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Abstract

Based on a geometrical property which holds both for the Kerr metric and

for the Wahlquist metric we argue that the Kerr metric is a vacuum subcase of

the Wahlquist perfect-fluid solution. The Kerr-Newman metric is a physically

preferred charged generalization of the Kerr metric. We discuss which geometric

property makes this metric so special and claim that a charged generalization

of the Wahlquist metric satisfying a similar property should exist. This is the

Wahlquist-Newman metric, which we present explicitly in this paper. This fam-

ily of metrics has eight essential parameters and contains the Kerr-Newman-de

Sitter and the Wahlquist metrics, as well as the whole Plebański limit of the

rotating C-metric, as particular cases. We describe the basic geometric proper-

ties of the Wahlquist-Newman metric, including the electromagnetic field and its

sources, the static limit of the family and the extension of the spacetime across

the horizon.
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1 Introduction

Among the few explicitly known stationary (non-static) and axially symmetric perfect-
fluid spacetimes, the Wahlquist family [1] enjoys a privileged position. First, it is
the oldest known solution and it remains, in some sense, the simplest one. More
importantly, it has interesting physical properties (see [2] and references therein) which
have made this metric a good candidate to describe the interior of an isolated rotating
body in equilibrium. This view has been recently challenged in [3], where the matching
conditions between the Wahlquist metric and a vacuum, asymptotically flat spacetime
are claimed to be incompatible in a perturbative sense. This strongly indicates that the
Wahlquist metric does not describe the interior or a rotating body in vacuum. In order
to make this result conclusive it would be of interest to develop a proper theoretical
analysis of the perturbative approach to the matching conditions.

In any case, the fundamental properties which make the Wahlquist metric so special
are of geometrical nature. Indeed, this metric is known to be uniquely characterized
among stationary, rigidly rotating, perfect-fluid spacetimes by any of the following,
seemingly unrelated, properties (see [4] for a discussion),

(1) The Simon tensor vanishes [5].

(2) The spacetime admits a Killing tensor of type [(11)(11)]. [6]

(3) The spacetime is axially symmetric, the Weyl tensor is Petrov type D and the
equation of state of the perfect fluid is ρ + 3p = const. [7].

For the purposes of this paper, characterization (1) will be the most relevant one. The
Simon tensor [8] was put forward in order to obtain a unique characterization of the
Kerr metric [9]. More precisely, the Kerr spacetime is the only strictly stationary (i.e.
with a Killing vector which is timelike everywhere), vacuum and asymptotically flat
spacetime for which the Simon tensor vanishes. This fact, combined with (1), shows
that there may exist a close relationship between the Wahlquist metric and the Kerr
metric. However, no such relationship has been found so far. One of the aims of this
paper is to show that the Kerr metric can be obtained as a particular, vacuum, subcase
of the Wahlquist metric. In fact, we will also show that the Kerr-de Sitter metric [10],
which is vacuum with a cosmological constant, belongs to the Wahlquist family in the
limit ρ + p = 0.

The existence of physically privileged charged generalization of the Kerr and Kerr-de
Sitter metrics, namely the Kerr-Newman [11] and Kerr-Newman-de Sitter spacetimes[10],
leads us to consider whether a similar, privileged, charged generalization of the Wahlquist
metric exists. To analyze such a question we should first make precise the meaning
of the term “privileged”. As we shall see, the Kerr, the Kerr-de Sitter and the Kerr-
Newman-de Sitter metrics have very special geometric properties which relate the Weyl
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tensor, the Killing vector and the electromagnetic field (when one is present). More-
over, these conditions turn out to be fulfilled also by the Wahlquist metric. Thus, there
exists a geometrically clear sense in which a privileged charged generalization of the
Wahlquist metric might exist. We call it Wahlquist-Newman metric, first because it
contains both Wahlquist and Kerr-Newman-de Sitter as particular cases and also in
order to emphasize the very special geometrical properties fulfilled by this spacetime.
The main objective of this paper is to obtain the explicit form of this metric. It turns
out that the Wahlquist-Newman family contains eight arbitrary parameters. It rep-
resents a rigidly rotating perfect fluid, which may be charged or not, together with
an electromagnetic field. The sources of the electromagnetic field are the perfect fluid
(when this is charged) and/or a singularity of the spacetime. The latter corresponds to
the singular source hidden behind the event horizon in the Kerr-Newman spacetime.

The paper is organized as follows. In section 2, we recall the relationship between
the vanishing of the Simon tensor and the Weyl tensor and we discuss which geomet-
rical properties make the Kerr, Kerr-Newman, Kerr-Newman-de Sitter and Wahlquist
metrics so special. In section 3, we rewrite the Wahlquist metric in such a way that the
Kerr-de Sitter metric (and the Kerr metric) are contained as particular subcases. In
section 4, we present the Wahlquist-Newman metric and we describe its fundamental
properties. First, we stress that the geometrical properties described in section 2 also
hold for this metric. Then, we give the explicit expressions for the energy-density,
the pressure and the fluid velocity of the perfect fluid. The electromagnetic field and
its charge current are also written down and the number of essential parameters in
the family is discussed. We also show that the particular case in which the perfect
fluid vanishes corresponds to the well-known Plebański metric [12], which is an impor-
tant limiting case of the rotating C metric [13]. This shows, in particular, that the
Wahlquist-Newman spacetime contains the Kerr-Newman-de Sitter metric as a partic-
ular case. In section 5, we analyze the static limit of the Wahlquist-Newman metric.
To do that, we rewrite the metric in a suitable coordinate system which admits an
explicit static limit and which, in addition, allows for an extension of the Wahlquist-
Newman spacetime across its horizon (although the metric represents a perfect fluid,
it does have a regular horizon, as we shall see). Finally, we include an Appendix where
Einstein-Maxwell’s equations under the assumptions of this paper are solved.

