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A bstract

The m ain result of the D oplicher/R oberts (DR {) duality theory for com pact groups, ap—
plied to the special case of endom orphisn categories w ith perm utation and conjugation struc-
ture of a xed C*{algebra A with trivial center, says that such a category can be charac—
terized as the category of all canonical endom orphism s of A w rit. an (essentially uniquely
determ Ined) H ibbert extension fF ;Gg of A , where G is a com pact autom orphism group of F
and A\ F = C1L:

In E] C *{H ibert system s fF ;Gg are considered where the =xed point algebra A has
nontrivial center 2 and where A\ F = 7 is satis ed. The corresponding category of
all canonical endom orphism s of A contains characteristic m utually isom orphic subcategories
of the DR {type which are connected w ith the choice of distinguished G {invariant algebraic
H ibert spaces w ithin the corresponding G { Invariant H ibert Z {m odules.

W epresent in thispaper the solution ofthe corresponding nverse problem . M ore precisely,
assum ing that the given endom orphism category T ofa C *{algebra A w ith center Z contains
a certain subcategory of the DR {type, a H ibert extension fF ;Gg of A is constructed such
that T is isom orphic to the category of all canonical endom orphism s of A w rt. fF ;Gg
and A°\ F = Z . Furthem ore, there is a natural equivalence relation between adm issible
subcategories and it is shown that two adm issible subcategories yield A {m odule isom orphic
H ibert extensions i they are equivalent. T he essential step of the solution is the application
of the standard DR {theory to the assigned subcategory.

M SC {class: 47L65, 22D 25, 46L.08

1 Introduction

O ne of the origins of the DR {duality theory for com pact groups (cf. [I]]) is the analysis of
superselection structures form ulated In the context of A Igebraic Q uantum Field T heory, where
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endom orphism categories T of a xed C*{algebra A wih trivial center (the so{called algebra
of quasilocal observables) appear. These categories T are equipped with a conjugation and a
pem utation structure. Application of the general DR {duality theory yields to the result that
T can be characterized by a compact symm etry group G via the construction of a suitable
Hibert extension fF ;Gg of A, where F is called the eld algebra (see E, @, EI]) . The condition
A0\ F = C1l is crucial for this construction.

This result suggests the natural question for conditions of endom orphisn categories T of
C *{algebras A w ith nontrivial center Z such that there is still a description of T by a com pact
group . A Iready the paper @, Sections 2,3] starts w ith nontrivial center. T he point there is that
the \ Ip property" for the perm utator ( ; ) and the intertw inersA 2 ( ; O);B 2 (; O),i.e.

(%% B=B A (;);

is assum ed to be valid for all intertw ners. Only later on the condition ( ; ) = C1 is added
to arrive at the fam ous DR {theorem . A lso In the context of m ore general categories (that do
not assum e the existence of a perm utator) som e results for nontrivial ( ; ) are stated (cf.@3,
Section 2]).

In E] we present several results on general H ibert C *{system s, where A\ F = Z clh
is assum ed. For exam ple, properties of the corresponding category of canonical endom orphism s
are proved and the breakdow n of the G alois correspondence betw een the sym m etry group G and
the stabilizer of its xed point algebra A is stated. Further a new conoept of \irreducibility" is
proposed. In E] further properties of \ rreducible endom orphisn s" are m entioned and for special
autom orphism categories the solution of the \Inverse problem " (given the category, construct an
assigned H ibbert extension) isbrie y described. T he paper E] contains a description of the status
of the problem for autom orphisn categories as a counterpart of the specialcase where 2 = C 1.
In the previous two references the corresponding group G is abelian.

T he present paper describes the solution of the inverse problem in the general case. F irst,
su clent conditions for the endom orphisn category T of A are stated such that there exists a
H ibert extension fF ;Gg of A and T tumsout to be the category of all canonical endom orphiam s
of A . The crucial assum ption is the existence of a certain subcategory Tc of T of the DR {type.
T he goal of this note is to show that the DR {properties of Tc are su cient to characterize
the category T as the category of all canonical endom orphismn s of A w rik. a suitabl H ibert
extension fF ;Gg of A , where G is the characteristic com pact DR {group for T¢, interpreted as an
autom orphisn group of the H ibert extension. T he conditions are also necessary. T his is an easy
n plication of the results for H ibbert C *{system s, obtained In E]. Second, a uniqueness resul
is stated: Two adm issble subcategories of T yield A {m odule isom orphic H ibbert extensions i
they are equivalent (in a precise sense form ulated in the follow ing section).

