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Effect of a neutron-star crust on the r-mode instability
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The presence of a viscous boundary layer under the solid crust of a neutron star dramatically increases the
viscous damping rate of the fludmodes. We improve previous estimates of this damping rate by including
the effect of the Coriolis force on the boundary-layer eigenfunction and by using more realistic neutron-star
models. If the crust is assumed to be perfectly rigid, the gravitational radiation driven instabilityrimtbees
is completely suppressed in neutron stars colder than about10f5K. Energy generation in the boundary
layer will heat the star, and will even melt the crust if the amplitude ofrth@de is large enough. We solve
the heat equation explicitlfincluding the effects of thermal conduction and neutrino emigsamnl find that
the r-mode amplitude needed to melt the crustrjs=5x 102 for maximally rotating neutron stars. If the
mode saturates at an amplitude larger than the heat generated is sufficient to maintain the outer layers of
the star in a mixed fluid-solid state analogous to the pack ice on the fringes of the Arctic Ocean. We argue that
in young, rapidly rotating neutron stars this effect considerably delays the formation of the crust. By consid-
ering the dissipation in the ice flow, we show that the final spin frequency of stargnittde amplitude of
order unity is close to the value estimated for fluid stars without a crust.

PACS numbes): 04.30.Db, 04.40.Dg, 97.60.Jd

[. INTRODUCTION the ability of ther-mode instability to reduce the angular

The r-modes(fluid oscillations governed primarily by the momentum of the star, and hence to produce detectable
Coriolis force have been the focus of considerable attentioramounts of gravitational radiation.
over the past few yearsee Friedman and Lockitdii] for a However, the debate over the relevance of thmode
review). The gravitational-radiation-driven instability of instability to the observed spin periods of neutron stars is not
these modes has been proposed as an explanation for tkettled. Anderssoat al.[3] corrected a minor numerical fac-
observed relatively low spin frequencies of young neutrortor in the work of Bildsten and Ushomirsiy2] and used
stars and of accreting neutron stars in low-mass x-ray binadifferent neutron-star parameters to obtain a significantly dif-
ries (LMXBs) as well. Ther-mode instability may also pro- ferent result for the critical frequency of the onset of the
vide a source of gravitational waves detectable by the “en+y-mode instability. Anderssoet al.[3] estimated the critical
hanced” Laser Interferometric Gravitational Wave frequency(the frequency of rotation of the star at which the
Observatory(LIGO) and VIRGO interferometer, the con- driving and damping time scales are equalbe about 40%
figurations whose operation is expected to begin in about thiower than the estimate of Bildsten and Ushomirgl2y.
year 2006. In real neutron stars this instability can only occuBased on this new estimate, and contrary to the conclusions
when the gravitational-radiation driving time scale of the of Bildsten and Ushomirsk}2], Anderssoret al.[3] inferred
mode is shorter than the time scales of the various internahat ther-mode instability is likely to be the mechanism that
dissipation processes that may occur in the star. In this papémits the LMXB spin periods and those of other millisecond
we re-examine and re-calculate some of the dissipatiopulsars as well.
timescales associated with the crust of the neutron star. The calculations of Bildsten and UshomirsK®] and of

Recently Bildsten and Ushomirsk?] made the first es- Anderssoret al.[3] depend on an extremely simple model of
timate of the effect of a solid crust on thenode instability. the boundary layer which neglects the Coriolis force, the
They found that the shear dissipation in the viscous boundargiominant restoring force for the-modes. Rieutord[4],
layer between the solid crust and the fluid core decreases thmiilding on the work of Greenspds], improved this model
viscous damping time scale by more than a factor ofih0 by finding the self-consistent solution to the linearized
old, accreting neutron stars and more thaf ihohot, young  Navier-Stokes equatiori@cluding the Coriolis force terms
neutron stars. The viscous damping time scale in these statisroughout the boundary layer. Rieutord’s model of the
is thus comparable to the gravitational radiation driving timeboundary layer includes the correct angular structure and re-
scale, and so Bildsten and Ushomirsky concluded that theults in dissipative time scale estimates that are significantly
r-mode instability is unlikely to play a role in old, accreting shorter than those of Anderssen al. [3]. Coincidentally,
neutron stars. In hot, young neutron stars they also predictedieutord’s estimates of the critical spin frequencies agree
that this boundary-layer damping mechanism severely limitsather closely with the original estimates of Bildsten and
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' confined to a very thin boundary layer. If thanode ampli-

06 1 ] tude is larger than some critical value, the resulting heating
in this layer is so intense that it can compete with neutrino
cooling and heat the crust-core interface to the melting tem-

o 04| \ perature. This possibility was first suggested by OWeéRp
o who crudely estimated the critical amplitude to le
G ~10"3, and the idea of crust re-melting was suggested again

02 ¢ by Anderssoret al. [3]. Here we perform a comprehensive,
self-consistent analysis of this heating effect, including con-
ductive transport of heat into the core and the crust, and

0-01 F 10 10° eventual radiation of the excess thermal energy by neutrinos.

