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Abstract

Bianchi VIII vacuum solutions to Einstein’s equations are causally geodesically
complete to the future, given an appropriate time orientation, and the objective
of this paper is to analyse the asymptotic behaviour of solutions in this time
direction. For the Bianchi class A spacetimes, there is a formulation of the
field equations that was presented in an article by Wainwright and Hsu, and we
will analyse the asymptotic behaviour of solutions in these variables. We also
try to give the analytic results a geometric interpretation by analysing how a
normalized version of the Riemannian metric on the spatial hypersurfaces of
homogeneity evolves.

PACS numbers: 0420, 0440

1. Introduction

Let us begin by defining what we mean by Bianchi class A spacetimes. We do this by defining
the concept of class A vacuum initial data. Let us introduce some terminology. Let G be
a three-dimensional Lie group, ¢;, i = 1,2, 3 be a basis of the Lie algebra with structure
constants determined by [e;, ;] = yi’;.ek. If yi]; = 0, then the Lie algebra and Lie group are
said to be of class A and

V,gl;' = Gijmnkm (1)
where the symmetric matrix n% is given by

n' = %y,f;e-i)kl. )
Definition 1.1. Class A vacuum initial data for Einstein’s equations consist of the following. A
Lie group G of class A, a left invariant metric g on G and a left invariant symmetric covariant
2-tensor k on G satisfying

Ry — kijk + (trg k)* = 0 3)
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Table 1. Bianchi class A.

Type n1  ny n3

1 0 0

11 + 0

VI 0 + —

VI 0 +

VIII — + +

IX + +

and
Vitryk — Vik; =0 4)

where V is the Levi-Civita connection of g and R, is the corresponding scalar curvature,
indices are raised and lowered by g.

Consider class A vacuum initial data. We can choose a left invariant orthonormal basis {e;}
with respect to g so that the corresponding matrix n*/ defined in (2) is diagonal with diagonal
elements ny, n, and n3. By an appropriate choice of orthonormal basis ny, ny, n3 can be
assumed to belong to one and only one of the types given in table 1. We assign a Bianchi
type to the initial data accordingly. This division constitutes a classification of the class A Lie
algebras, see lemma 3.1.

We can divide the initial data into three classes.

(a) Bianchi IX initial data. In this case the maximal globally hyperbolic development of the
initial data is future and past causally geodesically incomplete. It expands for a certain
period of time, reaches a moment of maximal expansion and then recollapses.

(b) Bianchi I and VII, initial data with tr, k = 0. The corresponding developments are
causally geodesically complete.

(c) The remaining types of initial data. With a suitable time orientation such data evolve into
a future causally geodesically complete spacetime expanding forever into the future. The
development is, however, past causally geodesically incomplete.

In this paper we are interested in the third class of initial data.

There is a formulation of Einstein’s equations due to Ellis and MacCallum [1] covering,
among other things, the Bianchi class A spacetimes. In an article by Wainwright and Hsu [2],
a normalized version of the corresponding variables together with a different time coordinate
were introduced. The main part of this paper consists of an analysis of the asymptotic behaviour
of these variables (see section 2 for a description). Our main interest is in Bianchi VIII, but
we also consider the other Bianchi class A spacetimes in the third class as above. The Bianchi
I, IT and VI cases are quickly handled, and are included for completeness, but it takes some
time to analyse the asymptotics of Bianchi VIIy. The main result stated in the variables of
Wainwright and Hsu is the following.

Theorem 1.1. Consider a Bianchi VIIy solution to (5)—(7) with N, N3 > 0 which never
satisfies Ny = N3 and £_ = 0 simultaneously. Then

lim (Z,,X_) =(—1,0) and lim N, = lim N3 = ng

T—>00 T—>00

where 00 > ng > 0.
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The statement follows from propositions 7.2 and 7.3. The condition N,, N3 > 0 can be
assumed without loss of generality, but demanding that N, = N3 and ¥_ = 0 never be
satisfied simultaneously excludes a simple subcase, see proposition 7.1. Observe that the line
N, = N3 >0,N; =0, ¥, = —1 and ¥_ = 0 represents spacetimes that are isometric to
a part of Minkowski spacetime. Thus the solution asymptotically approaches Minkowski in
some sense. In particular, the conditions N, = N3 and ¥_ = 0 represents solutions which are
locally rotationally symmetric, and since these conditions are satisfied in the limit, the solutions
in some sense seem to become ‘more symmetric’ asymptotically. Finally, let us observe that
Bianchi VIl perfect fluids have been considered in [3].

Bianchi VIII is dealt with definitively, in the sense that it is proven to what the variables
of Wainwright and Hsu converge.

Theorem 1.2. Let (2., X_, Ni, N>, N3) be a Bianchi VIII solution to (5)—(7) with N < 0
and N>, N3 > 0. Then

lim N; =0, lim N; = oo, lim N3 = oo.
T—>00 T—>00 T—> 00
Furthermore,
lim %, = 3, lim ©_ =0
T—>00 T—>00
and
lim Ni(N>+ N3) = —1, lim (N, — N3) = 0.
T—> 00 T—> 00

The proof of this theorem occupies a large part of the article, and the last step is to be found
at the end of section 8. Observe again that Ny — N3 — 0 and ¥_ — 0, so that the solution
in some sense becomes locally rotationally symmetric asymptotically. Finally, let us note that
in certain situations knowing the asymptotic behaviour of the Wainwright—Hsu variables may
be insufficient. It is conceivable that if one is interested in computing curvature invariants for
instance, one has to consider expressions of the form N22 — N32, concerning which the result
above says nothing.

Let us also mention that even though it does not require much time to sort out the
asymptotics for Bianchi VI, the results yield an interesting consequence. In fact, one reaches
the conclusion that Bianchi VIII is very different from Bianchi IX as far as the behaviour
towards the singularity is concerned. In [4] it was proven that generic Bianchi IX solutions
converge to an attractor, where by the attractor, we mean the set of vacuum type I and II points,
and the generic points are obtained by subtracting a finite number of positive codimension
submanifolds from the manifold of Bianchi type IX points. It was also proven that for generic
Bianchi IX solutions, the convergence to the attractor is almost monotonic in the following
sense. Given an € > 0, there is a § > 0 such that if x constitutes Bianchi IX initial data closer
to the attractor than &, then applying the flow to x in the past time direction will not result in
points further away from the attractor than €. By distance, here we mean the ordinary Euclidean
distance in the Wainwright—Hsu variables in R%, the relevant space in the Bianchi IX matter
case. This result, together with the result that generic Bianchi IX solutions have an «-limit
point on the Kasner circle, yield the conclusion that generic solutions converge to the attractor.
The almost monotonic convergence constitutes the most difficult step. In proposition 6.2, we
prove that the corresponding statement for Bianchi VIII is not true. In fact, we prove that there
is a fixed number 1 > 0, such that for any € > 0 we can find Bianchi VIII initial data closer to
the Kasner circle than € which will at one point to the past be at a distance further than n away
from the attractor. This does not of course prove that Bianchi VIII solutions may not converge
to the attractor, but it does imply that the main part of the argument concerning Bianchi IX
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presented in [4] is of no help in proving convergence to the attractor, and that a completely
different method is required, assuming one still believes that generic Bianchi VIII solutions
converge to the attractor towards the singularity.

Let us try to explain the argument concerning the future asymptotics of a Bianchi VIII
solution with Ny < 0 and N,, N3 > 0. By a monotonicity argument, one can prove that
Ny — 0 and N, N3 — oo as t — oo. This is a very important observation in that it
introduces a natural concept of order of magnitude; powers of N, + N3. Writing the constraint
as

X7+ 22+ 3N} + (N2 — N3)> = 2N (N2 + N3)] = 1,

we conclude that all the terms involved are bounded since they are all non-negative. The
derivatives of X, and N (NN, + N3) are bounded by constants independent of the initial data,
but we have

¥ ==-3(Na+N3)y+---, 7 =3(Na+ N3)x +---

where ¥ = ¥_ and § = +/3(N> — N3)/2, and the dots represent expressions that can be
bounded by constants independent of which Bianchi VIII solution we are considering. Thus,
if (x> + y%)!/2 is big in comparison with (N, + N3)~!, 3 and % will essentially behave as sine
and cosine, and the frequency of the oscillation will go to infinity as t — oo. The oscillations
in X and y are not so interesting, but the evolution in X, and N;(N; + N3) is. For that reason,
it is natural to consider what happens from, say, one time at which ¥_ = 0 to the next. Before
doing so, some effort has to be put into estimating the error committed in approximating y and
X with a sine and cosine, into proving that there actually are zeros of ¥_ and estimating the
variation of different objects during the time that elapses between the zeros. After having done
that, it will be possible to express X, and N{(N;, + N3) at a zero of X_ in terms of the values
of the same expressions in the previous zero. In other words, it will be possible to replace the
continuous flow with a discrete map depending on only two variables. This approximation will
not always be valid, but when it is not, it can be replaced by less sophisticated arguments. The
discrete map is then the main tool in a sequence of technical arguments proving the desired
result.

When we evolve initial data we obtain a Lorentz metric § = —d¢>+g(¢) on I x G, where I
is an open interval and g(¢) is a Riemannian left invariant metric on G. Let I" be a subgroup of
the group of diffeomorphisms of G, acting properly discontinuously on G. We can consider I"
as acting on / x G by letting I act only on G. In situations where g(¢) is invariant under I', we
can take the quotient to obtain a solution to Einstein’s equations on / x M, where M = G/ T.
Assuming M to be compact we can define the reduced Hamiltonian, cf [5],

Hieduced = _(trg k)3V01(M, g),

where k(7) is the second fundamental form of {t} x M. We can consider it to be a function of
t. This object is of interest in the context of the work by Fischer and Moncrief [5]. We prove
that the reduced Hamiltonian converges to zero for all the initial data in class three, though it
should be remarked that the spatial hypersurfaces should be of Yamabe type —1, see [5], for
this result to be of interest. Finally, let us refer the reader to [6] and references therein for
further discussion of Bianchi VIII vacuum solutions.

