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1 Quantizing gravity

The subject of this talk are several more or less developed research programs for con-
structing a consistent quantum theory of Einstein gravity in four space-time dimensions.
I will focus on quantizations of pure gravity, as opposed to unified approaches like string
theory. This assumes that one can extract physical information by quantizing gravity first,
and adding matter fields in a second step, a point of view that is maybe not universally
shared. I will concentrate on so-called non-perturbative approaches, which avoid the decom-
position of the space-time metric g, into a flat Minkowskian piece 7 plus small fluctuations,
9uv = Nuv + Khy,,. However, note there are claims that in spite of its non-renormalizability,
gravity may be treated perturbatively as a quantum effective field theory, valid only in a

limited energy range [1].

One alternative to a perturbative approach is to describe gravity in a way involving from
the outset contributions from arbitrarily curved space-times, and not only from those close
to the flat Minkowski metric. Since the space of all (pseudo-Riemannian) geometries has a
complicated structure, one may in a first step try to simplify the problem by approximating
it by a discrete space. In addition, the underlying space-time itself may be discretized. One
fundamental difficulty with this kind of ansatz is how to implement (in an approximate sense)

the diffeomorphism symmetry of the classical theory.

Some of the discrete approaches to quantum gravity have been around for many years,
while others are of a more recent origin. I will focus on some specific developments that
have their root in a new Hamiltonian reformulation of continuum gravity, which is based on
connection variables, although I will mention some results from alternative research programs

in passing.

The use of connection variables in gravity, especially in first-order formulations, is not new
(see [2] for some recent applications). Often the aim of such reformulations is to make gravity
resemble a gauge theory as closely as possible. In this sense, the arguably most successful
classical proposal, or at least the one that has had a big impact on the construction of a
quantum theory, is due to Ashtekar [3], and is based on si(2,C)-valued connection forms.
There also exists a real version of his variables [4], whose virtues will be described later.
They are su(2)-valued, and the gauge algebra is therefore truly minimal. Since the classical
gravitational phase space (before considering the dynamics and diffeomorphism symmetry)
is in this formulation identical with that of a Yang-Mills theory, it is suggestive to attempt
a discretization along the lines of Hamiltonian lattice gauge theory [5]. Progress on this will
be reported below. Indeed, many constructions of the non-perturbative continuum quantum

theory closely resemble those of a lattice theory, and consequently have led to the appearance
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of certain discrete features also in this case.

2 Discrete approaches to quantum gravity

Considering our incomplete understanding of quantum gravity, it is probably most fruitful

to consider the approaches discussed below as complementary.

2.1 Quantum Regge calculus

The classical starting point for this quantization method is the approximation of a metric
space-time by a simplicial manifold with consistent edge length assignments I;, carrying the
information about components of the metric tensor. The Einstein-Hilbert action is written,

following Regge [6], as a functional of the edge lengths only.

The quantization proceeds via a path integral over all allowed edge length configurations
for a given simplicial manifold [7]. In order to have the (Euclidean) action bounded from
below, one usually adds higher-order curvature terms to the action when performing numerical
simulations. There is an ongoing discussion about the correct path-integral measure, and
whether or not it should include a (possibly non-local) Faddeev-Popov determinant (see, for
example, [8] and references therein). Recall that the form of the measure should encode the
fact that one is integrating over a discrete analogue of the space of Riemannian structures
modulo gauge, i.e. the space RiemM /Diff M. As far as I am aware, there is as yet no
analytical derivation of a Regge calculus measure in four dimensions. In practice, a few
simple measures are in use, such as [], d({;)?. In Monte-Carlo simulations one finds evidence
for a non-trivial phase structure [9]. Because of the complexity of the calculations, not a

great deal of data is available yet.

