arXiv:hep-th/0111290 vl 30 Nov 2001

Preprint typeset in JHEP style. - HYPER VERSION hep—th/Ol 1 1290|
AEI-2001-140

Limiting Geometries of Two Circular
Maldacena-Wilson Loop Operators

Gleb Arutyunov, Jan Plefka and Matthias Staudacher

Albert-Einstein-Institut, Mazx-Planck-Institut fir Gravitationsphysik
Am Miihlenberg 1, D-14476 Golm, Germany
Email: bgleb,plefka,matthias@aei-potsdam.mpg.de

ABSTRACT: We further analyze a recent perturbative two-loop calculation of the
expectation value of two axi-symmetric circular Maldacena-Wilson loops in N' = 4
gauge theory. Firstly, it is demonstrated how to adapt the previous calculation of
anti-symmetrically oriented circles to the symmetric case. By shrinking one of the
circles to zero size we then explicitly work out the first few terms of the local op-
erator expansion of the loop. Our calculations explicitly demonstrate that circular
Maldacena-Wilson loops are non-BPS observables precisely due to the appearance
of unprotected local operators. The latter receive anomalous scaling dimensions
from non-ladder diagrams. Finally, we present new insights into a recent conjecture
claiming that coincident circular Maldacena-Wilson loops are described by a Gaus-
sian matrix model. We report on a novel, supporting two-loop test, but also explain
and illustrate why the existing arguments in favor of the conjecture are flawed.
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1. Introduction and Conclusions

Wilson loops are interesting non-local observables in gauge theories. They are func-
tionals of macroscopic space-time contours and are widely suspected to be the proper
observables to describe the strong coupling physics of Yang-Mills theories. While they
have been quite useful as order parameters in lattice gauge theory, Wilson loops have
unfortunately been rather difficult to work with in continuum gauge theories. One
of the chief reasons is that they are plagued by various infinities whose removal ob-
scures the seeming simplicity of their bare equations of motion. The form of the
renormalized, non-perturbative loop equations remains unknown.

For smooth loop contours the mentioned infinities can be divided into two classes:
In addition to the usual quantum field theoretic “bulk” divergences stemming from
Feynman diagrams containing internal loops there are further “boundary” diver-
gences due to contact interactions on the boundaries of the Wilson loops.

Recently, a much more transparent situation has begun to emerge in maximally
supersymmetric gauge theory. In [ a modification of the usual Wilson loop operators
has been proposed. Here the loops are not only coupled to the gauge field but in
addition to the six scalar fields of the model. This modification significantly improves
the just mentioned divergence problems: The boundary divergences of individual
Feynman graphs are either absent or, even more interestingly, cancel against bulk
divergences. This phenomenon has so far been observed in a number of one-loop and
two-loop calculations [B], [B]. However, a general proof of the perturbative, let alone
non-perturbative, finiteness of these novel Maldacena-Wilson loop operators is still
lacking to date. Finding such a proof would yield an infinite set of finite geometric
probes of a four-dimensional quantum field theory.

A further - actually the initial - motivation for being interested in these op-
erators is that they are conjectured to be directly related, at strong coupling and



in the so-called planar limit, to certain classical supergravity solutions in a special
background [[]. Finally, there is even hope that for some special contours such as
a circle these loops might be exactly calculable [P, [l], which, if proven, might lead
to non-trivial analytic tests of the proposed supergravity-gauge correspondence for
these macroscopic observables. To date the correspondence [{, [, [] has only been
rigorously tested on the level of certain local operators.

In [B] the first two-loop perturbative study of Maldacena-Wilson loops was re-
ported. The specific situation analyzed consisted in two axi-symmetric circular con-
tours of arbitrary radii and distance. The motivation of [f] was to perform a two-
loop test of the finiteness properties, as well as to establish that the static potential,
obtained by sending the radii to infinity, receives contributions from non-ladder di-
agrams, in contradistinction to an accidental one-loop cancellation of interactive
diagrams. For related work on Maldacena-Wilson loops see [§]-[[3].

In the present paper the results of [f] are applied to two further situations of
physical interest. This requires a rather straightforward extension of our previous
results, which were derived for circles of opposite orientation, to also include the
equal-orientation case (see section 2). We find that it simply corresponds to formally
flipping the relative sign of the two radii. In section 3 we then study, for both ori-
entations, the limit where either one of the two circles shrinks to zero size. In this
limit one expects that the shrinking loop should be expandable in local operators of
increasing scaling dimension. This allows to extract term-by-term the expectation
value of local operators with the remaining “large” circle. It is shown that our previ-
ous results contain enough information to extract the one-loop anomalous dimension
of the fields of approximate scaling dimension two and three. In particular we re-
cover the known one-loop anomalous dimension of the Konishi field, which is the
lowest (~ 2) dimension unprotected operator of the theory. More importantly, it is
reassuring that the anomalous scaling turns out to be precisely due to the non-ladder
diagrams. In turn, it is seen that the unprotected operators appearing in the operator
expansion are responsible for the global non-BPS nature of closed Maldacena-Wilson
contours. We also comment on the appearance of unprotected operators of classical
dimension three and four and their correspondence to the supergravity limit.