T hepresent paper is structured in 4 sections: In the follow Ing section we present the postulates
for the category T that assure the unique (up to A {m odule isom orphy) extension of the C *{
algebra A (cf. T heoram @, which is ourm an result). In Subsection @ we Introduce the new
notion of irreduchble endom orphism in T and show som e of its consequences. Finally, we give In
the ollow Ing two subsections the proof of T heorem @ .

For convience of the reader we nish this section recalling som e usefulde nitions concerning
H ibert extensionsofa C *{algebra A : A C *{system fF ;Gg,whereG autF iscom pactw r.t.the
topology of pointw ise nom convergence, is called H iloert if specG = ¢ (the dualof G) and if
each spectral subspace Fp ;D 2 ¢, contains an algebraic H ibert space Hp such that G acts
Invariantly on Hp and the unitary representation GTH p 1is a elam ent of the equivalence class
D . A Hibert space H F is called algebraic if the scalar product h ; i of H is given by
M;Bill = A B;A;B 2 H:A Hibert system fF ;Gg is called a H ilert extension of a C *{
algebra A ifA F isthe xed point algebra of G. Two H ibert extensions fF 1 ;Gqg,fF ,;Gg are
called A {m odule isom orphic if the exists an isom orphism J :F1 ! F,, such thatJ @A) = A,



A 2 A, that intertw nes between the corresponding group actions. F inally, the stabilizer stabA
for a unialC *{subalgebra A F isde ned by stabA = fg2 autF jg@ )= A forallA 2 Ag:
(T he term nology H ibert system can be traced back to E], where in the case just m entioned the
soectrum of G is called the H ibert spectrum .)

2 A ssum ptions on the endom orphism category and them ain re—
sult

In thepresent section wew illcollect the assum ptionson the category T of suitable endom orphism s
ofaunialC *{algebra A that guarantees them ain theoram stated at the end of this section. For
standard notions w ithin category theory we refer to @].

Let T be a tensor C *{category of unitalendom orphiam s ofA @]. W e denote the ob Fcts
by ; ; ;:::2 ObT . The arvrow s between objcts ; are given as usual by the intertw ner

saces (; ) = £fX 2 A jX @) = A)X;A 2 AgandweputA B = A (B) brA 2

(5 O);B 2 (3 O), so that A B 2 ( ; 0 O). By we denote the identical endom orphism

and ( ; )= Z isthe center of A. Notethat ( ; ) Isa lkft ((Z){ and a right (Z){module,

ie. @) ) @)= (; ) @) (; ). Theconditionson T are given by:

P11 T isclosed w rit.direct sum s ,le.if ; 2 ObT, then there are isom etriesV;W 2 A
WithV W = 0;VV + WW = 1llsuchthat ( )=V ( )WW ( )W 20bT:In this

caseV.2 (; )W 2 (; ).

P12 T isclosed w rit.subobfcts < ,ie.if 2 ObT and isa unitalendom orphism of A
such that there isan isometry V. 2 ( ; ),then 2 ObT.In thiscase ( )=V ( )V:

P13 T isclosed w rit. complem entary subobpcts, ie. if 2 ObT and < , then there isa
subobict %< such that = 0

P2 T contains a C *{subcategory Tc with ObTc = ObT ; where the arrows ( ; )c ( ;)
satisfy the follow ing properties:

P21 (; x (59 (i )i
P22 (i) (7 i
P23 (5 ) (i ki
P24 (; ) (i ey

P25 (;9=Cly;
(3 )cP (@ com plex
Banach space), is linearly jndependgntmodu]o Z)mn (; ), ie.if I]?:l sFy =
0; 2 C,nplies 5= 0, then also §=1Fj Z4)= 0inplies (Z4)= 0.M oreover,
(7 )cgenerates (; ), ie. (7 )= (; ) @)= @)(; ) @).
P 2.7 Tc isclosed w ri.direct sum s, subob jcts and com plem entary subob fcts, ie.now the
required projctions and isom etries must ly in the corresponding intertw iner spaces

( ic)

P 3 There is a perm utation structureﬁ, on T¢, ie. there is a mapping £ ; g ! (; )2
( ; Jc,where ( ; ) isauniary satisfying:

P31 () (;)=1;

'm E] categories as Tc satisfying the properties below are called symm etric.



