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FLOW OF REAL HYPERSURFACES BY THE TRACE OF THE
LEVI FORM

GERHARD HUISKEN AND WILHELM KLINGENBERG

1. Introduction

Let Fy : N?»~1 — C" n > 2, be a smooth immersion of a real
(2n — 1)-dimensional hypersurface in complex n-space. In this paper we study
the Cauchy-Riemann analogue of mean curvature flow [H| in Riemannian geom-
etry: We deform the initial hypersurface Ng = Fo(N?"~1) in normal direction
such that the speed at each point is given by the trace of the Levi form of the
induced CR-structure on the hypersurface, with the defining one-form of norm
one. For simplicity we assume in this paper that N?"~! is closed, i.e., compact
without boundary. Our initial value problem for the flow along the trace of the
Levi form then looks for a smooth family of immersions F' : N?>"~1x [0,T) — C"
satisfying the system
(1) CFpt) = Lipt) Xoulp,1),

F(p7 O) = FO (p)7
where p € N?"~1 t € [0,T). Here X»,(p,t) is the real unit normal of the
hypersurface Ny = F(-,t)(N?"~!) at F(p,t) in C" (equipped with the standard
euclidean metric) and L(p, t) is the trace of the Levi form on N; at F(p,t). On a
closed hypersurface we choose Xs,, to be the exterior unit normal and define the
Levi form such that L is negative on the metric sphere in order to be consistent
with the notation of [K].

This evolution equation is a weakly parabolic system exhibiting two different
types of degeneracies: First, due to the invariance under tangential diffeomor-
phisms, the symbol is degenerate in tangential directions, a phenomenon which
is well-known from mean curvature flow and can easily be dealt with by choosing
a particular gauge.

Secondly and more seriously, the trace of the Levi form L corresponds to a
quasilinear second order differential operator # A on N2"~! as in [K. 4.1], which
acts like a Laplacian in complex directions HN := TN N € JTN of N but has
a zero eigenvalue in its symbol in the direction of T'IV that is orthogonal to HN.

After recalling the geometry of real hypersurfaces with their basic invariants
from [K] in section 2, we prove shorttime existence of solutions of (1.1) in sec-
tion 3. The proof is based on uniform a priori estimates for the curvature and its
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higher derivatives of solutions to approximating strictly parabolic systems. The
necessary evolution equations for the curvature and its derivatives are computed
with the help of commutator identities for the Kéhlerian shape operator estab-
lished in [K]. In addition to local existence we show that the solutions remain
smooth as long as both the curvature and its first derivatives remain bounded.
This result differs from standard mean curvature flow and is due to the degener-
ate parabolic structure of the flow. In section 4 we exploit the parabolic nature
of (1.1) in establishing a barrier principle for distinct solutions of the flow. We
also show that embedded solutions stay embedded. In the case n = 2, where
the Levi form reduces to a real scalar function, we prove a version of the strict
maximum principle to show that smooth, closed weakly pseudoconvex surfaces
instantaneously become strictly pseudoconvex under the evolution (1.1). This
provides a canonical approximation of such weakly pseudoconvex surfaces by
strictly pseudoconvex surfaces. We expect stronger regularity properties of the
flow in the strictly pseudoconvex case, which will be examined in a future article.
We refer to [ST] for a weak solution of (1.1) in the level set formulation.

Acknowledgement. We are grateful to Mrs. S. Schmidt for typing the manu-
script.

Remark. We wish to draw the attention of the reader to the recent work [C]
and [CM].

2. Notation and preliminaries

Here we review the notation and results in [K] that will be used throughout
this paper. For a real hypersurface F : N — C" let HN = TV N ©"JTN be
the maximal complex tangent bundle in TN. We denote by TH? and T%! the
eigenspaces for ¢ and —i of C® T'C™. The Kéhlerian geometry of a hypersurface
can be extracted from the principle bundle of unitary frames {e;}7 of F*T1:0C"
that are adapted to TN < F*TC™ in the following way: span{e,}7 * = H'ON,
span{ fo 1= €a, fa = €a, fn = 2(enten)} = CRTN. We set X; = %(eﬁ—e;),
Xntj = \%(ej —ej). It follows that X5, is normal to TN. We have the following
convention for ranges of indices: j, k,p,q € {1,... ,n}, a, B,y € {1,... ,n—1},
&Ened{l,...,n—1,1,... n—1}, a,b,c € {1,... ,n,1,... ,n}. It follows for
example that span{f,} = H"°N, span{f¢} = C HN, span{f,} = C® TN. On
the bundles HN — TN — F*TN over N we have the Levi-Civita connection
C"V and its projections YV, ¥V with connection forms ©"w, Nw, Hw and
curvature forms € Q, NQ, HQ; see [K, 2.] for their structure equations and
interrelations. In [K, 1.] Klingenberg defines a tensor ¢ on C @ T'N that takes
the role of a Kéahlerian shape operator of N — C™:

lia =0"("Vie), j=1,...,n, a=1,...,n—1,1,...,n—1,n.