The second application, presented in section 4, involves the limit of equal but
finite radii and vanishing distance of the equally oriented circles'. This allows us
to perform the first two-loop test of a conjecture due to Drukker and Gross [H] (see
also [B]), which holds that multiple coincident circular Maldacena-Wilson loops can
be described by a Gaussian matrix model. We find that all connected non-ladder
diagrams cancel to O(g%) for the case of two circles, in line with the conjecture.

We nevertheless feel the need to add some cautionary observations. The fact that

IThis is the identical to the “static potential” limit considered in [ﬂ] except that there the
orientation was anti-symmetric.



so far the Gaussian matrix model description appears to be valid might be a purely
accidental low-order phenomenon. At any rate we argue that no real arguments
exist that vertex diagrams should not contribute to the circle, and that the analysis
presented in [f]], which involves a conformal map of an infinite line to a circle, does
not directly apply to vertex graphs. As an illustration we consider a particular two-
loop non-ladder graph for a single circle and demonstrate that it is, just like the
ladder graphs, zero for the line but perfectly finite and non-zero for the circle. It
might still be true that the sum of all non-ladder diagrams cancels, but we so far
lack any argument for this. Short of a general proof, it would clearly be desirable to
complete the full two-loop calculation for a single circle.

2. Two Loops of Equal Orientation

In [B] a two loop perturbative calculation of the (connected) expectation value of
two circular Maldacena-Wilson loops of opposite orientation was performed. Here
we shall be interested in the scenario with two loops of equal orientation. That is we
consider the connected correlator of two Maldacena-Wilson loops

W(CY) W(Cy))e = W(C1) W(C2)) — (W(Ch)) (W(C2)) - (2.1)
The Maldacena-Wilson loop operator is defined by

WI[C] = Tr Pexp] jﬂ dr(iA,(x)i# + ®;(2)6"|i])] (2.2)

Here 0! is a point on the unit five-sphere, i.e. 610! = 1, and x#(7) parameterizes the
curve C. We take the curves €'} and C5 to be two parallel, axi-symmetric circles of
equal orientation and, respectively, radii R; and R, separated by a distance h

(1) = (Ry cosT, Ry sinT, 0, 0)
y"(o) = (Ry cos o, Ry sino, h, 0) 1,0 € [0, 27] (2.3)

All our conventions follow [J]. For calculational purposes it is useful to go ten di-
mensional notation M = (u, I), A%,[z] = (A%(x), ®¢(x)) and () = (#*(1), 0" |i#])
with the combined gluon-scalar propagator in 2w dimensions

MNw—-1) 1

(A [z] AN[y]) = g7 6 dmn Are [(z — )2t

(2.4)

in Feynman gauge where x and y are points in 2w dimensional Euclidean space. As
a matter of fact the results of [J] may be directly translated to our new scenario
of circles of equal orientation®. To do so consider the integrated Maldacena-Wilson

2We wish to thank N. Drukker for independently suggesting that our calculation could be easily
modified to also cover this situation. He also, correctly, proposed that the equal orientation case
could be obtained by simply flipping the sign of one of the two radii.



loop associated with Ry with an open leg at the point x#

OMWM _ do (o) ( Al ly(0)] Ab[z])

LTy, 0
— o
A 0 [(y(o) — z)*]"
g* 0% T (w—1) /%d Ry (—coso sing, cosa cos g, 0, 0,07)
4 o 7 (A2 — 2Ry p coso)»~!

(2.5)

where we have introduced polar coordinates x; = p cos¢, x5 = psin¢g and A? =
R2+ p*+ (x3—h)*+ 3. Moreover a shift in ¢ — o+ ¢ was performed. Now consider
the same graph with a circle of opposite orientation, parametrized by

y"(o) = (Ry coso, —Ry sina, h, 0). (2.6)
Performing the analogous manipulations as in (B.J) one arrives at

@) o ({(0).0R)
( proe, = g L e

6D (w—1) /%d 5 (cosa sin g, —cosa cos, 0, 0,67)
B 4 0 (A2 — 2Ry p coso)»~!

(2.7)

Now clearly (B7) may be transformed into (2-) by first shifting the integration
variable ¢ — o + 7, thereafter sending Ry — — Ry and multiplying the total graph
by —1. We have hence shown that

o, = - WW:MLW_RQ 2

This reasoning is applicable to all graphs where there is at least one circle with no
occurrence of path ordering along the loop. By looking at the relevant graphs up to
order ¢°% in [f] we see that the rule (P-§) is applicable to all graphs except for the
3-ladder diagrams and . A careful reanalysis of these two diagrams, however,
reveals that also for these two path ordered diagrams the rule (E.§) continues to hold.

