
ar
X

iv
:h

ep
-t

h/
02

01
18

2v
1 

 2
3 

Ja
n 

20
02

AEI-2001-064

An Introduction to the Quantum Supermembrane 1
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Abstract: We review aspects of quantisation of the 11-dimensional su-
permembrane world volume theory. We explicitly construct vertex operators
for the massless states and study interactions of supermembranes. The open
supermembrane and its vertex operators are discussed. We show how our re-
sults have direct applications to Matrix theory by appropriate regularisation
of the supermembrane.
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1 Introduction

As we review the progress over the last few decades we find that there are un-
explored avenues in the 11 dimensional supermembrane theory which can lead
to a better understanding of quantum M-theory and hence non-perturbative
string/quantum gravity. The supermembrane is a 2+1 dimensional object
moving in 11 dimensional space, with a world volume theory [1] which when
quantised will give us a glimpse of the fundamental degrees of freedom of
M-theory. Attempts to quantise the world volume theory in analogy to 10
dimensional world sheet string theory have revealed many interesting fea-
tures which distinguish it from the 10 dimensional string theory, and also
make it difficult to solve. The main source of difficulties lies in the fact
that, unlike the string, the 2+1 dimensional world volume theory is inter-
acting. Moreover it does not have conformal invariance. Certain features of
the supermembrane are understood, namely, it can be regularized to yield
a supersymmetric Matrix theory [2], and it’s spectrum is continuous [3, 4].
These lead to a multiparticle interpretation of the spectrum [5], and the need
for a second quantised description of the membrane. We still do not have a
complete understanding of this, nor is the existence of a normalisable ground
state confirmed. However, there is evidence from Matrix theory that such
a state indeed exists and it contains massless states corresponding to the
massless multiplet of 11 dimensional supergravity[6].

Given this situation, we can look for further quantities to describe the
supermembrane which will hopefully shed some more light on the underlying
quantum theory. The interactions of the massless sector is one interesting
avenue to explore. There are computations of d = 11 scattering amplitudes
for the massless sector [7, 8, 9] using the quantised superparticle. However
the calculated amplitudes diverge, and the coefficients can be fixed only by
duality with 10 dimensional string theory. As we know, in the case of the
superstring [10] as well as the superparticle [7, 9] scattering amplitudes are
evaluated by determining the vertex operators and inserting them into path-
integral amplitudes. The vertex operators for the supermembrane derived
in [11], precisely seek to achieve the same for a supermembrane scattering
amplitude [12, 13]. The operators are determined uniquely and provide the
first step towards understanding massless interactions. Both the superstring
and the superparticle vertex operators are contained in the supermembrane
vertex operators. By reducing the two spatial dimensions of the superme-
mbrane world volume to zero, the superparticle is obtained. (This we call
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Figure 1: Various limits of the supermembrane model

the particle limit). On the other hand, wrapping one of the directions of the
membrane along a compact direction gives us a superstring in d = 10. This
‘double dimensional reduction (DDR)’ of the d = 11 supermembrane vertex
operators gives us all the superstring vertex operators. Also, by virtue of the
fact that Matrix theory is recovered after appropriate regularisation, these
vertex operators give linearised Matrix action in weak d = 11 supergravity
background.

We also discuss the vertex operators for the open membrane as it is closely
related to heterotic string theory [14] and in recent times has assumed im-
portance due to its relation to non-commutative theories in presence of a
background constant three form gauge field strength [15]. Many other top-
ics regarding the quantum supermembrane have been discussed in detail in
previous reviews [16, 17].

The first section is an introduction to supermembrane basics, mainly to fix
notations. We also review the relation of supermembrane to Matrix theory,
and then the multiparticle interpretation of the supermembrane spectrum.
In the second section we give the vertex operators for the massless sector of
the theory. The third section deals with scattering amplitude calculations
with the help of vertex operators.
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2 Supermembranes

In analogy with the particle and the string, the action for the membrane is
given by the 2+1 dimensional world volume swept out in the target space.
The supermembrane is a extension obtained by adding fermionic target space
‘coordinates’. A supersymmetric action involving the bosonic and the fermionic
coordinates can be written down consistently only in special dimensions, of
which d=11 is the maximal value. 2 This action in the background of d = 11
supergravity takes the form

S = T
∫

d3ξ
[

−1

2

√−ggijΠa
iΠ

b
jηab +

1

2

√−g − ǫijkΠA
i ΠB

j ΠC
k BCBA

]

. (1)

Superspace notation has been used where space comprises of both the
bosonic and fermionic coordinates. Explicitly

ΠA
i = ∂iZ

MEA
M A = (a, α); a = 0, . . . , 10 α = 1, . . . , 32

ZM = (Xµ.θα̇) M = (µ, α̇) µ = 0, . . . , 10 α̇ = 1, . . . , 32

where ZM are the coordinates of the membrane in the target superspace, EA
M

is the super-elfbein, and ξi, (i = 0, 1, 2) denote the 2+1 dimensional world
volume coordinates. Tangent space indices are denoted by A and world in-
dices by M . gij is the world volume metric (g = det gij) which is considered
independent here, and BCBA, the three form of d = 11 superspace. T is the
tension of the supermembrane, and it is the sole length scale in the theory.
Unlike the superstring coupling constant gs there is no analogous supermem-
brane coupling constant. This precludes a perturbative expansion of super-
membrane interactions making the supermembrane theory non-perturbative
theory from the very outset. We shall set T = 1 for convenience henceforth.