We find that, for maximally rotating neutron stars, the criti-
cal dimensionless-mode amplitude needed to heat the crust-
FIG. 1. Temperature dependence of the critical angular velocicore interface to the melting temperature at the equator is
ties of 1.0, neutron stars constructed with a number of realistic @c~5x 10" %. [This value depends on the spin frequency
equations of state. and is somewhat larger away from the equator; see4).
and Fig. 4] If the r-mode amplitude grows to a value ex-
Ushomirsky[2]. These changes in the values of the boundaryceedingea, in a hot, young neutron star, the crust will not
layer dissipation time scale, and the corresponding changdsrm as usual and the neutron star will spin down to a much
in the conclusions regarding the physical relevance of théower frequency than would have been possible were a crust
r-mode instability for neutron stars with crusts, havepresent.
prompted us to revisit this subject once again. What happens if the-mode amplitude does exceed the
Our aim is to provide a complete, careful re-derivation ofcritical value,«.? If the r-mode completely melts the crust,
recent resultd2—4], including the effects of non-uniform the boundary layer and the heating are removed and the outer
density stellar models—an important factor neglected byayers of the neutron star quickly cool back down to melting
Anderssonet al. [3] and Rieutord4]. We use a variety of temperature. If the crust completely cools and solidifies, the
stellar models to explore the sensitivity of the results to theboundary-layer heating due to thenode quickly heats the
poorly known neutron-star equation of state. In summarycrust back up to melting temperature. It is clear that, in the
(see Fig. 1, we find that the critical frequency is even greaterpresence of a strong enougimode, neither a solid crust nor
(by 25%—-50% depending on the equation of st#tan that a pure fluid is possible. We imagine the situation to be simi-
estimated by Bildsten and Ushomirsk¥] and Rieutord4], lar to the pack ice on the Arctic Ocean. While thenode
and double to triple that estimated by Andersstral. [3].  amplitude exceeds the critical valug, in this picture, the
Our new results make it appear unlikely that thenode  outer layers will be composed of chunks of crustal “ice”
instability is responsible for limiting the spin periods of the floating in the fluid at the melting temperature of about®10
LMXBs. K. The dissipation mechanism in this pack ice will be a
However, the interpretation of our results is somewhatcombination of macroscopic viscosity due to collisions be-
complicated by the recent work of Levin and Ushomirskytween chunks of ice and microscopic viscosity due to bound-
[6]. They showed that mechanical crust-core coupling carary layers bordering the chunks. Calculation of the viscosity
reduce the relative velocity between the crust and the coren this situation would be very complicated but for the fact
thereby reducing the shear and the viscous dissipaton in th&at the system must be maintained close to the melting tem-
boundary layer. Letv/v denote the difference between the perature. The size of the ice chunksnd other variables
velocities in the inner edge of the crust and outer edge of theontrolling the viscosity will adjust themselves so that the
core divided by the velocity of the core. In the static, rigid heat dissipated in the ice flow balances the neutrino cooling.
crust casé\v/v =1, but Levin and Ushomirskg] find that  This allows us to estimate themode damping time scale
this quantity can lie anywhere in the range GQ5v/v<1.  quantitatively in the pack ice, without knowing the details of
They find that the precise value Afv/v varies in a compli- this complicated process. We find that, femode saturation
cated manner with the spin frequency of the star, and is quitamplitudes of order unity, the final spindown frequency is
sensitive to the thickness of the crust and other model pdittle changed from that of the purely fluid model of the
rameters. Throughout this paper we assume that the crust iigstability considered over the past few years.
static, i.e. thaAv/v =1, but indicate at appropriate pointsin ~ The rest of this paper is organized as follows. In Sec. Il
the text how to rescale various quantitissich as dissipation we re-derive the velocity profile of temodes in the bound-
time scalepfor Av/v<1. Our calculations therefore provide ary layer, and in Sec. Ill we re-derive the energy dissipation
only an upper limit on the critical frequency for the onset of in the boundary layer using techniques and notation that will
the r-mode instability in neutron stars with crusts. However,be more familiar to the relativistic astrophysics community.
our limits are easily adjusted once a more realistic value ofn Sec. IV we apply these results to the question of the sta-
Av/v is known. bility of the r-modes in hot, young neutron stars and in older,
In young neutron stars, themode instability is still a colder, accreting ones. In Sec. V we derive the thermal struc-
viable mechanism for spindown even Mv/v=1. In the ture of the boundary layer and find thenode amplituder,
presence of a crust, the majority of the viscous dissipation isecessary to heat the bottom of the crust to melting. In Sec.

Temperature
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VI we argue that the presence of eamode with an ampli- where » and p are the viscosity and density of the fluid,
tude greater than. will in fact prevent crust formation, and respectively. These equations assume only that the viscous
instead lead to the pack-ice flow described above. We coneorrections vary much more rapidly with than with the
pute the effective dissipation in this flow, and consider theangular coordinates. Thus we generalize the analysis of
implications of the delayed crust formation for the develo-Rieutord[4]: we do not assuma priori that the fluid flow is
pent of ther-mode instability. In Sec. VIl we summarize and incompressible or that the equilibrium is of uniform density.
discuss some of the implications of our results. In the Ap- The solutions to these equations depend exponentially on
pendix we summarize the relevant thermodynamic properties with a characteristic length scate
of the neutron star matter near the crust-core interface.

-

505 - @
II. STRUCTURE OF THE BOUNDARY LAYER 2Qp (R
C

We begin by re-deriving the structure of thenodes in -
the boundary layer near a rigid solid crust. Our analysis im-The radial velocity correctiov” must vanish both at the
proves the initial studies of Bildsten and Ushomri§Ryand ~ boundary and deep within the fluid. Given the exponential
of Anderssonet al. [3] by properly evaluating the angular nature of the solutions, it follows thatv'=0 everywhere
structure of the boundary layer. We follow closely the morewithin the fluid. With this simplification, Eqs(2) and (3)
recent work of Rieutord4], but employ a notation that is determine the velocity correctionsv? and sv¢, while Eq.

more familiar to the relativistic astrophysics community and(l) determinessU in terms of 0¢. Equations(2) and (3)
improve his estimates by allowing non-uniform density Stel'may be re-written in the following.form'

lar models.
Let us decompose the fluid perturbation representing an o B B
mode into two parts: the eigenfunctions describing the mode [dzarz—i 20 +cos¢9) (6v’+isingév®)=0, 5)

in the zero viscosity limitgv? and U= 8p/p, and the cor-
rections that must be added to these when viscosity is

present,5u® and 6U. The velocity correctionsu® must be
chosen so that the relative velocity between the fluid core

and the solid crust vanishes: for the case of a rigid crust this h qis th de 1 o th )
is equivalent to 6= 5v2+ 6v?. Thus the viscous corrections where o=w+mf} Is the mode frequency in the rotating

o frame.
to the velocity field are not small, at least near the crust. The It is straightforward now to write down the general solu-

correction to the hydrodynamic potentidll, however, will  ions 1o these equations, and then to impose the boundary

turn out to be small everywhere. . a, &a .
The equations for the viscous corrections to the velocitycond't'on’ 0=3dv * ov”, at the inner edge of the crust
=R, . These solutions are given by

field are obtained by expanding the Navier-Stokes equation
to first order in the amplitude of the perturbation. We assume
that the equilibrium star is rigidly rotating with angular ve-

locity €2, and that the temporal and angular dependence of
the mode i'“'*'M¢, As usual in boundary-layer theory, we ~ _ ) )
assume that the fluid functions change much more rapidly irSin @ 6v¥=—sin6 sv*(R)A ;. (r,60)+i v (R A _(r,6),

the direction perpindicular to the boundary. Thus we assume ®
that the angular derivatives are much smaller than radial de-

a . . :
rivatives, and neglect them. Under these assumptions, th\ghere&; (Re) is the standard non-viscousmode velocity

equations that determine the viscous corrections to the ﬂuiBerturbanon, evaluategl at the radius of thg inner edge of the
flow are crustr=R,. The functionsA ..(r, ) are defined by