2.2 Dynamical triangulations

In this variant of the Regge calculus program, one again uses simplicial manifolds and
the Regge form of the action, but a different space of quantum configurations in the path
integral. Instead of summing over all possible edge lengths for a fixed, simplicial manifold,
one fixes a fiducial length for all 1-simplices, and sums over all distinct triangulations of
M [10]. Information about the geometry is now encoded combinatorially: the fact that

“length” comes only in discrete bits implies that some derived quantities, like curvatures
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and volumes, can be obtained by simply counting simplices of a certain dimension, which is
extremely convenient from a numerical point of view. By varying triangulations in numerical

simulations, one tries to sample uniformly the space of (discrete) metric structures.

A recent analytical construction (using spaces of bounded Riemannian geometries) pro-
vides a theoretical understanding of some properties of the dynamical triangulations ap-
proach, for example, the diffeomorphism-invariance of its path-integral measure. This en-
ables one to evaluate the partition function asymptotically for large triangulations, and leads
to a prediction for the location of the critical point, corresponding to a higher-order phase
transition [11]. The analytical predictions are in good agreement with Monte-Carlo simula-
tions, wherever available. Comparing to the situation found in other statistical systems, and

considering the fact that we are in four dimensions, this seems almost too good to be true.

However, one has to remember that the discrete path integral approaches described so far
deal with the Euclidean theory. It is not at all obvious how the results could be “analytically
continued” to the correct signature regime, given that this sector is basically inaccessible

numerically.

2.3 Ashtekar gravity on the lattice

The signature problem is avoided by going to a Hamiltonian formulation. Unfortunately,
the (341)-projected form of the algebra of 4-dimensional space-time diffeomorphisms loses
much of its simplicity, which also causes problems in discretized approaches. In addition, as
far as numerical simulations are concerned, there is no Hamiltonian method matching the
efficiency of the Monte-Carlo methods of the path integral approach. (This is why nobody
performs QCD computer simulations in terms of Hilbert spaces and operator algebras.) The

application to generally covariant theories is largely uncharted territory.

If one wants to use Ashtekar-type variables and exploit the resemblance with lattice
gauge theory, there is as yet no alternative to the Hamiltonian formulation. The reason
for this is that the Einstein-Hilbert action, unlike the Yang-Mills action, cannot be written
purely as a functional of a four-dimensional gauge potential. The close kinematical similarity
between connection gravity and gauge theory holds only at the canonical level. A natural
discretization of the Hamiltonians formulation consists in the approximation of spatial slices
by three-dimensional lattices, with “time” left continuous. (A somewhat different point of
view is taken by Reisenberger, who studies Euclidean quantum gravity as a discretized path

integral over configurations of two-surfaces in space-time [12].)
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The dynamics of Yang-Mills theory and gravity on the lattice are of course totally diffe-
rent. The role of the quantum Hamiltonian is played in gravity by the Hamiltonian constraint.
Consequently, the problem of diagonalizing the Hamiltonian is replaced by that of finding the
states that are annihilated by the quantum Hamiltonian operator, i.e. the eigenvectors with
eigenvalue zero. In addition, as mentioned earlier, in lattice gravity one has to incorporate
some “remnant” of the diffeomorphism symmetry. There are at least two ways of doing
this: either using discrete versions of the diffeomorphism constraints to project out physical
lattice states, in which case one should check that the quantum constraint algebra is free of
anomalies in the continuum limit. Alternatively, one may try to define a lattice measure that
goes over to a diffeomorphism-invariant measure in the continuum limit. These important
issues are momentarily under study. What has already been explored on the lattice are the
spectra of certain geometric operators [13-16]. Also a self-adjoint Hamiltonian operator can
be defined rigorously, in spite of its non-polynomiality [17], but nothing so far is known about

its spectrum.