The equations of Wainwright and Hsu are to be found in section 2. We mention some
properties and describe an important tool in the analysis of the asymptotics of solutions to
these equations; the monotonicity principle. In section 3 we relate the Lorentz metric on
the development with the Wainwright-Hsu variables. A formula expressing the reduced
Hamiltonian in terms of these variables is also given. The main part of this paper consists
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of an analysis of the asymptotic behaviour of solutions to the equations of Wainwright and
Hsu. This analysis occupies the remaining sections except for the last. The final section
contains an analysis of the asymptotic behaviour of the Riemannian metric on the spatial
hypersurfaces of homogeneity.

2. The equations of Wainwright and Hsu

We formulate the equations we will use here and state some properties. The following section
contains a derivation. Einstein’s vacuum equations take the following form in the formulation
due to Wainwright and Hsu:

N{ = (g — 45N

N} = (q +2%, +2v3Z_)N,

Nj = (q+2%, —2/3%_)N3 5)
E/

+

=-Q2-q9)%, - 35,
¥ =—Q-¢g)X_ —3S_
where the prime denotes a derivative with respect to T and
g =22}+X?)
Sy = 3[(N2 — N3)* = Ni(2N; — N, — N3)] (6)

S = 3V3(WN; = N))(Ni = Ny — N3).

The vacuum Hamiltonian constraint is
X7+ 22 4+ 2[N] + N; + Ny —2(N\ N> + NoNs + Ny N3) | = 1. (7)

The above equations have certain symmetries described in Wainwright and Hsu [2]. By
permuting N;, N,, N3 arbitrarily we obtain new solutions if we at the same time carry out
appropriate combinations of rotations by integer multiples of 27 /3 and reflections in the
(2,4, ¥_)-plane. Changing the sign of all the N; at the same time does not change the equations.
Classify points (N, Na, N3, X, ¥_) according to the values of Ny, N, N3 in the same way
as in table 1. Since the sets N; > 0, N; < 0 and N; = 0 are invariant under the flow of
the equation we may classify solutions to (5)—(7) accordingly. When we speak of Bianchi
VIII solutions we will assume two N; > 0 and one < 0. The Kasner circle is the subset of
3¥,¥_N|N;N3-space where N; = 0 and Ei +X2 =1.

We only consider solutions to (5)—(7) which are not of Bianchi IX type. By the constraint
(7) we conclude that ¢ < 2 for the entire solution. Consequently, N; cannot grow faster than
exponentially due to (5). The solutions we consider can thus not blow up in a finite time so
that we have existence intervals of the form (—o0, 00).

Definition 2.1. Let K|, K, and K3 be defined as the subset of the Kasner circle on which
q—4%, <0, +2%, + 2\/52_ <0and g +2%, — 2\/52_ < 0, respectively, cf (5).

The set ¥_ = 0, N, = N3 is invariant under the flow of (5)—(7). Applying the symmetries
to this set we obtain new invariant sets.
The concepts of an - and w-limit set will be useful.
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Definition 2.2. Let f € C*°(R", R"), and consider a solution x to the equation

dx
—=/fox, x(0) = xo, (®)

dr
with maximal existence interval (t_, t.). We call a point x, an w-limit point of the solution x,
if there is a sequence t, — t. with x(t;) — x4. The w-limit set of x is the set of its w-limit
points. The o-limit set is defined similarly by replacing t, with t_.

Lemma 2.1. Let f and x be as in definition 2.2. The w-limit set of x is closed and invariant
under the flow of f. If there is a T such that x(t) is contained in a compact set fort > T, then
the w-limit set of x is connected.

Proof. See, e.g., [7]. O

The following lemma will be a basic tool in the analysis of the asymptotics, we will refer
to it as the monotonicity principle.

Lemma 2.2. Consider (8). Let U be an open subset of R" and M a closed subset which is
invariant under the flow of the vector field f. Assume there is a function F € C(U, R) such
that F (x(t)) is strictly monotonic for any solution x(t) of (8), as long as x(t) € U N M. Then
no solution of (8) whose image is contained in U N M has an a- or w-limit point in U.

Remark. Observe that one can use M = R”". We will mainly choose M to be the closed
invariant submanifold of R> defined by (7). If one N; is zero and two are non-zero we consider
the number of variables to be four, etc.

Proof. Let x be a solution to (8) which is contained in U N M, and which has maximal existence
interval (r_, t,). Then F o x is strictly monotonic. Suppose p € U is an w-limit point of x, so
that there is a sequence #, — t, such that x(¢,) — p. Thus F(x(t,)) — F(p),but F o x is
monotonic so that F(x(t)) — F(p) ast — t,—. Thus F(g) = F(p) for all w-limit points g
of x. Since M is closed p € M. The solution x of (8) with initial value p is contained in M by
the invariance property of M, it consists of w-limit points of x so that F'(x(¢)) = F(p) which
is constant. Furthermore, on an open set containing zero it takes values in U contradicting the
assumptions of the lemma. The argument for the «-limit set is similar. |

3. Relation between the variables of Wainwright and Hsu and the spacetime metric

We need to relate the evolution of the variables in the formulation due to Wainwright and
Hsu to the evolution of the corresponding spacetime. In order to do this we first derive the
formulation first presented by Ellis and MacCallum [1]. Then we derive equations (5)—(7) as
in [2]. Secondly, we turn the argument around and start with solutions to the equations of
Ellis and MacCallum and then construct the spacetime metric. The second part uses the first
part. We can then express the spacetime metric in terms of the variables of Wainwright and
Hsu. Finally, we find expressions for the reduced Hamiltonian in terms of the Wainwright—Hsu
variables.
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3.1. Derivation of the equations of Wainwright and Hsu

Consider first a special class of spatially homogeneous four-dimensional Lorentz manifolds of
the form

(I x G, —dt* + x;; (1) §' ® &) )

where I is an open interval, G is a Lie group of class A, y;; is a smooth positive-definite matrix
and the &' are the duals of a left invariant basis on G.

We express the condition that a manifold of the form (9) satisfies Einstein’s vacuum
equations in terms of the variables of Ellis and MacCallum. As these variables are defined in
terms of a suitable orthonormal basis, we begin by constructing it. Let ey = 9, and ¢; = a’'Z s
i = 1,2, 3, be an orthonormal basis, where a is a C* matrix-valued function of ¢ and the Z;
are the duals of £'. Below, Latin indices will be raised and lowered by §;;.

By the following argument we can assume (V,e;,e;) = 0. Let the matrix A satisfy
ep(A)+AB =0, A(0) = Id, where B;; = (V,¢;, ¢;) and Id is the 3 x 3 identity matrix. Then
A is smooth and SO (3)-valued and if ¢} = A;’e; then (V, e}, e;.) =0.

Let

0(X,Y) = (Vxeo, Y), (10)

Oup = O(eq, €p) and [eg, e5] = yg‘aea where Greek indices run from 0 to 3. The objects 6,4
and yg;s will be viewed as smooth functions from / to some suitable R and the variables will
be defined in terms of them.

Observe that [Z;, eg] = 0. The ¢; span the tangent space of G and ([eg, ¢;], eg) = 0. We
obtain 6py = 0y; = 0 and 6,4 symmetric. We also have yi(} = y(?[ = 0and yé = —0;;. We let
n be defined as in (2) and

—0.. — Lps..
O','j—@l] 39811

where by anabuse of notation we have written tr(6) as 6.
We compute the Einstein tensor in terms of n, o and 6. The Jacobi identities for e, yield

eo(nij) — 2ny 40} + 56ni; = 0. (11)
The 0i-components of the Einstein equations are equivalent to
O'ikl’lkj - I’l,‘kO'kj =0. (12)

Letting b;; = 2n,~"nkj —tr(n)n;j and s;; = b;j — % tr(b)é;; the trace-free part of the i j equations
are

eo(0ij) +00;; +s;; = 0. (13)
The fact that Ryp = 0 yields the Raychaudhuri equation

eo(0) + 6,07 = (14)
and using this together with the trace of the i j-equations yields a constraint

oijo + (nyn' — Lr(n)?) = 207, (15)

Equations (11)—(15) are special cases of equations given in Ellis and MacCallum [1]. At =0
we may diagonalize n and o simultaneously since they commute (12). Rotating ¢, by the
corresponding element of SO (3) yields upon going through the definitions that the new »n and
o are diagonal at r = 0. Collect the off-diagonal terms of n and o in one vector v. By (11) and
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(13) there is a time-dependent matrix C such that v = Cv so that v(¢) = 0 V¢ since v(0) = 0.
Since the rotation was time independent (V,¢;, ;) = 0 holds in the new basis.
Introduce, as in Wainwright and Hsu [2], %;; = 0;;/0, Ni; = n;;/0, B;; = 2N,~kaj —

N kk Njj and S;; = B;; — %Bkk&- ; and define a new time coordinate 7, independent of the time
orientation, by

dr 3

—_ 16

dr 6 (16)
LetX, = %(222 +¥s33)and X = «/g(Ezz — X33)/2. If we let N; be the diagonal elements of
N;j, equations (11) and (13) turn into (5)—(7). The Raychaudhuri equation (14) takes the form

0 = —(1+q)b. (17)

3.2. Construction of the spacetime

Above we derived Einstein’s equations assuming the spacetime to be of a special form. Next
we construct a spacetime of the form (9) beginning with initial data as in definition 1.1. The
construction allows us to express the evolution of the metric in terms of the variables of
Wainwright and Hsu. One step is the following lemma, which also classifies the class A Lie
algebras.

