
PHYSICAL REVIEW D, VOLUME 63, 122001
Searching for continuous gravitational wave sources in binary systems

Sanjeev V. Dhurandhar*
Inter-University Centre for Astronomy and Astrophysics, Post Bag 4, Ganeshkhind, Pune 411007, India

and Max Planck Institut fu¨r Gravitationsphysik, Albert Einstein Institut, Am Mu¨hlenberg 5, D-14476 Golm, Germany

Alberto Vecchio†

Max Planck Institut fu¨r Gravitationsphysik, Albert Einstein Institut, Am Mu¨hlenberg 5, D-14476 Golm, Germany
~Received 23 November 2000; published 18 May 2001!

We consider the problem of searching for continuous gravitational wave~cw! sources orbiting a companion
object. This issue is of particular interest because the Low mass x-ray binaries~LMXB’s !, and among them Sco
X-1, the brightest x-ray source in the sky, might be marginally detectable with'2 y coherent observation time
by the Earth-based laser interferometers expected to come on line by 2002 and clearly observable by the
second generation of detectors. Moreover, several radio pulsars, which could be deemed to be cw sources, are
found to orbit a companion star or planet, and the LIGO-VIRGO-GEO600 network plans to continuously
monitor such systems. We estimate the computational costs for a search launched over the additional five
parameters describing generic elliptical orbits~up to e&0.8) using match filtering techniques. These tech-
niques provide the optimal signal-to-noise ratio and also a very clear and transparent theoretical framework.
Since matched filtering will be implemented in the final and the most computationally expensive stage of the
hierarchical strategies, the theoretical framework provided here can be used to determine the computational
costs. In order to disentangle the computational burden involved in the orbital motion of the cw source from the
other source parameters~position in the sky and spin down! and reduce the complexity of the analysis, we
assume that the source is monochromatic~there is no intrinsic change in its frequency! and its location in the
sky is exactly known. The orbital elements, on the other hand, are either assumed to be completely unknown
or only partly known. We provide ready-to-use analytical expressions for the number of templates required to
carry out the searches in the astrophysically relevant regions of the parameter space and how the computational
cost scales with the ranges of the parameters. We also determine the critical accuracy to which a particular
parameter must be known, so that no search is needed for it; we provide rigorous statements, based on the
geometrical formulation of data analysis, concerning the size of the parameter space so that a particular neutron
star is a one-filter target. This result is formulated in a completely general form, independent of the particular
kind of source, and can be applied to any class of signals whose waveform can be accurately predicted. We
apply our theoretical analysis to Sco X-1 and the 44 neutron stars with binary companions which are listed in
the most updated version of the radio pulsar catalog. For up to'3 h of coherent integration time, Sco X-1 will
need at most a few templates; for 1 week integration time the number of templates rapidly rises to.5
3106. This is due to the rather poor measurements available today of the projected semi-major axis and the
orbital phase of the neutron star. If, however, the same search is to be carried out with only a few filters, then
more refined measurements of the orbital parameters are called for—an improvement of about three orders of
magnitude in the accuracy is required. Further, we show that the five NS’s~radio pulsars! for which the upper
limits on the signal strength are highest require no more than a few templates each and can be targeted very
cheaply in terms of CPU time. Blind searches of the parameter space of orbital elements are, in general,
completely un-affordable for present or near future dedicated computational resources, when the coherent
integration time is of the order of the orbital period or longer. For wide binary systems, when the observation
covers only a fraction of one orbit, the computational burden reduces enormously, and becomes affordable for
a significant region of the parameter space.

DOI: 10.1103/PhysRevD.63.122001 PACS number~s!: 04.80.Nn, 95.55.Ym, 95.75.Pq, 97.60.Gb
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I. INTRODUCTION

The construction of several large-scale interferome
gravitational wave detectors, with optimal sensitivity in t
frequency window;10 Hz to 1 kHz is close to completion
For a period extending up to a year, starting from the end
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the year 2000, engineering data runs will be carried ou
order to test and debug the detector components. Fin
between 2002 and 2004 the interferometers will carry out
first set of ‘‘science’’ data runs with therealistic goal of
directly observing gravitational waves~GW’s!. This initial
phase will be followed by substantial upgrades on most
the instruments aimed at reaching better sensitivity a
larger observational bands. The projects include the La
Interferometer Gravitational-wave Observatory~LIGO! in
the U.S.A. consisting of two facilities, one at Hanford~WA!
©2001 The American Physical Society01-1
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and the other at Livingston~LA !, hosting two 4-km and one
2-km interferometers@1#; VIRGO, a French-Italian projec
located at Cascina, near Pisa, Italy, which consists of a 3
detector~and currently running about one to two years b
hind the time frame presented above! @2#; GEO600, a
German-British 0.6-km interferometer located at Ruthe, n
Hannover, Germany@3#; in Japan, the TAMA project iscur-
rently running a medium scale interferometric detector
arm length 300 m, and is planning to extend the base lin
3 km and carry out other substantial improvements on
instrument within the next few years@4#; finally, the ACIGA
consortium will build, if funding is approved, a 500 m inte
ferometer~AIGO500! near Perth, Australia@5#. In the mean-
time, a number of existing resonant bar detectors are stea
increasing their sensitivity in narrow bandwidths (;1 Hz!
covering the kHz spectral window@6# and serious efforts are
being made to fly, possibly by 2010, a space-borne la
interferometer@7# ~LISA: the Laser Interferometer Spac
Antenna!. LISA will open the low frequency window 1025–
1022 Hz, currently accessible only via the Doppler tracki
of interplanetary spacecraft@8#, and is projected to have sen
sitivity several orders of magnitude better.

Building and running such powerful machines represe
an enormous enterprise, which started over 30 years
However, analyzing the large amount of data—seve
Mbytes per second—and digging out with high confiden
astrophysical signals from the noise which severely corru
the data, presents its own challenges. In fact, over the
few years, interest has been growing in the area of GW d
analysis, which is now regarded as one of the key aspect
the successful detection of GW’s.

Several types of GW sources have been envisaged w
could be directly observed by Earth-based detectors~see
@9–12# and references therein for recent reviews!: ~i! burst
sources—such as binary systems of neutron stars~NS’s!
and/or black holes~BH’s! in their in-spiral phase, BH-BH
and/or BH-NS mergers—and supernova explosions—wh
signals last for a time much shorter, typically between a f
milli-seconds and a few minutes, than the planned obse
tional time;~ii ! stochastic backgrounds of radiation, either
primordial or astrophysical origin, and~iii ! continuous wave
~cw! sources—e.g. rapidly rotating neutron stars—wher
weak deterministic signal is continuously present in the d
stream.

In this paper we deal with data analysis issues regard
cw sources. More specifically, we investigate the compu
tional load involved in filtering the data stream to search
monochromatic radiation emitted by a neutron star orbiti
a companion object.

A. Data analysis challenge

Continuous wave emitters pose one of the most comp
tionally intensive problems in GW data analysis. The we
ness of the expected signal requires very long observa
times, of the order of 1 year~or possibly more! for accumu-
lating enough signal-to-noise ratio~SNR! so that detection is
possible. During the observation time, a monochromatic
nal in the source reference frame is Doppler modulated
12200
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the motion of the detector carried by the spinning Earth
biting the Sun. The emitted energy is spread over.2
3106 (T/107 sec)2 ( f /1 kHz) frequency bins of widthD f
51/T, whereT is the time of observation~the formula holds
for T up to 6 months; after that the number of bins increa
linearly with T). In order to recover the whole power in on
frequency bin one has to ‘‘correct’’ the recorded data stre
for each possible source position in the sky. The problem
made worse if the intrinsic frequency of the source chang
say due to spindown. Then the power is spread ove
3106 (t/103 yr)21 (T/107 sec)2 ( f /1 kHz) bins, where t

5 f / ḟ is ~twice! the spin-down age of the NS. Indeed, o
then needs to correct, in addition, for this effect search
through one or more spin-down parameters. It is clear t
searches for cw’s are limited by the available computatio
resources@13,14#. The optimal technique of tracking cohe
ently the signal phase—matched filtering—is not afforda
for integration times longer than;1 –10 days~the integra-
tion time depends on the range of parameters over which
search is being carried out!. So far, the only viable strateg
for a ‘‘blind’’ search over a wide range of parameters
based on a hierarchical structure@15,16#. In this type of
search, coherent and incoherent search stages are alter
in order to identify candidate signals—and the relevant
rameter range—‘‘cheaply’’ by a suboptimal algorithm. The
the candidate signals are followed up with a coherent
computationally expensive search over the entire observa
time—this step constitutes the bottle neck for process
power—to recover the optimal SNR.

However, because of the large computational burden,
algorithms investigated so far have been restricted toisolated
NS’s. The problem of searching for a cw emitter orbiting
companion object is simply considered computationally
tractable, as it would require up to five more search para
eters which would compound the already enormous com
tational cost.

To gain insight into the additional Doppler modulatio
introduced on the signal phase by the source motion aro
a companion, let us consider a NS, of massmNS51.4M ( ,
with an orbiting companion object of massm2 and periodP.
During the observation timeT, the NS velocity changes
by Dv5(2p/P)4/3 (GmNS)

1/3q/(11q)2/3T, where q
[m2 /mNS. The frequency is Doppler shifted byDD f
56 f Dv/c which has to be compared to the frequency re
lution D f . ~Here and after,G denotes the Newton’s gravita
tional constant andc denotes the speed of light or actual
GW.! The maximum observational timeTmax after which one
needs to correct for the cw’s source orbital motion is, the
fore,

Tmax.131.6F ~11q!1/3

Aq
G S P

1 dayD
2/3 S mNS

1.4M (
D 21/6

3S f

1 kHzD
21/2

sec. ~1.1!

Of course, this time scale can vary by orders of magnitu
depending on the NS companion and the orbital period.
the relevant astrophysical situations we have
1-2
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Tmax.5
1.23105 S P

107 sec
D 2/3 S m2

1023 M (

D 21/2 S f

1 kHzD
21/2

sec ~m2!mNS!,

1.03102 S P

12 hD
2/3 S f

1 kHzD
21/2

sec ~m2.mNS!,

4.43102 S P

10 daysD
2/3 S m2

10M (
D 21/6 S f

1 kHzD
21/2

sec ~m2@mNS!.

~1.2!
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For comparison, we note that the maximum integration ti
before which the motion of the detector from Earth’s rotati
about its axis produces a Doppler shift in frequency grea
than the frequency resolution bin isTmax

(det).50 (f /1 kHz)21/2

min. It is then evident that in the case of a cw source orbit
a companion object, the frequency shift is typically mo
severe and the computational challenge that one faces w
searching for the additional 5-dimensional parameter ve
describing the binary orbit is considerable.

B. Expected sources and motivation

The characteristic amplitudeof the continuous signa
emitted by a triaxial NS, rotating about a principal axis w
periodPr and frequencyf r51/Pr , reads@9#

hc.7.7310226 S ee

1026D S D

10 kpcD
21 S f r

500 HzD
2

, ~1.3!

whereee is the equatorial ellipticity of the star, and we ha
taken the standard value 1045 g cm2 for the NS moment of
inertia. In Eq.~1.3! we assume that the GW energy is r
leased at exactly twice the rotation frequency, so thaf
52 f r .

The characteristic amplitude has to be compared with
noise fluctuations,

hn5ASn~ f !

T
510225 S Sn~ f !

10243Hz21D 1/2 S T

107 sec
D 21/2

,

~1.4!

in a resolution bin, whereSn( f ) is the noise spectral densit
of the instrument. A signal is detected ifhc*khn , where the
multiplicative factork, of order of a few, depends on th
number of filters used in the analysis and on the~subjective!
confidence level of the measurement. The strength of
signal depends crucially on theee , which is a measure of the
non-axis symmetry of a star. Although large uncertaint
exist in the maximum value thatee can achieve, theoretica
studies of the braking strain of NS crusts suggest thatee
&1025. One can observationally constrainee if the NS ro-
tational periodPr and its first time derivativeṖr are known:

ee<5.131027 S Pr

2 msecD
3/2 S Pṙ

10215D 1/2

. ~1.5!
12200
e

r

g

en
or

e

e

s

This yields an upper limit on the amplitude of the emitt
GW’s, by assuming that all energy is lost through gravi
tional wave emission. By combining Eqs.~1.3! and~1.5!, we
can immediately place the upper limit

hc&3.9310226 S f r

500 HzD
1/2 S Ṗr

10215D 1/2 S D

10 kpcD
21

.