In fact one wonders whether the rule (B.§) holds in general, i.e. for any graph.
However, we have not yet found a proof due to the path ordering problems.

In summary we now have the complete two loop (O(g%)) computation for two
connected Maldacena-Wilson loops of equal orientation at our disposal. For this
geometry we again observe the complete finiteness of the Maldacena-Wilson loop, as
the subtle bulk-boundary cancellation of divergences of the self-energy and the I'Y
graphs of [f] continues to hold due to the simple rule (223).



3. Local Operator Expansion

We now turn to the study of our geometry when one of the two circles shrinks to
zero size, i.e. the limit Ry — 0 while keeping Ry and h finite. In [B] we derived
explicit analytic expressions for all ladder graphs but had to content ourselves with
somewhat complicated if finite integral representations for the non-ladder diagrams.
Remarkably, in the present limit our expressions simplify sufficiently and we are able
to deduce explicit analytic results for all graphs. Quite generally, one expects that the
shrinking loop may be represented by an infinite sum of local composite operators of
increasing scaling dimension. The two loop results of [J] allow to extract informations
on the leading lower dimensional operators appearing in this expansion and make
contact with recent studies of local composite operators in N/ = 4 gauge theory
performed in the context of the AdS/CFT correspondence (see e.g. [[4]-[[Y]).
Consider the following local operator expansion of a Maldacena-Wilson loop

wic) =1+ R*0W(2), (3.1)

(W) p
where O®) denotes a local composite operator of scaling dimension A;. Assume
the special case where the loop is a circle with radius R and lies in the (z7,x9)
plane centered at x. Then the loop is sufficiently symmetric to only partially break
Lorentz invariance. Thus the operator content in (B.]) is classified by irreducible
representations of SO(2) x SO(2), the unbroken subgroup of SO(4). Then every
four-dimensional index g naturally splits into ¢ and ¢, where i = 1,2 and i = 3, 4.
Moreover the loop possesses a definite orientation captured by the two-form € with
€2 =1.

In the case where R is small compared to any other distance in the problem
at hand the Maldacena-Wilson loop operator may be replaced by its local operator
expansion. In particular, for the connected Green function of two parallel Wilson
loops C and Cs with radii Ry and R, separated along the 3-axis by a distance h,
eq.(B.1) implies the following decomposition

(W(CHW(Ch))e (OW(0)W (Cz))

=" RN .
wp e Ty @2

assuming that Ry < Ry, h. In perturbation theory the scaling dimension of an
operator can be represented as

A=AD L AW L A® (3.3)

where A is the free field dimension and AM, A® are anomalous dimensions at
order g2, g* and so on. Therefore every term R® in eq.(B.3) produces logarithmic
terms as

0 1
RA = RAY (1 + AW log R+ A® log R+ §A(1)2 log® R + ) (3.4)



quite similar to the perturbative logarithms appearing in correlation functions of

3. Hence, singling out in the limit R — 0 the coefficients of the

local correlators
divergent logarithms log R in the connected Green function of two Wilson loops will
allow us to determine the one-loop anomalous dimensions of the operators appearing
in (B1).

Let us briefly comment on the relation of the field-theoretic behavior of the ex-
pansion (B.I]) with supergravity predictions. All local gauge-invariant operators in
the NV = 4 super Yang-Mills theory are classified by irreducible representations of
the superconformal group SU(2,2|4). In particular, operators transforming in short
representations, i.e. carrying a certain amount of supersymmetry, are protected from
quantum corrections. Conversely, scaling dimensions of long superfields are subject
to renormalization. In the supergravity approximation the correlator of two loops
can be computed by evaluating the exchange amplitude of supergravity fields be-
tween two string worldsheets with loops as their boundaries [R(]. Since supergravity
fields are dual to protected operators transforming in short representations of the
superconformal group, it is these operators that survive in the local operator expan-
sion (B.) in the limit of large N and large 't Hooft coupling A. However a closed
Maldacena-Wilson loop completely breaks supersymmetry. Therefore its operator
expansion at finite A should certainly contain unprotected operators. We will show
that this is indeed the case and that the operators with non-vanishing anomalous
dimensions are the only ones coupling to the interacting (i.e. non-ladder) Feynman
graphs in the limiting geometry we study.