2.4 Ashtekar gravity in the continuum

The reason why I mention this approach here together with the discrete ones, is the pre-
sence of certain discrete features mentioned earlier. They enter because of the unconventional
way in which one defines the quantum theory, which is based on an algebra of one-dimensional
objects, so-called Wilson loops. Related to this, there has been a cross-fertilization of ideas
with the lattice formulation, although the overall outlook of the two is rather different. In a
further development of ideas that first arose within the so-called loop representation, it turns
out that a convenient way of labelling quantum states in the continuum theory includes
all possible imbedded lattices or graphs (i.e. objects obtained by gluing one-dimensional
imbedded edges). For example, a quantum state can be given by fixing a lattice and specifying
a few further data for its edges and vertices. The entire Hilbert space therefore looks like
a tensor product of all possible lattice theories. Note, however, that these lattices are all
imbedded in the smooth 3-manifold X, and one can therefore define a natural action of Diff >
on them. By contrast, the lattice of the discrete lattice approach is not imbedded anywhere,

but rather itself an approximation to X.

The discreteness alluded to above refers to the discreteness of the spectra of certain
geometric operators one can define in the continuum theory, associated with spatial volumes,
areas and lengths [18,19]. This comes about because the action of these operators on typical
loop or graph states is partly combinatorial, in the sense that it reduces to discrete (and

typically finite) sums over points of the graph, and leads to rearrangements of edges at these
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intersection points. The discreteness of the geometric spectra is often taken to imply that
geometry is quantized, in the same way as spin is quantized in quantum electro-dynamics.
This is somewhat at odds with the fact that at various points of the construction of the
continuum quantum theory one uses the smooth structure of the background manifold ¥ in

a crucial way.

An interesting feature of this quantum representation is that not only geometric operators
can be made well-defined and are finite after some appropriate three-dimensional smearing,
with no renormalization necessary, but there also exist Hamiltonian operators with the same
properties [20]. This is sometimes taken as an indication that the quantum theory is complete
as it stands, without any further need for a continuum limit, a point of view that has been
criticized by Smolin [21].

3 Brief outline of the connection approach

Usually, one thinks of gravity as describing space-time geometries, and expresses solu-
tions to the Einstein equations in terms of their line elements ds® = g, dz"dz", suggesting
the use of the metric tensor g,,(z) as a basic field-theoretic quantity. Since quantization
attempts using the §,,(v) as basic operators have run into serious difficulties, one might
wonder whether there is some more fundamental set of classical variables that could form
a more suitable starting point for the quantization. This may be compared to the case of
electro-magnetism, where the requirements of locality and Lorentz covariance suggested the
use of the gauge potentials A, as basic variables in the perturbative quantization, in place
of the gauge-invariant components of the field strength tensor, which however have a more

direct physical interpretation classically.

For the case of gravity, there exists a well-known paradigm in three space-time dimen-
sions, where one may reformulate Einstein gravity as a Chern-Simons [22] or gauge theory
[23], with actions of the form S[A] = [ AANdA+ ANANAA and S[A,e] = [ e A F(A) respec-
tively, where the A’s are different connection-forms, with curvature F', and e is a dreibein
variable. This has led to a new explicit representation of the physical, reduced phase space,

and to new insights into its quantization.

The reason why one may gain anything by a simple change of classical variables is partly
due to the fact that gravity is a constrained theory, i.e. its initial data in terms of any

set of basic variables cannot be specified freely, but is subject to a number of constraints.
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Different ways of writing these constraints (although classically equivalent) can in principle
lead to inequivalent quantum theories or at least suggest different ways of setting up the

quantization.

The idea to rewrite four-dimensional Einstein gravity in the form

SEINStI A e] = /d4xe/\e/\F(A), (1)

with a selfdual SO(4, C)-connection A/, and a vierbein e/, is due to Ashtekar [3], and predates
the developments in the three-dimensional theory mentioned earlier. The true benefits of this
formulation become apparent after the 34+1 decomposition has been performed. In a nutshell,

these advantages are

(A1) all constraint equations are of the form of low- (up to fourth) order polynomials on phase
space, implying a potentially vast simplification in the operator quantization of these

expressions;

(A2) the canonical variable pairs (AY, E2) are Yang-Mills variables, taking values in the gauge
algebra so(3,C) = sl(2,C), subject to the Gauss law constraints D,(A)E¢ = 0. This

enables one to import quantization techniques from gauge field theory.
Unfortunately, these very useful properties come at a price, since

(D1) AY takes values in a compler algebra; in order to recover real gravity, a set of reality

conditions has to be imposed.

