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Abstract

The canonical formulation of d =2, N = 16 supergravity is presented. We work out the super-
symmetry generators (including all higher order spinor terms) and the N = 16 superconformal
constraint algebra. We then describe the construction of the conserved non-local charges associated
with the affine Fy(49) symmetry of the classical equations of motion. These charges are shown to
commute weakly with the supersymmetry constraints, and hence with all other constraints. Under
commutation, they close into a quadratic algebra of Yangian type, which is formally the same as
that of the bosonic theory. The Lie-Poisson action of Fy(;9) on the classical solutions is exhibited
explicitly. Further implications of our results are discussed. (©) 1998 Elsevier Science B.V.
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1. Introduction

Maximal d = 2, N = 16 supergravity is the most symmetric of all known field theories
in two dimensions, and therefore of special interest in many ways. It is classically
integrable in the sense that its equations of motion can be obtained from a linear system
[1-3]. As first argued in [4] on the basis of a general analysis of the hidden symmetries
arising in the dimensional reduction of d = 11 supergravity to lower dimensions [5,6],
the space of associated classical solutions admits an Eg(9, symmetry generalizing the
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Geroch group of general relativity. > Its high degree of symmetry, the emergence of a
maximally extended superconformal structure and the natural appearance of exceptional
groups of E-type indicate that this theory is destined to play a prominent role in
the search for a non-perturbative and unified theory of quantum gravity encompassing
superstring theory and d = 11 supergravity.

In this paper we present the canonical formulation of d =2, N = 16 supergravity and
analyze its symmetry structure within the canonical framework. After a brief description
of the Lagrangian and equations of motion, we set up the canonical formalism and derive
the complete expressions for the N = 16 constraint generators of local supersymmetry.
These results allow us in particular to complete the proof that the linear system of
Refs. [1,2] — which is at most quadratic in the fermionic fields ~ generates all the
necessary higher order fermionic terms in the equations of motion. That is, the integrable
structure of the model extends through all fermionic orders. We then proceed to work
out the N = 16 superconformal constraint algebra, which is not of the standard type.

In the second part of the paper, we analyze the integrable structure of the model on the
basis of an infinite set of conserved charges and their algebra. These non-local charges
are determined via the transition matrices of the linear system. They are shown to
commute weakly with the supersymmetry constraints, and hence the full gauge algebra;
therefore they yield an infinite set of observables. We examine the canonical algebra
that is generated by the non-local charges, exploiting the fact that the final result of
this calculation is unambiguous - unlike the corresponding calculation for flat space
integrable models of this type, which is plagued by irresolvable ambiguities (see e.g.
Ref. [7]). It is quite remarkable that the Yangian algebra which one obtains turns out
to be the same as that of the purely bosonic model. This enables us to take over the
analysis of Ref. [8] entirely.

The connection of our results with previous ones on the affine Eg(49) symmetry of
the classical solutions is finally established by defining the Lie-Poisson action of the
non-local charges on the physical fields. This coincides with the known symmetry action
on the fields and their associated dual potentials. The main advantage of the canonical
realization of the affine symmetry is that in this way we gain complete control over the
deviations of the symmetry action from a symplectic action. This issue is of particular
importance when one studies the quantum mechanical realization of the symmetry. We
believe that our results open new and promising perspectives for the exact quantization
of d = 2, N = 16 supergravity, as it is known at least in principle how to quantize
Lie-Poisson actions [9,10]. In particular, they confirm the relevance of Yangian-type
deformations of ey for the classification of physical states in the quantum theory.

Our results could also be relevant in connection with recent developments in non-
perturbative string theory. There are fascinating topics for future research in this direc-
tion, such as the search for possible analogs of D-branes, which would require reconcil-
ing the action of the Geroch group with boundary conditions other than asymptotically

3 Following standard usage, we will designate by Eg(.9) the relevant non-compact version of the affine Lie
group Ey. However, most of our results will concern the associated Lie algebra, which we denote by ¢o.
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flat ones, or the investigation of the possible relevance of the symmetry structures found
here for duality symmetries in non-perturbative string theory.

2. N = 16 supergravity in two dimensions

The Lagrangian and equations of motion of d =2, N = 16 supergravity are most con-
veniently derived by dimensional reduction of N = 16 supergravity in three dimensions
[11] as described in [1-3]. Let us first recall its field content. In the gravitational sector,
we have the zweibein e and the dilaton p, both of which originate from the dreibein
of d = 3, N = 16 supergravity. The Kaluza-Klein-Maxwell field A, which is also part
of the dreibein, is conventionally set to zero. It does not carry propagating degrees of
freedom, but may have non-trivial holonomies on a topologically non-trivial world-sheet,
and could give rise to a cosmological constant in two dimensions. Although we neglect
such effects here, this field cannot be completely ignored because its elimination gives
rise to extra quartic spinor terms which do contribute to our complete expression for
supersymmetry constraint below.

The dilaton p satisfies a free field equation (in the gravitational background provided
by e,), and this permits us to introduce its dual “axion” p

up+€ud’p=0. (2.1)

The partner of the dreibein, the d = 3 gravitino, gives rise to a gravitino in two
dimensions and a “dilatino” according to the decomposition ¢! = (¢, ) (in flat
indices), both of which transform as the 16, representation of SO(16).

In addition to these non-propagating fields, there are 128 physical scalar fields and
128 physical fermions transforming in the left and right handed spinor representation
of SO(16), labeled by indices A and A, respectively. The chiral components associated
with the 128 propagating fermionic degrees of freedom are designated by ,\/i (see
Appendix A.l for our spinor conventions). The scalar sector is governed by a non-
linear Eg(.g),/SO(16) o-model. Le. the scalar fields are described by a matrix V(x) €
Es(+8)/SO(16) representing all 128 propagating bosonic degrees of freedom.

For the Lagrangian and the equations of motion we need the decomposition

V719,V =100 x" + PivA, (2.2)

where X% and Y are the algebra generators of eg, see Appendix A.2.
The composite gauge field Ql’[ serves to define the SO(16) covariant derivatives by

D' =" + 0.y’

Dux*=dux* + 101 Iy x",

DuP}=3,P} + 30, T35P) (23)
and the field strength

op, =8.0 — a0, + QX 0k — 0)f ok . (2.4)
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From (2.2) one reads off the integrability relations (valid in any dimension)
A
Dy, PA =0, N+ ArEPAPE=0. (2.5)
The Lagrangian of d =2, N = 16 supergravity can now be directly obtained from the
one given in [11] and reads
—] s ‘ i
L= —%peR + pe’“’tpzD#w,f — %1pe7Ay“D#XA + }peP“AP:
—3peX Y YT (PE — Sipexty yyiI! PR (2.6)
up to higher order fermionic terms. The associated action is manifestly invariant un-

der general coordinate transformations in two dimensions, as well as local SO(16)
transformations

8,0 =D oV = Ju0 + QlILKwKJ _ QlJLKwKI ’

u L =4Ik PY

Suth! =y’

8o Xt =3I 0" X%, (2.7)
with the SO(16) parameter 0’/ (x) = —w?’(x).

For our further considerations we employ the superconformal gauge

el =ASL. =iyl (2.8)
We will also make use of the fields

o:=logA, G =0 - 1log(d,pi_p) . (2.9)

The redefined field & transforms as a genuine scalar under conformal diffeomorphisms,
whereas A itself is a density. The gauge choice (2.8) must be accompanied by the
following rescaling of the fermion fields:

D e S A A e (2.10)

Then the conformal factor A disappears almost entirely from the Lagrangian, except for
the Einstein term which in the conformal gauge becomes

—ipeR=—19,pi"c. (2.11)

As a consequence the theory would be conformally invariant if it were not for the
remaining o dependence of this term. Similarly, the superpartner ¢! of o does not
completely decouple in the gauge (2.8), as it would in a superconformally invariant
theory. Still, we can from now on drop the distinction between flat and curved indices
M, ...and «,... We remark that there is no problem of principle in keeping the depen-
dence on topological degrees of freedom which are eliminated by (2.8) (i.e. the moduli
and supermoduli on the world-sheet); the requisite formalism has been set up in [3],
building on earlier results in [12,13].
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We next list the equations of motion in the superconformal gauge (2.8). Utilizing
one-component spinors (see Appendix A.1), the fermionic equations of motion read

DL(p' x4y =F1p Ml T PL,
D:i:‘//q: 2X:FFI Pj: s
D+ (py;+) =0, (2.12)

modulo cubic spinor terms. The equations of motion for the physical scalar fields are

Dy (pP*) + D_(pP}) =2 ,D_(pyd  x*) — 2" ;D (p¥}_x*)
+2ipT’ PB¢2+«//+ ~2ipI¥, PRyl _y?
+Lipris P2 x BX+ + Lipri, pE A I‘ABX_,
a+0~6=8+8_0=—%PfPf—i(X+D_X++X_D+X’l> , (2.13)

modulo quartic spinor terms.

