Available online at www.sciencedirect.com

SciVerse ScienceDirect NuCLEARIZ]
PHYSICS

ELSEVIE Nuclear Physics B 868 [PM] (2013) 539-553

www.elsevier.com/locate/nuclphysb

Towards the ground state of the supermembrane

Yoji Michishita®, Maciej Trzetrzelewski **

& Department of Physics, Faculty of Education, Kagoshima University, Kagoshima, 890-0065, Japan
Y Max Planck Institute for Gravitational Physics (Albert Einstein Institute) Am Miihlenberg 1,
D-14476, Golm, Germany

Received 4 September 2012; received in revised form 30 October 2012; accepted 19 November 2012
Available online 23 November 2012

Abstract

The explicit, near the origin, form of the ground state of the SU(2) supermembrane matrix model is
studied. We evaluate the 2nd order terms of the Taylor expansion of the wave-function, which together with
the Oth and the 1st order terms can be used to determine other terms by recurrence equations coming from
the Schrodinger equation.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction

After more than two decades, since the formulation of the supermembrane matrix model
[1-3], the existence of the zero-energy ground state of the theory, as well as its explicit con-
struction, are still open issues. Any solution to this problem results in long-standing implications
— if the normalizable state does not exist the theory is likely to be meaningless. However even in
such worst case scenario it is still possible that the large N limit results in the function that is still
normalizable [4]. Therefore the supermembrane could make sense even though its regularization
is ill defined. Clearly, the existence of the ground state of the model has important consequences
not only for membranes but also for string theory due to the BFSS conjecture [5].
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Although there are strong indications, based on the Witten index calculations [6,7], that the
ground state exists, the fact that the spectrum of the model is continuous [8,9] makes the index
ill-defined and hence cannot serve directly as a rigorous proof of the existence of the state (for a
more detailed discussion see e.g. [10]).

There are however other techniques, not relying on the supersymmetric index, which make
the proof accessible. A notable example of this kind is the deformation technique [11,12] which
was used in a different but related matrix model (corresponding to DO-D4 bound states). Other
promising approach is based on the group averaging techniques — in particular in references
[13,14] it was shown that the question about the existence of the ground state can be answered
using a simpler model with two interacting matrices (while in the original model there are nine
of them). Such tremendous simplification was possible due to the hidden octonionic structure of
the model.

In this paper, rather than focusing on the existence, we address the question about the ex-
plicit form of the ground state. Although its asymptotic form is very well studied [15,16] the
corresponding behavior near the origin is still not known to a satisfactory degree. Performing the
Taylor expansion of the ground state about X = 0, the Oth order term (i.e. the coordinate inde-
pendent one) for the SU(2) model has been constructed explicitly [17] and proven to be unique
[18,19] which confirmed earlier symbolic results using Mathematica [20]. The 1st order term is
now also available and turns out to be unique as well [21]. Because the zero-energy state |yr)
satisfies (schematically) (3xy + X2)|¥) =0, the Oth, the Ist and the 2nd order terms are crucial
in finding the higher order terms by an appropriate recurrence equation. It is therefore important
to find the remaining 2nd order term. After summarizing notation and basic facts in Sections 2
and 3, we shall determine that term explicitly in Section 4. We find that there are two indepen-
dent terms of this sort. Since explicit expressions of those states are lengthy, we give them in
Appendix A.

2. Preliminaries

The supermembrane matrix model is a quantum mechanical system with N'= 16 supersym-
metries, SU(N) gauge invariance (in this paper we consider N = 2) and Spin(9) symmetry.
The theory involves real bosonic variables X¢ (the coordinates) and real fermionic ones 6
(Majorana spinors) withi =1,...,9, ¢ =1,...,16 anda =1, ..., NZ—1- spatial, spinor and
color indices respectively. The corresponding supercharges and the Hamiltonian of the model are

. i .

Qa:Tr<Pi7/19+5[Xi,Xj]VUO> , {Qu. 0p}=260pH, (2.1)
o

where y! are 16 x 16 real, gamma matrices such that {y?, 7/} =261 and y¥ = %[yi, yi1.