P32 (; )= (;)=1;
P33 ( ;)= (;) CC7 )
P34 (% % B=B A (;)prallaA2 (; 9%;B2 (; 9:

P 4 There isa conjugation structureon Tc, ie.toeach 2 ObT¢ there correspondsa conjugate
T 20DbT and intertwinersR 2 ( ;7 ;S 2 ( ; ~ x such that

P41S @® )=1; R —(€© )= 1;
P42 S = T; R

2.1 Rem ark (1) The preceding axiom s In ply that the subcategory Tc satis es the postulates
of the DR {theory developed iIn @], o that we can apply standard results from this theory.

(i) Note that the de nition of subobfct In (P.12) is not a straightforward generalization to
nontrivial center situation of the one given in @]. Namely, if E is a selfadjpint central
profction E 2 2 with 0 < E < 1, then there isno isometry W 2 A such thatE = W W ,
because In that case we sin ply have

=W WW W=W EW=EW W =E:

(iil) From (P 4) i already follow s that T has conjugates (cf. E, Section 2]). Further P 2.7)
also show s that T is closed under direct sum s, subob Fcts and com plem entary subob FEcts.
E21){P23)mply (; 9% (; 9%  ; 99 and from (P 24) it ollows Inmedi-
ately that the equality ( ; ). = ( ; )c holds.

(Iv) P.1.J) Implies an \a priori property" of A, namely there are two isom etries V;W 2
A VW =0,VV +WW = 1. P13) mpliesthat ifE 2 ( ; ) isa profction such that
thereisan isometry V withVV = E , then thereisalsoan isometryW withW W =1 E:

22 Remark LeteObT 3 'V 2 (; )bea choice of unitaries that satisfy
vV =V v o 1)

N ote that @) InpliessV = 1, becauseV =V =V V = VYV . This choice allow s to de ne
from the subcategory Tc of T another subcategory TCO of T satisfying the sam e properies as Tc .
Indeed, put

(; )=V (;)Vv (i) 2)

and the corresponding perm utation structure °( ; ) ﬁJrCOIjs given by

;i )=V v (i) ©VV): 3)

It is easy to check that ©satis esthe properties n (P 3). T he corresponding conjugates R © are
de ned by

0

R’ = V- R and s’ = % ;7)RY: 4)

Then it is straightforward to verify the postulates P 2){ (P 4) for the new subcategory.

T he preceding rem ark suggests to de ne an equivalence relation between di erent subcate-
gories of T :



2.3 De niion The subcategories Te and TCO, satisfying the postulates (P .2){ P 4), are called
equivalent, if there is an assignm ent

ObT 3 'V 2 (; ); withV unitary and V =V AV

such that Egs. @), ) and {@) hoH.

2.4 Theorem (1) Let T satisfy the postulates (P.1){ (P .4) kefore. Then there exists a H ilert
extension fF ;Gg of A with A\ F = Z such that T is isom orphic to the category of all
canonical endom orphism s of fF ;Gg.

(i) Further ket Tc ;TCO e two subcategories of T satisfying the postulates (P .2){ (P .4). Then the
correseonding H ilert extensions are A {m odule isom orphic 1 T: and TCO are equivalent.

3 ProofofTheorem [.J4

In the present section we w illgive a (constructive) proofofthe previous theorem . For thispurpose
we w illuse well{known results already stated in [LJ,[], Bl aswellas in [[3, Sections 2,3].

First we study propertiesof T im plied by the existence of the subcategory Tc, in particularwe
Introduce the notion of rreducibility in the context of T and prove the decom position theorem .

3.1 TIrreducibility and decom position theorem

Since the C *{algebra A has a nontrivial center Z it is In m ediate that one needs to extend the
notion of rreducibble ob Ects to the category T (cf. eg. @, Section 5]). W e propose

3.1 De nion 2 ObT is called irreducibke if ( ; ) = Z . W e denote the set of all rreducible
obkcts of T by IrT and by Trry T a com plete system of irreducible and m utually disjpint objects
of T.