Here, {67} is the dual frame of {e;}, {KQB}?_I is the Levi form of N — C",
which is hermitian on H'*N @ H*' N, {¢,3} is symmetric on H''N @ H'ON,
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and {/,,,} is a real form on C®@ TN. We will also denote by {£7,£77} the dual
frame of {X;, X,4+,} and {¢®} the dual frame of {f,}. The trace of the Levi
form is given by

L:=%7"0a.

It equals the negative trace of the restriction of the Riemannian second funda-
mental form to HN < TN, see [K, 1.4]. In addition, the total norm |A|? of the
Riemannian second fundamental form is controlled by the total norm of ¢;,:

(2.1) AP® <206, |6 = Bjallal.

We also set Kib = Lazlp and Ezb = Ea%w;&;b. One can always choose a unitary
frame {e,} of H'°N so that l,5 = 0 for a # 3 at a given point p € N. We
denote by Eﬁlb and E%b the components of the first covariant derivative of /¢
with respect to the connection on HN and T'N. Finally we note that with the

notation
HA = HVQHVeg — HVHV%QE = traceH(HV2),

(1.1) has the form

d
2 Fn.1) = HAF(p,t),

which is analogous to the mean curvature flow in [H] given by

d
—F = NAF .
o (p,t) (p,t)

3. Short time existence

The aim of this section is to establish two main existence results. First we
prove short time existence of a solution of (1.1) with smooth initial data.

Theorem 3.1. Given a smooth reqular immersion Fy : N*>"~t — C" of a closed
hypersurface in complex Euclidean space, there exists a time interval [0,tg),
to > 0, with a smooth reqular solution F : N?"=1 x [0,tq) — C™ of (1.1).

We can also show that the solution will continue to exist as long as the total
curvature and the total gradient of the evolving hypersurface remains bounded.
Notice that this result is in contrast to the mean curvature flow [H], where only
the curvature needs to be bounded to establish longtime existence. The stronger
condition here is due to the degeneracy in this flow which inhibits diffusion in
the direction normal to HN. We expect a better regularity result in the strictly
pseudoconvex case.

Theorem 3.2. There exists a maximal time interval [0,T), T > 0, admitting a
smooth reqular solution of (1.1). Ast — T, the total curvature sup |€|?(t) or its

total derivative sup |VL|(t) becomes unbounded.
t
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Remarks: i) The a priori estimates for the proof of Theorem 3.1 will also yield
a lower bound for T in terms of the initial curvature and initial gradient of
curvature, see Corollary 3.6.

ii) We will show in section 4 that for compact initial data 7" is bounded above in
terms of the radius Ry of the smallest sphere containing Ny : T < R2/4(n — 1).
iii) Since equation (1.1) is more degenerate than mean curvature flow, we cannot
expect a general smoothing behaviour like in that case and Theorem 3.1 depends
heavily on the smoothness of the initial data. However, it will become apparent
in the proof that for intitial data in C*~1!, k > 3, a solution exists in C*~ 11,
Whether some smoothing result is true, e.g., for strictly pseudoconvex initial
data, is an interesting open problem.

iv) Theorems 3.1 and 3.2 can be extended to hypersurfaces in arbitrary Kahler
manifolds, since the corresponding evolution equations for ¢;, differ only by
terms involving the given curvature tensor of the ambient manifold and are of
lower order in the estimates derived here.