The action has redundant degrees of freedom due to the presence of the
local reparametrisation freedom of the world volume and fermionic κ sym-
metry of the action [1]. The κ symmetry of the action requires one crucial
fact : the component fields of the graviton hµν , gravitino Ψµ and the three
form Cµνρ obey d = 11 supergravity equations of motion [18]. This is similar
to the GS formulation of the superstring, but quite different from the NSR
superstring, where one has to resort to β function evaluation to show that
the background fields obey the supergravity equations of motion. However,

2There are other formulations of the action using twistors [20].
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one aspect of the action (1) is that though it gives the coupling of the super-
membrane to superspace background fields, it is very difficult to extract the
coupling in terms of the component fields (i.e. hµν ,Ψµ, Cµνρ). The method
of gauge completion used in [19], has succeeded in determining the couplings
only to order θ3 of the target space fermions. There are other methods of
evaluating the action in components as in [21], but, as we show in the next
section to linear order in the fields, the couplings can be determined exactly,
through the evaluation of vertex operators.

To begin with, one restricts oneself to quantising the supermembrane
propagating in flat target space. The coordinates in d = 11 flat space are
ZM = (Xµ, θα), θ is a Majorana spinor. The superelfbein can be determined
[1], and we have

Πµ
i = ∂iX

µ − iθ̄Γµ∂iθ, Πα
i = ∂iθ

α,

Bµνρ = 0, Bµνα = − i

6
(Γµνθ)α , Bµαβ = −1

6
(Γµνθ)(α (Γνθ)β) ,

Bαβγ = − i

6
(Γµνθ)(α (Γµθ)β (Γνθ)γ) . (2)

In addition, we use the equation of motion for the world volume metric
gij = ηabΠ

a
iΠ

b
j . Plugging this into (1) gives the supermembrane in flat space

S = −
∫

d3ξ
{

√

−g(X, θ) − ǫijkθ̄Γµν∂iθ
[

1

2
∂jX

µ
(

∂kX
ν + θ̄Γν∂kθ

)

+
1

6
θ̄Γµ∂jθθ̄Γ

ν∂kθ
]}

. (3)

The reparametrisation of the world volume can be used to fix the bosonic
degrees of freedom to eight. (E.g. one can go to static gauge by identifying
X0,1,2 = ξ0,1,2 leaving 8 transverse degrees). The κ symmetry of the action is
then used to reduce the number of fermionic degrees of freedom. The most
efficient way of dealing with the above action and its symmetries however is to
go to the lightcone gauge [1, 2]. The light cone directions X± = 1√

2
(X0±X10)

are singled out, and X+ is identified with the time direction of the world
volume, which we denote by τ here (hereafter, we denote the spatial directions
ξ1,2 ≡ σ1,2). The κ symmetry also allows to set 1/2 of the fermionic degrees
of freedom to zero. The gauge conditions thus read:

X+ = X+
0 + τ (4)

Γ+θ = 0, (5)
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where Γ± = 1√
2
(Γ0 ± Γ10). One is left with 9 transverse degrees of freedom

and the fermionic coordinate θ is reduced to having 16 degrees of freedom
in this gauge. In addition one has to solve for X− which gives an extra
constraint reducing the total number of bosonic degrees of freedom to 8.
The details of this derivation can be found in [1, 2].

The Hamiltonian density derived from the gauge fixed lagrangian has the
following form (P+ = δL/δ∂τX−; ~P = δL/δ∂τ ~X):

H =
1

2P+

(

~P 2 + ḡ
)

− ǫrs∂rX
aθγa∂sθ (6)

where P+ can fixed as a constant of motion, ~P = ∂τ ~X, ḡ = (ǫrs∂rX∂sX)2

and a, b, .. denote the transverse directions. We also use SO(9) γ matrices
henceforth. It is noteworthy that the Hamiltonian does not depend on the
centre of mass coordinates ~X0 and θ0. The supermembrane mass formula

M2 = 2P+P− − ~P 2
0 (7)

is also independent of the centre of mass coordinates. The Hamiltonian
is accompanied by a constraint (obtained by taking curl of the equation
∂rX

− = ∂τX
a∂rXa − iθ∂rθ

φ = ǫrs
(

∂r ~P∂s ~X − i∂rθ∂sθ
)

≈ 0 (8)

The potential in the Hamiltonian

ḡ = det (∂r ~X∂s ~X) = (ǫrs∂rX∂sX)2 (9)

vanishes for configurations where one of the directions is independent of one
of the membrane world volume coordinates. In other words there are valleys
in the potential signalling degenerate surfaces. The membrane surface can be
made arbitrarily narrrow in one direction, and hence a single membrane can
be deformed into arbitrary number of membranes without any cost of energy.
This is interpreted as the non-existence of a definite membrane number,
and no definite membrane topology. A path integral approach to membrane
quantisation like in string theory (à la Polyakov), where there is a sum over
different topologies for the world sheet, cannot be achieved.