The equations listed so far originate from the variation of those fields which survive
the superconformal gauge fixing. There are, however, two more equations that follow
by variation of the traceless modes of the metric and the gravitino, both of which are
put to zero in the superconformal gauge. These are the constraints

Toy=3pPLPL — d1pdsd FipPLI ol X8 —ipxiDixt
FiglDi(pyl ) Fipys  Digpl =0, (2.14)
SL=4D(py) ) — pdra i, T pX il PL £ drpyl =0, (2.15)

which will be seen to generate conformal and superconformal transformations, respec-
tively. For this reason, they enjoy a somewhat different status from the previous equa-
tions: the equations setting them to zero must be interpreted as weak equalities in the
sense of Dirac (indicated by the symbol “~”). Like in superconformal field theories
the derivatives of these constraints vanish strongly:

dxTyy =DxSL =0, (2.16)

While we do not include the cubic spinor terms in the above equations, we will give
the complete terms below in the canonical expression for the supersymmetry constraint.

The superconformal gauge (2.8) is preserved by local supersymmetry transformations
with chiral parameters €/, obeying

Diel =0, (2.17)
again modulo cubic spinor terms. Up to such terms, the supersymmetry variations are
given by

VleLy = ¢21ei,\/if’ Y4, 8i,yi = ;eitl‘/’MPj: ,

Syp = 2ipelys ., Siy¢s, = p loypel, (2.18)
Sr0 = :F2i6!tl/1:lt s Syihy = F (Dzlteg: +aio'e’i) .
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The superalgebra generated by these transformations can be regarded as an N = 16
superconformal algebra, but it is distinguished from the standard superconformal algebras
(which stop at N =4) by the fact that it is a soft algebra (i.e. it has field-dependent
structure “constants”). This is one of the reasons why, despite the evident similarities
with superconformal field theories, N = 16 supergravity belongs to a different class of
models. There is no immediate analog of the left-right (holomorphic) factorization of
conformal field theory because N = 16 is not a free (or even “quasi-free”) theory.* We
will recognize this feature again when analyzing the constraint algebra.

We conclude this section with some comments on the physical interpretation of the
fields p and p, which play a special role. As is well known, one can invoke the residual
conformal invariance of (2.8) to identify these fields with the world-sheet coordinates
at least locally. This gauge, which is the precise analog of the light-cone gauge in string
theory, is complemented on the fermionic side by the elimination of the dilatino ¢} from
the equations of motion by means of the residual superconformal transformations (2.18)
[ 1]. For stationary axisymmetric solutions of Einstein’s equations (Euclidean signature
of the world-sheet), one traditionally takes p > O as the radial variable and § as the
coordinate along the symmetry axis [15]. For the Minkowskian signature considered
here, more and physically distinct choices are possible. Depending on whether the vector
d,.p is spacelike or timelike, we can either identify p with the radial and 5 with the time
coordinate (Einstein-Rosen gravitational waves [16]), or p with the time and p with
the space coordinate (in which case there is a “big bang” singularity at p =0 | 17]).
However, one can also envisage more general situations with alternating signatures, as
well as world-sheets of non-trivial topology.

From a “stringy” perspective, on the other hand, p and p should be treated as (quan-
tum) fields living on the world-sheet, whose vacuum expectation values would be
associated with coupling constants of the theory. The Mdbius subgroup of the hidden
Witt-Virasoro symmetry of the theory [18-20] is then analogous to the strong-weak
coupling duality in string theory.

3. Canonical brackets

The derivation of the of the canonical brackets from the action (2.6) is straightfor-
ward, except perhaps for the technical complication that the presence of second class
constraints necessitates a Dirac procedure.

In the gravitational sector we have the canonical momenta

27y = P, 27, = doo .
In order not to overburden the notation, we will set
dyo =m,+ 1010, dpp=ms £ 30ip, (3.1)

* However, there is an analog of holomorphic factorization within the framework of isomonodromic solutions
[14].
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in the formulas below. Furthermore, we will be exclusively concerned with equal time
brackets at a fixed but arbitrary time ¢t = x°, and will therefore not explicitly indicate the
full coordinate dependence, but only spell out the dependence on the space coordinates

r=xl,y=y.
The equal time brackets for the dilaton p and the conformal factor ¢ are given by
{p(x), m(N}={o(x), 7a(M)}=06(x~y). (3.2)

Duality implies that

{A(x), 10 (y)}=28(x~y), (3.3)
and

{0xp(x) . 0x0(y)} =28 (x~y),  {dxp(x),050(y)}=0, (3.4)

where derivatives on the & function are always understood to act on the first argument.
Later, we will also introduce a spectral parameter ¥ (see (5.3)) depending on both p
and g. In the canonical framework, this spectral parameter becomes a canonical variable,
and thus an operator upon quantization.

To obtain the canonical bosonic Poisson brackets in the o-model sector, we introduce
conjugate momenta /I to the canonical variables Q; and Pj,

v 8 a8
8(80017) 8(doP)
with
{OF (%), T* (»)} =8¢, 8(x—y), {P(x), TPy} =8"28(x—y).

(3.5)
Taking into account the zero curvature condition (2.5), the Lagrangian (2.6) yields
- . —A .=
qIl+ [V'a v, O] =4 pPdy* + Lip Il X yipd Y + o9 viy) XV
_% ip Tiyox? rgJBXIJ ,
where [T is given by
T=-—mx" 1+ [mAyA.
Solving the above relations for P!, we arrive at
2 . i . i
Pf= 5 (DT + IV T PPY + 20 g x4V =20 s _x2Y4. (3.6)
Furthermore, we deduce the (first class) SO(16) constraint:
¢1./ - D[Hll + iF,{QJBP]AHB

—2ip ( Vgl — w‘_’wz”_) — Yipr?, (xix‘i + xéxé) ~0. (3.7)
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which generates the gauge transformations (2.7). From (3.6) we obtain the bosonic
brackets in the o-model sector:

1
{PL(x).V(y)}= ;vaf‘ S(x—y),

1
{Pd(x), 0V ()} = i PES(x—y),

Lo
p(x)y  p(y)

| 1
{P;‘(x),Pﬁ(,v)}:xE i {’6<x—y>¢§< ) 8488 (x —y)

i
2 e (20503, — 20003+l s+ 9 ) 8(x—y)
~ iy, (rixd + x2x®) 8x—y)
8p ABT jp \A+A+ ~X =
1 1] 1]
+47§ Tjg®” 6(x—y),
1 1
{PL) PR} =55 a1p 8% 8(x = y) + 15 Tl 8(x = )
i
5, s (W =2y yvs il yi) S(x - )
—g5 Tas iy (xixﬁww’ix‘_’) S(x—y), (3.8)
p
1 . . )
{PL aso (0} =~ (B +0h (Whoxd —0d_x2)) 6 =),

1 . ' '
(PG azo 0} =~ (P +1Th (Whax i x2)) 6Gr—»). (39)
In the fermionic sector we find the following Dirac brackets
(¥l .o }= _ L sy,
2p

{«//’i(x),wgfi(y)}qzip 8 8(x —y). (3.10)

Owing to the explicit appearance of the bosonic fields in the fermionic second class
constraints there are also non-vanishing mixed brackets

{m0 =5 xdet-y.
1
{w,,(x),«/féi(y)}=;¢£i6(x—y>, (3.11)

while the form of P in (3.6) gives rise to

: 1
{Bh o Ao = r g st — ).



218 H. Nicolai, H. Samtleben /Nuclear Physics B 533 (1998) 210-242

1 .
{P$(x) ,wi(y)}=—;rggxi6(x—y>. (3.12)

Alternatively, the necessity of (3.11) can be inferred from the presence of p on the
r.h.s. of (3.10).