To prove the two theorems we first consider smooth regular solutions of the
evolution equation for a regular F': N x [0,7) — C™

(3.1) %F =KXy, on N 1x[0,T),

with an arbitrary speed function K, and establish how the curvature changes
under this flow. Given an adapted frame {ey} of F*(-,0)T1°C", we need to de-
fine its time evolution in F*(-,¢)TH°C™ over N;. For that we extend F to a map
F: Nx[0,T) — C" x R, F(p,t) = (F(p,t),t). Then the bundle F*T(C" x R)
= F*TC"@®R over N x [0,T) can be equipped with the product metric in each
fibre and the Levi-Civita connection " *BV. In addition, {e;} is naturally a
frame of F*(-,0)(TH°C" @ 0) = F*(-,0)T"°C™ @ 0 over Ny x 0. Extend ¢"*RV
trivially to TE*(-,0)(TC" @& R) = F*(TC* ® R) ® C" @ R and set

7= F*E.(0)01).

Then Z = (K Xap, 1) is transverse to N x t for every t. Setting K,:= f, - K,
the following system of ODEs then uniquely determines an evolution for {ey}:

(3.2) Vzeq = iﬂKQen,
(33) Vzen == Z\/§K5€]
This is well posed since for every ¢, the vector Z is transverse to N X ¢ in
TF*(TC"®0). In addition by the Kahler property, this evolution gives a frame
of F*(-,t)(T1°C™ @& 0). We finally extend the frame by parallel transport along

the vectorfield X, to
TF*(T'°C™ @ 0). This implies that Vze; = V.o e; and we will often simply

write % to denote such a derivative. We claim that the above evolution implies

(3.4) &"(Lzfa) = 0,
(3.5) 0°(C" BV 4eq) = 0.
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Thus our choice of evolution for the frame {e;} ensures that the frame remains
adapted to HN; C T N, without rotating the holomorphic directions. To prove
the claim, note that (3.3) implies Vy 9, Xon = — K¢ fe — 2K, frn, and therefore
©"(VosorXan) = —2Kn, ¢ (Vo a1 Xon) = — K, which gives 2" (Va1 fa) = Ka
and implies (3.4). Also, (3.2) clearly implies (3.5). This proves the claim. In
addition, we infer the identities

1

(36) 'Ca/@tfa = §K€a§_f§ + (Kgozn + i\/iKa)fn)
1 7
(37) ﬁa/atf" = QKETLE-]%—’_E(K’_Yf’Y_K’Yf'_Y)—i_Kgnnfn

Proposition 3.3. For the evolution (3.1) of hypersurfaces, we have the follow-
ing evolution of £ with respect to the frame constructed above.

arloe = 2V2K) (far fo) +iV2(lneKa £ lnaKe — LagKy)
1
+ §K€aﬁ£n£ + Kfomfng,
0
aplna = 2 (ANV2K)(foy fa) +iV2(lar Ky — Loy Ky 4 Lon Ko — LanK,)
1
+ iKgaﬁgnn + Kéanﬁnna
0 o 3i
Eenn = 2("VK)(fa, fn) + 75(5717[(’? - En,—YK.Y)
1
+ =Kl + K (Lnn)?.

2

In the first equation, the upper sign holds if & € {1,... ,n — 1} and the lower
stgn holds otherwise.

Remark: It is easy to see that the evolution equations above only depend on
the construction of the frame on N x [0,7"), not on the parallel extension of the
frame along Xs, in the ambient space. For a different extension of the frame
to the ambient space the time derivative is then replaced by differentiation in
direction Z.

Proof. By the product rule,

0

aen(vfaej) = (Va0:0")(Vy,e5) + 0" (Vioor5.1¢5) + 0" (V5. Voyorfa)-
Using the relations (3.2)—(3.7) and the identities f,- Ko = (I V2K)(fa, fo)K +
K5l (fo)s fo - Kn = (HAV2K)(fn, fa) , we compute the above expression for
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various (a, j).
o .. VIK. 0 1 n

510 (Vicea) = —iV2K;0'(Vyeea) + 5K Leg0"(Vy, ea)
+ (Klpe = ’i\/iKg)@n(anea)
+iV2K 0" (Vgeen) +iV2 (TV2EK) (fa, fe)
+ V2K 5w (fe)

= —Z\/EKHE&X& + W

K

V2
+iV2 (IV2K)(fa, fe),

aa (Vien) = —iV2K;6(Vy,en) + §K£a§0 (Vseen)
+ (Klan +1V2K,)0™(Vy, en) + iV2EK;0™ (Vs €;)
+iV2 ('V2K)(fa, fa)

7 )
= K/lox+ =Kl ilen + —=Klonlnn
ytay 1323 \/5

23/2
- Kagnn - Kﬁga'y + Z\/i (HVQK)(fna f&)7

: 1
SO (Vgen) =~V (Vs en) + 5 KLul(V g, c0)