~1.6!

The comparison ofhc for some known NS’s withhn of the
laser interferometers is shown in Fig. 1.

In Table I we also show some of the parameters of
binary radio pulsars which are known so far. It is interesti
to notice that a bunch of systems are within the reach of
first generation of instruments for coherent observation tim
from 15 months to 4 yr, and well within the enhanced co

FIG. 1. Upper limits on the GW amplitude from known rad
pulsars and Sco X-1. The plot shows the upper limit onhc , Eq.
~1.6!, for the neutron stars included in the latest version of
published radio pulsar catalogue@17#, for which the spin down and
the distance are known~isolated pulsars, squares; binary pulsa
bold bullets!, and the estimated value ofhc for Sco X-1 ~triangle!,
Eq. ~1.7!. We also show the noise amplitudehn for an observation
time T5107 sec, for the first generation detectors~GEO600, solid
line; LIGO I, dotted line; VIRGO, dashed line!.
1-3
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TABLE I. Neutron stars detected as radio pulsars in binary systems. The table shows the main parameters of the 44 known ne
detected as radio pulsars orbiting a companion object listed in the catalog of Tayloret al. @17#. We list the gravitational wave frequenc

f —assumed to be exactly twice the radio frequency—its first time derivativeḟ , the estimated distanceD from the solar system and th
spin-down age~we do not give all significant digits!. The orbital parameters—the orbital periodP, the projection of the semi-major axi
along the line of sightap and the eccentricitye — are tabulated with their respective errors~in parentheses!. Notice that out of the 44 known
systems, seven sources radiate at a frequency,10 Hz and therefore are not observable by the~so far! planned ground-based experimen

PSR J PSR B f ḟ D log(age/yr) P ap e

(Hz) (10215 sec22) ~kpc! ~days! ~sec!

0024-7204E 0021-72E 565.6 – 4.5 – 2.256844~3! 1.978~3! 0.000~3!

0024-7204I 0021-72I 573.9 – 4.5 – 0.226~3! 0.039~2! 0.00 ~5!

0024-7204J 0021-72J 952.1 – 4.5 – 0.120665~2! 0.0402~2! 0.00 ~5!

0034-0534 1065.4 3.8 1.0 9.6 1.58928180~3! 1.437768~5! 0.0000~1!

0045-7319 2.2 10.5 57.0 6.5 51.169226~3! 174.2540~8! 0.807995~5!

021814232 860.9 27.8 5.8 8.7 2.02885~1! 1.9844~1! 0.00000~2!

0437-4715 347.4 3.4 0.1 9.2 5.741042329~12! 3.3666787~14! 0.0000187~10!

0613-0200 653.2 2.3 2.2 9.6 1.19851251~2! 1.09145~2! 0.000000~22!

070016418 0655164 10.2 0.04 0.5 9.7 1.028669703~1! 4.125612~5! 0.0000075~11!

075111807 574.9 1.3 2.0 9.8 0.2631442679~4! 0.396615~2! 0.0000~1!

082310159 0820102 2.3 0.3 1.4 8.1 1232.47~12! 162.1466~7! 0.011868~7!

101215307 380.5 1.1 0.5 9.8 0.604672713~5! 0.581816~6! 0.00000~2!

1022110 121.6 – 0.6 – 7.80513014~8! 16.765412~6! 0.0000977~6!

1045-4509 267.6 0.7 3.2 9.8 4.0835291~1! 3.015107~9! 0.000019~6!

130011240 1257112 321.6 5.9 0.6 8.9 66.536~1! 0.0013106~6! 0.0182~9!

1302-6350 1259-63 41.9 1994.5 4.6 5.5 1236.72359~5! 1296.580~2! 0.869931~1!

131211810 1310118 60.3 – 18.9 – 255.8~6! 84.2 ~7! 0.002~3!

1455-3330 250.4 – 0.7 – 76.17458~2! 32.36222~6! 0.000167~2!

151814904 48.9 – 0.7 – 8.6340047~8! 20.043982~8! 0.2494848~7!

153711155 1534112 52.8 3.4 0.7 8.4 0.4207372998~3! 3.729468~9! 0.2736779~6!

1623-2631 1620-26 180.6 12.9 1.8 8.3 191.442819~2! 64.809476~13! 0.0253147~5!

164012224 632.2 0.6 1.2 10.2 175.460668~2! 55.329722~2! 0.00079742~5!

164113627B 1639136B 566.9 – 7.7 – 1.259113~3! 1.389~2! 0.005~5!

1643-1224 432.7 3.1 4.9 9.3 147.01743~6! 25.07260~4! 0.000506~2!

171310747 437.6 0.8 1.1 9.9 67.82512988~2! 32.342413~1! 0.00007492~2!

1721-1936 1718-19 2.0 3.2 11.6 7.0 0.2582735~2! 0.3526~8! 0.000~5!

1748-2446A 1744-24A 173.0 -0.3 7.1 – 0.0756461170~4! 0.11963~2! 0.0000~12!

1803-2712 1800-27 6.0 0.3 3.6 8.5 406.781~2! 58.9397~18! 0.000507~6!

1804-0735 1802-07 86.6 1.8 3.2 8.9 2.6167634~5! 3.92047~4! 0.211999~15!

1804-2718 214.1 – 1.2 – 11.15~1! 7.20 ~4! 0.00 ~1!

1823-1115 1820-11 7.1 35.2 6.3 6.5 357.7622~3! 200.672~3! 0.79462~1!

1834-0010 1831-00 3.8 0.1 2.6 8.8 1.811103~2! 0.7231~8! 0.000~4!

185710943 1855109 373.0 1.2 0.9 9.7 12.3271711905~6! 9.2307802~4! 0.00002168~5!

191010004 552.7 – 4.1 – 0.140996~1! 0.038~2! 0.00 ~1!

191511606 1913116 33.9 4.9 7.1 8.0 0.322997462736~7! 2.3417592~19! 0.6171308~4!

195512908 1953129 326.1 1.6 5.4 9.5 117.349097~3! 31.412686~5! 0.0003304~3!

195912048 1957120 1244.2 13.0 1.5 9.2 0.3819666389~13! 0.892268~8! 0.00000~4!

201912425 508.3 0.9 0.9 9.9 76.5116347~1! 38.767625~1! 0.00011111~6!

2033117 336.2 – 1.4 – 56.2~1! 20.07~8! 0.00 ~5!

213011210C 2127111C 65.5 10.7 10.0 8.0 0.335282052~6! 2.520~3! 0.68141~2!

2145-0750 124.6 – 0.5 – 6.83890256~8! 10.16411~1! 0.000021~2!

222912643 671.6 0.4 1.4 10.4 93.015895~2! 18.912519~5! 0.0002550~4!

230514707 2303146 1.9 1.0 4.4 7.5 12.33954454~17! 32.6878~3! 0.658369~9!

231711439 580.5 0.4 1.9 10.4 2.459331464~2! 2.3139483~9! 0.0000005~7!
122001-4
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figuration sensitivity. It is also worth noticing that they re
resent a fair sample of orbital companions, as they incl
NS-NS binaries, NS–white-dwarf binaries, NS–ma
sequence stars and NS-planet. However, the actual s
strain could be orders of magnitude below the upper li
~1.6!.

A far more promising scenario is the accretion of h
material onto the NS surface. Here the induced quadrup
moment is directly related to the accretion rate, which can
copious. The gravitational energy reservoir, moreover,
be continuously replenished, if persistent accretion occ
The key idea behind this scenario is that gravitational w
radiation can balance the torque due to accretion, and
proposed over 20 years ago@18,19#. However, it has at-
tracted considerable new interest in the past two years
has been fully revitalized by the launch of the Rossi X-r
Timing Explorer, designed for precision timing of accretin
NS’s.

Observational evidence that low mass x-ray binar
~LMXB’s !—binary systems where a compact object accre
material from a low mass companion—in our Galaxy a
clustered around a rotation frequency'300 Hz led Bildsten
@20# to propose a mechanism to explain this behavior. T
fundamental idea is that continuous emission of GW’s ra
ates away the angular momentum that is transferred to
NS by the infalling material. The fact that the rate of angu
momentum loss through GW’s scales asf 5 provides a very
natural justification of the clustering of rotation frequency
several sources. The physical process responsible for pro
ing a net quadrupole moment is the change of compositio
the NS crust, which in turn is produced by the temperat
gradient caused by the in-falling hot material. Recently, U
omirskyet al. @21# have posed this initial idea on more sol
theoretical grounds. If such a mechanism does oper
LMXB’s are extremely interesting candidate sources
Earth-based detectors. Several systems would be detec
by LIGO operating in the ‘‘enhanced’’ configuration~LIGO
II !, if the detector sensitivity is tuned, through narrow ban
ing, around the emission frequency. In particular, Sco X
the most luminous x-ray source in the sky, is possibly m
ginally detectable by ‘‘initial’’ LIGO and GEO600~the latter
in narrow-band configuration!, where an integration time o
approximately 2 y would be required. The characteristic am
plitude for this class of sources is

hc.4310227 S RNS

106 cm
D 3/4 S mNS

1.4M (
D 21/4

3S FX

1028 erg cm22 sec21D 21/2

, ~1.7!

whereRNS is the typical radius of a neutron star andFX is
the x-ray flux.

Data analysis strategies to search for NS’s in binary s
tems might therefore be vital for ground-based detect
They would supplement the already existing strategies
the several sources mentioned above.
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C. Organization of the paper

The paper is organized as follows: In Sec. II we set up
parametrized model of the signal based on the two b
problem. We then identify the search parameters of the
nal, which are essentially the binary orbital elements, for
general case of elliptic orbits, as well as for circular orbits.
Sec. III we discuss the geometrical approach to the d
analysis; in Sec. III A we review the method of determinin
the number of templates which involves the computation
the metric on the signal manifold, and we also state use
properties of the metric which are then used in the later s
tions. In Sec. III B we present a rigorous criterion, natura
suggested by the geometrical picture, for estimating the n
ber of filters required in targeted searches and to determ
whether any particular source is a one-filter target.

Sections IV and V contain the key results of the paper.
Sec. IV we obtain analytic approximate formulas for t
number density of filters per unit coordinate volume in t
parameter space in the two important regimes of observa
time: ~i! observations lasting for several orbital periods a
~ii ! observations lasting a fraction of an orbit. These expr
sions provide for us the scaling: that is, how the compu
tional cost scales with different parameters. They can also
readily applied to estimate the computational cost of dete
ing GW’s from some observed systems. Further, we a
compare these results with the fully numerical computat
of the metric determinant~which shows excellent agreeme
over a wide range of the parameters!, and determine the
range of applicability of these approximate expressions a
function of the relevant parameters~in particular the time of
observation as compared to the orbital period!. In the Sec. V
we apply the above analysis to known NS’s in binary s
tems, specifically radio pulsars and LMXB’s. Given the cu
rent ~or near future! computational resources, we then dete
mine the systems that could be searched by matched filte
methods. Section VI contains our final remarks and fut
directions of work.

II. MODEL

A. Description of the problem

In this paper we employ the matched filtering techniq
for coherent integration of the signal. It provides for us t
optimal signal-to-noise ratio that can be achieved with lin
data analysis techniques and also an elegant theore
framework can be given in which the computational co
can be derived in a very transparent way. We have alre
remarked that the processing power of present or near fu
computers falls woefully short for carrying out full matche
filter based searches of cw sources. However, it is impor
to note that matched filters are implemented in the final st
of every hierarchical strategy that has been devised so
@15,16#. Our analysis can be therefore applied to the typica
reduced parameter range which is relevant in this final s
Since the final stage accounts for most of the process
power required in the entire search, our results essent
reflect the computational costs involved in the search.
1-5
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The amplitude of the GW’s is expected to be small for
sources. Therefore long observation times are imminent
extracting the signal out of the detector noise with a reas
able SNR. The observation times could last for a f
months, up to a year or more. During this period of obser
tion it becomes essential to take into account the change
frequency which result from the variation in relative po
tions of the source and the detector—Doppler effects—
also those that are intrinsic to the source, such as the
down. The general idea is~i! to correct for these changes
the phase,~ii ! use the fast Fourier transform~FFT! algorithm
to compute efficiently the power spectrum and then~iii ! look
for a statistically significant peak in the power spectru
itself.