The above brackets are slightly simplified when written in terms of canonical variables
with vanishing mixed brackets. For this purpose, we introduce

By = pPy —2ipys XAl +2ipys_xAr,, (3.13)
together with

PR=L(RtxPM.
These are the variables which commute with all the fermions and with d1o. Moreover,

we notice that ¢’ and the rescaled fermions py] and p'/2 x4 commute with 7r,, and
hence dLo as well.

4. Constraint superalgebra

In this section we establish the constraint superalgebra underlying the superconformal
transformations (2.18) which remain after imposing the superconformal gauge (2.8).
They are shown to close into a superconformal algebra which in addition contains the
conformal transformations generated by (2.14) and the SO(16) gauge transformations
(3.7).

Our most important result in this section is the expression for the supersymmetry con-
straint generators S, (4.2) below, which is complete and includes all cubic fermionic
terms. This is the crucial operator because all other constraints can be completely de-
termined from the commutator of two supersymmetry generators (in principle we could
thus compute the quartic spinorial contributions to Ty, but the explicit expressions
are not very illuminating). In the next section we will make use of these results and
demonstrate that the integrals of motion associated with the affine Eg(y9y symmetry
of the equations of motion weakly commute with the supersymmetry constraint. This
calculation provides a stringent consistency check on the correctness of the cubic spinor
terms in S%,.

As discussed above, the energy momentum (Virasoro) constraints 744 descend from
(2.6) before going into the superconformal gauge (2.8). For the determination of
canonical brackets and the constraint algebra it is, however, necessary to express Ty
and the other constraints entirely in terms of canonical variables. In other words, all
time derivatives implicit in the derivatives d1 must be converted into momenta and
spatial derivatives of the canonical variables by means of their equations of motion.
More specifically, the fermionic equations of motion (2.12) can be invoked to derive

Ds(p'*x3)=£Dy(p'?x}) £ 5o Ppi T PE,

Dyl =Dl — sx4 T, PE,
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Di(pyd ) =+Di(pyl L),

where the Lh.s. is to be replaced by the expression on the r.h.s. before computing any
bracket. The resulting form of the constraint will be referred to as the “canonical form”.
Nevertheless, writing the constraints in “non-canonical” form (2.14), (2.15) has the
advantage that the conformal covariance properties become manifest. Consequently, we
will use both forms of the constraints according to convenience.
The canonical form of the energy momentum constraint is given by
Tes=LpPLPY —9rposo+ Yoaep FipPiT! yl 8
FipxiDixh — iDi(pYiy) —ipPs D1 (Y)) | (4.1)
again up to quartic fermionic terms. The supersymmetry constraint reads in canonical
form
SL=£Di(pY} 1) — pdro iy T px AT PL +drpyl
Fippl x+T" xx — 5ipyd L T, (xixi - X’ixi) (4.2)
+2ipp Lyl s £ Qo) s F 2oy Uiy - 2ipYg s L
In contradistinction to the formula for 744 we have given the complete expression
including all cubic fermionic terms. These extra terms have been derived by requiring
closure of the superalgebra, see (4.4), (4.5) below, and it is important here that this
method does fix the higher order terms uniquely. Alternatively, they could have been
determined from the full equations of motion, but with more effort, since this would
have required analyzing the quartic terms resulting from the elimination of the Kaluza—

Klein-Maxwell vector as well,
Local conformal N = 16 supersymmetry variations are generated according to

drp=2i /dxe’i(x) {SL(x), ¢}, (4.3)

Readers are invited to check that the resulting variattons coincide with the ones stated
in (2.18) to the relevant order.
The local supersymmetry generators S’ satisfy the constraint algebra

{SL(x), S50} =~ (iTwa 7 205K — IudadriboXt) s(x - y)
F(vist+uish)sx -y
ot xh (MEok! + rikok!) s0x = y) . (4.4)
{SLOx) L0} = =8 (0, S5 + uf_SF) 6(x—»)
+(wh_St+yd sL) 8Cx—)

+ixAxB rl riirl oFt s(x - y). (4.5)
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This is the complete result, valid in all fermionic orders. As mentioned above, the con-
straint superalgebra closes into the energy momentum constraints 744+ and the SO(16)
constraints @/, The closure of the algebra is, of course, guaranteed by general consis-
tency arguments, but the canonical algebra has so far not been exhibited explicitly for
this theory. It is conceivable that it can be further simplified by making field-dependent
redefinitions of the constraints.

Conformal coordinate transformations with parameters £+ = ¢+ (x*) are generated by

8§icp=/dx§i<x) {Tes(x), @} = —hf 016 ¢+ & Dig, (4.6)

where hf denotes the conformal dimensions of the field ¢. This formula illustrates the
interplay between the canonical and the covariant framework. Canonically, the gauge
parameters &% are defined as functions of and integrated over the spatial coordinate x.
Upon using the equations of motion for ¢ and restoring the time dependence of £+ ac-
cording to d+&T = 0, the r.h.s. of (4.6) takes a conformally covariant form. Thus, Ty 4
indeed generates translations along the x* coordinates modulo local SO(16) transfor-
mation with field-dependent parameter Q1 (here we have tacitly adopted the Coulomb
gauge Qf =0). The algebra (4.4) permits us to calculate (4.6) and thus the equations
of motion in all fermionic orders by means of the super-Jacobi identities.
The constraints (3.7) generate the SO(16) transformations (2.7) via

S0 = /dx o (x) {&" (x), ¢} (4.7)

and satisfy the SO(16) algebra:
{(D”(x) ’@KL(y)} _ (SJK(I,IL _ K@ 4 Sk _ 5JL¢1K) S(x—y). (48)
The remaining commutation relations of the superconformal algebra are listed below

{Tee(x) ,Tes N} =F (Tex(x) +Te+(y)) 8(x—y),
{Ton(x) . Tex ()} =L M PAPEOY 5(x — y),
{Tex (0) . SLON}=F35L(») &' (x = y) + D25k 8(x - y)
Fi (") PExAO 8(x —y)
{Tex (%), SE ) =L (FFT),  PAxAOKL 8(x ~ y)
{@"(x) .85 (y)} =4 (8" 8L — 87KsL) 8(x - ),
{2 (x) . Tea(»)} =0. (4.9)
We have not worked out the higher order fermionic contributions even though in principle
all of them can be determined straightforwardly (though tediously) from (4.2) and the
super-Jacobi identities.

The constraint superalgebra (4.4), (4.5), (4.9) is a superconformal extension of the
Virasoro algebra (4.9) with N = 16 supersymmetry. Its existence does not contradict the
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well-known absence of the standard superconformal algebras with N > 4 [21], because
in comparison with the algebras which have been studied in superconformal field theory,
it exhibits some unusual features. Let us briefly comment on the differences.

First of all, unlike the usual superconformal algebras, the present model does not
completely factorize into two chiral halves: this is already evident from the equations of
motion, but also reflected by the fact that the chiral supercharges S, and S_ in (4.5)
do not commute with one another.

Secondly, as already pointed out before, the brackets (4.4) and (4.5) do not close
into a linear algebra. Rather, on the r.h.s the constraints S, appear with coefficients that
explicitly depend on the fermionic fields ¢/ and 1. This was of course to be expected
in view of the general result that the algebras arising in supergravity are usually “soft”
gauge algebras [22,23]. The important new feature here is that we can nevertheless give
a complete canonical characterization,

Finally, we stress the conspicuous absence of internal chiral current algebras which
appear in the standard extended superconformal algebras [21]. Namely, a linear su-
perconformal chiral algebra with N < 4 supercharges requires chiral internal bosonic
currents multiplying 6 (x — y) on the rh.s. of (4.4). This fact can be immediately
deduced from the super-Jacobi identities involving {S’, {$’, S¥}}, whose & terms only
cancel with the contribution from the additional current. By contrast, we here have only
one “vectorlike” SO(16) current ®/; moreover, in the algebra this current appears only
in second order in the fermions and multiplies the d-function rather than its derivative.
The terms required for consistency of the super-Jacobi identity now originate from the
additional contributions due to the field-dependent structure constants on the rh.s. of
(4.4). Another distinctive feature is the invariance of the generators Tyy under &'/;
the SO(16) constraint generator thus carries zero conformal weight, unlike the chiral
currents of standard superconformal field theory.

