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Abstract

W e present a class ofnum ericalsolutions to the SU(2) nonlinear �-m odel

coupled to theEinstein equationswith cosm ologicalconstant� � 0 in spher-

icalsym m etry.Thesesolutionsarecharacterized by thepresenceofa regular

static region which includes a center ofsym m etry. They are param eterized

by a dim ensionless \coupling constant" �,the sign ofthe cosm ologicalcon-

stant,and an integer\excitation num ber" n.The phenom enology we �nd is

com pared to the corresponding solutions found for the Einstein-Yang-M ills

(EYM )equationswith positive� (EYM �).Ifwechoose� positiveand �x n,

we�nd a fam ily ofstaticspacetim eswith a K illing horizon for0 � � < �m ax.

Asa lim iting solution for� = �m ax we �nd a globally static spacetim e with

� = 0,the lowestexcitation being the Einstein static universe. To interpret

thephysicalsigni�canceoftheK illing horizon in thecosm ologicalcontext,we

apply theconceptofa trapping horizon asform ulated by Hayward.Forsm all

values of� an asym ptotically de Sitter dynam ic region contains the static

region within a K illing horizon ofcosm ologicaltype.Forstrong coupling the

static region containsan \eternalcosm ologicalblack hole".

I.IN T R O D U C T IO N

Theaim ofthispaperistodiscussthestaticspherically sym m etricsolutionsoftheSU(2)

nonlinear �-m odelcoupled to the Einstein equations with cosm ologicalconstant � � 0

(subsequently referred to as the E�SU (2)�{m odel). The existence ofsuch solutions was

suggested bythefact,thattheEinstein universe[3]and thedeSitterspacetim e[4]adm itthe

existenceofadiscreteone-param eterfam ilyofstatic,sphericallysym m etricregularsolutions

ofthe SU(2)-�-m odel.These solutionsareunstable,the num berofunstable m odesequals

the\excitation index".Thestaticsolutionson thedeSitterbackground correspond to the

uncoupled lim it,i.e.vanishing coupling constantoftheE�SU (2)�-m odel.

Globally regularstationary \solitonic" solutions,ifthey exist,play a fundam entalrole

in thedynam icsofgravitating system s.Ifthey arestable,they provide possible end states
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ofevolution { and m odelsfor\stars" or\particles". Interestin solitonic solutionsand the

subtletiesoftheinteraction ofm atterwith gravity wasrevived by thesurprising num erical

discovery ofstaticsolutionsto theEYM system by Bartnik and M cKinnon [5].Itwassoon

found thatthese solutionsare unstable [6],butthere isa link between thisinstability and

anothersurprisein GR:

In recentyearsthediscovery ofcriticalphenom ena atthethreshold ofblack holeform a-

tion hasintroduced anew twistintothegravitationalcollapseproblem .In theoriginalwork

ofChoptuik theinterm ediateattractorthatseparatesthetwo possiblegenericend-statesof

afreescalar�eld {theform ation ofablack holeand com pletedispersion {istheself-sim ilar

\choptuon" which form s a naked singularity. However, as was discovered by Choptuik,

Chm ajand Bizon [7],alsounstablesolitonscan serveasan interm ediateattractorin critical

collapse.In particularthey found thatthe�rstBartnik-M cKinnon excitation actually form s

an interm ediate attractorassociated with type Icriticalcollapse phenom ena { asopposed

to thetypeIIoriginally found by Choptuik (both nam ed becauseofthecorrespondence to

phenom ena ofstatisticalphysics,fora recentoverview on criticalcollapse phenom ena see

e.g.Choptuik [8]).

W hile both the free scalar �eld and the EYM -system do not contain any dim ension-

less param eters,the �-m odelsare sim ple system s with a dim ensionless coupling constant.

Thusthey provide a convenient fam ily oftheoriesthatissuitable to study genericity and

bifurcation phenom ena.

Itisknown that,apartfrom trivialsolutions,thenonlinear�-m odelsdonotadm itsoliton

solutionsin M inkowskispace,and when coupled to gravity,thereexistneithersolitonsnor

static black hole solutions that are asym ptotically 
at (see e.g.[9]). The presence ofa

positivecosm ologicalconstantchangesthissituation by introducing a length scale into the

m odel.From dim ensionalanalysisoneconcludesthatthebehaviorofthesolutionsdepends

nonperturbatively on �,and thatonly thesign of� issigni�cant.

W ithin the static spacetim eswe restrictourselvesto spacetim eswhich possessa static

region thathasa regularcenterand isbounded by atm ostoneKilling horizon (asopposed

to two,such asin theSchwarzschild-de Sittercase).

In the coupled case we �nd four qualitatively di�erent types ofsolutions along each

\branch" de�ned by the \excitation index". Forsm allcoupling constant ofthe �-m odel,

the solutions are globally regular,and a Killing horizon separates a static region from an

asym ptotically de Sitterdynam ic region. Forinterm ediate valuesofthe coupling constant

thesituation issim ilar,buttheregion exteriortothecosm ologicalhorizon expandsforsom e

tim e,buteventually recollapses.Foreven highervaluesofthecoupling constantthehorizon

enclosesadynam icregion thatundergoescollapse.Thusin som esensethestaticregion gets

turned \insideout".

Solutionswith a�niteregularstaticregion and positivecosm ologicalconstantonly exist

for a coupling constant sm aller than som e criticalvalue which depends on the excitation

index.Thelim itissingular,butcom bining itwith a lim it�! 0 yieldssolutionswhich are

globally regularand staticand havespatialtopology S3.

For�> 0the\�rststaticexcited states"exhibitoneunstablem ode,sothatoursolutions

form a oneparam eter-fam ily ofcandidatesolutionsfortypeIinterm ediate attractors.The

fulllinearstability analysis,thatleadsto thisresult,willbe presented in a separate paper

[10].
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Sim ilarresultshave been found fortheEYM � system ,which hasbeen studied in great

detailby Volkov et.al.[1].

The organization ofthis paperis as follows: In Sec. IIwe introduce ournonlinear �-

m odeland discussitsbasicproperties.W ethen specialize to sphericalsym m etry using the

hedgehog ansatzfortheSU(2)-valued m atter�eld and writeoutthespherically sym m etric

�eld equationsin a suitablegauge.