Note that irreduchbility of in the sense of De nition B.J and of in the usual sense as an
objct In Tc coincide, because 2 IrrT 1 ( ; k. = CIL. W e state som e further consequences of
this de nition.

32Lemma (I) If ; 2 TrxrT, then either isunitarily equivalent to  or they are disjpint
(ie. ( ; )= £09).
(II) The follow Ing properties are equivalent:
(1)  is irreducible,
(i) T is irreduciblk,
) ;)= (@),
(Iv) ( ;7 )= RZ,whereR isa conjugate according to property (P .4).

(IIT) If is irreducible, then ( ; )k is an algebraic Hilert space in A foreach 2 ObT and
(; )= (; k2 isaright{Z {Hilert m odule with the scalar product iX ;Y i = X Y:

(Iv)  is irreducible i there is no subobpct of



Proof: (I) Let ( ; ) f0g, so that the inclusion ( ; ) f0g is also proper. Then it is
straightforw ard to construct a unitary U 2 ( ; ) .

(IT) T he proofusesthe vector space isom orphisn sbetween Intertw iner spaces (see, forexam ple
E, Lemm a 2.1]) together w ith the link betw een conjugates and perm utation given by assum ption
PA42). Namely, the htter mpliesthat ( ; )= ((Z)1i (;7)= "Z)orall 2 0bT,whie
the vector space isom orphismsyield ( ; )=2 i (;7)= ~(Z):

(I17) It ollow s Inm ediately rom P23){ P 2.5).

(Iv) If is Irreducible, then it is straightforward to see that any isometry W 2 ( ; ) is
actually a unitary, because W W =:E 2 ( ; ), henceE = 1l by Ranark (ii). To show the
reverse In plication assum e that is not irreducible. Now the estin ate

A RR) @) 0 A2(; k;

w here denotes the corresponding left inverse (see for exam ple E, Lemma 2.7]), In plies that
the C*{algebra ( ; k Cl is nite{dim ensional, hence must have proper subobjcts (see
eg. |, Lenma 11127 and 11.1 29]). T he crucial fact is that @A)2CliforAa 2 (; )c. N

T he previous lemm a in plies In particular that the restriction of irreducible ocb cts to 72 are
autom orphisn sof Z .

33 Corlary Forevery 2 TIrrT one has that = [ Z 2 autZ . Then, according to G elfand’s
theorem , there exist corresponding hom eom orphism s of specZ , denoted by £ 2 C (specZ ) which
aregivenby (Z)()=2(E ' ());2272; 2 specZ.

3.4 Rem ark Corollary B3 showsthat for an frreduchbl  the second possbility considered in [4,
Rem ark 5.5] of a proper Inclusion Z (Z ) is actually not realized.

W e de nethedmension ofany objct 2 ObT in theusualway by d( )1 = R R ;which
satis es the standard properties of m ultip licativity, additivity etc. (recallthatR 2 ( ;7 ¢ and
d( ) > 0). Now using the DR {theory for Tc (cf. @, Sections 2,3]) one arrives at the crucial
decom position statem ent for ob Fcts.

3.5 Proposition Let 2 ObT . Then

(I) d( )2 N;
L, Lm(j;) .
(Im = Bl =1 spwith 1= 32 IpT ;1= 1;2;:::m ( 4; ) and
d( )= 5im (5; )A(j),wherem ( ; ) =din (; ).
(IIT) If ; 2 O0ObT,then idsunitarilyequivalentto i m(; )=m (; ) forall

3.6 Rem ark Statem ent (II) in Proposition @ m eans exp licitly

P
where W § 2 (3; Je, W (W 5= I, W ;W o= 0,fr (;j)6 (% and W ;W ;= 1.
Now fW ;g5 is an orthonomm al basis of the Hilbert module ( ; ) and this in plies that every
orthonom albasis of the H ibert m odule ( ; ) can be used in the decom position form ula for

Note that the Hibert modules ( ; ) for 2 Irpy T are mutually orthogonalin A .