A further extension of our results which we postpone to later investigations would
involve relaxing the superconformal gauge and thus entail a canonical treatment (and
quantization) of the topological degrees of freedom as well.

5. Conserved charges

Our main purpose in this section is to investigate the infinitely many conserved charges
associated with the classical Eg(t+9y symmetry of the equations of motion, their algebra
and the infinite dimensional symmetries they generate. Furthermore, we demonstrate the
supersymmefry invariance of these charges by showing that they weakly commute with
the full supersymmetry constraints, and hence with all other constraints.

5.1. Linear system

As shown in [1-3] the supergravity equations of motion can be obtained as the
compatibility condition of a linear system (or Lax pair) for an Eg-valued matrix V(x;y).
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Here 7 is a spectral parameter which depends explicitly on the coordinates via the dilaton
and the axion fields, as we will shortly explain. The field dependence of vy is in marked
contrast to the constancy of the spectral parameter appearing in flat space integrable
systems such as non-linear o-models and their rigidly supersymmetric extensions.

In the version of [2], the linear system takes the form

V10:V(y) = Le(y) = 107 (n) XV + PA(y) Y™, (5.1)

with the connection coefficients

2iy ; 3217

7 Jl 1 B

Q (y)=0% — RS (81// LYy £ BXi :t) Tx? R
5 1¥ 4iy(lF7) ;

Pi(y)y=—2Y pg Ilp¥iaxi -

Txy 7 (193

Despite the occurrence of cubic and quartic spinor terms in the fermionic and bosonic
equations of motion, the linear system (5.1) does not receive any higher order correc-
tions but is at most quadratic in the fermionic fields. In other words, the linear system
generates all required higher order fermionic terms by itself. So far, this had only
been demonstrated in the “super-Weyl gauge” where only the (jyx)? terms had to be
checked [ 1]. The more general result, which also includes the higher order contributions
involving the gravitinos and dilatinos, is a consequence of the result (5.16) in the next
section.
The spectral parameter y is subject to the differential equations [24-26]

7"3ﬂ=§p“‘ﬁip- (5.2)
Y
At a practical level, this field dependence is due to the appearance of the non-constant
dilaton field p in the equations of motion listed in Section 2. At a more fundamental
level it is linked to the presence of a hidden Witt-Virasoro symmetry of the theory and
the fact that (a reformulation of) equation (5.2) may be interpreted as a linear system
for the dilaton itself [20]. An important consequence of the dependence of ¥ on p and
p is that in this way the spectral parameter becomes a canonical variable of its own,
having non-vanishing canonical brackets with the conformal factor.

The solution of (5.2) depends not only on the fields p and g, but also on an
integration constant w, that is sometimes called “constant spectral parameter” (because
it is the parameter relevant for the eg current algebra). It is given by

1
y(p, psw) = (w+p \/(w+ﬁ)2—pz)<=>w=%p(7+->—ﬁ- (5.3)
p y

The function y(p, p; w) lives on the two-sheeted covering of the complex w plane with
a field-dependent branch cut connecting the points wy = —5 + p on the real w-axis.
This cut disappears in the limits p — 0 or g — oo, whereas it extends over the whole
real axis for p — oo, in which case the two sheets disconnect from one another. For
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the later treatment, we will be particularly interested in the critical points where the
function y( p, p; w) becomes independent of w. This happens at

. .
y(peow{ , y(paoo)ﬂ{ - y(ﬁ—»ﬂ:oow{o . (54)
o0 —1 o0

where the two values correspond to the two sheets of the covering. The transition
between the two sheets is performed by y — %

The algebra involution 7 from (A.8) can be extended to an involution 7°° which acts
on Eg-valued functions of the spectral parameter y by combining the action on Eg with
a transition between the two sheets of y [27,26]

T°°(U(y)) ET(U (%)) . (5.5)

This involution leaves the linear system (5.1) invariant.

5.2. Non-local conserved charges

The non-local charges are obtained from the transition matrices?®

y

U(t,x,y;w)E”Pexp/dle(t,Z;)’(l,z;W)) (5.6)

X

ElA)"’(t,x;'y(t,x;w))f}(l,y;y(t,y;w)) € Eg, (5.7)

associated with the linear system (5.1). For w ¢ R (so as to avoid any ambiguities
caused by the branch cut on the real line) these transition matrices are defined uniquely
and like vy live on a two-sheeted covering of the complex w-plane. Like the connection
of the linear system they are invariant under the generalized involution 7°° (5.5). Unless
specified otherwise, we will consider the sheet underlying the unit disc of the complex
v-plane.

We further define the following objects:

l?(t,x,y;w) =V(,0)Ut, x, y; W)V (t,y), forwd R, (5.8)

and the monodromy matrix [26]

Mt z;w) = lir20<V(z)U(t,z,y;w+ie)T(U(t,y,z;w—ié)V(z)-')>, (5.9)
forwe R, |w+p(1,2)|>|p(t,2)], and |w+ p(t, )] <|p(t,¥)].

Unless p and p are constant fields (in which case the solution becomes trivial anyway)
one may always find points z, y which satisfy the last two conditions. Mathematically,
these conditions mean, that with coordinates (¢, z) the spectral parameter y is single

% In this equation, we write x = x!, v = y!, etc., for the space coordinates as before.
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w+ie

. branch-cut for (1, z)
w—1e

wie

. branch-cut for (¢, y)
w—1e€

Fig. 1. lllustrating the definition of the monodromy matrix M in the w-plane.

valued in a neighborhood of w, whereas with coordinates (¢, y) the parameter w lies on
the branch cut of (5.3), implying that w +ie and w — i€ tend to y(y, w) and y~! (v, w),
respectively, see Fig. 1. The condition on y thus guarantees that the definition of M
indeed does not depend on y; the condition on z then basically ensures the non-triviality
of M.

According to their definition, lj(t,x,y;w) and M(¢, z;w) have the following time
dependence:

aU(t,x, y;w) =—Lo(t, x,¥(t,x,w)) U+ ULy (1,5, 7(t,y,w)) , (5.10)
GM(t,z;w) = —Lo(t,2,9(t, 2. w)) M+ M7 (Zo(z,z,y(z, z,w))) . (5.11)

with
Lo= VLV ' —gvy".

Thus, the modified transition matrix l~](t,x0,y0;w) becomes time independent, and
hence an integral of motion, if it connects two points xy and yg at both of which Lo
vanishes. Similarly, the monodromy matrix M (zo; w) turns into an integral of motion
if Lo vanishes at zo. There are two ways in which this can happen. Either the physical
fields vanish at these points (as they would for instance at spatial infinity), or otherwise
the spectral parameter y vanishes (cf. (5.4)) with the physical fields remaining regular.
For instance, both situations are realized for cylindrical gravitational waves, where
p = 0 corresponds to the origin, and p = oo to spatial infinity. What we would like to
emphasize, however, is that the present framework allows for more general possibilities:
depending on the behavior of the dilaton field (i.e. the zeroes and poles of the functions
p and p) there might even exist several conserved charges. ®

The matrix M (zp; w) is of special interest. As a function of real w it is single-valued,
real and satisfies

Mw) =17 (M (W) . (5.12)

SFrom the Kaluza-Klein point of view, the values p = 0 and oo, respectively, correspond to internal
manifolds of zero or infinite size.
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We may further introduce its Riemann-Hilbert decomposition
M(w) = Up(w) 7 (UZ'(w)) , (5.13)

into Eg-valued functions Uy (w) which are holomorphic in the upper and the lower half
of the complex w-plane, respectively. For instance, with the gravitational wave boundary
conditions mentioned above, the functions Uy (w) are related to the modified transition
matrices (5.8) [8] by

Us(w) = U(0,00,w) for ImwZ0. (5.14)

It is important here that the analytic continuation of U into the lower half plane does
not coincide with U_, and vice versa. Rather they are related by

Ur(wy=U_(w).

The monodromy matrix AM(w) in this case yields the values of the original physical
fields on the symmetry axis p=0for p=w € R.