The Hilbert space consists of all the states |s) satisfying the singlet constraint

Gals) =0, Ga:fabc(xll'jpic‘i‘i@g@é), 2.2)

where P/ denote the conjugate momenta i.e. [X?, Plb 1=1i6; jS"b , and fupe are the structure
constants of SU(N). The trace in (2.1) is over the SU(N) matrix givenby X; = X7, P, = P/ T,
and 6, = 05T, where T,’s are the basis elements of the group algebra. For more details of the
model we refer to existing reviews in the literature [22,23].
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Let |) denote the conjectured ground state i.e. a normalizable vector s.t. Qy|¥) = 0. It has
been shown that [v) must be SO(9) singlet [24]. When we expand |/) in the coordinates X?:

W) =10) + X7 |of) + X[ X2 {6052) +

iz

a,, a1 ...ay
—ZX X8 ) 2.3)
n=0
coordinate independent states |¢a' a”) which are constructed by acting creation operators made

of 62 on the vacuum for those operators, play an important role. In our case of SU(2) gauge
group, classification of the coordinate independent states by representations has been given
in [19].

Zero-energy state equation Qy|¥) = 0 can be decomposed into three independent sequences

. ag...a . .
m =0, 1, 2 relating |ps T Bntmy wwith |, "Dy while the first two of those equations con-
11--13n+m .. l?(n+l)+
al‘..an>_

tain only one |¢il-~-in

y'0%|¢f) =0, (2.4)
yiga ‘4);411;2:2) =0, (2.5)

(X XYXG - Xy 6|8 )
=230+ D)X X ), 26
where n =0,1,2,.... The first three states |¢), |¢]') and |¢1%2) give the starting points for

L1
solving each sequence of equations order by order.

3. Oth and 1st order terms

The unique candidate for |¢) which we denote here by |S), has been constructed in [17,20],
and the unique candidate for |¢{') which satisfies (2.4) has also been constructed in [21]. Thus we
have the starting points for the sequences m = 0 and 1. It turns out that the explicit expressions for
these states are relatively simple if one works with states corresponding to irreducible representa-
tions of SO(9) of dimensions 44 (symmetric-traceless representation), 84 (3-rank antisymmetric
representation) and 128 (vector-spinor representation) which we denote here by |ij),, |ijk),
and |ai), respectively.! The state |«i), is Grassmann odd, and satisfies the Rarita—Schwinger
constraint (y') galai), = 0. Actions of 8¢ on these states are given by

1 . .

021700 = =3 [(r") o Bia + (1) 451 B1)a]0°, 3.1)
1 ..

05 lijk)p = ﬁ(y['f)aﬁmk]wb, (3.2)
3, . 3

eo‘fmz')b:[—z(yf)aﬁma g(w“ 95y ﬁ|jk1>a}5“”, (3.3)

1 Note the subscript a corresponding to the color index — a generic state for SU(2) will have the form |A)1]|B)2|C)3.
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where [ijk] denotes antisymmetrization of indices with the factor 1/3!.> For the Oth order term
one finds that [17]

|p) = a0|S) 34
S)y=——1lID+ ||l 1 3.5
15):=-13 |4|4| ) SIM ), (3.5
L|4| 1) :=lik)1ljk)2lij)s, (3.6)
8|4|1L 1) :=lijk)lljk)2lil)s + |Ljk)lil)20ijk)3 + [il)11ijk)2|Ljk)3. (3.7

The overall factor ¢ cannot be determined by the condition Qy|¥) = 0 — the only remaining
constraint is the norm (v |¢) = 1 which should be used to fix «g. For the 1st order term a similar
expression is more complicated however as it turns out it can be written in an elegant form when
using |S). One finds that [21]

|0%) = a1 fabcOpy'0c1S), (3.8)

where o is determined again by (Y¥|y) = 1.

