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Null Cones in S
hwarzs
hild GeometryThomas P. Kling, Ezra T. Newman,Department of Physi
s and AstronomyUniversity of PittsburghPittsburgh, Pa, 15260February 7, 2008Abstra
tIn this work we investigate aspe
ts of light 
ones in a S
hwarzs
hildgeometry, making 
onne
tions to gravitational lensing theory and to anew approa
h to General Relativity, the Null Surfa
e Formulation. Byintegrating the null geodesi
s of our model, we obtain the light 
onefrom every spa
e-time point. We study three appli
ations of the light
ones. First, by taking the interse
tion of the light 
one from ea
hpoint in the spa
e-time with null in�nity, we obtain the light 
one
ut fun
tion, a four parameter family of 
uts of null in�nity, whi
h is
entral to the Null Surfa
e Formulation. We examine the singularitystru
ture of the 
ut fun
tion. Se
ond, we give the exa
t gravitationallens equations, and their spe
ialization to the Einstein Ring. Third, asan appli
ation of the 
ut fun
tion, we show that the re
ently introdu
ed
oordinate system, the �pseudo-Minkowski� 
oordinates, are a valid
oordinate system for the spa
e-time.1 Introdu
tionThe purpose of this work is to develop a simple model spa
e-time in whi
h westudy gravitational lensing and the light 
one 
uts of null in�nity. These 
utsare 
entral to a re
ent reformulation of General Relativity known as the NullSurfa
e Formulation [1, 2℄. The model we 
onsider 
onsists of a S
hwarzs
hildexterior region surrounding a spheri
ally symmetri
, stati
, 
onstant densitydust star. 1
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The Null Surfa
e Formulation makes expli
it use of future null in�nity,denoted by I+, whi
h has the topology of R × S2. In an asymptoti
allysimple spa
e-time, I+ represents the future endpoints of all null geodesi
sand 
an be added as a boundary to the physi
al spa
e-time through a pro
essof 
onformal 
ompa
ti�
ation [3℄. The standard 
oordinates on I+ are theBondi 
oordinates (u, θ, φ), where u labels the R part, and θ and φ label thesphere.On I+, a light 
one 
ut is the interse
tion of the light 
one from a parti
-ular point in the interior with future null in�nity. In Bondi 
oordinates on
I+, the light 
one 
uts are given by a 
ut fun
tion,

u = Z(xa
◦
, θ, φ), (1)where for a �xed initial point, xa

◦
, the 
ut is a deformed sphere, possibly withself-interse
tions and singularities. The 
rux of the Null Surfa
e Formulationis that from the knowledge of the light 
one 
uts, Eq. (1), one 
an re
onstru
tall of the 
onformal information of the spa
e-time.The 
urrent paper explores the light 
ones from an arbitrary point ina S
hwarzs
hild spa
e-time surrounding a 
onstant density, dust star. Byintegrating the null geodesi
s in an inverse radial 
oordinate l = 1/

√
2r, weobtain parametri
 expressions for the future and past light 
ones of an initialpoint, xa

◦
, in terms of a �distan
e� l, and two �dire
tional� parameters whi
hspan the sphere of null dire
tions at xa

◦
. The interse
tion of the future light
one of an arbitrary initial point with null in�nity gives the light 
one 
uts.In Se
tion 3, we study the singularity stru
ture of the 
uts, explaining howthe singularities are related to the formation of 
onjugate points on the light
one. We show in Se
tion 4 that the equations for the past light 
one obtainedin Se
tion 2 are, in fa
t, examples of exa
t lens equations. As a spe
ial 
ase,we give the exa
t formula for the observation angle for an Einstein Ring. Inthe �nal se
tion, we show that the �pseudo-Minkowski� 
oordinates, de�nedin [4℄, form a valid 
oordinate system for the entire spa
e-time.2 Integrating the Null Geodesi
sTo begin, we integrate the null geodesi
s of a S
hwarzs
hild spa
e-time withan interior 
onstant density matter region. Sin
e we eventually 
onsider ea
hgeodesi
's limiting endpoint at I+ in order to obtain a 
ut fun
tion, we in-tegrate the null geodesi
s using a 
onformal S
hwarzs
hild metri
 whi
h is2



regular at null in�nity. The integration is performed using a �radial� param-eter l = 1/(
√

2r), so that l = 0 
orresponds to the point at null in�nity,while a �nite l > 0 will be a point in the interior.The general form for a stati
, spheri
ally symmetri
 metri
 with signature
(+,−,−,−) is given by

ds2 = f(r)dt2 − h(r)dr2 − r2dΩ2, (2)where r2dΩ2 = r2dθ2 + r2 sin2 θdφ2 is the line element on the sphere. Inour model, the fun
tions f(r) and h(r) will be 
ontinuous, pie
ewise smoothfun
tions for an exterior S
hwarzs
hild region and an interior 
onstant densitydust solution with a radius R:
f(r) =





3

2

(

1 − 2M

R

)

1

2

− 1

2

(

1 − 2Mr2

R3

) 1

2





2

≡ fint, r < R,

f(r) = 1 − 2M

r
≡ fext, r > R,

h(r) =
1

1 − 2Mr2

R3

≡ hint, r < R,

h(r) =
1

1 − 2M
r

≡ hext, r > R. (3)We assume that the radius of the interior region extends beyond the r = 3Munstable 
ir
ular orbit for null geodesi
s, ensuring that the spa
e-time isasymptoti
ally simple. Working in a retarded null 
oordinate, u = t −
∫

dr
√

h(r)/f(r), and the inverted radial 
oordinate, l = 1/(
√

2r), a 
onfor-mally res
aled version of the metri
, Eq. (2), whi
h is regular at null in�nity,is
dŝ2 = 4l2 f(l) du2 − 4

√

k(l)du dl − dΩ2, (4)where r is repla
ed in terms of the variable l and k(l) is given by
k(l) = f(l) h(l).3



It is 
onvenient to integrate the null geodesi
s �rst in a plane, and then touse the spheri
al symmetry to rotate the solution to an arbitrary orientation.The restri
tion we employ is to take a parti
ular initial point, x̃a
◦
, lying onthe −ẑ axis,

x̃a
◦

= (u◦, l◦, θ̃◦ = π, φ̃◦ = 0),and the geodesi
s as lying in the x̂-ẑ plane. To de�ne the x̂-ẑ plane, oneusually allows θ to range from 0 to π and has φ = 0 or π. In order tofa
ilitate our dis
ussion, we will not use this 
onvention. Instead, we requirethat φ = 0 and allow a variable, Θ, to range from 0 to 2π. In terms of thevariables (u, l,Θ), a Lagrangian 
orresponding to the 
onformal metri
 is
L = 2l2 f(l) u̇2 − 2