We start with describing the lower dimensional operator content of the expansion
(B-1) in field theory. There are only two types of gauge invariant operators of free
field dimension two: the chiral primary operators (CPOs) O and the Konishi scalar
K. Canonically normalized in the large N-limit they are given by

. Aot 472
0" = 3 Ce,:Tr (9107) -, KZE:TI (@10l . (3.5)
Here the traceless symmetric tensor C¢; obeys C¢,C%; = §%; a = 1,...,20. The

protected operators O® lie in a short supermultiplet and transform in the irrep 20
of the R-symmetry group SO(6). They have vanishing anomalous dimension. The
Konishi scalar is the lowest component of the long supermultiplet 2] and it acquires
an anomalous dimension in perturbation theory B3, BJ]. In particular, its one-loop

anomalous dimension is Ag{) = 2 B3 which was extensively confirmed in recent

studies [[[]-[I9. '

Among the operators of classical dimension three we have to consider

Tr (dlo/ely ., Tr (VeI . (3.6)

3We thank T. Petkou for a discussion on this point.



and
Jl, = Tr (P'F,):, (3.7)

where {,} stands for symmetrization with all traces removed. In particular the
second operator in (B-§) is the protected CPO transforming in the 50 of SO(6). The
leading contribution to the correlation function of W with any of the operators in
(B-6) is of order A* ~ ¢® and, therefore, in order to find the one-loop anomalous
dimensions of these operators one has to analyze the order ¢® contribution of the
correlator (W W), which is beyond our present knowledge. As to the operator Jiy,
since the leading order behavior is (W.J i,) ~ A%, we are able to use our perturbative
results to deduce its anomalous scaling dimension.

The operator Jiu is particularly interesting because its renormalization involves
fermions. Indeed, the gauged 5-dimensional supergravity contains an antisymmetric
tensor field aj; which is dual* to a dimension three tensor current Jij belonging
to the stress tensor multiplet of the boundary conformal field theory [P4, PJ]. This
current is not a purely bosonic operator but also contains bilinear fermion terms.
Hence, although in the free theory fermions do not couple to the Maldacena-Wilson
loop, a naive operator Jiy does not fit into the local operator expansion at strong
coupling. Apparently we are encountering a splitting phenomenon which also occurs
for operator product expansions of local operators [B3, [7: the free field operator
Jlfu splits in perturbation theory into the sum of two operators, one of which is a
protected operator whereas the other develops an anomalous scaling dimension and
decouples at strong coupling.

To justify this picture define the following two operators

1

V8

Here Y4 5 is an antisymmetric matrix which intertwines the adjoint irrep of SO(4)
with the fundamental of SO(6), A, B = 1,...,4. One can take for instance X4, =
(nk 5, 7% 5), where k = 1,2, 3 and n% 5 and 7% 5 are self-dual and anti-self dual 't Hooft
symbols respectively. In free field theory the operators Jiyi are orthogonal with

JIr=2Tr (O'F,) £ =% T (V") . (3.8)

respect to the two-point function and satisfy 4Ji,, = Jij + Jil,_. One also has®

)\251‘] (x 5y[>\ — :L’,,5 p\)x ]
ey [P0 T o

(o (@) T35 (y) = (3.9)

22
In perturbation theory Jij and Jiy_ have different renormalization group behavior,
whereas Jij belongs to the stress tensor multiplet and is non-renormalized, the
operator J. iy_ has a non-vanishing anomalous scaling dimension.

“In the formulation of N' =4 SYM with Weyl fermions a;, couples to the YM operator OZU of
reference [R4, B3] transforming in the self-dual irrep 6, of SU(4).

_ sab b _
5The fermionic propagator is (& A(x)wg’ By = —iéABW



The analysis of the dimension four operators is more involved because they also
contain descendent fields, which are not orthogonal to primaries with respect to the
two-point function. A given primary operator O contributes to the local operator
expansion with all its derivative descendents. This contribution can be found by
evaluating the correlation function of W with O

(W(C)OO) _ <~ pwyiyiog,
= R0V 00) (3.10)

where k enumerates the infinite set of descendents of the primary operator O. In
particular, the leading contributions of the descendents of the CPO, of the Konishi
scalar and of the currents J;'EV =0! J/f,/i read as

(W(C)O%x)) _ A2 R

(W) — My (R? + h2)?’ (3.11)
(W(O)K(z)) A R?
W) 43 (R2 4 h2)2 (3.12)
(W(C) Ty () . iX*  R®
(W) = €;0,,0 12 (R i) (3.13)

where x = (0,0, h,0) and the loop of radius R is centered at the origin. Moreover
we have defined k, = C%,0107 so that k,k* = 5/6.

Expanding (B.11))-(B-13) in powers of R%/h? one can identify every monomial as
coming from a certain derivative descendent in the local operator expansion of W (C).
It is not difficult to find the form of these descendents in the free theory. For example
to construct the dimension four descendents of the Konishi scalar one has to consider
the following independent operators : 9;®9,®! :, : 5;®10;®! : and : 9?®' B! :. There
is only one linear combination of these operators® which is orthogonal to K while
the other two provide the descendents we are looking for. Since we have several
derivative operators of the same free field dimension we expect that they will mix
under renormalization. The correlation function of two Maldacena-Wilson loops
to order ¢® does not contain enough information to establish their individual one-
loop anomalous dimensions. We shall therefore restrict the further discussion to the
operators of approximate dimension two and three mentioned above.

