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1 Introduction

The near horizon limit of supergravity solutions corresponding to branes wrapping
supersymmetric cycles provide gravity duals to the field theories arising on the branes.
By exploiting the fact that the field theories are “twisted” [1], the corresponding
supergravity solutions can be constructed first in an appropriate gauged supergravity
and then uplifted to D = 10 or D = 11. This was first demonstrated in [2] and has
been generalised to a number of different cases in [3] - [17].

An interesting class of examples to study is type IIB NS- or D-fivebranes wrap-
ping supersymmetric cycles, since one can obtain supersymmetric Yang-Mills (SYM)
theory on the unwrapped part of the fivebrane in the IR. N = 1 SYM in D = 4
was studied in [3], N = 1 SYM in D = 3 in [5, 10, 11] and N = 2 SYM in D = 4
in [14, 15]. One of the purposes of this paper is to extend these investigations to
N = 2 SYM in D = 3. To do so we consider fivebranes wrapping special Lagrangian
(SLAG) three-cycles in Calabi–Yau threefolds. As discussed in [2] the appropriate
limit to decouple gravity implies that only the local geometry of the SLAG three-cycle
is important.

If we wrap the fivebranes on a SLAG three-sphere, for which the deformed conifold
is the appropriate local model of the geometry without the backreaction, we obtain
pure N = 2 SYM in D = 3. Perturbatively this theory has a Coulomb branch
but a superpotential is generated by instanton (monopole) effects [18, 19, 20] and
there is no stable vacuum. As such it might seem impossible to obtain a gravity
dual. However, these instanton effects are suppressed in the large N limit and might
not be expected to survive in the supergravity approximation. This was observed
in the context of N = 2 SYM in D = 4 in [14], where the supergravity solutions
incorporated all perturbative effects but not the non-perturbative corrections. Indeed
we will construct singular supergravity solutions and by probing these solutions with
a fivebrane argue that they describe a slice of the perturbative Coulomb branch of
N = 2 SYM in D = 3.

If a Chern-Simons term with suitable co-efficient is added to pure N = 2 SYM
in D = 3, one expects that there is a unique confining ground state [21]. Following
[3, 10, 11] one then anticipates that a regular supergravity solution dual to these
theories should exist, which should include non-zero NS flux on the SLAG three-
sphere to account for the Chern–Simons term [5]. The present work can be viewed as
a first step toward the construction of these solutions in the same way that the work
of [5] led to [10, 11] (who used [22]) for the confining N = 1 D = 3 theories.

The non-trivial part of theD = 10 solutions constructed here are seven-dimensional
manifolds with non-vanishing NS three-form H and dilaton. Defining two connec-
tions with totally anti-symmetric torsion ∇± = ∇± 1

2
H , where ∇ is the Levi-Civita

connection, we show that the holonomy of each of these connections is in G2. In
particular we show that the seven manifolds admit two G2 structures, specified by
associative three forms, one of which is covariantly constant with respect to ∇+ and
the other with respect to ∇−. We also show that this is a general result for type IIB
(and type IIA) backgrounds preserving this amount of supersymmetry. In addition
we present the appropriate notion of generalised calibration. In particular we derive
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an expression for the dual six-form potential (which has a seven-form field strength
that is dual to the three form H) in terms of either of the G2 structures and the
dilaton.

A similar phenomenon was observed in [14] for fivebranes wrapping a two-cycle
in Calabi–Yau two-folds. For this case the non-trivial part of the geometry was
six-dimensional. It was shown that the manifold admits two commuting complex
structures and one of these is covariantly constant with respect to ∇+ and the other
with respect to ∇−. Moreover, the dual six-form potential can be constructed from
either of these complex structures and the dilaton. By contrast a different kind of
six dimensional geometry arises when fivebranes wrap a two-cycle inside a Calabi–
Yau threefold. It was shown in [23] that the geometry found in [2] admits just one
complex structure that is covariantly constant with respect to one of the connections
with torsion. The dual six-form potential can still be constructed from this complex
structure and the dilaton. The reason for the difference between the resulting two
kinds of geometry in these two cases is that in the former case there are overall
transverse directions (two) to the fivebrane wrapping the two-cycle, whereas in the
latter case, there are none. This means that after incorporating the back-reaction of
the fivebrane on the geometry, in the former case the non-trivial manifold jumps from
four dimensions, the Calabi–Yau two-fold, to six as in the solution [14, 15], whereas
in the latter example it starts at six, the Calabi–Yau threefold, and remains at six,
in the full solution [2].

We show that this holds more generally. For example, when fivebranes wrap
SLAG three-cycles there is one overall transverse direction and the corresponding
solutions are seven-dimensional with two G2-structures. By contrast when fivebranes
wrap associative three-cycles in manifolds with G2 holonomy there are no overall
transverse directions and the corresponding non-trivial seven manifold [5, 10, 11] has
a single G2 structure. We also discuss other cases that include manifolds with SU(N)
and Spin(7) structures and derive the expression for the generalised calibrations.

Note: In the process of writing up this paper, we became aware of [24]. The results
of that paper have some overlap with sections 2, 3, 5 and 6 of the work presented
here.

2 NS fivebranes wrapped on a SLAG three-sphere

To obtain an N = 2 super-Yang–Mills theory in three dimensions, we consider type
IIB fivebranes wrapped on a special Lagrangian three-cycle in a Calabi–Yau threefold.
We start by recalling that in the limit that the string coupling is set to zero, keeping
the string scale fixed, a configuration of N IIB NS fivebranes is described by the
six-dimensional IIB little string theory [25]. This theory flows in the IR to D = 6
super-Yang–Mills theory. Further, it preserves sixteen supercharges transforming
as (4+, 2+) + (4−, 2−) under SO(1, 5) × SO(4)R where SO(4)R is the group of R-
symmetries. Geometrically this group describes rotations in directions normal to the
brane. In the large N limit, the theory has a gravity dual, given by the near horizon
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limit of N NS-fivebranes, namely,

ds2 = dξ2
1,5 +N

(

dρ2 + dΩ2
3

)

,

e−2Φ = e−2Φ0e2ρ,
(1)

where dΩ2
3 is the metric on a three-sphere, dξ2

1,5 is the Minkowski metric on R
1,5 and

we have set α′ = 1. There is also a NS three-form flux through the three-sphere,
normalised so that the integral of the three-form H/4π2 over the sphere is N .

To obtain pure N = 2 Yang–Mills theory in D = 3 in the IR we consider this little
string theory compactified on R1,2 ×S3. The SO(1, 5) Lorentz group of the fivebrane
is then broken to SO(1, 2) × SO(3). Naively, such a compactification breaks all the
supersymmetries. However, by considering a twisted theory four supercharges can be
preserved. To do this, we split the R-symmetry SO(4)R → SO(3)R and then identify
the SO(3) spin connection of the three-sphere with SO(3)R. Geometrically this is
exactly the same twisting that arises in the local description of a fivebrane wrapping
a special Lagrangian three-cycle. In this setting the SO(3) part of the R-symmetry
corresponds to the symmetry group of the normal bundle to the fivebrane inside the
Calabi–Yau threefold.