(S5v%—isinesv®)=0, (6)

g
d?g?— i(ﬁ —cos&)

Sv7=— v (R)AL(r,0)—ising sv?(R)A_(r,8),
@

~ ~ - N - Ai(r,6)=%e‘5v“' CoSf+ o/2 i%e_“' cosf—ol2 . (9
D

where( is the dimensionless radial parameter,

R.—r
, -~ 20 . - (=——, (10
|(w+mQ)6v‘P+T&vr+29cot05v” d

and the characteristic thickness of the boundary laggeis
:203( 5}j¢_%5}jr), (2)  defined in Eq.(4). For r-modes the frequency of the mode
P (as measured in the co-rotating frame of the fiutoht ap-
pears in the definition ofA . has the valuegé29=1/(m
. ~ e M o e 1 o~ +1). For rapidly rotating neutron stas~(10° K/T) cm,
(0 +mQ)sv’—20Q cosdsin 050<p:;{9’ ( dv’=3 &)r)’ Whe)reT is thg te)r/nperatu?e in the boundary(/ layer. Therefore,
(3) d/IR.<1.
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[ll. DISSIPATION IN THE BOUNDARY LAYER 1 2m+3/2(m+ 1)!

The shear of the-mode velocity field is dominated by the 720 m(2m+ L)1 7,

rapid radial change idv? through the boundary layer. Thus, SOR2 R P\2ame2 g,
up to terms of orded/R., the square of the shear tensor in X\ /_Cpcf cﬁ(_) —. (20)
the boundary layer is given by e 0 pc\Re Re

50_;b50_ab: %Ri(la,&? 02 +sirf 0]9,60¢2).  (11) Here _the q_uantitieRc, [ and », are the radius, density, and
the viscosity of the fluid at the outer edge of the core. We
note that, while the viscous dissipation rate in the boundary
layer, Eq. (17), depends only on quantities local to the
boundary layerd, p., R., ), the time scaler, depends
also on the global structure of the mode. This is due to the
fact that, while most of the energy dissipation takes place in

The angular structure ofv? in Egs. (7) and (8) is deter-
mined in part by the structure of the dissipation-free velocity,
field sv?. For convenience we may write the non-dissipative
r-mode velocity field as

Svf=—iArmLsinn—1 g gi(wt+me) (12) the poundary layer, mos_t qf the energy in theT mode is _not
localized there. For realistic neutron stars this expression,
Sv®=Ar1sin2 g cosg el (“t+me) 13) Eqg. (20), for the viscous time scale is about a factor of 2

larger than the one obtained by Rieutd4d, who assumed a
uniform-density stellar model.

In deriving our expression for the viscous boundary layer
dissipation time scale, Eq20), we assumed that the crust is

where A is a normalization constant. It is straightforward
then to evaluate the square of the shear tensor:

2 om rigid and hence static in the rotating frame. The motion of
[A[*r : !
50.;b50.ab:_2;:(r,0), (14) the _crust_due to the mechanical coupling to the déieef-
fectively increases, by a factor of QAv/v) 2.
where IV. STABILITY OF THE r-MODES
F(r,0)=sintm 2 9[(1_C039)2p2+e—ép+ In this section we evaluate viscous timescales for neutron
stars (based on slowly rotating Newtonian modelson-
+(1+cosf)?pZe ¢P-] (15  structed from a set of “realistic”’ equations of state, and use
these time scales to evaluate the stability of these stars. In
and neutron stars colder than about®1K the shear viscosity is
expected to be dominated by electron-electron scattering.
p-.=\2|cosf+1/(m+1)]. (16 The viscosity associated with this process is giverf&g]
Now integrate the energy dissipation rate due to shear 7%8=6.0x 10°p?T 2, (21)
viscosity over the fluid interior to the crust, ignoring terms of
orderd/R,: where all quantities are given in cgs units, anig measured

in K. For temperatures above about®I, neutron-neutron
scattering provides the dominant dissipation mechanism. In

c(jj_ltE: —f 2780%,602% 3x= 22| AIPQdRZ™ 2p T, this range the viscosity is given §8,9]
17) 7= 347p% T2, (22
whereZ,, is defined by We find it useful to factor the angular velocity and tem-
perature dependence from the viscous time scale defined in
Im:jﬂsinzm*10(1+cose)2\/|cosa—1/(m+ 1)|de. Eq. (20). Thus we define a fiducial viscous time scalg
0 such that
(18)
~ [\ T
For the case of primary interest to us+= 2, this integral has T,= TU(E) —, (23
the valueZ,=0.80411[4]. 10° K
Now we can define the viscous timescale for dissipation —
in the boundary layer: where Q= \V7Gp. We have evaluated these fiducial vis-
cous time scaledor each type of viscous dissipatipfor 1.4
1 1 dE Mg neutron star models based on a variety of realistic equa-
el (19)  tions of state[10] as well as the standand=1 polytrope
v 2E with a radius of 12.53 km. These results are summarized in

_ _ - _ Table |, along with other relevant properties of these stellar
Using the expression fafE/dt derived above and the usual models. In particular we also include the total radRjshe
expression for the enerdy we find radius of the fluid cordr., the energy contained in an ex-
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TABLE I. Properties of 1.My neutron stars with rigid crusts 10"
for densities belowp.=1.5x 10" g/cnt. Times are given in sec-
onds, lengths in kilometers, temperatures in units df K0 and
energies in units of 10 ergs.

ECS R R & e Tgr ¢ T&& 7 TN

b

nipoly 12.53 11.01 1.94 253 4.25 23.3 1.69 52.0 0.76 =
BJI 15.04 12.16 1.30 1.72 13.11 24.6 4.96 54.8 2.23
Diazll 15.80 12.60 1.20 1.67 17.37 24.3 6.64 54.2 2.98
FP 13.18 11.34 1.93 2.18 524 259 1.88 57.8 0.84

Glendl 16.47 12.74 0.97 153 25.32 23.4 10.1 52.2 451 10705 1'5 25
Glend2 16.84 12.95 0.96 1.53 28.12 23.7 11.0 52.8 4.95 ‘ 1 s '
HKP  16.43 13.27 1.32 1.76 18.41 24.6 6.97 54.8 3.13 p./10 "'g/cm

PandN 12.77 10.85 1.84 2.08 4.84 26.9 1.67 59.9 0.75
SHW 1492 12.89 197 223 8.40 25.0 3.11 558 1.40
WFF3 1298 11.21 210 2.33 4.52 27.7 152 61.8 0.68
WGW 14.64 12.38 1.85 2.17 8.32 26.8 2.88 59.8 1.29

FIG. 2. Critical temperatur&. as a function of the crust forma-
tion densityp. for a number of realistic equations of state.