Ke&ﬁena

+ Kgnfgncx + EnaKf - gana

+ %(K»—m”(men) = Ky0"(Vy,en))
+ K™ (Vi en) +iV2(EV2K) (fus fn)
+iV2K;0™(Vy, e5)

7 1

= Kol + 5575 Klugln = 5 Kol

Y 93/2
1

ﬁK(zm)z +iV2 ("V?K)(fo, f)

1
+ EK'YEW/V +
— Kl

These easily imply the claims. O

We will apply Theorem 3.1 with K = L+eL”, where —L" is the Riemannian
mean curvature of the hypersurface. The parabolic nature of the equations in
Theorem 3.1 will become apparent by combining them with the commutator
equations established in [K, 4.2].
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Proposition 3.4. Let O, = % — (HA+eNA). Then

H H H
oy = a4 2L, 5 — ot )|

Ocbog = V2 |tusll
+ %zaﬁ—(e?w +2,+20,)+ %(53%5 +larl2g) — 03,
e [(VElG LY = Laal) + 162005)
Olap = V2 [loylly, — laytHoe — 2005000 + 307 )]
- %faﬁ(eiﬁ + 2+ 205,) + 2nn (05 + 03,
— A0, lnp + Lanl3,) + %(zavegﬁ + 2 ) — %(625 +02.)
+e [ix/ﬁ(gnﬁLg + Lo LY) + |ey2eaﬁ} ,
Olpe = V2 [—zemeﬁfm + %(ewe%a — 0505%,) — &an]
F (B ) = Uy 4 6) + 5 (b B+ £5,)
te [iﬁ(ﬁmLﬁ;f — Loy LY + £, LY ) + \El%n] ,
Oclnn = iﬂ(ﬁmgnnﬁ — bnylony + e’yéﬂ‘ygn - Zﬁge'yén)
+ gem(e?ﬁ + 2, + ngm) — 603 + %(e,ygegé — )
%(%L;V — by LY + gemLﬁ ) + |£|2£,m} .

Proof. Note that by definition of ¥V and 'V, as explained in section 2,

(NV2LN)(f fa) + LY Non(fa) = (PVPLN)(fj, fa) - By [K, 21] we have
N w?(fa) = wj(fa) such that in view of the commutator identities from [K,
4.0, 4.2] for YA, #A we may proceed as follows with K = L + ¢L¥. In this
computation we use Proposition 3.1 and the definition of E?ab) given in [K, 4.0].

re

0ty = (L0052 (VPR (s £3)) + @ (IV2L)(fus £3) — PAL)

*
+e(2 (YV2LY) (far f3) +2LYwi(f5) — VAL,z)
= iﬁ(anKa — ﬁnaKg — EaBKn) + %Kﬁaﬁeng
_ : H H
ot Klanlyg + V2| byl — 0070,
+ 20,5005, — Lax i) + lno s

— @nBLa + EQBL,J
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1 1
t+ 5bap(C + 6+ 200,) = S LG5 + (50 + 2nalyg)

1 2 2 3
+ E(EOC'YE’VB + éa'yé,—yﬁ) - EBO[
+ 5(‘6’26046 - LNg(zaB) + 2\/56(1,@ - L'r]:r)a

Oelap = (ﬁfa,a—2 (V2K (fa, 3)) + (2 (V2L (fa, f3) — " Alag)

ot
+e(2 (VVELY)(fa, f5) + 2Ly Nwi(fs) =V Alap)
1

- 2(£a’7€’€lﬁn + gﬁﬁg’?an)

— loaLg — logLo + eaﬁLn]
+ %ﬁaﬁ(ﬁﬂ + 0, +20,)
- %L(sz + 03+ 2anlpn) 4 2lnn (05 + (3,,)
— A0 g + Lanl3,) + %(ﬁavzgﬁ + 2, 0yp)
B+ )

+e(02bap — LN gy +iV2lap L))

0

(agna -2 (HV2K)(fn>fa)) + (2 (HVQL)(fna fa) - HAEHOZ)
+e(2 (YVELY)(fa, fa) +2L3 Yop(fa) = N Alna)

= iV2(lor Ky — bos Ky + Lnn Ko — Lon Ky,

Daéna

+ %Keaﬁe,m + Klgnlnn
+iV2| = 250 — 20, L0 — lon Ly

+ Loy Ly + %(ﬁwﬂsw - %sﬁém)}
(€ 4 £2) — %L(Zia 2, 4 2nalon)
—2(lay 2, +05,) + %(emega + 03
te(|02lan — LN )

(an)
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Dagnn = (agnn - 2<Hv2K)(fn7 fn)) + (2 (HV2L)(fn7 fn) - HAenn)
+e(2 (YWELY)(fa, fn) + 2Ly Nwp(fa) — VAL,
= i(emKﬁ — s K + %K@nﬁem + K(lon)?