Summarizing the lower dimensional content of the local operator expansion we
have

WIC) _ 4 pax liJr...]K(x)jLRAO li—i-...]fiaO“(x) (3.14)
(W) 43 2v2
.2 : 2
+ RA+ [% +.. ] J;;(:E)eij + R%- [% —+ .. ] Ji;(x)eij + higher .

6Tn fact this is a primary operator coinciding with the component Tj; of the stress tensor T, of

free six bosons.



Some comments are in order. In (B.14) the dots indicate higher order terms in A of
the corresponding operator expansion coefficients. Note that the coefficient of the
CPO has been computed in [Bg] to all orders in A under the assumption of vanishing
radiative corrections. The scaling dimensions of the CPO and J;;» are Ap = 2
and A, = 3 respectively, while Ag and A_, being the dimensions of the Konishi

scalar and of the current J., receive perturbative corrections. The operator content

ij s
of (B.1) is sensitive to the ]orientation of the loop since the form € flips the sign
under change of orientation. In the following it is convenient to distinguish different
orientations by denoting a contour oriented clockwise by Ct and the one with the
opposite orientation by C'~.

By using eqs. (B.9), (B-14) and (B.I1)-(B.I3) we get in the limit Ry — 0 the
following leading O(A?) contribution to the Green function of two Maldacena-Wilson

loops:
(W(CHW(C5))e _ ifR?K R _%§33RAO R
(W)2 48" (R2+h2)2 " 48 ' (R 4+ h2)?
S L (3.15)

2 2 pA- T
s (R TR (R h2)p
Here the first line represents the contribution from the Konishi scalar and the CPO
while the second one is due to Jf;. Taking into account the one-loop anomalous

dimension of the Konishi field we therefore obtain

(W)? 8 (R3+nh?)?2 4 (R} + h?)3 '
X R2RZ A3
1
642 (R3 + h2)2 810 T

AD RR3

NG L BT
* S (RE+hzp B

This formula predicts that the correlator (B.J]) develops a logarithmic singularity in
the limit Ry — 0 at order \3.

Now we are ready to compare the expected behavior of eq. (B-If), with the
explicit two-loop calculation of [f]. We first note that in the limit considered, Ry — 0,
only the interacting diagrams give rise to logarithmic terms, on which we shall focus.
In agreement with the above predictions the contribution of the graphs can be worked
out explicitly from the corresponding integral representations in this limit. We find
for two loops of equal orientation the logarithmic contributions

€ 3 3 PR3
(K] - e,
<% R1—0 641 (RQ“‘h)
< < N RR? TN RIRS
— log Ri — log R
[<E§§; *112551 3272 (B2 + h2)2 2" Gan? (RS + h2)e 8
+

< 113 4 R2
% E 1 - 2 §1R22 3 log Ry,
<< R1—0 967 (R2 + h )




< ¥ RR? N RIRS
_ log R -2 __log R
L@ LHO 6an2 (B2 + h2)? B T gm (R a2y 8

N 59\3 RIR?
115272 (R} + h2)3
The ladder graphs do not yield logarithmic contributions. Summing up we obtain
WEOWE). X RE X R
W2 64m (BB +h2)2 0 1672 (RS + h2 )3
73\3 R} R3
115272 (R2 + h?)
The result for graphs of opposite orientation differs from (B.17) only by a sign in front
of the (R Ry)%log Ry terms. The first term in the last expression indeed confirms the

log Ry . (3.17)

log Ry

5 log Ry . (3.18)

one-loop anomalous dimension of the Konishi field to be AY = %. By comparing
the second term in (B.I§) with the local operator expansion predictions (B.1q) we
read off the one-loop anomalous dimension of the operator JZ-I]-_

m_ A
A = 5.3 (3.19)
Finally the last term in (B.I§) carries information on the one-loop anomalous dimen-
sions of the approximate dimension four operators, which are not orthogonal to the
Konishi scalar and the CPO.
This completes our considerations of the perturbative local operator expansion.
We conclude by emphasizing two observations concerning the above analysis. First,
the interacting Feynman diagrams are the ones responsible for the appearance of
unprotected operators in the local operator expansion. The ladder diagrams do not
produce any logarithmic singularities (at the level of the perturbation theory we are
working at) and contribute only to the local operator expansion coefficients. In this
respect it would be interesting to understand whether the interacting graphs also
contribute to the local operator expansion coefficient of the CPOs. If this is not
the case this would mean that interacting graphs couple solely to the unprotected
operators of the theory, like the Konishi field. At strong coupling the Konishi field
decouples from the theory, which would imply in turn that the sector of interacting
graphs coupling to it becomes negligible in comparison to the ladders”. Unfortu-
nately the information we have at our disposal so far does not suffice to answer this
question. Second, in order to match the supergravity picture the operator expansion
of the bosonic Maldacena-Wilson loop should contain renormalized operators which
are constructed from bosons and fermions. Fermions emerge due to the splitting
mechanism and at the level of perturbation theory this can be viewed as a sign of
supersymmetry in the theory of a purely bosonic operator.