The light cone Hamiltonian is still invariant under a class of diffeomor-
phisms, called area-preserving diffeomorphisms (APD), acting as [22, 2]:

δXµ = −ξr∂rXµ δθ = −ξr∂rθ (10)
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with ξr = ǫrs∂sξ, such that ∂rξ
r = 0 (ξ is a scalar parameter) , and hence area

of the two surface is preserved under this transformation. The area preserving
diffeomorphisms as defined above can be attributed with the following Lie
bracket structure:

δA = {ξ, A} = ǫrs∂rξ∂sA. (11)

Thus {A,B} = ǫrs∂rA∂sB defines a Lie bracket for any two functions A,B.
It shares all the requisite properties of Lie bracket, namely antisymmetry,
associativity and satisfies the Jacobi identity. The Hamiltonian density can
thus be rewritten as:

H =
(

~P · ~P − 1

2

{

Xa, Xb
}2

+ θγa {Xa, θ}
)

(12)

In fact, with the above knowledge, one can start with a lagrangian in-
variant under APD, to yield (12) as the Hamiltonian. The APD invariant
Lagrangian can be written in a compact form by introducing an auxiliary
field ω, which transforms as a gauge field under APD transformations:

δω = ∂τω + {ξ, ω} (13)

By defining a covariant derivative,

DXa = ∂τX
a − {ω,Xa} ,

the lagrangian becomes [2]:

L =
1

2
(DXa)2 − 1

4

{

Xa, Xb
}2 − iθDθ − iθγa {Xa, θ} (14)

The lagrangian is also invariant under the target space supersymmetries, 16
of which are linearly realised with parameter η, and due to the gauge fixing,
another 16 of which are non-linearly realised with parameter ǫ. They are of
the form:

δXa = −2ǫγaθ δω = −2ǫθ

δθ = iDXaγaǫ−
i

2

{

Xa, Xb
}

γabǫ+ η (15)

Note that the action is invariant under the above transformations up to
total derivatives, and for closed supermembranes the total derivatives do
not make any contribution (The fields are assumed to vanish at τ = ±∞).
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However, for open supermembranes, where there are boundaries at the end
of spatial directions of the world volume, Dirichlet or Neumann boundary
conditions have to be imposed to ensure that the boundary terms vanish.
One finds that to ensure invariance under supersymmetry, it is necessary
that the supermembrane ends only on 1, 5 or 9-dimensional hypersurfaces.
This set of conditions have been derived earlier in [24, 23] and by demanding
invariance under κ symmetry of the covariant action [25].

To impose the boundary conditions on the ends of the supermembrane,
we define the normal and tangential derivatives on the boundary:

∂nX
µ ≡ nr∂rX

µ (16)

∂tX
µ ≡ ǫrsnr∂sX

µ (17)

where nr is the unit normal on the boundary and ǫrsnr the unit tangential
vector to the boundary. For the supermembrane ending on a p dimensional
hypersurface the following boundary conditions are required:

∂nX
M = 0 for M = 2, . . . , p (Neumann) (18)

∂tX
m = 0 for m = p+ 1, .., 10 (Dirichlet) (19)

To check for invariance under supersymmetry transformations (15), we
vary the action and find the following boundary terms:

δS = −
∫

dτ
∫

∂G
dσηγaθ∂tX

a +

+
∫

dτ
∫

∂G
dσǫγd

(

γ ·DX − 1

2
γab

{

Xa, Xb
}

)

θ∂tX
d. (20)

On imposing the (19), we find to get the terms to vanish along the Neumann
directions, additional conditions on θ must be imposed. These translate as

ηγMθ = ǫγMγNθ = ǫγMγmγNθ = 0. (21)

Defining P± = 1/2(1 ± γp+1 . . . γ10), which act as projection operators for
dimensions p = 1, 2, 5, 6, 9, we find that the following conditions:

P−θ = 0 P+ǫ = 0 P−η = 0 (22)

are required so that (21) is obeyed, which restrict p = 1, 5, 9. It is interesting
to see that (22) results in the fermionic degrees of freedom being reduced to

8



8 on the boundary. For p = 9, P− coincides with the chiral operator for the
boundary theory. This is the first sign that the boundary theory, which is
essentially a string theory induced by the membrane has a heterotic structure.
In fact, by looking at the equations of motion obeyed by the membrane on
the boundary, we find that they are ‘free’ equation of motion for a string.
For simplicity, we discuss the p = 9 case, and its relation to heterotic Matrix
theory [26]. The p = 5 case also has many interesting applications [27],
especially in the light of non-commutative open membrane theories proposed
and discussed in [15]. The p = 1 case is yet to be investigated.