. (’;GR> 2/11( 103 K)Z/ll

=

T

&The various equations of state used here are described in Bonaz- 0.\ = (26)
0

zola, Frieben, and GourgoulhdmO]. To

) - - 5 Figure 1 illustrates the temperature dependence of the critical
cited r-mode,e=E(Qo/2Q2)” ergs, for the case of a fully angular velocity for 1.1, neutron stars constructed from a
fluid star, the energy contained in an excitethode,e., in  variety of realistic equations of state. The discontinuities in
the case with rigid crust, the fiducial gravitational radiationthese curves af =10° K occur because the superfluid tran-
time SCa|E‘7'GR, and a critical temperatur€, (defined be- sition changes the viscosity from electron-electron scattering
low). We note that ther, values listed in Table | presume at low temperatures to neutron-neutron scattering. The outer
that the crust is rigid and does not move in the corotatingtdge of the core in these models is taken topge-1.5
frame. To take into account the motion of the crust, multiply X 10" g cm™3 [13]. Equation(26) and the curves in Fig. 1
7e and 7™ by (Av/v) 2 [11]. neglect the motion of the crust in the rotating frame; i.e.,

v y dhey assume thafv/v=1. In general,Q. is a factor of
(Av/v)¥*! smaller than that given in Eq26). Thus, Q,
displayed in Fig. 1 provides an upper bound on the critical
frequency for realistic neutron stars. In these expressions for
Q. we neglect the effects of bulk viscosity, which are unim-

The gravitational radiation time scale is evaluated her
using the formalism developed by Lindblom, Owen, and
Morsink [12]. This time scale is given by

1 327GO*™2  (m—1)2" portant forT< 10 K.
TR c2m+3 [(2m+ 1)1 ]2 The angular velocity of a neutron star can never exceed
some maximum value ,.~5Q, [10]. Thus, there is a
m+2\2Mm*2 R oms 2 critical temperature below which the gravitational radiation
m+1 f pr dr. (24 instability is completely suppressed by viscosity. This criti-
cal temperature is given by
Since we presume that the crust is static in the rotating T Q. \ 12 3\ 112
frame, the integral in E(24) extends only over the interior ° — (—(;) ﬁm(_ SR, (27)
of the fluid core, rather than throughout the star. Conse- 10K O Ty 2 Ty

quently, these gravitational radiation time scales are some- - .
what longer(typically about 30% long@rthan those com- In terms 'ofTC thgn the crlltlcal angular velocity can be ex-
puted earlier for hotter, completely fluid staf$1]. The  pressed in a particularly simple form:

fiducial gravitational radiation time scalg given in Table o1 o1
| is defined by Qe Qay( Te 2(T,
Qg Qo \ T ’

T3\ T (28

(25)  The values of this critical temperature are given in Table |
for the casep,=1.5x10* g cm 3. Since the exact density
pc Where crust formation begins is only poorly known, we

Gravitational radiation tends to drive themodes un- explore in Fig. 2 the dependence™f on p.. The motion of
stable, while viscosity suppresses the instability. We defin¢he crust would changg, of Eq. (27) by the factor Av/v)?,
the critical angular velocitf)., above which the-mode is  and so the curves in Fig. 2 provide an upper bound ofor
unstable, by the condition, = 7gR: realistic neutron star models.

- QO 2m+2
TGR™ 7GR O
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~ 1/2
16m\2°e-TE 15
57,p.R20°

V. THERMAL STRUCTURE OF THE BOUNDARY LAYER R

a.(local) = R
C

Viscous dissipation in the boundary layer between the
core and the crust deposits thermal energy into a very thin
layer of material. Previous authors assumed that this heat is [ Qo 4
effectively conducted away from the boundary layer, so that =1.3x10"% 57| Tmao- (32
the star remains essentially isothermal. Clearly, this situation
is idealized, and viscous dissipation will raise the temperain this equation the numerical prefactor has been evaluated
ture at the crust-core interface. The viscous heating competeging the standard=1 polytropic stellar model. This esti-
with thermal conduction away from the boundary layer, asmate sets the lower bound on the critical melting amplitude,
well as neutrino emission from the crust and the core. In thisince heat conduction increases the volume that radiates heat
section we evaluate themode amplitude needed to raise the by neutrino emission, and hence more viscous dissipation is
temperature at the boundary layer to a given value. Our parequired to maintain the interface at a certain temperature.
ticular interest is to determine the minimurrmode ampli- We now show how to evaluate the effect of finite conduc-
tude needed to raise the temperaturd@ tp=10'%(p/p.)Y* K, tivity. The general equation for the thermal evolution of the
the melting temperature of the crusee the Appendix for a material in a neutron star is
discussion of the microphysics employed in this papHr R R
this occurs, the-modes may continue to be unstable to much C,0T=—€+V-(kVT)+2580%,60, (33
lower angular velocitiegsee Sec. VJl