The aim of this paper is to estimate the extra compu
tional costs associated with the search for sources in bin
systems. In order to disentangle the phase Doppler mod
tion produced by the source motion around the orbital co
panion, and limit the complexity of our analysis, we w
make the following assumptions:

~i! The GW source radiates perfectly monochroma
GW’s at the intrinsic frequencyf 0, that is the frequency in its
own rest frame is constant: we ignore the effect of spin-do
parameters.

~ii ! The location of the source in the sky is perfec
known: the Doppler effect produced by the motion of t
Earth spinning on its own axis, orbiting the Sun etc. can
computed and subtracted from the data stream with v
little CPU load.

These hypotheses leave us only to grapple with the p
lem of the motion of the source. Notice that they do n
affect the generality of our analysis. This approach retu
the extra cost involved in searching for NS’s in binary sy
tems, for each template of the isolated NS search~with the
appropriate number of spin-down parameters and rang
parameter values!. Our analysis thus provides a solid upp
limit on the total computational costs~it ignores possible
correlations between the parameters!. In fact, if we callNis
the number of templates to search for an isolated NS~the
search parameters are the location in the sky and spin-d
coefficients! and N the number of templates required
search for a perfectly monochromatic source in binary o
whose location in the sky is assumed to be known, the se
parameters being only the orbital elements of the binary s
tem, then the total number of filtersNT required for a generic
source, is bound by the following inequality:

NT<Nis3N. ~2.1!

We take the orbit of the source to be Keplerian, elliptic
in shape, but we assume that we do not exactly know, o
not know at all, the orbital parameters. It is possible tha
particular parameter or a set of parameters is known so
curately that no search is required over these parame
Such a situation arises for some of the known radio bin
pulsars listed in the published catalog@17#. We then have a
targeted search, where one must now search only over re
of the parameters. In the extreme case, all parameters ma
known so accurately that only a single Doppler correct
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needs to be applied~one filter in the language of data anal
sis!. Usually for known systems some orbital elements
known within given error bars. For example, one mig
know the period of the orbit within certain limits; then the
limits provide for us the ranges of the parameters, o
which the search must be carried out. On the other hand
might not know anything at all about the binary system,
which case one must launch a more extensive search w
large number of templates covering the entire region of
parameter space—this is the so-called‘‘blind’’ search.

B. Two body problem, orbital elements and search parameters

The essential problem of celestial mechanics is the tw
body problem, where one solves for the motion of two po
particles of massesm1 andm2, and position vectorsr1 and
r2, attracted by their mutual gravitational force. The soluti
is simple in their center-of-mass frame in terms of the re
tive position vectorr5r12r2. The vectorr lies in a plane
and traces out an ellipse; the individual masses trace
similar ellipses scaled by factors depending on the mass

r15
m2

M
r , r252

m1

M
r , ~2.2!

where M5m11m2. Here, we~arbitrarily! take r1[rNS to
describe the position of the cw source we want to detect.
assume that the center of mass of the binary system ca
considered at rest, or in uniform motion, with respect to
Solar System barycenter during the period of observat
therefore knowingr1 as a function of time is sufficient for u
to compute the GW Doppler phase shiftfD(t).

It is convenient to set up a Cartesian coordinate sys
(j,h,z) attached to the binary source, so that~i! r1 lies in the
(j,h) plane with the origin at the center of the ellipse,~ii !
the semi-major axis of the ellipse coincides with thej axis,
and ~iii ! the z axis is perpendicular to the orbital plane an
points in the direction of the orbital angular momentum. W
specify the direction to the detector, in the (j,h,z) frame, by
the unit vector

n̂5~sine cosc! ĵ1~sine sinc! ĥ1~cose! ẑ, ~2.3!

wheree andc are the usual polar angles.
The Doppler phase shift at the detector output theref

reads

fD~ t !52
2p f 0

c
@ n̂•r1~ t !#, ~2.4!

wherec.2.997931010 cm/sec is the speed of light.
The orbit in the (j,h) plane is given as follows: Leta be

thesemi-major axisof the elliptical orbit ande theeccentric-
ity; then, the orbit is described by the equations

j~ t !5a cosE~ t !,

h~ t !5aA12e2 sinE~ t !, ~2.5!
1-6
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whereE is the so-calledeccentric anomaly, and is a function
of the timet. It is related to themean angular velocityv and
the mean anomaly M(t) by the Kepler equation,

E~ t !2e sinE~ t !5vt1a[M ~ t !, ~2.6!

wherea is an initial phase, 0<a,2p. Whenvt1a50 we
have E50 and the mass is closest to the focusj5ae,h
50. These equations describe the orbit in the (j,h) plane as
a function of time, which is determined by the four orbit
elementsa,v,a,e. However, the orbit in space requires tw
additional parameters, namely, the anglese andc mentioned
before. Thus, in all we havesix orbital elements which
specify the orbit in space.

The Doppler phase correction, Eq.~2.4!, is obtained from
Eq. ~2.5!, and reads as follows:

fD~ t !52
2p f 0a sine

c
@cosc cosE~ t !

1sincA12e2 sinE~ t !#. ~2.7!

The total phaseF at the barycenter~we have assumed tha
the corrections have been made for the Earth’s motion! is,
therefore,

F~ t !52p f 0t1fD~ t !. ~2.8!

Since we have assumed that we have corrected for
Earth’s motion, thet can be regarded as the barycentric tim

For computing the metric in the next section we will r
quire the time averages of the derivatives of the phase w
respect to the search parameters. Since the Kepler equ
connectsE to the timet, or M implicitly, cosE and sinE are
usually expressed as power series in the eccentricity pa
etere with harmonics inM. Also the time averages are mo
conveniently computed usingM. We thus write, formally,

cosE5 (
k50

`

Ck~e!cos~kM!,

A12e2sinE5 (
k51

`

Sk~e!sin~kM!, ~2.9!

whereCk(e) andSk(e) are power series ine. In this work we
consider expansions up to the 7th power ine, which auto-
matically means that we consider 7 harmonics inM. Ap-
proximation to this order provides fairly accurate results
e up to ;0.8 ~see Sec. IV C on elliptical orbits! which
should include most binary systems. Moreover, all bin
radio pulsars detected so far havee,0.8; cf. Table I. The
Ck(e) andSk(e) are given in Appendix A up to this order.

The parameters over which one must launch a search
not exactly the orbital elements, and need not be of the s
number. It is the Doppler phase correction that is obser
and so the information about the system that we can g
depends on the combination of the orbital elements that e
into it. The a ande combine into a single parametera sine
[ap , the projected semi-major axis along the line of sig
which is actually the quantity inferred from astronomical o
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servations. The other search parameters are the rema
orbital elementsv, a, e andc. So in the general case, when
we do not know any of the parameters exactly, we hav
5-dimensional parameter spaceto search.

We note thatf 0 is not a search parameter because of
special search technique that is employed@14#: it involves
the ‘‘stretching’’ of the time coordinate in such a way, so
to make the signal appear monochromatic in this time co
dinate. One then simply takes the FFT to compute the po
spectrum, which now is concentrated in a single freque
bin.

The gravitational waveform that we are dealing wit
reads~in the barycentric frame!

h~ t,L!5R$A exp@2 iF~ t;L!1 iC#% ~2.10!

where F(t;L) is given by Eq.~2.8!, l5(ap ,v,a,e,c) is
the 5-dimensional vector that refers to the parameters tha
required in the discrete mesh search, andL5( f 0 ,l). The
polarization amplitudeA and the polarization phaseC are
slowly varying time-dependent functions over the time sc
of 1 day and depend on the relative orientations of the sou
and the detector. In agreement with all the investigatio
carried out so far, we assume them constant in our analy
It is expected that these factors can be easily included in
full analysis and will not significantly affect the computa
tional burden@14#.

III. DATA ANALYSIS

In the geometrical picture@23,24#, the signal is a vector in
the vector space of data trains and theN-parameter family of
signals traces out anN-dimensional manifold which is
termed as thesignal manifold. The parameters themselve
are coordinates on this manifold. One can introduce a me
g jk on the signal manifold which is related to the fraction
loss in the SNR when there is a mismatch of parame
between the signal and the filter. The spacing of the grid
filters is decided by the fractional loss due to the imperf
match that can be tolerated. Given the parameter space
one needs to scan, it is then easy to estimate the total num
of filters required to carry out the search for the signal.
Sec. III A we first briefly review the method introduced b
Brady et al. @14# which in turn was based on Owen’s@25#
method for searching for GW signals from in-spiraling com
pact binaries. We also present some useful general prope
of the metric on the signal manifold which are used in t
next section. In Sec. III B we then consider the case wh
accurate information about one or more parameters of a
are available~for instance through radio observations! so that
the parameter space that one needs to search over is d
cally reduced. We present a rigorous approach, based on
ferential geometric methods, to determine the exact dim
sionality of the data analysis problem and formulate crite
to decide whether a given source is a one-filter target.

A. Number of filters: General

In the method presented in@14#, the key idea is to first
correct for the Doppler effect in the phase of the signal
1-7
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each of the grid points of the parameter space and then c
pute the power spectrum. The latter is obtained efficien
via the FFT algorithm. Even if we know the frequency of t
pulsar, it is desirable to search over a band.1% of the
pulsar frequency@26,27#. We therefore have a large numb
of frequency bins to search over and the FFT algorithm
thus computationally advantageous. If the Doppler correc
is right, that is, if the signal and filter parameters match p
fectly, then the signal is all concentrated atf 5 f 0 in the
power spectrum. The grid spacing is decided by the amo
the maximum of the power spectrum falls, when the para
eters of the signal and filter mismatch. The mismatchm is
defined as the fractional reduction in the maximum of
power spectrum when the parameters mismatch. Fixing
mismatchm fixes the grid spacing of the filters in the param
eter space which we will denote byP. The number density o
filters ~the number of filters per unit proper volume—prop
volume defined through the metric! in P depends onm, and
is denoted byrN(m), whereN is the dimension ofP. For a
hyper-rectangular mesh~which does not represent necess
ily the most efficient tiling of the parameter space! it reads

rN~m!5F1

2
AN

mGN

. ~3.1!

In fact, theproper distance dlbetween two filters is

dl52Am

N
.0.15AS m

3%D S 5

ND . ~3.2!

The proper volume ofP can be easily computed fromg jk
@14#:

VP5E
P
dl Adetuug jkuu; ~3.3!

the number of filters,N, is then just the proper volume~3.3!
times the filter density~3.1!:

N5rN~m!VP . ~3.4!

For the elliptical orbit we haveN55, while for the circular
case the number reduces toN53. See Table II for the rel-
evant values ofrN(m).

If the signal parameters areL5( f 0 ,l) and the filter pa-
rameters arel1Dl, the power spectrum for an observatio
time T is given by

TABLE II. The number density of filtersrN(m), Eq. ~3.1!, for
the circular and elliptical orbit cases~the dimensions of the param
eter space areN53 andN55, respectively! as a function of the
mismatchm.

Dimension of the Mismatch
parameter space 1% 3% 5% 10% 30%

3 649.5 125.0 58.1 20.5 3.9
5 174963.0 11206.5 3125.0 552.4 35.
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P~ f ; f 0 ,l,Dl!5
A 2

T U E
0

T

dt exp@ iF~ t;l,Dl!#U2

, ~3.5!

where

F~ t;l,Dl!52p~ f 2 f 0!t1fD~ t; f 0 ,l1Dl!2fD~ t; f 0 ,l!.

~3.6!

The mismatch is both inl as well as inf ~this can occur
because of sampling at the wrong frequency! and is denoted
by m(L,DL):

m~L,DL![12
P~ f ; f 0 ,l,Dl!

P~ f 0 ; f 0 ,l,0̄!

.gab~L!DLaDLb1o~DL3!. ~3.7!

From Eqs.~3.5! and~3.7! the metricgab can be computed by
Taylor expansion. It is given by

gab5^FaFb&2^Fa&^Fb&, ~3.8!

where the suffix, saya, denotes a derivative with respect
DLa and the angular brackets denote time averages defi
as follows: For a functionX(t) defined on the data train
@0,T#, the time average ofX is

^X&5
1

TE0

T

dt X~ t !. ~3.9!

We remark thatgab is not the metric which is used to ca
culate the proper volume, because it still includesf. We need
to maximize overf, which is tantamount to projectinggab
orthogonal to theD f direction. Thus the metric on the sub
manifold of the search parametersl is

g jk5gjk2
g0 jg0k

g00
. ~3.10!