Lemma 3.1. Table I constitutes a classification of the class A Lie algebras. Consider an
arbitrary basis {e;} of the Lie algebra. Then by applying an orthogonal matrix to it, we can
construct a basis {e}} such that the corresponding n’ defined by (2) has diagonal elements of
one of the types given in table 1.

Proof. Let ¢; be a basis for the Lie algebra and n be defined as in (2). If we change the basis
according to e; = (A~ Hle ;j then n transforms into

n' = (det A)"'A'nA. (18)

Since n is symmetric we assume from here on that the basis is such that it is diagonal. The
matrix A = diag(l 1 — 1) changes the sign of n. A suitable orthogonal matrix performs
even permutations of the diagonal. The number of non-zero elements on the diagonal is
invariant under transformations (18) taking one diagonal matrix to another. If A = (g;;) and

the diagonal matrix n’ is constructed as in (18) we have n}, = (det A)~! Z?:l a%n;; so that

if all the diagonal elements of n have the same sign the same is true for n’. The statements of
the lemma follow. g

Consider class A vacuum initial data (G, g, k) with notation as in definition 1.1. We
construct a spacetime of the form (9) whose induced metric and second fundamental form on
{0} x Gis gand k. Let e}, i = 1,2, 3 be a left invariant orthonormal basis. We can assume
the corresponding n’ to be of one of the forms given in table 1 by lemma 3.1. The content of
(4) is that k;; = k(e}, e;) and n’ are to commute. We may thus also assume k;; to be diagonal
without changing the earlier conditions of the construction. If weletn(0) = n’,0(0) = —try k
and 0;;(0) = —k;; +66;;/3 then (3) is the same as (15). Let n, o and 6 satisfy (11), (13) and
(14) with initial values as specified above. Since (15) is satisfied at ¢+ = 0 it is satisfied for all
times. For reasons given in connection with (15) n and ¢ will remain diagonal so that (12)
will always hold.

Let M = I x G, where I is the maximal existence interval for solutions to (11)—(15)
with initial data as above. We construct a basis e, with the same properties as the basis used
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in deriving (11)—(15). Then we define a metric by demanding that the basis be orthonormal
and show that the corresponding 71, & and 6 coincide with n, o and 6. We will thereby have
constructed a Lorentz manifold satisfying Einstein’s vacuum equations with the correct initial
conditions.

Let n; and o; denote the diagonal elements of n and o, respectively. Let f;(0) = 1 and
filfi = =20, +60/3. Leta; = (I1;4 f;)"/> and define ¢; = a; 'e]. Then /i associated with e;
equals n. We complete the basis by letting ¢y = 9;. Define a metric (-, -) on M by demanding
e, tobe orthonormal with (eg, eg) = —1 and (¢;, ¢;) = 1,i = 1, 2, 3and let V be the associated
Levi-Civita connection.

Compute (Ve e;) = 0. If (X,Y) = (Vxep,Y) and 6,, = 6O(e,, e,), then
é()() = é,'o = é(),‘ = 0. Furthermore,

a_ieo(afl)Sij = —éij
(no summation over j) so that 6; ; is diagonal and tr 6 = 6. Finally,
~ _ ~ 1 _
—0;; = —9,‘,' + 39 = —0j.

The constructed Lorentz manifold thus satisfies Einstein’s vacuum equations. By the above
we have.

Lemma 3.2. Given initial data as in definition 1.1, we obtain a solution to Einstein’s equations
3 . .
g=—dr+) al(E @& (19)
i=1
where &' are the duals of a basis of the Lie algebra of G and

a; (1) = exp ( f t(oi +10) ds) (20)
0

where 0, o; (and n;) constitute solutions to (11)—(15) with suitable initial conditions. If I is
the corresponding existence interval, the metric (19) is defined on the manifold I x G.

By [4] this metric is globally hyperbolic, future causally geodesically complete and T — oo
corresponds to the geodesically complete direction, assuming the initial data are not of type IX.

3.3. The rescaled metric

Equations (19) and (20) express the spacetime metric in terms of the Ellis-MacCallum
variables. Let g(¢) denote the Riemannian metric induced on {¢t} x G, which we will also
consider to be a metric on G. Define a rescaled version of this metric by

3
20 = (amaa) P 1) ) a} (& ®@E'. 1)

i=1

We can write it as

3
HOEDIPHGIE-3 (22)
i=1

Ai(t) = exp ([) 20; ds).
(

where
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Defining a new time coordinate by
de 3

©=7 7(0) = 0 (23)

t T 3 T
/ 20; ds :/ 20;—dt’ :/ 6%;dt’.
0 0 0 0

Thus if we consider the A; to be functions of T we have

we obtain

T
Ai(T) = exp </ 6%; dr’). (24)
0
Similarly,
a;(t) = exp (/ B +1) ds). (25)
0
However, ¥; can be expressed in terms of X, and X_. We have
E—ZE 2—12+12 E—IE 12 (26)
1= 3+7 2—3+ \/577 3—3+ \/57'

Thus, if we know what £, and ¥_ converge to as T — 0o, we roughly know how g behaves
asymptotically.

3.4. The reduced Hamiltonian

As mentioned in the introduction, there is in some situations a subgroup I' of the group of
diffeomorphisms of G, acting properly discontinuously on G, such that g(#) is invariant under
I" for all . In such situations, we can consider g to be a metric on M = G/I'. Observe,
however, that the basis ¢, need not necessarily descend to a basis on M. Let us assume M to
be compact. We can then consider the reduced Hamiltonian

H(t) = —[-60FV (@)
where V (1) = vol(M, g(1)).
Lemma 3.3. In terms of the time coordinate T defined by (23) we have

H(t) = 63(0)V (0) exp (—3 / q ds). 27)
0

Proof. Since M is compact we can choose a finite partition of unity ¢; i = 1,...,k
subordinated to coordinate charts. We can then write

k
V() = Zf diy/det g(1)(3;, 9,) dx' - - - dx®.
i=1 YM

We compute
dv
— =0V
dt
so that
W _ovd _ovd sy
dr ~ T dr e T

Considering H as a function of t, we obtain (27) using (17). O
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4. Bianchi I

Bianchi I solutions of (5)—(7) are of the form (o4, 0_, 0, 0, 0), where (o, 0_) are independent
of time and satisfy af +02=1.

5. Bianchi II

Proposition 5.1. A Bianchi II solution of (5)—(7) with Ny > 0 and N, = N3 = 0 satisfies

lim Ny =0 (28)
T—>00

and
lim (¥,, 2_) = (04,0.) (29
T—>00

where (04, 0_) belongs to K;.

Proof. Using the constraint (7) we deduce that
X, =3INI2 - 3.

We wish to apply the monotonicity principle. There are three variables. Let U be defined
by N; > 0, M be defined by (7) and F(X,, ¥_, N;) = X,. Equation (28) follows, since if
N; does not converge to zero, we can construct an w-limit point in U due to the fact that the
variables are contained in a compact set. Combining this with the constraint we deduce

lim ¢ = 2.

T—>00
Since X, is monotonic and bounded, it converges. Since ¢ — 2 and the w-limit set is
connected, cf lemma 2.1, equation (29) holds, but we do not yet know anything about the limit.
Compute

We obtain

(30)

2-%, 2-o,

for arbitrary (X,, X_) belonging to the solution. Since N{ = (¢ — 4X,)N; and Ny — 0

we have to have o, > % Ifo, = % then o_ = :I:‘/Tg. The two corresponding lines in the
3, ¥ _-plane obtained by substituting (o, o_) into (30) do not intersect any points interior to
the Kasner circle. Therefore, o, = % is not an allowed limit point and the proposition follows.

O
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6. Bianchi VI

Proposition 6.1. Consider a Bianchi VI solution of (5)—(7) with Ny = 0, Ny > 0and N5 < 0.

Then
lim N, =0, lim N3 =0 3D
T—>00 T—>00

and
lim £_ =0, lim X, = —1. (32)
T—>00 T—>00

Proof. By the constraint (7) the variables belong to a compact set. Since
I=-Q-g@1+Zy,
3, is strictly monotonic as long as ¢ < 2 which is true for the entire solution. The monotonicity
principle yields
lim g =2 (33)

T—> 00
for similar reasons as in the proof of proposition 5.1. By the constraint we conclude that (31)
holds. Since ¥, is monotonic, equation (33) holds and the w-limit set is connected, we have

Iim (X, X_) = (04,0_)
T—>00

with 02 + 02 = 1. Since N, and N; converge to zero and since they satisfy (5) we must have
2(03 +02)+20, + 2v/30_ <0
2(03 +02) +20, — 230 <0.

Adding these inequalities we obtain 4 + 40, < 0. Equation (32) follows. ]

Let us now record the fact that Bianchi VIII is very different from Bianchi IX in the
direction towards the singularity.

Proposition 6.2. For every € > 0, there exists Bianchi VIII vacuum initial data y. and a real
number T, > 0, where y. is closer to the Kasner circle than €, such that evolving y. a time T,
to the past yields a Bianchi VIII point with the property that

IN\Na| + [ NyN3| + N3N, | > 5.
Remark. By distance to the Kasner circle, here we mean the Euclidean distance in R>.