We note two basic differences with the flat space integrable models. First, the co-
ordinate dependence of the spectral parameter y has given rise to the definition of the
monodromy matrix M (5.9) which has no analog in flat space. Secondly, (5.10) shows
that for spatially periodic boundary conditions, the eigenvalues of the transition matrices
are not necessarily integrals of motion. The reason is that periodicity of the physical
fields is not enough to ensure periodicity of the dual potentials because even if we
choose the dilaton p to be a periodic function, the spectral parameter y will not be
periodic due to the non-periodicity of the dual axion field j. It remains an open problem
to reconcile periodicity with the existence of infinite dimensional duality symmetries.

5.3. Supersymmetry of non-local charges

As we have already pointed out, in a theory with local supersymmetry, time indepen-
dence is not quite enough to distinguish reasonable observables (in the sense of Dirac).
In addition, these must weakly commute with the full gauge algebra (4.4)-(4.9). The
particular constraint associated with time translations (alias the Wheeler-DeWitt opera-
tor in the quantized theory) is just one part of this gauge algebra, and follows from the
commutation of two supersymmetry constraints.

In this section we will show that the integrals of motion identified above are indeed
invariant under the full gauge algebra. We first note that the modified transition matrices
(5.8) and the monodromy matrix (5.9) for arbitrary values of x, y and z are invariant
under the SO(16) gauge transformations (2.7) generated by @" from (3.7):

(@), UCxysw) } = {@" () . M(z:w)} = 0. (5.15)

The main result in this section is the behavior of the transition matrices (5.6) under
supersymmetry transformations:
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{U(x,y;w),Si(z)}

4y6(x,2,y) ot
=L 222 Ux, 2, w)XYSL(2)U(z, y;w)
sy 22Uz
i—————"o(x’z’zy) X5 (I'17%) 5 U (x, 2, w)YAU (2, y; w)
p(1=7v%)
LFY 5 . A vy - yA . _
+1 i X2 T (U, y;w)YA8(z — y) — YAU(x, v, w)8(z — x))
4y
(1 (1+y)? ¥ (U, y;w)XY8(z — y) = XPU(x, y;w)8(z ~ X)),
(5.16)
with
_ftforx<z<y
0(x,2,y) = {0 else (x # y # 2) -17)

This result is valid in all orders of fermions, i.e. including all the cubic fermionic
terms from (4.2). For the modified transition matrices U and the monodromy matrix
M it implies:

{lNJ(x,y;w),SIi(Z)}

~ 12;, X2, (VrAvT) Ux, yw) 8(z — x)
—1—3{—7,\’ s U ysw) (VYAv=1) 8(z — y)
izéy—)z vl (VXPYV) U(x,yiw) 8(z — x)
4 iy)z P13 U(x,ysw) (VXPV7Y) 8(z —y) (5.18)

and

{Mzw),skn |

Z

2 _
liy X (YY) M= Mr (V) ) s(x—2)

(li—wwﬁ( (VXY M+ M7 (VXY ) 8(x - ).

The r.h.s. of these equations vanishes under the very same conditions that have been
discussed in (5.10), (5.11) for the vanishing of Lo. This shows that the integrals of
motion obtained in the previous section are indeed superconformally invariant. Due to
the form of the constraint superalgebra (4.4), the brackets of these charges with Ty
then also vanish weakly. They are thus.invariant under the full gauge algebra.
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In particular, this implies our previous claim that the linear system (5.1) does not
receive any quartic corrections but captures the full content of the theory. Since by
supersymmetry transformations (2.18) any solution can be fixed to obey the super-Weyl
gauge, the invariance of the linear system under supersymmetry shows that indeed no
quartic corrections arise in the general case.

The rest of this section is devoted to an outline of the proof of (5.16). It is obtained
from the general formula

{U(x,y;0) .Sz} = /dz Ux,z:0) {Li(z.7(z;0)), SL(2) } Uz y;0)

or equivalently

Uz’ x,0) {U(x, y;0), 42N } Uy, 250)

A}

= /dz Uz z,0) {Li(z,y(z;0)), 8L (2) YUz, 2',v) . (5.19)

A

It is straightforward although lengthy to evaluate (5.19) using the form of the super-
symmetry generator (4.2) and the fundamental Poisson brackets (3.2)-(3.12). Up to
the higher order terms in the fermions this result had already been given in [3]. Thus it
remains to check the cubic fermionic terms. As we can show, all the extra cubic terms
cancel with the exception of those required to complete the supersymmetry generators
in (5.16) to the full expressions given in (4.2).

There are altogether four different sources yielding cubic fermionic terms. First such
terms come from the brackets involving cubic terms in the supersymmetry generators
S;, second from bilinear fermionic terms in the Poisson brackets (3.8) between Py and
Py. Third, they arise from the Poisson brackets involving d1o in SL and at last, cubic
terms enter when partial integration of the &' terms in (5.19) leads to the appearance
of the connection L, again.

To give an idea of the calculation we display the cancellation of the cubic terms
proportional to o 17 1+ Y4 in (5.19). According to (3.10) and (3.12) we have
— XXMz - 2)
p(1E£y)2 A8

8iy?
p(1£y)2(1 —»?)

(L .xi}=

ks yts(z -2,

such that the cubic term ¢4 y+ ,\/i from (4.2) gives the contribution

—8iy?
p(1£¥)2(1 —¥?)

(FIKFL)AAllfzKi‘/le}XAYA ;

(5.20)

{Li(y) . —%ippfxs T x+} —
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to the r.h.s of (5.19). Next, there comes a contribution from the bracket between Pg in
Li(y) and the py4 Py part of the supersymmetry constraint (4.2), which is due to the
quadratic fermionic terms in (3.8) and reads

. _872 .
Apl pA KL I K gL _AyA
{LI(Y) ’¢pX:I:FAAP:t} - p(li‘)’)Z(l _,y2) (F r)AA¢2i¢2:I:X Y
(5.21)
Making use of (A.6) the two terms (5.20) and (5.21) sum up to
8iy? i
Y I C (5.22)

(T£y)2(1 =)

Several further relevant terms arise from the Poisson brackets involving the py/; + o100

term in (4.2). Namely, {L,(y),m,} gives rise to several bilinear fermionic terms due
to the brackets (3.9), (3.11) and eventually also due to

y(IFv)

8(z —-z2)).
p(xy 227%)

{y(2),0x0(z")} =

Altogether they sum up to

16iy* (1 F 4y +7?)
L& y)4(1 — %)

Finally, the integrand of (5.19) has terms proportional to & (z — z’) due to

i kvt (5.23)

{Li(y), ~pdso )} —

{Ll(t) FoXLT,; } i]—j-:— LaxXArie(z -2,

and
{Ll(t) :l:pﬁ”ﬂl }—»:t———(,b: X 15'(2*‘2/).

Upon partial integration in (5.19) and using (5.1) they give rise to

1Fy kL val SIVAFEY) o iy K L dod
Tz )Q Lyt xh (X ,Y]_>——(H:y)5 (Tt Kok XY
(5.24)
and
2y pA K A yKI 8i72(1:F7) K1 ~L K 1L . AvA
Faz,)2 PL(mysy Y4 X ]H—(]iy)s (r¥ryy, kbt

(5.25)
The sum of (5.24) and (5.25) then yields (again with some I"-matrix algebra (A.6))

—24iy*(1 Fy)

G Ey)5  Dhiretnax'rt. (5.26)



H. Nicolai, H. Samtleben /Nuclear Physics B 533 (1998) 210-242 229
Adding the different terms (5.22), (5.23) and (5.26) finally leads to
8iy? 16iy* (1 T4y +9°) 24y’ (1 Fy) —0 (5:27)
(1921 -2 (1£y41 %) (I1£y)s 7 N

We see, how the terms of the type ¢ 44, 4 xy+ from all the different sources eventually
cancel. In a similar way all the unwanted cubic fermionic terms in (5.19) can be shown
to drop out.

We have thus found an infinite number of observables in the sense of Dirac. We
note that a similar transformation behavior has been observed in the supersymmetric
extension of the non-linear o-model [28-31]. There, with suitable boundary conditions
the bosonic non-local charges are invariant under global supersymmetry. In our model,
invariance under the local supersymmetry is an indispensable condition for meaningful
observables, since supersymmetry appears as a constraint.