Once we have ensured that the boundary terms vanish, the bulk equation
of motion for the fields are:

D2Xa −
{{

Xa, Xb
}

, Xb
}

− i {θ, γaθ} = 0 (23)

Dθ + {γ ·X, θ} = 0 (24)

{DXa, Xa} − i {θ, θ} = 0 (25)

The last of these, the equation of motion for the auxiliary gauge field ω
is same as the constraint (8). What is interesting is how these equations
reduce on the boundary. Taking a = m in (23) on the boundary, the normal
derivative becomes:

∂nX
m = constant (26)

Using this, we define γ̄ =
∑10
p+1 ∂nX

mγm = constant matrix. The equations
obtained by putting a = M in (23, 24) reduce to the following linear wave
equations on the boundary:

(∂2
τ − ∂2

t )X
M = 0 (27)

(∂τ − γ̄∂t)θ = 0 (28)

(recall that ∂t is the tangential derivative along the spatial boundary of the
membrane). In this way we see that the supermembrane equations of mo-
tion with the above boundary conditions induce a superstring theory on its
boundary. The restrictions on the value of p can then be easily understood,
because only for these values is it possible to match bosonic and fermionic
degrees of freedom on the boundary. In particular, for p = 9, we obtain
the world sheet equations for the heterotic string, and γ̄ = γ11 becomes a
chirality matrix on the (9+1)-dimensional brane. By (22), only one of the
chiralities of θ survives on the boundary, leaving an appropriate equation of

9



motion for the chiral coordinate. We had to put ∂nθ = 0 to obtain the free
heterotic string equations of motion.

After we have obtained the gauge fixed lagrangian, with the appropriate
equation of motion for the world volume fields, what remains is the quan-
tisation of the theory. Some attempts in this direction have been reviewed
in [17]. Here we confine ourselves to brief comments and show how Matrix
regularisation of the membrane leads to a interpretation of the spectrum. We
describe the latter first.

2.1 In the light of Matrix theory

We now concentrate on the relation of the APD diffeomorphism transforma-
tions to SU(N) (or SO(N) for the open membrane) gauge transformations
under suitable regularisations [2]. It was first discussed in [2], and led to the
supermembranes’ relation to Matrix theory, and M theory [5]. In the case
of open membranes, it leads to the relation to heterotic Matrix theory for
membranes ending on 9-branes [14], and to other exotic theories [15].

Since this discussion appears in previous reviews [17], we just briefly
give the relation here, with an emphasis on the regularisation of the open
membrane. As stated earlier, the APD bracket has a Lie bracket structure.
It is also easy to check that the commutator of two APDs leads to a third
APD:

{ξ2, ξ1} = ξ3 (29)

Given a basis of orthogonal functions {Y A} on the spatial manifold, we can
expand the coordinates as Xa(σ) = Xa

0 +
∑

AX
aAYA(σ). The Lie bracket

then assumes the following form:

{YA, YB} = gABCY
C Y A = ηABYB ηABηBC = δAC (30)

where
gABC =

∫

d2σǫrsYA∂rYB∂sYC ηAB =
∫

d2σ YAYB (31)

Given the above, the basis which is infinite dimensional for a continuum
manifold, can be restricted to some finite A = 1, ..,Λ such that

limΛ→∞f
ABC
Λ = gABC (32)

with fABCΛ the structure constant of some finite dimensional group labeled by
Λ. For closed membranes of arbitrary topology [2, 28] this finite dimensional
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group is SU(N), and the Hamiltonian of the regulated membrane turns out
to precisely coincide with the Hamiltonian of dimensionally reduced SU(N)
super-Yang Mill’s theory. This can easily be seen by substituting the reg-
ularized coordinates in (12), and replacing the APDs by appropriate com-
mutators. The non-zero XA’s transform in the adjoint representation of the
SU(N) group.

H = Tr
(

1

2
+

1

4

[

Xa,Xb
]2

+
[

Xa, Θ̄
]

γaΘ
)

(33)

In the above (X,Θ) denote matrices. The same Hamiltonian was used in
[5] to describe N D0-branes in the infinite momentum frame, with their
momenta along the 11th direction of d = 11 space. Hence supermembranes
through Matrix theory are intimately related to D-branes and M-theory.

For open supermembranes, the matrix regularisation yields different finite
dimensional groups, dependent on the topology of the continuum membrane:
for the disc D2, the cylinder, and the Möbius strip, we get the groups SO(N),
whereas for the projective plane we get USp(2N) [29]. Moreover, depend-
ing whether the Xa are Neumann or Dirichlet, they either transform in the
symmetric or adjoint representation of the gauge group. We shall illustrate
here with the example of the disc, the regularisation of the open membrane.
Consider YA = Ylm(θ, φ), or spherical harmonics, with m ≤ |l|. The re-
striction that l ≤ N − 1 for the spherical membrane leads to a basis with
∑N−1
l (2l+1) = N2−1 independent components, and the X transform in the

adjoint of the SU(N) gauge group. However, when the membrane is stuck on
a hypersurface, it essentially corresponds to a disc topology, with boundary
conditions imposed on the Xm (m = p + 1, ..10), this would translate as
K−
lm = Ylm − (−)(l+m)Ylm for l + m odd being the correct basis. This gives

∑N−1
l l = N(N−1)/2 as the number of generators of the finite group. This as

we know is the number of generators of SO(N). For the Neumann directions
(17), we get these directions to transform symmetric tensor representations
of SO(N) [23, 24]. In fact, the regularised action has the following form (in
11 dimensions):

S =
∫

Tr
(

DX2 +DA10 + [A10,X
i]2 + [Xi,Xj]2

−iΘ+DΘ+ − iΘ−DΘ− + 2iΘ+Γi[Xi,Θ−]
)