Proof. Let € > 0 and x be any Bianchi VI initial data. By proposition 6.1, thereisa 7, > 0
such that applying the flow to x, ® (7, x) is closer to the Kasner circle than € /2, where & (t, x)
represents the solution to (5)—(7) with initial data x evaluated in 7. However, there are Bianchi
VIII points as close to ®(7,, x) as we wish. Given an > 0, we can thus, by the continuity
of the flow, choose Bianchi VIII initial data y. with the property that y is closer to the Kasner
circle than € and ®(—T¢, y.) is closer to x than n. Choosing x to have ¥, = X_ = 0
and N = —N;3 = % and letting n be small enough, we obtain the conclusion of the
proposition. g
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7. Bianchi VII,

The following proposition is a consequence of (5)—(7).

Proposition 7.1. Consider a Bianchi VI solution to (5)—(7) with Ny = N3 > 0, Ny = 0 and
Y._ = 0. Then one of the following statements holds:

e X, = 1 for the entire solution and N, = N3 — 0o as T — 00,
e X, = —1 and N, = N3 are constant for the entire solution.

Given a solution to (5)—(7), if N»(t) = N3(t) and X_(t) = 0 for one 7 then the two equalities
hold for all r. Thus the above proposition together with that below exhaust the possibilities
for Bianchi VII solutions.

Proposition 7.2. Consider a Bianchi VIl solution to (5)—(7) with Ny, N3 > 0 and Ny = 0

which never satisfies Ny = N3 and ¥_ = 0 simultaneously. Then
lim ¥, = —1, lim X_ =0
and

lim (N2 — N3) =0.

T—>00

Remark. In proposition 7.3, we also prove that N, and N3 converge to finite positive values.

Proof. Assume first that there is an w-limit point. Then the monotonicity principle suffices.
Consider

=2 —-g)(Z,+1). (34)

We apply the monotonicity principle with F(2,, ¥_, N», N3) = X, M defined by (7) and U
defined by 2 +(Ny —N3)?>0and N, + N3 > 0. Fis strictly monotonic on a solution in
UNM sinceif ¥/, (t) = Othen [N, —N3](r) = Osothat ¥_(t) # 0 whence [N, —N3]'(t) # 0,
cf (5)—(7). If 7, — oo yields an w-limit point, we must thus have [ 22 + (N, — N3)?](zx) — 0
or (N + N3)(t;) — 0 by the monotonicity principle. However,

452 2 4 2
7 = 322+ (N2 — N3) _ (I =X
Ny N3 N, N3

has a non-positive derivative, and consequently [22 + (Ny — N3)?I(r) — O (if it does not
converge to zero, Z_(ty) — 00). We conclude that ¥,(7;) — —1. By the monotonicity of
3, the proposition follows.

Assume that there is no w-limit point. If there is a sequence 7z — oo such that N, (t;) is
bounded, then there is an w-limit point by the constraint (7). Similarly, if there is a sequence
such that N3 is bounded. We can thus assume that N, and N3 converge to co.

The variable X, is still decreasing and bounded. We can thus assume it to converge to o,
with —1 < 0, < 1. If 0, = —1 we are done, so assume not. We prove that this assumption
leads to the consequence that (2 — g) ¢ L'([0, 00)). Combining this with (34) we conclude
that ¥, — —1 contradicting our assumption.

The intuitive idea is as follows. ¥, — o, but =_ will oscillate between £(1 — o2)!/2,
roughly speaking. When X _ is small we obtain a contribution to the integral of 2 — g. If X_
spends most of its time close to (1 — 02)!/2 we would have a problem, but that turns out not
to be the case.
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If N, and N3 converge to infinity, we will see that the solution will become oscillatory.
To be more precise, let x and y be defined by

R 35
R — (35)
3 N,—N
SRERL i (36)
2 1-%2)
Since Ef(r) < 1 for all 7, x and y are smooth. Let
g =3(Na+ N3)+2(1+X)xy. (37)
Then x’ = —gy and y’ = gx. By the constraint x> + y?> = 1 so that we can choose a ¢, such
that (x (7o), y(10)) = (cos(¢o), sin(¢o)). Define
t01= [ etrds o (38)
70

Then x(t) = cos(§(tr)) and y(r) = sin(§(7)).

As mentioned it suffices to prove that 2 — ¢ ¢ L'([0, c0)) under the assumption that
—1 < o, < 1. Consider
2—g=2(1-%2—(1—-3cos*)) =2(1 — ) sin*(&) = 2(1 — o) sin*(&)

= csin’(§),

where ¢ > 0 by assumption. Consider a period. Assume 7T is great enough that 1 <
S5(Ny + N3)/2 < g < T(Na + N3)/2 for T > T and that £(1p) — &(t;) = 27, where
T < 11 < 1p. Let us estimate At = 1, — 71. By considering (38) we conclude that At
can be chosen arbitrarily small if T is great enough since N,, N3 — oo. Using (5) we derive
the consequence that for every € > 0

N>+ N
< (N2 + N3)(7) <lte
(N2 + N3)(11)
for every T € [11, 1] if T is great enough. Thus

o s S I 87
A‘L':/ d‘L’=/ —dég/ d¢ <
o ew) & ey d(N2+ N3) 5(N2 + N3)(11)

if T is great enough. However, then

1) © &(r) 1
f Q2—g)dr > / csin?(&)dr = / csin®(&)— dé
7 7 &(1) g

1—c¢

) 2 ¢ )
> f csin?(f)————df > —— sin’(§) d&
£(1) T(N2 + N3) T(N2 + N3)(T1) Jery

cm 5¢ ,
=———2>=2 —AT=CcAT
7(N2+N3)(‘L'1) 56
if T is great enough. Here ¢’ > 0. Let M > 0 be any number. Consider an interval [1,, T5]
where 7, is great enough that the above conditions are met, (1, —7,) /¢’ > M and &(1,) — &(t,)

is an integer multiple of 27r. Then

7
f Q—q)dr > M
T,

a

and consequently 2 — g ¢ L'([0, 00)). The proposition follows. ]

It will be of interest to know that N, is bounded away from zero.
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Lemma 7.1. Consider a Bianchi VIl solution to (5)—(7). Then
N2N3 2 c>0

on [0, 00), where c is a positive constant.

Proof. Assume there is a time sequence t; — oo such that (N, N3)(t;) converges to zero.
Since N, — N3 — 0, we conclude that the solution evaluated at 7, converges to the Kasner
circle. Since the flow is continuous, and Bianchi VII; belongs to the boundary of Bianchi
IX, we can construct a sequence of Bianchi IX initial data x; converging to the Kasner circle,
such that & (—1, x;) converges to a Bianchi VIl point with N, N3 > 0. This is impossible
by theorem 15.1 of [4]. O

As was noted in the proof of proposition 7.2, the objects x and y defined in (35) and (36)
can be written as

x(t) = cosé(1), y(t) =siné&(r)

where £ is defined in (38). Since N, + N; is bounded away from zero to the future by lemma 7.1
and 1 + X, converges to zero, we can assume that

g(1) Z2(N2 + N3)(t) 2 ¢ >0 VT 2> 1 (39)

for some positive constant ¢, where g is defined by (37). In other words, the expressions x and
y will carry out an infinite number of oscillations as time progresses. It is natural to average
over a period of this oscillation in order to analyse the asymptotics, and we need to know how
certain expressions vary over a period to be able to do this.

In the rest of this section we will implicitly assume that all Bianchi VII solutions satisfy
E% + (N, — N3)2 > 0.

Lemma 7.2. Consider a Bianchi VIIy solution to (5)—(7) with N, N3 > 0, and let Ty be such
that (39) is fulfilled. Let 1y < T, < Tp, and assume

§(tp) —&§(t0) = 7.
Then there is a T such that

‘ (14 3)(@)
(1+2)(m)

< C (1 + 2:+)(."—b) (40)
(NZ + N3)(Tmax)

and

1+
e 1+Z)@) an
(N2 + N3)(Tmax)
if t, > T, where Ty yields the maximum value of N, + N3 in [t,, Tp] and t1, T are arbitrary
members of [t,, Tp]. The constant C only depends on the constant ¢ appearing in (39).

'1 (N2 + N3)(T)
(N2 + N3)(12)

Proof. Observe that

T
T = / g(s)ds = c(tp — 1),

a

so that

T — T S (42)

oS
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Consider
(N2 +N3) = (g +28,)(N2 + N3) + 2¢/35_ (N, — N3).

Estimate

lg +2%,] <2|Z,(1+ )| +2%% <2(1+ ) +2(1 — 2?) < 6(1+ %),

and

2V35 (N, — N3)| < 2[22 + 3 (N2 — N3)?] < 2(1 = £3) <4(1+ 2).

Since N, + N3 is bounded below by a positive constant for T > 1, we conclude that
|(N2+ N3)'| < Ci(1+ 2Z,)(N2 + N3)

for some positive constant C;. Letting 7y, 7 € [1,, 7], We obtain

| ((N2+N3)(Tl)
no =1

m)gcl/;{ (1+Z,)ds =8, (43)

where we have introduced the quantities & and § in order to make the following arguments
easier to follow. If « > 1, then

| =

k
< et (44)

=

o0
0<a—1<&—1:22
k=1

If o < 1, then (44) also holds if we replace o with 1/«, since 7| and t; in (43) are arbitrary.
Multiplying this inequality with « then yields the conclusion

11—« < pef

without any conditions on «. Since we have the bound (42) and 0 < 1+ X, < 2, we conclude
that e? is bounded by a constant, so that

' (M2 + N3)(m)

(N2 + N3)(12)

T
<Q/(HZM& (45)

Observe that this inequality proves that the left-hand side can be chosen to be arbitrarily
small by demanding t, to be big enough. Let us estimate the integral on the right-hand side.
Assuming 7, to be great enough that the right-hand side of (45) is less than %, and using (39)
and the fact that X, is monotonic, we conclude that

T @) q §(w) 1
/ra (1+2)ds < (1+2)(t0) o) Edé‘ < T+ X)(t) ) de
3r (1 +%)()
= T (NZ + NS)(Tmax)

where Ty, corresponds to the maximum value of N, + N3 in [11, 72]. Combining this with
(45) we obtain

'1 (N2 + N3)(T)
(N2 + N3)(12)

(1+%,)(ta)
S TNy + N3) (Tna)

(46)

Consider now

(1+32) =-2 -1+ 2. (47)



The future asymptotics of Bianchi VIII vacuum solutions 3807

Since
0<2—-¢g<4(1+X%y),

we conclude that

L UrE@)| (4 E)w)
A+Z)@) | (N2 + N3) (Tmax)

(48)

by an argument similar to that proving (46). By assuming 7, to be big enough (48) leads to
the conclusion that we, at the cost of increasing the constants, can replace (1 + X,)(t,) on
the right-hand side of (46) and (48) with the same expression evaluated in 7, yielding the
statement of the lemma. O

The following lemma constitutes the main observation.