The problem of�nding regularstatic solutionsofthe E�SU (2)� problem isdiscussed in

Sec.III.Thestaticregionscontaining thesoliton arecon�ned within aKillinghorizon,out-

sideofwhich thetim elikeKillingvectorbecom esspacelikeand thespacetim esaredynam ical.

Thestaticregionsareconstructed by solving aboundary valueproblem asdescribed in Sec.

IIID.Theglobalstructureofthespacetim esisthen determ ined by evolving thestaticdata

beyond thehorizon.Thisevolution problem isdiscussed in Sec.IIIE.Thephenom enology

ofthesolutionswe�nd ispresented in Sec.IV.

Finally,Sec. V gives a discussion ofour results and com pares them to the results of

Volkov et.al.[1]fortheEYM �-system .

Conventionsarechosen asfollows:spacetim eindicesaregreek letters,SU(2)indicesare

uppercase latin letters,the spacetim e signature is(�;+;+;+),the Riccitensorisde�ned

asR �� = R ���
�,and thespeed oflightissetto unity,c= 1.

II.T H E SU (2)-�-M O D EL IN SP H ER IC A L SY M M ET RY

A .H arm onic M aps as M atter M odels

Nonlinear�-m odelsare specialcasesofharm onic m apsfrom a spacetim e (M ;g��)into

som etargetm anifold (N ;G A B )(Seee.g.[11]).FortheSU(2)-�-m odel,thetargetm anifold

istaken asS3 with G A B the\round" m etricofconstantcurvature.Harm onicm apsX A(x�)

areextrem a ofthesim plegeom etricaction

S = 


Z

M

d
m
x
p
jgjg

��
@�X

A
@�X

B
G A B (X ): (2.1)

Theirim portanceforphysicswaspointed outin a review articleby M isner[12].

Variation ofthe m atter action (2.1) with respect to the m etric g�� yields the stress-

energy-tensoroftheharm onicm ap

T�� = 
(r �X
A
r �X

B
G A B (X

C )�
1

2
g��r

�
X

A
r �X

B
G A B (X

C )): (2.2)

Thisstress-energy-tensorobeystheweak,strong and dom inantenergy conditions.

In orderto produce static con�gurationsattractive and repulsive forceshave to be bal-

anced. In particular in 
at space the virialtheorem im plies that the com ponents ofthe

stress-energy tensor cannot have a �xed sign (see the discussion by Gibbons [13]). For

static con�gurations ofany harm onic m ap the sum ofthe principalpressures
P

3

î= 1
Tî̂i is

nonpositive everywhere [13](Tî̂j denote the spatialcom ponentsofthe stress-energy tensor

with respectto an orthonorm alfram e). The self-interaction ofany �-m odelcan therefore

be interpreted asattractive. In contrastforthe Yang M ills �eld the sum ofthe principal
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pressuresisnonnegative,which can beinterpreted asarepulsiveself-interaction.Both �elds

thereforedo notallow soliton solutionson a 
atbackground.ButwhiletheYang-M ills�eld

coupled to gravity adm its solitons by cancelling the repulsive force with gravity [14],the

gravitating �-m odelcorrespondingly doesnot(seee.g.[9]).

Thuswe cannotexpectstatic solutionsto existunlesswe add som e \repulsive force" -

orin the presence ofnontrivialtopology. Asan exam ple forthe latterone could think of

a static sphericaluniverse oftopology S3,where there isa balance between the tendencies

to collapse towardseither\center".A repulsive forceon theotherhand can beintroduced

with a positivecosm ologicalconstant�.Thereforeweconsiderthetotalaction

S =

Z

d
4
x
p
�g(

1

16�G
(R � 2�)+ L M ); (2.3)

whereLM isgiven bytheLagrangianof(2.1).Thisaction givesrisetotheEinstein equations

R �� �
1

2
g��R + �g�� = 8�GT��; (2.4)

aswellasto the�eld equationsoftheharm onicm ap

g
��(r �r �X

A + ~�AB C (X
D )r �X

B
r �X

C )= 0; (2.5)

where ~�AB C denote the Christo�elsym bols with respect to G A B . The �eld equations thus

allow a generalnonlineardependence on the�eldsX A through theChristo�elsym bolsand

they depend quadratically on the�rstderivativesofthe�elds.

In units where c = 1 the coupling constant 
 of the harm onic m ap has dim ension

m ass=length,whereas the gravitationalconstant G is ofdim ension length=m ass. Both

constantsenterthe equationsonly in the dim ensionlessproduct� = 4�G
,thereby de�n-

ing a one-param eterfam ily ofdistinctgravitating m atterm odels. The param eter� plays

a di�erent role,since it has dim ension 1=length2. Thus,when the cosm ologicalconstant

is nonzero,it provides the length scale ofthese theories. Therefore alltheories with the

sam e valueof� areequivalentirrespective ofthevalue of�.If,on theotherhand,� = 0,

the �eld equations are scale invariant. The gravitating SU(2)-�-m odelwith non-negative

cosm ologicalconstantthuscorrespondsto a two-param eterfam ily ofinequivalenttheories,

param eterized by thecontinuousparam eter� and thediscreteparam etersign(�).

B .SphericalSym m etry

A spherically sym m etricm etriccan bewritten in thegeneralform asthewarped product

(seee.g.[15])

ds
2 = d�

2 + R
2(�;t)d
2; (2.6)

where d�2 isa generaltwo-dim ensionalLorentzian line-elem ent and the area ofthe orbits

ofSO(3)isgiven by 4�R 2(�;t).Choosing thecoordinatestand � orthogonalonecan write

them etricin theform
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ds
2 = �A(�;t)dt2 + B (�;t)d�2 + R

2(�;t)d
2: (2.7)

In (2.7)there issom e gauge freedom left,which can be used to elim inate one ofthe three

functionsA,B orR.

Oneway to�x thegaugewould betousethefunction R asacoordinate.Thisispossible

aslong asr �R 6= 0.Thisgaugeisusually referred to astheSchwarzschild gauge.Herewe

willdealwith thesituation thatr �R becom eszero on som em axim altwo-sphere(which is

nota horizon),a phenom enon which wewilldiscussin detailbelow.

Following Volkov etal.[1]wethereforechooseadi�erentgauge,which keepsclosetothe

standard Schwarzschild line elem ent in another way: we �x A(�;t) = 1=B (�;t) � Q(�;t)

and keep thearea oftheSO(3)orbitsasthesecond freefunction:

ds
2 = �Q(�;t)dt2 +

1

Q(�;t)
d�

2 + R
2(�;t)d
2: (2.8)

The m etric (2.8) is regular where Q(�;t) and R(�;t) are regular functions on spacetim e,

exceptpossibly atpointswhere eitherQ(�;t)orR(�;t)vanish.The vanishing ofQ(�;t)is

related to theexistence ofhorizons,which willalso bediscussed below.