2 Geometric properties of the Wahlquist and the

Kerr-Newman-de Sitter metrics

The Kerr metric and the Wahlquist metrics share the property that the Simon tensor
[8] vanishes identically. The geometrical meaning of the vanishing of the Simon tensor
in vacuum has been recently clarified in [14]. The fundamental underlying property is a
close relationship between the Weyl tensor and the stationary Killing vector. Properties
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of the Weyl tensor can be quite naturally described using the language of self-dual
two forms, which are two-forms X satisfying X

⋆ = −iX where ⋆ denotes the Hodge
dual with respect to the volume form ηαβγδ. From the Weyl tensor Cαβγδ and the

stationary Killing vector ~ξ we can write down two canonical self-dual objects, the
self-dual Weyl tensor Cνµαβ ≡ Cνµαβ + i

2
ηαβρσC ρσ

νµ and the so-called Killing form

Fαβ ≡ ∇αξβ + i
2
ηαβγδ∇γξδ. It is natural to ask which spacetimes have the property

that the self-dual Weyl tensor and the Killing form are related to each other. The
simplest relationship between these two objects which respects all the symmetries of
the self-dual Weyl tensor is (the object Iαβγδ ≡ (gαγ gβδ − gαδ gβγ + i ηαβγδ)/4 is the
canonical metric in the space of two-forms)

Cαβγδ = L
(

FαβFγδ −
1

3
IαβγδF

2

)

, (1)

where L is a complex, scalar function and F2 ≡ FαβFαβ. It turns out [14] that the
vanishing of the Simon tensor in vacuum is equivalent to (1). We know that the Simon
tensor vanishes for the Wahlquist metric. So, we can ask whether (1) holds also for the
Wahlquist spacetime. A straightforward calculation shows that this is indeed the case.
Actually, it can be seen that the original assumptions made by Wahlquist in order to
find his spacetime, although written in another formalism (see [2]), can be rewritten so
that they consist of condition (1) plus axial symmetry. Thus, with hindsight, Kramer’s
uniqueness result [5] of the Wahlquist metric is equivalent to dropping the condition
of axial symmetry from Wahlquist’s original assumptions.

Following the discussion in the Introduction, we can ask whether condition (1)
is also fulfilled by Kerr-de Sitter, Kerr-Newman and Kerr-Newman-de Sitter. The
answer is yes, as a simple calculation shows. However, the Kerr-Newman and the
Kerr-Newman-de Sitter spacetimes contain, in addition, an electromagnetic field. So
we should analyze whether this field fits nicely into the geometrical relation (1). This
is very important for our purposes because it will determine what makes these charged
spacetimes so special, and it will indicate how the charged generalization of Wahlquist
metric should be defined. Let us call the electromagnetic field as Kαβ. This two-
form defines canonically a self-dual two-form according to Kαβ ≡ Kαβ + iK⋆

αβ. It
can be easily checked that in Kerr-Newman and Kerr-Newman-de Sitter the self-dual
electromagnetic field is proportional to the Killing form, i.e. Kαβ ∝ Fαβ. This is the
most natural relationship one could think of between these two objects. Thus, all these
metrics do have very special geometrical properties.

This discussion above indicates two things. First, that the Wahlquist metric is
likely to contain the Kerr-de Sitter metric (and hence the Kerr metric) as a particular
subcase and, second, that a charged generalization of Wahlquist should also exist sat-
isfying the following properties: 1) It contains both Wahlquist and Kerr-Newman-de
Sitter as subcases, 2) it satisfies the relationship (1) between the Weyl tensor and the
Killing form and 3) its self-dual electromagnetic field is proportional to the Killing
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form. Its energy-momentum tensor should contain both an electromagnetic field part
and a perfect-fluid part.

Table 1 shows graphically the interrelationships between these metrics. Single ar-
rows indicate well-established and natural generalizations and arrows between question
marks indicate plausible relations between metrics. In particular, it becomes apparent
that some metric, the Wahlquist-Newman metric, should fill the lower, right corner of
this table.

Non-charged metrics Charged counterparts

Kerr −→ Kerr-Newman

↓ ↓
Kerr-de Sitter −→ Kerr-Newman-de Sitter

? ↓ ? ? ↓ ?

Wahlquist ? −→ ? Wahlquist-Newman?

Table 1: Relationships between the metrics discussed in this paper

3 Kerr-de Sitter limit in the Wahlquist family

Let us start by writing down the line-element of the Wahlquist family as it appears in
[2]. This is actually a generalization (by adding a discrete parameter) of the original
Wahlquist metric as given in [1] and was originally given by Senovilla in [7] (see [15]
for a discussion on the different published versions of the Wahlquist metric and their
interrelationships). The Wahlquist line-element is

ds2 = − 1

Φ2
(dt − Adθ)2 + r2dθ2 +

g

µ0

(

du2

h1

+
dv2

h2

)

, (2)

where

h1(u) = h0 + ǫ0 cos (2u) + (u + u0) sin (2u) ,

h2(v) = h0 − ǫ0 cosh (2v) + (v + v0) sinh (2v) ,

g = cos (2u) + cosh (2v) ,
1

Φ2
=

h1 − h2

κg
, r2 = 4r2

0
Φ2h1h2,

A = −2κr0 cosh (vA) +
2κr0 (h2 cos (2u) + h1 cosh (2v))

h1 − h2

.