(34)

Where we have distinguished X10 = A10 as it transforms in the adjoint of the
SO(N) group. Also the fermions are broken up as Θ+,Θ− which transfrom in
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the adjoint and symmetric representaion of the gauge group. The Xi trans-
form in the symmetric traceless representation of SO(N). The above matrix
regularisation is the heterotic Matrix theory [26], but without the twisted
sector fields expected to yield the additional E8⊗E8 degrees of freedom [14].
These twisted fields appear at the boundaries of the membranes, and live
only on the 9-branes. A proper membrane origin of these fields is yet to be
determined. For the case of the membrane ending on a five brane, there are
many interesting possibilities [27], but much remains to be done.

The resultant theory is yet to be quantised fully. However, from the
nature of the Hamiltonian, it can be seen that the supermembrane spectrum
is continuous and there is no mass gap. This points towards a multiparticle
interpretation of the spectrum, and hence a second quantised picture of the
supermembrane.

2.2 Approaching quantisation

The matrix regularisation of the supermembrane proves very useful, as one
can use matrix quantum mechanics and interpret the N → ∞ as the quan-
tum supermembrane. However, the N → ∞ limit is very subtle (membranes
with different topology and hence different APD are approximated by the
same SU(N) regularisation). But the multiparticle interpretation of the su-
permembrane spectrum comes entirely from its relation to Matrix theory. It
was shown in [3] that the supermembrane spectrum is continuous and there
is no-mass gap. The continuous spectrum of the supermembrane was inter-
preted initially as a signature of instability. However, now due to its relation
to matrix theory, this is attributed to the presence of multi-particle states. In
the original conjecture of [5] , the diagonal elements of SU(N) matrices are
positions of D0 branes, and in the case of block diagonal matrices, each block
corresponds to Ni coincident D0-branes, where Ni is the dimension of the ith
block. Each of these can be thought as separate entities, and in the infinite N
limit, as separate membranes linked by thin tubes. This multiparticle inter-
pretation of the supermembrane spectrum implies, that we should essentially
treat the supermembrane world volume as a second quantised theory.

However, one crucial question still remains: can one find a normalisable
ground state for the theory? And if so, does the spectrum have massless
states? By just looking at the zero mode sector of the theory, one can build
states which transform as 44 ⊕ 88 of SO(9) in the bosonic sector and 128

of SO(9) in the fermionic sector. Since the Hamiltonian and hence mass (6)

12
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Figure 2: Matrix-membrane correspondence

does not depend on the zero modes, this should give the massless sector of
the theory, provided the groundstate corresponding to the non-zero modes
transforms as a SO(9) singlet. Attempts to prove this have not seen much
success up to now. However, in Matrix theory, considerable progress has been
made in efforts to prove the existence of normalisable ground states [6] in the
case of SU(2) or SU(3). Further information can be found in the review [17]
and we refrain from giving the details here. In the next section, we discuss
vertex operators for the supermembrane, which is one of the directions which
can shed more light on this side of M-theory.

3 Vertex Operators

Though it still remains to be proven that the supermembrane has massless
states, there is sufficient evidence that they exist, and as discussed in previous
sections, should belong to the d = 11 supergravity multiplet, obeying appro-
priate onshell conditions. This then leads to the question whether there exists
vertex operators for the supermembrane in analogy with the superstring ver-
tex operators. The superstring vertex operators prove to be extremely useful
in the calculation of string interactions due to a number of reasons. The
superstring is a first quantised theory, and hence vertex operators which are
local operators act as ‘creation’ operators. Moreover, the conformal symme-

13



try of the string allows the asymptotic states of the spectrum to be mapped
to local operators at finite points on the world sheet. The vertex operators
can then be inserted in the path integral, and of scattering amplitudes eval-
uated using them. Further, conformal invariance also restricts the nature of
the vertex operators which can are uniquely determined.

Vertex operators by definition are of the following form:

Vh =
∫

d3ξ h ·Oh [X, θ] eik·x (35)

where h denotes the polarisation of the state, and O the local operator corre-
sponding to that state which has a momentum ~k. Given the fact that super-
membrane world volume theory does not have conformal invariance we have
to look elsewhere to determine O. However, the requirement that the vertex
operators transform into one another under under supersymmetry transfor-
mation competely determines their structure. In addition the technique of
double dimensional reduction to give the superstring in lower dimensions
gives us an additional check for the supermembrane vertex operators. The
superparticle vertex operators for d = 11 were determined in [7], and also
serve as a useful guide in our calculations.