For a regular spacetim e the vanishing ofR(�;t) is associated with the singularity of

sphericalcoordinatesattheaxisofsym m etry.Such acoordinatecenterdoesnotnecessarily

have to be present (e.g. in a sphericalworm hole),but we willrequire our spacetim es to

possessatleastone regularcenter{ there m ay also be two,such asin the Einstein static

universewritten in sphericalcoordinates.In thefollowing,severalboundary conditionswill

bederived from regularityrequirem ents,wewillthereforem akesom ecom m entsonregularity

nearthecenterofsphericalsym m etry forthe m etric de�ned in Eq.(2.8):W e assum e the

existence offourregular(m eaning C 1 orC k asappropriate)coordinate functionsx,y,z,

ton the m anifold. Allother functions are de�ned as regular ifthey can be expressed as

regular functions ofx,y,z,t. Furtherm ore,the relations between the functions R,�,�

and x,y,z are required to be the standard coordinate transform ation between Cartesian

and sphericalcoordinates: x = R sin�sin�,y = R cos�sin�,z = R cos�. Note thatthe

sphericalcoordinates,in particularR,are notregularfunctions,butalleven powersofR

are. Nearthe axiswe choose the param eterization ofthe radialcoordinate � such thatit

hasthesam eregularity featuresasR:

� = R h(R2);

whereh isa regularpositivefunction { and thusalso � itselfisnotregular.Any spherically

sym m etricfunction which isa regularfunction ofx,y,z,t(orjust\regular" forshort)can

thereforebewritten asa regularfunction of�2 and t.

Forany �xed tthe centerR = 0 then isa regularpointofspacetim e,ifQ(0;t)= h(0).

W ithoutrestricting generality wecan chooseh(0)= 1 forconvenience,such that

R(�;t)= �(1+ O (�2))

Q(�;t)= 1+ O (�2): (2.9)

In sphericalsym m etry itispossibleto de�nea quasilocalm ass
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m =
R

2
(1� r �Rr

�
R); (2.10)

which reads

m =
R

2
(1�

_R 2

Q
� Q(R 0)2): (2.11)

in ourcoordinate system (2.8). Fora recent discussion ofthe propertiesofthe quasilocal

m assin sphericalsym m etry seeHayward [16].

The harm onic m ap �eld con�guration X A(x�) can be called spherically sym m etric,if

theLiederivativesoftheenergy-m om entum tensorwith respectto theKilling vector�elds

thatgeneratetheSO(3)action vanish.Onepossibility toachievethis,isto dem and thatall

�eldsbefunctionsof� and tonly.Thiswould leaveuswith a coupled system ofdi�erential

equationsforthree �eldsand two m etric functions. Since the targetm anifold (S3;G)also

adm itsSO(3)asanisom etrygroup,thereisan alternativewaytoim posesphericalsym m etry

on theharm onicm ap,which isthewellknown hedgehogansatz.W e�rstintroducespherical

coordinates(f;�;�)on thetargetm anifold,writing theSU(2)lineelem entas

ds
2 = df

2 + sin2f(d� 2 + sin2�d� 2): (2.12)

The hedgehog ansatz now tiesthe coordinateson the targetm anifold to those on the base

m anifold:

f(x�)= f(�;t); �(x �)= �; �(x�)= ’: (2.13)

Dueto thisansatztwo ofthethreecoupled �eldsarealready determ ined and only one�eld

f(�;t)enterstheequations.Them atter�eld equations(2.5)arethen reduced to thesingle

nonlinearwave equation

2f =
sin(2f)

R 2
; (2.14)

where2 isthewaveoperatorofthespacetim e m etric.

Regularity oftheharm onicm ap within thisansatzm eansthatwhen expressing the�eld

in term sofregularcoordinatesX A on SU(2),theX A areregular�eldson spacetim e.Since

X A(x�) = (f(�;t)=�)xA,where xA denote the Cartesian coordinates x;y;z on spacetim e,

the�eld f(�;t)thushasto beoftheform

f(�;t)= �H (�2)= f
0(0)� + O (�3); (2.15)

whereH isa regularfunction.Thusf vanishesatthecenter,which m eansthatthecenter

R = 0 ism apped to one ofthe polesofthe targetm anifold,thathave been �xed via the

hedgehog ansatz.
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III.STAT IC SO LU T IO N S

A .Static Field Equations

In addition to sphericalsym m etry we assum e that spacetim e adm its a hypersurface

orthogonalKilling vector�eld @t,which istim elike in som e neighborhood ofthe (regular)

centerR = 0.

The com binations (tt)� (��)� 2(��)and (tt)� (��)ofthe m ixed com ponents ofEinstein’s

equationsplusthem atter�eld equation (2.14)then yield thefollowingsetofcoupled second

orderautonom ousODEsforthem etricfunctionsQ(�);R(�)and them atter�eld f(�):

(R 2
Q
0)0= �2�R 2

; (3.1)

R
00= ��Rf

02
; (3.2)

(QR 2
f
0)0= sin2f: (3.3)

Furtherm oretheabovesystem ofequationshasa constantofm otion:

2� sin2f + R
2(�� �Qf

02)+ RQ
0
R
0+ QR

02
� 1= 0: (3.4)

Thisexpression can eitherbederived by integrating thesystem (3.1)-(3.3)and using the

regularity conditionsattheaxis,orby using the(��)com ponentofEinstein’sequations.

Notethatiff isa m atter�eld solution,then so isalso k� � f forany integerk.

If� is nonzero it sets the length scale,it thus can be elim inated in these equations

by using the dim ensionless quantities �� =
p
�� and �R =

p
�R. If,on the otherhand,�

vanishes,the equationsare scale invariant,and thusinvariantunderrescalings �� = a� and
�R = aR.Furtherm ore,in thiscaseEq.(3.1)togetherwith regularity conditionsattheaxis

im pliesQ � 1.