The complicated functional form of these reality conditions makes it very hard to imple-
ment them in the quantum theory, and this problem has so far remained unsolved. To put it
simply: (D1) spoils (A1) and (A2)! Fortunately, this does not mean that the entire approach
is doomed, as there is a closely related real connection formulation available, which avoids
the disadvantage (D1), while retaining (A2) and part of (Al).

3.1 The new trend towards reality

The credit for promoting alternative real formulations of gravity, and in particular the
real connection approach described below should go to Barbero [24,4]. A unified derivation
for both the complex and the real Ashtekar variables starts from the canonical SO(3)-ADM
variables (B¢, K!), with E¢ a densitized inverse dreibein, E¢ = v/deteef

i _
¢, where el ep; =
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Jab, €ie? = 6%, and K is the extrinsic curvature with one spatial index converted, K =
Kap €”. There are two ways of obtaining a Yang-Mills variable pair (A%, E¢) by a canonical
transformation on (E¢, K'). Choosing iF as a symplectic infinitesimal generator leads to the
complex Ashtekar variables AY = I" + i, whereas the purely real generator F leads to a real
connection variable AR = T' + K. F is the spatial integral F[E] = [ d3zT¢E¢

<, where the

spin connection T is a complicated function of the E¢, defined by D,(I')E? = 0.

One may introduce a one-parameter family of canonical transformations [4], labelled by
a complex parameter § # 0, corresponding to connections A(B)Z =T + BK!, with Poisson
brackets {A(ﬁ)fl(x),E;?(y)} = —(36:056%(x,y). Note that only Barbero’s choice, § = —1, leads
to a genuine canonical transformation. One can construct a corresponding action principle
with a free parameter, giving rise to these different Hamiltonian formulations [25]. The reality
conditions necessary in the complex approach (with 3 = +i) are given by AV + AY* = 2T'(E),
and are non-polynomial in E (since I' is). Alternative polynomial forms exist, but have not

turned out useful in the quantization.

After the S-dependent canonical transformation, the classical (Gauss law, diffeomorphism

and Hamiltonian) constraint equations take the form

G =V E =0, (2)

Vo= FOLE! =0, (3)
1] a 1

H:= ¢7*ELEY (FY) - (35 + 1) Ranr) =0, (4)

where V(®) denotes the covariant derivative with respect to the connection A®, and F®)
and R are the field strengths of the connections A®) and T,

FO =20, AP 4 edk A0 ALY (5)
Riy = 20,1y + €IFT 4T (6)

Note that the only explicit 5-dependence occurs in the second term of the Hamiltonian
constraint. The simplification associated with Ashtekar’s choice G = =i is the vanishing of
the non-polynomial, I"-dependent curvature term, leading to a polynomial form for all of the

constraints. For all other choices of 3, the Hamiltonian retains a complicated potential term.
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Since the functional form of the other constraints does not change with g, their quantization
is unaffected, at least formally (in reality, as already pointed out, a complex value for (3 leads
to complications in defining the quantum theory; many structures existing for real gauge

theories cannot easily be translated to complex ones).

Can the complicated Hamiltonian of the real connection be quantized in some way, or
are we back to the problems besetting the old ADM-style quantizations? The surprising
answer is that one seems to be able to do better in the connection approach. This has to
do with some features of the quantum theory, and ultimately with the fact that the metric
configuration variables (or, equivalently, the inverse dreibeins) become differential operators
in Yang-Mills-inspired representations for quantum gravity, and not multiplication operators

(as happens for the components of the metric tensor in other representations).