All symbols with zero subscripts, as well as κ and vA, are arbitrary constants. The
energy-momentum of this spacetime is a rigidly rotating perfect fluid (i.e. its velocity
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vector is proportional to the Killing vector ~ξ = ∂t). The energy-density ρ and pressure p

are ρ = µ0

(

1 − κ
Φ2

)

and p = µ0

(

3 κ
Φ2 − 1

)

, so that the equation of state is ρ+3p = 2µ0.
We want to rewrite this metric in such a way that the Kerr metric is included as a
particular case. We first rescale u and v as follows, u = βy + π/2, v = βz, where β is
any non-zero constant. The function g transforms into g = cosh (2βz)−cos (2βy). The
constant β is superfluous as long as it remains non-zero, but it may be that the limit
β → 0 gives another metric, perhaps the Kerr metric we are looking for. In order to
work out this idea, we should make β → 0 meaningful. This requires some redefinitions
of constants. We start by defining

Q(y, z) ≡ cosh (2βz) − cos (2βy)

2β2
, (3)

which is regular at β = 0. The 2 × 2 block spanned by {u, v} in (3) takes the form
Q (U(z)−1dz2 + V (y)−1dy2), where U = µ0h2/(2β4) and V = µ0h1/(2β4). The con-
stants must be redefined so that U and V are regular at β = 0. Furthermore µ0 should
remain finite and non-zero (because of the relation ρ+3p = 2µ0, which is non-zero in the
Kerr-de Sitter metric). In addition, the number of parameters should not be reduced
in the limit β → 0. All this is achieved by the following redefinition of constants

µ0 invariant,
h0µ0

2β4
= Q0 +

ν0

2β2
+

µ0

2β4
,

µ0ǫ0

β2
= ν0 +

µ0

β2
,

µ0v0

β3
= a1,

µ0 (u0 + π/2)

β3
= −a2, (4)

which brings U and V into the form

U = Q0 −
µ0

2β2

[

cosh (2βz) − 1

β2
− z sinh (2βz)

β

]

+ ν0

1 − cosh (2βz)

2β2
+ a1

sinh (2βz)

2β
,

V = Q0 +
µ0

2β2

[

1 − cos (2βy)

β2
− y sin (2βy)

β

]

+ ν0

1 − cos (2βy)

2β2
+ a2

sin (2βy)

2β
. (5)

We should now analyze the {t, θ} block. The constants κ, r0 and vA correspond
to the freedom of performing linear coordinate changes in t and θ. Since the co-
ordinates should remain adapted to the Killing vector ~ξ (which is privileged both
for the Wahlquist and for the Kerr metrics), we consider changes of the type τ =
b1 (t + b2θ) , σ = b3θ. Let us choose

b1 =
β√
µ0κ

, b2 = 2κr0 (cosh (vA) − 1) , b3 = 4β3r0

√

κ

µ0

,

which bring the Wahlquist line-element (3) into the form

ds2 = −λ
(

dτ − v1V + v2U

V − U
dσ
)2

+
UV

λ
dσ2 + (v1 + v2)

(

dy2

V
+

dz2

U

)

, (6)
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where U and V are given by (5), v1, v2 read

v1 =
cosh (2βz) − 1

2β2
, v2 =

1 − cos (2βy)

2β2
, (7)

and λ = (V − U)/(v1 + v2). All metric functions in (6) are independently regular at
β = 0. The structure of this line-element is very similar to the one given by Senovilla
in [7], the only difference being the choice of parameters. It is not difficult to obtain
the redefinitions which bring Senovilla’s form into (6). Thus, a regular limit β = 0
could also have been obtained starting from that line-element. We preferred to start
from (3) in order to deal only with essential parameters.

The explicit form of the metric (6) when β = 0 is (after trivially reorganizing the
block {τ, σ})

ds2 = − V̂

y2 + z2

(

dτ − z2dσ
)2

+
Û

y2 + z2

(

dτ + y2dσ
)2

+
(

y2 + z2
)

(

dy2

V̂
+

dz2

Û

)

. (8)

where

Û = Q0 +
µ0

3
z4 − ν0z

2 + a1z, V̂ = Q0 +
µ0

3
y4 + ν0y

2 + a2y,

λ̂ = ν0 + a2

y

y2 + z2
− a1

z

y2 + z2
+

µ0

3

(

y2 − z2
)

.

This is the uncharged subcase of the Plebański metric [12], which is an important
limiting case of the Plebański-Demiański metric, also called rotating C-metric [13].
The constant a1 is closely related to the NUT-parameter and a2 is related to the
mass parameter. A particular case of this metric is obtained by setting Q0 = a2,
ν0 = 1− a2Λ/3, a1 = 0 and redefining a2 → −2M and µ0 → −Λ. After the coordinate
changes

y = r, z = a cos θ, aσ =
−φ

1 + 1

3
Λa2

, τ =
t − a φ

1 + 1

3
Λa2

, (9)

we obtain the Kerr-de Sitter metric [10] in Boyer-Lindquist coordinates.

ds2 = ρ−2
[

−∆rα0

2 + ∆θ sin2 θ α1

2
]

+ ρ2

(

dr2

∆r

+
dθ2

∆θ

)

, (10)

where ρ2 = r2 + a2 cos2 θ, ∆r = (a2 + r2)
(

1 − 1

3
Λr2

)

− 2Mr and ∆θ = 1 + 1

3
Λa2 cos2 θ.