Ifwe integrate the equationswith the above boundary conditionsfrom � = 0 to larger

valuesof� oneofthefollowing foursituationshasto occur:

1.thestaticregion \ends" in a singularity,

2.integration m ightrun into a second (regular)poleR = 0,which would m ean thatthe

resulting spacetim e hascom pactslicesofconstanttand isglobally static,

3.thestaticregion m ightpersistup to spatialin�nity,

4.the static region m ightbe surrounded by a Killing horizon beyond which spacetim e

becom esdynam ical.

The �rstcasecan easily beproduced by shooting o� a regularcenterwith arbitrary initial

data,itcan be excluded by setting up a boundary value problem thatenforcesone ofthe

otherthreecases.Thesecond casecan bediscarded forourm odelwith positivecosm ological

constant,since the existence ofa static region with two regularcenters is notcom patible

with the�eld equations:To seethisrecastEq.(3.1)into theintegralform (3.21).Itisclear

then,that-fornonzero � -Q 0divergesifR goesto zeroa second tim e.For�= 0ofcourse,

such solutionsm ay existase.g. the static Einstein universe (3.7),which willbe discussed
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in the next section. The third case can also be excluded ifthe cosm ologicalconstant is

positive:a staticregion can notbeextended to spatialin�nity,butrathera singularpoint

oftheequationsQ(�H )= 0,thatcorrespondstoahorizon,hasto develop.Thiscan beseen

asfollows:Supposethesolution existsup to � ! 1 and R ism onotonically increasing -all

otherassum ptionsautom atically lead to oneofthecases1,2 or4 -then onecan show,that

for� positive Q 0< �const:=� for� large enough,which m eansthatQ would be bounded

from above by a function thattends to �1 as � ! 1 . So again Q hasto cross zero at

som e�nitevalueof�.

Forpositive cosm ologicalconstantwe therefore m ay con�ne ourselvesto thecaseswith

horizon,and we willconstruct static regions as an ODE boundary value problem ,where

the boundary conditionscorrespond to a regularcenterat� = 0 and a regularhorizon at

� = �H ,wherethedeterm ination ofthevalueof�H ispartoftheboundary valueproblem .

The appropriate boundary conditionsatthe horizon willbe determ ined in Sec. IIIC,and

theboundary valueproblem isdescribed in Sec.IIID.

Given a static region,i.e. a region ofspacetim e where the Killing vector@t istim elike,

which isbounded by a Killing horizon,wecan considerasa second step thetim eevolution

problem ofthestaticdata on thehorizon into thedynam icregion where theKilling vector

@t is spacelike and the spacetim e is thus hom ogeneous. The tim e evolution problem thus

reducesto a system ofODEswhich are solved asan initialvalue problem asdescribed in

Sec.IIIE.

B .Exact Solutions

Som e solutions ofEqs. (3.1)-(3.4) with a regular center can be given in closed form .

They doariseascertain lim itsofthenum erically constructed fam ily ofsolutionstobegiven

below.

Firstofall,for�> 0,forthetrivialcasef � 0Eq.(3.2)hasthesolutionsR(�)= a�+ b.

Im posing theregularity conditions(2.9)thisgivesdeSitterspacetim e

R(�)= �; Q(�)= 1�
��2

3
; f � 0: (3.5)

Forf � �=2,R(�)isofthesam eform asabove.Forb= 0 weget

R(�)= �; Q(�)= 1� 2� �
��2

3
; f �

�

2
; (3.6)

which looks like de Sitter forlarge � buthas a conicalsingularity atthe center if� > 0.

Furtherm orethestaticregion shrinkswith increasing � and ceasesto existfor� = 1=2.In

the lim itofvanishing coupling constant� = 0,where spacetim e isde Sitter,thissolution

f � �=2 isstillsingularatthecenterwith diverging energy density.Neverthelessthetotal

energy is�nite,and thissolution m ay beviewed asthe\high excitation"lim itoftheregular

solutions,thatexiston deSitterbackground [4].

Finally,for � = 0 Eq. (3.1),together with regularity conditions at the axis,yields

Q � 1. For � = 1 the rem aining equations can be solved analytically to give the static

Einstein universe:
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R(�)= sin�; Q(�)� 1; f(�)= �: (3.7)

Notethatthestress-energy tensor,which hastheform ofa perfect
uid in thiscasesatis�es

� + 3p = 0. Aswillbe described in detailin Sec. IV C the static Einstein universe arises

in thelim itofm axim alcoupling constantofthenum ericalconstructed �rstexcitation i� at

thesam etim e� issetto zero.

Forcom pleteness we m ention thatthere also exist exactsolutions to Eqs. (3.1){(3.4),

thatdo notpossesa regularcenterofsphericalsym m etry,such astheNariaispacetim e.

C .H orizons and globalstructure

In order to discuss the globalstructure ofthe spacetim e and in particular regularity

questions from which we derive the boundary conditions for our ODEs, it is helpfulto

considera coordinatesystem ,which isregularatthehorizon.W ewritethem etric(2.8)as

ds
2 = �Q(�)du2 � 2dud� + R(�)2d
2

; (3.8)

where the coordinate function � and the m etric function Q(�) coincide with those in the

m etric(2.8),and thecoordinateu isgiven as

u = t�

Z
d�

Q(�)
: (3.9)

Note that the coordinates (3.8) cover only halfofthe m axim ally extended spacetim e.

In the following,we willsim plify ourdiscussion by only talking aboutthe Killing horizon

contained in the portion ofspacetim e covered here. Allstatem entsm ade can be extended

trivially to the com plete spacetim e and in particularthe second com ponentofthe horizon

by tim ere
ection.W ealso rem ark thatallsolutionshavethetopology S3 � R.

The staticKilling vector�eld is@=@u = @=@t,where thelatteristaken with respectto

the (t;�)coordinates. The m etric (3.8)is regularifQ(�)and R(�) are regularfunctions,

exceptwhen R = 0,which correspondseithertotheusualcoordinatesingularity ofspherical

sym m etry,which hasbeen discussed in Sec.(IIB)ortoaspacetim esingularity,asdiscussed

in Sec.(IIIE).

TheKilling vector�eld @u,which wehaveassum ed to betim elikein som eneighborhood

ofthe (regular) center R = 0 need not necessarily be globally tim elike. Regions where it

becom esspacelike,i.e.Q(�)< 0,aredynam icwith hom ogeneousspacelikeslicesofconstant

tim e�,thespatialtopology beingS2� R.Such regionsthuscorrespond toKantowski-Sachs

m odels.Attheboundary ofstaticand dynam ic regionsthem etricfunction Q(�)vanishes,

such a surfaceof� = const:isthusa nullsurface.Furtherm oretheKilling vector�eld @u is

nulland tangenton thissurface,which thereforeisa Killing horizon.