The above result suggests a possibility that all the states |9;, of the Taylor expansion
of ) can be obtained as fairly simple expressions containing fermlonlc operators 6, contracted
with gamma matrices and SU(2) invariant tensors, acting on |S). This assertion, if true, implies
that there exist a gauge invariant and SO(9) invariant function f (X, ) such that the ground state
of the supermembrane can be written as

V) = f(X,0)]S). (3.9

In the following section we shall confirm that conjecture giving an explicit expression for the
second order terms.

ai.. au)

4. Construction of 2nd order terms

To give the starting point for m = 2 satisfying (2.5), we construct all the candidates for |¢;’jb )
first. For the construction the table of representations in the coordinate independent state space
(Table 1) given in [19] is quite useful. From the table we will see that there are five candidate
representations

bgij b 4ij ij ij ij
378Y1S), 5 “f’l'/)v ’¢(1)ah)’ |¢(2)ab>’ ’¢(3)ab>‘
Moreover the table tells us that there are two independent solutions to (2.5), and indeed we will
find that two linear combinations of the above five representatlons satisty (2.5). We now explain

the details of these states and solutions: |¢' » b) which satisfies |q§ b) = |/ a), can be decomposed
into the following five irreducible representations of SU(2) x SO(9):

0: |9).
0 |ged’) - 5""|¢£‘§>,

2 For the definition of states |ij)a, lijk)q and |ai), we use conventions of [21] which differ from the conventions of
[17] by normalization factors.



Y. Michishita, M. Trzetrzelewski / Nuclear Physics B 868 [PM] (2013) 539-553 543

1
(S,t): |¢g{h)>_ gsab|¢5cl‘(>s

1 .
(s,8): |¢’(ab)> 98U|¢(ab)) ub|¢’w)) 75ub5”|¢5f)v

@a)y g,

where 7, s, and a mean trace (i.e. singlet), symmetric-traceless, and antisymmetric respectively.
For example, (¢,s) stands for (SU(2) singlet) x (SO(9) symmetric-traceless) representation.
(ij) and (ab) are symmetrization of indices, and [ij] and [ab] are antisymmetrization.

For SU(2), t, a, and s correspond to spin 0, 1, and 2 representations respectively. For SO(9),
t, a, and s correspond to Dynkin labels [0000], [0100], and [2000] in Table 1 in [19] respectively.
Then the table tells us that in the coordinate independent state space,

(1) there is only one (t, t) representation (and therefore proportional to |S)),
(ii) there is only one (¢, s) representation,
(iii) there is no (s, t) representation,
(iv) there are two (s, §) representations,
(v) there is only one (a, a) representation.

We have to construct all of these representations explicitly to determine |¢;jb).
4.1. Construction of (t,t), (t,s), (a,a), and (s, s) representations

Candidates for most of the above states are given by appropriately symmetrizing, anti-
symmetrizing, or contracting indices in Oé OZ|S) and subtracting trace part, where 06’; =
917 i o¢-
€abc0"Y .

(t,0: Sapd OFOL1S),
(t,8):  Sap|o™): =aab[0§.i ol — éa"i OZ?OZ?}lS),
G0 o [Oé‘a ok - %5@0505}8),
(5.9 [P = [0“ 0}) - §3” 0Oy ~ gaabo(' ol + 217 8ap8™ OF Oi‘] 1),
@a):  |oml) = 0[1 0,{]]|S).
By straightforward calculation using (3.1)—(3.3) the followings can be shown:
0! 0!|S) = —1440S), 4.1
[0{; 0} — %aab ot 05} 1S) =0, 4.2)
as is indicated by the table in [19]. Therefore |¢/) and |¢(2)2’},) can be simplified:
97/)=[08 00 + 16087 ]|5), (4.3)

62y ) = [0“ o}) - gaaboy OZ)}lS). (4.4)
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There should be another (s, s) representation, and it will be denoted by |¢(3) ub> Before

con-

structing |¢(3) b) we give explicit expressions of |¢’f ) 1Py ab> and |p(2) ab> This needs tedious
calculation, and we have done it by using Mathematica and the package for y-matrix algebra

GAMMA [25]. o
First, the explicit expression of 0((; OZ)) |S) is given by the following:

o ..[896 448
0} 0]|s) =8" [¥|k1>1|lm>z|mk>3 — 3 [k rlkmn)aimn)s
— 80lkmn)|kl)>|lmn)3 — 80|kmn); |lmn)2|kl)31|
1 y g y
— g (11841701 kD)2kl)3 + 8961k 1 lif)alkl)s + 8961k 1k)ali)3 ]

160
+ T[|k(i>1|j)l>2|kl)3 + Lk (@)1 1k)2] )D3]

3584 o 384 .
~ g kDlk)2l D)z + = lij)ilkim)alkim)