√

k(l) u̇ l̇ − 1

2
Θ̇2, (5)where dots indi
ate derivatives with respe
t to an a�ne parameter τ . Thegeodesi
 equations are

d

dτ
(2l2 f(l) u̇−

√

k(l) l̇) = 0,

d

dτ
(−
√

k(l) u̇) − (2l f(l) u̇2 + l2 f ′(l) u̇2) +
u̇ l̇

2
√

k(l)
(k′(l)) = 0,

d

dτ
Θ̇ = 0, (6)with primes denoting derivatives with respe
t to l. To solve for null geodesi
s,we impose the null 
ondition on the Lagrangian,

L = 2l2 f(l) u̇2 − 2
√

k(l) u̇ l̇ − 1

2
Θ̇2 = 0, (7)and use this equation and the �rst and third geodesi
 equations as inde-pendent equations for (u, l,Θ). After �nding some trivial �rst integrals andrearranging, independent equations for null geodesi
s 
an be written as

u̇ =
1 +

√

k(l) l̇

2l2 f(l)
,

l̇ = ±

√

√

√

√

1 − b2 l2 f(l)

k(l)
≡ ±

√

A(l),4



Θ̇ = b. (8)In these equations the sign of l̇ indi
ates whether the geodesi
 is in
oming(positive) or outgoing (negative), and the parameter b is a free integrationparameter labeling the initial dire
tion of the geodesi
. In Appendix A,we show how the parameter b is related to the initial dire
tion of the nullgeodesi
.In integrating the equations, geodesi
s whi
h are initially outgoing willhave b values ranging from zero, 
orresponding to a ray traveling radiallyoutward, to some maximum value bm, for whi
h the geodesi
 is initially tan-gent to a sphere of radius r◦ = 1/(
√

2l◦). The value of bm is the value of bfor whi
h l̇ = 0 at the point l = l◦:
bm =

1

l◦
√

f(l◦)
. (9)For geodesi
s whi
h are initially in
oming, the range in b will be from bm ba
kdown to zero. The value of l will in
rease until rea
hing some maximum value,

l = lb, whi
h is a minimum r value. The value of lb is the single (real) rootof the equation, l̇ = 0, or the root of:
1 − b2 l2b f(lb) = 0. (10)At lb, l̇ 
hanges sign, and the geodesi
s will head out to in�nity.It is 
onvenient to reparametrize the equations of motion, Eqs. (8), us-ing l instead of the a�ne parameter, and to express the solution to the nullgeodesi
 equations in terms of integrals over l. In terms of these integrals,geodesi
s on the light 
one 
onne
ting the initial point, x̃a

◦
= (u◦, l◦, θ◦ = π, φ◦ = 0),with the �nal point, xa = (u, l, Θ, φ = 0), are given by

u = u(u◦, l◦, l, b) = u◦ + (−1)ǫ
∫ l

l◦

dl′



±
1 ±

√

k(l′) A(l′)
√

A(l′)(2l′2 f(l′))



 ,

Θ = Θ(l◦, l, b) = π −
∫ l

l◦

dl′



± b
√

A(l′)



 ,

φ = 0, (11)5



where the integrals are de�ned pie
ewise over the various segments in f and
k, and the appropriate signs are 
hosen if the geodesi
s are in
oming (+) oroutgoing (−). The future light 
one is given by ǫ = 0, and the past light
one by ǫ = 1.The full solution to the null geodesi
 equations is obtained by performinga rigid rotation of the spatial plane de�ned by the path of this geodesi
 andthe ẑ axis, to an arbitrary orientation. Due to spheri
al symmetry, the light
one for an arbitrary point will be axially symmetri
 about the spatial line
onne
ting that point and the spatial origin (de�ned by r = 0). We will 
allthe angle of revolution about the axis of symmetry γ; the angle γ essentiallyde�nes an orientation of the spatial plane 
ontaining the geodesi
 and theaxis of symmetry. (In the 
ase that the initial point lies on the −ẑ axis, γis simply the angle φ.) To obtain the full light 
one from an arbitrary initialpoint, we need to rotate the solution that is symmetri
 about the ẑ axis overto the axis of symmetry de�ned by the arbitrary point. We 
an think of thisas rotating the parti
ular initial point x̃a

◦
= (u◦, l◦, θ◦ = π, φ◦ = 0) tothe general initial point xa

◦
= (u◦, l◦, θ◦, φ◦) and allowing the orientationparameter γ to take any value between 0 and 2π. This rotation is expli
itlyperformed in Appendix B.It is often 
onvenient to use 
omplex stereographi
 
oordinates, de�nedby

ζ = cot
θ

2
eiφ, ζ̄ = cot

θ

2
e−iφ, (12)instead of the angular 
oordinates θ and φ. Throughout this paper we freelyswit
h ba
k and forth between the two 
oordinate systems. An arbitraryinitial point is given in stereographi
 
oordinates by xa

◦
= (u◦, l◦, ζ◦, ζ̄◦).The full light 
one, obtained by using the rotation of the solutions ofthe null geodesi
 equations in the x̂-ẑ plane to an arbitrary initial point andorientation given in Appendix B, are expressed parametri
ally in terms ofthe parameter l as

u = u(u◦, l◦, l, b) = u◦ + (−1)ǫ
∫ l

l◦

dl′



±
1 ±

√

k(l′) A(l′)
√

A(l′)(2l′2 f(l′))



 ,

ζ(l◦, ζ◦, ζ̄◦, l, b, γ) =

(

ζ◦
ζ̄◦

) 1

2





e
i

2
γ cot Θ(l,l◦,b)

2
+
√

ζ◦ζ̄◦e
−

i

2
γ

−
√

ζ◦ζ̄◦e
i

2
γ cot Θ(l,l◦,b)

2
+ e−

i

2
γ



 ,6



ζ̄(l◦, ζ◦, ζ̄◦, l, b, γ) =

(

ζ̄◦
ζ◦

)
1

2





e−
i

2
γ cot Θ(l,l◦,b)