In thepresenceofan asym ptoticin�nity,such asin an asym ptotically 
atorasym ptot-

ically deSitterspacetim e,onecan usetheasym ptoticregion to classify eventhorizons,e.g.

asblack holeorcosm ologicaleventhorizons.Furtherm oreoneisprovided a straightforward

de�nition of\inward" and \outward" directions. In the cosm ologicalcase these issuesare

less clear. W e therefore follow the de�nitions ofHayward [2]: He proposed a localde�ni-

tion ofa trapping horizon,a conceptwhich doesnotm ake use ofasym ptotic 
atnessand
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isthereforealso suitableform oregeneralsituations.Intuitively,thephysicalinterpretation

oftheKilling horizon dependson whetherthedynam icalregion iscollapsing orexpanding

o� thehorizon,and whetherthisregion isto be interpreted asinside oroutside.Both can

be form ulated in term s ofthe nullexpansions � � ofingoing and outgoing nullrays from

two-surfaces.In sphericalsym m etry weconsiderR = const:surfaces,with nullexpansions

� � =
1

R 2
L� R

2
; (3.10)

whereL� istheLie-derivativealong thenulldirections

l+ = @� and l� = 2@u � Q@� (3.11)

respectively,so

� + = 2
R 0

R
and � � = �2Q

R 0

R
: (3.12)

The�rstuseoftheexpansionsisto de�nea trapped surfacein thesenseofPenrose[17]asa

com pactspatialsurfaceforwhich � � � + > 0.Ifoneoftheexpansionsvanishes,thesurface

iscalled a m arginalsurface.Fora non-trapped surface� � and � + haveoppositesigns,and

wecalldirectionsin which theexpansion ispositiveoutward,and inwardwhen itisnegative.

On theKilling horizon Q = 0,� � jQ = 0 = 0while� + jQ = 0 6= 0 and L+ � � jQ = 0 6= 0 (except

when also R 0 = 0,which we exclude forthe m om ent). In Hayward’sterm inology [2]such

a three-surface iscalled a trapping horizon. Itissaid to be outer ifL+ � � jQ = 0 < 0,inner

ifL+ � � jQ = 0 < 0,future if� + jQ = 0 < 0 and pastif� + jQ = 0 > 0. A future outertrapping

horizon provides a generalde�nition ofa black hole,while a white hole has a past outer

horizon,and cosm ologicalhorizonsareinnerhorizons.

IfR 0(�)= 0 within thestaticregion then

L+ � � jQ = 0 < 0; � + jQ = 0 < 0 (3.13)

and thesurfaceQ = 0 isa future outertrapping horizon.On theotherhand ifR 0vanishes

in thedynam icalregion orism onotonic,then thesignsin (3.13)arereversed and onespeaks

ofa pastinnertrapping horizon.

Note, that at points where R 0 = 0, both � � = 0. However, this does not lead to

a (trapping) horizon since the expansions m erely change sign. The signi�cance ofsuch

m arginalsurfaces is that the m eaning ofinward and outward directions are reversed. A

typicalexam pleisan \equatorial" two-surfaceofa round three-sphereata m om entoftim e

sym m etry.

Using theexpansions� + and � � (3.12)onecan rewritethequasilocalm ass(2.11)

m =
R

2
(1+

R 2

4
� + � � ): (3.14)

Using the above assignm ent ofinward and outward direction the quasilocalm ass can be

interpreted as the totalm ass that is contained within any spatialthree volum e, that is

bounded by the two-sphere with arealradiusR. On the m arginalsurfaces,where R 0 = 0,

thequasilocalm assequalsR=2.
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D .T he boundary value problem for the static region

The system ofODEs(3.1){(3.3)hassingularpointsforR = 0 and Q = 0. M aking use

ofthe im posed regularity conditionsatthe axis(2.9)and (2.15)the equationsdem and in

addition Q 00(0)= �2�=3.Notethatsolutions,thatareregularin a neighborhood of� = 0

aredeterm ined by thevalueofthesingleparam eterc� f0(0).

The othersingularpointoccursatthe horizon,where Q(�H )= 0.Form alTaylorseries

expansionsaround � = �H give

Q(�)= Q
0

H (� � �H )+
Q 00(�H )

2
(� � �H )

2 + O ((� � �H )
3)

R(�)= RH + R
0(�H )(� � �H )+

R 00(�H )

2
(� � �H )

2 + O ((� � �H )
3)

f(�)= b+ f
0(�H )(� � �H )+

f00(�H )

2
(� � �H )

2 + O ((� � �H )
3); (3.15)

where

�H ; f(�H )= b; R(�H )= R H ; Q
0(�H )= Q

0

H (3.16)

arefreeshootingparam eters.Theothercoe�cientsaredeterm ined by therequirem entthat

Q and R beregularfunctionsof�.Consistency with Eqs.(3.1)-(3.4)then am ountsto the

conditions:

R
0(�H )=

1� 2� sin2b� R 2
H �

R H Q
0

H

; (3.17)

Q
00(�H )= �2

R 0(�H )Q
0(�H )

R H

� 2�; (3.18)

f
0(�H )=

sin2b

Q 0(�H )R
2
H

; (3.19)

f
00(�H )=

sin2b

Q 0(�H )R
2
H

(�
R 0(�H )

R H

+ cos2b+
�

Q 0(�H )
): (3.20)

In orderto determ ine the spectrum ofstatic solutionsfora �xed coupling constant�,we

solvetheboundary valueproblem Eqs.(3.1){ (3.3)with boundary conditions(2.9),(2.15)

and (3.15)between axisand horizon.W e use a standard two pointshooting and m atching

m ethod (routined02agfoftheNAG library [18]),wheretheparam etersf0(0);�H ;f(�H );R H

and Q 0

H serveasshooting param eters.

For � = 0 a discrete one-param eter fam ily ofsolutions has already been discussed in

[4]. In order to getgood initialguesses forthe shooting param eters for� > 0,we follow

one solution from � = 0 up to highervaluesof�,interpolating the valuesofthe shooting

param etersatthepresentand last\�-step" to obtain valuesforthenext\�-step".