1104 S . ,
- ?[Ik(lh | /)im)2lklm)s + |k (@)1 1klm)2] j)im)3]

+ 16[ [kl ()11 j)m)2lklm)s + [kL(i)1klm)2 | jym)3 ]
+ 128 |klm)1m(i)2| j)kl)3 + [klm)1|lm(i)2| j)k)3]
+96[|km (i) 1 [kl)2lmj))3 + lkm(i)1] j)lm)2|kl)3]

1633 , .
- Tekl---’“‘(' [Ikikaks)11kaks ))2lkokks) 3

+ |kikaks) 1 |kakske)alk7ks j))3 ],
i 1 i : :
0( 01)|S> —35—1[288( i )op () 1IBD21K)3 + o) 11B)))21kD)3)
+4448(y*0) lal)11B1)21k)))3
+ 10 112(lae(i) 1 lerk)alkj))s — lek)1ler(i)al j)k)3) ]

3 .
;g [904(y ) s (I} 11Bm)2 kim)3 + loem) 118))) 2 |klm)3)

= 5552(y*) s (IO 1 1BD2IKL))3 — leel) 1B DalkLf)3)

4.5)

— 152087 (y¥)  glad) 11 Bm)alkim)s — 12087 (yX'™)  slan)y|Bn)alkim)s

— 656(y*"™) gl (D)1 182 Ikim)3 — 1040(y ©) s lack) 1| BL)1kL))3
+ 1736(yk’(i)a5|an)1|ﬂn)2|klj)>3],

0210)|S> 01i0{)|s)||*|>1|*2>

2l#3)3—=> [*1)2]%2)30%3)1°

Gy — i nh)
03 05°18) = 0, 0y’1$) ||*1>1|*2>2\*3>3—>|*1>3|*2>1\*3)2’
i HJ) ()]
0(203) |S) = 0 02)

15) ||*1>1|*2)2\*3)3%|*1>2|*2>3\*3)1’

(4.6)

4.7
4.8)
(4.9)
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G ey — o))
0G0 18) =0 05]19)] ) 1, (4.10)

J2l%3)3—>[*x1)3]%2)11%3)2

In the above, (i ... j) just means symmetrization of only i and j, and does not symmetrize indices
between i and j. For example,

. 1 , ,
(1) aglamn 1 Brdalkli)s = S[(r'") yglemd 11 Br)alkt)s + (v*) yglan) i1 Bn)alkli)s].
“4.11)

We need the following identity to obtain the above expression of Ofi O{ ) |S):
0= €158 (|ky ko j) 1 kskaks)olkekks)s — |kikaks)1lkaks j)2lkekks)3

1 ..
+ |kikaoks)1 |kakske)alkrkg j)3) — galfe"lwkﬂklkzkg)l|k4k5k6>2|k7k8k9>3, (4.12)

which can be shown by using | jki1k2)1 = ﬁe-/klkzl“"'l"el‘"'l9 |l1l213)1.

From the above expression of 0((; OZ)) |S), we obtain |¢¥) and |¢(2);";). Explicit expression of

|¢(1)ZJL) is also obtained by straightforward calculation, and all of those explicit expressions are
summarized in Appendix A.

4.2. Another (s, s) representation

Now we have (7, 1), (t,s), (a,a), and one of (s, s) representations explicitly. Then the only
missing one is the other (s,s) state |¢(3);]b>. Let us try to construct this representation as
states made by acting 6’s on |S), although it is not clear at present if every state can be con-
structed in this way. First, let us consider classifying this kind of states with two symmetrized
SU(2) adjoint indices by the number of 8’s on |S). In the case of two 6’s, 6%y 6"|S) and
6%yi%9P|S) are possible. However it is impossible to give two symmetrized SO(9) vector in-
dices to these states. This is the reason why we did not start with states with two 8’s in the
previous subsection. In the case of four 6’s, two of four adjoint indices of 6’s are contracted,
and by Fierz transformation those contracted indices can be put into the same fermion bilin-
ear. The Fierz transformation may give additional terms which come from the anticommutation
relation of 6’s and have two 0’s. We concentrate on terms with four 6’s. Then the possible
states are

[eayijeb] [Ocyklec] |S>, [Qayijkeb] [ecylmec] |S>,
[eayl‘]gb][ecykh’nec]ls), [eayljkeb][ecylmn00]|s> (413)