2
+
√

ζ◦ζ̄◦e
i

2
γ

−
√

ζ◦ζ̄◦e
−

i

2
γ cot Θ(l,l◦,b)

2
+ e

i

2
γ



 , (13)where Θ(l, l◦, b) is given by the integral in Eq. (11),
Θ = Θ(l◦, l, b) = π −

∫ l

l◦

dl′



± b
√

A(l′)



 , (14)and the 
onvention for ǫ and signs are taken as before.Eqs. (13) represent the entire future and past light 
ones for an arbitrarypoint in the spa
e-time. The light 
ones are given in terms of two parameters,
(b, γ), whi
h span the sphere of initial null dire
tions at the initial point
xa
◦
. We note that the u 
oordinate does not depend on γ due to the axialsymmetry of the light 
one.3 Light Cone Cuts and their SingularitiesWhile the light 
one from an arbitrary point in Minkowski spa
e is alwayssmooth, light 
ones in an asymptoti
ally simple spa
e-time have, in general,self-interse
tions and several di�erent kinds of singularities. These singu-larities are dire
tly related to the formation of 
onjugate points along nullgeodesi
s. A pi
torial representation of a light 
one with singularities is givenin Figure 1. Sin
e the light 
one 
ut fun
tion is the interse
tion of the fu-ture light 
one with null in�nity, it inherits the singularity stru
ture of thelight 
one. In this se
tion, we study the 
ut fun
tion in our model as arepresentative example of the Null Surfa
e Formulation.A parametri
 version of the 
ut fun
tion is obtained by setting the valuesof l and ǫ to zero in Eqs. (13):

u∞(u◦, l◦, b) = u◦ +
∫ 0

l◦

dl′



±
1 ±

√

k(l′) A(l′)
√

A(l′)(2l′2 f(l′))



 , (15)
ζ∞(l◦, ζ◦, ζ̄◦, b, γ) =

(

ζ◦
ζ̄◦

) 1

2





e
i

2
γ cot Θ(l◦,b)

2
+
√

ζ◦ζ̄◦e
−

i

2
γ

−
√

ζ◦ζ̄◦e
i

2
γ cot Θ(l◦,b)

2
+ e−

i

2
γ



 , (16)7



ζ̄∞(l◦, ζ◦, ζ̄◦, b, γ) =

(

ζ̄◦
ζ◦

) 1

2





e−
i

2
γ cot Θ(l◦,b)

2
+
√

ζ◦ζ̄◦e
i

2
γ

−
√

ζ◦ζ̄◦e
−i

2
γ cot Θ(l◦,b)

2
+ e

i

2
γ



 , (17)where the fun
tion Θ(l◦, b) is given by
Θ(l◦, b) = π −

∫ 0

l◦

dl′



± b
√

A(l′)



 . (18)If it were possible to invert the pair of equations, Eqs. (16) and (17), for band γ, obtaining the fun
tions
γ = G(ζ∞, ζ̄∞, ζ◦, ζ̄◦, l◦), (19)and
b = B(ζ∞, ζ̄∞, ζ◦, ζ̄◦, l◦), (20)one 
ould produ
e the full 
ut fun
tion in the form of Eq. (1),

u = Z(xa
◦
, ζ, ζ̄),by inserting the solution for b in terms of (ζ, ζ̄) from Eq. (20) into the u∞solution, Eq. (15).While ζ∞(l◦, ζ◦, ζ̄◦, b, γ), and ζ̄∞(l◦, ζ◦, ζ̄◦, b, γ) are single valuedin b, they will not, in general, have unique inverses�more than one initialdire
tion a
quires the same value of ζ or ζ̄ at I+. This implies that thereare singularities in the 
ut fun
tion itself and that the global inversion ofEqs. (16) and (17) for b and γ will be impossible. In su
h a 
ase, we will notbe able to �nd an expli
it 
ut fun
tion in the form of Eq. (1), but will befor
ed to work with the 
ut fun
tion in a parametri
 form.In a sense, singularities in the light 
one 
uts are pla
es where the NullSurfa
e Formulation undergoes te
hni
al di�
ulties�a natural 
oordinatesystem used in the theory is not well de�ned at these points. We now be-lieve that these di�
ulties 
an be over
ome by using a parti
ular parametri
representation the 
ut fun
tion. A primary interest here is to study thesingularities in the 
ut fun
tion.There is a 
omplete 
lassi�
ation of the stable singularities of the 
utfun
tion whi
h 
an be applied to our model, due to Arnol'd and his 
ollab-orators [5, 6℄. A stable singularity is one whi
h does not disappear under8



small perturbations. For two dimensional surfa
es, su
h as the light 
one
uts obtained by �xing the initial point in the 
ut fun
tion, there are onlytwo types of stable singularities. These are the 
usp ridge and the swallow-tail. Due to high level of symmetry in our model, any 
ut fun
tion mustbe axially symmetri
. This means that, although the 
ut fun
tion is a twodimensional surfa
e, it 
an be represented by a one dimensional 
urve whoserevolution about some axis gives the 
ut fun
tion. For a one dimensional
urve, the only stable singularity is a 
usp, whi
h implies that we will notsee swallowtail singularities in our model.In Figure 2, we give plots of three 
ut fun
tions, suppressing the axiallysymmetri
 dimension, for three di�erent values of the initial radial posi-tion, l◦. These �gures show that singularities appear as the initial pointmoves away from the spatial 
enter of the spa
e-time. A smooth 
ut of nullin�nity, 
orresponding to a 
ut from the light 
one of a point 
lose to the
enter of the spa
e-time, will be a smooth sphere-like surfa
e. Due to theaxial symmetry, a 
ut with singularities will have a 
ir
ular 
usp ridge and asingle 
rossover point. Figure 3 gives a pi
torial representations of a singular
ut.Be
ause the 
usp ridge singularity in our 
ut fun
tion is stable, it repre-sents a generi
 possibility for a 
ut fun
tion in a general spa
e-time. Spe
if-i
ally, this singularity will remain if one makes a small perturbation of themetri
 away from a S
hwarzs
hild metri
. The 
rossover point along the 
utfun
tion is an unstable singularity, arising from the high degree of symmetryin the S
hwarzs
hild 
ase, and is dire
tly related to Einstein's Rings, theastronomi
al phenomenon where a spheri
al lens 
auses lensing in a uniform
ir
ular shape [7℄. We dis
uss the rings in the next se
tion on gravitationallensing.The singularities in the 
ut fun
tion represent points whi
h are 
onjugateto the initial point xa
◦
. For a �xed xa