E.Integration T hrough the H orizon

Since the singularity at the horizon is m erely a coordinate singularity,we can extend

spacetim e through the horizon and reintroduce the coordinates in (2.8) in the dynam ic
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region beyond the horizon. The Killing vector�eld @t becom esspacelike,and instead oft

thetim elikecoordinateis�.Thecoupled system ofODEs(3.1){ (3.3)togetherwith initial

conditions(3.15)thereforeconstitutean initialvalueproblem .

W hileintegrating forward in tim e�,essentially two thingscan happen according to the

behaviorofR(�):

1.R(�)ism onotonically increasingforall� > 0.Then tim eevolution existsforall� > 0.

Thiscan beseen by turning Eqs.(3.1)-(3.3)into integralequations:

Q
0= �

2�

R 2

�Z

0

R
2
d�� (3.21)

R
0= 1� �

�Z

0

Rf
02
d�� (3.22)

f
0=

1

QR 2

�Z

0

sin(2f)d��: (3.23)

All�rst derivatives are bounded as long as Q and R don’t go to zero. Beyond the

horizon Q cannotgo to zero,since Q 0< 0 forall� > 0 and Q(�H )= 0.R cannotgo

to zero since itism onotonically increasing by assum ption and R(0)= 0. Therefore

Q;R and f stay �niteforall�nite�.

From Eq. (3.22)itfollowsthat0 < R 0 � 1 forall� � 0,so R = O (�)for� ! 1 .

From Eq. (3.21)we get,thatQ = O (�2)and from Eq. (3.23)we see thatf0 goesto

zero as�� 3 and thereforef goesto a constantatin�nity.

2.R developsan extrem um atsom e�nite�extr > 0.SinceR 00� 0 forall� and R0(�)< 0

forall� > �extr,which followsfrom Eq.(3.22),R goesto zero atsom e�nite�S > �H .

Herewealready excluded thecase�S < �H in Sec.IIIA,sincethism eansasingularity

in thestaticregion.

Forthe sam e reasonsasabove,tim e evolution existsforall� < �S.In thelim it� !

�S a spacetim e singularity occurs. This followsfrom inspection ofthe Kretschm ann

invariant:

R
����

R ���� =
1

R 4

�

4+ 4R 2
Q
02
R
02 + R

4
Q
002 +

+ 8QR 0
�
R
2
Q
0
R
00
� R

0
�
+ 4Q 2

�
R
04 + 2R 2

R
002
��

: (3.24)

Sinceby assum ption Q(�);Q0(�)and R0(�)arenegativenear�S allterm sofEq.(3.24)

are non-negative and atleast som e ofthem clearly have a nonzero num erator while

thedenom inatorvanisheswith som epowerofR.

The construction ofsolutions beyond the horizon consists ofsolving the initialvalue

problem ,i.e. we integrate Eqs. (3.1)-(3.3)with initialconditions(3.15)for� > �H ,where
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the param eters �H ;f(�H );R H and Q 0

H are determ ined by the solutions ofthe boundary

valueproblem described in Sec.IIID.Fornum ericalintegration we used routined02cbfof

theNAG library [18].

IV .P H EN O M EN O LO G Y O F SO LU T IO N S

A .P henom enology ofN um erically C onstructed Solutions w ith � > 0

For� = 0theE�SU (2)�equationsdecoupleintoEinstein’svacuum equationswith �and

them atter�eld equation (2.14)on the�xed background.W ith ourregularity conditionsat

theaxisthesolution to Einstein’sequationsisdeSitterspace

Q(�)= 1�
��2

3
; R(�)= �; (4.1)

whereasthe�eld equation (3.3)adm itsa discreteoneparam eterfam ily ofregularsolutions

[4]. W ithin the static region these solutions oscillate around �=2 where energy increases

with thenum beroftheoscillationsand islim ited from aboveby theenergy ofthe\singular"

solution f � �=2.Outsidethecosm ologicalhorizon at� = 1 thesolutionsrem ain �niteand

tend to a constantnearin�nity.

Increasing the coupling constant�,the num ericalanalysisshows,thatsolutionsofthis

type persistaslong as� doesnotgettoo large. The qualitative behaviorofthe �eld f in

the static region isthe sam e asin the uncoupled case,i.e. the n-th excitation oscillatesn

tim es around �=2,whereas the behavior ofthe �eld in the dynam ic region as wellas the

behaviorofthegeom etry depend strongly on thevalueofthecoupling constant�.

To sum m arize,wegetthefollowing qualitativepictureofsolutionsin dependenceon the

coupling constant�:

� Forsm all�,0� � � �crit(n),thesolutionsaresim ilarto thoseoftheuncoupled case

� = 0,thatis: the area ofSO(3)orbitsism onotonically increasing with �,beyond

thehorizon thesolutionspersistup to an in�nitevalueofthecoordinatetim e�.Near

in�nity the geom etry asym ptotesto the de Sittergeom etry,thatisR = O (�)and Q

tendsto �1 asO (�2).According to Hayward’sde�nitions[2]thehorizon isan inner

pasttrappinghorizon,separating thestaticregion from an expanding dynam icregion.

The �eld f showsthe sam e qualitative behaviorasin the uncoupled case � = 0 (see

Figs.1 and 2).

� For� = �crit(n)the arealradiusR(�)stillincreasesforall� > 0 butthistim e goes

to a constant at in�nity,thatis R 0(1 )= 0. Foreven stronger coupling,�crit(n) <

� < ��(n),R develops a m axim um in the dynam ic region,i.e. R 0(�E )= 0 atsom e

�nite tim e �E > �H (see Fig. 3). As was discussed in Sec. IIIE R then decreases

and goesto zero atsom e �nite coordinate tim e �S { which correspondsto the �nite

propertim e�S =
R�S

�H
d�=

p
Q(�).Thiscausesthegeom etry to besingularat�S.The

horizon,which again isan innerpasttrapping horizon separatesthestaticregion from

an initially expanding dynam ic region,which reaches its m axim alspatialextension

at�E and then recollapsesto a singularity at�S. The m axim um ofthe arealradius
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occursatearlierand earliertim esasthecoupling constantisincreased untilitm erges

with thelocation ofthehorizon when � = ��(n).