Additionally, in a loop representation, based on quantum analogues of one-dimensional
Wilson loops, the operator corresponding to the (local or integrated) squared volume func-
tion det ¥ = det g, is a relatively simple polynomial, self-adjoint operator, whose spectrum
can be computed explicitly. This allows one in principle to quantize arbitrary functions of
det g in terms of a volume eigenbasis, a property that has no analogue in the old metric
representations. Exploiting this idea, a discretized version of H can be rigorously quantized
on the lattice [17]; the same can be done for the rescaled Hamiltonian (det E)~'/2H in the

continuum [20].

3.2 Loop quantum gravity

The idea of basing a non-perturbative formulation of quantum gravity on non-local gauge-
invariant Wilson loop variables goes back to Rovelli and Smolin [26]. Classical Wilson loops
depend on a connection form A and a closed curve v in 3, and are defined as the trace of
the path-ordered integral of A (a “parallel transport” or “holonomy” matrix U,) along 7,
TrU,[A] = TrPexp fﬁ/ A. The classical (commutative) algebra of the phase space functions
Tr U, is then promoted to an algebra of operators Tr U,. In addition, one needs to quantize
phase space functions depending on the fields . The notion of what constitutes a suitable

set of momenta in this approach has since then undergone several modifications.

Ashtekar and Isham initiated the program of making the kinematical framework rigorous,
in a C*-algebra approach [27]. (This only works for a real, not a complex gauge algebra, but
at the time real connections for Lorentzian gravity were not yet being considered.) This was
followed by a series of papers, characterizing the quantum configuration space (which is la-

belled by sets (71, . ..,7,) of imbedded loops), and defining measures, integration, differential
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operators and other natural structures on this space [28], again for the case of real connec-
tions. As mentioned in the beginning, many of these constructions are reminiscent of lattice
gauge theory. One must however remember that the requirement of having well-defined Wil-
son loop operators is a non-trivial assumption in the continuum theory, and singles out a
particular kind of quantum representation. One may argue that it is more physical to base

the quantization on a set of truly three-dimensional objects, such as flux tubes [29].

Who has followed the developments in this area of research may wonder why in many
discussions the “loop representations” have been substituted by “spin networks representa-
tions”. This is only related to a shift in emphasis. In the early days, “loops” where mostly
associated with non-intersecting loops (but possibly non-trivially linked or knotted), partly
due to the fact that the first solutions to the Wheeler-DeWitt equation in the loop represen-
tation were labelled by such loops. Later there was a growing realization that intersections
are crucial, indeed, it was shown that quantum states with non-zero volume eigenvalues must
necessarily be labelled by loop configurations containing intersections of valence at least four
[13]. With the new emphasis on intersecting Wilson loops, a new way of labelling quantum
states, by so-called spin-network states [30], became convenient. They are given by particular

anti-symmetrized linear combinations of Wilson loop states sharing the same support.

3.3 Geometric operators

A set of operators that can be conveniently studied in terms of a spin-network basis
are the geometric operators associated with the classical volume, area and length functions.
They may seem of no immediate physical relevance for the full quantum theory, because
they commute neither with the Hamiltonian nor the diffeomorphism constraints. However,
at least the volume operator turns out to be useful in defining quantum operators depending
on non-polynomial phase space functions, that classically can be written as polynomials up
to arbitrary powers of the determinant of the metric, like, for instance, the Hamiltonian

constraint of the real connection approach.

Geometric operators can be regularized and are finite with discrete spectra in the loop
representation [18,19] (see [15] for a more complete bibliography). Again this result is in-
timately tied to the fact that wave functions carry discrete loop labels. The action of a
geometric operator on such a loop state can be replaced by a discrete sum over intersection
points of the underlying loop, and the operator action reduced to a single intersection is

purely quantum-mechanical.

Discretized analogues of the geometric operators can be defined in the lattice theory [13-

9



16]. It turns out that certain results obtained on the lattice are relevant to the continuum
theory, because the operator actions can be identical whenever one evaluates a continuum
operator on a fized loop or graph configuration which can be realized as a subset of edges of

a cubic (imbedded) lattice. Thus one may compare the operator spectra, at least partially.