V2

3
+iv2 lrnylnng — lnzlnny + §(£n"yLv — lnyLy)

+ ﬂyggﬁgn — ﬁﬁgﬂygn}

3 2
b (G + 0+ 200 = L, + (€nn)?)

2 3 nn
1
— 603, + 5(&,3@5 - 52@) +e(|PPlnn — LNE%nn))'
Further simplification immediately leads to the claim. O

The above Proposition implies the following estimate.

Proposition 3.5. Let 0 < ¢ < 1. Then there is a constant cy depending only
on n such that

Oc|0)? < =2|1EV gl + colf)*.

Proof. For two tensors S,T we denote by S 1" any tensor whose entries are
homogeneous polynomials of degree two and are linear in both S and T. We
set V= NV, then we denote by V the covariant derivative taken in direction
HN. Similarly for the connection ¥V, we have ¥V standing for the covari-
ant derivative w.r.t. 7V, taken in direction HN. With this notation, we have
(V — HV)T = ¢+ T, and Proposition 3.4 gives

Oclpa =L+ IVl + Ll l4+e(lxVE+ L5 0).

Here we also used the Codazzi-type commutator relation [K, 2.4] to replace VL
by #V gl + ¢ x . Therefore we have for any pair of indices (pa)

%wpaﬁ = (TA+eNA)lpal® =2/ IV Hlpa? + €5 b5 BNVl + 0505050

+e(=2|Vlpa|® + €5 L5 VE+Lx L5 L5 0).
Now using Cauchy-Schwarz, this completes the proof.
Corollary 3.6. If at t = 0 we have a curvature bound of the form Irll\?,x|€|2 <
0

In particular, the curvature will not blow up for

2 B
B, then Irjl\%xw < o

t€[0,cgtB7Y).

Proof. Since O, is a (weakly) parabolic operator for 0 < e < 1, we can apply the
parabolic maximum principle to compare with the solution of the ODE ¢ = ¢yg?

with initial value B, which is given by g(t) = %ﬁ)Bt. O
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We will also need to control higher order derivatives and set

V™? = Z V™l |.

Proposition 3.7. Let 0 <e <1.

(i) There are constants ¢1 and co depending only on n such that the first
derivatives of the curvature satisfy the estimate

O.|VY? < —|EV VI + c1 |V + o) 0| V|2

(ii) For each m > 2 there are constants c¢(n,m) depending only on n,m and

Nm[%x |Vl for 0 <i < m —1 such that

O V™ < BV V™2 + c(n,m) (1 + [V™)?).
Proof. Since the good Bochner-type term on the RHS will look like
— |V V™12, which doesn’t dominate the total m-th derivative of £, we need

to keep track of the horizontal derivatives in the subsequent computations.
We compute

(VosatVi, — V1. Vasar — Viajar,s.) o = (Voa:0°) (Vs fo) fe-
By (3.2),(3.3),(3.6) and (3.7), the coefficients of the RHS are polynomials of type
% VL. By (3.6), (3.7), the third term on the LHS is of type (£« £+ V) % V fj.
(Note that the term V¢ does not occur in the mean curvature flow, where the
frame is unrestrained in tangential directions. This additional term in the Levi
flow causes the cubic term in the equation for the gradient above.) We conclude,
for a tensor T,

(VosotViy, = Vi Vojor)T =L« NVUxT + (L5 L+ VE) « VT,

such that in particular
m—1

(Va/atvm — vmva/at)gpa = Z VT(Va/atv _ vva/at)vmfrflg
r=0
m—1

= Y VxVExvVTTTH
r=0

R E VAL v vl
= Z Vil Vil x Ve
i+j+k=m
+ ) VisviL

itj=m—+1
i,5>1

We also need commutator relations on C ® TN. By the Gauss-type equation in
[K, 2.1], we have V Q) = £x£. Also, when expressed as a linear combination of {f.},
the vector [fq, fp] has coefficients of type ¢. This gives (V¢,Vy, — V§, V)T =
LxNT +0x0xT.
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In addition, since (V — #V)T = £ % T, we have

HAT = (Vu+ Vg —-Vy)T
= V4T +VplsT+xVgT +0x€xT.