� At� = ��(n)the \m axim altwo sphere" coincides with the horizon,�E = �H . The

factthatR 0(�H )= 0 atthisvalue of� m ay be interpreted asexchanging the inward

and outward direction at the horizon: for sm aller values of� the static region was

surrounded by the innerpasttrapping horizon,whereasforlargervaluesofthe cou-

pling constant,��(n) < � < �m ax,where �E < �H ,the static region encloses the

horizon,which becom esnow an outer future trapping horizon. Beyond thishorizon,

thedynam icregion undergoescom pletecollapseat� = �S.

Em bedding diagram s ofthe static regions ofthe �rst excitation for severalvalues of

� can be found in Fig. 4. W e note,that the \critical" values ofthe coupling constant,

�crit(n);��(n)and �m ax(n)decreasewith theexcitation num bern.In Sec.IV C wewillgive

an argum ent,that�m ax(n)isa decreasing sequence,which isbounded from below by the

m axim alcoupling constant�m ax(1 )= 1=2 forthe\singular" solution (3.6).

The solutionsdescribed above existin the presence ofa positive cosm ologicalconstant

�> 0.Aswillbedescribed in detailin thenextsection,Sec.IV B thelim it� ! �m ax yields

regularsolutionsi� onetakesthelim it�! 0 appropriately asdescribed in Sec.IV B.

B .T he Lim it � ! �m ax(n)

Recallfrom Sec.IIIA thatthecosm ologicalconstant�setsthelength scalein Eqs.(3.1)

-(3.4)and thatitcan beelim inated from theseequations,by introducing thedim ensionless

quantities �� =
p
�� and �R =

p
�R.Thiscorrespondsto m easuring allquantitiesthathave

dim ension oflength,ase.g. the energy E ,the coordinate distance ofthe horizon �H from

theorigin,theradialgeom etricaldistanceofthehorizon dH from theorigin,thearealradius

R H ofthe horizon,and 1=f0(0),in unitsof1=
p
�. W e �nd thatallparam eters,thathave

dim ension oflength go to zero in the lim it� ! �m ax when m easured with respectto this

length scale. Thisindicates that1=
p
� isnotthe appropriate length scale fortaking this

lim it. W e therefore switch to the alternative viewpoint of�H asourlength scale,and we

�x �H = 1. In thissetup � dependson � and the excitation index n and goesto zero in

thelim it� ! �m ax.Theparam etersE ,dH and 1=f0(0)attain �nitevalueswhen m easured

in units of�H ,whereas R H =�H goes to zero. (See Fig. 5). This strongly suggests,that

thereexistsa solution with � = �m ax which obeysEqs.(3.1)-(3.4)with �= 0 and hastwo

centersofsym m etry.In particularthism eansthatthestaticregion ofthissolution hasno

boundary,sinceany t= constslicehastopology S3.

Furtherm ore,ascan beseen from Fig.6,thedim ensionlessparam eterf(�H )forthe�rst

excitation tendsto �,and R 0(�H )tendsto �1 in the lim it� ! �m ax.Aswillbeshown in

the nextsection,Sec. IV C,� = 0 im pliesQ � 1. The lim iting solution with � = 0 will

therefore satisfy the regularity conditions (2.9)and (2.15)notonly atthe axis� = 0 but

also atthesecond zero ofR,which m eansthatsuch a solution isglobally regularwith two

(regular)centersofsphericalsym m etry.In fact,forthe�rstexcitation thislim iting solution

isjustthestaticEinstein universe (3.7),which can begiven in closed form .
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These observationsallow one to determ ine the m axim alvalue ofthe coupling constant

�m ax(n)notasa lim iting procedure � ! �m ax,butratherby solving the boundary value

problem Eqs. (3.1)-(3.3)with � = 0 and with boundary conditions,thatcorrespond to

two regularcentersofsym m etry.

C .G lobally Static,regular Solutions for � = 0

For� = 0 Eq.(3.1)can besolved im m ediately to giveR 2Q 0= const.According to the

regularity conditionsattheaxis(2.9)theconstanthasto vanish,which m eansthatQ 0� 0

and thereforeQ � 1.Therem aining system ofequationsis:

R
00= ��Rf

02
; (4.2)

(R 2
f
0)0= sin(2f) (4.3)

and

2� sin2f � �R
2
f
02 + R

02
� 1= 0: (4.4)

Note,thatthissystem ofODEsisscale invariant,thatisany solution R(�);f(�)leadsvia

rescaling to the one param eterfam ily ofsolutionsgiven by aR(a�);f(a�). Keeping thisin

m ind,wecan �x thescale arbitrarily,e.g.in setting the�rstderivativeofthe�eld f equal

to one atthe origin:f0(� = 0)= 1. Thereby any solution,thatisregularatthe origin,is

determ ined entirely by thevalueofthecoupling constant�.

Regularityconditionsatthesecond \pole"R(�P )= 0arethesam easattheorigin,except

thatf either tends to �,ifits excitation num ber is odd,orto 0 ifithas even excitation

num ber.Thiscan beinferred from �=2< f(�H )< � forn odd and 0< f(�H )< �=2 forn

even forall� < �m ax,since thisisthe case for� = 0 and according to (3.15)no crossing

ofthe zero-line or�-lineisallowed.Notethatthiscorrespondsto allodd solutionshaving

winding num ber1,whereaseven solutionsarein thetopologically trivialsector.

Theseregularity conditionstogetherwith theinvarianceoftheequationsunderre
ection

atthelocation ofthem axim altwo-sphereR 0(�E )= 0,causesglobally regularsolutionsR(�)

tobesym m etricaround�E whereasf(�)� �=2iseitherantisym m etricforn oddorsym m etric

forn even.

Forf sym m etric the form alpower series expansions ofR(�)and f(�)around � = �E

gives

R(�)= R(�E )+ O ((� � �E )
4);

f(�)= arcsin
p
1=2� +

2
p
1� 1=2�

R(�E )
2
p
2�

(� � �E )
2

2!
+ O ((� � �E )

4); (4.5)

and forf � �=2 antisym m etric weget

R(�)=
2� � 1

�f0(�E )
2
� (2� � 1)

(� � �E )
2

2!
+ O ((� � �E )

4);

f(�)=
�

2
+ f

0(�E )(� � �E )+ O ((� � �E )
3): (4.6)
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In orderto solvethesystem (4.2),(4.3)weagain usetheshooting and m atching m ethod

on theinterval[origin,�E ]usingtheaboveTaylorseriesexpansionstodeterm inethebound-

ary conditionsat� = �E .Shooting param etersare now �E ;f
0(�E )and � forodd solutions

and �E ;R(�E )and � foreven solutions.Theresultsaredisplayed in TableI.