◦
, we 
an think of the parametri
 equa-tions for the 
ut fun
tion, Eqs. (15), (16), and (17), as a map between theinitial dire
tions of the geodesi
s at the initial point and the �nal position

(u∞, ζ∞, ζ̄∞) at I+. One way to �nd the points of I+ whi
h are 
onjugate tothe initial point xa
◦
is to �nd the points at I+ for whi
h the Ja
obian matrixexpressing the mapping,

9



J =









∂u∞
∂b

∂u∞
∂γ

∂ζ∞
∂b

∂ζ∞
∂γ

∂ζ̄∞
∂b

∂ζ̄∞
∂γ









, (21)drops in rank [9℄. For this to o

ur, all three 2 × 2 determinants must bezero.With no loss in generality, we 
onsider the 
ut fun
tion of an initial pointon the −ẑ axis. In this 
ase, the 
ut fun
tion is obtained by setting the �nalvalue of l in Eq. (11) to zero, and restoring the rotational degree of freedomby setting γ = φ∞. Thus, the 
ut fun
tion for an initial point on the −ẑ axisis written in terms of the 
oordinates (u∞, θ∞, φ∞) as
u∞(u◦, l◦, b) = u◦ +

∫ 0

l◦

dl′



±
1 ±

√

k(l′) A(l′)
√

A(l′)(2l′2 f(l′))



 ,

θ∞(l◦, b) = π −
∫ 0

l◦

dl′



± b
√

A(l′)



 ,

φ∞ = γ. (22)In this 
ase, the Ja
obian matrix 
orresponding to Eq. (21) is given by
J =







∂u∞
∂b

0
∂θ∞
∂b

0
0 1





 . (23)It is 
lear that for the Ja
obian to drop rank we must have
∂u∞
∂b

= 0, (24)and
q ≡ dθ∞

db
= 0, (25)A 
ombination of numeri
al and analyti
 
al
ulations shows that these two
onditions are satis�ed simultaneously only at the 
usp ridge shown in the10



�gures, and hen
e the 
usps on the 
ut fun
tion are 
onjugate points to theinitial point.An alternative way of dedu
ing the singular points is to 
onsider the �rstand se
ond derivatives of u∞ with respe
t to θ∞. For a 
usp singularity,the �rst derivatives are always �nite, while the se
ond derivatives diverge.Working parametri
ally in b, these derivatives are
∂u∞
∂θ∞

=
∂u∞
∂b
∂θ∞
∂b

,and,
∂2u∞
∂θ2

∞

=

(

∂θ∞
∂b

)

−2 [
∂2u∞
∂b2

− ∂u∞
∂θ∞

∂2θ∞
∂b2

]

. (26)Numeri
al 
omputation shows that the �rst derivative is �nite and non-zeroalong the 
usps in the light 
one 
ut. As written, the se
ond derivativeis indeterminant along the 
usps sin
e the term in square bra
kets is zerothere. Applying L'H�spital's rule, one sees that the se
ond derivative a
tuallydiverges as q−1.As a �nal note on the 
usp singularities, we list the behavior of sev-eral important quantities in the Null Surfa
e Formulation as one approa
hesthe 
usps along the 
ut fun
tion. All of these quantities are 
omputed asderivatives of the 
ut fun
tion with respe
t to the 
omplex stereographi

oordinates ζ and ζ̄, and have been 
omputed in this model parametri
allyfor initial points along the −ẑ axis. These derivatives are denoted by ð andð̄ [8℄. In terms of q, whi
h approa
hes zero as one approa
hes the 
usp,the behavior of some important quantities of interest are listed below for
u∞ = Z(xa

◦
, ζ, ζ̄). Quantity Behavior

ω = ðZ regular
Λ = ð2Z q−1

R = ð̄ðZ q−1

|Λ,1 | = | dΛ
dR

| 1
Ω2 = gabZ,a ð̄ðZ,b q−2

11



4 Gravitational Lensing EquationsAn important goal of gravitational lensing theory is to 
onstru
t lens equa-tions whi
h give the position of sour
es in terms of dire
tions seen by anobserver and distan
es to the sour
e. Typi
ally, lens equations are obtainedvia approximations on the kinemati
s of the null geodesi
s of the sour
e [7℄.Re
ently, a way to produ
e 
ompletely general, exa
t lensing equationshas been found, and a paper is being prepared whi
h develops gravitationallensing theory from this perspe
tive [9℄. Our model provides an expli
it ex-ample of su
h a formulation. In this se
tion we give exa
t lensing equationsfor the S
hwarzs
hild spa
e-time with a 
onstant density dust interior re-gion, and show that our exa
t equations redu
e to standard approximatelens equations. In the spe
ial 
ase that the sour
e, lens, and observer arespatially 
olinear, we give an exa
t expression for the observation angle inan Einstein Ring.In Se
tion 2, we derived the future and past light 
ones of an arbitrarypoint in the spa
e-time. Re
all that a lens equation should express the lo-
ation of the sour
e in terms of some �distan
e� from the observer, and thedire
tions whi
h the observer views the geodesi
s on the past light 
one. Theequations of the past light 
one, Eqs. (13), are su
h a set of equations. Inthese equations, the observed dire
tions are given by the parameters (b, γ),and l gives the �distan
e.� Hen
e, exa
t lens equations for our model are
ζ(l◦, ζ◦, ζ̄◦, l, b

∗, γ∗) =

(

ζ◦
ζ̄◦

)
1

2





e
i

2
γ∗ cot Θ(l,l◦,b∗)

2
+
√

ζ◦ζ̄◦e
−

i

2
γ∗

−
√

ζ◦ζ̄◦e
i

2
γ∗ cot Θ(l,l◦,b∗)

2
+ e−

i

2
γ∗



 ,

ζ̄(l◦, ζ◦, ζ̄◦, l, b
∗, γ∗) =

(

ζ̄◦
ζ◦

) 1

2





e−
i

2
γ∗ cot Θ(l,l◦,b∗)

2
+
√

ζ◦ζ̄◦e
i

2
γ∗

−
√

ζ◦ζ̄◦e
−i

2
γ∗ cot Θ(l,l◦,b∗)