Note that 8<y*0¢ is an SO(9) generator, which annihilates |S). So the first two states vanish.
If we consider states with two symmetrized SO(9) vector indices, [#¢y*EP][0¢y DK pe]|S)
is the only possibility. So |¢(2)lajb) must be proportional to this state (plus terms with less
0’s and terms for subtracting the trace part), and indeed is proportional as can be seen
from

|p2)) = —4[0%y 16<][67y76°]1S) + (terms with two 67s)
+ (terms proportional to §°), (4.14)

and the following Fierz transformation:
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[09y o] [6"y6°]IS) = — 16 - 2[9’13/(’3/"”'"2 v 6" 1[0 Yinymy0°]1S)

- 16. 6[9ay(zymlm2m3 j)eb][ecymlmznuec]'S)

+ (terms with two 6’s)

— 16[9a kl(le ][ecyl)klec]ls>

+ (terms with two 0°s) + (terms proportional to §”).  (4.15)

This shows that using four 6’s we can construct no more (s, s) representation. Next we consider
six 6 case. By Fierz transformation SU(2) adjoint indices are arranged so that we have two bilin-
ears with SU(2) indices contracted within each of them, and one bilinear with two symmetrized
free indices. For example,

|0(3)2) = [0 0, 081[0Y Py 06 ][04y 1207 ] ) (4.16)

is the only state with two symmetrized SO(9) vector indices, and its traceless part |¢(3);]})) may
give another (s, s) representation. Explicitly,

,ij 6144 ij
D311 = 3 & lkblim)zlmk)s + 215041i) 1 |kl)2[kl)3

30
+ 1—3(|kl>1|ij)2|kl>3 + kD) 11kD)21i])3)

16384 . . o . , . .
+—(|kl>1|l])2|kl)3+|k]>1|ll)2|kl)3+|kl>1|kl)2|l])3+|k]>1|kl)2|ll)3)
60416
13
52224
13

24576 .. 135168
+ T(S” |kl)1|kmn)|lmn)z —

——— (kD) 11ki)21)3 + kD)1 1kj)21li)3)

+

8" (|kmn)1|lmn)a|kl)3 + |lmn) 1 |kl)2 kmn)3)

lij)1lklm)o|klm)3

12288
(Iklm) lij)2lklm)s + |kim)y|kim)2|ij)3 + [klm)1|lmi)a|kj)3

+ |klm)1 |lmj)alki)s + kim)1|mi)2|klj)s + klm)1|mj)2|kli)3)
— 12288 (|kmi)1|lmj)2|kl)3 + |kmj)1|lmi)o|kl)s + |kli)1|lm)2|kmj)3

+ |kLj) 11Im)alkmi)3) — 3072(|kl)11kmi)a|lmj)3 + |kI) 1 [kmj)2)lmi)3)
- %(Iklihlklm)zlmj)z + |kLj)1 [klm)a|mi)s

+ |kli)|mj)alklm)s + |klj)1mi)2|kim)3)

- &(VCZ)I [lmj)alklm)s + |kj)1|lmi)a|klm)s

+ |ki)1|klm)2|lmj)s + |kj)1lklm)a|lmi)3), (4.17)
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15360

(8610 = 5 [ )aglai1BD2IKD)s + (v9) gloridi B2 1RL)3

()l 1B 121D + (7)) 1B 03]

128 000 . .
— 7 L) gl 1B )3 + (M) g ledn B2 ki3]

204800
117
— lai)1lak)2lkj)s — laj)1lok)2 lki)s ]
512

— S5 V38U (M) ylam) i B lkim)

48128 ;.
2507 0 )aglad i Bmalkim);

41216 .
= oz L DaglediiBmalklm)s + () i1 |Bm)alkim)
+ (M) lamd i B)alkim)s + (v4) lam)1|Bidalkim) s ]

8704
+ m(y“’")aﬁnam |Bj)alklm)s + laj)11Bi)alklm)s]

| 12032
3943

9728 ., . .
= 575 L0 Dag o 1BDkL s + (1) plarkr Bl)alK )]

37376
+ W(y")aﬂ[lalh |Bi)alklj)s + lal)11Bj)21kli)3

— lei)11Bl)2lkl})3 — lej) il BlY2lkli)3], (4.18)
(4.19)