Here the Greek and Latin indices range over the parameteL
(a,b50,1, . . . ,N) and l ( j ,k51,2, . . . ,N), respectively;
the index 0 identifies the parameter corresponding to
frequencyf. If f max is the highest GW frequency that we a
searching for, then we must putf 05 f max in the above ex-
pression forg jk . The proper volume of the signal and th
total number of templates can be easily derived by inser
Eqs. ~3.1! and ~3.10! into Eqs.~3.3! and ~3.4!, respectively.
Notice that the parameterm is the projected mismatch, wher
the maximization overf has already been accounted for.

The metric defined above through the phaseF has certain
elegant properties which we will use in the next section
simplify computations:

~1! Scaling: If we scaleF by a constant factorx, that is if
we define

F5xF̃, ~3.11!

then each component of the metricgab andg jk is scaled by
the factorx2:
1-8
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gab5x2 g̃ab , g jk5x2 g̃ jk ; ~3.12!

the determinants are scaled accordingly:

detuugabuu5x2N12 detuug̃abuu, detuug jkuu5x2N detuug̃ jkuu;
~3.13!

the proper volumeVP is scaled by the square root of th
determinant, and so isN:

VP5~xN! ṼP, N5~xN! Ñ. ~3.14!

~2! Translation: If a function only of the parameters, sa
f (L), not containing timeis added toF, the metric remains
invariant under this transformation.

These properties are easily verified. We use the first pr
erty to make all the coordinates dimensionless in the me
computeṼP , the proper volume in the scaled metric, a
then finally multiply by the appropriate power ofx to obtain
the actual volumeVP and also the number of filters. We hav
already used the second property to shift the origin from
focus to the center of the elliptical orbit in Eq.~2.5!. The
expressions for the phases differ by an amount proportio
to ae, which leaves the metric unaltered.

B. Targeted searches

So far we have assumed that the size of the param
spaceP along any direction is much larger than the distan
between two filters; as a consequenceN@1. This is the
usual situation which applies when the source parameters
not known in advance. However, about a 1000 NS’s
known today—mainly in the radio band—and in looking f
GW’s emitted by such objects the size ofP is drastically
reduced, as some or all of the parameters are knowna priori
with a fair degree of accuracy.

We define

lmin
j <l j<lmax

j , j 51, . . . ,N, ~3.15!

the parameter range over which one needs to carry o
search, so that the ‘‘error bar’’ is

Dl j5lmax
j 2lmin

j j 51,2, . . . ,N. ~3.16!

We distinguish then two cases:
~i! Blind searches: herelmax

j @lmin
j andDl j;lmax

j ; lmax
j

andlmin
j are decided by the observer, based on the availa

theoretical understanding of the astrophysical scenario.
~ii ! Targeted searches: lmax

j ;lmin
j and Dl j /l j,1 or

even!1; lmax
j andlmin

j are obtained from electromagnet
observations of the source.

In targeted searches, the analysis presented in the p
ous section for the estimation of the number of parame
cannot be applied directly. It must be preceded by the de
mination of the actual search parameters—which ones
how many—in other words the number of dimensions of
signal manifold. In fact, some of the parameters, might
known so accurately—where the required accuracy is de
mined by the loss of SNR that cannot exceed the maxim
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mismatchm—that one does not need to search through th
parameters at all. Of particular interest is to determ
whether any known NS is aone-filter target, that isN51. If
this condition is satisfied, we need just one filter, construc
with the parameter values provided by the available obse
tions.

It is easy to provide an intuitive example that shows t
danger of applying the analysis of Sec. III A, without fir
checking the effective number of dimensions of the sig
manifold. Assume, for sake of simplicity, that a generic G
signal h depends only on two parameters,l1 and l2, with
errors given by Eqs.~3.15! and~3.16!; the metricg jk , asso-
ciated with this particular waveform, is represented by a
32 matrix. The number of filters given by Eqs.~3.3! and
~3.4! is N(Dl1,Dl2), where we have explicitly included th
size of the parameter space in the argument ofN. It is clear
that by making, say,Dl2 small enough, we can always ob
tain N,1. In other words our uncertainty onl1 can be ar-
bitrarily large, but it seems that by refining our knowledge
l2 we can search for that signal with only one filter. Th
conclusion is clearly wrong; the correct physical interpre
tion is thatl2 is not a search parameter, and we can ass
its best value, provided by the available observations, to
entire bank of filters. However, we still need to search o
l1, which will give us the requisite bank of filters. The ke
point is therefore to decide what is the effective number
dimensions—how many parameters one needs to se
for—and then apply the analysis of the previous section
search through the appropriate parameter space.

Given any signal modelh(t;l) and the errors in the pa
rameters~3.15!,~3.16!, we provide here a criterion to decid
the effective number of dimensions. We consider the gen
N-dimensional parameter space described by the metricg jk ,
Eq. ~3.10!, where j ,k51,2, . . . ,N. The proper distancedl
between two filters is given by Eq.~3.2!. The key quantity is
the ‘‘thickness’’ T j of the parameter space along any partic
lar direction l j associated withDl j . From standard geo
metrical analysis we can derive it in a straightforward wa

T j5
Dl j

Ag j j
. ~3.17!

Here g jk is the inverse ofg jk , which is related tog̃ jk by
g jk5g̃ jk/x2; Ag j j is the length of the unit vector orthogona
to the hypersurfacel j5 const. The condition such that
particularl j is not a search parameter is

max
lPP

@T j #!dl, ~3.18!

which, via Eqs.~3.2! and ~3.17!, becomes

Dl j!2Am

N
max
lPP

@Ag j j #. ~3.19!

If the previous inequality yields for all theN parameters, the
source needs at most a few filters. More rigorously, fo
source to be exactly a one-filter target, thediameterof the
1-9
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SANJEEV V. DHURANDHAR AND ALBERTO VECCHIO PHYSICAL REVIEW D63 122001
parameter space, namely, the maximum distance betw
any pair of points inP, should be less thandl. The parameter
space is now aN-dimensional parallelepiped with 2N verti-
ces. This yields the following condition on the parame
errors:

maxAg jkDl jDlk,2Am

N
, ~3.20!

where the maximum is taken over diametrically oppos
2N21 pairs of vertices of the parallelepiped. If Eq.~3.20! is
satisfied,N51 and the template is constructed by setting
parameters equal to their best fit provided by the obse
tions at hand. In Eq.~3.20! we have tacitly assumed that th
size of the parallelepiped is smaller than the scale on wh
the manifold curves.

If M (<N) parameters satisfy the condition~3.18!, or
equivalently,~3.19!, we call ḡ jk the (N2M )3(N2M ) met-
ric that describes the problem, which is constructed using
(N2M ) parameters that do not satisfy Eq.~3.19! in the very
same way described in the previous section. The sig
manifold is of a lower dimension, and the total number
filters required can be computed using Eqs.~3.3! and ~3.4!
for the relevant number of dimensions (N2M ):

NN2M.rN2M~m!E
PN2M

dVN2M Adetuuḡ jkuu. ~3.21!

Here the index (N2M ) in the density, the number of filters
parameter space, and volume, stresses the fact that w
considering a (N2M )-dimensional manifold; we also use.
instead of ‘‘equal,’’ because of possible edge effects, int
duced by the dimensions which are close to, but not exac
known. In the following we discuss more in detail this iss
and the subtleties involved in the determination of the nu
ber of parameters.

The picture becomes complicated in the case where
thickness of the parameter space in one or more dimens
is smaller than, but of the same order of, the proper dista
between two filters:T j&dl. In this case it is useful to intro
duce the following notation:

T j5d dl, 0,d<1. ~3.22!

When d;1, we must be able to reach the signal on t
boundary of the parameter space, which means that the fi
should be placed closer than in the case ofd!1. In the
general case, the correct determination of the number of
ters can be very complicated, due to the edge effects.
sake of simplicity, let us consider, first, the case where o
one parameter, sayj 51, satisfies Eq.~3.22!. In this situa-
tion, we have

~N21!S dl

2 D 2

1S T 1

2 D 2

5m. ~3.23!

Solving the above equation we have
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dl52A m

N21 S 12
d2

N D , ~3.24!

and since the unit of volume in parameter space isdVpatch
5dlN21, the total number of filters is given by

N5rN21~m!E
PN21

dVN21AS 12
d2

N D (12N)

detuuḡ jkuu,

~3.25!

where j ,k52, . . . ,N. It is easy to check that we recover th
expected formulas for the parameter space volume from
~3.25! in the limiting cases whend50,1.

In more general cases, when two or more parameters
characterized byd&1, the situation becomes very comple
and an ‘‘exact’’ determination of the number of filters pa
ticularly hard. In the case when the signal manifold
3-dimensional and two parameters, sayl1 and l2, are
known withd&1 it is still possible to obtain a rather simpl
expression for the thickness. In this case,

T5H (
j ,k51

2 F S g jk2
g j 3gk3

g33
DDl jDlkG J 1/2

. ~3.26!

A comparison analogous to the previous one then applie
It is however possible to obtain an estimate of the to

number of filters which is correct within a factor of a few
the general case~we will use this criterion in Sec. V, when
we estimate the computational costs for known radio p
sars!. We introduce the following notation:M (<N) is the
number of parameters that satisfy Eq.~3.22!, and M 8
(<M ) those for whichd!1; theM 8 parameters satisfy Eq
~3.18! or ~3.19!, and in practice we can consider them
‘‘exactly’’ known; the value ofd that we adopt to distinguish
the M 8 parameters from the otherM2M 8 ones isd50.1.
Indeed,M2M 8 is the number of parameters for 0.1,d<1,
those for which edge effects may become important. T
reason for the choiced50.1 is the following: in the case
M 85M51, it is easy to verify, through Eq.~3.25!, that the
estimate of the total number of filters is very accurate. W
assume that similar accuracy will hold also for a few numb
of dimensions. The valuesN, M andM 8 satisfy therefore the
inequality M 8<M<N. To summarize, we consider theM 8
parameters to be exactly known,M2M 8 ‘‘questionable’’
~border effects need to be taken into account! andN2M to
search for. One can imagine the questionable parame
forming a (M2M 8)-dimensional parallelepiped at eac
point of the (N2M )-dimensional sub-manifold. The projec
tion of this parallelepiped ‘‘orthogonal’’ to theN2M di-
mensional sub-manifold of search parameters decides
number of filters needed for the questionable paramet
The total number of filters is therefore

N&2(M2M8) N(N2M ) , ~3.27!

where N(N2M ) is given by Eq.~3.21!. The multiplicative
factor 2(M2M8) accounts for the number of filters~which we
have overestimated! to take care of each of the questionab
1-10
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parameters. Here, we have been cautious to assume tw
ters per parameter, say one corresponding tolmin

j and one to
lmax

j . It is simple to check that we overestimate the num
of filters by applying Eq.~3.25!, which is valid if M 850 and
M51. In the caseM2M 8@1, Eq. ~3.27! might greatly
overestimate the actual number of filters. In practical ca
M2M 8 is expected to be at most a few, so that the expr
sion ~3.27! should provide a meaningful upper limit~clearly
NN2M,N,2(M2M8)N(N2M )); however, one can easily re
solve this issue by setting up a Monte Carlo experimen
determine the additional number of filters and their locat
in P for the questionable dimensions.

IV. COMPUTATIONAL COSTS

A. Signal phase and dimensionless parameters

It is convenient for the purposes of computation to e
press the phaseF(t), Eq. ~2.8!, in terms of dimensionless
parameters and use the above-mentioned scaling prope
Eqs. ~3.11!–~3.14!, to obtain the actual proper volumeVP ,
Eq. ~3.3!. We write

F5~2p f 0T! F̃, ~4.1!

where

F̃5ku1X cosE1YA12e2 sinE, ~4.2!

and the dimensionless parameters are given by

u[
t

T
, ~4.3!

k[
f 2 f 0

f 0
, ~4.4!

X[2a sine cosc/cT, ~4.5!

Y[2a sine sinc/cT, ~4.6!

V[vT. ~4.7!

Hereu is a dimensionless time satisfying 0<u<1. So now
the new set of parameters isL5(k,X,Y,e,V,a) and l
5(X,Y,e,V,a). The scaling factorx in Eqs. ~3.12!, ~3.13!
and ~3.14! is clearly

x52p f maxT, ~4.8!

where we have setf 05 f max, the maximum source frequenc
that one searches for. Using an equation analogous to
~3.8! we obtain the scaled metricg̃ab .