The one-forms α0 and α1 are

α0 =
1

1 + 1

3
Λa2

(

dt − a sin2 θdφ
)

, α1 =
1

1 + 1

3
Λa2

[

a dt −
(

a2 + r2
)

dφ
]

.

Of course, by setting a = 0 in this metric we get the Schwarzschild-de Sitter metric
and the particular case Λ = 0 is the Kerr metric. Thus, the Wahlquist metric does

contain Kerr-de Sitter (and Kerr) as a particular case, as we wanted to prove.
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4 The Wahlquist-Newman family of metrics

The line-element of the Kerr-Newman-de Sitter spacetime can be obtained from (10)
just by modifying the function ∆r with an additive constant, i.e.

∆r =
(

a2 + r2
)

(

1 − 1

3
∆r2

)

− 2Mr + q2,

the constant q being directly related to the electric charge of the black hole (and hence
to the electromagnetic field). By analogy, we assume as a working hypothesis that the
Wahlquist-Newman metric we are seeking can be obtained by modifying the functions
on the block {dy, dz} of the metric (6). The reason why we must allow both functions
V (y) and U(z) to be changed instead of only one (as in the Kerr-Newman-de Sitter
case) will become clear later. So, let us assume that the Wahlquist-Newman metric
can be written in the form

ds2 = − V1

v1 + v2

(dτ − v1dσ)2 +
U1

v1 + v2

(dτ + v2dσ)2 + (v1 + v2)

(

dy2

V1

+
dz2

U1

)

, (11)

where V1(y) and U1(z) are unknown functions and v1(z), v2(y) are given by (7). We
want to solve the Einstein-Maxwell field equations for an energy-momentum tensor
Tµν consisting of two parts: a perfect-fluid component T pf

µν with the fluid velocity being

proportional to the stationary Killing vector ~ξ = ∂τ and an electromagnetic part T em
µν .

If we denote by Kµν the electromagnetic field and by Kµν its self dual part, we want
to impose K ∝ F , so that the fundamental geometric property satisfied by the Kerr-
Newman metric is preserved. In Kerr-Newman, the electromagnetic field is source-free
(more precisely, the source of the electromagnetic field is located at the singularity
inside the black hole). This is most reasonable because there is no matter to support
electric charge. In our case, however, there is a perfect fluid which may perfectly be
charged. So, we admit a charge current ~j proportional to the fluid velocity ~u. Hence,
Maxwell’s equations read

dK = 0, d ⋆ K = 4π ⋆ j, j = Cξ, (12)

where C is a scalar function. Our aim is to solve Einstein-Maxwell’s field equations
under these assumptions. Although the calculations are not very difficult, some ma-
nipulations are required. The details are given in the Appendix . The solution reads
as follows

U1(z) = Q0 − 2α2

i + a1

sinh(2βz)

2β
+

γz

4

[

(8αi − 2γz) cosh(2βz) + 3γ
sinh(2βz)

β

]

+

+
(

ν0 + 2β2α2

r + 2β2α2

i

) 1 − cosh(2βz)

2β2
− µ0

2β2

[

cosh(2βz) − 1

β2
− z sinh(2βz)

β

]

,(13)
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V1(y) = Q0 + 2α2

r + a2

sin(2βy)

2β
+

γy

4

[

(2γy − 8αr) cos(2βy) − 3γ
sin(2βy)

β

]

+

+
(

ν0 − 2β2α2

r − 2β2α2

i

) 1 − cos(2βy)

2β2
+

µ0

2β2

[

1 − cos(2βy)

β2
− y sin(2βy)

β

]

,(14)

where β, Q0, µ0, a1, a2, ν0, αr, αi and γ are arbitrary constants. These symbols have
been chosen so that the uncharged subcase (i.e. the Wahlquist metric) can be directly
obtained just by setting γ = αr = αi = 0. Thus, the Wahlquist-Newman family
of metrics contains three more essential parameters than the Wahlquist family. It is
worth pointing out that Kerr-Newman-de Sitter has only one additional parameter
with respect to the Kerr-de Sitter metric (i.e. the charge of the black hole). The
difference comes from the fact that, in our case, a non-vanishing charge current ~j is
allowed. The electromagnetic field K of the Wahlquist-Newman spacetime is

K = Xrθ
0 ∧ dy − Xiθ

1 ∧ dz,

where θ0 = dτ − v1dσ, θ1 = dτ + v2dσ, and the functions Xr and Xi are the real and
imaginary parts of the complex function X = Xr + iXi given by

X =
1

(v1 + v2)
2

[

1 − cos(2βy) cosh(2βz)

β2
− i

sin(2βy) sinh(2βz)

β2

]

×
[

αr −
γy

2
+

γ

4

sin(2βy)

β
cosh(2βz) + i

(

αi −
γz

2
+

γ

4

sinh(2βz)

β
cos(2βy)

)]

.