6. Algebra of charges and symmetries
6.1. Algebra of conserved charges

We now calculate the Poisson algebra of the conserved charges that we have derived
above. As it turns out, it is entirely sufficient to compute the brackets for the connec-
tion coefficients entering the linear system (5.1). Our key result is that the fermionic
contributions conspire in precisely such a way that the canonical brackets (6.3) below
are identical with the ones obtained for the purely bosonic theory! This implies that, as
far as the analysis of conserved non-local charges and their algebra is concerned, we
can take over the analysis of the bosonic case in [8] practically without modification.
However, the realization of the algebra and hence the quantum spaces on which the
algebra eventually acts will be very different in the two cases.

The starting point of the computation is the well-known formula

1 2 ’ v 1 2
{U (x,y;0),U (x’,y’;W)}=/dz/dz’< U(x,z;0) U (x’,z’;W))
X x!

| 2
X {Ln (z,¥(z,0)), L (z’,y(z’,W))}
1 2
X(U(z,y;v)U(z’,,v';W)>, (6.1)

which we have given in the tensor notation explained in Appendix A.3.
Further evaluation requires the following canonical brackets between the connection
coefficients in the linear system (5.1):
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~ AKL __ 4y1y2 S(x —
{or o, 0t o) =~ Sy 0

x (6”‘ (0 (v = 01 (1)) = 8% (B{“(n) - B ()

+8™ (01K (1) = 0¥ (7)) — " (O (y1) = O () ) ,

{oron Aom}=—= Y%)z(yfl( 1—;:)%()1 —— T PR () 8(x )
o — ;27)1(712_ Y72 ) APl () 8Cx =),
{EA(%)’EB(YZ)} T el - 7%)((;1_—7;)2;%1 - 7172) TipQl () 8x =)
)
p(l — Y%)((;’l "y’i’)zi’l(l - Y172) IOV (v2) 8x =)
AB 2 2
a- ;%1()3(1 ) (71(/;(1_)%) w(;(;)%)> 7=
aedbe: g, 8(x—y). (6.2)

P =) (1 —v3)

Here we have introduced the shorthand notation y; = y(x,v), v2 = y(y,w) (as usual
we suppress the dependence on the time coordinate ¢ here). It is convenient to combine
these equations into a single one by means of the index-free tensor notation introduced
in Appendix A.3:

1 2
{Ll (y1), L (72)}

4.0 yi(1+3) 72(1+7?)> ,
_ & (x —
(1—y%)(1—y%)( pOx) oy )oY

(1= (71 —y2) (1 —1y2)

4
_p(% y;;lg’lz_w”) [ '50(16) » L1 (y1)+ L; (72)] 8(x—y)
— 472(] "'7|) |: 1 :la B
(0= v (=) |0 (y1)| 8(x =)
492 (1 —
71 ( 73) [ﬂe, z] ('}’2):| o(x—y), (6.3)

where we have dropped the contribution containing @/ so that the equality holds only
on the constraint hypersurface. These brackets coincide with the ones of the purely
bosonic theory [8]. This fortuitous circumstance enables us to take over the result for
the bracket of two transition matrices (5.8) from [8]. Namely, inserting the above
relations into (6.1) and taking into account the additional contributions of the type
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2y(z;w)
p(z) (1 —y¥(z;w))

{z‘/(x,y;w),fz<z)}=

| 2 1
X0(x,2,y) U(x,2;w) V (2)4% U (2, yiw) ,
finally leads to the following algebra:
| 1

2 2
V=l v () {U (x,y;v), U (X’,y’;W)} 112 (») 12) ")

2 ! ! ! 1 ! 2 ’ !
= X O(x,x',y) (U(x,x;v) £2:0(16) U(x,y;v)U(x,y;w)>

U—w

2 | 2

+(x' x5 (U (' x5w) Qo) U (6 350) U (, ¥iw) )
1 2 1

—0(x,y',y) (U (x,y50) U (X, Ysw) Qsopi6y U (y',y;v))

0( / / ! . 2 o, 2 ’.
~0(x,y,y) { U (x,y;0) U X, y;w) $opiey U (¥, ¥5w)

260(x, ¥, : q
P ACILAY) Ry ( U (x,x"0) 2 U (X, y;0) U (x/~yl;w))
U —w
20(x', x,y' ‘ ;
L2000 YD) e w) ( U (X', x3w) e U (x,y;0) U <x’y';w))
Uv—w
20(x,y',) 7 ]
———Lj—u fO s w.0) ( U (x,y50) U (X, y5w) 2e U (y’,y;U)>
20(x', y, 7 i
ST fiyiowy (U i) Oy 208 yim))

(6.4)
with @ from (5.17) and

= 2y(xw)y(x0) + ¥ (x; w)

oo =- =72 (x;w)

Let us recall that the limits of these expressions for the corresponding flat space
models do not exist as the result depends on the order in which the limits are taken
due to the different coefficients of the & functions [7]. For the gravitationally coupled
models, however, these ambiguities disappear altogether by virtue of the coordinate
dependence of the spectral parameter if we have d,¥(p, p;w) = O at the limit points
[8]! This is indeed the case with appropriate boundary conditions on the dilaton and its
axionic partner as we have already seen in (5.4).

Thus, (6.4) yields a well-defined algebra for the modified transition matrices U
connecting two of these critical points xg, yo. With

U(w) = U(xo,vo,w) (6.5)

the final Poisson algebra takes the form
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I 2 20, | 2
U@),U(w),= P U@Uumw|, (6.6)

for coinciding signs of the imaginary parts of v and w. The Poisson brackets between
transition matrices for v and w from different halves of the complex planes depend on
the concrete behavior of p and g in the end-points. They may e.g. coincide with (6.6)
or with (6.9) below.

In contrast, the Poisson structure of the monodromy matrix M is universal and may
be computed from (6.4) and the definition (5.9) to

20,
{M (v), M(W)} M(U)M(W)+M(U)M(W)

"Qe ‘028
— M () — — M (w) — M w) — M (v)y, (67)

with (2, and (2 from (A.10) and (A.11), respectively. One may check that indeed
these brackets are compatible with the symmetry (5.12), as required for consistency.
For the purpose of quantization and representation of (6.7) it is further convenient to
decompose this structure according to (5.13) into the following brackets:

1 2 2_(22 1 2
{U:f: (U) ] U:t (w)}: [U_——E\/\:’ U:l: (U) Uﬂ: (W) ’ (68)

T

1 2 240, 1 2 1 2 207
{U:}: (v), Us (W)}= U_:V Us (0) Ug (W)= Uz (v) Ux (W)U_:v, (6.9)

which may be easier to handle due to the similarity of (6.8) with the well-known
Yangian algebra Y(eg) [32-34].

6.2. Hidden symmetries: the Lie-Poisson action of Egy9)

Previous studies of the Geroch group and its generalizations have been mostly con-
cerned with the non-linear and non-local realization of these groups on the physical
fields and their dual potentials at the level of the equations of motion (recall that duality
symmetries in even dimensions are always on-shell). Now, for the flat space o-models
it has been known for a long time that this action is not symplectic [35,36]. Rather, it
represents a Lie-Poisson action of the associated symmetry group [37,9]. Here, a simi-
lar picture emerges, since the hidden symmetries of dimensionally reduced supergravity
can be recovered via a Lie-Poisson action of eg, which is canonically generated by the
integrals of motion U(w) from (6.5) [38,8].7

In this section, we show how this result fits into the canonical framework established
in the foregoing sections. In particular, we give the action of ¢ on all the fermionic
fields involved in the model. Our basic objects are the transition matrices U(w) from
(6.5), where we assume that xy and y, are the spatial boundaries and critical in the sense

7See e.g. [2526,39] for discussions of the Geroch group within the general framework of dressing
transformations.
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discussed above, namely that Lo vanishes at these points. In particular, the transition
matrix U(t, xo, x;w) then provides a solution of the linear system (5.1) which we
denote by 170.