The exact expression of the determinant of the me
from which we compute the volume is quite complicate
However, in this section our goal is to obtain approxima
analytical expressions—which turn out to be very accur
over most of the relevant parameter range—which give
the important information about how the number of filte
scales as a function of the key observables. For this purp
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it is necessary to make some assumptions about the rang
these parameters from astrophysical scenarios. The s
major axis aNS of a NS orbiting a companion of mas
m2—with mass ratioq[m2 /mNS—is

aNS.2.6531011 S mNS

1.4M (
D 1/3 S v

1024 rad/sec
D 22/3

3F q

~11q!2/3G cm ~4.9!

where the choice ofv corresponds to.17 h orbital period
~notice that for a NS in a 2 h orbit, the semi-major axis
would be a factor.4.2 smaller!. We take the time of obser
vation to be typically 4 months long, so thatT5107 sec and
we set, as reference,f max51 kHz. Thus the factorf maxT
;1010. The dimensionless parametersX and Y are X;Y
;aNS/cT, and give essentially the size of the orbit in un
of the distance light~or actually GW! travels during the ob-
servational timeT. They are related toV by

aNS

c T
.8.831027 S mNS

1.4M (
D 1/3 S V

103D 22/3 S T

107 sec
D 21/3

3F q

~11q!2/3G , ~4.10!

V5103S v

1024 rad/sec
D S T

107 sec
D . ~4.11!

Notice that the value ofV corresponds to an observation th
extends over several orbits of the binary system. In factV is
the number of radians, orV/2p is the number of orbits, tha
the star completes in the timeT. In this case, one can Taylo
expand the matrix elements, and therefore the determin
as a function ofV21!1. Note, moreover, that in this cas
X;Y!V21!1; that is, a and v become of the same
order—in geometrical units,c5G51—only for a NS orbit-
ing a companion object at a distance of the order of
gravitational radius. We will use these results in the appro
mation scheme, retaining only the leading order terms inX
andY.

The other physically relevant case is in the opposite lim
V!1. We therefore Taylor expand the matrix determinant
a function ofV. This case applies to observations that cov
only a fraction of one orbital period, and the closed for
expression that we obtain turns out to provide a rather g
approximation of the full expression up toV.1.

In the next subsection we examine the case when the o
is circular, that is,e50. We treat this simpler case first i
order to obtain useful insights, before we address the gen
case of the elliptical orbit.

B. Circular orbits

The circular case is important both from the pedagogi
and physical point of view:~a! it provides us several insight
1-11
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into the problem via a comparatively easier computation;~b!
in targeted searches, several known NS’s in binary syste
including Sco X-1, are essentially in a circular orbit;~c! for
blind searches, present and near future processing pow
likely to allow us to search over a reasonable param
space mainly for emitters orbiting a companion withe50.

For circular orbits, the expression of the phase~4.2! sim-
plifies considerably: heree50, andc anda combine addi-
tively into a single parameter which we redefine again asa,
for sake of simplicity; in effect we putc50. ThenX is just
the projected radius of the orbit which we denote byA. We
therefore have just 3 search parameters for which a disc
mesh of filters is required:L5(k,A,V,a) and l
5(A,V,a). The phase~4.2! becomes therefore

F̃5ku1A cos~Vu1a!. ~4.12!

The metricg̃ab @see Eq.~3.8!# is now a 434 matrix, and we
compute it from Eq.~3.8!—with quantities scaled by the
factor 2p f 0 T, and therefore replaced with a ‘‘tilde’’—and
Eq. ~4.12!. The first derivatives are simply

F̃k5u,

F̃A5cos~Vu1a!,

F̃V52Au sin~Vu1a!,

F̃a52A sin~Vu1a!. ~4.13!

We need to compute the 10 time averages involving
above F̃b (b50,1,2,3) and then compute the metricg̃ jk

through the projection ofg̃ab orthogonal tok, as discussed
in Sec. III. The exact analytical expression ofṼP
5Adetuug̃ jkuu is very complex and not very illuminating
However, as discussed in the previous section, it is poss
to compute detuug̃ jkuu in a closed form in the two relevan
regimes:~i! V@1, the limit of several orbits during the ob
servation timeT, and ~ii ! V!1, the limit of monitoring a
fraction of an orbit.

1. Limit of large number of orbits

We derive the expression of the determinant ofg̃ i j in the
limit V@1. The elements ofg̃ab andg̃ jk are explicitly given
in Appendix B 1. The proper volume element reads

Adetuug̃ jkuu5
A2

A96
1o~V21,A3!. ~4.14!

Figure 2 shows the comparison of the analytical asympt
expression~4.14! with the numerical evaluation of the fu
determinant. It is remarkable that forV*10—which corre-
sponds to about 2 orbits completed duringT—the two results
are essentially identical.
12200
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The proper volumeṼP is given by integrating the volume
element~4.14! within the appropriate limits. Here we need
integrate overA, V anda, within the ranges

Amin<A<Amax,

Vmin<V<Vmax,

0<a<2p. ~4.15!

Inserting Eq.~4.14! into Eq. ~3.3!, and taking into accoun
the limits ~4.15!, we get the following proper scaled volume

ṼP5
p

6A6
~Amax

3 2Amin
3 ! ~Vmax2Vmin!. ~4.16!

Since the parameter space is 3 dimensional,N53, to obtain
the actual volume we need to multiplyṼP by the factorx3

5(2p f maxT)3:

VP5
p

6A6
S 2p f max

c D 3

@ap,max
3 2ap,min

3 #~vmax2vmin!T.

~4.17!

FIG. 2. Comparison of the asymptotic analytical expression
the numerical evaluation of the full determinant in the large num
of orbits approximation (V@1), for sources in circular orbits. The
plot shows the proper volume elementAdetuug jkuu, in arbitrary units,
as a function of the dimensionless orbital frequency parameteV
[vT. The solid line corresponds to the asymptotic expression
the regimeV@1, Eq. ~4.14!, whereas the other curves correspo
to the numerical evaluation of the full expression ofAdetuug jkuu, for
several values of the initial phase of the orbit of the source:a50
~dotted line!, a5p/6 ~dashed line!, a5p/3 ~long-dashed line!, and
a5p/2 ~dot-dashed line!. The size of the projected semi-major ax
in dimensionless units isA51027. Notice that for V>20 the
asymptotic expansion is indistinguishable from the full expressi
1-12
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Notice that the factor 2p f max/c is the maximum wave num
ber of the gravitational wave that we want to detect. T
main point in Eq.~4.17! is to observe how the volume scale
The number of filters increases linearly in the observat
time T, so hierarchical searches based onT will not work
effectively ~compare this to the case of the all sky all fr
quency searches for isolated pulsars where the patches
asT5). The volume is proportional to the cube of the size
the projected orbit along the line of sightap . So knowing,
say, the inclination angle fairly well and the radius of t
orbit will greatly reduce the computational load. Similar co
siderations apply to the frequency.

In the case of blind searches,Dl j;lmax
j , for all the pa-

rameters. Then the parameter volume is

VP.1.9631015 S f max

1 kHzD
3 S ap,max

1011cm
D 3

3S vmax

1024 rad/sec
D S amax

2p D S T

107 sec
D , ~4.18!

and the total number of filters is given by

N~m53%!.1.2531017 S VP
1015D . ~4.19!

This result indicates that the processing power to carry o
coherent blind search~even in the case of circular orbits! is
outrageous; in fact, assume that the costs are entirely d
nated by the computation of the FFT and the power sp
trum; then, each filter, over the entire search bandwidth,
quires the following number of floating point operations:

nop56 f maxTF log2~2 f maxT!1
1

2G
.2.131012S f max

1 kHzD S T

107 sec
D . ~4.20!

As a consequence the total processing power or comp
tional speedS to keep up with the data is

S5
nopN

T
.2.131016 S f max

1 kHzD S N
1017D MFlops.

~4.21!

We would like to stress that this estimation applies only
the orbital parameters and does not take into account
costs involved in searching for the source location in the
and the spin down parameters. We would also like to po
out the very steep dependence of the processing power@cf.
Eqs.~4.18! and ~4.21!#, on the maximum frequencyf max up
to which the search is conducted:S} f max

4 . This indicates that
restricting the frequency band translates into a major sav
in computational power. As one could have imagined, fr
previous results pertaining to isolated sources, the additio
costs to search for the orbital parameters are absolutely
hibitive. This is also due to the fact, that the acceleration
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a source with an orbital companion may be much higher t
detector acceleration due to Earth’s rotation and orbital m
tion, producing a much larger frequency drift which needs
be corrected for. Clearly, only prior information on th
source parameters can make such a search feasible. In
when some parameters are known a priori, the numbe
templates to process the data reduces drastically.

It is interesting to estimate the thickness of the parame
space along the different directions as a function of the
rameter values and errors, in order to gain insight into
accuracy that is required to carry out a search only wit
few templates. For a 3 parameter search and a mismatchm
53% between the signal and the template, the filter sep
tion @see Eq.~3.2!# is dl50.2; it has to be compared with th
thicknessT j , Eq.~3.18!, for j 51,2,3. Using our approximate
expression of the metric~cf. Appendix!, we obtain

T ap.1.4931022 S Dap

1 kmD S f max

1 kHzD ,

T v.4.2931022 S Dv

10212sec21D S ap

1011cm
D

3S T

107 sec
D S f max

1 kHzD ,

T a.7.4331022 S Da

1025 rad
D S ap

1011cm
D S f max

1 kHzD . ~4.22!

For typical binary neutron stars parameters, we also show
Fig. 3 the relative errorsDl j /l j that are required so tha
T j,dl. Our prior knowledge of the parameters must be ve
accurate in order to reduce the number of filters to only
few; typically an errorDl j /l j,1025 ~or smaller! is re-
quired. However, this is not at all uncommon for radio o
servations and this aspect will be discussed in Sec. V.

2. Fraction of one orbit case

We consider now the opposite limit:V!1. This corre-
sponds to the physical situation where pulsar rad
astronomers usually apply the so-called ‘‘accelera
search’’@25,28#, as one monitors only a small fraction of th
source orbital period, say less than 1 rad. The presence
companion object for such a short time introduces an ac
eration on the source motion that could be, as first appro
mation, treated as constant.

For GW observations, the caseV!1 is relevant for bi-
nary systems with very long orbital periods~of the order of 1
yr or more! and T;107 sec or when coherent integration
are performed on short data segments~say of the order of 1
h!. The latter situation is often encountered in hierarchi
data analysis schemes, where one first uses matched filte
short time base lines, and then concatenates together
incoherent fashion the corrected data chunks.

We derive an approximate expression for the determin
of the metricg̃ jk by Taylor expanding it as a function ofV
!1. The computation is trivial but cumbersome, and
1-13
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present the explicit expressions of the elements of the
duced metric, Eq.~3.14!, with phase model~4.1! in the Ap-
pendix B 2. We obtain the following volume element:

Adetuug jkuu5
~11cos 2a!1/2

3628800A70
A2 V81o~V9,A3!.

~4.23!

It is interesting to note that fora5p/2 and 3p/2—the NS is
receding from or approaching toward the detector essent
along the line of sight—the determinant tends to zero~at this
order, but there are higher order corrections inV that depend
on a, and do not vanish!: in fact the signal appears Dopple
shifted by a constant indistinguishable offset, depending
the velocity of the source, which one does not need to cor
for.

A comparison of the asymptotic limit~4.23! with the full
expression of the determinant is shown in Fig. 4, where
present the results for two values ofa50,p/3. Notice that
Eq. ~4.23! is very accurate up toV.1 for a50, whereas it
approximates correctly the full expression only forV&0.1 in
the casea5p/3. This is due to the fact that whenaÞ0, the
determinant contains higher order correction terms inV,
which depend ona and vanish fora50. In the range 0.1
&V&1 they produce a sizable effect that one cannot igno

By integrating Eq.~4.23! on the parameter range~4.15!
and following steps similar to the previous case, we obt
the volume

FIG. 3. The errors on the orbital parameters required to ca
out a search using only a few matched filters. The relative error
the parametersDv/v ~solid line!, Dap /ap ~dot-dashed line! and
Da/a ~dashed line! are plotted for a constant thickness ofT j5dl
50.2 (N53 and m50.03); the source corresponds to a NS/N
binary system in circular orbit; the parameters have been chose
have the following values:v51.02731024 rad/sec, ap51.64
31011 cm, a50.1 rad, andf max51 kHz.
12200
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VP5
1

24494400A35
S 2p f max

c D 3

@ap,max
3 2ap,min

3 #

3@~vmaxT!92~vminT!9#. ~4.24!