Thus for the supermembrane the vertex operator for the graviton should
be of the form (35)

Vh = hab

∫

dτd2σOab
h [Xa(τ, σi), θ(τ, σi)] e

ik·x (36)

hab denotes the polarisation tensor of the graviton, and Oab is a local operator
of the supermembrane light cone coordinates. ~k denotes the momentum of
the graviton, and this operator in the superstring case creates a graviton
state when acting on the string ground state. Using the fact that under
supersymmetry transformations

δVh = Vδψ(h) (37)

where δψh is the transformed gravitino polarisation vector, we can solve for
Vh. And Vψ, VC which have the following transformations under supersym-
metry:

δVC = Vδψ(h) δVψ = Vδh + VδC (38)

Since we work in light cone gauge the polarisations are separated as trans-
verse (with indices a,b) and longitudinal (with indices +,−). Further the
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gravitino is split up into two SO(9) spinors ψa, ψ̃b. To solve for the above
vertex operators, we have to resort to d = 11 onshell conditions. Note that
these conditions are ensured by the κ invariance of the supermembrane action
[1]. These conditions are given by

kahab = haa = 0 = kaCabc

γa ψ̃a = γbkb ψ̃a = ka ψ̃a = 0 = ka ψa

γa ψa = ψ̃+ kbγb ψa = k− ψ̃a (39)

Because the polarisations are given in light cone gauge, the supersymmetry
transformations (37,38) are separated into 16 linearly realised (η) and 16
non-linearly realised (ǫ). However for the sake of simplicity, we shall here
record only on the linear supersymmetry transformations listed below

δhab = −ψ̃(aγb)η δha+ = − 1√
2
ψaη (40)

δCabc = 3
2
ψ̃[aγbc]η δCab+ =

√
2ψ[aγb]η (41)

δψa = kb hca γ
bcη + 1

72
(γa

bcde Fbcde − 8γbcd Fabcd) η (42)

δψ̃+ = −
√

2
72
γabcdη Fabcdδψ+ = δψ̃a = 0 = δh++

We now state the vertex operators, and shall explicitly check for the linear
supersymmtery of the graviton vertex operator (Rabc = 1

12
θγabcθ, Rab =

1
4
θγabθ).

Vh = hab
[

DXaDXb − {Xa, Xc} {Xb, Xc} − iθγa {Xb, θ}
−2DXaRbc kc − 6{Xa, Xc}Rbcd kd + 2RacRbd kc kd

]

e−ik·X(43)

Vh+ = −2ha+ (DXa − Rabkb)e
−ik·X (44)

Vh++ = h++ e
−ik·X (45)

VC = −CabcDXa {Xb, Xc} e−ik·X + Fabcd
[

(DXa − 2
3
Rae ke)R

bcd

−1
2
{Xa, Xb}Rcd − 1

96
{Xe, Xf} θγabcdefθ

]

e−ik·X (46)

VC+ = Cab+({Xa, Xb} + 3Rabc kc)e
−ik·X (47)

VΨ = ψa
[ (

DXa − 2Rab kb + γc {Xc, Xa}
)

θ
]

e−ik·X

+ψ̃a
[

γ ·DX
(

DXa − 2Rab kb + γc{Xc, Xa}
)

θ
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+1
2
γbc {Xb, Xc} (DXa − {Xa, Xd} γd )θ + 8γbθ {Xb, Xc}Rcad kd

+5
3
γbcθ {Xb, Xc}Rad kd + 4

3
γbcθ

(

{Xa, Xb}Rcd + {Xc, Xd}Rab
)

kd

+2
3
i

(

γbθ {Xa, θ}γbθ − θ {Xa, θ}θ
)

+ 8
9
γbθ RacRbd kc kd

]

e−ik·X(48)

VΨ+ = −
[

ψ+θ + ψ̃+

(

γaDXa + 1
2
γab{Xa, Xb}

)

θ
]

e−ik·X (49)

To see that the linear supersymmetry is realised, we implement the fol-
lowing transformation in the graviton vertex (43): δXa = δω = 0, δθ = η. In
otherwords only the terms proportional to θ shall contribute to the variation,
which is written thus:

δVh = kbhcaηγ
bc

[

DXa − 2Radkd − γd{Xa, Xd}θ
]

e−ik·x

−hab
[

{Xa, k ·X}ηγbθ + iηγa{Xb, θ}
]

eik·X (50)

The terms in the first line can be grouped together to yield the gravitino
polarisation as per (43). The terms in the second line have to vanish clearly,
and by a partial integration cancel each other. Note that, in the case of
the open membrane we have to be careful in order to ensure the vanishing
of the above. In fact, we find that the additional condition of ∂tω

∣

∣

∣

∂G
=

0 , hmM
∣

∣

∣

∂G
= 0 has to be imposed to ensure the vanishing of the boundary

terms. The condition can be understood easily as the residual symmetry of
the string worldsheet is just a constant shift in the coordinates and there is no
analogous APD gauge transformation The second one implies that there are
no R⊗R one forms on the boundary string theory. In case of the membrane
ending on 9-branes this is easy to understand as the boundary string theory
is heterotic string theory.