Lemma 7.3. Consider a Bianchi VII, solution to (5)—(7) with N>, N3 > 0, and let Ty be such
that (39) is fulfilled. Let vy < t, < Tp, and assume

E(tp) —&(10) =,

Then there is a T such that

/MEE—G+EQNS

T
< c/ (1+3%,)%ds (49)

if t, 2 T, for some constant C depending only on the constant ¢ appearing in (39).

Proof. Observe first that
2 =(1-3Hx=(1-Z)(+Z)x? =2(1 + T)x? — (1 + 2,)%x%
Consequently, the integrand of interest is

20+ Z)x> —(1+2,) = (1+X,)cosn

where n(t) = 2&(t). Let n, = n(t,) and 1, = n(tp) = 1, + 27 and observe that

fb "1+%
/ (1+2+)cosndt=/ > * cosndn
% 8

Na

/n“HI <1+2+(77) 1+Z,(n+m)

2g(m) 2g(n+m)
where in order to obtain the last equality we have divided the integral into one part from 7,
to n, + 7w and one from 1, + 7 to n, + 27, and then made the substitution  — n — 7 in the
second integral. We now wish to prove that the absolute value of the integrand in the integral
from n, to n, + 7 can be bounded by

) cosndn

Na

[1+ %, () L C [1+ 2, (n+m))
2
2g(n) 2¢(n+m)
since this would prove the assertion. Let us first rewrite

L+%.m) 1+X0+7) _ I+ Z.(n) ( V) ) X +m) — B
2g(n) 2g(n+m) 2g(n) g +m) 28m+m)

1
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Using (40) and the fact that N, + N3 is bounded from below by a positive constant, we note
that the second term can be estimated in the desired way; multiply (40) by 1 + X, (1») in order
to obtain an estimate of X, (t;) — X,(1»). If we had

(M +N3)()
(N2 + N3)(n+m)
instead of
R 1U))
gm+m)

in the first term, then we could estimate the first term in the desired way as well. However,
using (40), (41) and the fact that g and N, + N3 can be bounded from below by a positive
constant, one can show that

N2+ N3)o) — g(n)
N2+ N3)(n+m)  g(n+m)
is small enough to yield the desired bound. |

Lemma 7.4. Consider a Bianchi VIIy solution to (5)—(7) with N, N3 > 0, and let Ty be such
that (39) is fulfilled. Then

[T =2 ds
lim —% — = (50)
oo [*(1+%,)ds
and
T
(2 —¢q)ds
fr“ 1 ShH

lim ——MM =
100 f;o 2(1+%,)ds
Proof. Observe first that since (47) is fulfilled and 1+ X, — Oast — 00,2—¢q ¢ L'([1, 00)).
Moreover,
2-¢<2(1-3) <41 +3y),
sothat 1 + X, ¢ L'([tg, 00)). In order to prove (50), let us prove that
JalE2 = (14 E)]ds

lim = =0
100 fm(l +X,)ds

Let e > 0 and let T be such that lemma 7.3 can be applied and such that 1 + X, (7) < €/(2C)
for t > T, where C is the constant appearing in (49). Given T > T, let 7| be the greatest
number smaller than t such that £(7)) — £(7') is an integer multiple of 7. We have

T
< / 122 — (1+Z,)|ds +

To

/r[zi (14 E1ds

+/
T

We should divide this expression by f;(l + X,)ds, and then evaluate the limit as T — o0.
After having carried out this division, the first and the third terms will yield something that

/n[zi (14 E)1ds
T

»2 —(1+X,)|ds.
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can be assumed to be arbitrarily small by assuming t to be big enough. Using (49), the middle
term can be bounded by

[T'[zi —(1+2)]ds
T

gc/ ](1+Z+)2ds§C[l+E+(T)]/ (143, ds
T T

e M
g—/ (1+%,)ds.
2 Jr

After having carried out the division, the corresponding contribution can consequently be
assumed to be less than or equal to € /2. Equation (50) follows. In order to prove (51), observe
that

Q-g)—-20+%,) =2(1+%,) —2%2 —2(1+X,)°

Consequently, the proof of (51) is similar to the proof of (50). 0

Lemma 7.5. Consider a Bianchi VIl solution to (5)—(7) with N,, N3 > 0, and let Ty be such
that (39) is fulfilled. Then, if p > 1,

1+ 32, € L?([19, 00)).

Proof. By (51) we conclude that for each oy < 2 < «y, there is a T such that T > T implies

f: 2—g)ds
A < < a.
[ +X)ds
0
Introduce the notation
a=1+2,(1)

and

h(z) = /r[l +3,(s)] ds.

To

By (47) we conclude that

a expl—anh ()] < 1'(7) < aexpl—aih(7)] (52)
for all T > T. Integrating the leftmost inequality, we obtain

1

— In[exp[axh(T)] + aaz(t — T)] < h(7)

a
for all T > T. Inserting this in the rightmost inequality of (52), we conclude that

h'(t) < alexplanh(T)] +aan(z — T)] /.

Since A" = 1 + X, and since the quotient «; /o, can be chosen to be arbitrarily close to one,
the lemma follows. O

Proposition 7.3. Consider a Bianchi VIl solution to (5)—(7) with Ny, N3 > 0. Then
lim Nz(‘() = lim N3(‘L') = Ny
T—>00 T—>00

where 0 < ng < 00.
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Proof. It is enough to prove that N, N3 converges to a positive number. The reason is that this
would prove that all the variables are contained in a compact set to the future, so that

2 N2— N3

172

Ny = (NaN9)V2+ NP2 ——
2 N2 4N

converges, since N, N3 converges, N21 24 N31 /? is bounded from below by a positive constant,

N21/2 is bounded from above, and N, — N3 — 0 by proposition 7.2. Since N, — N3 — 0, the
limit for N3 follows. Since

(N2N3)' = (2 +4Z,)N, N3,

the essential point is to prove that

[ @rezaas
70
converges as T — 00. Observe now that
g2+, =2.(1+Z)+22 =1+Z)* -1+, + 2%

Since 1 + X, € L?([1y, 00)) by lemma 7.5, we need only consider
v = [ 12— ez
To

Let T be big enough that (49) is applicable. If 7, > t; > T and 13 is the largest number
smaller than 7, such that

£(r3) — &(m1)
is an integer multiple of 7, then

V() — Y(m) = fﬁ[zi 1+ E)]ds + /Q[zi — 1+ E))]ds.

The second integral converges to zero as t; and 1, go to infinity, since the integrand goes to
zero and the length of the interval is bounded (42). By (49) we conclude that

/”[23 (4 T)ds

3
gcf (1+%,)%ds.
13!

Since 1 + &, € L2%([19, 00)), this expression converges to zero as t; goes to infinity. The
lemma follows. O

8. Bianchi VIII

We assume that N>, N3 > 0 and N; < 0. Let us begin by giving the asymptotic behaviour of
N;.
Lemma 8.1. Consider a Bianchi VIII solution to (5)—(7) with N; < 0 and N, N3 > 0. Then,

lim N;(t) =0, lim Np(t) = lim N3(t) = oo.
T—>00 T—>00 T—>00
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Proof. Reformulate the constraint (7) as
I+ 22+ 3[N] + (N2 — N3)> = 2N (N> + N3)] = 1.

Observe that all terms appearing on the left-hand side are non-negative so that the absolute
values of, for instance, Ny and N, — N3 are bounded by numerical constants. Assume
there is a sequence 1, — o0 such that N>(7x) < C < oo. Then the N;(tx) are uniformly
bounded. By the constraint X, and X_ are contained in a compact set. Thus we can choose
a convergent subsequence so that we have an w-limit point (o, 0_, ny, ny, n3). We apply
the monotonicity principle with U defined by N; # 0, i = 1,2,3, M defined by (7) and
F(X,,X_, N, N, N3) = N|N,N;. F, evaluated on a solution contained in U N M, is
strictly monotonic since (NyN,N3)" = 3gN{N,N3. If g(t) = O then either £’ () # 0 or
¥’ (1) # 0by (5)-(7). By the monotonicity principle one of the n; must be zero contradicting
the growth of |N; N, N3|. We conclude that N, — oo, but then N3 — oo and N; — 0 since
Ni(N; + N3) and N, — N3 are bounded by the constraint (7). O

8.1. The NUT case

Consider the special case N, = N3 and £_ = 0.
Proposition 8.1. A Bianchi VIII solution with N1 < 0, satisfying Ny = N3 > 0and ¥_ =0
has the following asymptotic behaviour:

lim ¥, (7) =1, lim N,(7) =0, lim Ny(1) = o0 lim (N, N2)(2) = —1.