7On the other hand, the sector of interacting graphs coupling to unprotected operators of finite
anomalous dimension at strong coupling will survive.
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4. New Results on the Matrix Model Conjecture

Armed with the complete order g° result for the connected correlator of two Maldacena-
Wilson loops of equal orientation, we may now perform a further test of the Drukker-
Gross matrix model conjecture [[[]. Based on an anomaly argument these authors
argue that the expectation value of an arbitrary number of coincident, possibly mul-
tiply wound, circular Maldacena-Wilson loops of equal orientation is given by solving
a purely combinatorial problem®. The latter is easily seen to correspond to comput-
ing correlators in a simple Gaussian matrix model. If correct this conjecture amounts
to the claim that all interacting graphs contributing to the loop correlator vanish.

The relevant limit in order to extract the result of two incident circles of equal
orientation from our geometry is

Rl = Rg =R and h—20. (41)

Given the explicit integral representations for individual diagrams found in [J] it
is straightforward to analytically perform this limit. Remarkably, and quite non-
trivially, one finds after some calculation that all interacting non-ladder graphs can-
cel:

(4.2)

(<
=L

<z
Therefore only the contribution of the ladder-diagrams survives. This result repre-

sents a two loop order test of the Drukker-Gross conjecture [[]. For the ladder-graphs
one has in the limit (f.1))

A <
4 (z ]Rﬁ_?
3\2 [ < < <
il P SR R A P
523 [ < < < < < <
(il S | G M N R 1
A3 [ < < < < <
= 4.3
192 N2 _(E +<§ +<§ +<§> +<<@ ]Rﬁjf o

8This more general problem is equivalent to finding the expectation value of a single circular
Wilson loop in an arbitrary representation of the gauge group.

—_

1



which indeed follows from the proposed matrix model description [[3, B7]

1 M M —2N Ty a2 1 M 2Ny pr2)2
(W(C’l)W(Cg))C—E/dMTre Tr e e —(E/dMTre e )

2 A2 2
= 5 LVIL(VA) + 155775 BV

PRI + BEA)]) +O(5) (4.4
where I,,(x) is the nth order modified Bessel function. Expanding (f.4) reproduces
our findings to O()\3).

Let us review the existing perturbative evidence for the matrix model conjecture.
Clearly, performing the sum of all ladder graphs for correlators of incident Maldacena-
Wilson circles may be rephrased by a Gaussian matrix model of the form (f.4).
This is due to the fact that the combined gluon-scalar propagator trivializes to a
constant if both of its ends lie on a circle. An alternative way of understanding this
starts from the observation that the ladder graphs of an infinite Maldacena-Wilson
line are identically zero. Under an inversion the line is mapped to a circle, so one
might expect the correlators of the line and the circle to be identical by conformal
invariance of the theory. However, as we know, this is not the case, and as shown
in [ the discrepancy is due to additional total derivative terms that the gluon
propagator picks up under an inversion. These total derivatives let the contribution
from the ladder diagrams collapse to a point and turn the circle correlator into a
correlator in a zero dimensional field theory, the matrix model ([4). The story for
the interacting graphs is, however, considerably more intricate?. Now at least one
leg of the modified propagator is attached to an interaction vertex which may no
longer be simply integrated by parts. An explicit example where such a graph by
graph consideration fails appears already at the one loop (O(g*)) level [J]. Here the
interacting graphs for the infinite Maldacena-Wilson line vanish separately

G A ., (4.5)

due to the appearance of the standard combination #;-%; —|%;| |4;] in the numerators,
which vanishes for straight line trajectories. Their image graphs under inversion,
however, do not vanish and are actually individually divergent in four dimensions [}

@ = divergent @ = divergent (4.6)

It is only that the sum of these two graphs vanishes, due to the subtle cancellation of
bulk (right diagram) versus boundary (left diagram) divergences for the Maldacena-
Wilson loop operator. Given this, one might speculate on the existence of a modified

9Here we cannot follow the arguments of [@] which claim that also the interacting sector collapses
to a point. Even stronger, the authors speculate that there are no contributions from the interacting
graphs to all orders in perturbation theory.
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anomaly argument, in which one only considers the inversion of classes of individually
divergent graphs, which sum to a finite result. This is indeed a necessity in view
of the fact that the dimensional regularization needed for divergent graphs breaks
conformal invariance. If true and if the resulting matrix model is indeed Gaussian,
such a modified conjecture would claim that the image graph under inversion of a
vanishing interacting graph on the line should either be zero or divergent. Indeed
the results of B in (f.6) and our reported two-loop findings of (f.4) support this
statement.