During lattice investigations it was found that geometric operators do not in general
commute [15]. This is surprising because the classical geometric functions depend only on
half of the canonical variables, the inverse dreibeins £, and therefore Poisson-commute. The
non-commutativity on the lattice is a result of the choice of basic variables, namely, as non-
local versions (integrated over edges) of the pair (A, E). Not even the smeared-out versions
of the E’s commute among themselves, because “integrating F along a link” involves parallel
transport and therefore knowledge of A. However, this is of no worry in the lattice theory,
where one still has to take a continuum limit by letting the edge length (the lattice spacing)
2o to zero. In this limit, the usual canonical commutators are recovered, and — if all goes well
— also commutators of more complicated composite quantities [15]. The same non-vanishing
commutators are encountered in the continuum theory, where however no further continuum
limit is to be taken, because one never started from an approximation to the theory, and

there was nothing in the course of the construction suggesting the need for such a limit.

3.4 Some current affairs

Maybe the problem described in the last section points toward some further trouble ahead
for the continuum loop representation. More likely perhaps, it can be fixed by imitating more
closely the lattice construction for operators and/or selecting a suitable subspace of physical
wave functions. One important difference between the lattice and continuum approaches is
the fact that the lattice operators are maximally “adapted” to the wave functions they act on,
since they share from the outset the same support, provided by the links of the finite lattice.
In other words, the regularization takes care of both states and operators simultaneously. As

a consequence, it avoids some problematic features of the continuum approach.

Firstly, on the lattice only a few operators can be defined which act truly locally, in
the sense that they only change the flux-line routings individually at intersections, without
changing the flux-line or spin assignments. This tends to be the case for operators that
are written purely as functions of the integrated link momenta, and not of the holonomies,
but clearly not for the discretized Hamiltonian operator, say. Therefore the dynamics auto-
matically introduces a coupling between neighbouring lattice intersections, which was to be
expected on general grounds to render the theory non-trivial (the same is true for Hamilto-

nian lattice gauge theory). The fact that such a coupling is not present for the Hamiltonians
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constructed so far in the continuum (including Thiemann’s otherwise very interesting pro-
posal [20]), seems worrying, as has also been remarked elsewhere [21]. By the same token,
the coupling effect present in the lattice theory obviously complicates calculations, but this

may be unavoidable to obtain non-trivial results.

Another difficulty one meets in the continuum theory is the fact that — although one
can define a length operator — its interpretation and spectral properties are incompatible
with those of the area and volume operators [19] (in fact, a somewhat milder incompatibility
is already present in the case of area and volume alone, as far as their zero-spectrum is
concerned). No such problems occur in the lattice approach, and first calculations suggest

that qualitatively the spectra of all geometric operators are perfectly compatible [16].

4 Outlook

I have given you a rather sketchy and biased summary of some developments taking place
in the field of non-perturbative quantum gravity, and involving discrete methods. The existing
quantization approaches are rather different, and it is a challenge to come up with questions
that could be answered and compared in all of them. In the absence of any experimentally

verifiable results, this kind of consistency check seems crucial.

There are genuinely new results and techniques both in the Regge calculus schemes and
the canonical connection formulation. A very interesting point of comparison is the way
in which diffeomorphism-invariance is handled, and in this regard the recent mathematical
construction backing up the dynamical triangulations approach is most intriguing [11]. The
connection lattice approach is still incomplete, and nothing is as yet known about the nature
of the spectrum of the Hamiltonian constraint and the continuum limit. New candidates for
solutions to the Wheeler-DeWitt equation have been uncovered in the continuum [20], but

these may yet again turn out to be too simple, for the reasons outlined in subsection 3.4.

On the whole, given the slow speed with which the subject has advanced over the last
decades, I think the outlook right now is reasonably optimistic: various technical frameworks
are around that have not yet met any apparent insurmountable obstacles. Interesting physical
questions, for example, on the nature of the continuum limit and observables, are currently

being addressed. There is still room for hope in quantum gravity!
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