Following the same scheme as in the previous section,
can obtain the total volume of the parameter space, when
prior information about the source parameters is availabl

VP.6.3S f max

1 kHzD
3 S ap,max

1011cm
D 3 S vmax

1024 rad/sec
D 9 S T

1 hD
9

.3.3

3105 S f max

1 kHzD
3 S ap,max

1013cm
D 3 S vmax

1027 rad/sec
D 9

3S T

1 monthD
9

. ~4.25!

The total number of filters, for a mismatch of 3% and t
parameters values quoted in the previous expression
therefore N.793 and 4.23107 respectively. The extra-
computational burden to carry out searches of NS in bina
with long orbital periods as compared with the observat
time might be therefore affordable or even negligible
some cases. In fact, the processing power required to kee
with the data flow is respectively:

y
in

to

FIG. 4. Comparison of the asymptotic analytical expression
the numerical evaluation of the full determinant for the case
observations lasting a fraction of the neutron-star orbit (V!1). The
plot shows the proper volume elementAdetuug jkuu, in arbitrary units,
as a function of the angular orbital frequency, in units of the obs
vation time,V[vT. The solid lines correspond to the asympto
expressions in the regimeV&1 @see Eq.~4.23!# for selected values
of the initial orbital phase of the source:a50 andp/3 ~see labels!.
For the same values ofa we plot alsoAdetuug jkuu obtained by
numerically evaluating the full expression~dotted line,a50; dash-
dotted line,a5p/3).
1-14
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S.1.43102S f max

1 kHzD S N
103D MFlops.1.93106S f max

1 kHzD S N
107D MFlops. ~4.26!

The costs are of course reduced if some orbital elements are known in advance, and the parameters need to be k
within a factor of'2 to allow a few templates search. In fact, the thickness of the parameter space in the three dir
becomes now

T ap.5 1.9631022 SA11cos~2a!

52cos~2a!
D S Dap

1010cm
D F S v

1024 sec21D S T

1 hD G 4 S f max

1 kHzD FaÞS k1
1

2DpG
7.631023 S Dap

1010cm
D F S v

1024 sec21D S T

1 hD G 5 S f max

1 kHzD Fa5S k1
1

2DpG

T v.5 9.931022 @A11cos~2a!# S Dv

1024 sec21D S ap

1011cm
D S v

1024 sec21D 3 S T

1 hD
4 S f max

1 kHzD FaÞS k1
1

2DpG
2.531022 S Dv

1024 sec21D S ap

1011cm
D S v

1024 sec21D 4 S T

1 hD
5 S f max

1 kHzD Fa5S k1
1

2DpG

T a.5
2.831022A11cos~2a!

12cos~4a!S Da

1021 rad
D S ap

1011cm
D F S v

1024 sec21D S T

1 hD G 4 S f max

1 kHzD FaÞk
p

2 G
3.831022 S Da

1021 rad
D S ap

1011cm
D F S v

1024 sec21D S T

1 hD G 3 S f max

1 kHzD @a5k p#

6.331021 S Da

1021 rad
D S ap

1011cm
D F S v

1024 sec21D S T

1 hD G 2 S f max

1 kHzD Fa5S k1
1

2DpG
~4.27!
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wherek is an integer. The difference with respect to the lim
V@1 is striking. Figure 3 clearly shows the steep dep
dence of the thickness ofP onV or, equivalently, the time of
observation, where the behavior ofDl j /l j changes abruptly
when T;P. Notice also the change of scaling of theT’s
depending on the location of the source on the orbit, i.e.,
value of the parametera.

C. Elliptical orbits

We have already described the orbit in Secs. II B a
IV A. As a phase model we use Eq.~4.2! and take the ex-
pansion of the eccentric anomalyE as a function of the mean
anomalyM and the eccentricitye and truncate at the 7th
order ine @see Eqs.~2.5! and Appendix A#. This means we
consider 7 harmonics inv. The volume that we obtain is als
correct up to this order ine. The derivatives of the phas
~4.2! with respect to the six parametersk,X,Y,e,v,a, or
equivalently,k,A,e,v,a,c are easily computed. We the
proceed as in the circular orbit case, except nowg̃ab is a 6
36 matrix and theg̃ jk is a 535 matrix. The problem is
therefore much more complex than in the circular case, an
is impossible to obtain a closed form expression of the
12200
t
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terminant. However, we can still Taylor-expand the relev
expressions as done before and keep the leading order te
We present here a closed form expression of the volu
element, and therefore the number of filters, in t
asymptotic limitV@1. The limit V!1 can in principle be
obtained by applying the same scheme adopted in the pr
ous subsection. However, the number of terms that we n
to retain is so large that the computation becomes very c
bersome. We present only the numerical results in Fig
where the reader can derive the important scalings.

In the limit V@1, using the parametersA,c,e,V,a as
coordinates, the volume element is given by

Adetuug̃ jkuu5
A4

32A6
Fe2

3

4
e32

41

256
e5

1
cos 2c

32
~4e32e5!2

cos 4c

256
e5G .

~4.28!

Comparing the former expression with the numerical eva
ation of the full determinant~see Fig. 5!, it turns out—as it
1-15



o

te

ing

to

rs
w

-
sts;

al
ly
ern

a-

of
re it

the
me

of

y a

an
n
s

ss

T
a

e

i-
en

SANJEEV V. DHURANDHAR AND ALBERTO VECCHIO PHYSICAL REVIEW D63 122001
happened fore50 ~cf. the previous sections!—that Eq.
~4.28! is accurate within a few percent even if the number
orbits completed during the timeT is just about 2 or 3.

In order to obtain the proper volume of the parame
space, we integrate Eq.~4.28! over the parameter range:

Amin<A<Amax,

Vmin<V<Vmax,

0<e<emax,

0<a<2p,

0<c<2p, ~4.29!

and multiply by the scaling factorx55(2p f maxT)5. We have
the following expression:

VP5
p2

160A6
F~emax! S 2p f max

c D 5

3@ap,max
5 2ap,min

5 # ~vmax2vmin! T, ~4.30!

FIG. 5. Comparison of the asymptotic analytical expression
the numerical evaluation of the proper volume element of the sig
manifold for neutron stars in elliptical orbits. The plot show
Adetuug jkuu, in arbitrary units, as a function of the dimensionle
orbital frequency parameterV[vT. The solid line corresponds to
the exact expression of the determinant, computed numerically.
dotted line refers to the asymptotic expression of the determin
@cf. Eq. ~4.28!# in the regimeV@1; the dot-dashed line is th
asymptotic expression of the determinant forV!1, in which case
Adetuug̃ jkuu}V19. The size of the projected semi-major axis in d
mensionless units isA51027; the other orbital elements are chos
ase50.5 anda5c50.
12200
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where

F~e!5e2S 12
3

8
e22

41

768
e4D . ~4.31!

We can check how accurate this expression is by switch
off the e6 term in Eq.~4.31! and comparing with the full one
up to o(e6). We find that the expressions agree very well
aboute;0.7. From this we surmise that the Eqs.~4.30! and
~4.31! will be correct up toe;0.8. We also checked how
well the leading order terme2 approximatesF(e), and we
found that up toe50.5 ande50.8 ~as reference values!,
they agree within.10% and.35%, respectively.

For blind searches, the size of the parameter space is

VP.2.331022 S f max

1 kHzD
5 S ap,max

1011cm
D 5

3S vmax

1024 rad/sec
D S T

107 sec
D , ~4.32!

where we have evaluated Eq.~4.30! for emax50.5. Foremax
50.1 and emax50.8 the volume changes by the facto
.0.04 and.2, respectively. The total number of filters no
is

N~m53%!.1.131026 S VP
1022D . ~4.33!

Indeed, foreÞ0, prior information about the source param
eters is essential in order to reduce the computational co
see Eq.~4.21!. In particular the steep dependence onap and
f, both to the fifth power, indicates that the computation
load could be cut down substantially if we knew them fair
accurately. These are the crucial parameters which gov
the computational costs.N still scales linearly withvT. For
sufficiently small values of the eccentricity, it scales qu
dratically with e.

As we did in Sec. IV B, we can estimate the thickness
the parameter space along a given direction and compa
to the filter separationdl, which for N55 and m53% is
.0.15 @see Eq.~3.2!#. This is useful in obtaining insights
into the accuracy needed in the parameters for reducing
computational costs by a large factor, so that they beco
affordable. In Fig. 6 we show the relative errorsDl j /l j , for
typical orbital elements of a NS/NS binary, as a function
the observation time, where we setT j5dl. For observation
times involving several orbits,V@1, one needs to know a
parameter with an accuracy of the order of 1 part in a 106, in
order that the search be carried out with the help of onl
few filters. However, as in the circular orbit case,Dl j /l j

increases very steeply whenT becomes of the order ofP, or

d
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shorter. In this case a 1% accuracy~compare it to the case
e50, whereDl j /l j;2) is sufficient to carry out the searc
with few filters.

V. COMPUTATIONAL COSTS FOR KNOWN NEUTRON
STARS

In the previous sections we have analyzed the extra c
putational costs required in correcting for the Doppler eff
produced by the motion of a NS around a companion obj
on a monochromatic GW signal. We are therefore in a po
tion to apply the former results toknownneutron stars which
are amenable to searches by Earth-based detectors. He
deal with two main classes of sources: the NS’s known
radio pulsars and the NS’s in LMXB’s, in particular Sc
X-1.

A. Radio pulsars

The last published version of the pulsar catalog@17# con-
tains 706 NS’s, of which 44 are in binary systems. Actua
the total number of pulsars known today is;1200, thanks
mainly to the recent multi-beam survey of the southern
carried out at the Parkes radio telescope in New So
Wales, Australia@29–31#. A further considerable increase i
the number of pulsars is expected over the next few ye
when the upgrade of other radio telescopes will be co
pleted, allowing a survey of the northern sky similar to t

FIG. 6. The errors in the orbital parameters required to carry
a search using only a few matched filters for a binary in eccen
orbit. The relative errors in the parametersDv/v ~solid line!,
DX/X ~dot-dashed line!, De/e ~dotted line! andDa/a ~dashed line!
are plotted for constant thickness equal to the filter separationdl
.0.15, corresponding tom50.03, for an edge-on eccentric orb
with parameters:v51.02731024 rad/sec,ap51.6431011 cm, e
50.5.
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one carried out at Parkes. However, the newly discove
sources have not yet been included into a publicly availa
database, and we therefore restrict ourselves to the catalo
1995. Clearly, when the newly discovered NS’s and th

t
ic

TABLE III. The number of filters required to search for NS
known as radio pulsars in binaries. We list the total number
filters N required to search for the 44 NS’s in binary system co
tained in the catalog Taylor et al.@17# for an observation timeT
51 yr and a maximum mismatch of 3%.

PSR J PSR B N
0024-7204E 0021-72E 1.83103

0024-7204I 0021-72I 4.13106

0024-7204J 0021-72J 9.23102

0034-0534 1.
0045-7319 signal outside the sensitivity window
021814232 1.53102

0437-4715 1
0613-0200 1
070016418 0655164 1
075111807 1.13107

082310159 0820102 signal outside the sensitivity window
101215307 4
1022110 2
1045-4509 16
130011240 1257112 1
1302-6350 1259-63 2
131211810 1310118 3.93109

1455-3330 2.6
151814904 2
153711155 1534112 1
1623-2631 1620-26 8
164012224 4
164113627B 1639136B 6.43103

1643-1224 7.33104

171310747 1
1721-1936 1718-19 signal outside the sensitivity window
1748-2446A 1744-24A 4
1803-2712 1800-27 signal outside the sensitivity window
1804-0735 1802-07 4
1804-2718 1.63107

1823-1115 1820-11 signal outside the sensitivity window
1834-0010 1831-00 signal outside the sensitivity window
185710943 1855109 1
191010004 1.23102

191511606 1913116 1
195512908 1953129 4
195912048 1957120 2
201912425 1
2033117 8.931010

213011210C 2127111C 33
2145-0750 4
222912643 16
230514707 2303146 signal outside the sensitivity window
231711439 1
1-17
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fundamental parameters will be available, our present an
sis can be applied to the new objects in a straightforw
way @32#.