Similarly linear supersymmetry transformations can be performed on the
rest of the vertex operators to see that they respect the algebra. Details
can be found in [11]. The non-linear supersymmetry transformations are
more complicated and difficult to check, and an attempt in that direction
is given in [11]. However, our vertex operators are further confirmed by a
series of other consistency checks, namely their invariance under space-time
gauge transformations and double dimensional reduction to yield superstring
vertex operators. in [11]. To check for the invariance under δhab = k(aξb) of
the graviton vertex, we find

δVξ =
[

D(k ·X)
(

D(ξ ·X) − Rabξakb
)

− {k ·X,Xc}{ξ ·X,Xc} +

3{k ·X,Xc}Rabcξakb −
i

2
θξaγ

a{k ·X, θ} − i

2
θ{ξ ·X, θ}

]

e−ik·X(51)
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By partially integrating the first two terms, and using the equations of motion
for Xa and θ (23,24), the terms completely cancel each other. Note however
for the open super membrane, at the boundaries we have to impose kmξM = 0,
which is perfectly consistent with the earlier condition hmM = 0. For details
of the other vertex operators, we refer to [11]. We review the reduction
to superstring vertex operators for the graviton briefly here (we denote the
string coordiantes as X i). The double dimensional reduction consists of
the identification of one of the supermembrane directions say X9 = σ2 as
compact, to get a string in 10 dimensions. In the first approximation this
means that X i are independent of σ2, and hence {Xa, Xb} 6= 0 only when a
or b = 9. Thus:

{Xa, Xb} = ∂1X
[aδ

b]
9 (52)

The SO(9) spinors also decompose into two SO(8) spinors (Sα, Sα̇). Thus
(i, j = 1, .., 8 and Γi are SO(8) matrices):

Rij = 1
4
SΓijS + 1

4
S̃ΓijS̃ Ri9 = 1

2
S̃ΓiS (53)

Rijk = 1
6
SΓijkS̃ Rij9 = 1

12
SΓijS − 1

12
S̃ΓijS̃ (54)

Using the above in the graviton vertex, one finds that the hij should
give the NS ⊗ NS vertex operator of type IIA superstring, while the hi9
should give the R⊗R one form vertex in 10 dimenions. Despite the apparent
differences in the structure of the vertex operators, we recover them perfectly
starting from (43) and using (52,53,54). The vertex operator in 10 dimensions
is:

(Vh)DDR = hij
[

∂0X
i∂0X

j − ∂1X
i∂1X

j − 1
2
∂0X

i(SΓjmS + S̃ΓjmS̃)km

+1
2
∂1X

i(SΓjmS − S̃ΓjmS̃)km + 1
4
SΓjmS S̃ΓjnS̃kmkn

]

e−ik·X

= hij
(

∂+X
i − 1

2
SΓimSkm

) (

∂−X
j − 1

2
S̃ΓinS̃kn

)

e−ik·X (55)

For the hi9, we get:

hi9
[

−iθγi∂1θ + 2∂0X
iRm9km + ∂1X

jRijmkm + 2RimR9nkmkn
]

e−ik·X (56)

Again the quartic terms are easily seen to agree. To get rid of the deriva-
tives on θ, which are absent in the superstring vertices, we make use of the
superstring equations of motion ∂1S = ∂0S and ∂1S̃ = −∂0S̃, and integrate
the resulting expression by parts to find
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kihj9
[

SΓijΓkS̃ ∂−X
k − SΓkΓijS̃ ∂+X

k
]

e−ik·X (57)

The same can be repeated for the three form vertex operator and the
gravitino vertex operators. Thus, we have the complete supermembrane ver-
tex operators both for closed as well as open supermembranes. It should be
mentioned that in the case of open membranes ending on 9-branes, heterotic
string vertex operators can be recovered on the boundary using the same
techniques of double dimensional reduction. Except, the additional massless
states of the E8 × E8 gauge fields are not there. It shall be an interesting
exercise to look for them in the open supermembrane spectrum. Also, the
dimensional reduction for the open supermembrane leads to Type I’ theory
[26]. This is a manifestation of the web of dualities relating the various string
theories.

3.1 Matrix theory vertex operators

Since the Matrix-regularisation of the supermembrane is a straightforward
procedure described in section 2.2. the vertex operators can be easily applied
to Matrix theory. The coordinates X, θ transform in the adjoint of SU(N)
and hence are (N2 − 1)× (N2 − 1) matrices (for the closed membrane). The
continuum integral is replaced by a Trace operation. Hence the graviton
vertex (written in configuration space) shall be of the form:

Vh = Tr

[{

ẊẊ + [Xa,Xb]2 + Θγa
[

Xb,Θ
]

− 2ẊaRbc ∂

∂Xc

−6 [Xa,Xc]Rbcd ∂

∂Xd
+ 2(ΘγacΘ)(ΘγbdΘ)

∂

∂Xc

∂

∂Xd

}

hab(X)

]

(58)

This agrees with previous calculations of linearised Matrix current in arbi-
trary backgrounds determined up to O(θ2) [30]. Note that our vertex oper-
ators are known to all orders in θ and unlike as expected (i.e. terms up to
θ32), they contain terms only up to O(θ5). Note for the open-membrane also
we can suitably regularise remembering to replace the Dirichlet direction by
SO(N) adjoint matrices and the rest by symmetric traceless ones. It remains
now to implement the above in a scattering amplitude calculation.
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4 Scattering Amplitudes

We now turn to the discussion of three point tree level scattering amplitudes.
For this it is advantageous to work in the framework of the finite N matrix
theory. In order to define a tree level amplitude we first split off the center
of mass degrees of freedom of the matrices by writing