It is straightforward to see that this twisting indeed preserves N = 2 supersym-
metry in D = 3. First note that the preserved supersymmetries of the fivebrane
transform as two copies of (2, 2, 2) under SO(1, 2) × SO(3) × SO(3)R. After twist-
ing these transform as two copies of (2, 1) + (2, 3) under SO(1, 2) × SO(3)D, where
SO(3)D is the diagonal subgroup of the two SO(3) factors. It is then the singlets
of SO(3)D which are the preserved supersymmetries. The four scalars of a single
fivebrane transform as a 4 of SO(4)R and hence as a triplet and a singlet of SO(3)R.
Geometrically, this simply corresponds to the split of the four-dimensional space
transverse to the branes into three directions within the Calabi–Yau threefold and
one remaining flat direction. The non-trivial twisting of the normal directions means
that the triplet of scalars really describe a section of the normal bundle to the SLAG
three-cycle within the Calabi–Yau threefold. Given the identification of SO(3)R with
the SO(3) rotations in the tangent space of the cycle, they can also be viewed as
one-forms, that is, sections of the cotangent bundle of the three-cycle. This matches
the standard result that the normal deformations of a SLAG three-cycle are given by
harmonic one-forms on the three-cycle [26]. As there are no harmonic one-forms on a
three-sphere, it is necessarily a rigid SLAG three-cycle within a Calabi–Yau threefold
and the four scalar fields give rise to one real massless scalar in D = 3 coming from
the singlet. The gauge fields on the fivebrane also have no scalar zero-modes on the
three-sphere and thus simply give rise to a D = 3 gauge field. These fields plus the
fermionic partners comprise the field content of pure D = 3 N = 2 U(1) Yang-Mills
theory. Generalising to N fivebranes gives rise to SU(N) gauge group.

Note that we could also consider wrapping on other constant curvature cycles.
In particular, we would get the same theory in the IR if we considered fivebranes
wrapping a lens space, S3/Γ. Alternatively, if we wrapped on a torus T 3, we would
get three additional chiral adjoint matter multiplets from zero modes of the scalar
triplet and scalar zero modes of the gauge fields. In this case, there are actually 16
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preserved supercharges, the matter and gauge fields form a single multiplet and the
gauge theory in the IR is simply the dimensional reduction of D = 6 super-Yang–
Mills theory. Finally, we could also consider the fivebranes wrapping a compact
space constructed as a quotient of hyperbolic space, H3/Γ. In this case, we again
get additional N = 2 chiral matter multiplets in the adjoint representation. We will
briefly mention the structure of the supergravity solutions for H3 in the next section,
but will otherwise concentrate on the S3 case.

3 Supergravity solution

We first note that the IIB supergravity solutions describing wrapped NS fivebranes
have only NS-NS fields non-vanishing and hence are also solutions of N = 1 super-
gravity in D = 10. To explicitly construct the near horizon limits, we follow the
strategy of [2] and first construct the solutions within a suitable gauged supergravity
and then uplift to D = 10. The relevant D = 7 gauged supergravity is obtained from
the consistent truncation of N = 1 supergravity in D = 10 on a three-sphere. This
gives the D = 7 SO(4) gauged supergravity of [27] with the gauge fields arising from
the isometries of the three-sphere. A reader not interested in the methods used to
derive the solution, could skip the first subsection and begin directly with the full
solution in ten dimensions. We also note that given this solution the corresponding
solution for wrapped D-fivebranes can then be simply obtained by S-duality.

3.1 Supergravity solution in D=7 gauged supergravity

Starting from the bosonic Lagrangian of the D = 7 SO(4) gauged supergravity, let us
derive BPS equations for the wrapped branes using the effective Lagrangian method
given in [14]. One can also check that the same BPS equations are obtained directly
from the supersymmetry variations as given in [27], and that solutions of the BPS
equations preserve 1/8 of the supersymmetry. The bosonic field content of the gauged
supergravity [27] (see also [28]) comprises of a metric, gauge fields F ab in the adjoint
of SO(4), a three-form and ten scalar fields in a symmetric four-by-four matrix Tij .

Geometrically the gauge fields describe the twisting of the normal bundle to the
fivebrane. Thus to incorporate the twisting discussed in the last section we need to
have non-vanishing gauge fields in an SO(3) subgroup of SO(4). We realise this by
defining F a ≡ 1

2
ǫabcF bc for a, b, c = 1, 2, 3 and set F a4 = 0. An ansatz for the scalar

fields consistent with the twisting, preserving SO(3) ⊂ SO(4) is given by

Tij = ey/4diag(ex, ex, ex, e−3x) . (2)

Finally, we set the seven dimensional three-form to zero. It is important to check
that such an ansatz is consistent with the three-form, scalar and metric equations of
motion, as is easily verified in this case.

With this ansatz the equations of motion are encoded in the following seven
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dimensional Lagrangian

L =
√
g

{

R− 5

16
∂µy∂

µy − 3∂µx∂
µx− 1

4
e−y/2−2xF a

µνF
a µν

+
1

2
g2ey/2(3e2x − e−6x + 6e−2x)

}

(3)

which can be derived from [27] or [28]. For the metric and gauge fields we use the
ansatz

ds2 = e2f(r)(dξ2 + dr2) +
a2(r)

4
(σ2

1 + σ2
2 + σ2

3)

Aa =
1

2g
σa (4)

where dξ2 is the Minkowski metric on R1,2, and the left-invariant one-forms of SU(2)
satisfying dσa = 1

2
ǫabcσb ∧ σc give the round metric on S3. In particular note that we

have explicitly incorporated the required twisting by setting the SO(3) gauge fields
equal to the SO(3) spin connection of the three-sphere.

When we uplift to D = 10, in order to find solutions corresponding to wrapped
NS-fivebranes, we require that the string-frame warp factor of the dξ2 term is unity.
This implies that, as in [14], we set y = −4f . Substituting this ansatz into the
Lagrangian (3) we obtain a one-dimensional effective action which in terms of the
new variables

e2A = e2fa3 , e2h = e−2fa2 , (5)

is written as

L = e2A
[

4Ȧ2 − 3ḣ2 − 3ẋ2 − V
]

V (h, x) = −6e−2h +
3

2g2
e−4h−2x − g2

2
(3e2x + 6e−2x − e−6x) . (6)

The equations of motion derived from this Lagrangian, combined with the constraint
of setting the Hamiltonian to zero (arising from diffeomorphisms in the radial vari-
able) give the differential equations satisfied by A, h, and x. This system can then
be reduced to a set of first-order Hamiltonian equations together with an associated
Hamilton–Jacobi equation. Choosing F = e2AW (h, x) as a principle function, the
Hamilton–Jacobi equation gives rise [14] to the following non-linear equation for the
superpotential W

V =
1

4

(

1

3
∂hW

2 +
1

3
∂xW

2 −W 2

)

. (7)

By inspection, one finds the solution W = −g(e−3x + 3ex + 3g−2e−2h−x), from which
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the first-order BPS equations then follow, and read

Ȧ =
1

4
W = −g

4
(e−3x + 3ex +

3

g2
e−2h−x)

ḣ = −1

6
∂hW = −1

g
e−2h−x (8)

ẋ = −1

6
∂xW = −g

2
(e−3x − ex +

1

g2
e−2h−x) . (9)

These equations can be solved explicitly by introducing a new radial variable given
by z = 1

2
g2e2h. The solution is

e−2x =
I 3

4

[z] − cK 3

4

[z]

I− 1

4

[z] + cK 1

4

[z]
(10)

eA+ 3

2
x = z

(

I− 1

4

[z] + cK 1

4

[z]
)

, (11)

where Kν and Iν are the modified Bessel functions and c is an integration constant.
A second integration constant appears in the second equation, but it can be set to
unity by a coordinate transformation in the metric.