However, let us now give a counterexample to such a modified anomaly con-
jecture. Consider the four point insertion on the line and the circle, an order g°
interacting graph. On the circle it takes the form

6 N2 4
g N (N — 1) d*z 2m 71 T2 73
@ SN o [ [ [ [

2-(2,4)-(3,1) — (L,4) - (2,3) — (1,2) - (3,4)
(21 = 2)? (2 — 2)* (23 — 2)? (24 — 2)?

(4.7)

where we have parametrized the four points on the circle by x; = (cos7;,sin7;,0,0)
and introduced the notation (4,j) = @; - &; — |#;||%;]. From this structure one
immediately deduces the vanishing of the corresponding graph on the line

o =0 (4.8)

due to (4, 7)hjipe = 0. The circle graph ({.7) on the other hand may be brought into
the form

@: GNQ((QJZ_l/ dz/ dp/ dﬁ/ d7'2/ dTg/ dry %

2. (2,4 [3,1] — [1,4] - [2,3] — [1.2] - [3,4]
(14 p? + 22 —2z2c08T)

Xpz (4.9)
where [7, 7] = (4, 7)|circle = 1 — cos(r; — 7;). We claim that this integral is finite.
Unfortunately we have not yet been able to determine its value analytically, but
could evaluate it to a high degree of accuracy numerically. We find that

NN 1) 5 PNA(N 1)
@_ = 9.25(47) 11077 ~ Ty (4.10)

where the last value represents our sophisticated guess for the exact value of the
integral.

This consideration shows that the structure of the interacting graphs at order g%
for a single Maldacena-Wilson loop has a much richer structure than one would expect
from the g* results. Although we have only considered a single graph, its finiteness
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casts some doubt on the conjecture [ that the circular loop can be obtained by
simply solving a combinatorial problem, described by a Gaussian matrix model.
Since it is far from clear how to obtain the above X-graph by pure combinatorial
reasoning it is, furthermore, not obvious whether introducing interactions into the
matrix model might help. Of course an individual graph such as the one we just
studied is not gauge invariant by itself, but that is also true for the artificial - in the
context of non-abelian gauge theory - restriction to ladder graphs. Nevertheless, it
might still be true that the sum of all vertex graphs, in Feynman gauge, cancels. If so,
we feel we have demonstrated that the true mechanism is wanting. Clearly it would
be highly desirable to know the complete O(g%) result and to really understand the
behavior of the interacting graphs under the inversion.

Acknowledgments.

It is a pleasure to thank Gernot Akemann, Nadav Drukker, Tassos Petkou, Gordon
Semenoff and Stefan Theisen for interesting discussions. G. A. was supported by the
DFG and by the European Commission RTN programme HPRN-CT-2000-00131 in
which he is associated to U. Bonn, and in part by RFBI grant N99-01-00166 and by
INTAS-99-1782.

References

[1] J. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80 (1998) 4859,
hep-th /9803002

[2] J. K. Erickson, G. W. Semenoff and K. Zarembo, “Wilson loops in N = 4 supersym-
metric Yang-Mills theory,” Nucl. Phys. B 582 (2000) 155, hep-th /0003055

[3] J. Plefka and M. Staudacher, “T'wo loops to two loops in N = 4 supersymmetric Yang-
Mills theory,” JHEP 0109 (2001) 031, hep-th/0108182,.

[4] N. Drukker and D. J. Gross, “An exact prediction of N = 4 SUSYM theory for string
theory,” hep-th/0010274.

[5] J. Maldacena, “The large N limit of superconformal field theories and supergravity,”
Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1998) 1113], fhep]

th/971120(.

[6] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from
non-critical string theory,” Phys. Lett. B 428 (1998) 105, hep-th/9802109.

[7] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998)
253, hep-th/980215(.

14


http://arXiv.org/abs/hep-th/9803002
http://arXiv.org/abs/hep-th/0003055
http://arXiv.org/abs/hep-th/0108182
http://arXiv.org/abs/hep-th/0010274
http://arXiv.org/abs/hep-th/9711200
http://arXiv.org/abs/hep-th/9711200
http://arXiv.org/abs/hep-th/9802109
http://arXiv.org/abs/hep-th/9802150

[8] N. Drukker, D. J. Gross and H. Ooguri, “Wilson loops and minimal surfaces,” Phys.
Rev. D 60 (1999) 125006, hep-th/9904191].

[9] J. K. Erickson, G. W. Semenoff, R. J. Szabo and K. Zarembo, “Static potential in N =
4 supersymmetric Yang-Mills theory,” Phys. Rev. D 61 (2000) 105006, hep-th /9911088

[10] K. Zarembo, “Wilson loop correlator in the AdS/CFT correspondence,” Phys. Lett.
B 459 (1999) 527 hep-th/9904149;
P. Olesen and K. Zarembo, “Phase transition in Wilson loop correlator from AdS/CFT
correspondence,” hep-th /0009210

[11] K. Zarembo, “String breaking from ladder diagrams in SYM theory,” JHEP 0103
(2001) 042, frep-th/0103058.