2
+ e

i

2
γ∗



 , (27)with
Θ(l, l◦, b

∗) = π −
∫ l

l◦

dl′



±
b∗
√

k(l′)
√

1 − b∗2 l′2 f(l′)



 .In these lens equations, the spatial lo
ation of the sour
e is the point
(l, ζ, ζ̄). For an observer at the point (l◦, ζ◦, ζ̄◦), the observed dire
tions of12



the geodesi
 on the past null 
one are given by the parti
ular values of (b, γ)whi
h 
onne
t the sour
e and the observer, denoted as (b∗, γ∗). There may,in fa
t, be more than one set of values for (b∗, γ∗), as the pro
ess of fo
usingmay produ
e more than one �image.�Due to spheri
al symmetry, any observer may be 
onsidered as lying onthe −ẑ axis, and the sour
e may be taken as lying in the x̂-ẑ plane. We areinterested in the 
ase where the lens is situated between the observer andthe sour
e, and when the rays do not pass through the interior region of thestar. In this 
ase, the lens equations, Eqs. (27), redu
e to the single equationfor Θ whi
h was found in Eq. (11):
Θ(l◦, l, b

∗) = π −
∫ l

l◦

dl′



± b∗
√

1 − b∗2 l′2 f(l′)



 . (28)This lens equation spe
i�es the lo
ation of the sour
e in terms of the observeddire
tion of the geodesi
, b∗, and a �distan
e,� l, to the sour
e.In Appendix A, we �nd the relationship between the angle at whi
h a nullgeodesi
 
rosses the ẑ axis, the parameter b, and a position l. In the lensing
ase, this �observation angle,� denoted by ψobs, is related to the observerposition, l◦, and the observed dire
tion, b∗, by
b∗ =

sinψobs

l◦
√

f(l◦)
. (29)By repla
ing b∗ by ψobs in the lens equation, Eq. (28), the lens equationtakes a more 
onventional form, where the dire
tion parameter is the a
tualobservation angle:

Θ(l◦, l, b
∗) = π − sinψobs

l◦
√

f(l◦)

∫ l

l◦

dl′









± 1
√

1 − sin2 ψobs l′2 f(l′)
l2◦ f(l◦)









. (30)A typi
al approximate lens equation for the S
hwarzs
hild model [7℄ is
β = ψ − 2RS DLS

DL DS ψ
. (31)In this approximation, β is the Eu
lidean angle between the sour
e and the
enter of the spa
e-time, and RS = 2M is the S
hwarzs
hild radius. The13



Eu
lidean distan
es between the sour
e and lens, sour
e and observer, andlens and observer, are given by DLS, DS, and DL respe
tively. Figure 4 showsthe 
ase under 
onsideration. We now show that our lens equation, Eq. (30)or Eq. (28), redu
es to the approximate formula, Eq. (31), under appropriateapproximations.Taking into a

ount the 
orre
t signs for in
oming and outgoing rays, theright hand side of Eq. (28) 
an be written as
Θ = π − ∆(M, b∗, l◦, l), (32)where

∆ = 2
∫ lb

l◦

b∗ dl′
√

2
√

2M b∗2 l′3 − b∗2 l′2 + 1

+
∫ l◦

l

b∗ dl′
√

2
√

2M b∗2 l′3 − b∗2 l′2 + 1
. (33)Here, l◦ is the position of the observer, l is the position of the sour
e, and

lb is the value of l for whi
h the geodesi
 
omes 
losest to the lens, attainedwhen l̇ = 0. The maximum l value, lb, is, from Eq. (10), the solution of theequation
1 − b∗2 l2b + 2

√
2M b∗2 l3b = 0. (34)For 
onvenien
e, we assume that the sour
e is 
loser to the lens thanthe observer, so that l > l◦. To pro
eed, we assume that the dimensionlessquantitiesM l ≡ ǫ andM l◦ < ǫ are small and make a Taylor series expansionof ∆ in terms of ǫ:

∆(ǫ, b∗, l◦, l) = ∆(ǫ = 0, b∗, l◦, l) + ǫ

[

∂∆

∂ǫ

]

ǫ=0

≡ ∆◦ + ∆1.To 
ompute ∆◦, we evaluate Eq. (33) at ǫ = M = 0. This implies that
lb = 1/b∗ from Eq. (34). In this 
ase the integrals are all trigonometri
integrals, and we have

∆◦ = π − arcsin (b∗ l◦) − arcsin (b∗ l).Using Eq. (29) to express ∆◦ in terms of ψobs, and making a small angleapproximation, ∆◦ is given by 14



∆◦ = π − ψobs −
ψobs l

l◦
. (35)The �rst order term is given by

∆1 = ǫ

[

d

dǫ

]

ǫ=0

(

2
∫ lb

l◦

b∗
√
l dl′

A
+
∫ l◦

l

b∗
√
l dl′

A

)

, (36)where
A =

√

2
√

2ǫ b∗2 l′3 − b∗2 l l′2 + l.The derivative a
ts on both the ǫ dependen
e in the integrals and in theupper limit lb, and 
are must be taken so that there is a 
an
ellation of twodivergent pie
es whi
h appear. Using a small angle expansion in ψobs, the�rst order 
orre
tion to Θ is
∆1 =

4
√

2M l◦
ψobs

. (37)Inserting the forms of ∆◦ and ∆1 into Eq. (32) gives
Θ = ψobs(1 +

l

l◦
) − 2

√
2RS l◦
ψobs

, (38)where RS = 2M is the S
hwarzs
hild radius.To lowest order, the physi
al distan
es in Figure 4 are the inverse 
oor-dinate distan
es,
l ≈ 1√

2DLS

l◦ ≈
1√
2DL

,and from Eu
lidean geometry, Θ is related to β by
Θ =

β DS

DLS

.Using these relationships in Eq. (38) and rearranging gives an approximatelens equation
β =

DLS +DL

DS

ψobs −
2 RS DLS

DS DL ψobs15



whi
h is the standard result when DL +DLS = DS:
β = ψobs −

2 RS DLS

DS DL

1

ψobs
. (39)As a spe
ial 
ase, we 
onsider the Einstein Rings, an early predi
tionof �pre�-General Relativity only re
ently observed. If the sour
e lies alongthe +ẑ axis, dire
tly opposite the lens from the observer at β = Θ = 0, theobserver sees the image as a 
ir
ular ring surrounding the lens, or an EinsteinRing. In this spe
ial 
ase, the lens equation, Eq. (30), is an impli
it equationfor the exa
t observation angle for the ring:

π =
sinψobs

l◦
√

f(l◦)

∫ lb

l◦

dl′









1
√

1 − sin2 ψobs l′2 f(l′)
l2◦ f(l◦)









− sinψobs

l◦
√

f(l◦)

∫ l

lb

dl′









1
√

1 − sin2 ψobs l′2 f(l′)
l2◦ f(l◦)









, (40)where lb is the postive root of Eq. (34) or the positive root of
(sinψobs)

2 l2b (1 − 2
√

2Mlb) − l2
◦

(1 − 2
√

2Ml◦) = 0. (41)In terms of the future light 
one of the sour
e, an observer who sees theEinstein Ring is situated along the 
rossover line in Figure 1. Points on thisline are 
onjugate to the initial point, and the light 
one has unstable singu-larities there. The 
rossover point in the 
ut fun
tion represents a limiting�Einstein Ring� at in�nity, but the a
tual observation angle for this ring iszero, so that the ring is not observable from in�nity.5 Pseudo-Minkowski CoordinatesAs a �nal appli
ation of the 
ut fun
tion, we show that the so 
alled pseudo-Minkowski 
oordinates [4℄ form a well de�ned, global 
oordinate system forthe S
hwarzs
hild spa
e-time with a 
onstant density dust interior. In thisse
tion, we use the 
omplex stereographi
 angles (ζ, ζ̄) as 
oordinates on thesphere. 16



The pseudo-Minkowski 
oordinates are de�ned by integrals over the sphereat in�nity of the 
ut fun
tion weighted against the �rst four Ylm,
xl,m =

∫

S2

Z(xa
◦
, ζ) Ȳl,m(ζ) dS2 ≡ fl,m(xa

◦
), (l = 0, 1) (42)where

dS2 =
2

i

dζ ∧ dζ̄

(1 + ζζ̄)2is the volume element on the sphere of the null generators of I+. There is a
on
eptual problem with the de�nition of the pseudo-Minkowski 
oordinatesas stated in Eq. (42). Namely, the de�nition is ambiguous be
ause the 
utfun
tion u = Z(xa
◦
, ζ), is, in general, not single valued at I+, and so one doesnot know whi
h portion of the 
ut to integrate over.The ambiguity is resolved by using the light 
one stru
ture to pull theintegral ba
k to the sphere of initial null dire
tions at the initial point xa

◦
.To pull the integral ba
k, we must have a fun
tion,

ζ = ζ(xa
◦
, η, η̄), (43)whi
h relates the �nal angular positions at I+, the (ζ, ζ̄) to the initial dire
-tion of the geodesi
, (η, η̄) at the initial point. Given a fun
tion of the formof Eq. (43), we 
an form the determinant of the Ja
obian matrix,

|J | =
∂ζ

∂η

∂ζ̄

∂η̄
− ∂ζ

∂η̄

∂ζ̄

∂η
, (44)and transform the integral from an integral over the sphere at null in�nityinto an integral over the sphere of initial dire
tions:

xl,m =
∫

S2
◦

Z(xa
◦
, ζ(xa

◦
, η)) Ȳl,m(ζ(xa

◦
, η)) |J | dS2

◦
= flm(xa

◦
) (l = 0, 1).(45)This integral de�nes the pseudo-Minkowski 
oordinates.We would like to show that the pseudo-Minkowski 
oordinates form agood 
oordinate system by showing that the Ja
obian of the 
oordinate trans-formation de�ned by Eq. (45),

xlm = flm(xa
◦
), (46)17



is non-zero.Due to the spheri
al symmetry of the spa
e-time and the fa
t that the
x1,m = (x1,1, x1,0, x1,−1) transforms as an O(3) ve
tor under spa
e-timerotations, we 
an 
on
lude that the fun
tional form of the pseudo-Minkowski
oordinates must be

x1,−1 = X − iY = f(u◦, l◦, b, γ) sin θ e−iφ,

x1,0 = Z = f(u◦, l◦, b, γ) cos θ,

x1,1 = X + iY = f(u◦, l◦, b, γ) sin θ eiφ,

x0,0 = T = g(u◦, l◦, b, γ). (47)To test the non-vanishing of the Ja
obian, all we need to do is to take apoint of the (u◦, l◦) plane, for example φ◦ = 0, and θ◦ = π, and 
he
k thetransformation
x0,0 = g(u◦, l◦, b, γ), x1,0 = f(u◦, l◦, b, γ), (48)sin
e this part of the 
oordinate transformation represents the �non-rotational�part. The determinant, D, of interest is given by

D =
∂x00

∂u◦

∂x10

∂l◦
− ∂x00

∂l◦

∂x10

∂u◦
. (49)For points along the −ẑ axis, using b and γ as the initial parametersand the Ja
obian expressing their relationship to the angles (ζ, ζ̄) found inAppendix B, the pseudo-Minkowski 
oordinates are

xl,m =
∫

db ∧ dγ sin θ∞(l◦, b)
∂θ∞
∂b

u(u◦, l◦, b) Ȳl,m(ζ(b, γ)), (l = 0, 1)(50)where the range in γ is zero to 2π and the range in b runs fully over bothsheets of solutions. The integration over γ does not 
ause any trouble for anyof the integrals. At �rst glan
e, the 
onvergen
e of the integration over b isnot 
lear, due to divergen
es in term ∂θ∞/∂b as b approa
hes its maximumvalue, 18



bm =
1

l◦
√

f(l◦)
.These divergen
es are all of order (bm− b)−β with β < 1, whi
h ensures thatthe b integral also 
onverges. The derivatives in question 
an be written as:

∂x00

∂u◦
=

√
π
∫

db sin θ∞(l◦, b)
∂θ∞
∂b

,

∂x00

∂l◦
=

√
π

∂

∂l◦

∫

db u(l◦, u◦, b) sin θ∞(l◦, b)
∂θ∞
∂b

,

∂x10

∂u◦
=

√
3π

∫

db sin θ∞(l◦, b) cos θ∞(l◦, b)
∂θ∞
∂b

,

∂x10

∂l◦
=

√
3π

∂

∂l◦

∫

db u(l◦, u◦, b) sin θ∞(l◦, b) cos θ∞(l◦, b)
∂θ∞
∂b

=

√
3π

2

∂

∂l◦

∫

db u(l◦, u◦, b)
d

db

(

(sin θ∞(l◦, b))
2
)