We have plotted the various orbits of e−2x in Figure 1 labelled by different values
of c. We will see in the next section that these correspond to the flows from the UV to
the IR at different points in the moduli space of the gauge theory. For the moment,
we simply note that there are three distinct regions. For c ≥ 0 there is a singularity
in the solution at finite z = z0 ≥ 0 where e−2x vanishes. For −

√
2/π ≤ c < 0 the

singularity occurs at z = z0 = 0, and now e−2x diverges. For c < −
√

2/π there is
again a singularity where e−2x diverges but now at a finite non-zero value of z.

0.5 1 1.5 2

0.5

1

1.5

2

2.5

3

Figure 1: Plot of e−2x versus the radial coordinate z, for the three-sphere case. The
lower dashed line corresponds to c = 0, whereas the upper one corresponds to c =
−
√

2/π.
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We can easily obtain solutions replacing the three-sphere with the hyperbolic
space H3 or quotients thereof. The only change occurring in the Lagrangian (6) is
the sign in front of the first term of the potential, induced by the negative curvature.
The solution for first order equations is obtained by formally replacing g2 → −g2, and
results in an overall sign change in (10). This means that the hyperbolic space case
corresponds to the negative branch of the very same solutions depicted in Figure 1
and we have plotted them in Figure 2. As the dual field-theory interpretation of these
solutions is not clear we will not discuss them further in the following and instead
focus on the three-sphere case.

1 2 3 4

0.5

1

1.5

2

2.5

3

3.5

Figure 2: Plot of e−2x versus the radial coordinate z, for the hyperbolic case. The
dashed line corresponds to c→ ∞.

3.2 The supergravity solution in D=10

Using the formulae given in [28] we can uplift the seven-dimensional solution to obtain
the corresponding D = 10 supergravity solution. This can be viewed as an N = 1
solution or a type IIA or IIB solution with only NS-NS fields non-vanishing.

In the string frame our family of solutions read

ds2 = dξ2 +
2z

g2
dΩ2

3 +
e2x

g2
(dz2 + dψ2) +

1

g2Ω
sin2 ψ(E2

1 + E2
2)

(12)

where

E1 = dθ + cosφ
σ1

2
− sinφ

σ2

2

E2 = sin θ
(

dφ+
σ3

2

)

− cos θ
(

sin φ
σ1

2
+ cosφ

σ2

2

)

(13)

and

Ω = e2x sin2 ψ + e−2x cos2 ψ . (14)
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As before, the coordinates {ξi}, i = 0, 1, 2, parameterise the Minkowski space on
the unwrapped world volume directions of the fivebrane while dΩ2

3 is the metric on
the three-sphere on which the fivebrane is wrapped and is expressed in terms of the
SU(2) left-invariant one-forms σa. The coordinates 0 ≤ ψ ≤ π, 0 ≤ θ ≤ π, 0 ≤ φ < 2π
parameterize the squashed and twisted three-sphere transverse to the fivebrane.

The dilaton is given by

e−2Φ+2Φ0 = Ω
√
z
(

I 3

4

[z] − cK 3

4

[z]
)2

, (15)

and the NS three-form has the form

H = −2 sin2 ψ

g2Ω2

[

(2 cos2 ψ sinh2 2x− e2x cosh 2x)dψ

+ cosψ sinψ(2 sinh 2x− 1

2z
)dz

]

E1E2

−sinψ cosψe−2x

4g2Ω

[

− sin θσ1σ2E1 + σ3σ1(cos θ cosφE1 − sinφE2)

+σ2σ3(cos θ sin φE1 + cosφE2)
]

− 1

4g2

[

cos θσ1σ2 + sin θ cos φσ3σ1 + sin θ sin φσ2σ3
]

dψ (16)

where the wedge product of forms is understood. Note that the solution depends on
two parameters, the expectation value of the dilaton, Φ0 and the integration constant
c appearing in e−2x as given in (10).

4 Supersymmetry and G2 structure

We have checked that our solution preserves two of the 16 supercharges in the SO(4)
gauged supergravity in D = 7 and consequently also preserves two supercharges in
type I supergravity in D = 10, and four supercharges as a type IIA or IIB solution.
It is illuminating to see how this works in D = 10 as this will allow us to elucidate an
interesting notion of generalised calibration. We will concentrate on the case of type
IIB, though the corresponding type I and type IIA solutions admit a similar analysis.

We first introduce a rather non-obvious orthonormal frame given by

ea =

√
2z

g
Sa , a = 1, 2, 3 e7 =

1

gΩ1/2

(

cosψdz − e2x sinψdψ
)

e4 =
1

gΩ1/2

(

sinψe2xdz + cosψdψ
)

e8 = dξ1

e5 =
1

gΩ1/2
sinψE1 e9 = dξ2

e6 =
1

gΩ1/2
sinψE2 e0 = dξ0

(17)
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where the one-forms Sa are defined as

S1 = cosφ
σ1

2
− sinφ

σ2

2

S2 = sin θ
σ3

2
− cos θ

(

sinφ
σ1

2
+ cos φ

σ2

2

)

S3 = − cos θ
σ3

2
− sin θ

(

sinφ
σ1

2
+ cos φ

σ2

2

)

. (18)

Note that e4 and e7 of this frame incorporate a rotation of dz and dψ. Geometrically
they describe two radial directions, one in the space transverse to the brane within
the Calabi–Yau threefold and one in the remaining overall transverse direction. A
similar frame was used in [12, 14]. In addition we note that S1, S2 and S3 are related
to σ1, σ2 and σ3 by an SO(3) rotation parametrised by the coordinates θ, φ of the
transverse three-sphere. In this frame the NS three-form is given by

H =
ge−2x

2zΩ1/2

[

cosψ(e124 − e236 − e135) − e2x sinψe127
]

−ge
−2x sinψ

Ω3/2

[

e6x sin2 ψ + e2x(4 cos2 ψ + 1) − 3e−2x cos2 ψ − 1

z
cos2 ψ

]

e567

−ge
−2x cosψ

Ω3/2

[

e4x sin2 ψ − 3 + e−4x cos2 ψ − e2x

z
sin2 ψ

]

e456 , (19)

where emnp = em ∧ en ∧ ep.
The type IIB supersymmetry transformations are given by

δλ = Γµ∂µΦτ3ǫ −
1

12
HµνρΓ

µνρ
ǫ = 0

δψµ = ∇µǫ − 1

8
HµνρΓ

νρτ3ǫ = 0 , (20)

where ǫ = (ǫ−, ǫ+) is the SO(2)-doublet of chiral IIB supersymmetry parameters and
τ3 is the third Pauli matrix. Note that the gravitino variation can be written in
component form as

∇−ǫ− = 0 , ∇+ǫ+ = 0 , (21)

where we introduce a generalized connection with totally antisymmetric torsion, given
by

∇±
µ = ∇µ ± 1

8
HµνρΓ

νρ , (22)

where ∇µ is the Levi–Civita connection. From the dilatino variation we infer the
following projections on the preserved supersymmetry

Γ1256
ǫ = ǫ

Γ1346
ǫ = ǫ

Γ4567
ǫ = τ3ǫ . (23)

9



We will not give the angular dependence of the spinors which can be determined
by examining the gravitino variation. These projections preserve four independent
Killing spinors, corresponding to N = 2 in D = 3. Note that the first two projections
are the same as those for Killing spinors on a Calabi–Yau threefold with tangent
directions {1, 2, 3, 4, 5, 6} and the third projection for a IIB NS fivebrane with tangent
directions {0, 1, 2, 3, 8, 9}. In other words, the supersymmetry preserved matches that
of a NS fivebrane probe wrapping a SLAG three-cycle in a Calabi–Yau threefold as
expected. Note that the analogous analysis shows that as a solution of type IIA it
also preserves four supercharges while as a solution of type I it preserves just two.