[lock) 1 levi)alkj)s + leck) 1lerj)2lki)3

() gleem)i1Bm)alklj)s + (") ylam) 1| Bm)2 |Kli)]

|¢(3)22> |¢(3)” ||*l Yil2)2l#3)3—> [*1)2l*2)31%3)1°

(4.20)

)
|¢(3)32 |(25(3)11>’|>'<1)1|*2 )21#3)3—> *1)31%2) 11%3)2°
)

)=
[#(3)5) = |9(3) 1
[#a51) =
Unlike |¢(2)lljl) |¢E3)11J1> does not have terms in the form of |kikoks)1|kakske)a|k7kgko)s.
This shows that |¢(2)a ») and |¢>(3)a b) are independent of each other.

Noting that 99y, 6% is an SO(9) generator, we obtain

421

||*l J1lE2)2l#3)3— [1)2l*2)3|*3)1°

;oij
|¢(3) 12>’|*l>l [*2)20%3)3—>*1)3]%2)11%3)2" (4.22)

}¢£3)’a]a> — 72[9Cy(in2n396‘] [Qdyj)n2n3 ed] | S) _ 851] [Qcannznﬂc] [Qdynln2n3 ed] | S) )
(4.23)
This shows that |¢£3) ﬁfa) =0, and therefore |¢E3) Zib) isin (s, t) representation. However there is no
(s, t) representation in the table in [19]. This means |¢E3);’b) 0. The above explicit expression

of |¢(3)a b) indeed satisfies this, and the traceless part |¢(3)ab) is defined by

|b1y) = |4’<%)ab) ‘Sab |¢£3)lc]c> (4.24)
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Let us make another check on the above expression of |¢E3);jb): |¢£3)£{;1) gives a (¢, s) represen-

tation, and since this representation must be unique, this must be proportional to |¢'/). Indeed,
|¢(3)da) = —288|¢p). (4.25)

Explicit expression of |¢(3);jb) is given in Appendix A.
4.3. Solutions to Schrodinger equation

Next we construct solutions to zero-energy Schrodinger equation (y/6%), |¢;]b) = 0. The left-
hand side of this equation has one vector index and one spinor index of SO(9), and one adjoint
index of SU(2). This SO(9) representation can be decomposed into a vector-spinor (128) and
a spinor (16) representation. According to the table in [19] there is a unique spinor representa-
tion, and there are two independent vector-spinor representations. Therefore this equation can

be decomposed into three equations for those three representations. |¢;Jb) is given as a linear
combination of five states we have constructed:

[650) = 1808715 + 280 9") + 3l ) + caldiargh) + es B i) (4.26)
and three of those five coefficients ¢; can be determined. This means that we have two indepen-
dent solutions to the Schrodinger equation.

First we show ¢; = 0 with a shorter calculation: Since (Qbyfyie“ﬂqb;jl‘,) = 02091911 ) +
Oy I10%)|d,) = OL0S161L) + (0009 |¢y), four of five states ), 1@ ay)s 1By
and |¢(3).7,) do not contribute to (8°y7y'6%)|¢.,), as can be easily seen from the symmetry of
indices. Therefore (Qbyjy59a)|¢i][;) =0 gives c; =0.

Then we deal with (y69), |¢Z7) = 0 directly. The coefficients of independent states in explicit
expression of (' 0“)a|¢z7> must give only two independent equations for ¢;. There are more

than 40 independent states in (y'6%), |¢;Jl'7), and we have checked that all of them reduce to the
following two equations:

7 31
= %C4 + 240cs, c3= 56‘4 — 96cs. 4.27)
Then we obtain two independent solutions:
35019+ 351eab) + 9210 (4.28)
240845 |9 ) = 96|d(1) ) + |31 (4.29)

5. Discussion

Zero-energy states of supersymmetric models can often be found explicitly due to the fact that
they satisfy first order differential equations. It is clear however that for A = 16 supermembrane
matrix model this simplification is not enough to find the corresponding wave-function — it seems
not likely that one can just guess the form of the state. For this reason the Taylor expansion
approach initiated in [17] is a natural step forward. The 2nd order terms, determined in this
paper, together with the Oth [17] and the Ist [21] order ones complete the initial conditions
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needed to solve the recurrence relation (2.6) for all higher terms. It is therefore a crucial step
towards finding the ground state by this method.