In order to compute the number of filters required to t
get the 44 NS’s, we apply the scheme presented in the
vious sections. More specifically, we use the full and ex
expression of the parameter space volume computed num
cally, with the values of the parameters and errors quote
@17#; the fundamental ones are also shown in Table
For several sources the orbital parameters are known
accurately, so that we find that the search is limited eit
over a small region of the parameter space or to a sma
number of dimensions (,5), or both. We first estimate
the actual number of dimensions of the signal manifo
following the discussion in Sec. III B, and then calcula
the total number of filters from Eq.~3.27!. We set the value
of d50.1—the thickness of the parameter space in u
of the filter distance@see Eq.~3.22!#—which distinguishes
essentially the known parameters from the questiona
ones.

The results of our analysis are presented in Table
which lists the number of templates required for an integ
tion time ofT51 yr. The key point to notice is that the mo
interesting NS’s require at most a few filters in correcting
the orbital motion: J0437-4715: NS/white dwarf syste
J0437-4715: NS/white dwarf system; B1257112: NS/planets
system; J153711155: NS/NS binary; J1623-2631: NS/whi
dwarf system; and J130011240: NS/main sequence st
binary. The upper limits onhc are, in fact, within the
sensitivity of the first or second generation of detecto
cf. Fig. 1. The data analysis costs for such sources are th
fore minimal. Also considering that the frequency is ve
accurately known within a small bandwidth, one can su
stantially down-sample the data stream around the expe
source frequency. Moreover, the orbital companions
the above-mentioned five neutron stars are also very dif
ent, which boosts the astrophysical interest in monitor
them.

On the other hand, for those NS’s about which no inf
mation about the spin down is available, we cannot set up
limits on the signal strain and hence the computational c
become considerable. The number of filters is in the ra
;102–1010, for a year’s worth of integration time. There
fore, even assuming a search in a narrow frequency ra
around twice the radio frequency, the computational bur
is overwhelming. The situation is made worse by the lack
information aboutḟ and higher time derivatives of the fre
quency, so that one would also have to scan the spac
spin-down parameters, increasing the costs further. It is c
that more accurate data from radio observations are ne
sary in order to narrow down the uncertainty in the sou
parameters for making such searches feasible.

To summarize, the interesting radio pulsars in binary s
tems do not lead to large extra computational load wh
correcting for the orbital parameters of the source. On
other hand, for the NS’s for which we have no idea about
GW strain amplitude, the computational costs are not affo
able. Such sources call for a follow-up of radio observatio
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for obtaining more accurate measurements of the orb
parameters.

B. Sco X-1

Low mass x-ray binaries could be primary GW sourc
for Earth-based detectors~see discussion in the Introduc
tion!. Our current astrophysical understanding and sig
modeling suggests that at least one system, namely,
X-1—the brightest x-ray source in the sky, located at a d
tance 2.860.3 kpc—is just within the reach of the firs
generation of detectors with very long coherent observa
times ~of the order of 2 yr!, and clearly detectable by th
second generation of instruments~in particular LIGO II, in
narrow-band configuration!, for an integration time as little
as'15 days.

Sco X-1 orbits a low-mass companion in an essentia
circular orbit with a periodP50.787313 (1) days; the or
bital angular velocity isv.9.2431025 rad/sec and is
known with an errorDv52.34310210 rad/sec. The radia
component of the orbital velocity isv r558.2 (3.0) km/sec
@33#; therefore the projection of the semi-major axis alo
the line of sight isap5v r /v.6.331010cm. The relative er-
ror on the semi-major axis isDap /ap5DP/P1Dv r /v r

.Dv r /v r , since the period is very accurately measured. T
yields an errorDap.6.53109 cm. The position of the NS in
the orbit is known with an errorDa50.2 rad@34#. The GW
emission frequency is not very well determined; conser
tively we assume it to be within the band 500 Hz—600 H
and therefore we take the bandwidthD f '100 Hz@20#. In the
expressions for thicknesses of the parameter space belo
is appropriate to replacef max by the bandwidthD f over
which the search would be launched.

The main problems that one faces in detecting~or setting
upper limits on! GW’s emitted by Sco X-1 are:~i! the drift in
the GW frequency, which is not likely to be monotonic, a
is related to the time-varying accretion rate which is u
mately responsible for the net quadrupole moment, and~ii !
the need for taking into account the Doppler phase mod
tion caused by the orbital motion. Present order-
magnitude estimates of the frequency evolution suggest
for a time duration of'10 days the signal is confined withi
a single frequency bin; it determines the longest coher
integration time~or base-line duration of observations! that
one can employ in searching for a monochromatic signal.
a conservative limit, we take 1 week:T56.053105 sec. No-
tice that during this time the radiation is monochromatic, b
emitted in an unknown frequency bin inside the band 5
Hz—600 Hz; the position of the source is also known ve
accurately, so that one is essentially left with the orbital p
rameters that one must search over. The estimate of the c
putational costs that we present therefore reflects thetotal
costs involved in searching for Sco X-1.

It is interesting to consider first the thickness of the p
rameter space and the conditions such that Sco X-1 is a
filter target. Notice first thatV51 for T51.083104 sec
53.01 h. In the limitV!1, therefore up to.3 h, we have
1-18
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T ap.9.331024 SA11cos~2a!

52cos~2a!
D S Dap

6.53109 cm
D

3F S v

9.2431025 sec21D S T

1 hD G 4 S D f

100 HzD ,

T v.1.631028 @A11cos~2a!# S Dv

2.34310210sec21D
3S ap

6.331010cm
D S v

9.2431025 sec21D 3

3S T

1 hD
4 S D f

100 HzD ,

T a.2.631023A11cos~2a!

12cos~4a!S Da

0.2 radD S ap

6.331010cm
D

3F S v

9.2431025 sec21D S T

1 hD G 4 S D f

100 HzD . ~5.1!

Notice that the expressions forT ap andT v are given fora
Þk1p/2, wherek is an integer; the expression forT a is
valid if aÞkp/2. In the other cases one can easily derive
value of the thickness by applying the appropriate formu
as given in Eq.~4.27!.

If one takes a 1-h-long data stretch, Sco X-1 in a one-fi
target. For longer observational times up toT'3 h, the
search requires at most a few templates to take care of ‘‘
der effects.’’ A coherent search over a bandwidth'100 Hz
can be performed very inexpensively, and one needs a f
tion of an MFlop to keep up with the data flow, which can
easily derived from Eq.~4.21! with f max replaced byD f
'100 Hz. However, the computational cost increases ste
~as shown in the previous section! when T becomes of the
order of the orbital period or longer. In fact, forV@1, the
thickness of the parameter space becomes

T ap.96.8S Dap

6.53109 cm
D S D f

100 HzD ,

T v.6.331023 S Dv

2.3310210sec21D S ap

6.331010cm
D

3S T

105 sec
D S D f

100 HzD ,

T a.93.6S Da

0.2 radD S ap

6.331010cm
D S D f

100 HzD . ~5.2!

One needs a mesh of filters forap and a, but up toT'1
month the orbital period is not a search parameter~one might
actually need up to 2 filters to take care of the errors inP).
The reduced metricḡ jk which we need to consider is give
by a 232 matrix onap anda. By applying Eq.~3.25!, with
m50.03 andT& 1 month, we obtain
12200
e
,

r

r-

c-

ly

N(N52).5.23106 F12S d2

3 D G21

. ~5.3!

A 1 week coherent search involving 53106 filters requires
'84 GFlops of processing power to keep up with the d
flow. For longer integration timesT* 1 month,v becomes a
search parameter; notice that in this case the signal is
longer monochromatic, and one needs to search also ove
spin-down parameter space~which is not trivial, due to our
poor understanding of the accretion rate and angular mom
tum transfer; see Sec. I B!; the number of filters to correc
only for the Doppler shift induced by Sco X-1 orbital motio
is given now by

N(N53).3.13108 S T

107 sec
D . ~5.4!

By setting a coarser grid, increasing the mismatch from, s
3% to 30%, will reduce the number of filters in the tw
cases~5.3! and ~5.4! by a factor of.10 and.30, respec-
tively. The values still indicate that the computational co
are too high which is also due to the large frequency ba
that one needs to search through. These results clearly s
that it is mandatory to determine the orbital parameters m
accurately in order to reduce the parameter volume so
Sco X-1 can be monitored continuously. Equation~5.2! im-
plies that the errors onap anda must be reduced by 3 order
of magnitude, so that only a few templates are required
the search. Although this calls for a very large observatio
step, it is still possible.

VI. CONCLUSIONS

We have estimated the extra-computational costs requ
to search for cw sources in binary systems. This work w
motivated by the fact that LMXB’s, a key class of source
possibly, for the initial generation of detectors and certai
for the enhanced detectors, are NS’s orbiting a binary co
panion. Also several NS’s detected in the radio band are
binaries and will be continously monitored by the Eart
based network of GW detectors. In order to disentangle
computational costs arising from correcting for the Dopp
phase modulation produced by the source motion around
orbital companion, we have assumed that the signal is
actly monochromatic and the location of the source in
sky is perfectly known. Our results provide an estimate
the computational burden associated with these extra dim
sions of the parameter space which has been neglected s
~for rather obvious reasons!. We have deduced closed form
analytical expressions for the number of templates requ
to carry out the analysis. We have obtained thescalingof the
computational costs as a function of the orbital elements
the observational parameters~the source emission frequenc
and the observation time!; they are ready-to-use tools t
evaluate the computational resources needed and the
off for search strategies. We have applied our analysis
known radio pulsars and Sco X-1, estimating the compu
tional costs involved in targeting these systems. The anal
also addresses the need of further astronomical observa
1-19
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of known NS’s, with the aim of reducing the errors in th
source parameters, so that the search is made inexpensi
fact, a by-product of our analysis is the rigorous formulatio
in the geometrical framework of data analysis, of the con
tions, i.e. the size of the parameter space, such that a NS
be considered a one-filter target; our result is comple
general, and can be applied to any class of sources~not nec-
essarily cw sources! whose waveforms can be modeled re
ably.

Our analysis is clearly limited in several respects. Po
bly, the main accomplishment is a quantitative understand
of the key issues that require intensive attack, and identify
the bottlenecks that prevent us from carrying out bli
searches of NS in binary systems. There are three clea
rections of future work that we believe should be pursu
vigorously, particularly in the light of the current data ana
sis effort in setting up GW search codes:

~1! The software implementation of matched filter bas
searches of a NS in a binary system, for given values of
source parameters such as location in the sky, spin dow~s!,
orbital elements. This task is simple in principle, as the fu
damental building blocks are already available: search co
for GW’s from isolated NS’s and publicly available softwa
~such asTEMPO! in the radio pulsar community to correct fo
the Doppler effect of the signal phase for a source in a bin
system. However, the implementation of this might n
prove to be so trivial.

~2! The estimation of the computational costs keeping i
accountboth the orbital elementsand the the source position
and the spin-down parameters. This is the composite p
lem where the full expression for the total costs needs to
obtained. It will take into account possible correlations b
tween the search parameters investigated here and thos
describe isolated neutron stars.

~3! The investigation of suitablehierarchical strategies
that can reduce the computational costs as compared to
coherent searches. The current vigorous effort in the st
and software implementation of hierarchical algorithms
isolated sources, the so-called stack-and-slide and Ho
pattern-tracking searches, provides already a template fo
vestigations for a larger parameter space. Moreover, ra
and x-ray astronomers are currently investigating algorith
suitable to carry out analogous searches in the elec
magnetic spectrum@35,36#.

One limitation of our approach is that we have complet
neglected relativistic effects in the model of a binary orbit.
particular, the advance of the periapse is very significan
relativistic systems~the largest periapse advance reported
@17# is '4 deg/yr!. This and other complications with re
spect to the simple Keplerian model that we have adop
here need to be taken into account in future studies and
dressed carefully.

We would like to conclude by stressing that the da
analysis problem that we have addressed here is commo
electro-magnetic observations of pulsating stars in binary
bits, where typical examples are radio and x-ray binaries.
can therefore hope that the current efforts in other rela
research fields can help in providing a breakthrough in
area.
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APPENDIX A: COEFFICIENTS OF THE TAYLOR
EXPANSION OF THE ECCENTRIC ANOMALY

Here we give the expressions of the coefficientsCk(e) and
Sk(e) which appear in the expressions for cosE and
A12e2sinE in Eq. ~2.9!, upto the 7th order ine @22#:

C052
1

2
e,

C1512
3

8
e21

5

192
e42

7

9216
e6,

C25
1

2
e2

1

3
e31

1

16
e5,

C35
3

8
e22

45

128
e41

567

5120
e6,

C45
1

3
e32

2

5
e5,

C55
125

384
e42

4375

9216
e6,

C65
27

80
e5,

C75
16807

46080
e6; ~A1!