T—>00

Proof. The constraint implies

T, =(1-3Hd-2%,) + N}
Observe that we cannot have X, — 1 since NjN, diverges to infinity there, cf (5). Also,
¥, — —1 is an impossibility since X is always positive when X, is close to —1. Since

N; — Obylemma 8.1 and —1 < ¥,(r) < 1 Vt by the constraint (7) ¥, — % follows. The
last limit follows from the first and the constraint. O

8.2. Oscillatory behaviour

The behaviour of a Bianchi VIII solution as t — o0 is in some sense oscillatory. The
quantities that oscillate are £_ and N, — N3. In order to analyse the asymptotics, we quantify
this behaviour. Let

Xx=%_ y= ?(Nz — N3). (53)
We have

X' = =3(N2+ N3)y +¢,, €& =—Q2—q)X_+3N;y.
Furthermore,

7 =3(N2+ N3)X +¢€, €, = (g +2%,)7.

Observe that by the constraint (7) |X|, |7, |€x| and |e,| are bounded by numerical constants,
whereas N, + N3 — oo by lemma 8.1. Let g = 3(N; + N3),

=(e o)



3812 H Ringstrom

Z=(X,y) and € = (¢4, €,) sothat &’ = Az +e€. Let
£(r) = / 2(5) ds + o (54)
T0

for some ¢ and x;(t) = cos(§(7)), yi(r) = sin(§(r)). Then, if ; = (x1, y1)’, & = Ax;.

Define
®— ( X1 »n )
-1 X1

Then @ = —A® and [A, ®] = 0. Let

r(r) = @)+ 5 (@)"? (55)
and

z(t) = (x(1), y(1))" = (r(10) cos[£(1)], r (o) sin[£(7)])! (56)
where ¢ has been chosen so that x(tg) = Z(zp). Since [®(x — )] = —Pe and

d(t) € SO2) VT we have

() —z(D)] <

/ le(s)l ds

By the constraint (7), we have ||e|| < 9, and thus

lz(r) — 2@l <9t — 70l (57)

The next lemma collects some technical estimates. We present them here in order not to
interrupt the flow of later proofs.

Lemma 8.2. Consider a Bianchi VIII solution of (5)—(7) and let C be a constant. Then there
isa T depending on C and the initial values such that if [11, ©2] is a time interval witht) > T
and

C

-7l < ———
= (N2 + N3)(13)

for some 13 € [11, T2], then
Ci

PN -2 <{— 58
|24 (1) (821 YA (58)
C,
[[N1 (N2 + N3)](t1) — [N1 (N2 + N3)](2)| < LA ATS) (59)
'1 (N2 + N3)(11) < s 60)
(N2 + N3) () (N2 + N3)(13)

for arbitrary t1, tp, t3 € [11, T2] where Cy, Cy and C5 are constants only depending on C.

Proof. By lemma 8.1 we can assume 7 to be great enough that At = 7, — 77 < 1. The
inequality
!
(N2 + N3) <
Ny + Nj
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follows from (5)—(7). Thus
(N2 + N3)(t1)
(N2 + N3) (1)
so that if (N> + N3)(t1) = (N2 + N3)(12),
'1 (N2 + N3)(11)
(N2 + N3) ()
since At < 1. Multiplying this inequality by (N, + N3)(#2)/(N2 + N3)(t;) < 1 we conclude

that the assumption (N, + N3)(¢1) = (N, + N3)(t) is not essential. There is thus a constant
¢ < oo such that

(N2 + N3)(11) <
(N2 +N3)(1)
for any t;, t, € [11, 72]. Consequently,
C cC
At < < .
(N2 + N3)(t3) (N2 + N3)(53)
By (5)—(7) |Z,| and |[N, (N, + N3)]'| are bounded by constants independent of the Bianchi

VIII solution. Equations (58) and (59) follow from (62). Equation (60) follows from (61) and
(62). O

8(r—11)
~

< 1e¥87T — 1] < 8eBAT (61)

(62)

Let us give the intuitive idea behind the next lemma. How the variables vary during a
period is not so interesting, what is interesting is to compute the change over a period. In that
way the continuous time evolution is replaced with a discrete evolution. To make the time
step independent of approximation we wish to see what happens from x = 0 to the next time
X = 0, but then we need to know that we have such zeros of x. In order to be able to prove
this we assume that r (55) is not too small. The assumption is not too restrictive; our ultimate
goal is to prove that r — 0 and that a general Bianchi VIII solution in some sense converges
to a NUT solution. If r is big our iteration is well defined and we will use it to prove that r
decreases and if r is already small we do not need it.

Lemma 8.3. Consider a Bianchi VIII solution of (5)—(7). There is a T depending on the initial
values such that if v > T and r(t9) > [(N> + N3)(10)1~'/2, then X has at least four zeros
L, < STST.<Tin

T /g
mel= [TO TN+ NG T o+ Ns)(fo)}

such that X is non-zero in (t,, Tp), (tp, Tc) and (t., tg). Furthermore, for any two consecutive
zeros, for example t, and t), we have

C

§(@) = 8() = 7| S T NS T

(63)

where C is a numerical constant.

Proof. Let T be great enough that if T € [7}, 1] then
3(N2 + N3)(7) = 5(N2 + N3)(10)/2 = 5(N2 + N3)(7) /4. (64)
This is possible by lemmas 8.2 and 8.1. Let @ be as in (56) where ¢y € [0, 27r] in (54) has

been chosen so that x(ty) = (7). If T € [11, 12] then

/t g(s)ds

(x) — E(t0)| = > 3(N> + N3)(10)lT — 0.
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Since £ is a monotonically growing function we conclude

[0,27] € [¢po — 37, o + 3] S [E(1), E(2)].

We pick out the zeros in the interval [0, 27]. Let &£(7,) = 0, é(7p) = /4, §(7,) = 37 /4,
&(ts) = Sm/4&(t.) = T /4 and &(7;) = 2m, where 7, and so on belong to [y, 72]. In the
intervals [tq, 78], [Ty, 5] and [z, T;] X cannot be zero if T is great enough because of (57)
and the fact that r(t9) > [(N2+ N3)(t9)]~"/2. For the same reason X’ cannot be zero in [t4, 7]
and [5, 7] since X’ = —gJ + €,. Thus there is exactly one zero in [7g, 7,,] and one in [, 7]
and no zeros in between. The remaining zeros are picked out in the same way. By the above it
follows that for two consecutive zeros, for example 7, and 75, 7/2 < &(1p) — §(7,) < 37/2.
Thus

& (1) — E(z0) — 7| < %| sin(£(ty) — £(1,) — )| < %u COS(E(7))] + | cos(E(p))])

972

< 2r(fo)(l)?(fa) = x(ta)| + 1% (7)) — x(7p)|) < Y ATCNIE
1872
<
[(N2 + N3)(z,)]'/2
using (57) and (64). O

Lemma 8.4. Consider a Bianchi VIII solution of (5)—(7). There is a T such that if T, and 1,
are two consecutive zeros of X and r(t,) = [(N, + N3 () "V3 1, > T, then if z1 and 7, are
X, evaluated in T, and Ty, respectively, and wy and wy are —N| (N> + N3) evaluated in T, and
Tp, Fespectively, we have

n-—z=[-0—-zD0+z2)*+3wi2—z2)](1 — ) + € (65)
and
wy —wy = (271 — 221 +2 = 3wDw (1, — 7)) + € (66)
where
C
i< =5 67
9IS e v ©7

fori = 1,2 and some numerical constant C.

Remark. We will prove that t, — 7, is of the order of magnitude 1/(N; + N3). Consequently,
we can ignore the error terms in (65) and (66) as long as the polynomial expressions appearing
in front of 1, — 7, are of the order of magnitude 1.

Proof. The idea is to consider the derivatives of X, and —N; (N, + N3) and to integrate between
7, and 1,. We will see that ¥, and —N; (N, + N3) vary slowly so that we can replace them
with constants, up to an error we estimate. However, £_ and N, — N3 do not vary slowly so
that we will have to use (57) and to estimate f;” sinz(é (7)) dr.

All numerical constants below will be denoted by C. Observe that

C
Tl < ——F——
(N2 + N3)(14)

by the arguments presented in the proof of lemma 8.3, assuming 7 to be great enough. We
will assume T is great enough that 3(N, + N3)(t) = 5(N; + N3)(t0)/2 = (N, + N3)(t) for

7o — (68)
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all T € [1,, 75], as is possible by lemma 8.2. We begin by analysing the variation of some
relevant expressions in [1,, 7,]. By lemma 8.2 we conclude

C
|2:(7) — Z4(T)| < m (69)

forall T € [1,, 75] and similarly for N (N, + N3). Assume N, + N3 has amax in T,y in [7,, Tp]
and a min in T, in the same interval. Then
1 1
(N2+N3)(Tmax) (N2+N3)(Tmin)
C
S 2
(N2 + N3)*(70)

by (60). Since & as defined in (54) is a diffeomorphism we can consider functions of t as
functions of £. We will be interested in the following integral:

1

< . (N2 + N3) (Tmax)
- (NZ + NS)(Tmax)

(NZ + N3)(7:min)

(70)

§(Ta)+

7 £(m) 1
/ sin?&(t)dt = f sin?(£)—dé = sin’(€) d&
2 £(r) 8 8(Ta) Jer,)
1 &(t) &(tp) 1 1
+ / sin®(&) d& +/ sin (&) <— - ) dé
8 Ta) E(ty)+m E(t) 8 g(Ta)
b4
= + 51
28(7a)
where
C
1811 < 73
[(NV2 + N3)(T4)]
due to (63) and (70). Furthermore,
) §@w) q T
Ta—IbZ/ df:/ —déj: +82, (71)
7 £r) 8 8(ta)

by similar arguments, where 6, is of the same order of magnitude as §;. Consequently,

/tb sin®&(7)dt = $(1p — 7,) + 63 (72)

a

where &3 is of the same order of magnitude as §;. We now have all the necessary estimates at
our disposal. In [7,, ;] we have

T, =—Q2-q)% — 35 =—-2-25)%, +252%, — (N, — N3)> + 3N}
—3 N1 (N2 + N3) = —(2 — 22])z1 + 22177 (14) cos* (§)
—2r*(z,) sin®(§) + 2wy + €3
where
c
(N2 + N3) (1)

due to (69), the analogous estimate for N| (N, + N3), equation (57) and the fact that N, is of
the order of magnitude (N, + N3)~! (7). Integrating, using (72), we have

le3] <

-z =[-Q-2u+ur () —r* () + 3w (1, — ) + &
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where
o

<
ST Ay VA T

Using the constraint (7) to express r2(z,) in z; and w, (and N,), we deduce (65) and (67),
i = 1. The argument to obtain (66) is similar. O

Lemma 8.5. Consider a Bianchi VIII solution of (5)—(7). For all € > O there is a T such that
T 2> T implies .(1) < % +e.