. (51)The integrals are de�ned pie
ewise along the various segments of u(l◦, u◦, b)and θ∞(l◦, b). The range in b runs from b = 0, when the null geodesi
 is ra-dially outgoing, and hen
e θ∞(l◦, b = 0) = π, to a maximum value to b = bm,and, on the se
ond sheet, ba
k down to b = 0 for radially ingoing rays, where
θ∞(l◦, b = 0) = 0. The �rst integral is easily performed:

∂x00

∂u◦
=

√
π
∫

db sin θ∞(l◦, b)
∂θ∞
∂b

=
√
π
∫

db
d

db
(− cos θ∞)

= −
√
π(cos 0 − cosπ) = −2

√
π. (52)Likewise,

∂x10

∂u◦
=

√
3π

∫

db sin θ∞(l◦, b) cos θ∞(l◦, b)
∂θ∞
∂b

=
√

3π
∫

db
d

db

(

1

2
(sin θ∞)2

)

=

√
3π

2

(

(sin 0)2 − (sin π)2
)

= 0. (53)19



Therefore, when the initial point lies along the −ẑ axis, the Ja
obian of thetransformation simpli�es to
D =

∂x00

∂u◦

∂x10

∂l◦
− ∂x00

∂l◦

∂x10

∂u◦
= −2

√
π
∂x10

∂l◦

= −
√

3π
∂

∂l◦

∫

db u(l◦, u◦, b)
d

db

(

(sin θ∞(l◦, b))
2
)

,or �nally
D = −

√
3π

∂

∂l◦
I(l◦), (54)with

I(l◦) =
∫

db u(l◦, u◦, b)
d

db

(

(sin θ∞(l◦, b))
2
)

. (55)Thus, to determine if the pseudo-Minkowski 
oordinates are a good 
oor-dinate system, we only have to show that the integral I(l◦) has no extremumas the initial radial 
oordinate parameter, l◦, is varied. An extensive numer-i
al 
al
ulation shows that there are no extremum to this integral, whosevalues are plotted for many initial positions in Figure 5. In fa
t, the integralis a 
onstantly de
reasing fun
tion, whose derivative is �nite at all points l◦ex
ept l◦ = 0, whi
h 
orresponds to spatial in�nity. Sin
e spatial in�nity isnot a point in the spa
e-time, we 
laim that the determinant, D, has a �nitepositive value for all initial positions.We have shown that the Ja
obian of the transformation between the
(u◦, l◦) and (x0,0, x1,0) portions of the total 
oordinate transformation,

xl,m = fl,m(xa
◦
),is non-zero. Using the spheri
al symmetry of the spa
e-time and the inherenttransformation properties of the xl,m, we 
an 
laim that the entire transfor-mation is non-singular, or that that the pseudo-Minkowski 
oordinates are agood 
oordinate system of S
hwarzs
hild spa
e-time with a 
onstant densitydust interior.

20



A The Initial Dire
tion and the Parameter bThe parameter b, whi
h arose as a 
onstant of integration when integratingthe null geodesi
 equations, parametrized the initial dire
tion of the geodesi
.In this appendix, we 
hoose the motion of the geodesi
 to remain in the x̂-ẑplane and the initial point to lie on the −ẑ axis. The initial dire
tion of ageodesi
 is 
aptured by giving an angle, ψ, between the spatial part of thedire
ted tangent ve
tor to the geodesi
 and the ẑ axis. We are interested indetermining the relationship between the angle ψ and the parameter b.From Eq. (11), the 
oordinates of a null geodesi
 restri
ted to the x̂-ẑplane were given in terms of l by
u = u◦ + (−1)ǫ

∫ l

l◦

dl′



±
1 ±

√

k(l′) A(l′)
√

A(l′)(2l′2 f(l′))



 ,

l = l,

θ = π −
∫ l

l◦

dl′



± b
√

A(l′)



 ,

φ = 0, (56)with
A(l′) =

1 − b2 l′2 f(l′)

f(l′) h(l′)
.Up to res
aling, the (null) tangent ve
tor to this geodesi
 is

La =

(

du

dl
,
dl

dl
,
dθ

dl
,
dφ

dl

)

=

(

du

dl
, 1,

dθ

dl
, 0

)

. (57)Sin
e both the measure of angles and the length of a null ve
tor areindependent of 
onformal fa
tors, any 
onformally related metri
 may beused to 
ompute them. In what follows we use the physi
al metri
 of ourmodel, whi
h in the 
oordinates (t, l = 1/(
√

2r), θ, φ) is
ds2 = f(l)dt2 − h(l)

2l4
dl2 − 1

2l2
dΩ2 = f(l)dt2 − gijdx

idxj , (58)where f(l) and h(l) are the 
oe�
ients of the metri
 given in Eq. (3) and gijis a spatial metri
. The spatial part of null ve
tor, Eq. (57), normalized inthe physi
al metri
, is the three ve
tor21



L̂i =
1

|L|

(

1,
dθ

dl
, 0

)

, (59)with
|L| =

√

√

√

√

h(l)

2l4
+

1

2l2

(

dθ

dl

)2

.The value of the derivative dθ/dl is determined using Eq. (56):
(

dθ

dl

)2

=
f(l) h(l) b2

1 − b2 l2 f(l)
. (60)A unit spatial ve
tor pointing in the radial dire
tion is given by

r̂i =





√
2l2

√

h(l)
, 0, 0



 .The inner produ
t between Li and ri gives the angular dire
tion of thegeodesi
, namely,
gij r̂

iL̂j = cosψ. (61)After some algebra, Eq. (61) 
an be solved for b, giving our desired result
b =

sinψ

l
√

f(l)
. (62)The range in b at the initial point is determined by Eq. (62). The param-eter ranges from b = 0, 
orresponding to radially outgoing rays when ψ = 0,to a maximum value, b = bm, where ψ = π/2, ba
k down to b = 0 where

ψ = π, and again the geodesi
 travels radially. Either b or ψ may be used toparametrize the initial dire
tion of the geodesi
.B Full Angular Dependen
e of the Light ConeIn Se
tion 2, we integrated the null geodesi
s emanating from a point on the
−ẑ axis, restri
ted to the x̂-ẑ plane, in terms of a parameter l. The angularintegrals were 22