In the discussion that follows, it will be necessary toWhereT is the temperatures, is the specific heat at constant
know the explicit temperature dependences of the thermalensity, e is the neutrino emissivity, and is the thermal

conductivity and neutrino emissivity. As described in theconductivity. This is a time-dependent equation, and in gen-
Appendix, these temperature dependences are eral the overall cooling of the star due to Urca neutrino emis-

sion must be followed along with the heating in the boundary
~ layer. Letl denote the thickness of the region adjacent to the
K boundary layer whose temperature is raised above the ambi-
T (29) ent by the viscous dissipation. On a time scalg;
~C,|%/k the heat generated in the boundary layer will dif-
fuse throughout this larger region. In the neutron-star matter
EZNETEOa (30) near the boundar'y layer this time scale tgx~8
x1075(1/d)? s, which depends on the temperature only
through the boundary layer thickness: T~ 1. The neutron
where T;,=T/10'° K, and the exponent in the emissivity star as a whole cools on the Urca cooling time schlg,
equation isn=8 in the fluid core anah=6 in the crust. The ~30T,; s[14]. If the diffusion time scale is shorter than the
prefactors} and’e are independent of temperature and arecooling time scale, then the temperature distribution in the
given by . =15¢10%, 2. =8.6<10%" in the core and edion near the boundary layer will estabiish a quasi
~ 0o~ _ 5. " equilibrium state in which the excess heat is conducted into a
x> =2.8X .103 ! €>_.1'5X 10 in the crust. The quantme:g large enough volume for it to be radiated away by neutrinos.
ande are in cgs units. Note that for notational conveniencer, o temperature at the inner edge of this region slowly de-
Lge?szsrgguiinli Cv?lmlr;u}ﬁt:g&%o)t r;fister:]n:aegﬁ:g:jeir']n%g)k IS creases, tracking the overall cooling of the star. As we shall
o ) L ) see below, the width of this quasi-equilibrium layer is a few
Let us first neglect the thermal conductivity altogether,

and ask whatr-mode amolitude is necessary to heat thehundred times the thickness of the boundary layer itself.
boundary layer tor,, if thepheat is radiated egclusivel by |DUS teif=teoo and SO @ quasi-equilibrium state exists in
dary tayer tolm : Y BY  which C, ;T can be neglected compared to the heat conduc-
neutrino emission from the boundary layer itself. The rate,.
~ ) ] ) o tion termd,(«d,T).
dE/dt at which the _she_ar deposits energy into the vicinity of |nthe quasi-equilibrium region, but outside the boundary
the boundary layer is given by E€L7), where the amplitude  |ayer the temperature distribution is described approxi-
A is related to the dimensionlessnode amplitude, as de- mately by

fined by Lindblom, Owen and MorsinKL2], via

3/2

d(kd, T)=€. (39
167 R Using the simple dependence efand € on temperature,
a=y TEA- 31 given by Egs(29) and(30), it is straightforward to obtain a
first integral of Eq.(34),
We equate this rate to the neutrino emission rate in the aTi0\? 2e > —n N
>~ g ) — | ==TiTi0~To10): (35)
boundary layer, 4R:de_T;,, to obtain a.(local), the ar Nk :

r-mode amplitude necessary to keep the crust-core interface
at the melting temperature if thermal conduction is not im-whereT, is the ambient temperature in the core where the
portant: heat fluxxd, T tends to zero.

084030-6



EFFECT OF A NEUTRON-STAR CRUS. .. PHYSICAL REVIEW D 62 084030

The viscous energy generation in the boundary layer is 0.008
determined by the shear given by E{4). Here we re- e
express this energy generation rate as 0.006 | Q=050,

5pcRIOS Q3
* b_ 2 I
2ndak,60%=a 3mR? | O F(r,0), (36 o 0004 b

where the functiori-(r, 6) is defined in Eq(15). This func- -_ N
) X 0.002 | Q=Q, -
tion falls off exponentially away from the boundary layer
with the length scalel. ThusF can be reasonably approxi-
mated as a delta function, 0

-

0 0.2 0.4 0.6 0.8

_ 4y S(r—R.) T, T,
0= N30, 0 &7

¢ FIG. 3. Dependence of the critical amplitudeon T for stars

where the angular functiofy 6) is defined by with Q=0.5Q,. The smooth curve is the analytical expression
given in Eq.(40), while the points are numerical solutions to the
f=2( 0)=\/§sin2 0[(1—cos6)?p. +(1+cosh)?p_]. heat equation without the delta-function approximation for the

(39 boundary layer heating term.

NOW we retl_Jr_n .tO the full equation for the thermal distri- T= Tm, the neutrino emissivity in the core is approximateiy
bution in the vicinity of the boundary layer: 5000 times larger than in the crust. Since we demand that the
o % o _ab crust-core interface be kept at a fixed temperature, much
Ir(K9;T)=€=27605,00°". (39 more heat is emitted on the core side of the interface than on
This equation can be integrated analytically, using @), the crust side. Therefore, the heat flux into the core must be

when we approximate the heating in the viscous boundar uch higher than the flux into the crust. Since the heat flux
layer by Eq.(37). Ther-mode amplituder, needed to raise INto the crust can be neglectéice. ek ->e- x-), we may

the temperature to the vallg, is obtain a much simpler expression for the critical amplitude:
SRV 7pc2° ~ ~ (Q 5/4
2 = - =Vi 8 8 —375/2 0
« 2~ Vi€aka(Tmao= T @~2.8x1073T%2 f(6)| —- 42
Cl6\/§7TR2f2( 0) \/4 <"<\"m,10 0,10) c m.10 ( ) Q ( )

-~ 6 6 . .
+/3 €~k=(Tm10~To10- (400 for the caselT,<T,,. For a maximally rotating neutron star,

i , with Q,.~3Q,, the prefactor in the above equation is 4.7
For the values of the microphysical parameters described 14-3

above, the critical amplitude satisfies The functionf(#), illustrated in Fig. 4, determines the
2 Q52 T angular dependence of the critical melting amplitude. Melt-
_ % _) —8.0x10 6 [1__0 ing the crust near the poles requires a higherode ampli-
f2(0)To 10 Lo ' T tude than melting at the equator. However, over a wide range

of angles the critical amplitude needed to heat the interface

N 5.3x10°8 / B TS’ to a given temperature is the same as the equatodal (
TS

T 10 (42) = 1/2) value to within a factor of 2.