Therefore we compute the commutator of the horizontal Laplacian

(VP HA — BAV™) ) = (VVH — VEV™ WAV (U x Vgl + 0+ 0+ ()
m—1
= ) _ V'(VaV-VVy)V" "'Vt

r=

+ VUVl +Lxlxl)
m—1
= Y V(s VTVEL+ L L5 VIV )
r=0
+VTUxVgl+lxlxl)
= > VUxVIVgl+ Y VUxVIExVH
i+j=m i+j+k=m
= > Vi vgVier > ViV VL
i+j=m i+jt+k=m
Using then
m—1
(V" NVEVy, = YVEVL V) e = V'(VaV = VV )V
r=0
m—1

= Vs VY L 05l x VTR,

ﬁ
I
=)

we conclude for the Riemannian Laplacian

(VP NA— NAV™E= > VsV + Y Vi VixVEL

i+j=m-+1 i+j+k=m

Now, by Proposition 3.4 and the Codazzi equations established in [K,2.4], we
may write the evolution equations of the curvature as

%zpa:(HAHNA)zpaM* AVl + 0% 00
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Combining these identities we obtain for the higher derivatives of the curva-
ture

%Wm@ﬂz = |(Vosa:V™ = V"Vo,0¢)lpa
+ V" (T Al + % TNV gl + 05 05 ()
+evm NM,,Q} V"
+ complex conjugate
= (FA+eNA)V™hu|? = 2| IV EV™ lp|? — 26|V, |2
+ (Voo V™ = V"V 00) % V™
+ (V™ HEA - HAV™) 5 V™
+ VT (Ux B gl + 0505 0) « V™0
+ (VP NA — NAV™) % V™.
Hence we finally conclude, setting [V"¢|? := Y |[V™(,, |2,
p.a
O V™ = =27Vl + Y Vs IVyvie«vme
i+j=m
+ Y VUV Y VRV VR VT

itj=mt1 i+j+k=m
i1

+ 5< =2V 4 YT VR VIRV
i+j=m+1
+ Y vie*vw*vke*vme)
itj+k=m
Estimating the terms on the RHS by their absolute value and using ab <
§a? + (61 /4)b%, we then derive
0% HT V™« V| < [TV V™2 + c(n, m) €2 |V,
such that
V™2 < [TV h]? + c(n,m)([62 + V) V™
temam) > VPV
igmijlj,?;nnL72
+enm) D VPV VR

itjit+k=m
i, k<m—1

O

Corollary 3.8. (i) Let D = H]lVaX|V€|2 and 0 < ¢ < 1. There are con-
0
stants c¢3 > 0, ¢4 > 0 depending only on co(n), ci(n), ca2(n) defined
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previously such that n}\?X]VﬂQ < 2max{D,B?} for all 0 < t < t; =
min{cs B, cs D~ 1/?}.

(ii) For each m > 2 there is a constant c¢,, depending on n,m and max |Vie?,
0

1 <i<m, such that max V™% < ¢y for all 0 <t < ty.
t

Proof. (i) By Proposition 3.7 we have
OV < | VL + ol Ve

Cng
(1 - C()Bt)?”
by Young’s inequality and Corollary 3.6. Then |V/|? is dominated by the com-
parison function g(t) = k3/(1 — kot)? if k¥ = max{D, B%}, ko = max{(2cy +
2,/c2)B,\/c1 + cok1} and ty = min{c3 B~ 1, C4D_%} is chosen small enough. This
gives the desired estimate.

(ii) The higher derivative estimates follow from induction and Proposition
3.7(ii), since the interval is bounded. O

< (Cl +02))|V€]3+

Lemma 3.9. Let 0 < ¢ < 1. Then for any solution of (d/dt) F = (L +
eLN)Xo,, the induced metric Nh on the hypersurfaces Ny is uniformly equiv-
alent to the initial metric on Ny for 0 <t <1/2 .