3.2 Construction of the H ilbert extension fF ;Gg

In this subsection we will prove part (i) of T heorem by constructing the H ibert extension
fF ;Gg of A that satis esA\F = 7.

W e can proceed follow Ing the strategy already presented in ,Sectjons3—6]. Toeach 2 ;T
we assign a Hibert space H with din H = d( ) and, using orthonorm albases f ;g5 ofH ,
we de ne the A {left m odule

X
Fotzf Aj jjAj2A; nitesumg;
i

wherethef g form an A {m odul basis of F¢. F ¢ is Independent of the special choice of the
basesf 495 0ofH andputting A = @) 5,F( tumsoutto bea binodule.
Further we de ne H ibert spaces (recallthat < means isa subobpctof ).

H = (; )H and H Fog; 20DbT ; 5)

<

aswell as the right{Z {H ilbert m odules

H =H 2 =72H and H = (; )H =H Z;

w ith the corresponding Z {scalar product

X;Yi = l(Xij);whelce

The preceding comm ents show that we have established the follow ing functor F between
the categories T (resp. Tc ) and the corresponding category of H ibert Z {m odules (resp.H ibert
soaces); (cf. eg. H, Section 4] and , Corollary 33]).

3.7 Lemm a The functor F given by
ObT 3 7T H Fo and (; )3AT7T F@A)2L,@H ! H );

where F A)X = AX ;X 2 H ,de nesan isom orphian ketween the corresponding categories and
FA )isthemoduk adpintwxrt.h ; 1iSinilrly, one can apply F to Tc in order to obtain the
associated subcategory of algebraic H ileert spaces H  and arrows F(( ; )c) L H ! H ).

Proof: Sim ilar as in E,p.791 1. [ |

Now we can apply the results n [l|] to the subcategory F (T¢ ), In order to enrich gradually
the structure of F g :

3.8 Lemm a There exists a product structure on F with the properties
goan £ j2H ; 2H g=H ;

(;) = 4+ 2H ; 2H 3

WyYy;x %% =m;x% hw;¥i; x;x% w8 ;v;v%2H



Note that for orthonom al bases £ 5g5; £ g« of H ;H , respectively, we obtain from
Lemm a 3§ that %

jk
Asin [, Section 5] we introduce the notJ%n of a conjugated basis 5 of H— w rt.an or-

thonomalbaszs y of H such that R = 53 5 This is necessary In order to put a
com patible *{structure on Fy.

3.9 Lemma Let - bea conjugated kasis corresponding to the kasis  5; 2 Irp T, and de ne
3 =R 57J3=1;2;u5d( ). Then Fo tums into a *{alebra. The Hilert spaces H  and the
corresponding mcdules H  are algebraic, ie.

K;Yi =X Y; X;Y2H
The obfcts 2 ObT are identi ed as canonical endom orphism s

&)

In Fy one has natural projctions onto the {com ponent of the decom position :

X %)
( Aj j):: Aj j; 2EIDT:
73 =1

ToputaC*{nom k kweargueasin ,Secljon 6]. Its construction is essentially based on the
follow Ing A {scalar product on F
X 1 X X
H;G1i = —A 4B yiforF = Ay ;G = B3 i

73 at) i i

3.10 Lemma The scalar producth ; isatds estF;Gi= FG and is selfadpintw rt.h ; 1.
T he projctions and the scalar product have continuous extensions to F = cloy  Fo and
= gpanfAH g:

Finally, the symmetry group w rt. h ; 1 is de ned by the subgroup of all autom orphism s
g 2 autF satisfying hgF';;gF,i= H'q;F,1. It leads to

3.11 Lemm a The symm etry group coincides w ith the stabilizer stabA of A and the m odules H
are Invariant w r.t. stabA .

Proof: Use ], Lenma 7.1] (cf. also w ith the argum ents given in [l], Section 6J). ]

T his suggests to consider the subgroup G stabA consisting of all elem ents of stabA  leav—
Ing even the Hibert spaces H invariant. Then it tums out that the pair fF ;Gg satis es the
properties needed to prove T heorem @, ie. fF ;Gg is a H ibert extension of A . T he follow ing
result concludes the proof of part (1) of T heorem @

3.12 Lemm a G is com pact and the spectrum specG on F coincides w ith the dualé.For 2 TrrT

N

the Hilert spaces H are irreducible w rt. G; ie. there is a bijction Ty T 3 $ D 2G.
M oreover A coincides with the xed point algebra of the action of G n F and AP\ F = 2 .