We illustrate in Fig. 3 the dependence of this critical am- 2
plitude on the ambient temperaturg, for the caseT,,
=10' K and 9= /2. The solid curve is the analytical ex- 18t
pression given in Eq41). For comparison, we also include
a selection of points computed numerically by solving the 161
full differential equation39) without making the assumption fe)
that the heat source is a delta function. Clearly, the analytical 1.4
approximation is extremely good. We also see that, because
of the steep dependence of the neutrino cooling rate on the 121
temperature, the value af. is rather insensitive t@,, ex-
cept whenTo~Tp,. ‘o 02 o4 o6 08 1

The prefactor of the second term on the right side of Eq.
(41) is much smaller than the prefactor of the first term. Thus
we see that the core plays a much more important role in FIG. 4. Functiorf that determines the angular dependence of the
determininge, than the crust. This is easy to understand: Atcritical amplitudea.

cos o
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The critical melting amplitudex, is roughly 20 times total energy dissipated in the ice flow, and hence an effective
ac(local), our estimate that neglects the effect of thermaltime scaler;.. on which this ice flow dissipation will damp
conduction, Eq.(32). From this we may deduce that the ther-mode:
thickness of the layer into which thermal energy is conducted
before being radiated away is of ordeid~ a?/«Z(local) 1 1/

i 6 43
~400. From our numerical solutions, we confirm that the Tce 2E € Tmaod™. 43
thermal flux in the core falls from its value at the crust-core
interface to half that value at approximately 800" hus the Displaying explicitly the scalings of,.. with the mode

thickness of the layer that radiates the excess thermal energynplitudea and the angular velocitf), we find
is small enoughjust a few centimetejgo justify the quasi-
equilibrium analysis which we used. 0\% "

Finally, we note that the heating rate used in this calcula- Q_o Tice- (44)
tion neglects the motion of the crust in the rotating frdGie

The motion of the crust increases the critical melting ampli-The fiducial timescales., range from 1.& 1% s to 1.3

_ 2
Tice™ &

tude by the factor of §v/v) ™. x10° s for the “realistic” equations of state discussed
above. Unlike the other dissipative time scales in this prob-
VI. DISSIPATION IN THE ICE FLOW lem, this one depends on the mode amplitade

The r-mode will continue to be unstable, and thus will

As a young neutron star cools, its temperature quicklycontinue to spin down the neutron star by emitting gravita-
falls below the freezing temperature and a crust begins ttional radiation, as long as the gravitational radiation time
form. If no unstable-mode is present, a solid crust forms as scale is shorter than the ice flow viscosity time scale, and its
usual. However, if the star is rapidly rotating, the=2 r-  amplitude remains above the value needed to sustain the ice
mode will be driven unstable, and may grow to an appreflow. The critical angular velocity where the equality is
ciable amplitude even before the crust begins to form. Thereachieved and the mode becomes stable is
fore, the crust would have to form in the presence of the
shearing motion of the-mode. Even in the presence of the Q. (FGR) e a
crust, ther-mode is unstable at high enough frequencies, as 0. \= :
illustrated in Fig. 1. Once the amplitude of the mode grows 0
beyond the critical value given in E¢42), the dissipation in

the boundary layer would be sufficient to re-melt the crust if
it formed. If the crust fails to form or is completely meltedh\éalues that range from 0.086 to 0.140, for the realistic

away, the boundary layer heating would dissappear and t . o o
dissipation would not be sufficient to prevent freezing.r.nOdeIS considered her@\Io_te that the graV|tat|.0naI radiation
jr e scalergg used here is the one appropriate for a mode

(49

Tice

For «=1, this critical angular velocity has the value
0.093) for the standarah=1 polytropic stellar model and

Clearly, the state of the outer layers of the star can be neith at extends to the surface of the star, not the one given in

pure solid nor pure fluid. We imagine that instead a mixe
state will form: a neutron-star ice flow, much like the paCkT?Slsevlvgogserqﬁgteimﬁtee;rfnliczﬁc;);gft?h;z%ggizgr;r:gsh:g{e.
ice on the surface of the Arctic Ocean. i P . " . .

a value that is close to unity, the instability will continue—

Microscopic viscosity will be replaced in this ice flow by even in the presence of a crust—until the angular velocity of
dissipation that is dominated by collisions between macro- P 9 y

scopic chunks of crust, the boundary layers around the icgjelssiﬁre Ii?:eiffg\jva”igtiigodnegggbed above consistent? Clearl
chunks, or other mechanisms. However, regardiess of tht‘%e dissipation dEe to molecular viscosity is insuffi.cient toy
detailed dissipation mechanism, this flow is self-regulating; P y

as long s the ampltude of themode remains above the 10 0 T T VEEC 80 2 A IO A% 0 e
critical value of Eq.(42), the dissipation must, on average, P P :

be enough to keep the crust at around the melting temperé'—fOZitggﬂeeﬂr:Zgg:éagfzgrségcz'zi ?Iig(l?)slﬁe C\wjem;ssgsﬁqie?hgot
ture. Any less dissipation, and the crust would completely{)he ce chunks are of average .feand theslqﬁean free path
freeze, thus giving rise to a boundary layer which would ge siz P

re-melt the crust. Any more dissipation and the crust wouldPetween them ig.. If A>D, then the collisions between the

; s . chunks are rare, and do not significantly raise the viscosity
simply melt, and then promptly re-form as the fluid viscosity )
alone is insufficient to keep the outer layers hot. The assum C-O?Flﬁrehqt t?lt%()a Wre:% ﬂwfd vall(e;e% Setch. 22 O.f Lanorl]au
tion of self-regulating flow allows us to compute the dissipa-an shitz - Ve therelore consider the regime where

. . it ~ the ice chunks are densely packed, witke N, and behave
2?Sr;nrateregardlessof the details of the dissipation mecha like a fluid. We follow the discussion of HafiL6] and Bor-
: . . . : derieset al. [17].

The dominant energy sink at high temperatures is brems The ice chunks mainly follow the-mode velocity flow,

strahlung neutrino emission, with emissivity given by Eq.b t due to th lisi bet th I .
(A6). Thus the viscous dissipation in the ice flow must just ut due fo the coflisions between themselves acquire a ran-

balance the losses due to neutrino emission. Presuming thd®m component of velocity;. The viscosity in such a flow
the outer layers of the neutron star are kept at the local melis given by z,.e~pD?/\ [16,17], and is a factor oD/
ing temperature given by E4A2), we can determine the bigger than the usual molecular viscosity. This is because
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each particle transports momentum across a distBnehile Several conclusions can be drawn from this estimate.
only having traveled thépossibly much smallgdistance\ First, the smaller the mode amplitude, the larger the ice
between each collision. chunks have to be in order to provide enough fricticecall