The charge current of this electromagnetic field is

~j =
γβ2

2π

∂

∂τ
. (15)

Thus, the constant γ is directly related to the charge of the particles in the fluid.
Notice that the value γ = 0 (i.e. uncharged particles) is perfectly possible. In that
case, the source of the electromagnetic field lies in the singularity v1 + v2 = 0 ⇔
z = 0, y = nπ/β, n ∈ Z, analogously as in the Kerr-Newman-de Sitter metric. When
γ = 0, the electromagnetic field is described by the two constants αr and αi but
only the combination α2

r + α2

i appears in the metric. This reflects the well-known
electromagnetic duality symmetry of the source-free Einstein-Maxwell field equations.
Thus, for uncharged particles the Wahlquist-Newman family adds only one parameter
to the Wahlquist family, exactly the same as in the Kerr-Newman-de Sitter case.

Regarding the perfect fluid, its velocity is, by assumption, proportional to ∂τ so
only the energy-density ρ and pressure p remain to be given. They can be directly
obtained from the expressions

ρ + 3p

2
= µ0 + β2γ2 + βγ

(2αr − γy) sin(2βy) + (2αi − γz) sinh(2βz)

v1 + v2

,

ρ + p = 2β2λ, (16)

9



where λ = (V1 −U1)(v1 + v2) = −ξαξα is minus the squared norm of the Killing vector.
When the particles are uncharged (γ = 0) the perfect fluid satisfies ρ + 3p = 2µ0 as in
the Wahlquist family. When γ 6= 0, there is no functional relation between ρ and p and
therefore no barotropic equation of state. Thus, the presence of an electric charge in
the particles seems to change the thermodynamic properties of the perfect fluid (this
cannot be made certain until a proper thermodynamic analysis is done).

From (14) we observe that both functions V1 and U1 have a smooth limit β → 0
(the integration constants were chosen carefully so that this property holds). The ex-
pressions for the density and pressure (16) shows that β = 0 corresponds to having no
perfect fluid but rather a cosmological constant with value Λ = −µ0. The electromag-
netic field in this case is source-free, as it should be because no matter is present. The
explicit form for v1, v2, U1 and V1 in the limit β = 0 is, after redefining a1, a2 and ν0

so that the constant γ disappears (no trace of γ can be left in this case because the
charge current vanishes)

v1 = z2, v2 = y2, U1 = Q0 − 2α2

i + a1z − ν0z
2 +

µ0

3
z4,

V1 = Q0 + 2α2

r + a2y + ν0y
2 +

µ0

3
y4. (17)

The metric (11) with the functions (17) is the Plebański limit of the rotating C-metric,
as expected, and therefore it contains the Kerr-Newman-de Sitter metric as a particular
case.

Hence, metric (11) contains both the Wahlquist and Kerr-Newman-de Sitter met-
rics. Furthermore, a simple calculation shows that the geometric relationship (1) is
also satisfied by this metric. Since the self-dual electromagnetic field is proportional to
the Killing form of ~ξ by construction, we conclude that (11) is the Wahlquist-Newman
metric we are seeking (this completes Table 1). This family of metrics contains eight
arbitrary parameters (or nine if we count β).

Finally, we can now see why both functions U1 and V1 had to be modified instead
of only one as in Kerr-Newman-de Sitter. In the cosmological constant case, both
functions get modified by the inclusion of an electromagnetic field (see (17). However,
a redefinition of Q0 can be used to compensate one of the changes. In the perfect-fluid
case, the modifications are more complicated and cannot be reabsorbed by redefinitions
of constants.

5 Extension of the Wahlquist-Newman solution

and static limit

The metric as written in (11) does not have an obvious static limit. Analyzing whether
such a limit exists is relevant because the Wahlquist metric has an interesting, spher-
ically symmetric static limit, namely the Whittaker solution [16] which represents an
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isolated fluid ball in equilibrium. Moreover, the static limit of the Plebański metric has
interesting subcases, like the fundamental Schwarzschild-de Sitter-Reissner-Nordström
metric or the so-called rotating topological black holes (see e.g. [17]). Thus, it is rea-
sonable to expect that the static limit of the Wahlquist-Newman spacetime may also
have interesting properties. We devote this section to find this limit.

To do that, the coordinate system in (11) must clearly be changed. We choose a
coordinate system which, in addition, extends the metric (11) across its Killing horizon,
which is contained within the set of points where the Killing vectors ∂η and ∂σ span
a null two-plane. Notice, that this can only happen at points where λ ≤ 0. From
the perfect-fluid interpretation of (11) this would seem to be impossible. However,
the energy-momentum tensor of (11) is regular at the points where λ = 0, i.e. at the

ergospheres of the Killing vector ~ξ. Indeed, the electromagnetic field is easily seen to be
regular there and even though the velocity of the perfect fluid becomes singular where
λ = 0, the combination (ρ+p)uαuβ = λ−1(ρ+p)ξαξβ = 2β2ξαξβ is finite. Obviously the

perfect-fluid interpretation breaks down at the ergospheres of ~ξ but still the spacetime
is regular. This indicates that horizons may also be present in the Wahlquist-Newman
spacetime. In order to find them, we should evaluate N = (∂τ , ∂τ )(∂σ, ∂σ) − (∂τ , ∂σ)2

where ( , ) means scalar product with the metric (11). A simple calculation gives
N = V1U1. Thus, N vanishes at the points where either V1 or U1 vanish. It is not clear
a priori whether we should try to extend the metric across the hypersurface V1 = 0 or
across the hypersurface U1 = 0. We known from (9) that the coordinate y is radial
and z angular, at least in the limit β = 0 without electromagnetic field. Therefore, we
choose to extend the spacetime across V1(y) = 0. Let us choose the region V1(y) > 0
and define the following coordinate transformation

v = τ +
∫

v2

V1

dy, ϕ = −σ +
∫

1

V1

dy.