Itisclearfrom (4.5)and (4.6),thatregularsolutionsfor�= 0can only existif� > 1=2.

Assum ing now,thatournum ericalobservationsconcerning the�rstfew excitationsextend

to higherexcitations,we give the following argum ent:Since every "branch" ofthe "� > 0

solutions" persists up to a m axim alvalue ofbeta,which can be com puted by solving the

boundary valueproblem (4.2)togetherwith regularity conditionsatthetwo"poles"{which

im plies� > 1=2{and sinceweknow,thatin thelim it� ! 0thereexistsan in�nitenum ber

ofexcitations[4],weconcludethatthiswholefam ily ofsolutionswith �> 0 persistsup to

som e m axim alvalue �m ax(n),which isgreater than 1=2. In otherwords,forany � < 1=2

there exists a countably in�nite fam ily ofsolutions with � > 0,whereas for� > 1=2 our

num ericalanalysisshows,thatonly a �nitenum berofsolutionsexists.(SeeTableI).

V .D ISC U SSIO N A N D O U T LO O K

W e have shown num erically thatthe SU(2)-�-m odelcoupled to gravity with a positive

cosm ologicalconstantadm itsadiscreteone-param eterfam ilyofstaticsphericallysym m etric

regularsolutions.Thesesolitonicsolutionsarecharacterized byanintegerexcitation num ber

n. A given excitation willonly existup to a criticalvalue ofthe coupling constant�;the

higher n,the lower the corresponding criticalvalue. Our calculations indicate that the

in�nite towerofsolitonspresent on a de Sitterbackground persistsatleastup to a value

of� = 1=2. Thusthere existsa � � 1=2 beyond which the num berofexcitationsis�nite

and decreaseswith the strength ofthe coupling. Asm entioned,qualitatively the �-m odel

underconsideration showsstriking sim ilaritiesto the EYM system asstudied in detailby

Volkov et.al.Them ain di�erencebeingthatthestaticsolutionstotheEYM -system depend

on thevalueofthecosm ologicalconstantwhilein ourcase� scalesoutfrom theequations

and � playstheroleofa \bifurcation" param eter.Anotherdi�erenceconcernstheglobally

regularstatic solutionswith com pactspatialslices. Forthe EYM system these appearfor

de�nite valuesof�(n)while forthe �-m odelthe corresponding solutionsexistonly in the

(singular)lim itas� goesto zero and de�nitevaluesof�.Thusin ourcasethereareclosed

staticuniverseswith vanishing cosm ologicalconstant,thelowestexcitation being thestatic

Einstein cosm os.Thisispossiblebecausein thiscasethestress-energy tensorofthe�-�eld is

oftheform ofaperfect
uid with theequation ofstatep= ��=3.Anotherinterestingaspect

isthegeom etry ofagiven excitation asafunction ofthecouplingstrength:thestaticregion

is always surrounded by a Killing horizon separating the static from a dynam icalregion,

which forsm allcouplings becom es asym ptotically de Sitter. As the coupling is increased

the two-spheres ofsym m etry beyond the horizon are �rst past and then becom e future

trapped and a cosm ologicalsingularity develops.Finally,foreven strongercouplings,again

the region beyond the horizon collapses,butwithin the static region the in-and outgoing

directions(asde�ned by thesign oftheexpansion fornullgeodesics)interchange.

An im portantquestion to be answered iswhetherthese solitonsare stable undersm all

radially sym m etric tim e dependentperturbations. In a forthcom ing publication we intend
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to present a detailed stability analysis. W e willshow that for � > 0 allexcitations are

unstable with theirnum berofunstable m odesincreasing with n. Thiswasto be expected

atleastforsm allcoupling.Thelowestexcitation thushasa singleunstable m odeand itis

known,from otherm odels,thatsuch a solution can play therole ofa criticalsolution in a

fulldynam icaltreatm entofspherically sym m etriccollapse.
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TABLES

n �m ax �P = dP E =4�
 E =4�
dP

1 1 � 3�=2 3=2

2 0.74255 6.74225 11.78039 1.74724

3 0.64931 12.10140 22.43662 1.85405

TABLE I. Resultsforthe�rstthreeexcitationsfor� = 0.SinceQ � 1 thecoordinatedistance

�P ofthe two regular \poles" equals the radialgeom etricaldistance dP . The energy density �P

and energy E are given in unitswhere f0(0)= 1.Theratio E =dP can be com pared to the results

forsolutionswith � > 0 and representsthe lim it� ! �m ax forthose solutions.
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FIGURES

FIG .1. The �rstthree solutions forcoupling constant� = 0:3 < �crit. Inside the horizon at

�=�H = 1 the \n-th" excitation crosses the �=2-line n tim es. In the dynam ic region outside the

horizon the solutionsevolve towardsa constant.

FIG .2. The energy density �n = Q n(f
0

n)
2 + sin2(fn)=R

2
n for the �rst three excitations at

� = 0:3. { denotes the frist,x the second and + the third excitation, all�n have been nor-

m alized to unity at the axis. The corresponding totalenergies,m easured in units of1=
p
� are

E 1=4�
 = 1:66621;E2=4�
 = 1:88082 and E3=4�
 = 1:956613.

FIG . 3. The area function R(�) for the �rst excitation for � near �crit(1),

0:470366 < �crit(1)< 0:470373.Theverticalline m arksthehorizon at� = 0:88761.

FIG .4. The rotational surfaces z(R) correspond to the em bedding of a t = const-slice

(� = �=2) into R 3. The upper and lower halfpart ofthe diagram resem ble the two static re-

gionscausally separated by thehorizon atz = 0.Shown isthegeom etry ofthe�rstexcitation for

� in the range 0 � � � 0:913 < �m ax. The sphere ofunitradiusforde Sitterspace (� = 0)gets

m ore and m ore deform ed as� increases.

FIG .5. Som e param eters with dim ension length m easured in unitsof�H . Except R H allof

them stay �nitein thelim it� ! �m ax.M oreoverin thelim itthevaluestend to thecorresponding

onesofthe static Einstein universe,asgiven in table I.

FIG .6. The(dim ensionless)param etersf(�H )� band R 0(�H )ofthe�rstexcitation in depen-

denceofthecoupling constant�.f(�H )tendsto � in thelim it� ! �m ax and R
0(�H )tendsto � 1

in thislim it.
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