The collisions between the chunks are inelastic with ahat the viscosity is proportional 1?) to keep the fluid at
fraction y of the collision energy per chunlD%2, being  the melting temperature in the face of neutrino losses. The

converted to heat. Considerations of icy particle collisions irchunk size exceeds the radius of the star when
the temperature regime appropriate for Saturn's ringsyput =10 *(2o/Q)(\/D)*3. Hence, if the mode amplitude is
~0.7-0.9(see Borderiest al.[18] for a review. Since our smaller than this value, the ice-flow mechanism is unable to
flow is near the melting temperature, we expect very inelaskeep the outer part of the star in a melted state, and it must
tic collisions as well, i.e.,y~1. The collision rate is just freeze. Since this amplitude is smaller than the critical melt-
ing amplitude computed in the previous section, this does not
~3 o ._further restrict the range of mode amplitudes where the ice
ypv/\. For the r-modes the shear dissipation rate s, is expected to occur. Second, even for 1 the chunk
2 7iceB0ap 00 =~ Micea®?, sov~y Y2a)D. Thus, when sjze is small but not microscopic. So our picture of the ice
the collisions are inelastic, the random component of the ic@low is consistent throughout the regime of interest.
chunk velocity is comparable to the velocity difference be-  The argument that the ice flow maintains the star’s outer
tween the neighboring chunks in the overall ice flow. Th6|ayers near melting depends on the ability of theode to
viscosity of this granular flow is therefore given by re-heat a solid crust back to the verge of melting, should a
crust form through some fluctuation. Up to this point we
_ PaQD3~1 8 aD® (p|[ Q 16 assumed that this heating is instantaneous anaxceeds
Mice™ BTN - NEN Q)" (46) a¢. This is not an issue if)>Q, [the critical angular ve-
locity for the r-mode instability, Eq(26)], since the ampli-
where\ andD are measured in centimeters amgl. is in cgs  tude of ther-mode is growing due to radiation reaction in
units. Not surprisingly, this viscosity is much larger than thethis case. However, ) <(), ther-mode is decaying due to
microscopic viscosities given by EqR1) and (22). the dissipation in the boundary layer even while it is re-
The energy dissipation rate in the ice flow is obtained byheating the crust. Can themode re-heat the crust and re-
integrating 7..605,802° over the outer layers of the star:  form the ice flow before being damped? A simple compari-
son of the energy needed to melt the crigst, to the mode
dE (aQD)3M, energy,E (see Table)l is inadequate, since it neglects the
at le (47) continuing energy input from gravitational radiation reaction.
Ther-mode melts the crust on a time scale

v/X, so the energy dissipation per unit volume in the flow is

Pc

whereM¢, is the mass of the material at densities less than

pc. Using ther-mode energy for am=21 polytrope (see E E
Table ), the damping time due to this form of viscous dis- = ————— =7, — (50)
sipation is B(dE/dt), 2BE
1/2
Tiee~10% s Y A(%)(O'OH\A (48) where the factorB is the fraction of heat flowing into
aD® | Q Mer the crust, which is given approximately byg

=(4e-k-/3e_Kk-)Y?~0.007 [see Eq.(35]. While it is
The heat deposited by the ice flow into the star is radiated bﬁéltgzkiheeérﬁzz thef-mode[ i alsg (dal)’r]med at the rate
neutrinos on the time scale evaluated in B&f). Equating 4/ _ 1/, _1/- . The damping rate is exactly zero on the
these two time scales gives an estimate of the average '%?ability curve O =0... However. since the-mode has a
c* )

chunk size necessary to keep the crust at the local rneltlnﬁ’nite amplitude, it will continue to spin the star down below

temperature: the stability line while melting the crust.
108 s\ [ yY2\ [ Qo) 3/ 0.05v | |2 Let AQ bg the change ir) spin frequency, due t.o the
D~1 cm || = — . r-mode evolution, during the time,,. For smalla, the spin-
Tice D af Mer 49 down rate is given by Eq.3.14) of Owenet al.[19]:
49
Our estimate of the ice chunk size depends only weakly on 1dQ 0.207
the unknown inelasticity of the collisions and the ratitD. Qdt 7 (52)

v

We do not expeck to be much smaller thabD, because if it

were, the ice chunks would probably lock together into big-

ger pieces, leading to increased friction and dissipationThus, in the time it takes to melt the crust, the star spins
Moreover, as argued above, we expgetl as well. Thus, down byAQ/Q ~0.1a?E,/BE (which is independent of

for typical values ofr., evaluated above, the value of the ice since Ex«?). By using a Taylor expansion, it is easy to
chunk size needed to keep the outer layers of the star at thehow that the-mode damping time fofl=Q.—AQ is ap-
melting temperature iD~1 cm. proximately
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2 0, 28E is comparable.to that necessary to break up the crust via
STAQ T 2 o (52 purely mechanical coupling.
a’En Based on the smallness of the melting amplitude, we ar-
gue in Sec. VI that the spindown scenarios for neutron stars
If 7,<74, we conclude that themode can re-melt the crust with crusts advanced by previous authors may need to be
and so re-create the ice flow before being damped out. Thisignificantly modified. As long as themode amplitude re-
condition places the following limit on the mode amplitude mains above the melting value, a completely solid crust is

7d

a: not possible. Instead, the outer layers of a neutron star will
resemble an ice pack which flows along with thenode
E 2 2 motion. Viscosity in the ice pack adjusts itself to maintain
a= _”l(_o) ~3%X10°3 (_0) (53 the outer layers of the neutron star near the crust's melting
2pe\ Q temperature, regardless of the details of the dissipation in the

