4-dimensional setting we find that the condition
on A can be relaxed to 0 < A < 1.

By the estimate (RJ) it follows then that for given non-negative integer j we
have

o i € CIMNNy) for p>j+6,
which allows us to get by integration the representation

p—1

1 ,
o = Z o v PP+ JP(O8¢k) on Ny for p>j+6, (23)
p=0
where J denotes the operator f — J(f fo 7,7,8)dr and the functions

¢z/ (1,8) = 85/ ®r|1, which are obtained by integrating the transport equations
on I, are considered as being extended to Nj as p-independent functions.
Since then

p—1
1 / / . .
bi— > o PP e CINNY) for p>j 46, (24)
p'=0""
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for given j, we can control the behaviour of the solution near J* U I+ with
arbitrary precision. In particular, if the linearization of (ﬂ) is satisfies at all

orders, the functions (bil are smooth on I for all p’ = 0,1,2,... and the ¢ have
a smooth extension to J+ U I'*.

The situation cannot be expected to improve in the quasi-linear problem.
Thus the expansion above suggests that logarithmic singularities will occur in
general also in that case. This then says that we cannot find a finite representa-
tion of the Cauchy problem near space-like infinity which is more regular than
the one obtained in [ff.

After introducing suitable functions spaces, the representation (@) can be
used to derive estimates for the ¢ also if logarithmic singularities are present.

We emphasize that our conclusion refers to a gauge where J+ = {7 = 1}. If
we had chosen k = pp with u(p) =1 for 0 < p < pux but @/ < 0 for p > pys, the
simple representation (3) would not be valid on the slice {r = 1} for p > p..
Where the coefficients in the equations will begin to differ from those of ([[7),
([) the whole string of quantities 85/ or, P’ < p, may enter the estimates and
the argument needs to be modified.

In the present linear case the conclusions of (i) follows also by a closer in-
spection of the quantities ¢} and the observation that due to the specific nature
of the equations the sum in (P4) does already define a solution (cf. [[[(] for more
details). Our point here is that we found a type of argument which is based on
features of the linearized equations which can also be identified in the non-linear
setting of [f.

5 Appendix

The purpose of this appendix is to introduce a family of left invariant operators
on SU(2) and to proof lemma (F.1]). This implies a considerable simplification
of our estimates.

Consider the (real) left invariant vector fields Z; on SU(2). For given multi-
index o = (a1, ave, avg) with non-negative integers o; we set Z* = Z"* 252 Z52,
with the understanding that Z* = 1 if |o| = oy + a2 4+ a3 = 0, and consider it
as a left invariant operator on the set of smooth function on SU(2).

If we identify the infinitesimal algebra over R generated by the operators
Z; with the universal enveloping algebra of su(2), the operators Z are known
to provide a basis of this algebra. For our purposes a different basis leads to a
considerable simplification of our estimates. Writing Z® in the form

AR A A A N A/

aq+1 ia1+a2

Z; Ty

aq aqtag+l

we get from it by symmetrization and normalization the operator

m !
ay laglag!

/ 1

Z%= ——— Zntin) - - Lnliy) =
oz1!042!043!7rezs (@) m(ilal) AZ:l oA
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where S, denotes the symmetric group and the terms o4 realize the #’,M,

possibilities to form out of «; (indistiguishable) operators Z;, i = 1,2, 3, prod-
ucts of || operators. For |a| < 1 we have Z* = Z“. Then equations of the
form

ml e _ g N oap2f =7+ Y 77,

| | |
[ AR REOER
1T 18I<lal 18I<lal

hold with constant coefficients ag and cg. The first equation is obtained by com-
muting operators and observing the commutation relations, the second equation
is obtained by symmetrizing and normalizing the lower order operators ZB. The
operators Z'® thus also form a basis of the enveloping algebra of su(2).

Lemma 5.1 With the normalizing factors f(a) = c, /%, where ¢ is

a fized positive constant, the operators Z* = f(a) Z' satisfy for any smooth
complez-valued functions f, g on SU(2) for k =1,2,3 the equation

N (Z°ZufZg+Z°f 2% Zrg)=Zi( Y, Z°fZ%y). (25)

la|=m |al=m

In particular, if dp denotes the normalized Haar measure on SU(2),

> / (Z8 Xy f2%g+ 2% fZ% X1 g)dp = 0. (26)
SU(2)

la|=m

Proof: We consider Z'*Z; = (Y. 04)Z; and study what happens if we
commute Z; successively with the factors generating the o 4’s to obtain 717 ‘o
Each commutation of Z; with a factor Zs in one of the o 4’s generates a transition
Zy — |Z2, Z1] = —Z3 and thus a term —o’; of —7'(en,a2=Las+1) The number of
terms in Z (@v.e2=Las+l) created by the complete commutation process is then

as |al! / "(a1,02—1,a3+1)
T Ta,Tas1- Conversely, each term —op of —Z can be generated

by the commutation process from precisely as + 1 different terms in Z ‘o (there
are as + 1 possibilites to replace in oz one of the Z3’s by a Z3). The number
(az+1) |a|!
ay ! (az—1)!(az+1)!
It follows that each term of —Z (@1.e2—Las+l) g generated precisely asz + 1
times. An analogous consideration concerning the commutations of Z; with
factors Z3, which generate transitions Zs — [Z3, Z1] = Z5 and thus terms of
Z'(eveatlas=1) ohows that each term of Z (@1:e2F+Leas=1) ig generated precisely
a9 + 1 times. Similar results are obtained for the commutators of Z " with Zy
and Zg.
Setting now Z%* = g(a) Z " with an as yet undetermined normalizing factor
g, we thus get the relations

of terms —o’; thus obtained agrees with the number above.

VAVAR AV A
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_ (043 + 1) g(Oé) Z(al,agfl,angl) + (QQ + 1) g(OZ) Z(al,a2+1,a371)
glar,az —1,a3+1) gloar,az + 1,3 — 1) ’

Z%Zy — Lo 2™

(al + 1) g(Oé) Z(oq-l—l,ag,ag—l) + (043 + 1) g(O[) Z(al—l,ag,ag—i-l)
glar +1,a2,3 — 1) glar — 1, a0, a3 + 1) ’

2% — 737

(a2 + 1) g(Oé) Z(al—l,ag-l-l,ag) + (041 + 1)9((1) Z(al-i-l,ag—l,ag)
glar — L,as + 1,a3) glar + 1, a0 — 1, a3) '

With these relations it follows by a direct calculation that the Z¢ satisfy
equations (Rg) if

as+1
glar,a0 —1,as +1) = 304 g(a) az>1,
2
o +1
glar + 1, as,a3 — 1) = 104 g(a) as>1,
3
042—|—1
glar —L,as+1,a3) = - g(a) a1 > 1.
1

The normalizing factors f given in the lemma obey these rules.
If w is the generator of a left invariant vector field Z on SU(2), then

/ 7 £(s) du(s) = / lim S (7(s) — (s exp(Au)) du(s) = 0,
SU(2)

SU(2) A—0 A

for any C! function f on SU(2) because the measure is right invariant and
we may commute the integration with taking the limit. Therefore (R€) follows
immediately from (R3).
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