The projections (23) correspond to those of a G2 holonomy manifold with tangent
directions {1, 2, 3, 4, 5, 6, 7}. The presence of τ3 means that the projections for ǫ− and
ǫ+ differ by a sign. The two are related by simply reversing the sign of e7 in the
orthonormal frame (17). This structure gives us an alternative interpretation of the
solution, which is discussed in more generality in section 7. The seven-dimensional
part of the metric can be viewed a G2 holonomy manifold with totally antisymmetric
torsion. In fact, the manifold admits two distinct covariantly constant spinors ǫ− and
ǫ+ with respect to two distinct connections with totally antisymmetric torsion, ∇±,
each of which has G2 holonomy. The presence of G2 holonomy can be characterised
by the existence of a covariantly constant associative three-form φ. This can be
constructed from the covariantly constant spinor ǫ by

φαβγ = ǫTγαβγǫ , (24)

where γα are gamma matrices on the G2 holonomy manifold, and we normalize ǫ by
ǫTǫ = 1. Thus, since we have two different spinors ǫ±, we can construct two different
associative three-forms. Given the projections (23), these can be immediately written
down in the frame (17), giving

φ− = e123 + e145 − e167 + e246 + e257 + e347 − e356

φ+ = −e123 − e145 − e167 − e246 + e257 + e347 + e356 . (25)

Since ∇−ǫ− = 0 and ∇+ǫ+ = 0, then, by construction, the associated three-forms are
covariant constant but with respect to different connections

∇−φ− = 0

∇+φ+ = 0 . (26)

We should also be able to view the associative three-forms φ± as a generalized
calibration. Again this will be discussed in more detail in section 7. For the moment
we simply note that using the explicit expressions (19) and (25), one can derive an
expression for the dual NS six-form potential B̃ defined by dB̃ ≡ H̃ = ∗e−2ΦH . We
find that

B̃ = ±Vol3 ∧ e−2Φφ± , (27)

where Vol3 is the volume form of the unwrapped part of the fivebrane world-volume.
This holds for either choice of φ±, the two expressions differing by a gauge transfor-
mation. This expression for the dual potential will be particularly useful when we
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come to consider a probe calculation in section 6. It is equivalent to

d
(

Vol3 ∧ e−2Φφ±
)

= ±H̃ , (28)

which, as we will show, can be viewed as the generalized calibration condition on a
G2 holonomy manifold with torsion and a non-trivial dilation field.

5 UV and IR limits

Let us now discuss the asymptotic UV and IR behaviour of our solutions. The UV
limit is obtained when z → ∞. The metric and dilaton then take the form

ds2 ≈ dξ2 +
2z

g2
dΩ2

3 +
1

g2
[dz2 + dψ2 + sin2 ψ(E2

1 + E2
2)]

e−2Φ+2Φ0 ≈ 1

2π
√
z
e2z , (29)

This has the same form as the near horizon limit of the flat NS-fivebrane solution (1)
but with world volume R1,2 × S3 instead of R1,5 and the appropriate twisting. Note
that the dilaton is asymptotically linear up to a logarithmic correction.

The one parameter family of solutions, specified by c, are all singular in the IR,
that is for z ≈ z0, where z0 is defined where e−2x goes to zero or diverges, depending
on the value of c (see Figure 1). This can be seen by analysing the behaviour of the
dilaton, which is plotted in Figure 3 (for ψ = 0). For the solutions with c < 0, it
blows up at z0 and generic values of ψ while for the solutions with c ≥ 0 it vanishes
at z0 for generic ψ. Since the gtt component of the Einstein frame metric is given by
e−Φ/2, these singularities are of the “good” type for c ≥ 0 and of the “bad” type for
c < 0, using the criteria of [2]. We thus expect that only the solutions with c ≥ 0 are
associated with N = 2 D = 3 Yang-Mills theory phenomena.

We now analyse the limiting form of the metric near the good singularities. First
notice that the function I− 1

4

+ cK 1

4

is positive definite for c ≥ 0, and hence a zero of

e−2x occurs when

I 3

4

[z0] − cK 3

4

[z0] ≡ 0 . (30)

Next, using (30), and recursion relations satisfied by the modified Bessel functions
[29], we find, near z0

e−2x ≈
{

2
3
z for c = 0 ,

z − z0 for c > 0 .
(31)

We also need to know the following asymptotic expansion near z0

I 3

4

[z] − cK 3

4

[z] ≈
{

23/4

3Γ( 3

4
)
z3/4 for c = 0 ,

γ(z − z0) for c > 0 ,
(32)
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Figure 3: Plot of e−2Φ versus the radial coordinate z. The lower dashed line corre-
sponds to c = 0, whereas the upper one corresponds to c = −

√
2/π.

where we have defined the positive constant γ = I− 1

4

[z0] − cK 1

4

[z0], depending on c.
The IR behaviour of the solutions can now be written down, and for simplicity we
do so just for the c > 0 solutions. If we define y = z − z0, we find (for ψ 6= 0, π) the
IR limit

ds2 ≈ dξ2 +
2z0
g2

dΩ2
3 +

1

g2y

[

dy2 + y2(E2
1 + E2

2) + dψ2
]

(33)

e−2Φ+2Φ0 ≈ γ2√z0y sin2 ψ . (34)

The form of the metric indicates that the singularity corresponds to a linear distri-
bution of fivebranes. This is parameterized by the angle ψ which varies in 0 ≤ ψ ≤ π
and it has therefore the topology of a segment. The origin of the sin2 ψ factor in the
expression for the dilaton is not clear, as one expects the same harmonic function,
in this case 1/y appearing in the metric and e2Φ. Presumably it means one needs
to take the limit more carefully. However, we can give some more evidence for the
picture advocated, by studying the limit near ψ = 0, π where the above expansion is
certainly not valid. In this case we find it useful to introduce a change of variables
similar to one performed in [14]. Near ψ = 0, for instance, let

y =
√
ρ sin

α

2

ψ =
√
ρ cos

α

2
(35)

from which the expansions take the form

ds2 ≈ dξ2 +
2z0
g2

dΩ2
3 +

1

4g2ρ3/2 sin(α/2)

(

dρ2 + ρ2
[

dα2 + sin2 α(E2
1 + E2

2)
]

)

(36)

e−2Φ+2Φ0 ≈ γ2√z0ρ3/2 sin(α/2) (37)
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and note that 1/ρ3/2 sin(α/2) is harmonic in R
4. Keeping ρ small, but finite, the

above expressions show that the singularity occurs for α = 0, which is the segment
near its end point.