Proof. Lete > 0. If X, (1) > % +e€/2forall T > T, then —N{(N, + N3) — oo by (5)—(7)
and lemma 8.1. Since this cannot occur by (7) we conclude the existence of a ¢ > T such that
Y.() < % +¢/2. If there is an s > ¢ such that X, (s) > % + € there is an interval [7}, 7] with
T >t X () = % +€/2, 2. (np) = % + ¢ and % +€/2 < 2i(1) < % +¢ forall T € [1, 1a].
Using the constraint (7) to eliminate N (N, + N3) in the expression for X/, we conclude that

(9 1%
ze€ =f ¥ (r)dr < g/ N (t)dr.
T T]

Since N| > —2¢N in [1y, 7] we conclude that

€ _INi(m)
2 16e

For T great enough this inequality is impossible by lemma 8.1. The lemma follows. ]

Lemma 8.6. Consider a Bianchi VIII solution of (5)—(7). N1(N, + N3) does not converge to
zero.

Proof. Assume N;(N, + N3) — 0. We prove that this assumption forces X, to become
negative which, in turn, forces —N; (N, + N3) to increase, leading to a contradiction. We use
lemma 8.4 to achieve the decrease in X.. To apply it we need r to be big. However, the
constraint yields

rP=1—2]+3N|(N,+N3) — IN}. (73)

Since the last two terms converge to zero due to our assumption and lemma 8.1, only 1 — X2
is of relevance. From the above we have control over ¥, by lemma 8.5 and if £, < —% we
have nothing to prove as it turns out.

Let us be more precise. Let T be large enough that ¥, (1) < % forall T > T. This is
possible by lemma 8.5. Assume also 7 to be great enough thatif r > T and —% < X,(¢), then

) 1 1
O T ———
47 (N2+ N3)(0)
In order to achieve this we use (73), lemma 8.1 and N; (N, + N3) — 0. Finally, let T be great
enough that lemmas 8.3 and 8.4 are applicable toall 7y > T suchthatr(zg) > (Ny+N3)~'/?(1).

Lett > T. We prove that we can iterate X, to become less than or equal to —% using
lemma 8.4. If X,(t) < —% we are done. The first zero after 7, say ¢, which exists by (74)

and lemma 8.3, can for the same reason be assumed to satisfy X, (¢;) > —%. Because of (65),
(67), (71) and the fact that N;(N; + N3) — 0, we conclude

() — o) < —5(t — 1) (75)

(74)
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if T is great enough and 1, is the first zero after ¢;. If X, () > —%, the next zero f;4; will
satisfy a relation similar to (75). Sooner or later we will thus have X, () < —%. Since
the distance between two zeros becomes arbitrarily small as time goes on and the derivative
of X, is uniformly bounded, X, cannot at late enough times become greater than —i after
having been smaller than —% due to (75). Consequently, there is a 7’ such that v > T’
implies ¥, (1) < —}1. We conclude that —N; (N, + N3) — oo by considering the derivative

of Ni(N, + N3) and using lemma 8.1. O

Lemma 8.7. Consider a Bianchi VIII solution to (5)—(7). For all € > 0 there is a T such that
T > T implies —N{ (N> + N3) > 1 — €.

Proof. Assuming —N;(N, + N3) < % — €/2, we prove that the expression grows at late
enough times. Under certain conditions on X, this will be seen by considering the derivative
of — N (N, + N3), but under other circumstances we apply lemma 8.4. In order for the iteration
to work, we will have to have a good upper bound on X, cf (76). We will also need lemma 8.6 in
order to obtain a starting point greater than or equal to some fixed positive number, irrespective
of at how late a time we start.

Let % > ¢ > (0 and S be such that

() < L€ (76)
for all T > §. Define w = —N;(N, + N3). Since w does not converge to zero there is an

n > 0 such that for all S’ thereisat > §’ satisfying w(z) > n. Lett > S be such a time. We
prove that there is a ¢’ > ¢ with the property that

w(t) > 1 le. (77)
Assume
w(r) < 53— e (78)
There are two possibilities. Either X, < —%, in which case we will be able to see that w
increases by considering its derivative. If X, > —% we will be able to apply lemma 8.4.

(a) There is a T' such that if [t,, t;] is an interval in which £, < —}1 andt; > T', then

w(n) —w(t) = Jwt) (2 — h). (79)

This can be seen by applying lemma 8.1 and equations (5) and (7).
(b) There is a T” such that if t{ < t, are two consecutive zeros of X_ with T" < ty,
T.(t) = —3 and 5 — €/2 > w(ty) > n/2, then

w(ty) —w(t) = ew(t)(t — ). (80)
We obtain, in

rP=1-3X}=3N] +3IN|(N, + N3) > 3¢ — 3¢’ (81)
if T” is great enough. If T” is great enough we can apply lemma 8.4. Consider (66)
with 7, replaced with #; and 7, replaced with #,. Since ZZ% —271+2 > % Vz; € R and
% —€/2 > w(t;) we obtain

w(n) —w(t) > jew(n)(t — ) +é.

Since w(t;) > n/2 we can use (67) and (71) to prove that (80) holds if 7" is big enough.
This is where we need lemma 8.6.



3818 H Ringstrom

Assume ¢ to be greater than 7’ and 7" and that w(t) < % —¢/2 for t € [t,s]. We can
divide [£,s]intof = 5p < §1 < §p < +++ < 8§ < Sge1 = § Where X, (s;) = —%,i =1,...,k
and X, is either > — % or< — % in each [s;, s;+1]. If 1 < i < k then we can change s; so that it
becomes a zero of X_ without changing the earlier conditions of the construction except that
the new X, (s;) need not necessarily equal — %, cf (81). This is due to the fact that we can apply
lemma 8.3 if 7 is great enough, that | X/, | is uniformly bounded and the fact that the distance to
the next zero goes to zero as ¢ goes to infinity.

Since w(t) < % —e/2 we can apply lemma 8.3 to obtain a zero 51, witht < sy, assuming ¢
is greatenough and X, (¢) > — % ,cf (81). Since 51/, —1 is of the order of magnitude 1/(N,+N3)
and w’ is uniformly bounded we can assume w(s; ) > n/2. If £, < —J—1 in [sg, 1], we let
s1/2 = t. Observe that the condition w(v) > n/2 will be satisfied for a zero v of ¥_ with
s>v=spbyland2. If 2, > —% in [sy, s] we have to take into account the possibility that
s need not be a zero of X_. In that case let s,/ be the last zero of X_ before s. If X, < —%
in [sg, s] we let sg1/2 = 5. We have, applying (80) or (79) in the intervals [s;, $;41]

W(Sk1/2) — w(siy2) = %Gﬂ(skn/z —51/2).

Using the fact that |w’| is uniformly bounded and the estimates of 51, — ¢ and s — sg.1/2 We
conclude that

C C
(N2+N3)(#) (N2 + N3)(s)
for some constant C > 0. We conclude the existence of at’ > ¢ as in (77). Finally, w cannot
become smaller than % — € once it has become greater than % — €/2 given t great enough.

We only have to apply the above and observe that |w’| is uniformly bounded and the distance
between two zeros of X_ becomes arbitrarily small as ¢ — oo. (|

w(s) —w) > %en(s —1)

Proof of theorem 1.2. We begin by proving that for every € > O thereisa 7 suchthatt > T
implies ¥, (7) > % — €. We will then be able to draw the conclusions of the theorem. Use the
constraint (7) to obtain

X, = —3(N2— N3)*(Z4 + D+ 3N (N2 + N3)(2Z, — D + 3Nf (2 — 3,). (82)

+

Observe that by lemma 8.7 we can assume —N;(N; + N3) to be big. By lemma 8.1 we can
disregard the term involving N,. If ¥, is smaller than, say, % — €/2, we want X, to increase.
Considering (82) two things can happen. Either r is small, in which case the first term is
negligible and then the second term which is positive will dominate. Thus X, increases. If r
is big, we have to use lemma 8.4. We make these observations more precise in the following
two statements.

(a) Thereis a T’ such that ifrz(r) <€/36and (1) <
then

%—e/Zfor‘l: € [t,s]wheret > T,

Ti(5) — B4 (1) > ye(s — ). (83)

The proof is as follows. If 7’ is great enough then — [N (N, + N3)](7) > % for T > T’ so that
if £,(1) < 3 —¢€/2then

SNI(N2 + N3)(2Z. = 1) > €
in 7. Assume 7" to be great enough that we also have

N2 — ZDI(T) < F5e
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fort > T'. If T € [¢t, s] we thus conclude that
(1) = e
using (82). The statement follows.