It is easy to check that the metric can be cast into the form

ds2 = −λ (dv + v1dϕ)2 + 2 (dy − U1dϕ) (dv + v1dϕ) + Q

(

dz2

U1

+ U1dϕ2

)

, (18)

where Q ≡ v1 + v2. This metric is regular at V1(y) = 0 and can therefore be extended.
It is straightforward to check that the hypersurface y = y0 with V1(y0) = 0 is null and
that the Killing vector −v2(y0)∂τ + ∂σ is also null and tangent to this hypersurface.
Thus, y = y0 is a Killing horizon. Extensions of spacetimes are not unique in general.
The extension we have performed, however, is uniquely determined by the geometric
condition (1) which still holds in the extended spacetime. Thus, this is the natural
extension of the Wahlquist-Newman metric from the geometrical point of view. It
must be emphasized, however, that this extension may not be the most relevant from
the physical point of view because the extended region contains, in addition to an
electromagnetic field, a charged tachyonic fluid, which is rather unphysical.
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We can now try to determine the static limit of (18). From Kerr-de Sitter, we know
that some limit z → const will be involved. So, we should avoid using z as a coordinate.
We accomplish this as follows. Let us consider a connected two-dimensional manifold
S endowed with the metric

h =
1

U1(z)
dz2 + U1(z)dϕ2, (19)

and volume form ηh = dz∧dϕ. Denote by ⋆h the Hodge dual in (S, h, ηh). We obviously
have ⋆hdz = U1dϕ and d ⋆h dz = dU1

dz
ηh. Furthermore, the one-form ω = −v1(z)dϕ on

S satisfies dω = −dv1

dz
ηh. The scalar curvature of the metric (19) is easily computed to

be R(h) = −d2U1

dz2 . With these definitions, the metric (18) can be written as

ds2 = −λ (dv − ω)2 + 2 (dy − ⋆hdz) (dv − ω) + Q h. (20)

In this metric, z need not be a coordinate any longer and can be regarded just as a
real function defined on S. The functions Q and λ depend on the spacetime point only
through the values of y and z at that point. ~ξ = ∂v is static if

ξ ∧ dξ = −V1λ,zdv ∧ ηh + dy ∧
[

Qλ zηh + (λ,zdz + λ,y ⋆h dz) ∧ (ω − dv)
]

= 0,

which holds if and only if λ,z = 0 and ⋆hdz = 0. Thus, z = z0 = const and λ,z|z=z0
= 0.

From λ = (V1 − U1)/Q and (7), (14) this can only happen iff z0 = 0 and a1 = −2γαi.
In that case, the one-form ω and the scalar curvature of h are

dω = −
(

dv1

dz

∣

∣

∣

∣

∣

z=0

)

ηh = 0, R(h) = − d2U1

dz2

∣

∣

∣

∣

∣

z=0

= 2
[

ν0 + 2β2
(

α2

r + α2

i

)

− γ2
]

.

Thus, ω is locally exact and can be reabsorbed into the coordinate v. Since h is of
constant curvature, there exist coordinates x1 and x2 such that

h = B2
[

dx1
2 + Σ(x1, ǫ)dx2

2
]

,

where Σ(−1, x1) = sinh(x1), Σ(0, x1) = x1 and Σ(1, x1) = sin(x1) and B ∈ R satisfies

ǫB−2 = ν0 + 2β2
(

α2

r + α2

i

)

− γ2. (21)

Inserting this into (20) we find that the static limit of the Wahlquist-Newman metric
is

ds2 = −λ̃dv2 + 2dydv +
1 − cos(2βy)

2β2
B2

(

dx1
2 + Σ(x1, ǫ)dx2

2
)

, (22)
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where λ̃ ≡ λ(y, 0) reads explicitly

λ̃ =
(

ν0 − 2β2α2

r − 2β2α2

i

)

+
2β2

1 − cos (2βy)

{

2
(

α2

r + α2

i

)

+ a2

sin(2βy)

2β
+

µ0

2β2

[

1 − cos(2βy)

β2
− y sin(2βy)

β

]

+
γy

4

[

(2γy − 8αr) cos(2βy) − 3γ
sin(2βy)

β

]}

.

We call this metric Whittaker-Reissner-Nordström metric. Its energy-momentum ten-
sor is (in the region λ > 0) the sum of a perfect-fluid and an electromagnetic field. The
density and pressure of the perfect fluid can be read off from (16) after inserting z = 0.
The electromagnetic field can be obtained by performing the coordinate changes we
made in get the static limit. The result is

K =
2β2

1 − cos(2βy)

[

2αr + γ

(

sin(2βy)

2β
− y

)]

dv ∧ dy − 2αiηh,

where the two-form ηh is ηh = B2Σ(x1, ǫ) dx1 ∧ dx2. Its charge current is still given by
(15). The metric (22) is static and spherically symmetric as long as [ν0+2β2(α2

r +α2

i )−
γ2] > 0. When this expression is zero or negative, the spacetime is plane symmetric
and “hyperbolic” symmetric respectively. When the electromagnetic field vanishes and
ν0 > 0 the metric is the spherically symmetric perfect-fluid found by Whittaker [16].
The limit β → 0 gives the de Sitter-Reissner-Nordström metric (when ǫ = 1) or its
hyperbolic or plane counterparts. Another physically relevant subcase of Whittaker-
Reissner-Nordström is αr = αi = a2 = 0 and ν0 > γ2. This represents a charged fluid
ball in equilibrium, with no singularities inside.