6 A probe computation

We would like to argue that the family of solutions corresponding to good singularities
(c ≥ 0) should describe a slice of the Coulomb branch of D = 3 N = 2 pure
Yang–Mills theory. It is known that the perturbative Coulomb branch of this theory
is unstable due to the generation of a superpotential [18, 19, 20]. However, this
superpotential is induced by instanton effects, and it has been observed in previous
cases [14, 30] that such effects are not captured by the supergravity approximation.
Thus, it is not unexpected that we can find a supergravity solution dual to the
perturbative Coulomb branch of the gauge theory.

We shall provide evidence for our interpretation by probing our solutions with a
fivebrane. The U(1) dynamics of the probe fivebrane corresponds in the field theory
language to Higgsing the gauge group SU(N) → SU(N − 1) × U(1) and analysing
the dynamics of the U(1) factor. To properly treat the IR dynamics of the gauge
theory on the NS fivebranes one should switch to an S-dual description in terms of
D-fivebranes [31]. The D5 brane solution is obtained via the following transformation
rules

ΦD5 = −ΦNS5 ,

ds2(D5) = e−ΦNS5ds2(NS5) ,

C(2) = −B , (38)

where the quantities on the left hand side refer to the S-dual dilaton, metric, and
RR potential. Similarly, the corresponding six-form potential dual to C(2) is given by

C(6) = −B̃.
The effective action of a probe D5 brane in the string frame reads

S = −µ5

∫

d6y e−ΦD5

√

− det [Gab +Bab + 2πα′Fab]

+µ5

∫

[exp(2πα′F +B) ∧⊕nC(n)] , (39)

where µ5 = (2π)−5α′−3, Fab is a world-volume Abelian gauge field, B is the NS
two-form, C(n) are the RR n-forms and it is understood that ten-dimensional fields
are pulled back to the six-dimensional world volume. The S-dual D5-brane solution
has B = 0, and non-vanishing C(2) and C(6). However, one immediately sees that the
pullback of the three-form has no components on the three-sphere on which the brane
is wrapped, which means that there is no Chern–Simons term in the corresponding
gauge theory.

We choose the world-volume to have topology R1,2×S3 and fix reparametrisation
invariance by identifying the world-volume coordinates with {ξi, ψ̃, θ̃, φ̃}, where the
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tilded angles are coordinates on the three-sphere on which the brane is wrapped. The
four scalar fields z, ψ, θ, and φ are then functions of these coordinates. The dynamics
of the fivebrane relevant for the three-dimensional gauge theory is obtained by letting
the fields depend only on the non-compact coordinates {ξi}. In order to find which
moduli do not break supersymmetry, let us first consider the static part of the action,
setting {z, ψ, θ, φ} to constants and F = 0. The contribution from the WZ part is
easily obtained from (27) and reads

SWZ = 2π2µ5

(

2z

g2

)3/2 ∫

d3ξe−2Φ . (40)

The static contribution from the DBI determinant is in general rather complicated
due to contributions from the twisted part of the metric (contained in E1 and E2),
however it is not difficult to verify that it cancels against the WZ part if we restrict
to ψ = 0, π or to z = z0, in which case the two terms vanish separately due to the
vanishing of the dilaton at the singularity. We therefore identify two distinct loci for
supersymmetric motion of the wrapped brane (cf. [14]).

We next consider non-zero velocities for the fields in order to find the moduli
space metric on the two loci. First, let us treat the gauge field. We are interested in
turning on a gauge field in the unwrapped directions of the brane. After integrating
over the three-sphere that the brane wraps, we can dualise the D = 3 U(1) gauge-field
(see e.g.[34]) to get a compact scalar field. The φ and θ kinetic terms vanish upon
restricting to the supersymmetric loci, leaving the following non trivial contributions
in each of the two cases

SI = −
∫

d3ξ

[

c1z
2
(

I 3

4

[z] − cK 3

4

[z]
)2

(∂z)2 + c2z
−3/2(∂σ)2

]

(ψ = 0, π) , (41)

valid for c ≥ 0, and

SII = −
∫

d3ξ

[

c1γ
2z2

0 sin2 ψ(∂ψ)2 + c2z
−3/2
0 (∂σ)2

]

(z = z0) , (42)

valid for c > 0. The constants c1,2 are defined as follows

c1 =
e−2Φ0

π327/2g5
, c2 = 23/2π3g3 . (43)

Let us describe the resulting moduli space, focusing on the c > 0 case. Locus II has
the topology of a cylinder and it covers the space-time singularity. The moduli space
metric on the cylinder is flat as can be seen by employing the change of coordinates
ζ = cosψ, giving

ds2
MII

= c1z
2
0γ

2dζ2 + c2z
−3/2
0 dσ2 . (44)

On the other hand, locus I consists of two disconnected parts (ψ = 0 and ψ = π),
each of which is a cylinder whose radius is finite near the singularity and goes to zero
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as z → ∞. By performing the change of coordinates η = 1/2(z− z0)
2 we can use the

expansion (32) to obtain the following expression for the metric on locus I near the
singularity

ds2
MI

≃ c1z
2
0γ

2dη2 + c2z
−3/2
0 dσ2 for z → z0 . (45)

We notice that, in this limit, the radius of each of the two cylinders of Locus I is
identical to that of Locus II. This suggests, as in [14], that we identify the three
pieces along the boundaries, resulting in a single infinite “cylinder” both ends of
which are shrinking to zero as z → ∞. Note that the moduli space is smooth even
where the space-time is singular.

7 Geometry of wrapped fivebranes and generalised

calibrations

In this section we will further elucidate the types of geometry that arise when IIB
fivebranes wrap supersymmetric cycles in special holonomy manifolds X. The results
extend simply to type IIA by T-duality and to type I in an obvious way. To be
explicit one starts by considering a probe brane in a geometry R1,p × (X ×Rq). Here
the first factor represents the unwrapped brane directions. The brane is taken to
be wrapped on some cycle Σ in X. The factor Rq simply represents the remaining
“overall transverse” directions to the brane, making the total space ten-dimensional.

In all cases, in the string frame, the back-reaction of the brane on the geometry
preseves the flat R1,p factor but promotesX×Rq to a non-trivial Riemannian manifold
Y with non-vanishing dilaton and NS three-form. Moreover, in general, Y has two
connections with totally anti-symmetric torsion given by ∇± = ∇± 1

2
H , as in (22).

We will see that in some cases both of these have special holonomy while in others
just one of them has special holonomy. The supersymmetry transformations in type
IIB are parametrised by a doublet of Majorana-Weyl SO(1, 9) spinors ǫ = (ǫ−, ǫ+)
with the same chirality. In each case the structure on Y can be inferred from the
projections on the Killing spinors coming from, first, the special holonomy on X
and, second, the additional projection implied by the presence of a brane. The latter
is different for ǫ− and ǫ+. The cases where only one of ∇− or ∇+ have special
holonomy on Y occurs when the two different projections on ǫ− and ǫ+ implied by
the brane combined with the geometrical projections implied by X only preserve ǫ−

or ǫ+ spinors. Cases where both ∇+ and ∇− have special holonomy on Y occur when
the combined projections preserve both ǫ− and ǫ+ spinors. In particular, if there is
an overall transverse direction when a fivebrane wraps the supersymmetric cycle, i.e.
q is non-zero, then there are always two structures.