ice flow. The ice flow can persist even if themode is no
In the above equation, we assumed that the energy requirdanger linearly unstable according to the instability criterion
to re-melt the crust is of orddT per nucleugsince the crust for neutron stars with crusts, since emode with an ampli-
is near the melting temperatyrée. E,,~10*'T, ;perg. This  tude greater than some minimum va[ggéven in Eq.(53) for
amplitude is very close, both in the absolute magnitude anthe case\ Q|| Q] can melt the crust before being damped by
in the scaling withQ) andT,,, to the critical melting ampli- boundary-layer friction. Therefore, if the crust is melted ei-
tude a.. Hence, as long as themode amplitude is large ther during spindown of young neutron stars or in the final
enough to raise the crust-core interface to the melting temstage of a thermal runaway in LMXB0], the final spin
perature, the energy contained in the mode is enough to meftequency is not set by the boundary-layer damping time, but
the crust even if the-mode is no longer linearly unstable. instead by the balance betweeg, and 7gg. This leads to
Since the criterior(53) does not depend ofv/v while a, ~ Much smaller final spin frequencies than computed by previ-
[Eq. (42)] increases withAv/v, the conclusion does not Ous authors. A neutron star with aamode amplitude large
change even when the motion of the crust is taken into acenough to create the ice pack can spin down to a frequency
count. nearly as low as a purely fluid stesee Eq.(45)], provided
the saturation amplitude of a purely fluiemode of is order
unity.
VIl DISCUSSION Vyery recently, Wuet al. [21] evaluated the effect of a
We have computed stability curvésritical frequency as turbulent boundary layer between the crust and the core on
a function of temperatuyefor the onset of the-mode insta-  the stability of ther-modes. They find that the turbulent dis-
bility in a neutron star with alaminap viscous boundary Sipation time scale depends on thenode amplitude and
layer under a solid crust. We improve previous calculationgherefore  determines a saturation amplitude, which
by including the effect of the Coriolis forcéhe dominant they estimate (in  our notation as ag=1.5
restoring forcg on the boundary layer and by using realistic X 10 *(2/Q0)°(Av/v) ~%, or about 2.6< 10" for a maxi-
neutron-star models—two important ingredients which haveénally rotating star with a rigid crust. Inserting EGLO) of
not been combined in previous work. Our stability results aréVu et al. [21] into our Eq.(39), we find that a turbulent
summarized in Eq$27) and(28), Table I, and Figs. 1 and 2. boundary layer changes the critical melting amplitude at the
If the neutron star crust is rigid and does not move in theegquator to
rotating frame, then our results imply that thenodes are QA
. . . _ 0 v
not unstable in any of the accreting neutron stars in LMXBs @~5.6x10 4(_) (_
or millisecond pulsars. However, if the relative velocity am- QJj\v
Ptude betueen e core S e 13 SOranl) g o 79¢10  for a il rotating polyic e
stars sugges[tﬁ], then our results constitute only the uppert%lron star with a rigid crust. Comparing with E(qa_12), we
I i~ . conclude that the crust can be heated to the melting tempera-
limits on the critical frequencies and temperatures for th

onset of ther-mode instability. A self-consistent calculation - at even smaller amplitudes than in the presence of a
. ity .. laminar boundary layer. Thus, if themode amplitude in a
of the r-mode eigenfunctions in the presence of a realistic

crust is necessary to setlat least for unmagnetized neutron hnewborn neutron star exceeds the critical value given above
ary to s " 9 when the temperature drops below the crust's melting tem-
starg the question of linear stability of themodes.

: . L _perature, then crust formation will be delayed we argued
We find that localized heating in the boundary layer be in Sec. V). In this case the star will spin down to frequencies

tween the S(.)I'd crustand the flwpl core can successfully COM|0se to those predicted for crustless fluid stars, provided the
pete both W'.th the hgat con_du<_:t|on away from the boundar aturation amplitude of themode is of order unity.

layer and with neutrino emission. In Sec. V, we compute

the critical r-mode amplitude, Eq42), needed to raise the
temperature of the boundary layer to the crust melting tem-
perature while the interior of the star far away from the We thank C. Cutler, P. Goldreich, Y. Levin, and B.
boundary layer remains at a much lower temperature. Th6chutz for helpful discussions concerning this work. This
amplitude required for this is rather small, of order #0and  work has been supported by NSF Grant Nos. PHY-9796079
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APPENDIX: THERMODYNAMIC PROPERTIES

at p=p., whereT,,=T/10% K. The neutrino emissivity in
OF NEUTRON-STAR MATTER

the core is given by the usual modified Urca form[i#8,30Q:

The strength of electrostatic interactions between the nu-
clei in neutron-star matter is typically expressed in terms of €=8.6x10°°TY, ergcm 3s ™1, (A4)
the Coulomb coupling parameter,
_— at p=p.. These lead to the expressions for the core values,
- Z_e' (Al) Kk-=15x10" ande.=86x10% used in Sec. V.
akT The microphysics in the crust is, in general, quite a bit

. . more complicated. However, we are primarily interested in
- 13

whereZ is the nuclear charge, arat=(3AceiMy/47p) “" IS e conditions at or near the melting temperature. Fer2
the radius of the Wigner-Seitz cell with. nucleons in it.

According to th ¢ molocular-d ies simulafi Py 10'° K, the crustal conductivity is also dominated by
ccording fo the recent moiecular-aynamics SImulations 0Oty cron-electron collisions, and everitat 101° K, to within
Farouki and Hamaguchi[22], such a classical one-

. a factor of 2,
component plasma crystallizes whEa=173. However, the

details of the nucleon-nucleon interaction that deternzne 2 8% 1020
and A near the bottom of the crusp=p., are still not K= Ko™ i ergem tsT1K L (A5)
completely understood. Depending on the particular interac- Tio

tion model, values oZ ranging from approximately 30 to 50

and A, in the range of 500 to 1000 are obtained. Thesevhere we approximated the fits of Flowers and IfaB] for
values result in melting temperatures within a factor of 2 ofthe temperature regime of interest. For temperatures lower
10° K. (See Pethick and Ravenh##i3] for a review of the  than this, the conductivity is dominated by electron-phonon
nuclear physics, Douchin and Haeng24] for the latest cal- ~ Scattering, which is approximately constaRt,,~10°° for
culation, and HaensdP5] for a discussion of the melting temperatures in excess of the Debye temperatlies5
temperatures appropriate for young neutron stars ané10°(p/pc)?K. For T<Ty, the electron-phonon scattering
LMXBs.) Moreover, for some nuclear force models, nucleihas the same temperature dependebes a different pref-

at p=10" gcm ® may resemble rods, plates, and tubesacto) as electron-electron scatteringe pn~1x10"T;,.
rather than sphere@d.orentz et al. [26]). The melting tem- We also find that the recent calculations of neutrino-pair
peratures of such exotic phases of matter have not been cdiremsstrahlung in the crugHaenselet al. [31] and Ka-
culated, but it is reasonable to assuf@@] that they will be ~ minker et al.[32]) can be reasonably approximated by
comparable to those of “ordinary” matter with spherical nu-

clei. In the light of these uncertainties, we adopt
g P e~1.5x 107 ﬂ) TS, ergem 3s™ L, (AB)
p 1/3 Pc
Tm= 1010( = K, (A2)
Pc

These expressions lead to the crust values=2.8x 10*°

as the fiducial melting temperature of crustal matter. ande. =1.5x 10? that we use in Sec. V. Since the crust
The thermal conductivity in the neutron-star core is domi-does not play a significant role in determining the tempera-

nated by electron-electron collisions. A convenient fit to theture at the boundary layéas shown in Sec. ) including a

conductivity is given by Flowers and Itdi28]: detailed treatment of the microphysics there is not essential.
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