We define the following matrix-valued symmetry generator

G(v) = ady U™ ' (v), (6.10)

where “ad” denotes the adjoint action via the canonical Poisson structure. In matrix
components the action of (6.10) on an arbitrary phase space function f reads

G (v) = {U“), f} (U™ ()",

with Eg(4g) indices a, b, ... (cf. Appendix A.3). Making use of (6.4) we can determine
the action of (6.10) on the monodromy matrix M:

1 2 1 2 2
G (v) M(W):;—_w (ﬂ,RM(vv)—M(w) 0&) . (6.11)
This motivates the definition of the following symmetry operator
d
G A] z}{ DY i (A(w) G(w)) (6.12)
27ri

f

parametrized by an algebra-valued function A(w) € eg, regular along the real w-axis
and vanishing at w — oo. The path £ is chosen to encircle the real w-axis, such that
A(w) is holomorphic inside the enclosed area. The monodromy matrix transforms under
the action of G| A] as

Gl Al M(w) = A(WIM(w) — M(w) 7(A(w)) . (6.13)

The orbit of the monodromy matrix under the symmetry group fills the complete set
of Eg-valued functions with symmetry (5.12) and the assumed analyticity properties
on the real axis. The symmetry group thus acts transitively if the monodromy matrix
parametrizes the full phase space (which e.g. is the case for cylindrical gravitational
waves).

With the general formula

{U(x,y;0), f}= /dx’U(x,x';U) {Li (X, y(x" ), Uy 0) (6.14)

and the fundamental Poisson brackets (3.2)-(3.12) we can directly compute the symme-
try action on the physical fields. It turns out that the relevant parameter which describes
this action is the combination

VitAV, = LAV XY 4 Aty4, (6.15)

(note that A depends on both w and the fields, whereas A(w) is coordinate independent).
The symmetry action on the bosonic matrix V(x) becomes
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2y
Gl A1 V(x) = 7{277'1 (W V(x) Af‘(y(w))Y")
_ d_y TA A
= }{ T (V(x)A (y)Y ) . (6.16)
y(£)

The action on the fermionic fields of the model is given by

d 4 ~
G[ 4] wz’i=—f-i. (—7 AIJ(Y)‘/’zjﬂ:) :
2

2 \ p(1 _—j;'y)z
G[A] A:—fﬂ Y v A (y)
Xt 2\ p(1 £y)2 AB Y X
¢
8y2 —~
+p(l )2 (1 —v?) I AA(Y)l/fz'i),
Y ) 4y N J 16y2 ;
GlAl ¥y = f27ri (p(liy)ZA (7)¢i+—p(1:t'y)4A (7)¢2i>
dv 8y* 7 7A B
ifZﬂi (p(l:}:'y)z(l_»yz) FABA Yxz) - (6.17)

These transformations preserve the chirality of the fermionic fields in the following sense.
The equations of motion (2.12) admit chiral solutions, i.e. solutions with either all +
or all — fermionic components switched off. The action (6.17) then takes place within
these sectors. The respective first terms in (6.17) are pure SO(16) gauge transformations
(2.7) when acting on a chiral solution. In general, they can not be absorbed by this
gauge freedom owing to the different coefficients for the chiral halves. Observe also that
the transformations preserve the super-Weyl gauge, where 4 = 0.3

The homogeneous action of the symmetry on the fermionic fields has the important
consequence that it cannot act transitively on the space of all solutions. It is not possible
to generate fermionic from purely bosonic solutions of the classical equations of motion
in this way.

The action on the conformal factor o is given by

_ dw 3 G—1
G[A]a_j{ e (40,9075 , (6.18)
¢

in agreement with the result derived in [40]. Formula (6.18) is easily obtained from
G(w) d10(x) = —Vo(x, ¥ (W) duLi (x,¥(w)) Vy ' (x, ¥ () ,

which in turn follows from (3.3), (6.14) and the fact that d,,L, = d5L, (cf. (5.3)).

% In this gauge, the formula for the variation of Xi coincides with (4.2.29) of [40], which is obtained from
the particular values 74(x,y = F1) of the compensating h°°-rotation from (6.19) below.
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Finally, we can also give the transformation behavior of the solution 90 of the linear
system. Evaluating (6.4) we obtain

GLA] Vo(x, ¥(w)) = AW Vo(x, (W) = Vo(x, (W) Talx,y(w)),  (6.19)
where

dv 1 71 ld
— AV X
2mi(v — w) 2

TA(X’Y(W))=%
¢
I“YZ(W) dv y(v) JAyA
y(w) 27i(v —w) 1 —y2(v)
¢

The matrix A(w) depends on the constant spectral parameter w; whereas T4 (x, 7, y(w))
depends on the variable spectral parameter vy and satisfies

Talx,y(w)) =7° (Ta(x, y(w))) =7 (Ta(x, v (W) . (6.20)

This result provides the link to the traditional realization of the Geroch group via
the linear system. There, the space of classical solutions is formally identified with
the infinite dimensional coset space G™/H®™, where the underlying algebra g™ is
generated by eg valued functions in the w-plane while h™ is defined as the set of e3
valued functions in the y-plane satisfying (6.20). Like in (6.12) the symmetry algebra
is parametrized by a function A(w) € g°. Starting from a solution 170(7) which is
holomorphic in the unit disc |y| < L, the function 74 € h™ in (6.19) is then uniquely
defined so as to restore this holomorphy which is violated by the pure action of A(w).
Indeed, it follows from the form of 7y and (6.15), that in (6.19) the r.h.s. multiplication
of ‘IA/O with 74y removes all singularities caused by the Lh.s. multiplication with A(w)
from the unit disc (note that the path £ surrounds the unit disc in the y-plane).

We close this section with some remarks on the algebraic structure of the symmetry.
The canonical realization given in (6.12) is parametrized by meromorphic eg-valued
functions and yields closed expressions for the action on the physical fields. The algebra
of these operators is most conveniently obtained from (6.13), which immediately shows

61411, 61421] = G141, 421 (621)

Half of the affine algebra ¢o may be recovered by formal Laurent expansion around
w = 00:?

Aw) =1+ Aw+ w4+ ..., (6.22)

The action of these modes on the physical fields follows from expansion of the respective
closed formulas (6.16)-(6.17). In a rather formal sense (6.22) may be related to the
expansion

9 There is a slight subtlety here, since strictly speaking the functions A(w) = A,w" do not belong to the
class of functions for which we have defined (6.12). Since the integrand is singular at infinity, definition
(6.12) depends on the precise choice of the contour in this region, which has not been specified above.
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1 1
Gw)=1+—G +— Gy +..., (6.23)
w w?

obtained from (6.10) by handling the linear system (5.1) as a formal power series in
w~!. Observe, however, that G(w) does not allow a Laurent expansion around w = oo
when the branch point moves to infinity.

The conventional realization of eg also includes a representation of the other half of the
affine algebra; this is achieved by the introduction of infinitely many additional gauge
degrees of freedom associated with the “maximal compact subgroup” H* of Ey(.9)
[26,20]. Furthermore, this group possesses a central extension which acts trivially on
the physical fields but shifts the conformal factor o by a constant [27]. Although so
far there does not exist a canonical formulation with an enlarged phase space capturing
these extra symmetries, the proper action of the central term is implied by formula
(6.18), which itself is canonically generated.

The form of the symmetry operators (6.10) shows that this action is not symplectic
but satisfies

G(w) {f1, f2} ={GW) fi, 2} + {/1,GW) o} + [Gw) f1,G(w) fo] ,  (6.24)

on any two-phase space functions f1, f,, where the commutator on the r.h.s. is un-
derstood for the matrix-valued action of G(w). This is an example of a Lie-Poisson
action, i.e. it does not preserve the Poisson structure on the phase space but on the direct
product of the phase space with the symmetry group [37,9]. This fact becomes crucial
upon quantizing the structure, since it is not eg but its quadratic deformation underlying
(6.6) according to the representations of which the spectrum of physical states will have
to be classified.

7. Outlook

Our ultimate interest in developing the canonical framework is in quantizing d = 2,
N = 16 supergravity, and this not only in view of constructing exactly solvable and
“sufficiently complicated” models of matter coupled quantum gravity in two dimensions.
We are equally motivated by recent developments in non-perturbative string theories,
where (finite dimensional and discrete) duality symmetries play a central role.

In standard canonical quantization one converts the Poisson (or Dirac) brackets of
the basic fields into (anti)commutators and the constraints into operators acting in
a suitable Hilbert space. Irrespective of the possible ambiguities in this procedure, one
must ensure that these operator constraints are indeed well defined in the sense that their
matrix elements exist between any two states; this may require some “renormalization”,
such as normal ordering in string theory. The next step would be to search for physical
states which by definition are annihilated by the quantum supersymmetry generators.
This is a difficult task because N = 16 supergravity is a fully interacting theory on
the world-sheet, unlike the conformal supergravities giving rise to superstring theories.
If the classical constraint algebra can be transferred to the quantum theory (possibly
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modulo certain anomalies), the supersymmeltry algebra would ensure that the physical
states are also annihilated by the Hamiltonian (Wheeler-DeWitt operator), as well as
the diffeomorphism and SO(16) constraints.