3.13 Rem ark (1) From E, Section 7] it follow s that stabA is In general not com pact.

(i) The characterization of stabA given in E, Theoram 7.1] in temm s of flunctions contained
In C (specZz ! G) is iIn general not correct, although In som e special cases lke the one{
dinensional torus G = T i is true that stabA = C (pecZ ! T) (cf. f)). It is though
possbl to give a sin ilar characterization of stabA in termm s of functions contained in
C(specz ! Mat(C)).

3.3 Unigueness result

Now we prove part (i) of T heorem @ First assum e that the subcategories Tc and TCO are
equivalent. W e consider the H ibert extension F assigned to Tc . T he corregponding invariant
H ibert spaces are given by ﬁ) . Now we change these H ibert gpaces by

H ' ve =:H":
Usjngtheﬁ,mctjonFofLemma@sothatLG(H ' H )=F({; ))= (; )c weobtain
Le@WH ! VH )=VLegH ! H )W = (;)2: ®)

Further, w rt. the \new H ibert spaces" we obtain the frim ed’ pemm utators and conjugates of

the second subcategory. Thism eans, it is su cient to prove that if the subcategory T ¢ is given,

then two H ibert extensions, assigned to (T ;Tc) according to the rst part of the theorem , are

always A {m odule isom orphic. Now lt F;F, be two H ibert extensions assigned to Tc. For
2 Ir;y T et £ 1jgj £ ngk be orthonom al bases of the H ibert spaces H ';H 2, respectively.

T hen %

R = K jx v KjlkZ(; Pir=1;2:

T herefore the de nition

i i
is easily seen to extend to an A {m odule isom orphisn from F 1 onto F, (see |, p.203 .)).
Second, we assum e that the H ibert extensions F 1 ;F , assigned to Tcl;Tcz, respectively, are A {
m odule isom orphic. T he G {invariant H ibert spaces are given by @). Now letJ bean A {module
isom orphisn J : F; ! F, so that

and again the J H 1) form a system of G {invariant H ibert spaces in F,. Further we have the
sy stem HZ in F,. That is, to each we obtain two G {invariant H ibert spaces H 2 and J @1
that are contained in the H ibert m odul H?. et f 595f 9 be orthonom al bases of

J (Hl),HZ,respectjyey. Then obviously V. = S . isaunitary with V. 2 ( ; ) and

H?=V J #H').Further,orX 2H!,Y 2H! (henceXY 2 H! ) wehave
VIEWJIQY)=V ¥ )IRXY)=V JTEY);
and this in pliesV =V V .Finally, we argue as in @) to obtain
1 _
V. (5 )V =1(; ):

and the latter equation in plies Egs. @){ @) .



4 Conclusions

In the present paper we present the solution of the problem of nding the unigque up to A {
m odule isom orphy) H ibert extension fF ;Gg of a unial C *{algebra A w ith nontrivial center
Z , given a suitable endom orphian category T of A, which we characterize in Section IZ The
extension satis esA °\ F = Z and the essential step for its construction is the speci cation of a
subcategory Tc of T , which is of the well{known DR {type. From the point of view of the DR {
theory the appearence of the subcategory Tc T is quite natural, since the group appearing In
the extension is still com pact. T here are several directions in which the present results could be
generalized . F irst, we hope that the nclusion situation Tc T m ay also be relevant for braided
tensor categories, since in this context there are 2{dim ensional physically relevant m odels w here
a nontrivial center appears (see eg. ﬂ, ]) . Second, one could try to nd extensions, where the
condition on the relative commutant A \F = Z which is crucial for our approach) is not satis ed
anym ore. In this context non unitarily equivalent irreducible endom orphian s w ill no longer be
disjoint and one needs probably to replace the freem odules H that appeared in our approach by
m ore general C * {H ibert m odules. F inally, we hope that the present results as well as those In
E] w ill m otivate a m ore system atic study of the representation theory of (say com pact) groups
over H ibert C *{m odules.
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