Xa = xa 1 + X̂a Θa = θa 1 + Θ̂a (59)

with traceless matrices X̂a and Θ̂. An asymptotic 1-graviton state in matrix
theory is then given by

|IN〉〉 = |k1, h1〉x,θ ⊗ |GS〉SU(N)

X̂,Θ̂
(60)

where |k1, h1〉 is the graviton state of the superparticle [8, 7] and |GS〉 denotes
the exact SU(N) normalized zero energy groundstate, whose explicit form is
unknown but is believed to exist [6]. The tree level three point amplitude is
then defined by

A3-point = 〈〈 1 | V2 | 3 〉〉 (61)

where one inserts the graviton vertex operator

V2 = h
(2)
ab

1
N

STr
[

(pa pb+2 pa P̂b+P̂a P̂b+[X̂a, X̂c] [X̂b, X̂c] ) eik·X̂
]

eik·x+fermions

(62)
One may wonder how one could ever evaluate (61) upon inserting (62) with-
out the knowledge of |GS〉. The first contribution to (61) takes the form

〈k1, h1|pa pbeik·x|k3, h3〉 h(2)
ab 〈GS|STr eik·X̂|GS〉 (63)

Now by SO(9) covariance 〈GS|STr eik·X̂|GS〉 = N , as the only SO(9) scalar
it could depend on would be k2 which vanishes on shell. It must then be a
constant which is fixed to be N by considering the ka → 0 limit. Remarkably
the remaining two terms in (61) upon inserting (62) vanish by a combination
of SO(9) covariance and on-shell arguments:

hab 〈GS|STr P̂b eik·X̂|GS〉 ∼ kb hab = 0 (64)

hab 〈GS|STr
[

(P̂a P̂b + [X̂a, X̂c] [X̂b, X̂c] ) eik·X̂
]

|GS〉 ∼ (ka kb + c δab) hab = 0
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Figure 3: The Veneziano amplitude for Strings and Membranes

But as the first correlator in (63) is nothing but the bosonic contribution to
the 3-point d = 11 superparticle amplitude [7] and as the fermionic terms
work out in a similar fashion we see that our 3-point tree level amplitude

〈〈 1 | V2 | 3 〉〉 = 〈 1 | V2 | 3 〉x,θ 〈GS|GS〉 (65)

agrees with the 3-point amplitude of d = 11 supergravity!
Clearly the next step would be to study n-point tree level amplitudes

which should be given by

An-point = 〈〈 1 | V2 ∆V3 ∆ . . .∆Vn−1|n 〉〉 (66)

where ∆ denotes the propagator 1/(1
2
p0

2 + Ĥ) built from the interacting

membrane Hamiltonian Ĥ. However, now we expect the details of the
groundstate |GS〉 to enter the computation. Developing some perturbative
scheme for calculating (66) would be highly desirable, but is conceivably very
complicated as it must involve an expansion in both the propagator ∆ and
the groundstate |GS〉. In other words, even though we now have the vertex
operators for the massless states, we are not able with present techniques to
calculate the (super)membrane analogue of the Veneziano amplitude. The
complications are easy to understand from the figure: whereas for the string,
the intermediate states are just the massive string states, and therefore com-
pletely under control, we do not know how to interpret (and to manipulate)
the states that propagate between two vertices in the case of the membrane.
On the other hand, if we could master this calculation we might be able to
obtain the full result to all orders “in one go”: there would be no need for
unitarity corrections and the like in this membrane amplitude!

Instead we shall briefly comment on attempts to compute loop amplitudes
within this scenario. Here, led by the formalism in light cone superstring
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and superparticle theory, we propose to define a membrane n-point one-loop
amplitude by the expression

A 1-loop, n-point =
∫

d11p0 Tr(∆V1 ∆V2 ∆V3 ∆V4 . . .∆Vn) (67)

where the trace is over the Hilbert space of Ĥ. Again this appears as a
daunting task, however the zero mode sector of (67) already yields some
amount of information. In particular the trace over the fermionic zero mode
θ of (59) tells us that all 2 and 3 particle amplitudes vanish at one loop, as
at least four vertex operators (≤ 16 θ’s) are needed to saturate the fermion
zero mode trace

Tr(θα1 . . . θαN
)θ = δN,16 ǫ

α1...α16 (68)

In the pure graviton sector the first non-vanishing amplitude is then the
4-graviton amplitude whose leading momentum dependence is given by

A4h = ǫα1...α16 γa1 a2α1α2
. . . γa15 a16α15α16

R(1)
a1a2a3a4

. . . R(4)
a13a14a15a16

∫

d11 p0 Tr′ ∆4 . (69)

We thus see the emergence of the expected R4 term [9, 31] in the kinematical
sector. For the remaining trace it is useful to introduce a Schwinger time
parametrisation of the propagator ∆ =

∫ ∞
0 dt exp[−t(p2

0/2 + Ĥ)]. Then the
remaining trace factorizes into the product of the classical bosonic partition
function and the interacting contribution of the quantum fluctuations. For
an evaluation of the classical contribution to this trace see [13].

Note added: After this paper was submitted for publication, progress has
been made in reduction of supermembrane to Matrix string theory [32], deter-
mination of Matrix theory currents [33] and towards covariant quantisation
of the bosonic [34] and supersymmetric [35] membrane.
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