A thorough investigation of the geometry of the Wahlquist-Newman and Whittaker-
Reissner-Nordström spacetimes would be of interest. Also, studying the physical ap-
plications of this geometrically privileged metrics should be a matter of further inves-
tigation.
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Appendix

In this appendix we solve the Einstein-Maxwell equations under the assumptions de-
scribed in Sect. 4. Let us start be introducing an orthogonal tetrad

θ0 = dτ − v1dσ, θ1 = dτ + v2dσ, θ2 = dy, θ3 = dz, (23)

13



so that the metric (11) takes the form

ds2 = − V1

v1 + v2

(θ0)
2
+

U1

v1 + v2

(θ1)
2
+

v1 + v2

V1

(θ2)
2
+

v1 + v2

U1

(θ3)
2
.

We take the volume form η = θ0 ∧ θ1 ∧ θ2 ∧ θ3. Lowering the indices to ~ξ = ∂τ we find

ξ = − V1

v1 + v2

θ0 +
U1

v1 + v2

θ1.

In order to impose Kαβ ∝ Fαβ, we need to evaluate the Killing form F associated to
~ξ. After a simple computation we obtain

F =
1

2

[

V1,y + iU1,z

v1 + v2

+
V1 − U1

(v1 + v2)
2

(

iv1,z − v2,y

)

]

(

θ0 ∧ θ2 + iθ1 ∧ θ3
)

, (24)

where Q = v1+v2. Thus, two of the three linearly independent (complex) coefficients of

the Killing form F are identically zero. Since the fluid velocity ~u ∝ ~ξ, the perfect-fluid
part of the energy-momentum tensor reads

T pf =

(

D
V 2

1

Q2
− p

V1

Q

)

(θ0)
2 − 2D

V1U1

Q2
θ0θ1 +

(

D
U2

1

Q2
+ p

U1

Q

)

(θ1)
2
+ pQ

(

(θ2)
2

V1

+
(θ3)

2

U1

)

,

where p is the pressure and the density ρ is obtained from the scalar D by ρ + p =
Q−1D (U1 − V1). The electromagnetic field K is required to satisfy

K = X
[

θ0 ∧ θ2 + i θ1 ∧ θ3
]

,

where X is a complex scalar function. Hence, the electromagnetic energy-momentum
tensor T em

µν = (1/4)KµαK
α

ν takes the diagonal form

T em =
1

2
XX

[

V1

Q
(θ0)

2
+

U1

Q
(θ1)

2 − Q

V1

(θ2)
2
+

Q

U1

(θ3)
2

]

.

Using units in which 8πG = c = 1 and denoting by Gαβ the Einstein tensor of (11),
the Einstein equations Gµν = T em

µν + T pf
µν become

G00 +
V1

U1

G01 +
V 2

1

Q2
G22 = 0, G11 +

U1

V1

G01 −
U2

1

Q2
G33 = 0, (25)

D = −G01Q
2

V1U1

, p =
V1G22

2Q
+

U1G33

2Q
, (26)

XX =
U1G33

Q
− V1G22

Q
. (27)
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The two equations (25) are identically satisfied by the metric (11). Actually, it can
be proven that allowing v1(y) and v2(z) to be arbitrary, the two equations (25) force
them to be (7). Thus, our assumption that v1 and v2 remain unchanged implies no loss
of generality. The two equations in (26) can be regarded as defining expressions for ρ
and p (we do not impose any equation of state for the perfect fluid a priori). Equation
(27) needs to be solved in combination with the Maxwell’s equations (12), which we
now analyze. The electromagnetic field is required to be Lie constant along the Killing
vector fields ∂τ and ∂σ. Thus X = X(y, z). In our case, it is simpler to solve Maxwell’s
equations by looking for an electromagnetic potential A satisfying dA = K. Since A

can be chosen to be Lie constant along the Killing vectors, we can write

A = A0(y, z)θ0 + A1(y, z)θ1 + A2(y, z)θ2 + A3(y, z)θ3,

so that its exterior derivative takes the form

dA =

[

−∂yA0 +
sin(2βy)

β

A1

Q

]

θ0 ∧ θ2 −
[

∂zA0 +
sinh(2βz)

β

A0

Q

]

θ0 ∧ θ3 −
[

∂yA1+

sin(2βy)

β

A1

Q

]

θ1 ∧ θ2 +

[

−∂zA1 +
sinh(2βz)

β

A0

Q

]

θ1 ∧ θ3 + [∂yA3 − ∂zA2] θ
2 ∧ θ3.(28)

Decomposing X into its real and imaginary parts X = Xr + iXi, the electromagnetic
field reads K = Xrθ