We conjecture that the ground state can be written in terms of variables X and 6 acting on |S)
as in (3.9). This statement is true for the Oth, 1st and the 2nd order terms and since they provide
the initial conditions for the recurrence relation (2.6) it is very likely that it holds for all other
terms.

Although the numbers of representations necessary for constructing solutions to zero energy
Schrodinger equation increase as we go to higher order, we have found that it is not so time-
consuming to solve the equation at each order with present PC’s in the case of SU(2) gauge

group.
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Appendix A. Summary of results

In this appendix we give a summary of explicit expressions of |¢%/), |¢(1)2"b), |¢(2)2"b), and
16G)ap)-

97} :=[0¢ 0f + 1606 ]5)

1
= E[_992(|l])1|k1>2|k1)3 + |kl)11ij)2lkl)3 + |kl)l|kl>2|l])3)

+96(Iki)1|Lj)2lkD)3 + |Lj)11kD)2lki)s + k)1 |ki)2|l))3

+ [kj)illi)alkl)3 + i) 1 |KD)2 kj)3 + kD)1 1kj)2lli)3)

— 648" |kl)1|lm)a|mk)3

— 4488 (|kmn)1|lmn)|kl)3 + |lmn)1|kl)2|kmn)3 + k)1 [kmn)2|lmn)3)
+ 384(|klm) 1 |klm)2|ij)3 + |klm)1ij)2|klm)3 + |ij)11klm)2|klm)3

+ |ki)1|klm)o|imj)s + |klj)1Imi)a|klm)s + |klm)i|lmj)a|ki)3

+ |kj)1lklm)a|lmi)s + |kli)y|mj)alklm)s + |klm)y|Imi)2]kj)3

+ |ki)1|lmj)alkim)s + |klm)i|mi)a|klj)s + |kij)1kim)a|mi)s

+ |kj)11lmi)o|klm)s + |klm) 1 mj)2|kli)3 + |kli)y |klm)2|mj)3)

+ 1248(lkmi) 1 [Imj)2 kD)3 + [Imj)1|kl)2|kmi)s 4 |kl)1 | kmi)a|lmj)3

+ [kmj)y|lmi)a|kl)3 + |lmi)y |kl)2lkmj)3 + |kl)y|kmj)a|lmi)3) . (A.)

b1y y) = 0L O}]1S). (A2)



550

|¢<1>§jz> =

|¢<1>¥3> =

b3 =
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160 )
— 5 (1) g (i D1 B2k} — a1 1B D21k} 3)
112 )
+ «/gl:T()/kl[l)aﬁ(mle|/3m)2|kZIn)3 — |lam) |,3j])2|klm)3)

32
= 25 (7 (LN BN KL D3 + a1 Bli)21k1j1)3)
304
27
272
81

. 40 ..
(™) gglect|Bm)alkim)s — <= (y!")  leen) 1| Br)2lkim) s

416
(P gglalidi 1B 2lkim)s + == (v¥) gl |ﬁl>z|kij>3],

27
ij
|¢(1) 12>||>k1)1|>k2)2|*3>3—>|>!<1)2|*2)3|*3)1 ’

[$ay )]
W12/ 1)1 [x2)2l43)3— [*1)31%2) 1 1#3)2 "

[®@1ap) = [0((2 0}) = 80 05)}|5>~

|¢<2>’i’i )=

3
32 y . iy
E(Iklhlkl)zllj)s + [kD)11ij)2lkD)3 = 21ij)11kD)2|kD)3)
944 . . : : N
+ E(Iklh Lj)2lkl)3 + |kj)1lkD)2li)s — 2[kD)1]li)21k])3

+ ki) 1lli)alkl)s + ki) 11kD)21Lj)3 — 21kD)11Lj)21ki)3)
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(A3)

(A4)

(A.5)

(A.6)
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39
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13
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KL fomialim)s -+ K im)alkm)s — 21kd) mj)alkm)s)
2 (k) imidalk s + ) m 2 K1)

- Kim) i alKL ) + [kl m )2 K1)

— 22Kt )l s -+ 1K) k) i
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