Let us first dicuss the seven-dimensional case where Y has G2 holonomy and
then turn to the other cases. In this paper we have presented a solution describing
a fivebrane wrapping a SLAG three-cycle in a Calabi–Yau threefold X. This is a
case where there is one overall transverse direction when a probe fivebrane wraps
the cycle. In the full solution, including the back-reaction, the space no longer has a
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product structure, but the decomposition into X and an overall transverse direction
is nonetheless still encoded in the supersymmetry projections. In particular, the
supersymmetry projections for the parallel spinors of a Calabi–Yau threefold can be
written, as in eqn. (23) with some relabelling, as

Γ1234
ǫ = ǫ

Γ3456
ǫ = ǫ . (46)

If we decompose each SO(1, 9) Majorana-Weyl spinor ǫ± into SO(1, 3) × SU(3) ⊂
SO(3, 1)×Spin(6) representations, these projections imply that the preserved spinors
are SU(3) singlets. As usual this gives eight supercharges or N = 2 in D = 4. The
presence of a probe fivebrane implies the extra projection

Γ1357
ǫ = τ3ǫ . (47)

As we have seen these projections are satisfied by the Killing spinors of our particular
solution. However, the analysis is quite general. Any supergravity solution represent-
ing a fivebrane wrapping a SLAG cycle will incorporate the same projections. Many
features of the particular solution then go through. First decompose each SO(1, 9)
Majorana-Weyl spinor into SO(1, 2) × Spin(7) via 16+ → (2, 8), and with a slight
abuse of notation, let ǫ also denote the doublet (ǫ−, ǫ+) of seven-dimensional spinors.
The above projections imply that for each ǫ± there is a G2 subgroup of Spin(7) with
8 → 7 + 1 with ǫ± transforming as the singlet. Note that the presence of τ3 implies
that the projections are different for each ǫ± (related by simply reversing the sign of
the overall transverse tangent direction e7) and hence the G2 subgroups are different
(related by an outer automorphism). Since the Killing spinors satisfy ∇−ǫ− = 0 and
∇+ǫ+ = 0 (see (20)), the holonomy of the two connections ∇± are each separately in
G2. This implies that one can construct two different associative three-forms on Y ,
given by

φ±
αβγ = ǫ±

T
γαβγǫ

± , (48)

where γα are seven-dimensional gamma matrices, and we normalise ǫ± by ǫ±
T
ǫ± = 1.

By construction each associative threeform is covariantly constant but with respect
to different connections with torsion

∇−φ− = 0 , ∇+φ+ = 0 . (49)

In summary, we see that the supersymmetry projections on the spinors on the Calabi–
Yau threefold X together with the projection for the probe fivebrane imply that
Y admits two different connections with G2 holonomy and we have four conserved
supercharges, corresponding to N = 2 in D = 3 on the unwrapped part of the
fivebrane world-volume.

By contrast let us consider probe fivebranes wrapping associative three-cycles in
a seven-dimensional manifold X of G2 holonomy. Explicit solutions for this case were
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given in [5, 10, 11]. In this case q = 0 and there is no overall transverse direction.
The G2 holonomy of X implies the supersymmetry projections

Γ1256
ǫ = −ǫ

Γ1357
ǫ = ǫ

Γ1467
ǫ = ǫ . (50)

As above, decomposing SO(1, 9) spinors into SO(2, 1) × Spin(7), these projections
pick out the singlet representation of G2 ⊂ Spin(7), and give two conserved super-
charges for ǫ− and for ǫ+, corresponding to N = 2 in D = 3. As before, the presence
of a probe fivebrane implies the extra projection

Γ1357
ǫ = τ3ǫ . (51)

Unlike the previous case, this is only compatible with the G2 projections (50) for
ǫ− and not for ǫ+. Thus only two supercharges survive corresponding to N = 1 in
D = 3 on the unwrapped part of the fivebrane. As a result, solutions that include
the back-reaction on the geometry give a new seven manifold Y with torsion, and
only one Killing spinor ∇−ǫ− = 0. That is, in contrast to the previous case, there
is now only one connection on Y with G2 holonomy. Consequently there is only one
associative three-form φ− satisfying, by construction, ∇−φ− = 0. Indeed the explicit
solutions constructed in [5, 10, 11] are of this type and it is worth emphasizing that
the solutions in [10, 11] are non-singular examples of this kind of geometry.

Before considering the cases of other wrapped NS fivebranes, let us return to the
issue of generalised calibrations mentioned at the end of section 4. Let us first recall
the notion of calibration. On a manifold of G2 holonomy the associative three-form
φ is a calibration in that it satisfies the following conditions. First, if pulled back
onto any tangent three-plane it is less than or equal to the induced volume-form
evaluated on the three-plane. Secondly, it is closed dφ = 0. As a result a calibrated
three-manifold whose volume-form is equal to the pull-back of the associative three-
form is minimal and, essentially because the associative three-form has a spinorial
construction, is supersymmetric.

If the background also includes a form-field flux, the notion of calibration must be
generalised [32, 33] in order for it to characterise supersymmetric cycles. In particular,
φ is no longer closed, but rather dφ is related to the flux. Recall that, in section 4,
we showed that in our solution φ was related to the dual NS potential B̃ together
with the dilaton. The result (28), can be rewritten as

H = ∓e2Φ ∗7 d(e−2Φφ±) (52)

where ∗7 is the Hodge dual operator on Y and this is the correct generalisation of
the calibration condition dφ = 0 in the presence of both NS flux and a non-trivial
dilaton. To see this, recall that the action for a NS fivebrane with zero world-volume
gauge field strength and no background RR fields is given by

S = −µ5

∫

d6y e−2Φ
√
−G− µ5

∫

B̃ , (53)
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where G is the induced world-volume metric. Let us further consider the NS fivebrane
probe to be static in a spacetime of the form R1,2×Y . One can then repeat the same
steps as in [32, 33] to conclude that if the fivebrane has world-volume with volume
form given by the pull-back of Vol3∧e−2Φφ then, given the condition (52), it minimises
the fivebrane static energy and, hence, φ is a generalized calibration and the probe
configuration is supersymmetric.

To see the connection with supersymmetry, we now show that this condition
can be derived in general from the supersymmetry conditions. Reducing to seven
dimensions, the dilatino variation can be rewritten as

δλ = ∂αΦγατ3ǫ −
1

12
Hαβγγ

αβγ
ǫ = 0 . (54)

Given the symmetry properties of γα, this implies that

∂αΦǫ−
T
[A, γα]∓ǫ

− − 1

12
Hαβγǫ

−T
[A, γαβγ ]±ǫ

− = 0

∂αΦǫ+
T
[A, γα]∓ǫ

+ +
1

12
Hαβγǫ

+T
[A, γαβγ ]±ǫ

+ = 0
(55)

where A is an operator built out of gamma matrices and [ · , · ]± refer to the anti-
commutator and commutator. Consider the case where A = γα1α2α3α4

and choose
the upper sign. Using the fact that in general either ∇−ǫ− = 0 and ∇+ǫ+ = 0 or
only one vanishes, and with the orientation on Y given by ǫα1...α7 = ǫ±

T
γα1...α7ǫ±, it

is then easy to show that (55) implies the generalized calibration condition (52) for
one or both of the associated three-forms. In particular, when both φ± exist, each
separately are generalized calibrations, while when there is just a single G2 structure,
we have a unique generalized calibration.