0 ∧ θ2 − Xiθ
1 ∧ θ3. Imposing now dA = K we obtain, first of

all, that the coefficient in θ2 ∧ θ3 must vanish. Thus A2θ
2 + A3θ

3 is closed and can
be redefined away by a a gauge transformation. So, we can put A2 = A3 = 0. The
vanishing of the coefficients in θ0 ∧ θ3 and θ1 ∧ θ2 in (28) implies A0 = Ã0(y)/Q and
A1 = Ã1(z)/Q. The remaining components of dA = K give expressions for Xr and Xi

in terms of Ã0 and Ã1 and their derivatives. A convenient way of writing them is

Xr = −∂y

[

Ã0 + Ã1

v1 + v2

]

, Xi = ∂z

[

Ã0 + Ã1

v1 + v2

]

. (29)

We turn now into the equation d ⋆ K = 4π ⋆ j, which after using the form of K and j

reads
(

Xi,z + Xi

v1,z

Q
+ Xr

v2,y

Q

)

θ0 ∧ θ2 ∧ θ3 +

(

−Xr,y − Xi

v1,z

Q
− Xr

v2,y

Q

)

θ1 ∧ θ2 ∧ θ3

= 4πC
(

θ1 ∧ θ2 ∧ θ3 − θ0 ∧ θ2 ∧ θ3
)

. (30)

This implies Xr,y − Xi,z = 0, or using (29),

(∂yy + ∂zz)

[

Ã0 + Ã1

Q

]

= 0. (31)
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Defining the complex variable ζ = y + iz, the general solution of (31) is Ã0 + Ã1 =
Q · [g(ζ) + g(ζ)], where g is a holomorphic function of ζ . In terms of ζ , the function
Q = v1+v2 becomes simply Q = β−2 sin(βζ) sin(βζ). It remains to impose that Ã0 and

Ã1 depend only on y and z respectively, or equivalently
(

∂ζζ − ∂ ζζ

) (

Ã0 + Ã1

)

= 0.
This implies the following equation for g,

g,ζζ + 2β
cos(βζ)

sin(βζ)
gζ = g,ζζ + 2β

cos(βζ)

sin(βζ)
gζ .

Thus, there exits a real constant β2γ such that each term of this equation equals
β2γ. The resulting ODE can be integrated once to give (after choosing the integration
constant so that the limit β → 0 exists)

gζ =
β2

sin2(βζ)

[

−α + γ

(

ζ

2
− sin(βζ) cos(βζ)

2β

)]

, (32)

where α is an arbitrary complex constant. From this expression we could easily inte-
grate g(ζ) and obtain A. However, to obtain K we only need to determine X,

X = Xr + iXi =

(

− ∂

∂y
+ i

∂

∂z

)(

Ã0 + Ã1

Q

)

= −2
∂

∂ζ

(

g(ζ) + g(ζ)
)

= −2g,ζ.

The scalar C can now be read off from (30), the result being C = γβ2/2π. We can now
solve the Einstein field equation (27). First, we need to evaluate XX. Decomposing α
into its real and imaginary parts as α = αr+iαi, and using (32) we get XX = 4Q−1Y Y ,
where

Y = −αr +
γy

2
− γ

4

sin(2βy)

β
cosh(2βz) + i

(

−αi +
γz

2
− γ

4

sinh(2βz)

β
cos(2βy)

)

.

Einstein’s equation (27) reads, after dropping a factor Q = v1 + v2,

(v1 + v2) (U1G33 − V1G22) − 4Y Y = 0, (33)

which is a rather long equation involving the functions V1, U1 and their derivatives.
Since they are functions of different variables, a reasonable strategy is to try and
separate this equation. This can be accomplished after taking the partial derivative of
(33) with respect to y and z. The resulting expression separates nicely into the form

β

sin(2βy)

[

V1,yyy + 4β2V1,y + 8β2γ cos(2βy) (γy − 2αr)
]

=

β

sinh(2βz)

[

U1,zzz − 4β2U1,z + 8β2γ cosh(2βz) (γz − 2αi)
]

= 4µ0,
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where µ0 is the separation constant. Thus, we are faced with two linear, third order
ordinary differential equations. Their solution can be explicitly written down in the
following form, after choosing carefully the integration constants so that the limit
β → 0 exists,

U1 = L1 + a1

sinh(2βz)

2β
+

γz

4

[

(8αi − 2γz) cosh(2βz) + 3γ
sinh(2βz)

β

]

+

+S1

cosh(2βz) − 1

2β2
− µ0

2β2

[

cosh(2βz) − 1

β2
− z sinh(2βz)

β

]

,

V1 = L0 + a2

sin(2βy)

2β
+

γy

4

[

(2γy − 8αr) cos(2βy)− 3γ
sin(2βy)

β

]

+

+S0

1 − cos(2βy)

2β2

µ0

2β2

[

1 − cos(2βy)

β2
− y sin(2βy)

β

]

,

where L0, L1, S0, S1, a1 and a2 are integration constants. Inserting these expressions
back into the Einstein equation (33), we find that the equation is satisfied if and only
if S1 + S0 = −4β2 (α2

r + α2

i ) and L1 = L0 − 2 (α2

r + α2

i ). By redefining S0, S1 and L0

in a trivial way we obtain the form for U1 and V1 given in (14).
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[3] M.Bradley, G.Fodor, M.Marklund, Z.Perjes, Class. Quantum Grav. 17 351
(2000)

[4] J.M.M. Senovilla, Stationary and Axisymmetric Perfect-Fluid Solutions to Ein-

stein’s Equations in Rotating Objects and Relativistic Physics, Lecture Notes
in Physics, 423 Pag. 73 (Springer Verlag, F.J.Chinea, L.M.González-Romero,
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