[12] G. Akemann and P. H. Damgaard, “Wilson loops in N = 4 supersymmetric Yang-Mills
theory from random matrix theory,” Phys. Lett. B 513, 179 (2001), erratum to appear,
hep-th /0101225

[13] M. Bianchi, M. B. Green and S. Kovacs, “Instantons and BPS Wilson loops,” [hep]

th/0107024.

[14] E. D’Hoker, D. Z. Freedman and W. Skiba, “Field theory tests for correlators in the
AdS/CFT correspondence,” Phys. Rev. D 59 (1999) 045008, hep-th/9807094.

[15] E. D’Hoker, S. D. Mathur, A. Matusis and L. Rastelli, “The operator product ex-
pansion of N = 4 SYM and the 4-point functions of supergravity,” Nucl. Phys. B 589
(2000) 38, hep-th/9911223.

[16] M. Bianchi, S. Kovacs, G. Rossi and Y. S. Stanev, “On the logarithmic behavior in
N =4 SYM theory,” JHEP 9908 (1999) 020 hep-th/9906188; “Anomalous dimensions
in N = 4 SYM theory at order g*,” Nucl. Phys. B 584 (2000) 216, hep-th/0003203;
“Properties of the Konishi multiplet in N = 4 SYM theory,” JHEP 0105 (2001) 042,
hep-th /0104016,

[17] G. Arutyunov, S. Frolov and A. Petkou, “Perturbative and instanton corrections to
the OPE of CPOs in N = 4 SYM(4),” Nucl. Phys. B 602 (2001) 238 [hep-th/0010137;
“Operator product expansion of the lowest weight CPOs in N = 4 SYM(4) at strong
coupling,” Nucl. Phys. B 586 (2000) 547, fhep-th/0005183.

[18] G. Arutyunov, B. Eden, A. C. Petkou and E. Sokatchev, “Exceptional non-
renormalization properties and OPE analysis of chiral four-point functions in N =
4 SYM(4),” hep-th/0103230.

[19] S. Penati and A. Santambrogio, “Superspace approach to anomalous dimensions in N
=4 SYM,” Nucl. Phys. B 614 (2001) 367, hep-th/0107071].

[20] D. Berenstein, R. Corrado, W. Fischler and J. Maldacena, “The operator product
expansion for Wilson loops and surfaces in the large N limit,” Phys. Rev. D 59 (1999)
105023, hep-th/980918§.

15


http://arXiv.org/abs/hep-th/9904191
http://arXiv.org/abs/hep-th/9911088
http://arXiv.org/abs/hep-th/9904149
http://arXiv.org/abs/hep-th/0009210
http://arXiv.org/abs/hep-th/0103058
http://arXiv.org/abs/hep-th/0101225
http://arXiv.org/abs/hep-th/0107028
http://arXiv.org/abs/hep-th/0107028
http://arXiv.org/abs/hep-th/9807098
http://arXiv.org/abs/hep-th/9911222
http://arXiv.org/abs/hep-th/9906188
http://arXiv.org/abs/hep-th/0003203
http://arXiv.org/abs/hep-th/0104016
http://arXiv.org/abs/hep-th/0010137
http://arXiv.org/abs/hep-th/0005182
http://arXiv.org/abs/hep-th/0103230
http://arXiv.org/abs/hep-th/0107071
http://arXiv.org/abs/hep-th/9809188

[21] K. Konishi, “Anomalous Supersymmetry Transformation Of Some Composite Opera-
tors In Sqcd,” Phys. Lett. B 135 (1984) 439.

[22] D. Anselmi, D. Z. Freedman, M. T. Grisaru and A. A. Johansen, “Nonperturbative
formulas for central functions of supersymmetric gauge theories,” Nucl. Phys. B 526
(1998) 543, hep-th/9708042.

[23] D. Anselmi, “The N = 4 quantum conformal algebra,” Nucl. Phys. B 541 (1999) 369,
hep-th /9809192,

[24] S. Ferrara, C. Fronsdal and A. Zaffaroni, “On N = 8 supergravity on AdS(5) and N =
4 superconformal Yang-Mills theory,” Nucl. Phys. B 532 (1998) 153, hep-th/9802203].

[25] G. E. Arutyunov and S. A. Frolov, “Antisymmetric tensor field on AdS(5),” Phys.
Lett. B 441 (1998) 173, hep-th/980704€.

[26] G. W. Semenoff and K. Zarembo, “More exact predictions of SUSYM for string the-
ory,” Nucl. Phys. B 616 (2001) 34, hep-th/0106015.

[27] G. Akemann, private communication.

16


http://arXiv.org/abs/hep-th/9708042
http://arXiv.org/abs/hep-th/9809192
http://arXiv.org/abs/hep-th/9802203
http://arXiv.org/abs/hep-th/9807046
http://arXiv.org/abs/hep-th/0106015