Thus far our discussion has focussed on the associative three-forms φ± on Y .
However, one can always also construct the corresponding co-associative four-forms
∗7φ

±
α1...α4

= ǫ±γα1...α4
ǫ± which are just the Hodge duals of φ±. It is natural to ask what

generlised calibration condition the co-associative form satisfies when the torsion and
dilaton are non-vanishing. It is easy to show, taking A = γα1...α5

and the lower signs
in (55), that

d
(

e−2Φ ∗7 φ
±
)

= 0 . (56)

Note that, unlike the case of the associative form, the generalisation does not involve
the three-form H and only involves the dilaton factor, which is necessary because
of the corresponding factor in the static energy as in (53). The general theory of a
single G2 connection with totally anti-symmetric torsion has been recently developed
in [35]. A general expression for d ∗7 φ is given in [35] that is consistent with (56). In
addition our expression for the torsion (52) is consistent with the revised results of
[35].

Let us discuss more briefly the geometries arising for other cases of wrapped NS
fivebranes. First consider six-dimensional manifolds Y with connections with torsion
of SU(3) holonomy. The first way in which these geometries arise is when fivebranes
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wrap two-cycles in a Calabi–Yau two-foldX. In this case q = 2 so there are two overall
transverse directions and when the back-reaction of the fivebrane on the geometry
is included the dimension of the non-trivial geometry jumps from four to six. The
projections on the spinors for X imply

Γ1234
ǫ = ǫ (57)

so that the preserved supersymmetries are singlets under the SU(2) holonomy on X.
The projection due to the brane gives

Γ3456
ǫ = τ3ǫ . (58)

Comparing with (46) we see that these do indeed correspond to the projections on
parallel spinors of a manifold with SU(3) holonomy, though clearly with different
SU(3) structures for ǫ+ and ǫ−, related by exchanging e5 and e6. Thus we conclude
that on Y the two connections ∇± each have SU(3) holonomy and that we can
construct two commuting complex structures J± with ∇−J− = 0 and ∇+J+ = 0.
(Note that it can be shown [36], in general, that for all the cases of SU(N) holonomy
with torsion that we discuss, the objects referred to as complex structures constructed
from the spinors do indeed satisfy the conditions for Y to be a complex manifold.)
Since both ǫ− and ǫ+ are each separately conserved, the theory preserves N = 2
supersymmetry in four dimensions. This kind of geometry was first noticed in a
sigma model context in [37]. In addition we can repeat the generalised calibration
argument, taking A = γα1α2α3

in the six-dimensional expression analogous to (55).
We find

H = ∓e2Φ ∗6 d
(

e−2ΦJ±
)

, (59)

In fact, both of these structures were found in [14] for the particular singular solutions
presented in [14, 15].

Six-dimensional geometries also arise when fivebranes wrap two-cycles in Calabi–
Yau threefolds, in which case q = 0 and there are no overall transverse directions. In
this case, the spinor projections from the geometry of X were given in (46) above.
However, now the brane projection is given by (58). Clearly this is only consistent
with the X projections for ǫ−, in which case the projections continue to imply SU(3)
holonomy. Thus we conclude that the geometry of Y which includes the back-reaction
only has a single connection ∇− with SU(3) holonomy, and thus a single complex
structure with ∇−J− = 0. The preserved supersymmetry is now consequently N = 1
in D = 4. The expression for the generalised calibration condition (59) is again
satisfied for J−. Solutions of this type were constructed in [3] and their geometry was
discussed in [23]. Finally, it is worth noting that a different, but consistent, expression
for the torsion was found in [37, 36, 38] (in the case of a single complex structure). The
virtue of (59) is that this form generalises to cases of G2 or Spin(7) holonomy. It is
also worth noting that, as shown in [36, 38], these geometries have holomorphic three-
forms of the form e−2Φω± where ω± are constructed from the Killing spinors. These
are the generalised calibrations corresponding to the special Lagrangian calibrations.
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These forms are closed, so just as for the co-associative forms in the G2 case above,
the generalisation only involves the dilaton.

Let us now turn to manifolds Y with SU(4) holonomy. These can be obtained in
four ways: from fivebranes wrapping (i) Kähler four-cycles in Calabi–Yau threefolds,
(ii) a product of two Kähler two-cycles in a product of two Calabi–Yau two-folds, (iii)
Kähler four-cycles in Calabi–Yau four-folds or (iv) complex Lagrangian four-cycles in
eight dimensional hyper-Kähler manifolds. The first and the third case are completely
analogous to the cases with SU(3) holonomy just described and it will be convenient
to discuss the fourth case later. Let us begin with the first case of four-cycles in
threefolds. In this case there are two overall transverse directions and the projections
on the parallel spinors of X are given by (46) while the projection due to the brane
gives

Γ5678
ǫ = τ3ǫ . (60)

These are precisely the projections for SU(4) holonomy on Y though with different
structures for the two spinors ǫ− and ǫ+. That is we have two different complex struc-
tures J± satisfying ∇−J− = 0 and ∇+J+ = 0. Again, the two complex structures are
related by exchanging the two overall transverse directions e7 and e8. Note that this
implies that the eight-dimensional chirality of ǫ− and ǫ+ are different. As a result
the theory preserves (2, 2) supersymmetry in the D = 2 unwrapped world-volume
dimensions. Again an expression for the generalised calibration can be derived using
A = γα1α2α3α4α5

in the eight-dimensional analog of (55) and reads

H =
1

2
e2Φ ∗8 d

(

e−2ΦJ± ∧ J±
)

. (61)

Note that the difference in chirality of ǫ+ and ǫ− implies that ǫα1...α8 = ǫ−γα1...α8ǫ− =
−ǫ+γα1...α8ǫ+ so there is no overall sign factor in (61). The second case involves
fivebranes wrapping a product of two Kähler two-cycles in a product X of two Calabi–
Yau two-folds. The projections for X are

Γ1234
ǫ = ǫ

Γ5678
ǫ = ǫ ,

(62)

while the presence of the brane wrapping a four-cycle tangent to the 1256 directions
implies

Γ3478
ǫ = τ3ǫ . (63)

These imply we again have two SU(4) structures. Note that in contrast to the
previous case, the preserved spinors have the same SO(8) chirality, i.e. Γ12345678

ǫ = ǫ ,
and this leads to these configurations preserving (4, 0) supersymmetry. Turning to
the third case of fivebranes wrapping a Kähler four-cycle in a Calabi–Yau four-fold
X, the projections for X now give

Γ1234
ǫ = ǫ

Γ3456
ǫ = ǫ

Γ5678
ǫ = ǫ ,

(64)
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while the presence of the brane implies the same condition (60) as above. This pro-
jection is only compatible with the X projections for ǫ−. Thus Y has a single SU(4)
complex structure J−. Consequently only one chirality of the spinor is preserved and
the theory preserves (2, 0) supersymmetry in D = 2. Again the generalised calibra-
tion condition (61) is satisfied for J−. As in the SU(3) case, these geometries with
SU(4) holonomy also have one or two holomorphic four-forms e−2Φω±, which are
generalised calibrations corresponding to what are special Lagrangian calibrations in
case of pure geometry where H = Φ = 0.