Proof. This follows from the boundedness of |[¢|? for 0 < t < 1/2 t( as in [Ha]
since |¢|? controls the derivative of the induced metric in view of (2.1). O

Proof of Theorem 3.1. Since the evolution equation (d/dt)F = (L + ¢L™)Xy,
is strictly parabolic up to tangential diffeomorphisms for each 0 < & < 1, there
is a smooth solution F¢ with initial data Fy for 0 < ¢ < 1. In view of the
Corollary and Lemma, each solution F¢ can be smoothly extended up to t; =
min{1/2 ¢y 'B~1,c3D~/2}. In view of these uniform estimates we may then
pass € — 0 to obtain the desired solution of (1.1). O

4. Barrier principle

We demonstrate the parabolic nature of the flow (1.1) by showing that the dis-
tance between two disjoint surfaces is nondecreasing under the flow. In addition,
embedded surfaces remain embedded.

Theorem 4.1. (i) IfFj : N7 x[0,t) — C", j = 1,2, are two smooth solutions
of (1.1) with N3 N Ng = 0, then N} " N} = 0 for all t € [0,T) and
dist(N}, N?) does not decrease in time.

(ii) If Fo : N — C™ is embedded, then the solution Fy of (1.1) remains embedded
for allt €10,T).

Corollary 4.2. If Ny C B(zo, R) then Ny C B(xo, Ry) for Ry = (R3 — 4(n —
D)Y2. In particular, T < (4(n — 1)) "' R2.
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Proof of Theorem 4.1. For two hypersurfaces F; : N x [0,T) — C", j = 1,2,
evolving according to (1.1), we define the distance g : N x N x [0,T) — R by
9(p,¢,t) = |[Fi(p,t) — F>(g,t)]>. Then

P ..
59 = 2 — Fo, 1y — ) = 2(Fy — Py, AR — HAR).
Now let (p ,q ,t ) be an arbitrary point of N' x N2 x [0,T), where g(p ,q ,t ) <
g(p,q,t) for all (p,q) € N' x N2. In view of [Ha], it is sufficient to show that
(d/dt)g(p ,q ,t ) > 0. In (p ,q ,t ) we have (F} — F3)||X2,. Choose a unitary
frame {el}7™' in H'ON} at the point Fi(p ,t ) and extend it parallel along
the straight line from F(p ,t ) to Fa(p ,t ), where we get again a unitary frame
{e2}71in H'ON? . The first variation of ¢ in direction of es @ eg is then given
by

Sg(e¢ @ ef) = 2(Fy — Fy, Nveg1 — NvegFQ),

and the second variation is given by
529(eé, eg) ® (eé—, ez—) = 2lef — 6?’2 +2(F) — Fy, Nveéeé — Nvegeg).
Since X, € F;YTC" is normal to T'N,
(Xon, NV i€l) = (Xan, "V sel) = (Xon 7 AF).

g €
Therefore,

0

579(p:0:) = %g(eg ® ef) > 0.

This proves that the minimal distance between N} and N? does not decrease. To
show the second part of the Theorem, note that from Theorem 3.1 we know that
the solution remains smooth and regularly immersed as long as the curvature
and its gradient remain bounded. By the argument above, g cannot attain a
new interior minimum off the diagonal, which is the only place where it is zero
initially by assumption. Let T > 0 be the maximal time of existence of F}
and § > 0 be arbitrary. Then a uniform curvature bound |¢|* < Bs exists on
N x [0,T —¢) and g is uniformly bounded below on the boundary of a suitable
small neighborhood of the diagonal in N x N for ¢t € [0,7 — §). Thus g remains
nonzero off the diagonal on [0,7 — §). Since 6 > 0 was arbitrary, the result
follows. O

5. Maximum principles

In order to establish qualitative properties of solution to (1.1) as well as their
shape, we use the parabolic maximum principle for the operator % — HA when
applied to L and /.

Theorem 5.1. (i) —L > 0 is preserved under the flow (1.1)
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(ii) If at time t = 0 we have —L > ¢ > 0 then —L has a lower bound given by

mm

N \/1—tc/n—1)

Proof. Since Proposition 3.4 implies

d 1
<_ - HA) = Zf( nyCy — n’)’e’_y) L+ _L (ei"y + ﬁ%w + 2€3m) )

dt
the ﬁrst result follows from the weak maximum principle for E — HA. Since
2. > 515 L% wehave (& — TA) (=L) > iv/2 ((p5ey — lpyes) - (—L) — 55 L.
By comparlson with the solutions of the ODE
d 1 3
_— = 0 =

the second part of the result follows. Note that equality holds on spheres. [

While we only use a weak version of the maximum principle in the last result,
we now prove a strict Hopf-type parabolic maximum principle for pseudoconvex
surfaces in C2. As a result, equation (1.1) provides a canonical deformation of
smooth weakly pseudoconvex surfaces into strictly pseudoconvex surfaces in C2.