(b) There is a T” such that if r*(t) > €/100 and =,(t) < % —€/2 for T € [11, 1] where
71 > T" and 1| and 1, are consecutive zeros of ©._ then

Zi(m) = Tu(n) 2 ped(n — ). (84)
The proof is as follows. We have

1
(N2 + N3) (1)

for t € [11, ©o] if T” is large enough. If T” is large enough, we can apply lemma 8.4. Consider
(65). The relevant polynomial expression is

—A =z +z)*+ 3w —z) = -1 —zDA+2)* + 32— 2))
+Hw —HQ2—z) =@+ — D+ 3w — H 2 —z).

Since —1 < z1 < % — €/2 in our situation, and since we can assume 7" to be great enough
that wy > § — €%/36 by lemma 8.7, we conclude

ri(t) =

—(I =z +z2)* + 3w 2 —21) > 1e® — 4 = g€,

Thus (84) follows, in which we have absorbed the error term in (65) using (67) and (71).

Let S be greater than 7’ and T”. We start by proving the existence of a t > S such
that X,(1) > % —€/2. Assume ¥, (1) < % —€/21in [S, s]. We can divide the interval by
S=s5) <5 <--- <5 <8, =8, where r? is either > €/100 or < €/36 in each [s;, 5;+1]
and r2(s;) = €/50 for all s;, i = 1,...,k. If § is large enough we can assume the s;,
i = 1,...,k to be zeros of ¥_ without changing the earlier conditions of the construction
other than r2(s;) = €/50,i = 1,...,k. The reason is that we can apply lemma 8.3 to s;,
i=1,...,k, if S is large enough, to obtain a zero within a distance of the order of magnitude
1/(N> + N3). Using the estimate (57) and the fact that 72 = %2 + y2, r? can be made to vary
an arbitrarily small amount from the original s; to the first zero after it by choosing S large
enough. If r2(t) > €/100 in [so, s1], we let 51/, be the first zero after so. Otherwise, we let
512 = So. We define si.1/2 analogously. Using (83) and (84) we conclude

1.2
Xy (Skr172) — Zu(8172) 2 1€ (Skr1/2 — S172)
assuming € < % If we use our estimates of 51, — S and s — ;41,2 we obtain

R0 = B > S5 — ) < <
s) — > —(—-95)— — .
: : 10 (N2 +N3)(S) (N2 + N3)(s)
If S and s — § are large enough this is not possible and there must thus be a ¢ such that
L) =5 —€/2.

If S big is enough, X, cannot become smaller than % — € once it has been larger than
% —€/2 due to (84), (83), the fact that | X/ | is uniformly bounded and the fact that the distance
between two zeros of ¥_ goes to zero as T — 00.

Combining this observation with lemma 8.5 we conclude that

lim %,(7) = 1.
T—>00
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The constraint (7) then yields
—Ni(N2+N3) < 2(1 =27 = 22 = 3(N, — N3)* = 3ND) < 3(1 - =),
Since the right-hand side converges to % we can use lemma 8.7 to conclude that

lim Ni(N, + N3) = —1.
T—>00
By the constraint we can then conclude that

lim (N2 — N3) =0

T—>00

and

lim *_ =0. O

T—>00

9. Conclusions

For all class A spacetimes except X, g converges to a non-zero value as T — oo. Thus, by
(27), the following theorem follows.

Theorem 9.1. For all Bianchi class A vacuum spacetimes except those of type IX, the
asymptotic behaviour of the reduced Hamiltonian in the expanding direction is given by

lim Hiequeea(T) = 0.
T—>00

Consider the metric g. By (22) we have

3
g0 =) MnmERE
i=1

Ai(T) = exp </T 6%; dr’)
0

by (24). Note that ¥; is a vector determined by ¥, and ¥ _ and that the sum of its components
is zero. Let us introduce some terminology.

where

Definition 9.1. Iftwo A; converge to zero and one to infinity, we say that the evolution exhibits
a cigar degeneracy. If one A; converges to zero and two to infinity, we call it a pancake
degeneracy.

9.1. Bianchi

In this case the X; are constants satisfying

3

2 __ 2
Y =12
i=1

Thus A; converges to 0, oo or 1 depending on the solution. We obtain both pancakes and
cigars. Concerning the a; in (25), we observe that if the Bianchi I solution corresponds to a
special point on the Kasner circle, then two a; are constant and one goes to infinity. For all
other Bianchi I solutions, one a; goes to zero and the other two to infinity.
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9.2. Bianchi Il

The X; converge to s; where the s; satisfy

3

§ 2 __ 2
Sl-—g.

i=1

The points (s1, 2, 53) = (%, —%, —%) and those obtained by permutating its coordinates are,
however, not allowed as limit points (they correspond to the flat Kasner vacuum solutions).
Again we obtain pancakes or cigars depending on the solution. As far as the a;s are concerned,
one goes to zero and two go to infinity.

9.3. Bianchi VI

In this case the X; converge to (%, —%, —%) or one of the points obtained by permuting its

coordinates. We obtain a cigar degeneracy.
Considering the a;, equation (25) shows that one of the a; goes to infinity, but what happens
to the other two is unclear.

Proposition 9.1. Consider a Bianchi VI solution to (5)—(7). Then all the a; converge to
infinity as T — 00.

Proof. Considering (25) and (26), we are interested in the integrals
T T
/ (1+%, £V/35 )ds =1 / (2+2%, £2/3%_)ds.
0 0

Observe, however, that
1+%Z)'=-Q—-g9)(1+X%,)
whence

1+3%.(7) =exp [— /T(2 - q)dS} [1+X.0)],
0

so that, using the expressions for N} and N} in (5), we obtain

2 N,
a, = C
1+,
and
—N;
=
1+,

where ¢, and c3 are positive constants. Consider now the function
432 4+ (N, — N3)?

Z = “N.N .

This function is monotonically decreasing to the future, and bounded from below by 2, since
(N2 — N3)* > —=2N,Ns.

Thus it converges to a positive real number, and consequently, the same is true of 1/Z;. Thus,

using the constraint,
—NoN; 4 —N,N; 4

=—(1-3)—— =
1+%, 3 Ti1-32) 3

1
1—-3)—
( +)Zl_)a

where o is a positive real number. Since N, and N3 converge to zero as T — oo by
proposition 6.1, we conclude that a, and a3 converge to infinity. g
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9.4. Bianchi VII,

There are two possibilities. Either X; are constants equal to (—%, %, %), to (%, —%, —%) or

one of the vectors obtained by permuting the coordinates or they converge to (%, - %, — %) (or
a permuted vector). The first possibility yields a pancake or cigar degeneracy. The second
possibility yields a cigar degeneracy.

Considering the a; we have the following proposition.

Proposition 9.2. Consider a Bianchi VIl solution to (5)—(7). Then all the a; converge to

infinity as T — 00.

Proof. The argument is similar to the Bianchi VI case, but easier. We just need to observe that
N, and N3 are bounded away from zero, and 1 + £, — 0 by lemma 7.1 and proposition 7.2.
]

9.5. Bianchi VIII

In this case the X; converge to (—1, é, é) up to permutations. We have a pancake singularity.

Let us also consider what happens to the a; appearing in (19). Considering (25), two of
the a; converge to infinity, but what happens to the third one is more difficult to say, since the
integrand tends to zero. Here we wish to prove that it is bounded away from zero.

Proposition 9.3. Consider a Bianchi VIII solution to (5)—(7). The a; in (19) are bounded from
below by positive constants as T — 00.

Proof. As already mentioned two of the a; converge to infinity. Let us consider the third one.
Since ¥} = —2%,/3, we have

ai(t) =exp (— /07(22+ -1 ds), (85)
and consequently our goal is to prove that X, does not become that much bigger than % By
theorem 1.2, we conclude that g — 42, — —%, so that there is a 7} such that

Ni(r) <e™’
for all T > 7. Using the constraint (7) to eliminate N; (N, + N3), we deduce

X, =—(1-%-23)Q% — 1) — 3(N2 — N3)* + IN}.

Observe that in the first term, 1 — 22 — X2 — %. The term involving N7 is undesirable, but
it can be handled in the following way. Let

f=Z.—3+Ny.
Then
fl=—(1=2-323)Q2%, — 1) = 5(N2 — N3)> + 2N} + (g — 4Z,)N;.

If 2. (t) > %, and if t is greater than some 75, then we can absorb the term involving N 12 in
the term arising from the derivative of N;, and conclude that

f(®) < —af (o), (86)

where 1 > o > 0 is a suitable constant. If there is a T such that X,(7) < % forallt > T,
we are done, so assume not. Let us divide the problem into two subcases. Either there is a
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T > Ty, T, such that ¥,(t) > % forall T > T, or there is a time sequence 7; — oo such that
Yi() = % It is convenient to assume t; > T4, T» in this case. In the first case, we have

f (@) < f(T)exp[—a(r —T)]
by integrating (86), and, in particular,
0 < Z4(1) — 1 < f(T) expl—a(r — T)]

so that the integral appearing in (85) is finite. Now consider the second subcase. Assume
2.(7) > % with 7 > 7). Let ¢ < t be the first point before t at which X, (¢) = % Then

f@) < f@t)expl—a(r —1)] <exp[—t —a(r —1)] < exp[—aT]

since @ < 1 and f(r) = Ni(¢t) < e~". Thus the integral appearing in (85) cannot diverge to
infinity. ]
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