Eight manifolds Y with Spin(7) holonomy can arise in three ways. First, consider
fivebranes wrapping co-associative four-cycles in X with G2 holonomy, a case with
one overall transverse direction. The projections for X were given in (50). The brane
projection reads

Γ5678
ǫ = τ3ǫ . (65)

The combined projections are then equivalent to two different Spin(7) structures on
Y . In particular they can be rewritten as

Γ1234
ǫ = ǫ

Γ3456
ǫ = ǫ

Γ5678
ǫ = τ3ǫ

Γ1357
ǫ = ǫ .

(66)

Again the two structures are related by reversing the overall transverse tangent di-
rection e8 and give two different Cayley structures Ω− and Ω+ on Y with ∇−Ω− = 0
and ∇+Ω+ = 0. Note in particular that the eight-dimensional chirality of ǫ− and
ǫ+ on Y are different. This means that the theory preserves (1, 1) supersymmetry
in D = 2. As before one can derive a generalized calibration condition by taking
A = γα1α2α3α4α5

in the analog of (55), giving

H = e2Φ ∗8 d
(

e−2ΦΩ±
)

. (67)

As above the difference in chirality of ǫ− and ǫ+ means there is no overall sign factor.
The second way to obtain Y with Spin(7) holonomy is by wrapping SLAG four-

cycles in a Calabi–Yau fourfold X with SU(4) holonomy. The projections for X are
given by (64). The brane projection reads

Γ1357
ǫ = τ3ǫ . (68)

Again this leads to two different Spin(7) structures Ω± on Y . However, in contrast
to the last case, these structures have the same eight-dimensional chirality. Thus this
theory preserves (2, 0) supersymmetry in D = 2. Note that this is also the first case
of Y with a pair of structures when there were no overall transverse directions. As in
the previous case, both structures satisfy the generalised calibration condition (67),
except since ǫ− and ǫ+ have the same chirality there is an overall sign factor

H = ∓e2Φ ∗8 d
(

e−2ΦΩ±
)

. (69)

21



The last case with Spin(7) holonomy comes from wrapping Cayley cycles in X
with Spin(7) holonomy. The projections from X are

Γ1234
ǫ = ǫ

Γ3456
ǫ = ǫ

Γ5678
ǫ = ǫ

Γ1357
ǫ = ǫ ,

(70)

and the brane gives

Γ5678
ǫ = τ3ǫ . (71)

This is only consistent with the other projections for ǫ−. Thus there is only one Cayley
structure Ω− on Y , again satisfying the generalised calibration condition (67). Since
only one chirality of spinor survives, the theory preserves (1, 0) supersymmetry in
D = 2.

Finally, let us discuss fivebranes wrapping complex Lagrangian four-cycles in
hyper-Kähler manifolds. These are four-cycles that are complex with respect to one
complex structure and special Lagrangian with respect to the other two. Solutions
for M-fivebranes wrapping these cycles were recently given in [17], and we will use the
analysis at the beginning of section 2 of that paper. Let the projections corresponding
to the Sp(2) singlets of a hyper-Kähler manifold X be given by

Γ1256
ǫ = ǫ

Γ3478
ǫ = ǫ

(1 − Γ1234 − Γ1458 − Γ2358)ǫ = 0 . (72)

These preserve (6, 0) supersymmetry in D = 2. One can easily show [17] that the
chirality of the three preserved ǫ− spinors with respect to Γ1234, Γ1458 and Γ2358 can
be taken to be (+,+,−), (+,−,+) and (−,+,+), respectively, and similarly for the
three preserved ǫ+ spinors. The four-cycle tangent to the 1234 directions is complex
Lagrangian and the corresponding projections on the spinors can be written

Γ1234
ǫ = τ3ǫ . (73)

We see that the configuration preserves the first two ǫ− spinors and the third ǫ+ spinor,
giving (3, 0) supersymmetry inD = 2. The two ǫ− spinors satisfy the same projections
as those preserved by a fivebrane wrapping a Kähler four-cycle in a Calabi–Yau four-
fold and imply that ∇− has SU(4) holonomy. On the other hand, the single preserved
ǫ+ spinor implies that ∇+ has Spin(7) holonomy.

We have summarised the results of this section in the following table. We have also
included the amount of supersymmetry preserved in type IIA and type I supergravity.
For type IIB and type IIA the amount of preserved supersymmetry is the same
irrespective of the orientation of the fivebrane. The cases where this is not true for
the type I theory are indicated in the last column of the table.

Note that supergravity solutions describing intersecting branes calibrated by quater-
nionic calibrations were discussed in [39] where the holonomy of the connections ∇±

was also deduced. Note that unlike the cases we have been considering, these quater-
nionic cycles are necessarily linear [40].
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Probe configuration Geometry of Y World volume susy

Cycle Σ X dim(Y ) Hol(∇−) Hol(∇+) D NIIB NIIA NI

Kähler-2 CY2 6 SU(3) SU(3) 4 8 8 4

Kähler-2 CY3 6 SU(3) SO(6) 4 4 4 4 or none

SLAG-3 CY3 7 G2 G2 3 4 4 2

Associative G2 7 G2 SO(7) 3 2 2 2 or none

Kähler-4 CY3 8 SU(4) SU(4) 2 (2,2) (4,0) (2,0)

(Kähler-2)2 CY2×CY2 8 SU(4) SU(4) 2 (4,0) (2,2) (2,0)

CLAG-4 hyper–Kähler 8 SU(4) Spin(7) 2 (3,0) (2,1) (2,0) or (1,0)

Kähler-4 CY4 8 SU(4) SO(8) 2 (2,0) (2,0) (2,0) or none

SLAG-4 CY4 8 Spin(7) Spin(7) 2 (2,0) (1,1) (1,0)

Co-associative G2 8 Spin(7) Spin(7) 2 (1,1) (2,0) (1,0)

Cayley Spin(7) 8 Spin(7) SO(8) 2 (1,0) (1,0) (1,0) or none

Table 1: Holonomy and supersymmetry of supergravity solutions for wrapped NS
five-branes.

8 Discussion

We have presented a D = 10 supergravity solution describing IIB fivebranes wrapping
a SLAG three-cycle and discussed how it can be interpreted as a gravity dual of pure
N = 2 super-Yang-Mills theory in D = 3. It would be very interesting to extend this
work to find gravity solutions dual to N = 2 theories with a Chern–Simons term since
these can have supersymmetric confining vacua. A Chern-Simons term arises when
there is NS three-form flux on the SLAG three-sphere [5]. In order to construct such
solutions within gauged supergravity, one needs to switch on the D = 7 three-form.
However, upon inspection of the equations of motion [28] it is not difficult to see that
one has to go beyond the SO(3) ansatz that we considered in this paper.

We have also discussed some aspects of the geometry arising when IIB fivebranes
wrap supersymmetric cycles. In particular we argued that in some cases one obtains
geometries with both of the connections with torsion, ∇±, having special holonomy
and in others only one of them does. For each case we also elucidated the appropriate
notion of generalised calibration. Explicit supergravity solutions for several different
cases of fivebranes wrapping supersymmetric cycles have now been found. It seems
straightforward to find solutions for all cases, by first constructing them in gauged
supergravity, and these will provide explicit examples of the remaining geometries
that we discussed. It would be interesting to see if the new cases have a dual field
theory interpretation.
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