φ = 0,

Θ = Θ(l, l◦, b) = π −
∫ l

l◦

dl′



±
b
√

k(l′)
√

1 − b2 l′2 f(l′)



 . (63)We want to perform a rigid rotation of this restri
ted solution restoring thefull angular dependen
e, and allowing the initial point to be at any position.Due to spheri
al symmetry, the geodesi
 equations separate into twotime/radial equations and two angular equations. An arbitrary solution tothe angular part of the geodesi
 equations 
an be obtained by performing arigid rotation of the solution given in Eq. (63). For su
h a solution, the mo-tion will take pla
e in a new plane, but the angle Θ(l, l◦, b) will be preserved.To perform the rotation we use 
omplex stereographi
 
oordinates, (ζ, ζ̄),as 
oordinates on the sphere de�ned in Eq. (12). In terms of ζ , the solution
orresponding to Eq. (11) is
ζ(l, l◦, b) = cot

Θ(l, l◦, b)

2
= ζ̄(l, l◦, b). (64)Under an SU(2) rotation, ζ transforms as

ζ ′ =
aζ + b

cζ + d
=

a cot Θ(l,l◦,b)
2

+ b

c cot Θ(l,l◦,b)
2

+ d
, (65)where a, b, c, d are the Cayley-Klein parameters [10℄, whi
h 
an be expressedin terms of Euler angles, α, β, and γ as

a = sin
α

2
e

i

2
(γ+β),

b = cos
α

2
e

i

2
(−γ+β),

c = − cos
α

2
e

i

2
(γ−β),

d = sin
α

2
e

i

2
(−γ−β). (66)To determine the values of the Euler angles, we note that when Θ = π, thegeodesi
 is at the initial position, ζ◦. From ζ ′ = ζ◦, we have:23



b

d
= cot

α

2
eiβ = cot

θ◦
2
eiφ◦ . (67)This 
ondition �xes two of the Euler angles, α and β, to be α = θ◦ and

β = φ◦. Thus, in terms of the new initial point, ζ◦, the Cayley-Kleinparameters are
a =

√

1

1 + ζ◦ζ̄◦

(

ζ◦
ζ̄◦

) 1

4

e
i

2
γ ,

b =

√

√

√

√

ζ◦ζ̄◦
1 + ζ◦ζ̄◦

(

ζ◦
ζ̄◦

) 1

4

e−
i

2
γ,

c = −

√

√

√

√

ζ◦ζ̄◦
1 + ζ◦ζ̄◦

(

ζ̄◦
ζ◦

) 1

4

e
i

2
γ ,

d =

√

1

1 + ζ◦ζ̄◦

(

ζ̄◦
ζ◦

)
1

4

e−
i

2
γ . (68)The remaining free parameter γ gives the orientation of the plane in whi
hthe geodesi
 moves. In the 
ase that the initial point lies on the −ẑ axis, γ isthe angle φ. When the initial point of the geodesi
 is rotated to an arbitrarylo
ation, the parameter γ a
ts as an angle about the new axis of symmetryin the system.Our �nal, full solution to the angular part of the geodesi
 equations isobtained using Eqs. (68) with Eq. (65):

ζ(l◦, ζ◦, ζ̄◦, l, b, γ) =

(

ζ◦
ζ̄◦

) 1

2





e
i

2
γ cot Θ(l,l◦,b)

2
+
√

ζ◦ζ̄◦e
−

i

2
γ

−
√

ζ◦ζ̄◦e
i

2
γ cot Θ(l,l◦,b)

2
+ e−

i

2
γ



 , (69)where we have dropped the prime on ζ . The angular solution, ζ is a fun
tionof the initial point (l◦, ζ◦, ζ̄◦), a parameter along the light 
one l, and twofree parameters, (b, γ), whi
h span the sphere of initial null dire
tions at theinitial point. The dependen
e on l◦, l, and b 
omes through Θ(l, l◦, b) byintegral expression
Θ(l, l◦, b) = π −

∫ l

l◦

dl′



±
b
√

k(l′)
√

1 − b2 l′2 f(l′)



 . (70)24



When the value of l is taken to zero, Eq. (69) gives the �nal angularlo
ation of a point on I+ in terms of initial dire
tions (b, γ) and the initialpoint xa
◦

= (u◦, l◦, ζ◦, ζ̄◦). In this 
ase, we denote ζ(l◦, ζ◦, ζ̄◦, l = 0, b, γ) by
ζ∞(xa

◦
, b, γ), and Θ(l = 0, l◦, b) by θ∞. The existen
e of su
h a fun
tionprovides a mapping from the sphere of initial null dire
tions, (b, γ), to thesphere of null generators at I+. The Ja
obian matrix of the mapping is givenby

J =

( ∂ζ∞
∂b

∂ζ∞
∂γ

∂ζ̄∞
∂b

∂ζ̄∞
∂γ

)

, (71)In Se
tion 5, we use the determinant of this Ja
obian to transform integralsover I+ to integrals over the initial null dire
tions.A
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Figure 1: The light 
one of a point whi
h has formed 
onjugate points in itsfuture. The 
rossover line represents points in the spa
e-time where EinsteinRings are observed, while the line of 
austi
s are stable singularities 
onjugateto the initial point. 27



Figure 2: Three 
ut fun
tions with one dimension suppressed (S ×R). Asthe initial radial position moves away from the spatial 
enter smooth 
utsgive way to 
uts with singularities.
28



Figure 3: A 
usp ridge appears on the light 
one 
ut from an initial pointsu�
iently far away from the 
enter of the spa
e-time. Near I+, the interse
-tion of the light 
one of this initial point with a time-like surfa
e would looksimilar to this 
ut, ex
ept that the �umbrella� at the top of the 
ut would beinside the main body of the wavefront.
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Figure 4: The s
hemati
 representation of the path of a geodesi
 observedin gravitational lensing. Distan
es between the lens and observer, lens andsour
e, and observer and sour
e are shown along with the observation angle,
ψ.
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Figure 5: A plot of the integral, I(l◦), as a fun
tion of the initial radialposition shows that there are no extrema. The integral has a �nite derivativefor all points ex
ept l◦ = 0, whi
h is not in the physi
al spa
e-time.
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