Now, it would seem rather foolhardy to hope to be able to carry through such
an ambitious program for the Lagrangian (2.6) directly. However, the integrability of
the model, which is encapsulated in the existence of infinitely many conserved non-
local charges, may open an alternative representation theoretic route to its quantization.
Clearly, the physical states should transform as a representation of the (quantum) algebra
generated by the conserved charges. In this way, these charges would give rise to a kind
of spectrum generating algebra akin to the one of string theory, which is generated by
the DDF operators. To properly work out these ideas may involve an extension of the
techniques that have been successfully applied to the computation of form factors of the
flat space non-linear SO(3) o-model [41].'% The crucial difference with the flat space
theories is the requirement of consistency with local supersymmetry.

According to the discussion in Subsection 6.2, and contrary to one’s naive expectations
the physical states cannot be expected to fall into standard e9-multiplets because the
action of eg is not symplectic. Even if this were the case, we note that almost nothing
is known about the unitary irreducible representations of Ey(;9); even for its finite
dimensional subgroup Eg(s), the representation theory is still only rudimentary. At any
rate, a minimum requirement for analyzing the physical spectrum will thus be to find
the quantum algebra underlying the classical Poisson algebras (6.7) and (6.8), (6.9).
These structures are closely related to the Yangian algebra Y (eg) [32-34], however with
different analyticity properties, the novel “twist” structure of (6.9) and the additional
symmetry (5.12). Quantization must respect these properties. For the models with coset
space SL(N,R)/SO(N) the problem of directly quantizing (6.7) has been solved in [8]
by use of several well-known results on the corresponding Yangians. Although Eg(..s,
is a much more complicated group, it turns out that the corresponding R-matrix has
already been worked out in the mathematical literature [42]. Curiously, this R-matrix
exists only if an extra singlet is added to the 248 of Eg(4s); in other words, the quantum
U/-matrix must be extended by one row and one column to a 249 by 249 matrix if it is to
obey all consistency conditions. This seems to indicate that the full quantum symmetry
will involve additional degrees of freedom from the gravitational sector.

The quantization of N = 16 supergravity may resolve various puzzles related to the
presence of fermions. While the Geroch group and its analogs are known to act transi-
tively on the space of classical bosonic solutions (modulo some technical assumptions),
we do not know how to generate fermionic solutions from purely bosonic ones (the
vacuum, in particular), see the remarks accompanying (6.17). This would require a
superextension of Eg(19). In principle, local supersymmetry can give rise to global su-
percharges, but only in very special backgrounds admitting Killing spinors. Performing a

' Another object of interest in flat space integrable quantum field theories is the exact S-matrix. However, in
a theory of quantum gravity, the very notion of an S-matrix is a priori meaningless, except in those special
circumstances corresponding to asymptotically flat space-times which allow for asymptotic states to exist.
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Geroch transformation on such a background will destroy this property in general. This
makes the existence of a superalgebra containing e as its maximal bosonic subalgebra
somewhat unlikely. A further indication that something is amiss here is that a super-
symmetric generalization of the Breitenlohner-Maison cocycle formula [26] for the
conformal factor has so far not been found. Lastly, it is not clear what physical signifi-
cance should be attached to classical solutions depending on anticommuting c-numbers.
In the quantum theory, all these problems may dissolve by themselves. The first because
the quantum theory may not admit purely bosonic physical states, like simple exactly
solvable models of quantum supergravity in three dimensions [43] or perturbatively
treated canonical N = | quantum supergravity in four dimensions [44]. The others be-
cause the fermions become operators, and only expectation values of observables (such
as the conserved charges) are physically meaningful quantities in quantum gravity.

Finally, the Geroch group and its generalizations represent infinite dimensional ex-
tensions of the duality symmetries that have played such an important role in recent
developments of string theory. We have not yet studied the case of bounded “open”
world-sheets and the effect of these symmetries on the boundary conditions (which in
the case of open strings have lead to the discovery of D branes [45]). A first step
in this direction would be to find out whether the Geroch group can be implemented
with periodic boundary conditions on the space coordinates. Unlike 7-duality, which
simply involves an interchange of x* and x', and thus of Neumann and Dirichlet bound-
ary conditions, we here face the challenge of making an infinite number of duality
transformations compatible with the boundary conditions.
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Appendix A. Conventions
A.l. Metric and spinor conventions

Throughout this paper we work with the flat metric 7,4 = diag(+—). For any vector
Vo and covector V¢, we define the light-cone components

Ve=3(BhEV), VE=VLEVi=ywxv, (A1)

respectively, so that VW, =V, W_ + V_W,.
The y-matrices obey
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Ya¥B=Nap+ €apY . V' Va=€ap¥’,  ¥V'vi=Fys (A2)

with € = —€°! = 1, and are explicitly given by

(0 —i (=i 0 , (01 A3
‘VO_ 1 0 ’ Yl“ 0 l s Y— 10 M (_,)

We thus make use of the Majorana representation where the charge conjugation matrix
is C = 7y, such that a Majorana spinor obeying ¢ = ¢/"C has two real components. Any
Majorana-Weyl! spinor decomposes as

/A
1/

The one-component spinors 4, etc., are thus to be treated as real anticommuting
variables. Let us also give some useful rules for the transcription between two-component
and one-component notation:

%(liy3)t//5< ):>'Y:t(]:¥:73)'/’:0~ (A4)

Ux =2 x- —Y-x+), IV x= -2 x- +¥_x4).
yex=2ix+,  Yy-x=2p_x_.

A.2. Eg conventions

Under its SO(16) subgroup, the fundamental (=adjoint) representation of Eg(.,g
decomposes as 248 — 1204 128. We denote the 120 generators of the maximal compact
subgroup SO(16) by X" = —X’! with SO(16) vector indices I,J,...=1,...,16, and
the non-compact generators by Y4, where A, B,... (and A,B,...) = 1,...,128 label
the left (right) handed spinor representation of SO(16). The defining relations for the
Lie algebra eg are

[X” XKL] =gk xIL _ §IK xIL | §ILYIK _ gILyIK
(XY, ¥ ==iriv?, (v, vB] = i xV, (AS)
where the I}/, denote the SO(16)-I"-matrices which fulfill

rhr, =8+ Ty (A.6)
In the adjoint representation the generators are normalized such that
tr (XVxK) = -1208Y,,  w (Y'r®) =60847.
For the current
V7'9,V=10xY + PiY*,
this yields

ol = —Fuw (x"v719,V) , Pl= Lo (YAV719,V) .

n
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We denote the splitting of eg into its compact and non-compact part as
eg =s0(16) P, (A7)

where  is (as a vector space) generated by the Y4, This splitting defines the involutive
algebra-automorphism 7

- (XIJ) =x", r (YA) = _vyA, (A.8)

By exponentiation this involution is lifted to the group Eg.
A.3. Tensor conventions

Finally, we explain the index-free tensor notation for Eg(.s), in terms of which some
formulas in the main text can be cast into a more compact form. We consider the 248-
dimensional adjoint matrix representation of eg, on which by integration also Eg(.s) is
represented. We label the matrix indices by a,b,¢,...=1,...,248.

For any matrix A“’ we define the corresponding matrices acting in the tensor product
of two representation spaces:

1 2
A= AR] and A=I®A.

In components this takes the form (A ® 1)< = A%§ and (I ® A)*<d = g2 A |
Following [46] we then introduce the matrix notation for Poisson brackets:

{ A, B }"b’“l = [A®, B}, (A9)

for matrices A%, B*. In this notation the canonical brackets (3.5) become

! 2
{(viav. mm}=a.s-y,
where the Casimir element (2., of eg is defined as
Doy = Qao16) + R =2 XV XY 7V @Y Ces®eg. (A.10)

In addition, we need the following “twisted” Casimir element which appears in the
Poisson brackets (6.7), (6.9):

O =) — =1 X" X 41740V ces®es. (A.11)
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