S1512
5

8
e22

11

192
e42

457

9216
e6,

S25
1

2
e2

5

12
e31

1

24
e5,

S35
3

8
e22

51

128
e41

543

5120
e6,

S45
1

3
e32

13

30
e5,

S55
125

384
e42

4625

9216
e6,

S65
27

80
e5,

S75
16807

46080
e6; ~A2!
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we refer the reader to@22# or any other standard book o
celestial mechanics for the general expressions of the co
cientsCk(e) andSk(e).

APPENDIX B: THE APPROXIMATE METRIC
COMPONENTS FOR CIRCULAR ORBITS

We provide the expressions, to the relevant order inA and
V, of the components of the metricsg̃ab and g̃ jk @see Eqs.
~3.8!, ~3.9!, ~3.10! and ~3.12!#, for a NS in circular orbit,
using the phase model~4.12! in the two asymptotic limits
V@1 andV!1.

1. Asymptotic limit of several orbits

We derive the expressions of the components ofg̃ab

(a,b50,1,2,3) andg̃ jk ( i , j 51,2,3) given by Eq.~3.12! for
V@1. We recall that, in general,A!1/V. The time deriva-
tives are given in Eq.~4.13!, and the time averages are com
puted through Eq.~3.9!.

To the leading order inA andV the elements ofg̃ab read

g̃005
1

12
, ~B1!

g̃0152
cosa

V2
1

cos~a1V!

V2
, ~B2!

g̃025
A cos~a1V!

2 V
, ~B3!

g̃035
A cosa

2 V
1

A cos~a1V!

2 V
, ~B4!

g̃115
1

2
2

sin~2a!

4 V
1

sin@2 ~a1V!#

4 V
, ~B5!

g̃125
A cos@2~a1V!#

4 V
, ~B6!

g̃1352
A cos2a

2 V
1

A cos2~a1V!

2 V
, ~B7!

g̃225
A2

6
, ~B8!

g̃235
A2

4
, ~B9!

g̃335
A2

2
. ~B10!

Substituting these components into Eq.~3.10!, which is re-
lated to g̃ jk through Eq.~3.12!, one derives the following
expressions, to the leading order inA andV:
12200
ffi- g̃115
1

2
2

sin~2a!

4 V
1

sin@2 ~a1V!#

4 V
, ~B11!

g̃125
A cos@2~a1V!#

4 V
, ~B12!

g̃1352
A cosa2

2 V
1

A cos2~a1V!

2 V
, ~B13!

g̃225
A2

6
, ~B14!

g̃235
A2

4
, ~B15!

g̃335
A2

2
. ~B16!

The determinant~4.14! is obtained from the latter compo
nents by retaining the leading order terms inA and 1/V.

2. Asymptotic limit of a fraction of one orbit

The expression of the determinant in the caseV!1 can
be simply derived by Taylor expanding the components
g̃ab andg̃ jk in powers ofV. Here we present the expressio
of g̃ab up to V10:

g̃005
1

12
, ~B17!

g̃015
2~V2 cosa!

24
1

V4 cosa

360
2

V6 cosa

13440
1

V8 cosa

907200

2
V10cosa

95800320
2

V sina

12
1

V3 sina

80
2

V5 sina

2016

1
V7 sina

103680
2

V9 sina

8870400
, ~B18!

g̃025
2~A V cosa!

12
1

A V3 cosa

90
2

A V5 cosa

2240

1
A V7 cosa

113400
2

A V9 cosa

9580032
2

A sina

12
1

3 A V2 sina

80

2
5 A V4 sina

2016
1

7 A V6 sina

103680
2

A V8 sina

985600

1
11A V10sina

1132185600
, ~B19!
1-21



SANJEEV V. DHURANDHAR AND ALBERTO VECCHIO PHYSICAL REVIEW D63 122001
g̃035
2~A V cosa!

12
1

A V3 cosa

80
2

A V5 cosa

2016

1
A V7 cosa

103680
2

A V9 cosa

8870400
1

A V2 sina

24

2
A V4 sina

360
1

A V6 sina

13440
2

A V8 sina

907200

1
A V10sina

95800320
, ~B20!

g̃115V2 S 1

24
2

cos~2a!

24 D1V6 S 1

40320
2

43 cos~2a!

13440 D
1V10 S 1

479001600
2

4097 cos~2a!

479001600D
1V8 S 2

1

3628800
1

769 cos~2a!

3628800 D
1V4 S 2

1

720
1

17 cos~2a!

720 D1
V3 sin~2a!

24

2
7 V5 sin~2a!

720
1

107V7 sin~2a!

120960
2

163V9 sin~2a!

3628800
,

~B21!

g̃125V S A

24
2

A cos~2a!

24 D1V5 S A

13440
2

43A cos~2a!

4480 D
1V9 S A

95800320
2

4097A cos~2a!

95800320 D1V7 S 2A

907200

1
769A cos~2a!

907200 D1V3 S 2A

360
1

17A cos~2a!

360 D
1

A V2 sin~2a!

16
2

7 A V4 sin~2a!

288

1
107A V6 sin~2a!

34560
2

163A V8 sin~2a!

806400

1
709A V10sin~2a!

87091200
, ~B22!

g̃135
A V3 cos~2a!

24
2

7 A V5 cos~2a!

720
1

107A V7 cos~2a!

120960

2
163A V9 cos~2a!

3628800
1

A V2 sin~2a!

24

2
17A V4 sin~2a!

720
1

43A V6 sin~2a!

13440

2
769A V8 sin~2a!

3628800
1

4097A V10sin~2a!

479001600
, ~B23!
12200
g̃225
A2

24
2

A2 cos~2a!

24
1V4 S 2A2

5760
2

113A2 cos~2a!

4480 D
1V8 S 2A2

43545600
2

93173A2 cos~2a!

479001600 D
1V10 S A2

6706022400
1

75547A2 cos~2a!

9686476800 D
1V6 S A2

403200
1

10999A2 cos~2a!

3628800 D
1V2 S A2

144
1

59A2 cos~2a!

720 D1
A2 V sin~2a!

12

2
19A2 V3 sin~2a!

360
1

29A2 V5 sin~2a!

3024

2
1489A2 V7 sin~2a!

1814400
1

4913A2 V9 sin~2a!

119750400
, ~B24!

g̃235V4 S 2A2

1440
2

7 A2 cos~2a!

288 D1V8 S 2A2

7257600

2
163A2 cos~2a!

806400 D1V10 S A2

958003200

1
709A2 cos~2a!

87091200 D1V6 S A2

80640
1

107A2 cos~2a!

34560 D
1V2 S A2

48
1

A2 cos~2a!

16 D1
A2 V sin~2a!

24

2
17A2 V3 sin~2a!

360
1

43A2 V5 sin~2a!

4480

2
769A2 V7 sin~2a!

907200
1

4097A2 V9 sin~2a!

95800320
, ~B25!

g̃335V4 S 2A2

720
2

17A2 cos~2a!

720 D1V8 S 2A2

3628800

2
769A2 cos~2a!

3628800 D1V6 S A2

40320
1

43A2 cos~2a!

13440 D
1V10 S A2

479001600
1

4097A2 cos~2a!

479001600 D
1V2 S A2

24
1

A2 cos~2a!

24 D2
A2 V3 sin~2a!

24

1
7 A2 V5 sin~2a!

720
2

107A2 V7 sin~2a!

120960

1
163A2 V9 sin~2a!

3628800
. ~B26!

Substituting the former components into Eq.~3.10!, which is
related tog̃ jk through Eq.~3.12!, one derives the following
expressions for the components of the metricg̃ jk up to order
V10:
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g̃115V6 S 2
1

50400
2

19 cos~2a!

50400 D1V10 S 2
1

419126400

2
521 cos~2a!

209563200D1V8 S 1

3628800
1

23 cos~2a!

518400 D
1V4 S 1

1440
1

cos~2a!

1440 D2
V5 sin~2a!

1440

1
11V7 sin~2a!

75600
2

41V9 sin~2a!

3628800
, ~B27!

g̃125V5 S 2A

16800
2

19A cos~2a!

16800 D1V9 S 2A

83825280

2
521A cos~2a!

41912640 D1V7 S A

907200
1

23A cos~2a!

129600 D
1V3 S A

720
1

A cos~2a!

720 D2
A V4 sin~2a!

576

1
11A V6 sin~2a!

21600
2

41A V8 sin~2a!

806400

1
2027A V10sin~2a!

762048000
, ~B28!

g̃135
2~A V5 cos~2a!!

1440
1

11A V7 cos~2a!

75600

2
41A V9 cos~2a!

3628800
2

A V4 sin~2a!

1440

1
19A V6 sin~2a!

50400
2

23A V8 sin~2a!

518400

1
521A V10sin~2a!

209563200
, ~B29!

g̃225V4 S A2

50400
2

23A2 cos~2a!

7200 D1V8 S 13A2

838252800

2
48509A2 cos~2a!

838252800 D1V10 S 2A2

7925299200

1
413747A2 cos~2a!

145297152000 D1V6 S 2A2

907200

1
599A2 cos~2a!

907200 D1V2 S A2

360
1

A2 cos~2a!

360 D
2

A2 V3 sin~2a!

240
1

503A2 V5 sin~2a!

302400

2
193A2 V7 sin~2a!

907200
1

114431A2 V9 sin~2a!

8382528000
, ~B30!
12200
g̃235V4 S A2

2880
2

A2 cos~2a!

576 D1V8 S A2

7257600

2
41A2 cos~2a!

806400 D1V10 S 2A2

838252800

1
2027A2 cos~2a!

762048000 D1V6 S 2A2

100800
1

11A2 cos~2a!

21600 D
2

A2 V3 sin~2a!

720
1

19A2 V5 sin~2a!

16800

2
23A2 V7 sin~2a!

129600
1

521A2 V9 sin~2a!

41912640
, ~B31!

g̃335V4 S A2

1440
2

A2 cos~2a!

1440 D1V8 S A2

3628800

2
23A2 cos~2a!

518400 D1V10 S 2A2

419126400

1
521A2 cos~2a!

209563200 D1V6 S 2A2

50400
1

19A2 cos~2a!

50400 D
1

A2 V5 sin~2a!

1440
2

11A2 V7 sin~2a!

75600

1
41A2 V9 sin~2a!

3628800
. ~B32!

The determinant~4.23! is then derived from the latter com
ponents and Taylor expanding the resulting expression to
leading order inV.

APPENDIX C: THE APPROXIMATE METRIC
COMPONENTS FOR ELLIPTIC ORBITS

Below we list the metric componentsg̃ab for a>b, in the
coordinatesk,X,Y,e,c,a up to ordere2 and in the leading
orderX,Y for the caseV@1:

g̃005
1

12
, ~C1!

g̃0X52
1

4
e2X, ~C2!

g̃0Y50, ~C3!

g̃0e52
1

4
eX2, ~C4!

g̃0V50, ~C5!

g̃0a50, ~C6!

g̃XX5
1

2 S 12
1

2
e2D , ~C7!
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g̃XY50, ~C8!

g̃Xe52
1

4
eX, ~C9!

g̃XV5
1

4 S 12
1

2
e2DY, ~C10!

g̃Xa5
1

2 S 12
1

2
e2DY, ~C11!

g̃YY5
1

2
~12e2!, ~C12!

g̃Ye52
1

2
eY, ~C13!

g̃YV52
1

4 S 12
1

2
e2DX, ~C14!

g̃Ya52
1

2 S 12
1

2
e2DX, ~C15!

g̃ee5
1

8
~X21Y2!1

e2

16
~X217Y2!, ~C16!
A

,

rt

-

e
gy

12200
g̃eV5
1

8
eXY, ~C17!

g̃ea5
1

4
eXY, ~C18!

g̃VV5
1

6
~X21Y2!1

e2

24
~X22Y2!, ~C19!

g̃Va5
1

4
~X21Y2!1

e2

16
~X22Y2!, ~C20!

g̃aa5
1

2
~X21Y2!1

e2

8
~X22Y2!. ~C21!

In the previous expressions we have also dropped all
terms of orderV21 and higher, and seta50. Substituting
these componentsg̃ jk into Eq.~3.10!, and consistently work-
ing within the appropriate approximations, one can derive~to
the leading order ine2) the expression for the determinant
Eq. ~4.28!.
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