Theorem 5.2. Let Fy : N3 — C? be a smooth closed weakly pseudoconvex
hypersurface. Then the solution F : N3 x [0,T) — C2% of (1.1) on a mazimal
time interval has strictly pseudoconvex surfaces NP for all 0 <t < T.

For the proof of Theorem 5.2 we need a Frobenius-type integrability theorem
for certain distributions. Let U be a smooth real n-manifold and D™ C TU a
smooth distribution in 7T'U, or a subbundle of TU, with fibre dimension m < n,
and fix p € U. A piecewise regular real curve in U is called a D-curve if its
tangent spaces lie in D. Now I'(D) denotes the set of points in U which can be
connected with p by a D-curve.

Theorem 5.3. Assume that D is involutive on T'(D). Then in a neighborhood
Up of p there exist coordinates w : U, — R™, w(p) = 0, with span {8/6wi}71n =

D on {w —O}mJrl

Proof. The Theorem holds in the case that the fibre dimension m of D equals
one. We will use induction to prove it for any m < n—1. Assume it holds for any
distribution of fibre dimension m — 1. Let D = span {X;}|" and v : U, — R",

u(p) = 0, be coordinates with 9/0u' = X1, and D; = {X € D: Xu' =0} C D.

Now if X,X € Dy, then {X,X] € D on I'(D) and [X,X} = 0. Therefore

Dy C TU is involutive on I'(D). Now let Uy := {u! =0} C U, then D; |
Uy C TU; is involutive on I'(Dy) N U;. By induction hypothesis, on some
U, C Uj, there exist coordinates (v2,~- ,U”) : Uy — R" 1 w(p) = 0, with
span {8/81}’}? =Dy |U; on {v* = O}an. We can shrink U, to define a map

m iUy — Uy, mlg) =u o (0,0, u") (q),
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and new coordinates w : U, — R”, w(p ) 0, by ul, w = v om,
Jj = 2,...,n. Since span{Y1 =X1,Y; =X ( )X1}2 = D, we have
Y:,Y;] = 2ixY, on I'(D) for functions z”k : F(D) — R that are smooth on
smooth segments of curves in I'(D). Note that Yiw’ = 0 for £ = m + 1,.

so for j = 2,...,m, we have Y] (Yjwz) [V1,Y;]w* and by definition of zl]k

(ODE) Y; (Yjwz) = ziji (Vi - w ) on I'(D).
Since Y; € span {8/81}@? and w? = v¢ on Us,
(IC) Yjw® =0 on Us.

Denote by 7,2, the integral curve of Y; passing through (v, ...,0™,0, ..., 0)
€ Uy N {v* =0}7" . Then y,2 _,m is contained in I'(D). The above system of
ODEs along ,2, . ,m for the functions (Y] . we) with initial condition (IC) on
Us N {v* = 0}7,., has the unique solution Y; - w* = 0 on 7,2__,m. Therefore
on {we = 0}:14-1 , span {8/811)"}71ﬂ =span{Y;}]", and the latter equals D. O

Proof of Theorem 5.2. Suppose there is pg € N, t > 0 such that L(po,to) = 0.
For coordinates z; = @1 + ixa, 23 = x5+ ixy4 of C? let C4 be the largest z4-value
where L equals zero at t = tg, i.e.,

A= {q € N|L(q,t0) = O} C {$4 < C4}, AN {334 = 04} 75 0.

Let p € An{xz4 = C4}. Notice that the first order transport term in the evolution
equation of L as given in the proof of Theorem 5.1 involves only horizontal
derivatives of L and therefore has no component in the direction where # A is
degenerate. The strict maximum principle for degenerate parabolic equations,
see [B] and [A], then applies and shows that L has to be zero at each point (g, ¢)
which can be reached from p by curves following a direction in HN;, i.e., in
I'y(HNy) € A. In particular, C C {z4 < C4} and p € C N {z4 < C4}. By
the elliptic strong maximum principle for holomorphic curves it follows that C
C {4 = C4} N Ny, and is a subset of an affine complex line in C2. Since A
and Ny, are closed, we could repeat the above argument at a possible boundary
point of C, concluding that C can be extended in V¢, to the entire affine complex
line. This contradicts the compactness of Ny, . O
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